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First it is indicated that, at the radiation-dominated stage of the expanding universe, two
ways should be distinguished for the evolution of the second-order density waves most naturally
associated with the first-order rotational and gravitational waves, and the behavior of an
isolated eddy is examined for a comparison with those of periodically distributed eddies.

Next the second-order waves associated with rotational, density and their mixed waves
at the intermediate stage (before and after the decoupling epoch zp) are analyzed and the
rapidity of compression due to the inertial force appearing soon after ¢ is calculated.

Finally the possibility of galaxy formation is examined on the basis of the above analysis.
Moreover a possibility for comparatively small galaxies to be formed through the cascade
due to non-linear process is considered.

§ 1. Introduction

In two previous papers?’® (referred to as [I] and [II1), we have extended
Lifshitz’s® linearized theory of gravitational instability so as to deal with non-
linear processes up to second-order terms, and applied the non-linear theory to
the problems of evolution of local inhomogeneities in the expanding universe.
However, the applications have been limited to the problems at a later stage and
at a radiation-dominated early stage. It is, therefore, necessary that we analyze
continuously the behavior of inhomogeneities at an intermediate stage which in-
cludes the stage I from #=¢, (the beginning of a matter-dominated stage) to ¢
=15 (the decoupling epoch of matter from radiation) and the stage II after 5.

The most striking change in a physical state at the intermediate stage is a
rapid compression of gaseous matter within inhomogeneous regions soon after
tp (for instance, £p< < 2fp). This arises because the balance between inertial
force and radiation pressure gradient is broken in the inhomogeneities at £p and
gaseous matter is compressed till the compression is prevented by the effect of
background expansion (much stronger than the gradient of gas pressure). The
qualitative analyses for galaxy formation due to this hydrodynamical instability
have been given by Ozernoi and Chernin,® Ozernoi and Chibisov,” Sato et al.®
and Sato,” and it has been shown that an inhomogeneous region with mass of a
large galaxy (or a cluster of galaxies) can survive against dissipation effects.

In this paper quantitative analyses for the motion of inhomogeneities are
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carried out by the use of hydrodynamical equations derived in [II1, and how and
to what extent the perturbations of density and velocity are amplified at the in-
termediate stage are shown. Moreover the lower limits for initial perturbations
leading to galaxy formation are evaluated and also a possibility for the forma-
tion of comparatively small galaxies are indicated.

In §2 it is shown at a radiation-dominated stage that two types should be
distinguished for the evaluation of density waves associated with rotational and
gravitational waves, and the motion of an isolated eddy is studied in a compari-
son with that of periodically distributed eddies. In §§3 and 4, the second-order
density waves associated with the first-order rotational, density and mixed waves
are derived at the intermediate stages I (¢<{¢p) and II (¢£>>¢p), respectively, and
in the latter section the junction between two stages is dealt with. In §5 pos-
sibilities of galaxy formation are examined on the basis of the above results.
Moreover, Appendices A and B are given over to deriving hydrodynamical equa-
tions for the second-order quantities at the relevant stages, and to showing the
solutions of Lifshitz’s linearized equations.

Notation

The notation in this paper is the same as in the previous one. But w=¢,/¢,
=a/ay is employed in place of 7 for convenience. Here ¢, and e, are the un-
perturbed matter and radiation mass densities, and the asterisk denotes an epoch
of &,=¢r

Assuming that ¢, and &, are conserved separately and the matter pressure p,,
is negligible (i.e., epoca™, g,oca™), we can represent the equatlons describing
the unperturbed state of the universe as

=(dw/dy=(wtD/p’, @D
(w+ DV —1=47/7, 2
N —3874/(5,” *const: ‘

In this papetr all relativistic models are taken into consideration through a para-
meter Q=¢(%)/c. (6.=10"" g cm™), while spatial curvature is neglected. Suffix
0 stands for the present epoch. ‘

In order to represent the time scale of expansion, we use the Hubble para-
meter H=a’/a*=¢/3, where units c=87G =1 are used.

§ 2. Radiation-dominated stage

(1) Two types of the second-order waves associated with the first-order ones

In [II], we have derived the second-order perturbation qS_E(z?e/s associated
with rotational and gravitational waves regarded as the first-order quantities.
This ¢ is expressed as a sum of a special solution of the relevant inhomogene-
ous differential equation and its homogeneous solutions, and is uniquely deter-
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mined by setting initial and boundary conditions. Those conditions should be
chosen in such a way that the second-order waves associate most reasonably with
the first-order ones. For this purpose, we must carefully deal with the homogene-
ous part, as will be shown below. o
If we take a very early stage such as ny<1 as a setting epoch, the condi-
tion @ must be imposed such that the homogeneous part (ocy, ") should be
discarded. On the other hand, if we take a stage zy>1 (although before ¢5)
as a setting epoch, another. condition (@) is necessary such that acoustic waves
with constant amplitudes (the homogeneous part at that stage) should be dis-
carded. These two conditions @) and (2 are, however, not compatible with each
other. In fact, the incompatibility is shown by inserting the following homoge-
neous solutions (h.s.) into the expressions for ¢ (see the Appendix of [II1):

h.s.=C,[y " cos y—y (A —*/2)sin y]Q
+Cily ' siny +y (1 —y"/2) cos y—y~*]Q
_(GCy+HCyHQ  for y<1,
o l(%Cl siny —3C; cos v) Q for y>1,
where y=1(2/+/3)ny and Q is a scalar harmonics specified by 4Q= —#’Q. Be-
cause of this situation, the associated waves with no typical h.s. at the stage ny

&1 have acoustical characteristics of h.s. at the stage ny>1, and inversely the
associated waves with no acoustic properties show typical properties such as

— ‘/C2
ga/ (V) g 0.06
0.01
~0.01
—+-0.05
log N ——=

Fig. 1. Density perturbations of the associated type 2 waves. The solid lines denote rotational
waves and the broken lines denote gravitational waves.

y
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density perturbations at the stage ny<1l. Accordingly it seems to be difficult
to decide which condition of @) or @) is superior, and so we had better adopt
both conditions separately. In Figs. 2 and 3 of [II], we have shown the middle
case (between @ and ®), such that the contribution from the terms ocy is dis-
carded at zyp<1l. The behavior of ¢ in this case is analogous to that in the case
of @ (type 1 waves). Here we shall show the behavior in the case of @ (type
2 waves) in Fig. 1 for a comparison. It is found in this figure that the parts
representing non-uniformity of density distribution damp out with time, except
the part with a suffix a=1 in the rotational waves.

(ii) Behavior of an isolated eddy motion

In [II1 we have considered the eddies which are periodically distributed, and
it has been shown that at ny<<1 the peaks of the second-order density perturba-
tions appear at the corners among the eddies and at ny>1 the type 1 waves
have the peaks at the corners and centers oscillating alternately. Moreover, it
is shown that the type 2 waves have stationary peaks at the corner. However,
since eddies are not necessarily distributed periodically, it is important to ex-
amine whether and where the peaks appear in a quite different distribution of
eddies.

