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Abstract  
 

Different from diffusive and ballistic phonon transport, the hydrodynamic phonon transport has many unique thermal 
properties such as super-linearity dependence of thermal conductivity on width and macroscopic phonon motion. In this 
work, the thickness dependent hydrodynamic phonon transport in layered titanium trisulphide (TiS3) is investigated by first-
principles calculation and improved Callaway model. From the picture of linearized phonon Boltzmann transport based on 
first-principles calculation, two indicators at 100 K clearly show the existence of hydrodynamic phonon transport: the 
displaced phonon distribution with a constant drift velocity regardless of phonon wavevector and phonon polarization as well 
as the much larger N scattering rates than U scattering rates. The extracted drift velocity decreases significantly from 1954 
m/s to 241 m/s under a temperature gradient 107 K/m as the temperature increases from 50 K to 100 K. From the improved 
Callaway model, the hydrodynamic phonon transport has a non-monotonic dependence on thickness due to the competition 
between phonon-phonon scattering and phonon-boundary scattering. The non-monotonic dependence can better 
understand the phonon properties of hydrodynamic transport and help design materials to observe hydrodynamic phonon 
transport experimentally. The temperature, width and length effects on the phonon transport behavior are also discussed 
individually. 
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1. Introduction 
Phonons, as one kind of fundamental energy carriers, 
determine the thermal properties of nonmetals including 
semiconductors and insulators. In the Boltzmann-Peierls 
picture,[1] phonons suffer from a series of scattering events 
with crystal impurities, boundaries or other phonons along 
their transport trajectories. From the thermal resistance point 

of view, only phonon-phonon scattering events with conserved 
momentum are non-resistive (N process); while all other 
scattering events can be treated as resistive (R process).[2] At 
the macroscopic scale, R process is dominant and phonon 
transport is diffusive. While at the nanometer scale such as the 
feature size of transistor in the integrated circuit down to few 
nanometers, the phonon transport becomes ballistic. Between 
these two different scales, a new phonon transport 
phenomenon (different from diffusive and ballistic transport) 
called hydrodynamic have been theoretically and 
experimentally explored.[2-10] Such transport phenomenon, 
typically sandwiched between diffusive and ballistic 
regimes,[8,9] has many unique properties such as superliner 
width dependent thermal conductivity and macroscopic 
motion of phonons.[3] Compared to the diffusive transport, the 
hydrodynamic transport has no thermal resistance; while 
compared to the ballistic transport, the hydrodynamic 
transport can transport much longer distance before losing 
collective property.[11,12] Therefore, to investigate 
hydrodynamic phonon transport phenomenon is important and  
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necessary. 
The hydrodynamic phonon transport is the collective 

motion of phonons and the term “collective” means that the 
flux of phonons can be represented by a single value of 
macroscopic drift velocity regardless of their wave vectors and 
frequencies.[3] In order to observe the hydrodynamic transport, 
N process of phonon scattering events should be strong while 
R process become weakened simultaneously. Typically 
decreasing temperature to suppress R process is an efficient 
method to observe the hydrodynamic phonon transport. 
However, if the temperature is too low, the transport becomes 
ballistic easily due to the lack of enough N scattering events, 
leading to a quite narrow temperature range for hydrodynamic 
transport. This is perhaps the reason why the studies on this 
topic have been inactive even there exists experimental studies 
several decades ago.[13,14] Thus, for hydrodynamic phonon 
transport to be dominant, two conditions should be satisfied at 
the same time in order to guarantee strong N process and weak 
R process during phonon transport: high Debye temperature 
and strong anharmonicity.[12] 

