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Experimental work which uses Penning and Paul traps to confine non-neutral ion plasmas is
discussed. Penning traps use a static uniform magnetic field and a static electric field to confine
ions. The Paul trap uses the ponderomotive force from inhomogeneous radio-frequency fields to
confine ions to a region of minimum field strength. In many atomic physics experiments, these
traps are designed to produce a harmonic restoring force for small numbers of stored ions
( <10*). Under these conditions and at low temperatures, both traps produce plasmas with
simple shapes whose mode properties can be calculated exactly. Laser cooling has been used to
reduce the temperature of trapped ions to less than 10 mK with ion spacings less than 20 pm.
At such temperatures and interion spacings, the Coulomb potential energy between nearest
neighbor ions is greater than the ion thermal energy and the ions exhibit spatial correlations
characteristic of a liquid or crystal. Laser beams also apply a torque which, by changing the
plasma angular momentum, changes the plasma density. Atomic clocks are an important
application of ion trap plasmas. Better control of the plasma dynamics will reduce fluctuations
in the relativistic time dilation, yielding better clocks.

I. INTRODUCTION

Non-neutral plasmas consist of a collection of charged
particles with a single sign of charge. Over the past 40
years non-neutral plasmas have been carefully studied in a
variety of experiments."”” Many of these studies involved
intense electron or ion beams which are used, for example,
in advanced high current accelerators or in coherent radi-
ation generation."? This article will review a very different
type of non-neutral plasma: a three-dimensionally con-
fined, low-energy non-neutral plasma that consists of a sin-
gle charged species. The discussion will concentrate on
pure ion plasmas and their connection to pure electron
plasmas. Much of the work discussed here is related to
current experiments in atomic physics. For example, small
non-neutral ion plasmas are being used to make high-
resolution spectroscopic measurements on ions. These high
resolution measurements could potentially lead to a new
generation of atomic clocks.>®

Pure ion or electron non-neutral plasmas exhibit some
of the same properties as neutral plasmas. For example,
they exhibit collective effects such as plasma waves and
shielding on the scale of a Debye length.! However, there
are notable differences. For example, the confinement of
non-neutral plasmas is much better than the confinement
of neutral plasmas. In some cases, confinement times of
many hours can be achieved.” The confinement time can be
sufficiently long that the plasma evolves into a state of
thermal equilibrium.® Another unique property of non-
neutral plasmas is that they can be cooled. If a neutral
plasma is cooled, the positive ions will eventually recom-
bine with the negative electrons. In a pure ion plasma there
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are no free electrons to recombine with the ions. These
plasmas can be cooled to cryogenic temperatures, where
strong correlation effects become important. With elec-
trons, cooling has been accomplished through electron cy-
clotron radiation®!° and coupling of the electrons’ motion
to external circuits.'"'> Momentum transfer from a laser
beam has been used to efficiently cool non-neutral ion plas-
mas (laser cooling).13

The two most common types of traps for atomic and
molecular ion experiments are the Penning trap, named
after Penning,'*"” and the radio frequency (RF) or Paul
trap, named after Wolfgang Paul.">"!® The Penning trap
confines particles by superimposing an electrostatic well
along the direction of the field lines of a homogeneous
magnetic field. A Paul trap confines charged particles by
the ponderomotive force provided by inhomogeneous os-
cillating electric fields. A configuration often used in
atomic ion experiments is one where the electric potential
is quadratic, arising from electrodes, as shown in Fig. 1.
For this case, both traps can be described by superimpos-
ing a quadrupole electric potential and a magnetic field

Ug+ ¥,
br(re) =5 (22,

where r and z are cylindrical coordinates and 7 and z, are
characteristic internal dimensions of the trap (Fig. 1). For
the Penning trap, ¥V,=0, and for the Paul trap, ¥;5-0 and
B=0. Hybrid traps have also been studied where U, ¥y,
and B are all nonzero.'>” In Sec. II we show that an RF
trap plasma is a special case of a Penning-trap plasma.
Therefore much of the discussion throughout this review
centers on Penning traps.

Elongated Penning traps with cylindrical electrodes re-
placing the electrodes of the quadrupole trap shown in

B= Bz, (1)
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* B=B3 (required for Penning trap)
e ]

¢ = A{22%-7)
A = Vil + 22,3
V = U,+V coswt

{V, = O for Penning trap)

FIG. 1. Common electrode configuration used for Penning and Paul traps
in atomic physics experiments. The quadratic trap potential is a conse-
quence of the shape of the electrodes, which are hyperboloids of revolu-
tion [and therefore equipotentials of the potential in Eq. (1)]. We neglect
the distortion of the potential from the effects of truncation and holes in
the electrodes.

Fig. 1 have been used extensively in electron non-neutral
plasma experiments by the group at the University of Cal-
ifornia at San Diego (UCSD).!%2! Linear Paul traps have
been used in some experiments to study the collective prop-
erties of stored ions.”>?* These traps are composed of a
ponderomotive potential in two dimensions (like a quad-
rupole mass analyzer) and an electrostatic well in the third
dimension. [For example, in Eq. (1), we let 7 — 2x* and
r%—2x%, which provides a ponderomotive well in the x-z
plane. On this potential we superimpose an electrostatic
well along y to provide trapping in three dimensions.]

Penning and Paul traps are useful for high resolution
spectroscopy and its application to atomic clocks. Atomic
clocks generate time intervals by counting the cycles of an
oscillator which is made synchronous with a particular
transition frequency in an atom or ion. Ion traps have some
advantages over other techniques for spectroscopy: (1)
Atomic ion storage times can be very long, so the resolu-
tion of the transitions can be very high—linewidths less
than 0.001 Hz have been observed.* (2) The ions are often
stored under high-vacuum conditions, which suppresses
the systematic frequency shifts due to collisions with back-
ground gas. (3) The average velocity of stored ions is 0; so
the first-order Doppler shift vanishes. Laser cooling re-
duces substantially the second-order Doppler shift (rela-
tivistic time dilation). Inaccuracies of atomic clocks based
on stored ions may eventually be less than 1 part in 10
(Ref. 4).