In what follows, let us consider an extreme case of an isolated eddy for a

comparison. Its simple model with symmetry around z* axis can be described
by Eq. (3:5) of [II1 and the velocity field is given by

§o'=(C/8) (UF),  §v'=—(C/8) (4F),,  0v°=0.

Here I may be a function of r=(x"z*)"* and w={(2")*+ (£*)*}* in general, but
we shall treat a simple case specified by F=F(). (The generalization to the
case of F=F(r,w) can be done easily but with lengthy calculation.) Then gv”
is compactly written as

0v*=w(r) (£, —x', 0) for = (1, 2, 3), respectively, 2-1)
where
0=(C/8) (Fyre+ 2 F,r— 2F,) /r
7" r

plays a role of angular velocity. From Eq. (3-2) of [Il, we obtain

w116 4l 1.5 2
7= ar= =Y 0s L@/

r 2
— 8y~ *w'm® — 12877“5<r‘3 j drr“a)) (/7). (2-2)
(1]

Now let us represent by 7, a wave number characteristic of the eddy with
length L(n.=2na/L), and show its respective behaviors at n,<1 and >1.
For n.9<L1, we get
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J=— 3’%277-‘3@1 +h.s.
with
r 2
0, = (r—s f drr“a)) @/,
0

so that (cf. Eq. (2-8) of [II1)

p== 3?27]‘2(1 —In ny) 0,+h.s. (2-3)
For nog>1, we get
— 2 ap= =2 v L) (/] @)

for the part of type 2 and solving this equation

f:8f77‘1@3 + h.S.
with

0,= {(w/r)2 — %} r° f drrto® + -§~ j‘ drro® + const.
0 1]

|
z %
B} /_\
N\ 21 3r,
k T T .
= beak o
._rb o
£>0
#<0 N
e
| ”c,'z» ! (Ty‘:e. 2)
nen & .

Fig. 2. Density distributions associated with an isolated eddy at 7n.y<1 and #,7»1 (type 2). Cur-
ves denote equidensity shells. It is remarkable that a ring appears around the center of the eddy.

\
!
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where const is taken in such a way that @,—0 for r—co. Therefore we obtain
¢:4mz+h.s.‘ (2'4)

The solutions of type 1 is obtained by superposing on the solution (2-4) the
acoustic waves, for which Eq. (2-2’) cannot be used as an approximate equa-
tion of (2-2).

As long as we are concerned with the main parts other than h.s., the general
properties of these solutions are that (a) at #,9<1, ¢ vanishes along z axis and
$—0 at =0, oo and ¢ >0 at the middle points oz @ plane, and (b) at ny>1,
¢ (the type 2) is kept constant in time, ¢<{0 along z axis and ¢—0 at @—oo,
¢—¢o (KL0) at ¥—0 on @ plane. Here we assumed that »(0) is const (0)
and Jv® vanishes at r—oco. In Fig. 2, we show the density distributions in the
case where w=const (5£0) for <7y and w=0 for r>r.

In the above, we have treated the cases of z.<1 and 7n2>1 (type 2 only)
separately. For the junction at 7.9==2 and a derivation of the part of type 1,
the direct integration of Eq. (2-2) is necessary, but their systematic treatments
are omitted in this paper.

§ 3. Intermediate stage I. (2,<t<tp)

At the stage from the epoch Z4 to £, we shall derive the second-order waves
associated with rotational, density and their mixed waves. Radiation and ionized
matter are dealt with as one fluid at this stage and the equation of state is ex-
pressed by p=e,/3 and e=¢,+¢,. Then the sound velocity ¢, is given by

co= (05/06) = (ig- ai p)lﬂ:%(m g—)—m, (3-1)

where s=entropy and w=a(¢)/a(ty). In the following the condition ¢,nw/w’
(=2nc,H'/L)>1 is assumed, as has been assumed at the end of radiation-dom-
inated stage (n#7>1), and our analysis is limited to adiabatic perturbations.

(i) Second-order density wave associated with rotational waves

The behavior of this density wave is different according as we adopt the
viewpoint @ or @ in (i) of §2.

First let us adopt the viewpoint @). Then, after an epoch #y~2 when ¢
reaches ~ (0v);’/c", the density wave behaves like a free acoustic wave whose
density has a constant amplitude ~ (§v),"/c* at the radiation-dominated stage. At
the intermediate stage I, the amplitude decreases slowly as

(w+ 1) (w+ Y, (3-2)

as shown in Eq. (B-8) of Appendix B.
On the other hand, if we adopt the viewpoint @), the density is kept at the
value ~ (0v);’/c* after ny=2 at the radiation-dominated stage. The second-order
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density and velocity at the intermediate stage I are shown in the following (cf.
gs. (3:10) and (3:11) below).

For that purpose, the differential equations for ¢ are derived in Appendix

A and the first-order perturbations are described in Appendix B as the solutions

of Lifshitz’s linearized equation. For the first-order rotational perturbation, it is

to be noticed under the condition of ¢nw/w’>1 that the dominant term on the

right-hand side of Eq. (A-5) is only that including 0v%0v’. Therefore we have

7/2. 1 _ 3
w+1 " w(w+1) 7 +w)< + 4 i

=9 w (w4 1) {w’(w—F 1)‘1/2<w+ %)@foﬁ@v,ﬂa} , (3-3)
where

b= (“ordrs w1y [Y—”w“dw. (3-4)

w+4/3 +4/3
Inserting Eq. (B-16), we can rewrite the right-hand side of Eq. (3:3) as

Clyst w'+6w+16/3 R B o s o
AS ASa- :R AS AS,Q 3.5
18 w(w+1)(w+4/3¢ (=Rid5545,0) (8:5)

Here, for simplicity, we shall assume S* to be a vector harmonics satisfying 45%
= —n’S% and S%=0. Then we can separate 4S%4S%=r'S%S% into 7°(Qy+ Csn),
where Q, is a constant and Q,, is a scalar harmonics satisfying 4Qs, = — (27)’Qsy.
(For example, in the case of periodic eddies where S¢ is defined by ¢**F,, with
F,= Fz 0, F,=sinnx'sinna®, we have Q,=0 and Q,,=cos 2nx'+ cos 2nx’).
Then we can separate the differential equation (3-3) into two parts as follows:

L(Yo) =nGR1 , (3'6)
4 Y, ‘
L(Y,,) +—(2 ? n =n’R,, 3.7
( (Ya,) 9 (2n74) (w+1) (w+4/3) 1 ( )
where
Y= YOQ0+ YﬁnQZn ‘ (3 * 8)

and the operator L is defined by

7/2

L= Oww+ w (w-+1)"%

The approximate solutions of Eq. (3:7) can be easily obtained, if we notice
cnw/w’>1. That is to say, on the left-hand side of Eq. (3:7), the last term
is dominant and its solution is expressed as

Y= 1%”47,*—2(w+ 1) (w+4/3) R, .
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Hence, if we separate ¢ into two parts as
‘ b= Qo+ P32 Qs (39
and integrate Eq. (3:4), we get

Pan = i%crzﬂ477*2/ (w +1).