In graphitic materials such as graphene and single-wall 
carbon nanotube, the first condition of high Debye 
temperature is satisfied due to the strong bond and low mass 
of carbon. In addition, ZA modes are the main contributors to 
heat transport and are strongly anharmonic for small 
wavevector states,[15] satisfying the second condition of strong 
anharmonicity as well. Thus, several theoretical studies 
observed the distinct hydrodynamic phonon transport in those 
graphitic materials by first-principles calculations.[3,4,6] 
Recently the hydrodynamic phonon transport was 
experimentally observed in graphite thin film by using a 
standard steady-state one-heater-two-thermometers 
technique.[8] Moreover, the second sound, which is another 
indictor of strong N process during phonon transport, was also 
clearly observed in graphite by using time-resolved optical 
measurements.[7] Among those works, some observed distinct 
hydrodynamic phonon transport while others not. For example, 
compared to that of bulk graphite, monolayer graphene has a 
more obvious hydrodynamic transport behavior,[3,4] i.e. the 
hydrodynamic transport in monolayer graphene occurs within 
a larger temperature range and larger width range. The reason 
is due to the lack of interlayer phonon coupling, which is 
resistive since the interlayer coupling due to the increase of 
thickness can decrease the thermal conductivity.[11] However, 
how the thickness affects the hydrodynamic transport is not 
investigated up to now. As indicated in Refs. 16-18, the in-
plane thermal conductivity has a non-monotonic dependence 
on thickness in two-dimensional layered materials. Whether 
the dependence of hydrodynamic phonon transport on 
thickness is non-monotonic with a similar way is unclear. 
Apart from the graphitic materials, there is lacking of studies 
on whether other layered materials have hydrodynamic 
phonon transport as well. 

In order to investigate the hydrodynamic phonon transport, 
several different theoretical methods including first-principles 

calculation,[3] Monte Carlo simulation,[9] improved Callaway 
fitting,[19] kinetic-collective model[5] and Guyer and 
Krumhansl equation[20-22] have been employed. In this work, 
the first-principles calculation and improved Callaway model 
are adopted considering their advantages in separating N and 
U scattering processes. The first-principles calculation can 
obtain the displaced phonon distribution as well as the 
different U and N scattering rates. The improved Callaway 
model can determine the individual contribution of N and U 
scatterings to the thermal conductivity. The parameters in the 
improved Callaway model are fitted based on the temperature 
dependent thermal conductivity from the first-principles 
calculation. The layered material TiS3 is chosen to investigate 
the hydrodynamic phonon transport, considering their 
potential applications such as in field effect transistors[23] and 
electrode materials[24-26] for rechargeable Li and Na ion 
batteries. 
 
2. Model and Methods 
In this work, Phonopy package[27] is applied to calculate 
phonon properties and Sheng BTE package[28] is applied to 
calculate phonon scattering information. The relaxed structure, 
second-order and third-order force constants needed by the 
two packages are calculated by using the Vienna Ab-initio 
Simulation Package (VASP). The detailed parameters setting 
during the calculation can be found in Ref.[18] 

For the first-principles calculation, the linearized 
Boltzmann transport equation is applied to describe the 
phonon transport and the in-plane thermal conductivity of TiS3 
k can be calculated as following:[28-30] 𝑘𝛼𝛽 = 1𝑘𝐵𝑇2Ω𝑛∑ 𝑓0(𝑓0 + 1)(ℏ𝜔)2𝑣𝜆𝛼𝑣𝜆𝛽𝜏𝜆𝜆               (1) 1𝜏𝜆 = 1𝑛 (∑ Γ𝜆𝜆′𝜆′′++𝜆′𝜆′′ + 12∑ Γ𝜆𝜆′𝜆′′−−𝜆′𝜆′′ + ∑ Γ𝜆𝜆′𝜆′ )    (2) Γ𝜆𝜆′𝜆′′+ = ℏ𝜋(𝑓0′−𝑓0′′)4𝜔𝜆𝜔𝜆′𝜔𝜆′′ |V𝜆𝜆′𝜆′′+ |2𝛿(𝜔𝜆 + 𝜔𝜆′ − 𝜔𝜆′′)    (3) Γ𝜆𝜆′𝜆′′− = ℏ𝜋(𝑓0′+𝑓0′′+1)4𝜔𝜆𝜔𝜆′𝜔𝜆′′ |V𝜆𝜆′𝜆′′− |2𝛿(𝜔𝜆 −𝜔𝜆′ −𝜔𝜆′′)  (4) 