The main disadvantage of using stored ions in atomic
clocks (as opposed to neutral atom clocks) is that the
densities of ions are relatively low because of Coulomb
repulsion between ions. This means that the signal-to-noise
ratio is relatively small. Nevertheless, sensitive detection
techniques® have been realized with stored ions, and the
signal-to-noise ratio can be limited only by the fundamen-
tal quantum fluctuations of the measurements.”

Ii. THERMAL EQUILIBRIUM

The long confinement times of non-neutral plasmas en-
able the plasma to evolve to a state of confined thermal
equilibrium.® In the RF trap, the ions are confined in three

1404 Phys. Plasmas, Vol. 1, No. 5, May 1984

dimensions by the ponderomotive fields. In the Penning
trap, the ions are confined in the axial direction by the
static potentials on the trap electrodes. However, the long-
term radial confinement in a Penning trap is less obvious.
To understand this confinement®® it is useful to consider
the canonical angular momentum about the trap’s symme-
try axis

F

where r and @ are cylindrical coordinates; m, v, and g are
the ion mass, velocity, and charge; and the sum is over all
ions. The vector potential 44(7) = Br/2 is for a uniform
axial magnetic field. The first term in Eq. (2) is the me-
chanical angular momentum of the ions. The second term
can be associated with the angular momentum of the field.
In most Penning-trap experiments, the mechanical angular
momentum is small compared to the field angular momen-
tum and Eq. (2) can be approximated as

gB
= g,rf (3)
Equation (3) places a very powerful constraint on the
plasma. To the extent that the trap is azimuthally symmet-
ric, Py is constant and the mean square radius of the
plasma is conserved. This constraint is not valid for neutral
plasmas. In a neutral plasma an electron and an ion can
move to the wall together and still conserve the canonical
angular momentum,

In practice, Penning traps have been constructed with
sufficient symmetry to give non-neutral plasmas adequate
time to evolve to a state of thermal equilibrium.® For a
system in which both the angular momentum and energy
are conserved, the single-particle distribution function
(Bolizmann distribution) takes the form?’%?

Py=2 (mvej+§/40(rj))rj: (2)

Py

m 32 1
f=ﬂo(§;;k?) CXP(—kB—T (H-!-wrpe)), (4)

where
2

my
H=T+Q¢(?‘,Z), (5)
gBr

Here H is the single particle Hamiltonian, py is the canon-
ical angular momentum of a single particle about the z
axis, ¢(r,z) is the electric potential, and kp is Boltzmann’s
constant. The parameters ngy, @,, and T are determined by
the total ion number, angular momentum, and energy of
the system. We will see that w, is the plasma rotation fre-
quency and, for a cold plasma, g is the plasma density. If
Egs. (5) and (6) are substituted into Eq. (4), we find

3/2 1 (V+Q),I‘é)2
ety e"p(“i "Rl

where

n(rz)=ngyexp{—[gp(r2) +%mw,(ﬂ—~w,)r2]/kBT}.
(8)

), (7)
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The density as a function of the coordinates » and z is given
by n(rz) and Q=qB/(mc) is the cyclotron frequency.
The velocity distribution in Eq. (7) describes a Maxwell-
Boltzmann velocity distribution superimposed on a rigid-
body rotation (v)=—wr6. In particular, the plasma ro-
tates without shear with frequency —w,.

In the limit of low temperatures (7" —0), if the plasma
density in Eq. (8) is to remain finite in the plasma interior,
the condition

gd(rz) +3mw (Q—w,)*=0 (9)

must hold. The potential ¢ must be independent of z in the
plasma interior. This is just the statement that there can be
no force along a magnetic-field line in a zero temperature
plasma. If the expression for ¢(7,z) obtained from Eq. (9)
is substituted into Poisson’s equation, we see that the den-
sity is constant in the plasma interior and given by

mo(Q—w,)
no—'—Tﬂ_qz—— .

The plasma frequency is therefore related to the rotation
frequency by
2 4 q2 no

CDPE

(10)

=20,(0—w,). (11)
For finite temperatures, Eq. (8) and Poisson’s equation
imply that the ion density is constant up to the edge of the
plasma and then drops off in a distance characterized by
the Debye length®®

ksT \V?
Ap= (W) . (12)
The picture of a constant density plasma with sharp
boundaries as T —0 is therefore valid for temperatures low
enough that A< plasma dimensions.

The properties of rigid rotation and constant density
result from the assumptions of thermal equilibrium and
low temperature, and do not depend on a particular form
of the trap potential. For the rest of this section, we assume
a quadratic trap potential ¢ given by Eq. (1) with V=0.
The total electrostatic potential ¢ is composed of three
terms

¢p=¢r+ s+ ina-

Here ¢, is the potential due to the trapped ions and ¢4 is
the potential due to the charges induced on the electrodes
by the trapped ions. The potential ¢;,4 can be neglected
when the trap dimensions are large compared to those of
the plasma. This condition is achieved in many experi-
ments and is assumed below. Solving for the ion potential
using ¢;=¢—¢, and Eq. (9), we find that inside the
plasma

(13)

moz?

2q

¢,=-;—;f [0/(Q—0,) —w/2]P—

2

mcop
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FIG. 2. Spheroidal shape of a Penning-trap plasma. This shape is ob-
tained under the conditions of thermal equilibrium and Ap<(plasma
dimensions) € (trap dimensions).

where Eq. (14) defines a and b, and 2a+b=3 as required
by Poisson’s equation. Here

B 4qUO 172
@= (m(; T+£T))

is the frequency at which a single trapped particle (or the
center of mass of a collection of particles) oscillates along
the z axis. Equation (14) is just the potential in the interior
of a uniformly charged spheroid. A spheroid is the shape
obtained by rotating an ellipse about one of its principal
axes. Let 2ry, and 2z, denote the diameter and the axial
extent of the plasma spheroid as shown in Fig. 2. The
coefficients a and b are functions of the plasma aspect ratio
a=2zy/ry.3"3® For example, when a=1 the plasma is
spherical and a=b=1. As @ — «, the plasma becomes an
infinitely long cylindrical column, and a—3/2 and 6-0.
As a—0, the plasma becomes an infinitely thin disk, and
a—0 and b—3. The dependence of a and b on « and Eq.
(14) show that the plasma frequency w, and the trap axial

(15)

frequency o, are related by*'~>**
2
W, b(a) o 5
ol 3 —Q?((a2_1)1/2) /(a -1), (16)

where QF is the associated Legendre function of the second
kind.

