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1 Introduction

Non- and ultra-relativistic symmetries have received a growing interest due to their utilities
in diverse physical theories. On one hand, non-relativistic symmetries appear in the con-
text of holography [1–12], Hořava-Lifshitz gravity [13–18], effective field theory description
of the quantum Hall effect [19–23], among others. On the other hand, ultra-relativistic
symmetries of the Carrollian type have found recent applications in the study of tachyon
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condensation [24], warped conformal field theories [25], tensionless strings [26–30], holog-
raphy in asymptotically flat space-times [31–38], asymptotic symmetries [39–41] and in the
context of soft hair on black hole horizons [42, 43].

The formulation of a non-relativistic gravity theory requires to consider the Newton-
Cartan formalism [44, 45]. Newton-Cartan gravity theories along its diverse extensions have
been studied in different contexts in [46–59]. In three spacetime dimensions, the construc-
tion of a gauge-invariant action for a given non-relativistic symmetry is possible through
the Chern-Simons (CS) formalism. The CS formalism not only offers us a straightforward
way to construct an action for a given symmetry but also can be seen as a toy model
to approach higher-dimensional gravity models. Nevertheless, in the non-relativistic limit
(c→∞) there might appear infinities and degeneracy. Such difficulties can be avoided by
considering U(1)-enlargements of the relativistic symmetry. Although the non-relativistic
limit of the Poincaré algebra leads to the Galilei algebra [60], it is necessary to add two u(1)
generators to Poincaré in order to avoid degeneracy and construct a proper non-relativistic
CS action. In such case, the non-relativistic symmetry corresponds to an extension of the
so-called Bargmann algebra [61–65] which consist in a central extension of the Galilei one.
Further extensions of the extended Bargmann gravity theory have been largely explored by
diverse authors in the context of enlarged symmetries [66–70] and supersymmetry [71–79].

At the ultra-relativistic level, Carroll gravity theories have been discussed in [80–
85]. A CS formulation of Carroll gravity was first discussed in [81] and then extended to
supersymmetry in [86, 87]. Unlike non-relativistic CS gravity theories, Carroll and AdS
Carroll CS actions do not suffer from degeneracy in the ultra-relativistic limit (c → 0)
and then do not require the introduction of additional generators in the ultra-relativistic
algebra.1 More recently, Carrollian versions of the Jackiw-Teitelboim (super)gravity model
have been presented in [89–91].

On the other hand, the exploration of theories involving massless higher-spin fields
coupled to gravity has been studied in [92]. In the last years, gauge theories with spin
> 2 have received a growing interest mainly due to its applications in the AdS/CFT
correspondence context [93–102]. Moreover in three spacetime dimensions, a consistent
coupling of massless higher-spin fields to gravity is possible considering a CS action for
the sl(n,R)× sl(n,R) algebra [103–105]. Such theory contains rich boundary dynamics
whose asymptotic symmetry is given by two copies of the Wn algebra [106–108] being an
infinite-dimensional extension of the relativistic sl(n,R) algebra. Interestingly, as it was
shown in [106, 109], the CS formalism allows to consider a finite number of interacting
higher-spin fields.

Higher-spin gravity models share many properties with the pure gravity theory, as
black hole solutions [110–117], conical singularities [118, 119], among others. More recently,
a first approach to explore non- and ultra-relativistic versions of spin-3 gravity theories
in absence of cosmological constant was presented in [120]. However, the spin-3 Galilei
symmetry suffers from degeneracy which can be overcome by considering a spin-3 extension

1The degeneracy may occur for enlarged symmetries. As it was noticed in [88], a Carrollian version of
the Maxwell gravity requires to extend the Maxwellian Carroll algebra in order to avoid degeneracy.
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of the extended Bargmann algebra. Nonetheless, the spin-3 Carroll algebra admits non-
degenerate invariant bilinear trace as it spin-2 version. Although the spin-3 versions of the
kinematical algebras with cosmological constant have been presented in [120], a consistent
spin-3 gravity action for such symmetries remains unknown.

In this paper, motivated by the several applications of the higher-spin theories as well
as non- and ultra-relativistic symmetries, we explore the construction of novel non- and
ultra-relativistic spin-3 gravity theories in three spacetime dimensions. We first present
new non- and ultra-relativistic spin-3 algebras in presence of a cosmological constant. To
this end, we apply the Lie algebra expansion method2 based on semigroups [124–130] to
the relativistic spin-3 AdS algebra. Here, the semigroup acts as a non- or ultra-relativistic
expansion of a relativistic algebra. In the flat limit, we show that the spin-3 algebras
obtained in [120] are recovered. We then extend our procedure to spin-3 extensions of
post-Newtonian and Extended Carroll symmetries. We generalize our results by present-
ing a spin-3 infinite-dimensional Newton-Hooke and spin-3 infinite-dimensional AdS Carroll
algebras. Remarkably, in the vanishing cosmological constant limit they reproduce a spin-
3 extension of the infinite-dimensional Galilean and infinite-dimensional Carroll algebras
discussed in [131–134]. It is important to clarify that the infinite-dimensional extensions of
non- and ultra-relativistic spin-3 symmetries obtained here are not the respective asymp-
totic symmetries of a non- or ultra-relativistic spin-3 CS gravity theory defined on three
spacetime dimensions. Nonetheless, the expansion procedure considered here could be
useful to address such issue analogously to the one considered in [135] for obtaining super-
symmetric extension of known asymptotic symmetries. However, we leave this problem for
a future work and only discuss the general idea in the concluding section.