where α (β) denotes the direction x (a axis of TiS3 unit cell) or 
y (b axis), T is the temperature, kB is the Boltzmann constant, 
n is the number of phonon modes λ including phonon 
wavevector q and phonon polarization, Ω is the volume of unit 
cell, f0 is the equilibrium phonon (Bose-Einstein) distribution, 
ℏ is the reduced Planck constant, v is the phonon group 
velocity, ω is the phonon angular frequency,  is phonon 
lifetime (inverse of phonon scattering rates) and V is the 
scattering matrix element.[31,32] The phonon-phonon scattering 
process can be divided into adsorption process Γ𝜆𝜆′𝜆′′+  (two 
incident phonons merge into one phonon) and emission 
process Γ𝜆𝜆′𝜆′′− (one phonon splits into two phonons). For both 
adsorption and emission processes, the energy conservation 
indicated by the Dirac delta function in Equations (3) and (4) 
should be satisfied. However, the phonon momentum during 
the scattering process can have a difference of reciprocal 
lattice vector. If phonon momentum is conserved in the three-
phonon process (𝑞𝜆′′ = 𝑞 ± 𝑞𝜆′), the scattering process is N 
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(Figs. 1(a) and (c)), while if phonon momentum has a 
difference of reciprocal lattice vector G (𝑞𝜆′′ = 𝑞 ± 𝑞𝜆′ + 𝐺), 
the scattering process is U (Figs. 1(b) and (d)). For the 
hydrodynamic transport to be dominant, the N scattering rates 
should be much larger than U scattering rates, as indicated in 
the graphene[3] and graphite.[4]  

Another indicator of the hydrodynamic phonon transport 
can be found through the displaced phonon distribution. If R 
scattering is weak and can be ignored among the phonon 
transport process, the displaced phonon (Bose-Einstein) 
distribution can be written as:[3,33] 𝑓𝜆 = (𝑒𝑥𝑝 (ℏ(𝜔−𝑞∙𝑢)𝑘𝐵𝑇 ) − 1)−1                    (5) 
The displacement u represents the drift velocity. In the 
displaced distribution, the drift velocity is a constant 
regardless of phonon wavevector and phonon polarization, 
similar to that of macroscopic transport phenomena in fluid. 
Assuming a small drift velocity, the displaced distribution can 
be simplified as following: 𝑓𝜆 = 𝑓0 + ℏ𝑘𝐵𝑇 𝑓0(𝑓0 + 1)𝑞 ∙ 𝑢                    (6) 
Correspondingly, the normalized deviation of phonon 
distribution 𝑓 ′̅ = (𝑓𝜆−𝑓0)𝑓0(𝑓0+1)  is ℏ𝑘𝐵𝑇 𝑞 ∙ 𝑢  following the definition 
in Ref.[3]. Thus, if 𝑓 ′̅  has a linear dependence on phonon 
wavevector, there exists the macroscopic motion of phonon 
transport and the slope of this dependence means the value of 
constant drift velocity of the macroscopic motion. In order to 
calculate 𝑓 ′̅ , we adopt formulas from Ref.[28] In a small 
temperature gradient, the phonon distribution fλ can be 
calculated as following as well: 𝑓𝜆 = 𝑓0 + 𝑔𝜆 = 𝑓0 − 𝐹⃑ ∙ 𝛻𝑇⃑⃑⃑⃑⃑⃑ 𝑑𝑓0𝑑𝑇                     (7) 𝑑𝑓0𝑑𝑇 = 𝑓0(𝑓0 + 1) ℏ𝜔𝑘𝐵𝑇2                              (8) 

where 𝑔𝜆 is equal to −𝐹⃑ ∙ 𝛻𝑇⃑⃑⃑⃑⃑⃑ 𝑑𝑓0𝑑𝑇 , and 𝐹⃑, with the dimension 
of length, has the information of phonon mean free path. With 
the help of equation (8), 𝑓 ′̅ is calculated: 𝑓 ′̅ = (𝑓𝜆−𝑓0)𝑓0(𝑓0+1) = −𝐹⃑ ∙ 𝛻𝑇⃑⃑⃑⃑⃑⃑ ℏ𝜔𝑘𝐵𝑇2                      (9) 

In Equation (9), 𝐹⃑ can be obtained directly from ShengBTE 
package. 