It is instructive to consider the plasma equilibrium as a
function of rotation frequency o, for fixed trapping condi-
tions (fixed w,, Q, and number of ions ). Constant den-
sity equilibria exist when w,<Q/v2 for rotation frequen-
cies satisfying o,, < 0, <Q—w,,, where

Om=0/2—(0¥/4—2/2)/? (17)
is the single-ion magnetron frequency.!® It is the EXB
drift frequency at which a single trapped ion rotates about
the trap symmetry axis. For o, slightly larger than w,,,
cog/cozzl, and the plasma is shaped like a pancake (an
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FIG. 3. Radius r, of a plasma of ~2000 Be™ jons as a function of rotation
frequency w,. The radius is plotted in units of r,, the plasma radius at the
Brillouin limit, and the rotation frequency is plotted in units of the cy-
clotron frequency {1. The solid line is a theoretical curve involving no
adjustable parameters. The data were taken with /27r=1.4 MHz and
, /§=0.151 (from Ref. 34).

oblate spheroid). In the limit that w,—®,,, the plasma’s
aspect ratio a—0, and the plasma’s radius ry— . As o,
increases, wﬁ/wf, decreases and the plasma’s aspect ratio a
increases by decreasing 7y and increasing zg. At w,=Q/2
the plasma attains its maximum aspect ratio (smallest 7,
and largest z,) and maximum density ng=mQ?*/(87q*).
The condition w,=/2 is often called Brillouin flow.? In
a frame of reference rotating with the plasma, the motion
of an individual ion within the non-neutral plasma consists
of circular gyrations (perturbed cyclotron orbits) at the
frequency ) —2w,. At Brillouin flow, these gyrating orbits
become free streaming (straight-line trajectories in the ro-
tating frame), and the plasma behaves like an unmagne-
tized plasma. Therefore, at w,={/2, a Penning-trap
plasma behaves dynamically like a plasma confined in an
RF (Paul) trap (if we can neglect the RF micromotion in
the Paul trap—the forced small amplitude motion at & ).
As o, increases beyond /2, the plasma’s aspect ratio ¢
and density n, decrease. Because n, is an even function of
o, about @w,=Q/2, the plasma’s aspect ratio, radius, and
axial extent are even functions of w, about w,=/2. For
example, as w,—§)—w,,, the plasma’s aspect ratio a ap-
proaches 0, and the plasma’s radius ry— . Figure 3 shows
a graph of the radius of a plasma of *Be™ ions as a function
of rotation frequency. Good agreement was obtained be-
tween the observed and predicted dependence of the plas-
ma’s radius on rotation frequency.

Il. LASER COOLING AND STRONG COUPLING

The previous section on thermal equilibrium neglected
any effects due to ion—ion correlations. Correlations be-
come important at low temperatures. Equations (7) and
(8) indicate that, except for a rigid rotation, ions in a
Penning trap behave as if they are immersed in a uniform
density background of opposite charge. Of course, this
background charge density depends on w,. For a low tem-
perature plasma, the ion charge density neutralizes the fic-
titious background charge density out to the plasma
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boundary. A single species of charge immersed in a uni-
form density background of opposite charge is a one-
component plasma.”® It follows that the static, thermody-
naric properties of ions in a Penning trap are the same as
those of a one-component plasma.>® This is also true for
ions in Paul traps if the micromotion is neglected. The
thermodynamic properties of a one-component plasma are
determined by the Coulomb-coupling parameter

7

anSkBT ’

(18)
where ag is the Wigner-Seitz radius given by 4ﬂ'n0a§/ 3=1.
Calculations®®* for the infinite one-component predict
that for I" > 2, the plasma should exhibit liquid-like behav-
ior characterized by short range order, and at around
I'=170 a liquid-solid phase transition to a body centered
cubic (bee) lattice should take place. With laser cooling,
couplings of several hundred can be obtained with ions in
traps.”'38

A. Doppler laser cooling

Laser light can be used to cool small samples of
trapped ions and atoms to temperatures much less than 1
K. The simplest form of laser cooling and the one most
commonly used for ions is called Doppler cooling.’>*® It
relies on the high spectral purity of lasers, the fact that
atoms absorb light only at particular frequencies, and the
frequency shift of the light (as viewed by the atom) due to
the Doppler effect. Cooling results from the mechanical
momentum imparted to the atoms when they scatter light;
by suitable arrangement of a laser beam’s frequency and
direction, the atoms can be made to scatter light only when
this scattering causes their momentum to be reduced. To
illustrate, suppose an ion is constrained to move along the
horizontal direction and is illuminated by a laser beam
pointing along that direction. First, suppose the laser fre-
quency is swept to measure the absorption spectrum of the
ion near one of its optical trapsitions. If the ion is held
stationary, the absorption would be particularly strong at a
resonance frequency w, with a narrow range y outside
which absorption drops rapidly (y=Einstein 4 coeffi-
cient). For the resonance of interest in *Be™, W/ 27 == 10'
Hz and ¥/27w =20 MHz.

Suppose we now release the ion and subject it to a laser
beam coming from the left. Assume this laser has fre-
quency @, , with @, <wg. If the ion moves to the left with
velocity v, then in the ion’s reference frame, the laser light
appears to have a frequency approximately equal to
wy(14v/c) due to the first-order Doppler frequency shift.
For particular values of v and w;, w;(1+v/c) =ay, and
the ion absorbs and reemits photons at a high rate. On
absorption, the photon’s momentum is transferred to the
ion and thereby reduces the ion’s momentum by approxi-
mately A/A (A=the transition wavelength, #="Planck’s
constant). However, the photon reemission is spatially
symmetric, so on the average, there is no net momentum
imparted to the ion by reemission. Hence, on the average,
the ion’s momentum is reduced by A/A for each scattering
event.
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If, instead, the atom moves to the right (along the laser
beam direction), each scattering event increases the atom’s
momentum by A/A. However, the scattering rate is less for
atoms moving to the right because the frequency of the
radiation (in the atom’s frame) is now w;(1—wv/c)
<wj <wgy, and the laser appears to be tuned away from
the ion’s resonance. This asymmetry in the scattering rate
and in the accompanying transferred momentum of ions
moving left or right, gives rise to cooling.