Using Egs. (3-1) and (B-16) again, we can express ¢, as

1 @0y jo+4/3\ |
m= ] (w+1 >/<S“S.‘%)’ (3-10)

where the bars denote spatial average.

On the other hand, the solution of Eq. (3-6) is estimated to be of the order
of n*w?R,, which is ~ (cnw/w’)Ys,. Therefore, ¢;, is negligibly small com-
pared with ¢, which is of the order of (nw/w’)(§v) = (npsw/vw+1)(v). In
fact, for w>1, we get from Eqs. (3-6) and (B-16)

t= —3C, 0, = — (s v ) (F0)/ <55,

Because of its spatial constancy, however, ¢, does not contribute to the growth
or decay of non-uniformity at all. Hence, we should pay attention to ¢, given
by Eq. (3:10). (In the above case of periodic eddies, ¢, does not appear, be-
cause of Q,=0).

For §v% we obtain from Egs. (A-2) and (B-16)

0v%/ (§0) = 2+/3n7y (w+4/3) {tan™' (v 3(w +1)) + A} by, (3-11)

where by=71n""(4Qun,a+S%S%)/(S*S*) ~1 and h; is an integration constant. If
we take h;= —m/3 so as to exclude homogeneous terms in §v* for w<1, §v"‘/
\/—(W—S; for w=>1 becomes nearly constant in time.

The condition that our second-order approximation is applicable can be given

by 0v<ldwv, i.e.,
G0)n(w/w) (w+4/3) Vew+1 {tan (V3 (w+1)) +h}<1. (3-12)

On the other hand, the condition that non-linear inertial force is ineffective is
given by

Gv)n(w/w’) (=2r0vH/L)<1, | (3-129)

The discrepancy between conditions (3-12) and (3-12’) is raised by the inevita-
ble mixing of homogeneous terms at w=>1.

(ii) Second-order density wave associated with a density wave (acoustic wave)

The first-order density wave before £, is given by Eqs. (B-8) ~(B-10) and
the associated second-order density wave is described by Eqs. (A-4) and (A-5).
It should be noticed here that, under the condition c¢mw/w’>1, their terms in-
cluding K and §v“ are dominant on the right-hand side of Eq. (A-5).
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Inserting Egs. (B-8) and (B-9) into Eq. (A-5), we obtain

L(Y) —AY/[377*—2<1+w) <1+ % w>] _ 372 () (w+ 1)’5/2<w—|— %)4
Xsin2@[—%<w— —43~>cos 26—1—w+%8], (3-13)

where we put Q=sin0, P,=Q,,/7*=n*/n*-cos 0, 0=n“z“+0, (6,: a constant
phase factor). The definition of a phase factor @ is given in Eq. (B-7) of Ap-
pendix B. -

By separating Y into two parts, i.e.,

Y=Y,+ Y;cos 20,
Eq. (3:13) is reduced to

Ca’ i) (04 1) (20 + 4/3)~* (0 + 28/9) 5in 20 , (3-14)

L<Yo) = 27

L(Y) + %(nw(m 1) (w0 +4/3)1Y,

- gf (7177*)5 (w+ 1)~5/2 (w+ 4/3)—2 (w —4/3)5in 20 . (3-15)

Equation (3-14) is integrated as

C,

Y,= —
’ 48

(1) (2 + 1)~ (w +4/3)"* (w + 28/9) sin 20 .

On the other hand, if we insert Yi=UF cos 20 into Eq. (3-15), we get

Ca’ (n9)* (v + 1)_3/2(10 + i>1/4 (I+ const)
216 3 ’

where

I(w) = Lw dw (w - %) (w+1)-"" <w + %) —in,

From these results, Y, proves to be negligible compared with Y., so that we
have approximately Y=7Y;cos 20. Therefore, from Eq. (A-4), we obtain

C.2 4\ )
= e G (wt 1)—1<w + 3> I(w)cos 20 sin 20+h.s.,  (3-16)

where homogeneous solutions (h.s.) take the form‘ (B-8).
Here let us consider the spatial averages K°® and W for the squares of am-
plitudes (the coefficients of cos @) of K and Jv® given by Egs. (B-8) and (3-9).

Then ¢ is rewritten as

= é%nﬁ*fé(w—% 1) (w+4/3)"*I(w)cos 20 sin 20 , (3:17)

220z 1snbny |z uo1sanb Aq z££9981/9 1 1/2/ . p/elonie/did/woo-dnoolwepede)/:sdyy woly papeojumoq



Non-Linear Theory of Gravitational Instability in the Expanding Universe. I1I 425

where we have K= (0v)*/cs". Moreover we get using nw/w’ =2x/(LH)

—1 §(S.,\211/2 .
¢/ (K2 = Mgﬂi—J(w)cos 20 sin 20 , (3-18)

where
J(w) E%’T_w-l(w F DY (w43 (w). (3-19)

Because J is of the order of unity, the condition for applicability of the
second-order approximation is defined by ¢/(K*Y*<{1 and expressed as

H(0v)*<L. _ (3-20)

The regions where this condition (3-20) and the condition (3-12) for rotational
waves are satisfied are represented in Fig. 3. '
Next we shall examine the second-order velocity field. From Eq. (A-2) we

obtain
. PRt P — »
g = —77*<'w+ 3) | | Ve T @t 49 e

w+4/3
Vw+1

(30307), oo+ 75~ (w0 + 1) (0 +16/9) (0 +4/3)‘1K§v“],
(3-21)

where only dominant terms are included. The first term including ¢, is gradi-
ent and irrotational. If we are concerned with monochronous waves (wave num-
ber n%), the second term is also gradient, because (P*P?) ,={(Q, )" —7n'Q% ./
(2n*). Even if we consider complex waves with many wave numbers, the situa-
tion is unchanged. From Egs. (3:21) and (B-9), we get

0v%/ (0v)' = — 2n°yy, (w +4/3)"* {sh~*v/ 3 (w+1) —sh~"v/3} sin~*0 sin 20,
where an integration constant has been taken so as to exclude homogeneous terms

in gv* for w<1. The condition of applicability given by dv<l§v is consistent
with that in (3-20). '

(iii) Mixed waves
We shall treat the case when in the first-order smallness there coexist rota-

tional and acoustic waves which are interacting with each other. In this case,
if we are concerned with one wave number 7, the velocity field §v* is given by

00" = 3174 [Co (0 + 4/3) 8% — Cy (o + £)=¥ sin OP<], (3-22)

where constants C in the rotational and acoustic cases are discriminated by C,,
C,, respectively. The contributions of this velocity field to the non-linear coupl-
ing comnsist of pure rotational parts, pure acoustic parts and the parts for the in-
teraction between a rotational wave and an acoustic wave. The first two parts
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are included in the treatments of (i), (ii), and so here we shall confine ourselves
to the analysis of the last part which is indicated by a suffix ra in the follow-
ing. Here the dominant ra term on the right-hand side of Eq. (A-5) is given
by the term with