In this work, the improved Callaway model[19] is also 
applied to investigate the hydrodynamic phonon transport. 
Based on the model, the thermal conductivity ktotal has two 
items: 𝑘𝑡𝑜𝑡𝑎𝑙 = 𝐾𝐶 + 𝐾𝑁                                (10) 
where KC is the Debye term, describing the resistive process 
and is given by 𝐾𝐶 = 1Ω𝑛∑ ℏ𝜔𝜆𝑣𝜆𝑥2 𝜏𝜆𝐶 𝜕𝑓0 𝜕𝑇⁄𝜆                   (11) 
KN is the N-drift term, describing the non-resistive process and 
is given by 𝐾𝑁 = 𝑘1 𝑘2𝑘3⁄                                (12) 𝑘1 = 1Ω𝑛∑ 𝑣𝜆𝑥𝜆𝑥𝜏𝜆𝐶 𝜕𝑓0 𝜕𝑇⁄𝜆                    (13) 𝑘2 = 1Ω𝑛∑ 𝑣𝜆𝑥𝜆𝑥(𝜏𝜆𝐶 𝜏𝜆𝑁⁄ ) 𝜕𝑓0 𝜕𝑇⁄𝜆              (14) 𝑘3 = 1Ω𝑛∑ (𝜆𝑥2 ℏ𝜔𝜆⁄ )(𝜏𝜆𝐶 𝜏𝜆𝑈⁄ ) 𝜕𝑓0 𝜕𝑇⁄𝜆            (15) 
The different scattering rates or lifetimes in Equations (13)-
(15) have the following relations: 1/𝜏𝜆𝐶 = 1/𝜏𝜆𝑅 + 1/𝜏𝜆𝑁                          (16) 1/𝜏𝜆𝑅 = 1/𝜏𝜆𝑈 + 1/𝜏𝜆𝐼                           (17) 1/𝜏𝜆𝑈 = 𝐵𝑈𝜔𝛼𝑈𝑇𝛽𝑈𝑒−𝜃𝐷/3𝑇                   (18) 1/𝜏𝜆𝑁 = 𝐵𝑁𝜔𝛼𝑁𝑇𝛽𝑁                        (19) 1/𝜏𝜆𝐼 = 𝐴𝜔4                                   (20) 
where x means the direction of temperature gradient, the 
superscripts C, R, U, N and I respectively mean the total 
scattering events, resistive scattering events, Umklapp 