The randomness in the times of absorption and the
randomness in the direction of photon reemission act like
fluctuating impulses on the atom which counteract the
cooling. These random impulses, which cause heating,
reach a balance with the cooling when the effective tem-
perature of the atoms reaches a minimum value, called the
Doppler-cooling limit, equal to about #y/2kg. For many
ions, this temperature is around 1 mK or less. A temper-
ature of 1 mK with densities greater than 10" cm™3 (see
Sec. IV) gives couplings I" > 500.

B. Shell structure

Ion trap experiments until now have laser-cooled small
plasmas. Typical plasma dimensions are less than 20 inter-
particle spacings.38 (In the quadrupole storage ring trap of
Ref. 23, the plasmas were dimensionally large along the
quadrupole circumference, but less than 8 interparticle
spacings in the other directions.) It is not clear that such
small systems will behave like infinite-volume one-
component plasmas. A number of computer
simulations*®* with less than a few thousand cold ions in
a trap found something quite different than bee order. The
ions eventually froze into concentric, spheroidal shells
rather than bece planes. Each spheroidal shell consisted of a
distorted two-dimensional hexagonal lattice. There was no
well-defined liquid—solid phase transition; the freezing oc-
curred over a broad range of couplings I'. For example,
oscillations in the density characteristic of shell structure
was observed with I < 10. At I' ~ 100, very little diffusion
occurred between shells, but very rapid diffusion was found
within a shell.*> For T'> 300, the diffusion within a shell
was also slow.*?

Experimentally, shell structure has been observed with
up to 20 000 laser-cooled Be™ ions in a Penning trap. The
shells were observed by illuminating a thin cross section of
the plasma with laser beams and imaging the laser-induced
fluorescence onto a photon-counting imaging tube. Quali-
tative agreement was observed with the simulations, except
that, in some cases, open-ended cylindrical shells were ob-
served in the experiments. At present there is no convinc-
ing explanation for the open-ended cylindrical shells. One
possibility is that shear in the plasma rotation might pro-
duce such a structure.

Strong coupling has also been attained with small ion
clouds (typically less than 30 ions) in quadrupole RF
traps.** For a recent review and complete list of refer-
ences, see Ref. 45. Small “crystals” were observed by im-
aging the laser-induced fluorescence. Sudden changes in
the configuration of the crystal were observed as the ratio
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of the trap’s axial and radial restoring forces was varied.
These structural phase transitions have been studied
theoretically. 68

How large must the ion plasmas be in order to observe
infinite-volume behavior? Two different analytical
methods**® give similar predictions. The plasmas may
have to be greater than 60 interparticle spacings along their
smallest dimension in order to exhibit a bcc structure. For
a spherical plasma, this means that the number of trapped
ions must be greater than 10%. A Penning trap designed for

trapping and laser cooling a few million Be™ ions is being

tested at the National Institute of Standards and Technol-
ogy (NIST).*!

C. Linear RF trap resuits

Recently, linear RF traps have been used to create
one-dimensional and other types of strongly coupled struc-
tures. Elongated, crystallized ion structures have been ob-
served in a linear Paul trap by the group at Garching.”*’
They used a configuration in which the trap electrodes
were bent into rings and closed on themselves to form a
torus. They observed various structures ranging from a
single string on the axis of the trap to more complex shapes
like multiple layers of intertwined helices. These structures
agree with simulations of crystallized structures expected
for particles in high-energy storage rings.*2%3 If these
structures can be formed in storage rings, high-energy
beams with significantly increased brightness could be used
in collision experiments.

In experiments at NIST, similar structures were ob-
served, but in a linear trap with a much less elongated
geometry using four parallel straight rods.?? In a demon-
stration experiment,54 the NIST researchers were able to
observe the interference scattering from two ions localized
in the trap. This can be viewed as a kind of Bragg scatter-
ing experiment in the limit of the smallest number (two) of
particles. The NIST researchers plan to investigate the use
of a single strand of ions confined in a linear trap for an
atomic clock.* The main advantage of this configuration is
that the kinetic energy of the micromotion of the ions and
the accompanying time-dilation frequency shift can be
made very small.

Strings of ions may also be viewed as one-dimensional
(1-D) plasmas. These plasmas would be expected to show
interesting differences when compared to two- and three-
dimensional plasmas. For example, the strong anisotropy
of the 1-D plasma is expected to strongly reduce the rate at
which ion-ion interactions transfer kinetic energy between
degrees of freedom associated with motions parallel and
perpendicular to the trap axis.’>®

The crystallized ion structures observed in elongated
linear Paul traps are essentially the same as those which
are expected for ions in an elongated Penning trap. The
intertwined helices can be thought of as lying on shells;
these shells correspond to the shells observed in Penning
traps. In the Paul trap, the ions do not (necessarily) rotate
around the trap axis; this greatly facilitates the observation
of crystallized structures, since they can be observed by
direct imaging. On the other hand, micromotion causes
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heating of ions in Paul traps. This heating becomes stron-
ger as the diameter of the plasmas increase. Therefore large
diameter structures appear to be more easily studied in
Penning traps, where this source of heating is absent.