(Q0S30%)a= — 4nps’C.Calao +4/3) M sin O(SEPE).  (3-23)
From Eq. (A:5) we get

LY, ~AYm/{3n*“’(l +w) (14 -i— w)]

- ——%(m)ﬁcrca{cw + 1) (w0 +4/3)} " cos OSSP, (3-24)

where Y,, denotes the ra part of Y and the right-hand side of the above equa-
tion has been derived approximately taking c¢774>1 into account.
When we separate S%P7% into 7(Qo+ Qs.), Eq. (8-24) is solved as follows:

Y= Yra0Qo+ Yra1Qsa s (3-25)
{ Yoao =1 (274)°CrCa 2o+ 1)~ (w+4/3)" cos 0,
Yia=—5Yra.
For ¢,,, we have from Eq. (A-4)
$ra =15 (7*95") C,Co (w +1)7 (w+4/3)7* sin 0 (Qy— $Qsn) - (3-26)

Moreover, we shall examine the second-order velocity field which consists of ro-
tational part (Jv*), and gradient part (§v“)s. From Eq. (A-2), we get

s and = At o

{(w+%$) (0v),},0= (w+4/3) {rotational part of
@000, 5} /w0’ + (w+1) (w+16/9) (w+4/3)30°K,p,  (3-28)

where only dominant terms are written on the right-hand sides. Here we shall
derive the expression for (§v%),. Inserting Eq. (3-22) into Eq. (3-28), we ob-
tain
(309, = =+ (27D C.Ca(w0+ 4/3) cos 0(S<P) - %(%)S“Q},
(3-29)
where we used P*=Q,,/7n".
The contribution from only (§v%), to (§v®), is of higher-order smallness.

§ 4. Intermediate stage II. (t=tp)

In this section we shall derive the expressions for the second-order density
waves associated with rotational, density and their mixed waves after Zp and deal
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with their junction with the counterparts before £j.

Since matter and radiation have moved together before #;, there remain the
radiative perturbations soon after £ in the perturbed region of matter. But the
radiative perturbations have influence on matter through gravitational attraction
which is negligibly small compared with hydrodynamical non-linear force. There-
fore we shall confine our perturbation analysis to the matter part. Moreover,
as an initial condition of the intermediate stage 1I, we shall assume that at Zp
the density and velocity perturbations of matter have the same values as those
of the matter part at the end of stage I. At stage I, the velocity of matter is
the same as that of radiation, but the density of matter is related (by virtue of
the assumption of adiabatic change) to the total density as follows (cf. Appen-
dix A):

Oen/e= (w/(w+4/3))0¢/c,

2 w(w+1)

Qen/e= (wo/ (wrd/3))9e/e =5 " 3y

(0e/e).

(i) Second-order density wave associated with rotational waves

As long as we adopt the viewpoint @), rotational motions have associated
acoustic waves almost free from the original rotational motions. Hence their
behavior can be analyzed in the next subsections (i) and (iii). We shall there-
fore deal with the second-order quantities from the viewpoint ).

Inserting the expressions for the first-order rotational perturbation (B-14)
~(B-16) into Eq. (A-9) and taking into account that only the term including
@‘vf‘ﬁ@v,ﬁa is dominant under the condition c,rw/w’ (=coyew/v w+1)>1, we get

L(Y) =n°Ri(Qs+ Q1) (4-1)

where R, is defined in Eq. (3-5) and S%S% is replaced by 7#°(Q,+ Qs.). Hence,
contrary to the case before zp (§3 (i)), ;. satisfies the same differential equa-
tion as that for Y,, where Y=Y,Qo+ Y3.0:.. As a result, Y, and ¢y, will in-
crease promptly after £, by a factor ~ (¢nw/w’)’, so as to become comparable
with Y, and ¢, respectively. In fact, we have the following solutions for d¢,,:

— (n4w) (§v)'b; +h.s. for w>1,

nQZn: { e
” — 3 (ny5w) (00)' (7 —In w) b, +hus. for w<k1,

(4-2)

where h.s. represents homogeneous solutions for density waves givexi by Eq. (B-12)
and blzggn/SaSaNl.
’ For §v*, we obtain from Egs. (A-7) and (B-16)

(4-3)
where h.s. is a homogeneous part determined by joining the above §v* with §o°
before 5. A comparison with Eq. (3-11) shows that the amount of Jv® does
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not much change after Zj.

Now let us consider the junction of perturbed motions before and after Z.
Linearized solutions for rotational perturbations are common before and after Zp
and continuous at #5. For the second-order quantities, the part of Q, is continu-
ous at £, as it is, and so we have only to treat the part of Q,,. Therefore we
equate at #p the values of the matter part of ¢,, given by Egs. (3:10) and (4-2),
and the values of Jv® given by Egs. (3:11) and (4:3). These two equations
determine the additive homogeneous solutions (h.s.), or the constants B and C,
appearing in Egs. (B-12) and (B-13). Another constant D is related to the
definition of density perturbation itself and cannot be determined uniquely. Here
and in the following, D is taken to be zero. As a result of the junction, we get

(@;’)—L& + (eapa /@)y (w/wp—1) + 8—{? (csnsew)
% {tan-* V3 (w + 1) + hs} (\/M~w/wb)]bl for wp(=12.82)>1,
) L)
el )old WP\ ) T T (G
\ ><{_%)12<_Z_—lnwD>—<—;U;>z<—3——lnw>”bl for wp<1,

0v%/ (0v)' =2v3(w+ 4/3) [{tan™'v 3 (w+1) + hs} S3S°
+ {tan" V3 (wp+ 1) + hi} Qun,al / (nS*SH).
From this expressions, we find that during an interval between w=wjp and 2wy,
¢ increases by a factor ~ (c,nw/w’)p’.
(ii)  Second-order density wave associated with a density wave (acoustic wave)

Let us consider the second-order demsity waves associated with the first-
order wave given by Egs. (B:11) ~(B-13). In this case, the dominant term on
the right-hand side of Eq. (A-10) is that including 0v%0v’, so that Eq. (A-9)
leads to

1 4 w+ 6w+ 16/3
L) == 2< + __> 0040 ‘904 » 4-4
( ) 277* Wp 3) w(w+ 1) (w +4/3) ("U,ﬂ,v, )p 4-4)

where we have put
0v* = (dv*)p(wp+4/3) /(w+4/3). (4-5)
Now we must solve Eq. (4-4) so as to satisfy the junction condition at Zp. In
the case of wp>1, we have
Y= — il wow (§v500/)n +hs.,
so that
¢ = — 74" (wn/w) (§v]s0v)p+h.s. (4-6)
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Here, from Eq. (B:9), we get
((:)‘ V750 vldp=n @ V)p'bs
where b,=P%P% /(n*P*P%) is a function of spatial variables of the order of unity.