 
Fig. 1 The three-phonon adsorption N (Normal) process (a) and U (Umklapp) process (b). The three-phonon emission N process (c) 
and U process (d). The rectangles in black color mean the first Brillouin zone. The dash line means the reciprocal lattice vector G.  
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scattering events, Normal scattering events and impurity 
scattering events. Note that R scatterings include U and I 
scatterings. The parameters A, BN, BU, αN, αU, βN, βU and θD in 
those scatterings are obtained by fitting the temperature 
dependent thermal conductivity ktotal from first-principles 
calculation based on Equations (1)-(4). All the other symbols 
in Equations (11)-(20) have the same physical meanings as 
above equations. Here, the width and length effects on phonon 
transport behavior are also discussed, thus the R scattering 
rates in Equation (17) should also include the phonon-
boundary scattering rates from two boundaries along the width 
direction and phonon-end scattering rates from two ends along 
the length direction:[2,34] 1/𝜏𝜆𝑅 = 1/𝜏𝜆𝑈 + 1/𝜏𝜆𝐼 + 1/𝜏𝜆𝑊 + 1/𝜏𝜆𝐿          (21) 1/𝜏𝜆𝑊 = 𝑣𝜆⊥𝐹𝜆𝑝𝑊[1−𝐹𝜆𝑝Λ𝑖𝑛𝑡,𝜆⊥ 𝑊⁄ ]                     (22) 𝐹𝜆𝑝 = (1−𝑝𝜆)[1−exp⁡(−𝑊/Λ𝑖𝑛𝑡,𝜆⊥ )]1−𝑝𝜆exp⁡(−𝑊/Λ𝑖𝑛𝑡,𝜆⊥ )                (23) 1/𝜏𝜆𝐿 = 𝑣𝜆𝑥𝐿[1−exp⁡(−𝐿/Λ𝑖𝑛𝑡,𝜆𝑥 )]                  (24) Λ𝑖𝑛𝑡,𝜆 = 𝑣𝜆𝜏𝑖𝑛𝑡,𝜆                           (25) 1/𝜏𝑖𝑛𝑡,𝜆 = 1/𝜏𝜆𝑈 + 1/𝜏𝜆𝐼 + 1/𝜏𝜆𝑁             (26) 
where x means the direction of temperature gradient as above, ⊥  means the direction perpendicular to x, p is specularity 
parameter, Λ𝑖𝑛𝑡  is the phonon mean free path due to all 
intrinsic scattering events including N, U and I scatterings. 
 
3. Results and Discussions 
The phonon dispersions within 0-5 THz at different 
thicknesses along Γ-Y direction of Brillouin zone, i.e. a-axis 

direction of TiS3 unit cell, are shown in Figs. 2(a)-(c). The 
direction of temperature gradient is set along a-axis direction 
as well. Based on those profiles, ZA modes (the lowest phonon 
branch) have the quadratic dependence on wavevector. In 
graphene, the hydrodynamic phonon transport is mainly 
caused by ZA modes, having the similar quadratic shape.[3,35,36] 
Correspondingly, TiS3 may also have the hydrodynamic 
phonon transport. There are two reasons why ZA modes in 
layered materials contribute significantly to hydrodynamic 
phonon transport. One is the quadratic shape. Compared to TA 
and LA phonons, such quadratic shape makes much larger 
number of ZA phonons at certain temperature. The other is the 
large anharmonicity,[37-39] which makes N scattering rates much 
larger than R scattering rates. Thus, the hydrodynamic phonon 
transport may be a common phenomenon in layered materials. 
For example, through first-principles calculation, Cepellotti et 
al.[40] recently showed that in layered materials graphene, 
graphane, fluorographene, boron nitride and molybdenum 
disulphide, N scattering rates are larger than U scattering rates 
especially at low temperature. 

As discussed above and shown in Ref. 3, the linear 
dependence of normalized deviation of phonon distribution 𝑓 ′̅ 
on wavevector is a strong indicator of macroscopic drift 
motion of phonons and the slope of this dependence is the 
value of drift velocity. The Equation (9) is applied to calculate 𝑓 ′̅, where the direction of temperature gradient is chosen along 
a-axis direction and F is obtained from ShengBTE package. 
The calculated 𝑓 ′̅  at 100 K along qa direction, i.e. Γ-Y 
direction in Figs. 2(a)-(c), with different thicknesses clearly 