D. Sub-Doppler laser cooling

In 1988, an important experiment’’ showed that laser-

cooling temperatures lower than the Doppler-cooling limit
could be obtained for atomic transitions involving more
than two levels.”® One way this works is as follows: When
an atom or ion is illuminated by laser radiation, the atomic
electrons, attached to the atomic core, experience a pon-
deromotive force in the fields of the laser. If the laser fre-
quency is turned above a particular transition, this force is
entirely analogous to the ponderomotive force responsible
for trapping ions in a Paul trap, and the atom experiences
an “optical potential” which forces it toward regions of
weaker field amplitude. (In general, the strength and sign
of the optical potential depends on the internal state of the
atom and frequency of the laser.) When an atom moves
from a region of weaker optical potential to stronger po-
tential, it loses kinetic energy. If, after running up an op-
tical potential hill, the atom changes (or is optically
pumped) to a third internal state which does not experi-
ence an optical potential, its kinetic energy is less than its
original value. Later, it can be optically pumped back to its
original state (without changing its kinetic energy), where
the process starts over again. If, instead, the atom runs
down a potential hill and then is pumped to the third state,
it gains kinetic energy. However, it is possible to find sit-
uations where the atoms are preferentially pumped to the
third state after running up a potential hill and net cooling
occurs. This particular form of cooling is called “Sisyphus”
cooling after the person in Greek mythology who was con-
demned to repeatedly carry a rock to the top of a hill only
to have it roll down each time.

In sub-Doppler cooling schemes,”® the limiting kinetic
energy for a free atom is approximately equal to the kinetic
energy it would receive if it was originally at rest and re-
coiled upon the emission of a single photon. This corre-
sponds to a temperature of about 1 uK. Similar tempera-
tures could be expected for trapped ions. In this regime
kgT<fiw,, so the plasma modes must be treated quantum
mechanically.

iV. LASER BEAM TORQUES
A. Control of the plasma rotation frequency

In most Penning-trap experiments, the rotation fre-
quency o, is much less than /2, corresponding to low
densities and strongly magnetized plasmas. In laser-cooled
Penning-trap plasmas, the lasers can also be used to pro-
vide a torque to increase the ion density and access all
possible thermal equilibria, including Brillouin flow. This
is done by directing a laser beam to the side of the rotating
plasma that recedes from the laser beam, as shown in Fig,
4. In Fig. 4, the laser applies a torque whose sign is nega-
tive; this will decrease the angular momentum P, about the
trap’s z axis. If ,<, Eq. (3) shows that the plasma ra-
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laser
beam

FIG. 4. Plasma cross section showing the position of the laser beam for
applying a torque which decreases the plasma canonical angular momen-
tum and increases the plasma rotation frequency. The magnetic field is
out of the page and positively charged trapped ions are assumed. In Refs.
34 and 59, laser torques were used to achieve all possible thermal equi-
libria, including Brillouin flow.

dius will decrease; the plasma density and rotation fre-
quency increase accordingly. In general, the plasma radius
will decrease and the ion density increase until the torque
due to the laser beam is offset by some other torque, for
example, due to asymmetries in the trap construction. In
this manner the slow radial expansion of a Penning trap
plasma which normally occurs can be stopped, and a
steady state distribution can be obtained.

In experiments**>® with laser-cooled Be* ions, laser
torques were used to increase the plasma rotation fre-
quency and obtain all possible thermal equilibria. Typically
one laser beam was used to cool the plasma, and one beam
was directed near the radial edge of the plasma to apply a
strong torque to the plasma. The applied torque was
changed by varying the frequency of the torque beam. Ini-
tially with w,<{}, the frequency of the torque laser beam
was tuned below the cooling transition frequency which
produced very little ion fluorescence and torque. As the
torque laser frequency was increased above the cooling
transition frequency, the torque laser became resonant
with the Doppler shifted ions in the beam path. This pro-
duced ion fluorescence and a torque on the plasma which
increased the plasma rotation frequency. The plasma rota-
tion frequency could be increased smoothly through Bril-
louin flow to frequencies slightly less than the cyclotron
frequency, except for a small range of rotation frequencies
where the plasma acquired a diffuse boundary and low ion
fluorescence characteristic of a hot plasma.®® An explana-
tion of the apparent heating is given in the next section.
The rotation frequency was measured from the Doppler-
generated sidebands produced by the rotation on the elec-
tron spin flip transition in the ground state of Be*.> With
laser-cooled Be™ ions at B=0.8 T, the ion density ranged
from 107 cm™? at low rotation frequency to 2x10® cm ™3
at the Brillouin limit. At 6 T, a density of about 1 X 10
cm™? was obtained at the Brillouin limit.
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B. Plasma rotation and atomic clock frequency shifts

In an atomic clock, the relative frequency imprecision
due to intrinsic measurement noise scales as N~"2 (Ref.
25) where N is the number of ions. Therefore, to reduce
the imprecision, we desire to make N as large as possible.
However, as we increase the number of ions in a Penning-
trap plasma, the size of the plasma increases and the ve-
locity in the rotational motion also increases. One of the
largest systematic frequency shifts in an ion trap frequency
standard is the second-order Doppler shift (or time-
dilation shift) due to the small but nonzero kinetic energy
of the ions. For plasmas that are laser cooled, the kinetic
energy in the rotational motion dominates over the thermal
kinetic energy of the plasma except for highly prolate plas-
mas that are nearly confined to the trap axis.

The time-dilation frequency shift due to the plasma
rotation is given by Av py/vo= —w?(r*)/2c% where (#*) is
the mean square radius of the plasma and the shift is ex-
pressed as a fraction of the clock transition frequency v;.
This frequency shift may be difficult to measure precisely,
which would limit the accuracy of the clock. The fre-
quency shift may also fluctuate due to fluctuations in
plasma parameters such as the rotation frequency or
plasma radius. This will cause the clock’s frequency to
fluctuate, and reduce the stability at long measurement
times.

Near the Brillouin limit, where the radius of the
plasma goes through a minimum, Avp, increases as .
Here the time-dilation shift is large and sensitive to fluctu-
ations in ®,. On the other hand, for very low rotation
frequencies w,—®,,, the plasma radius rapidly increases
with small decreases in w, (see Fig. 3). Here the time-
dilation shift is also large and sensitively depends on w,. It
follows that, for a given o, and (), there is a rotation fre-
quency w, where the time-dilation shift is a minimum and
depends only on fluctuations in the rotation frequency to
second order. Improved frequency standard performance
can be obtained by stabilizing @, to this optimum rotation
frequency.