For §v*, we get from Egs. (A-7), (B-12) and (B-13)

~ 2 a 4\ 1 [RIITTTAN
@va:%é C. (n*n%y4°) <w+ —3«) [2\/3 tan=*v/ 3 (w+1)

1< 4 “1{ 11 — 16 >
~—(w+ =) ———18Vw+1 + +2KIn(Vw+1+1
w , 3> wyw+1 he Vw41 n(vw )

<K+ >1n w+ 2(3/5,,)12}]sin 2(n%z%+0,) +his.  (4-7)

w

Now let us deal with the junction at w=wp>1. First we must join the
linearized solutions. By equating the values of K and §v* at both stages, we
get

B/C,= — 2w, *[1 415 (ny4)~" cot Op], (4-8)
EG/C,,,Z ""3wpl/4 sin m_p .
In the same way, by equating the values of ¢ and gv® at both stages, we

obtain the following expressions.

The first-order wave:

K= — %(Jﬁ/cs)p[(csnv*«/E)D{ %“ <E—>} _1O<‘wﬁn>wt ijlQ ’

Wp

00" = Gvdmwn/w. (K)o = (o) /cp cot'ly) 4-9)

1

The second-order wave:

6 2
=5 (csmy* «/_)D<( Z;) > wp™! [sin 205 cos 20

+ 3oy ﬁa)p[% {(sh"*v/3(ewp T 1) — sh~'v3) /sin'd

4+ /3 tan~? \/3(101)'?‘1)'\/'“’;}(\/%“ :zp> +<w N wl’)]sz,

Wp w

0v° =2(30) (n n*wp)[ 2 tan-1y3 (w + 1) —tan—*v 3 (ewy + 1)

——wD( w>Sh lx/m/smgﬁp]sm 20 . (4-10)

From these results we find that, during an interval between w=w;, and 2wy,
both density contrasts increase by a factor ~cmw/w’. For 0v”, the amount does
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not much change. For wp<1 also, the analogous results are derived, as in the
case of rotational waves, but they are omitted here.
(iii)) Mixed waves

If rotational and acoustic waves coexist in the first-order smallness, the velo-
city field dv* is given by

gv* =5 (n*x) (w+4/3)7(C,5% = $C. P?)
= (0v")p(wp+4/3)/(w+4/3), (4-11)

where C,, C, denote the constants C in the rotational and acoustic cases, respc-
tively. Similarly to the previous cases (i) and (ii), ¢ and Jv® can be derived.

Here we shall examine the second-order velocity field. From Eq. (A-7),
we obtain

00 = — 1y (w0 +4/3)" [ dr0 (0 +4/3) o+ D Guge?),

=~ Latn w+4/3)7 [ dw (w43 @+ 1

« [—;—Cj (PeP#) ,—C,C. (SaPﬁ),,,,]. (4-12)
The rotational part (§v%), of Jv* comes from the term including (S%P*),
(00, = 22*/ 3n477*3<w+4/3)—1 tan=* (V3 (w + 1)) C,Ca(S*P?) s+ hs. (4-13)

In order to determine h.s. (oc(w+4/3)™"), let us join (Jv”), before and after £p.
From Eqgs. (3:29) and (4-14), we have

hs.= — é—- 7°74°C,C, (w + %) (SeP*), ¢ ' (4-14)

X [(wp+4/3)’1/4 cos @D+ 2;)/?; nyy tan~* (v 3 (wp + 1“))]”,

so that

a , 2.3 —_— Y2 R Y
<(66v )) =74 [Fg— 74 (tan™' 3 (w +1) —tan™ v 3 (wp+1))

- (wp+4/3)_1/4 coSs @D]Ca,])3 .

Von) 2
- ((‘zv)“ (w+ 4/3)"”[“ «/4_§ 7 (tan™'v/3 (w +1) —tan™ v/ 3 (wp + 1))

46 (wp+3/4) cos a)l,]@ , (4.15)

220z 1snbny |z uo1senb Aq z££9981/9 L 1/2/ . v/elonie/did/woo dnoolwepese)/:sdyy woly papeojumoq



Non-Linear Theory of Gravitational Instability in the Expanding Universe. I1I 431

where by=(S*P?) ,/VS*S*~1, by=b,/Vn’P*P*~1. From this it follows that
0v,~0vg (nw/w’) -0v, after tp, and we find from Egs. (3-29) and (4-13) that
by a factor ~cnw/w’ rotational motion can be amplified by an acoustic wave.

§5. Clues to galaxy formation

The deviations of the universe from homogeneity and isotropy consist of
three kinds of perturbations which are of the forms of density -(acoustic), rota-
tional and gravitational waves. In this section we shall examine the possibility
of galaxy formation from these waves on the basis of the results in the previous
sections.

(i) From rotational waves

First let us follow the course of formation from rotational waves. As in-
dicated in § 2, the behavior of the second-order density waves at nzy~2 are dis-
tinguished in two ways. For type 1 waves, their treatment is reduced to that
in the next case for acoustic waves. For type 2 waves, ¢ does not oscillate with
time after ny=2, and decreases slowly in proportion to (w+4/3)/(w+1) till .

After ¢p, the densities of the surviving associated density waves are amplified
during the interval w=wp~2wyp by a factor ~cmw/w’ for ¢ of type 1 and by
a factor ~ (¢;nw/w’) for ¢ of type 2. Here this factor has the following value:

w043 < M > —2/3
10°M,,

—3/3
= (5.0 X 10°'2-*%, 6.1 X 10°Q%*) (—“—M )
10° M,

for 8>, <{10~"!, respectively, where wy,=12.82. In the mass range M<C10*5Q~"* M,
1022022 My (2>, <107}, respectively), the rotational waves dissipate at £, so
that the maximum value of amplification factor for type 2 is given by 6.8 x 1022
24 x10°2 for £>, <<107*'. For type 1, the maximum value is given by 8.0
X 10°2-Y%, 6.0 X 102, because the acoustic waves dissipate at ¢, in the range M
<10™7@~%Mg, 10"'27?Mg, respectively. In Table I, the values of ¢=¢¢c/e
directly before ¢p and after the amplification are shown by means of the para-
meters of M, 8, (dv/c),. ‘

On the other hand, the value of Jv* does not change its order of magnitude

(csnw/w")p'=5.0x10 (wnt 1) (w0nt 4/3)

G-

after £5, but a translational velocity develops which is comparable with the ro-
tational part of Jv”. This translational velocity corresponds to the increase of
density.

Now let us consider what conditions are imposed on the velocities of in-
homogeneities from observational evidence.
a) If we assume the rotational and peculiar velocities of existing galaxies to
be v,=10"° cm/sec and the formation time to be ¢,=10"%* g/cm? their velocities

220z 1snbny |z uo1sanb Aq z£€£9981/9 L 1/2/ . p/elonie/did/woo dnoolwspede)/:sdyy woly papeojumoq



432 _ K. Tomita
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Fig. 3(a). Characteristic masses for rotational waves. Mhor, M, Miy are the masses of matter

within the spheres with radius L=ct, ¢y, (?-v),-t, respectively, and Mgy, is the mass for dissipa-

. tion. Vertical lines denote the decoupling epoch. Horizontal lines with arrows are the evolu-
tionary paths of several masses with (fv/c)i=1/10.