 
Fig. 2 The phonon dispersion along Γ-Y direction (a-c), normalized deviation of phonon distribution 𝑓 ′̅ (d)-(f) as well as N and U 
scattering rates (g)-(i). The inset in (f) shows the unit cell of TiS3. The linear dependences of 𝑓 ′̅ on wavevector ((d)-(f)) indicate the 
hydrodynamic phonon transport. The direction of heat flux or the direction of temperature gradient is along a axis (Γ-Y). The 
dependences of N and U scattering rates on frequency shown in blue color ((g)-(i)) are from Callaway fitting.  
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shows a linear dependence on wavevector. And the slopes for 
ZA, TA and LA modes are exactly same regardless of phonon 
wavevector and phonon polarization. From the value of slope 
and equation (6), the drift velocity u of monolayer TiS3 is 
extracted. The extracted value of u is 1954 m/s at 50 K and 
decreases to 241 m/s at 100 K under a temperature gradient 
107 K/m. Such large decrease may be the reason why 
hydrodynamic phonon transport is not observable at high 
temperature. For the decrease of drift velocity, the reason is 
not clear and it thus needs more work. We infer that with the 
temperature increasing, the phonon collision frequency 
increases, i.e. the phonon collision time decreases, which 
causes the decrease of drift velocity. Based on the constant 
drift velocity at 50 K and 100 K, there exists the macroscopic 
motion of phonons, indicating the existence of hydrodynamic 
phonon transport. As pointed in Ref.,[3] if there is no 
macroscopic motion of phonons, 𝑓 ′̅  has no dependence on 
phonon modes. The non-linear dependences at large 
wavevector regions of Figs. 2(d)-(f), i.e. near the boundary of 
Brillouin Zone, indicate that the hydrodynamic phonon 
transport is mainly caused by low-frequency phonons. This is 
reasonable since high-frequency phonons near the boundary 
of Brillouin Zone have large wavevector and are involved in 
Umklapp (resistive) scattering process (Figs. 1(b) and (d)) 
more easily.  

The macroscopic drift motion of phonons can be explained 
by the fact that there exist much stronger N scattering rates 
than R scattering rates shown in Figs. 2(g)-(i), which is 
another indicator of hydrodynamic phonon transport. At 100 
K, the N scattering rates of TiS3 at different thicknesses are 
about 10-100 times larger than U scattering rates. During N 
scattering process phonons approach the same drifty velocity 
by exchanging their momenta and obeys the displaced phonon 
distribution in Equation (5), while in U scattering process 
phonons relax to the equilibrium phonon distribution f0 by 
destroying their momenta. Under a temperature gradient, such 
stronger N scattering rates in TiS3 make phonon distribution 
displaced (Figs. 2(d)-(f)) and then most phonons have the 
same drift velocity, i.e. macroscopic drift motion of phonons. 
Similar results are shown on graphene[3] and graphite[4] in 
previous calculations. 

As discussed above, the hydrodynamic phonon transport in 
TiS3 is explored based on the linearized phonon Boltzmann 
transport equation as well as first-principles calculation. In the 
next part, the improved Callaway model[19] is further applied 
to investigate the hydrodynamic transport. Since there lacks 
enough experimental data of temperature dependent thermal 
conductivity, the parameters (Equations (18)-(20)) in the 
improved Callaway model are fitted through the data from 
first-principles calculation. In order to make the parameters 
realiable, before fitting the model, some parameters are 
determined based on the frequency dependent scattering rates 
shown in Figs. 2(g)-(i) from first-principles calculation. By 
fitting the data of U scattering rates, we find 1/𝜏𝜆𝑈  have a 
quadratic dependence on ω. Thus, αU = 2 is chosen in Equation 

(18). Many previous studies also applied αU = 2 to describe the 
U scattering process and obtained satisfactory results.[2] For 
the value of 𝛼𝑁  in Equation (19), different studies adopt 
different data. For example, Torres et al. adopted 𝛼𝑁 = 2 to 
describe N scattering rates in silicon rod,[5] while Majee et al. 
adopted 𝛼𝑁 = 1 in graphene ribbon.[2] Furthermore, the first-
principles calculation in graphene[3] and graphite[4] even show 
that N scattering rates have a weak dependence on ω, i.e. 𝛼𝑁 
= 0. Different values of 𝛼𝑁 indicates that the dependence of N 
scattering rates on ω is different in different materials and the 
value of 𝛼𝑁 is not a constant for all materials. 𝛼𝑁 in a certain 
material therefore is determined by its intrinsic scattering 
environment, i.e. second-order and third-order force constants. 
Thus, in our work, 𝛼𝑁 is determined by fitting the frequency 
dependent N scattering rates from first-principles calculation, 
which is obtained based on second-order and third-order force 
constants. For the temperature related parameters of βN and βU, 
different values are tried and βN = 1 and βU = 1 give the best 
fitting results of temperature dependent thermal conductivity 
(Fig. 3(a)). 