V. ELECTROSTATIC MODES

Much progress has been made recently in understand-
ing the collective oscillations of small, cold, non-neutral
plasmas trapped in Penning traps. In several recent exper-
iments, both magnetized plasma>*>*! and upper hybrid*
oscillations have been excited and studied. The measured
frequencies agree with a recent cold fluid theory for the
normal modes of a magnetized plasma spheroid,®? al-
though in one experiment® noticeable frequency shifts
were induced by the effects of finite temperature and trap
anharmonicity. These effects are a subject of current theo-
retical work,*%3 and we will briefly describe one approach
in this section.

Excitation and detection of plasma modes may have
several applications. Since the mode frequencies depend on
the density, rotation frequency, temperature, and shape of
the plasma, a measurement of mode frequencies may pro-
vide a diagnostic for these important plasma parameters.
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This technique may be particularly valuable as a nonde-
structive diagnostic for experiments where laser fiuores-
cence techniques are inapplicable, such as those involving
electron, positron,** or antiproton®® plasmas. Other tech-
niques for obtaining information about these plasmas in-
volve ejecting the plasma from the trap, and are thus de-
structive.

Collective modes can also play an important role in
plasma confinement.®® Field errors in the trapping poten-
tial can excite plasma modes and thereby enhance loss of
the plasma. Excitation of the plasma modes can therefore
set a practical limit on the density and number of particles
stored in a Penning trap. Resonances of plasma modes
with static field errors have already been observed to heat
the plasma and limit the density in Penning-trap
experiments.>*%

Measurement of the electrostatic modes of a Penning-
trap plasma can also be a useful tool for studying the dy-
namics of non-neutral plasmas under various conditions.
Such studies have already provided important insights into
plasma behavior in long cylindrical traps in which the con-
finement potentials are not harmonic.'® The effect of finite
length on the linear modes of such a plasma has previously
been considered only through approximations such as per-
turbation theory applied to an approximate finite-length
equilibrium.%” On the other hand, an analytic form for all
the electrostatic cold fluid eigenmodes and eigenfrequen-
cies has recently been found for small, cold spheroidal plas-
mas in a Penning trap.? This is the only realistic finite-
length geometry for which exact fluid mode
eigenfrequencies and eigenfunctions have been calculated.
A Penning trap with nearly pure quadrupole electrostatic
potential may therefore be a useful geometry for non-
neutral plasma studies when a detailed understanding of
eigenmode structure and frequency is needed. For exam-
ple, for cryogenic plasmas a measurement of the shifts of
the mode frequencies from the predictions of cold fluid
theory can be related to the bulk and shear moduli of the
plasma.®® A measurement of the damping of the modes
may provide information on the plasma viscosity. Such
measurements could be performed with a strongly corre-
lated plasma over a range of magnetic field strengths where
very little information is presently available.

A. Theoretical developments

We first briefly describe recent theoretical develop-
ments in the fluid theory of normal modes in trapped non-
neutral plasmas. Section II showed that a non-neutral
plasma in thermal equilibrium in a harmonic trap at zero
temperature is a uniform density spheroidal plasma rotat-
ing at frequency w,. In cold fluid theory the linear electro-
static normal modes of this plasma are described by Max-
well’s equation for the perturbed potential ¥(x,t)

V-e(x) V=0, (19)

where e(x) is the dielectric tensor for the magnetized
plasma spheroid
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FIG. 5. Schematic picture of the three /=2 normal modes of oscillation.
(a) The (2,0) mode is an oscillation of the length and radius of a spheroid
whose axis of symmetry is oriented along the z direction. (b) The (2,1)
mode is a slight tilt of the plasma with respect to z; the tilted plasma then
precesses around the z axis. (¢) In the (2,2) mode, the plasma is slightly
distorted into a triaxial ellipsoid with a principal axis along the z direc-
tion. The ellipsoid then rotates around the z axis (from Ref. 63).

€ ——i€2 0
€= i€2 € 0 y
0 0 €3

with €,=1—02/(0’—Q2), &=00"[0(x*—03)), and
€=1 —co,z,/wz. Here o is the mode frequency as seen in a
frame rotating with the plasma and Q,=Q—2w, is the
vortex frequency, which is the cyclotron frequency in the
rotating frame. The boundary conditions we consider are
=0 at |x| - oo (image charges are neglected).

Analytic solutions of Eq. (19) are generally available
in only a few standard geometries for which a separable
solution can be found, and a spheroidal Penning-trap
plasma is not a standard geometry. However, Dubin®
showed that Eq. (19) is separable for a spheroidal
Penning-trap plasma in an unusual set of frequency depen-
dent coordinates. The normal modes can be thought of as
spheroidal harmonics. That is, outside the plasma the
mode potential takes the form

YO = Aol imbOm (£ /d)PR(E,), (20)

where Q" and P/* are Legendre functions, (£,,£;,4) are
spheroidal coordinates (Ref. 69), d = ,}?O_F-’o is half the
distance between the foci of the plasma spheroid, and / and
m are mode numbers determining the order of the sphe-
roidal harmonic. For a spherical plasma, d—0, (£;,£,,9)
approach spherical coordinates (7,cos 6,4), and ™™ ap-
proaches the usual form for a spherical multipole moment,
Yot~ g wrimé =1 pin (o5 §). Inside the cloud, the poten-
tial variation depends on mode frequency; details may be
found in Refs. 34 and 62.