Table I.
¢ (type 1) ¢ (type 2)
np=2 (Ov/c)s? (@v/e)i?
bDiie“g (wp+ 1) (wp+4/3)¥4 (Bu/c)i? (wp+ 1) (wp+4/3) (Bv/c)y?
€Ior D
After 2.2%10° (%) e 5.0% 104 (1+1/20 )~
lificati M \-U8 -2/8
amplification e < ‘921010M@) (fv /6);:? X (gzwmlﬁ‘]lw @) (f-v /€)%
v, at tp lead® to
('Ut)i/c = ( ('U;)D/C) ’3wD/4:0.44!24/3. (5 . 2)

Since, in the above calculation, we have not taken into account the increase of
velocities due to the contraction, the value is an upper limit.
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b) The motions with high speed at z, disturb the background temperature 7T,
of cosmic microwave radiation. Considering the upper limit from the measure-
ments,” we have the condition

(v)p/c<Max(UT,/T,) =10,
or
(v1)i/c=<(9.682,1) x10~* 5-9

for 2>, <{107"!, respectively.

Under these conditions, what behavior of rotational waves and associated
waves will be allowed? We shall analyze them in the following alternative cases
such as £>10""!' or <<107*'. In the case of £>10""! their behavior is shown
on the diagram in Fig. 3(a). The rotational waves which survive till z, are
those passing over the mountain, which are specified by Hgv<L. If they enter
into the mountain, they cascade owing to full non-linear effect of inertial force
and further are reduced to thermal motion. In particular, the waves which enter
into the neighbourhood of the top of the mountain will not cascade completely
and may be able to run away from the right hand of the mountain. Moreover,
if the following condition is satisfied, i.e.,

(00/¢)i=0.050", (5-4)

the right skirt of the mountain is over the barrier of dissipation. Then some
eddies will cascade not only till #5, but also after £, continuously and run away
from the skirt towards the outside of the mountain. Comparing the above con-
dition (5-4) with (5-3) for v,=@v, we find that such a situation is on the criti-
cal point of compatibility. In that situation, therefore, the effectiveness of dis-
sipation comes into severe question. If dissipation is not effective in the top
region of the barrier and the above situation has been realized, much interesting
results are yielded. That is to say, if the eddies cascading till £, at the skirt
are turbulent, the size spectrum will be close to the characteristic turbulent spec-

9%  That spectrum is

trum which can be approximated by Kolmogorov’s one.
frozen after running away. The spectrum of the eddies which cascade after Zp
may be wocL'**" (n=0~1), as was estimated by Weizsicker,” and Ozernoi and
Chibisov® for supersonic turbulence. Thus, under the condition (5-4), even
the eddies with masses smaller than the characteristic mass limit given by the dissi-
pation barrier may survive and dwarf galaxies will be formed from the associated
density waves of such eddies.

In the case of £<C107"!, the analogous situation arises when the top of the
mountain is higher than the barrier of dissipation, i.e., some eddies can arrive at
the top of the mountain without being dissipated. This condition is given by

(0v/c);=0.10", (56-5)

In this case, even if the eddies survived till £, and were amplified after #,, they
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may or may not enter into the mountain and cascade completely. In order to
pass over the top or enter into the neighbourhood of the top, they must have
the mass

M=1.3x10°27(0v/c)i’ My . ‘ (5-6)

If the condition (5-4) or (5:5) is not satisfied, the situation is quite dif-
ferent, since the birth of comparatively small galaxies at #=¢, is impossible.
However, let us consider here under what condition the second-order density
wave can lead to a gravitationally bound system at least. Because the wave
must have at least ¢-=10"? in order to be bound at :<107',, we find from Table
I that

3 14 1/6
6.7><10“°’< (wp+1) > 91/-”<—M_> for type 1,

wp'Vwp+3/4 10"M
Gv/c)zZ M 5-7)

10°M,

1/3
4.5% 107 (1 + 1/w1,)m/3< > for type 2.

As for the upper limit of masses, we have no clear cut. However, in order
that the jump at £, is effective, we must have L<c,H, i.e., M<1.8><101552"""'1W@,
8.1 X 10"QMg for £>, <107"%, and the amplification factor is larger, if the mass
is smaller.

(i) From acoustic waves

For acoustic (density) waves we can examine the possibility of galaxy for-
mation in parallel with the case of rotational waves. In the present case, how-
ever, the first-order waves themselves have density perturbation K(~{wv/c) and
they are amplified by a factor ~c,nw/w’ soon after ¢p as well as the second-order
waves. Moreover, if weak rotational waves coexist with acoustic waves, they
are amplified at the same time as the acoustic waves by interacting each other,
and as a result large rotational motions may be raised. Such rotational velocities
increase by a factor ~cgw/w’ after t5. In Table II, the values of K, ¢ and
0v,* are shown.

The behavior of acoustic waves is explained on the diagram in Fig. 3(b).
In the case of £>10~%! the first-order acoustic waves (with ¢mw/w’>1 before
¢p) can survive till £, only when they satisfy the condition JvH'<L, i.e., they
pass over the mountain. If they enter into the mountain, they will cascade to
smaller waves owing to non-linear inertial force. Only when they arrive at the
neighbourhood of the top, they will cascade partially and run away partially from
the right skirt of the mountain. Moreover, if the right skirt is above the dis-
sipation barrier M=10""2""*Mg, i.e.,

(3v/c)=0.20", (5-8)

it is possible that the acoustic waves are cascading from the neighbourhood of
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Fig. 3(b). Characteristic masses for acoustic waves. The evolutionary paths for (6v/c);=1/5 are
ov/c),

represented by the horizontal lines with arrows. The definitions of Myor, M, M, and My are
the same as those in Fig. 3(a). ‘

Table II.
K % 3o,
K(@v/c)s . :
ny=2 (@v/e) 1 @o,)
fge‘f’; (wpt D)L (wptd/DW@v/ey; | I(wp)® (wp+4/3)34@v,);
D
wpVwp+4/3\ 2 | 2.2%X 102w p (w p+1)-172 ‘
After 22X 102( J‘Ewp-}l—)l)fi v ) , % (wb_:4/3)-7/4
amplification M \-us I(wp) M \-18 ‘
X 22 (6v/c); x ( 92 6,
1010M® 1 1010M@ 2T 7

a) Cf. §3 (ii).

the top beyond the dissipation barrier at #, and run away in the supersonic re-
gion. This situation may explain the formation of comparatively small galaxies.