After all the parameters are obtained, the resistive thermal 
conductivity KC and non-resistive thermal conductivity KN can 
be calculated separately from the improved Callaway model. 
By comparing the magnitudes of KN and KC, the thickness and 
temperature dependent hydrodynamic phonon transport are 
discussed. For the thickness dependent phonon transport 
behavior, KN decreases while KC increases monotonously with 
the thickness increasing from 1 layer to 3 layers (Figs. 3(b)-
(d)) among the whole temperature range 80-700 K. So, 
hydrodynamic phonon transport becomes weakened with the 
thickness increasing. That is reasonable since the interlayer 
coupling strength can enhance the resistive scattering.[11] With 
the thickness approaches 3 layers, KN is close to KC at 
temperature larger than 200 K, indicating the disappearance of 
the observed hydrodynamic transport. Due to the 
computational cost, the phonon transport in thicker TiS3 is not 
calculated. By comparing the profiles in Figs. 3(a) and (d), the 
phonon transport behavior in bulk structure is similar to 3 
layers. Further analysis based on our calculation shows that 
the hydrodynamic phonon transport is more obvious in bulk 
structure than that in 3 layers. We will discuss it later. Thus, 
the hydrodynamic phonon transport has a non-monotonic 
dependence on thickness. For the temperature dependent 
phonon transport behavior, both KN and KC at all calculated 
thicknesses increase monotonously with the temperature 
decreasing from 700 K to 80 K. And KN shows a more obvious 
increase than KC. Thus, at low temperature, the hydrodynamic 
phonon transport is easier to be observed. By comparing KN 
and KC profiles in Fig. 3, hydrodynamic phonon transport is 
observable around 100 K for all thicknesses, since KN is much 
larger than KC. While at 300 K, the hydrodynamic phonon 
transport is not dominant and unobservable in 3 layers and 
bulk TiS3. 

In real experiment, the width or length of the sample are 
not infinite. Thus, the effects of width and length on phonon  
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Fig. 3 The temperature dependent thermal conductivity along a-axis direction for bulk (a), 1 layer (b), 2 layers (c) and 3 layers (d) 
TiS3. The blue diamond points mean the data from first-principles calculation. The olive lines (ktotal), orange lines (KN) and purple 
lines (KC) respectively mean the total thermal conductivity, N-drift term (non-resistive) thermal conductivity and Debye term 
(resistive) thermal conductivity from the Callaway model fitting based on equations (10)-(20). For bulk TiS3, different values of βN 
and βU are chosen during the fitting, and βN = 1and βU =1 give the best fitting results. 

 
transport behavior are calculated and discussed. The scattering 
rates caused by two boundaries of width and caused by two 
ends of length are described by 1/𝜏𝜆𝑊  in Equation (22) and 1/𝜏𝜆𝐿 in Equation (24) respectively. The specularity parameter 

p of boundary in Equation (23) is chosen as 0.5, representing 
partially specular and partially diffusive boundary scattering. 
The calculation results in Fig. 4 show that at short width, KC 
is larger than KN. That is reasonable since short width has  