B. Experimental measurements

Some of the /=2 modes have been measured in the
NIST laser-cooled ion experiments. These are quadrupole
excitations, which in general correspond to deformations
of the spheroid into a triaxial ellipsoid (an ellipsoid in
which the three principal axes differ in length) with a time-
dependent shape and/or orientation.®®> The form of these
/=2 modes are shown in Fig. 5. For /=2 and m=0, the

1410 Phys. Plasmas, Vol. 1, No. 8§, May 1994

.......
ot

9\ 0.30 | A w,/0=0.256
o e o /0=0.151
1 oo z

3 0.25 ]

@ cor/Q

o
~N
+8

3

0.8 . . . .
0.0 0.1 0.2 0.3 0.4 0.5

w /0

(b)

FIG. 6. (a) Plasma mode frequency wjy as a function of the rotation
frequency w,. The circles and triangles give the experimential data. The
solid line gives the cold-fluid model predictions. The dashed and dotted
lines give the high- and low-magnetic-field calculations for w3, respec-
tively. (b) Upper hybrid mode frequency w4 as a function of the rotation
frequency e, for w,/Q1=0.151. The circles give the experimental data.
The solid line gives the cold-fluid model predictions. All frequencies are
expressed in units of the cyclotron frequency ( (from Ref. 34).

mode corresponds to axisymmetric radial and axial com-
pressions of the spheroid. For large vortex frequency |Q,|
the radial compressions are upper hybrid oscillations near
the cyclotron frequency, while the axial compressions are
magnetized plasma oscillations at some fraction of the
plasma frequency. A comparison between theory***? and
experiment™*>? for the dependence of these mode frequen-
cies on the plasma shape (or rotation frequency) is shown
in Fig. 6 for the laser-cooled ion plasmas. In these experi-
ments, the mode is excited by applying a sinusoidal poten-
tial between the ring and endcap electrodes. The modes
were detected by a change in the ion fluorescence when the
applied frequency was resonant with the mode frequency.
As Fig. 6 shows, excitation of the (2,0) modes may be a
useful way to determine the plasma rotation frequency, or
equivalently the plasma shape, for a broad range of w,/Q
values.

Recently, an experiment at NIST used plasma modes
to determine the aspect ratio of pure electron plasmas in a
cryogenic (4 K) Penning trap.5' The modes were detected
through image currentis induced in one of the endcap elec-
trodes. Experimentally, modes with frequencies near the
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FIG. 7. Temperature dependence of the quadrupole mode frequency for
electron plasmas with different shapes: (M), @p=2.24, 22,=6.20 cm;
(0), 0g=4.38, 22,=7.52 cm; and (A), ap=7.80, 22,=8.32 cm. Solid
lines are the results of numerical simulations of the plasmas (Ref. 60).
Arrows on the vertical axis show the cold fluid theory predictions; dashed
lines are from Eq. (29). The inset shows the radial density profiles of
these plasmas (from Ref. 60).

single-particle axial frequency w, could be detected. Imme-
diately after a plasma of electrons was loaded into the trap,
only the center-of-mass mode was observed. However, af-
ter a period of time that depended on the magnetic field,
other modes were observed. The evolution of the mode
frequencies was followed as a function of time. The de-
tected modes were identified within the framework of Du-
bin’s cold fluid theory®? as drumhead modes of a two-
dimensional disk. With some plasmas up to eight modes
were identified which were used to provide seven different
estimates of the plasma aspect ratio. The discrepancy be-
tween the different estimates was less than 20%. The
drumhead modes were detected when the plasma aspect
ratio a was about 0.02 or smaller. The decrease in @ as a
function of time could then be followed until o ~0.002. In
these experiments the number of electrons, determined
from the center-of-mass mode signal, was between 20 000
and 100 000. Measurement of the plasma modes was the
only known method for determining the plasma shape.

C. Effects beyond cold fluid theory

The low-frequency (2,0) quadrupole mode has also
been measured in pure electron plasmas which are cooled
by collisions with a buffer gas to near room temperature.®
Here the modes were also detected through the image
charges they induced on the surrounding electrode struc-
ture. In these experiments the Debye length A was not
negligible compared to the plasma size, the plasma was not
in thermal equilibrium, and the plasma was not necessarily
small compared to the electrode diameters. Nevertheless,
the cold fluid theory works fairly well as a starting point in
describing the (2,0) frequency (see Fig. 7). However, in
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order to explain the observed increase in mode frequency
as temperature increases, it is necessary to go beyond the
cold fluid limit. For relatively cold plasmas where Ay is
small compared to the plasma dimensions, the frequency
shift can be accounted for by keeping pressure terms in the
fluid equations.

We illustrate the effects of pressure in fluid theory by
considering the (2,0) plasma oscillations in the limit that
the magnetic field is very large. In this case the plasma
oscillation occurs only in the z direction and the equilib-

rinnm and linaar dunamice ara 1
rium ana inéar Gynamics arc deSCﬂbed by

d*sz do dp
AT T 3

where p is the pressure, 5z(x,t) is the z displacement of a
fluid element from its equilibrium position x, n is the den-
sity, and ¢ the total electrostatic potential. In equilibrium
the plasma satisfies

_ g 0o
M5, =5z

(21)

(22)

where po=npkgT is the equilibrium pressure, we assume T’
is constant, and ng is the equilibrium density. We note that
for finite T, Eq. (22) implies that ng is no longer perfectly
uniform within the plasma; now the plasma has a smooth
edge with a width on the order of Ap.

Perturbations away from equilibrium are described by
P=Do+08p, d=dy+1, and n=ny+6n. The perturbed den-
sity &n is related to the fluid displacement 6z through the
linearized continuity equation

a
dn= % (ngbz). (23a)
The perturbed pressure 8p is related to the fluid displace-
ment by

sp= —82 220 O 23b
P——Zaz+7’Po 9z’ ( )
where the first term describes the pressure change at a fixed
point due to convection, the second term is the pressure
change due to compression, and ¥ is the ratio of specific
heats. We assume an adiabatic law for these 1-D expan-
sions and compressions, so ¥=23. Equations (22) and (23)
can then be used in Eq. (21) to yield an equation for the
fluid displacement 8z induced by the perturbing field

2
e (2,5, T\ Pl 3 O
w&_m(az_*_&? " mngy 9z 07z )’ (24)

where o is the mode frequency.