In the case of £<C107"}, the top of the mountain is on right-hand side of a
line for decoupling. If the top is higher than the dissipation barrier, i.e., the
same condition as (5-8) is satisfied, the waves which arrive at the neighbourhood
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of the top can thereafter cascade partially and run away partially from the right
skirt of the mountain. ,

However, the above possibilities seem to be more difficult than for rotational
waves, when we compare Eq. (5-8) with Eq. (5-3). Under another situation
such that the condition (5-8) is not satisfied, the amplified value of K soon after
tp should exceed 10~? at least. Then we get from Table II v

: of (ot 1) Nl MO\ :
Qu/9>57x10 ( — Jwﬂ+4/3> 2 (me@) . (5-9)

(iii) From gravitational waves

The second-order density perturbation due to gravitational waves leads to
=0.05¢h,"hg*>; at ny=2, as was shown in §4 of [II]l. Now the behavior of the
associated density waves at ny=<2 is distinguished in two ways, as in the case
of rotational waves. o T

For type 1 waves, their density waves behave like free acoustic waves and
the amplitudes decrease slowly as (w+1)"*(w+4/3)”"." Soon after ¢, the
amplitudes increase promptly by a factor ~cnw/w’. Therefore the amplified
value of ¢ is about 10*{wyv wp+4/3/(wp+ 1N 22 (M/10°Mg) L hy?h g%,
It should be noticed here that the associated waves with M=10""2-"M,,
10%12-Y* My (for £>, <<107*') are cut out due to dissipation. Accordingly, in
order that the amplified value leads to 107, we must have <A,°hg*>;>0.074 at
least for £=1. " .

For type 2 waves, the amplitude of the associated wave decreases rapidly
after ny=2, as has been shown in §2. However, as was concluded in §4 of
[II], the possibility of the formation through the latter course is not excluded.

(iv) After being bound gravitationally

Under the initial condition that the fluid motions at an early stage are at
an extremely high speed (so that for instance the condition (5-4), (5-5) or (5-8)
is satisfied), the relative density perturbations soon after #, will reach unity and
non-linear force of gravitation will act on them strongly. As a result, the gas
in those perturbed regions is bound gravitationally and tends to contract soon.
However, gas clouds thus formed cannot collapse to a final state. As they con-
tract, the gas temperature rises owing to heating due to compression and dissipa-
tion of waves, so that they are ionized and opaque to radiation confined within
themselves. Then the gradient of radiation pressure prevents them from con-
tracting and makes them expand again to the maximum size. Thereafter such
gravitationally bound gas clouds will continue to oscillate till an epoch # or ¢,
(defined below) when the pressure gradient becomes ineffective. The epoch I
is given by

z=a/a,=100(M/10"Mg)"°2"",
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for which Jeans’s wavelength of ionized gas and radiation with 7,=10*°K is
equal to the radius of clouds with mass M. Another epoch #, is given by =z
=200(M/10"Mg)~*27”2, for which the mean free path m,/(¢,04) at T, =10*°K
is equal to the radius of clouds (0 is ‘Thomson’s scattering cross section).
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Appendix A

Hydrodynamical equations at the intermediate stage

(i) Before the decoupling epoch tp

For adiabatic disturbance, we get
0¢r/er =506n/m
from the first law of thermodynamics, so that
0p= (dp/de)fe=%(1+Fw) 'g¢,
0p= (dp/de)de+ 5 (d’p/de)s (9e)
=41+ w) e+ gw (1 +iw)(1+w) (Je)/e.

Inserting these into Egs. (2:2) ~(2-4) in [II], we obtain

(w+1)dw— ;;/iqw (w+4/3) {@v“),a/w’—l— _;-z,,,,} +A=0, (A1)

+4/3
o 4(7104‘1}) @ R
{(w+4/3)§v%,,+ o(w +4/3>¢a/ '+ B*= (A-2)
1 1 3 (w+8/3 _
z,ww+<———2(w+l)+w>z,w+ <w+4/3>¢+c 0, (A-3)
where
_ 2 (w+1) 2 2 (w+16/9) (w+1) «
A= 5 ——«———( 43y K+ {(w+4/3) 0v)},0+ w i 4/3 K, 00" /w’
+-—( +1)M Kho+ (w+4/3jav“h,d/wf_ L w1 4/3)0 5,00,
w+4/3 ‘ 4
«_ w+4/3 ay 2 w(w+1) K ,
Be= — (v ),ﬁ+27~—< +4/3)_,,< ),a/ W

(w+1) (w+16/9) ~ . .
{ s v K+ (w-+4/3)h, av}w
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1 aa o 2(w+1).
= 4/3)h v  —- =122 p K/,
+5 @4/ huv 9(wL4/3) /w

1
2(w +1)

C=—hy { ()t LY 0] = L 20

3 2, 2w(w+1) oy

Here ¢, K stand for Jc/e, J¢/e. :
Eliminating §v“, I from Egs. (A-1)~(A-3), we obtain

2«/w+1 —IIY w'Vw+1

o= “wt d/3 wid/s K (A-4)

where Y satisfies an inhomogeneous second-order dlfferential equation
L(Y) = 4Y/{3 ('} 1+ 3w)} =w* (w+ 1) (w'p)u+ o/ (A-5)

with

L=0y,+ 7/2 Ow— 1 s
w41 w(w-+1)

2w(w+1) 4(K?)
27( +4/3) (w’)

(w+ 1) (w+16/9) @ ’
+{ w43 Kov* + (w+4/3) 1, 67}} wm/w‘

= (w + 1>1/2[<w +4/3) 305005/ (w') +

1 a ’__ _2__ w+1 7\2
g @ 4/3) o/ = S () (o) o/ ()

- [ (w+ 1) [ {(w+4/3) o)+ % (w0+4/3) b Fv" /w0’

(wt D) (@+16/9) gp L o a/8) (B
A e

2(w+4/3)
Ty e R e LI
—(w+ 1) (w+4/3) ¢y, |
pr= 2 L ) + 02D (0] 3 BB
— St (o + 52D k]

(ii) After the decoupling epoch tp

We consider only matter part of the disturbances, so that de=0en, fe=0¢,
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and 0p=0p=0 are assumed in the following.
From Eqgs. (2:2) ~(2-4) in [II], we obtain

(w0+1)bw—d/w+ (w+4/3) [@v),e/w + Hul +A=0,  (A-6)
{(w+4/3)0v%,0+ B =0, (A-7)
Low+t3(w+2/3)w (w+1)",,+ 3w g+ C=0, (A-8)

where .
A= {(w+4/3) G0+ (w+1) K, ov"/w’ + 4 (w+1) Kh
+3 (w0 +4/3) 30" h,o /w0 —+ (w0 +4/3) (h1)
B=(w+4/3) (§v°§v"),5/w" + {(w+1) Kdv* + (w+4/3) h,*00"},
+ 3 (w+4/3) b udv®, | |
C= = (B B (@0 +2/8) w07 (w0 + D7 ()} — 3 (oo (o
N +9(@v) (w+4/3) /{w*(w+1)}.
Eliminating §vé, l fi'om Egs. (A-6)~(A- 8), we get
b= (w Vet 1) fY'w«/mdw . (A-9)
where Y satisfies ; .
L(Y) =w™ (w+ 1) (w0, + /3 (A-10)
with S
dr= (ww + D[ (w0 + 4/3) 805005/’ + {(w + 1) Koo
+ (w+4/3) 1, 5G0"wa+ % (w+4/3) (b b o), o/ W’
—C(w+ 1" [{(w0+4/3) 000+ b (w+4/3) b, odv? /v’
3@+ D huK —4(0+4/3) (5] do— (0 + DV (w-+4/3) g
=2 (w+ D [h A () + § (w +2/3) w7 (w0 + D)7 (B,) )
3 B0 (o — 9 (0 + 4/3) 0™ (0 + 1) @)