 
Fig. 4 The width dependent normalized thermal conductivity along a axis at 100 K in 1 layer (a), 2 layers (b), 3 layers (c) and bulk 
TiS3 (d). The blue lines, black lines and red lines respectively mean ktotal, KN and KC. The dashed line means the value of Wt, which 
represents the transition of relative relation between KN and KC. 
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larger resistive phonon-boundary scatterings. With the width 
increasing, both KN and KC increases monotonously. However, 
KN increases more obviously than KC. Thus, at a certain width 
defined as transition width Wt here, the value of KN exceeds 
that of KC. And the value of Wt is dependent on thickness. As 
the thickness increases from 1 layer to 3 layers, Wt increases 
from 100 nm to 300 nm monotonously. The larger value of Wt 
at larger thickness means stronger R scattering at larger 
thickness, which is reasonable since the interlayer coupling 
scatterings are resistive and increase with thickness. 
Interestingly, Wt of bulk structure is smaller than that of 3 
layers, indicating a non-monotonic dependence of Wt on 
thickness. Similar non-monotonic dependence of thermal 
conductivity on thickness was observed recently in van der 
Waals stacked materials.[16,18] The reason here is contributed to 
the competition between phonon-phonon scattering and 
phonon-boundary scattering induced by phonon confinement 
effects as well.[17] As the thickness is small and phonon-
phonon scatterings are dominant, Wt has a positive 
dependence on thickness due to the increase of resistive 
interlayer phonon-phonon scattering; while as the thickness is 
large enough to make phonon-boundary scatterings dominant, 
Wt has a negative dependence on thickness due to the decrease 
of resistive phonon-boundary scattering. Thus, the transition 
width Wt between KN and KC has an interesting and non-
monotonic dependence on thickness, indicating a non-
monotonic dependence of hydrodynamic phonon transport on 
thickness in layered materials. It should be noted that the value 

of Wt here is based on p of 0.5, i.e. partially specular and 
partially diffusive boundary scattering. By decreasing the 
value of p, i.e. the increase of diffusive boundary scattering, 
the hydrodynamic phonon transport is suppressed and the 
transition width Wt increases. 

The length effects on phonon transport behavior are similar 
to the width effects as shown in Fig. 5. At short length, KC is 
larger than KN, which is caused by the resistive phonon-end 
scatterings. With the length increasing, both KN and KC 
increases and KN shows a more obvious increase than KC. Thus, 
at a certain length defined as transition length Lt, the value of 
KN exceeds that of KC. Lt has a similarly non-monotonic 
dependence on thickness as Wt and the reason is similarly 
attributed to the competition between phonon-phonon 
scatterings and phonon-end scatterings. By increasing the 
width, Lt is shown to have a negative dependence on W. The 
reason is because with W increasing, the resistive phonon-
boundary scatterings decrease and then Lt decreases. 
 
4. Summary 
The thickness dependent hydrodynamic phonon transport in 
layered TiS3 is investigated by first-principles calculation and 
improved Callaway model. From the picture of linearized 
phonon Boltzmann transport based on first-principles 
calculation, the phonon distribution at 100 K of TiS3 is well 
displaced with a constant drift velocity regardless of phonon 
wavevector and phonon polarization, indicating the existence 
of the hydrodynamic phonon transport. The much larger N 

 
Fig. 5 The length dependent thermal conductivity along a axis at 100 K in 1 layer (a), 2 layers (b), 3 layers (c) and bulk TiS3 (d). 
Three different widths of W = 1 μm (red lines), 2 μm (blue lines) and 4 μm (wine lines) are calculated. The solid lines, dashed lines 
and dashed dot lines mean ktotal, KN and KC respectively. The dashed line means the value of Lt, which represents the transition of 
relative relation between KN and KC. From the dashed purple lines in (a), with W increasing Lt decreases monotonously. 
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scattering rates than U scattering rates at 100 K can explain 
the constant drift velocity. From the improved Callaway model, 
the non-resistive N-drift thermal conductivity KN is much 
larger than the resistive Debye thermal conductivity KC at 100 
K, another indicator of the hydrodynamic phonon transport. 
With the thickness increasing from 1 layer to 3 layers, the 
value of KC approach KN and even exceeds KN at 3 layers with 
temperature larger than 200 K, which is caused by the increase 
of resistive interlayer coupling scatterings. At short width, KN 
is smaller than KC, while with the width increasing, KN 
exceeds KC at a certain value named as Wt. The value has an 
interesting and non-monotonic dependence on thickness due 
to the competition between phonon-phonon scatterings and 
phonon-boundary scatterings. The effects of length on phonon 
transport behavior are similar to those of width. The results 
here can provide physical insights into the thickness 
dependent hydrodynamic phonon transport in layered 
materials. 
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