Equations (23a) and (24), and Poisson’s equation
V4= —4mgbn constitute a closed set of partial differential
equations for 8n, ¥, and 6z which can be solved as a
straightforward (though tedious) numerical eigenvalue
problem for the mode frequency. However, rather than
resorting to numerical solutions we instead apply a simple
ansatz to obtain an analytic expression for the mode fre-
quency o which approximately describes the effect of finite
temperature. We assume that the plasma remains a uni-
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form spheroid,®® although this is rigorously correct only
when 7—0 and anharmonic and image charge effects are
negligible. The equilibrium shape of the spheroid is then
determined by taking a moment of Eq. (22). Multiplying
Eq. (22) by z and integrating, we obtain

fqnoz%cﬂx:]\’kBT. (25)
oz

Since ¢o=dexi+ ¢y Where deyy=¢r+dina, Eq. (25) deter-
mines the aspect ratio a in terms of ry, T, N, and the
external potential. Anharmonic effects in ¢.,, and image
charges could be kept, but for now we neglect such effects
and use the harmonic form for ¢,,,=¢, and ¢;, Egs. (1)
and (14). The integral over the spheroid in Eq. (25) can
be performed, yielding an expression for the equilibrium
plasma shape «a that includes the effect of temperature

abla) SkgT

_%T—_'mwz s’ (26)

where ay=(Ng*/mw?)'”* is a length scale on the order of

the plasma size. Equation (26) implies, as T increases, that
the plasma increases in length, in agreement with intuition.
(Throughout this analysis the spheroid radius r, is as-
sumed to be fixed because the experiments are carried out
rapidly compared to radial transport times.)

Turning to the perturbations around this equilibrium,
our ansatz of purely spheroidal perturbations implies that
plasma motion can be described as a change in the length
of the spheroid by a small amount €(#)z,. The perturbed
electric field is then determined by a Taylor expansion of
Eq. (14). We obtain

" m ,a 3 (b)
Z,

= % R %\

Furthermore, our ansatz implies §z=e¢z in order to satisfy
the assumption of uniform density. Substitution of these
relations into Eq. (24), multiplication by nyz and integra-~
tion over the spheroid then yields the following approxi-
mate expression for the (2,0) mode frequency:

(27)

3

ay db\ SykgT
2 2f, %P YXs
co—coz(l ?.faa)“L mz

The last term in Eq. (28) is a frequency increase similar to
that expected in the Bohm-Gross dispersion relation
w2=co12,+ ykgTk2/m, where the parallel wave number k, is
of order 1/z,. However, the first terms in Eq. (28) also
depend on T through the change of the equilibrium shape
a as T increases, given by Eq. (26). Assuming that the
temperature effect is small, we keep temperature correc-
tions to & only to lowest order in T, in which case Eq. (28)

becomes®

(28)

P d(ag) 4 —2L fla) (29)
=&o\&g TZZO)Z 0/

where ¢ is the plasma shape at T'=0 [the solution of Eq.
(26) at T=0), w3(a,) is the (2,0) frequency at T'=0, and
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2 2
oo g b
f(aO) = Y b(ao)woz(ao) F% .

For the experiments at NIST, the temperature effects
are negligibly small, but in the experiments at UCSD these
effects are not negligible. In Fig. 7 we compare the theo-
retical frequency of Eq. (29) with the experimental
measurement.® There is fair agreement, even though the
radial density profile is not very close to that of a uniform
spheroid, and we have neglected image charges and anhar-
monic effects in our analysis. Indeed, particle-in-cell simu-
lations of the modes®® which include these effects observe
very good agreement with the experiments (see Fig. 7), so
there is hope that including these effects in the analytic
model may also improve agreement with the experiments.

D. Resonant interactions with static field errors

Resonant interactions between normal modes and an
external static error in the trap fields have also been
observed.*** Such interactions may heat the plasma and
limit ion confinement. In the experiments, a range of
plasma rotation frequencies was observed where the
plasma acquired a diffuse boundary and a low level of
fluorescence characteristic of a hot plasma. The range over
which this apparent heating occurred depended sensitively
on the angle 6, between the trap’s symmetry axis and the
magnetic field direction. For 65> 0.1° the plasma rotation
frequency could not be increased beyond the point where
heating first ocourred. The heating appeared to get stron-
ger with an increase in the number of ions. Furthermore,
8y could be adjusted to less than 0.01° by searching for an
alignment which gave no apparent heating (assuming that
the trap is aligned when the heating is minimized).

This heating resonance has been identified as an exci-
tation of an /=2 and m=1 plasma mode by the asymmetry
associated with the misalignment of trap and magnetic
axes, The (2,1) mode consists of a tilt of the plasma spher-
oid with respect to the magnetic axis. The spheroid then
precesses around the axis at one of three possible rates for

1 e T - —2,1
\\\zh\ T~ | 31
Ny :""""'«.,\ -— 4’1
0.8 LT NS
sl ‘
0.6 | A%
= -
3 .{—'7-""'5"5 Y
A T J
0.4 P A\
Lt T
/, T -
02 | 45 il 1
~7
7
0 OA 0 }25 0'5 0.75
T w7 '

FIG. 8. Values of w,/S! and w,/() for which different m=1 modes are
predicted to be zero frequency in the laboratory frame. Points with error
bars are experimental measurements of the location of the heating reso-
nance. The thick curve is the confinement boundary given by Eq. (17),
beyond which there is no thermal equilibrium (from Ref. 34).

Bollinger, Wineland, and Dubin

Downloaded 22 May 2003 to 132.239.69.90. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



given plasma rotation frequency and shape [see Fig. 5(b)].
For certain plasma parameters this mode can be zero fre-
quency in the laboratory frame; that is, the precession can
be equal in magnitude and opposite in direction to the
rotation frequency, so that the plasma shape appears to be
a stationary tilted spheroid in the laboratory frame (within
this shape the plasma continues to circulate). The mode
can then resonantly interact with a static field error.

Figure 8 shows the measured rotation frequencies o,
where heating occurred for different trap axial frequencies
®,, when the trap was misaligned by 6,~0.02°. Also
shown (solid line) is the rotation frequency at which the
(2,1) mode has zero frequency in the laboratory frame of
reference, calculated from the cold fluid dispersion
relation.?*3*6? There is excellent agreement between the
predicted and measured resonant rotation frequencies.
Shown for comparison in this figure are predictions for
when other m=1 modes reach zero frequency in the lab-
oratory frame.** These other modes may also cause heating
resonances. In experiments on larger plasmas several heat-
ing resonances have been observed, although as yet they
have not been identified.
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