If we use Y=w"'(w+1)*Y, y=w-+1 in place of Y, w, the homogeneous
equation corresponding to Eq. (A-10) is reduced to

y(1—y) ?,yy+%(5—9y) ?,?/‘—%?:O s

which was derived and solved by Nariai, Tomita and Kato.®

Appendix B
Perturbations in the linear approximation at the intermediate stage

In this Appendix we shall present at the relevant stage the solutions of
Lifshitz’s equations for the first-order perturbations, which are used as a basis
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to our derivation of the second-order non-linear quantities.

(i) Acoustic (density) perturbations

Following Lifshitz’s procedure, puf the metric perturbation as
he =P, + pQ.*, (B-1)
where '

AQ = — 722Q s Qd'gE%é‘aBQ s PaﬁEn~2Q,aﬁ+ %’6aﬁQ .

Then we have equations for A and u:

2(w+4/5) Ay

lww+«
E w(w+1)

—;—(nn*)z(Hu)/(wH):O,

Lo+ {% + 5(1 + %(dp/de)s>} A

+ ?1,)- () A+ 1) (1 + 3 (dp/de),) / (w+1) =0. (B-2)

If we deﬁne S, C by ].’l‘/l:()uo‘*‘ﬂo)_rsaz??, l,—ﬂ,:(i\o,—ﬂo/)ISdﬂ’f‘C/G with lo
= —n*fdy/a, py=n*ldy/a—3a’/a’, we have the following equations for & and {:

1 2 3 1 T — )
twte L= 2(1- 2 ap/ann )| + Lot @p/an/vori=0,  B-3)

w

Gt S (142 @p/de),) - 20T | )/ o+ 1)
LES :

3/4

iy T {1 - % (dp/aze),H o,

where (dp/de);=%(w+4/3)"", 0 before and after the decoupling epoch ¢p, re-
spectively. Moreover, we have

K=(¢/e=3w{(ny:) A+ p) / (w+1) +3p,,/w}Q, (B-4)
0% =ty (w0 + DV (w0 + 4/3)7 (+ D, P, (B-5)
where P®=Q ,/n* and the definition of w is given in §1.
Before t,
By canceling £ from Eq. (B-1), we obtain
oot (@04 D78, [4 (ot 1) (2 + 4/3) { (g +9/16) — ot
+1(w+4/3)7 =3 (w+ D)= fw  (w+4/3)" + {w (w+ 1D
3w+ D) (w+4/3)} 7+ jw T (w+4/3) 7 — g (w+4/3)77]6=0.
(B-6)

If we assume c¢nw/w’>1, we get an approximate solution of Eq. (B-6):
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¢=Chay (w+1)""(w+4/3)"sin 0,
=24nps In{Vw+1 + Vw+4/3} + const, (B-7)

and { is given by the first line of Eq. (B-3).
Using Eq. (B-2), therefore, we obtain

/1+/z=g Ca
2 nyy

4/ A+ ) =120+ 29w +16) / (w+1)

so that we obtain

w (w+4/3) cos @,

K=34Cnys (w+1)" (w+4/3)"* cos 0Q, (B-8)
0v" = —34Can'ys (w-+4/3)"" sin OP7, (B-9)
2
o = 2.C, ()t (w+ 4/3) cos @ [MQ _ 32w +2lw+8) Q,a,g/n“].
2 8(w+1)
(B-10)
After tp
Directly solving Eq. (B-2), we obtain
~ [ —— 1, vw+l-—1
/1+,a—~~Ca[«/w+1/‘w—|— 2111 x/w—+T+1:l B, (B-11)

Jw+1 -1

.__];_ 2| 79 = N _ vw+1l-—1
ﬂ—45<”77*) [Ca, {(S‘w 8/w—4Inw 9/2)111\/@1‘“{_1

~40n @)+ 8(In w1) /w+ - (87w +100/w) o+ 1
—8 J‘ln w/(w+1) -d'w} +2B(Bw—8/w—4 1n w)

+15D [\/w—l—l/w—}- é—ln{(«/w—%l 1)/ (Vi +1>}D,

where B, C, and D are integration constants. Inserting these expressions into
Egs. (B-4) and (B-5), we get '

K= %6(”77*)29,[5@{(26+11/w)/Jw+1 —~18vw+ 1

+2K In(Vw+1 +1) — (I\é—FIG/(w \/iv+1))1n 'w}'
+2BK—30D/ (wyw+1)], (B-12)

00 =30 Co(w +4/3)7 P, (B-13)
where

K=9—7+15/(w+1) —16/w .
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For w>1, we have

K= %( 77*)2 [\7“_(1 + O(U)"l))éa:}; 18w (1+0(w™))B

30w (1 + o@—l)ﬂ)].

(ii) Rotational perturbations

The metric perturbation is expressed by means of a vector harmonic as

ho = 08,7 - (B14)
with -
[2f——/w+1n<jw%1—i>] | (B-15)

and the velocity pérturbétion is giVen‘by‘
ov* = —5C,7445%/ (w+4/3). (B-16)
This results are independent of whether the epoch is before or after ¢p.
In the place of the above harmonics we can express S* by S*=**F,,
(SLf=S8%+S%), where F, is arbitrary functions of spatial variables.
(iii)* Gravitational waves |
The metric perturbation is expressed by means of a tensor harmonics as
h®=vG. 2, (B-17)
where v satisfies the wave equation

5(w+4/5), | ()
2w(w+1) w+ 1

D,ww'

The approx1mate solutzon of this equatlon for n(w+1)/w’ >1 is given by
y=C,w* sin[2n9, Vw+1 + const.], (B-18)

which is independent of whether the epoch is before or after Zp.
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Note added in proof:

After the completion of this manuscript, we have seen Peebles’ paper in Astrophys. and Space
Science 11 (1971) 443, There Peebles has asserted that, at the stage 2==1000, the contraction of
compressed clouds cannot be stopped by pressure gradient because of the free-free cooling process.
However, it should be noticed that, after the matter temperature T, reaches collisional ionization
temperature 10¢°K, the mean free path of photons in fully ionized plasma becomes smaller than
the radius of clouds for M =10"Mg (say). Therefore these clouds become opaque to radiation and
the pressure gradient of trapped radiation can be effective. Further discussions will be given in a
forthcoming paper.
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