The construction of gauge-invariant CS action for the finite and infinite-dimensional
spin-3 non- and ultra-relativistic symmetries is also presented. In particular, our results can
be seen as the spin-3 version of several known non- and ultra-relativistic gravity theories.
Indeed one can argue that we obtain the spin-3 extensions of the extended Newton-Hooke
gravity [17, 136–142], enhanced Bargmann-Newton-Hooke gravity [68, 132, 143], AdS Car-
roll gravity [81, 86, 87] and their respective flat limits [34, 73, 74].

The paper is organized as follows: in section 2 we briefly review the three-dimensional
spin-3 AdS gravity theory along its vanishing cosmological constant limit. Sections 3, 4
and 5 contains our mains results. In section 3 we present new and known non- and ultra-
relativistic spin-3 algebras by applying the semigroup expansion method to the spin-3 AdS
algebra. In section 4, we present the explicit construction of CS gravity actions based on the
non-relativistic spin-3 symmetries previously obtained. In section 5 we study the construc-
tion of Carrollian spin-3 gravity theories. Section 6 is devoted to some concluding remarks
and discussion about future applications of our results and method. Additional contents
regarding alternative non- and ultra-relativistic spin-3 symmetries appears in appendix A
and B.

2The algebra expansion procedure has been first introduced in [121] and then subsequently developed
in [122, 123] considering the Maurer-Cartan forms.
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Note added. While this manuscript was in the process of typesetting, it came to our
knowledge the ref. [144], which possesses some overlap with particular cases of our results.

2 Three-dimensional spin-3 AdS gravity theory and its flat limit

A spin-3 extension of AdS gravity defined in three spacetime dimensions can be written
as a CS theory considering the sl(3,R) ⊕ sl(3,R) Lie algebra [105, 106]. The sl(3,R)
algebra consists of spin-2 generators Ma and spin-3 generators Tab which satisfy the following
commutation relations:

[MA,MB] = εABCMC ,

[MA,TBC ] = εMA(B TC)M ,

[TAB,TCD] = ση(A(C ε D)B)MJM , (2.1)

where A = 0,1,2 are Lorentz indices which are lowered and raised with the Minkowski
metric ηAB = (−1,1,1) and εABC is the three-dimensional Levi Civita tensor which satisfies
ε012 =−ε012 = 1. Here σ is a normalization constant where σ < 0 corresponds to the sl(3,R)
algebra, while σ > 0 corresponds to the su(1,2) algebra. The spin-3 AdS gravity requires
two copies of the sl(3,R) algebra which can be written as a spin-3 extension of the AdS
algebra. Such symmetry, which has been denoted as hs3AdS in [120], contains spin-2
generators {ĴA, P̂A} and spin-3 generators {ĴAB, P̂AB}. The hs3AdS generators satisfy the
commutation relations given by [105, 106, 109, 120]:

[
ĴA, ĴB

]
= εABC ĴC ,

[
ĴA, P̂B

]
= εABC P̂C ,[

P̂A, P̂B
]

= 1
`2
εABC ĴC ,

[
ĴA, ĴBC

]
= εMA(B ĴC)M ,[

ĴA, P̂BC
]

= εMA(B P̂C)M ,
[
P̂A, P̂BC

]
= 1
`2
εMA(B ĴC)M ,[

P̂A, ĴBC
]

= εMA(B P̂C)M ,
[
ĴAB, ĴCD

]
=−η(A(C ε D)B)M ĴM ,[

ĴAB, P̂CD
]

=−η(A(C ε D)B)M P̂M ,
[
P̂AB, P̂CD

]
=− 1

`2
η(A(C ε D)B)M ĴM . (2.2)

Here, the ` parameter is related to the cosmological constant through Λ ∝ − 1
`2 . In the

vanishing cosmological constant limit `→∞, the algebra reduces to the spin-3 extension
of the Poincaré one [106].3 One can notice that the spin-2 generators are the usual AdS
generators which can be rewritten as the sl(2,R)⊕ sl(2,R) algebra. On the other hand,
the algebra (2.2) can be recovered from the sl(3,R)⊕ sl(3,R) structure after considering
the redefinition of the generators as

ĴA = MA + M̄A , P̂A = 1
`

(MA− M̄A) ,

ĴAB = TAB + T̄AB , P̂AB = 1
`

(TAB − T̄AB) , (2.3)

3Also denoted as hs3poi algebra.
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and setting σ = σ̄ =−1. The hs3AdS algebra admits the following non-degenerate invariant
bilinear form [109]:

〈ĴAĴB〉= α̂0ηAB , 〈ĴAB ĴCD〉= α̂0

(
ηA(C ηD)B −

2
3ηABηCD

)
,

〈ĴAP̂B〉= α̂1ηAB , 〈ĴAB P̂CD〉= α̂1

(
ηA(C ηD)B −

2
3ηABηCD

)
,

〈P̂AP̂B〉= α̂0
`2
ηAB , 〈P̂AB P̂CD〉= α̂0

`2

(
ηA(C ηD)B −

2
3ηABηCD

)
, (2.4)

where α̂0 is related to an exotic sector of the spin-3 AdS gravity analogously to the one
appearing in the AdS gravity theory [145, 146]. Hence, the most general quadratic Casimir
invariant is [109]

C = α̂0

(
ĴAĴA + 1

2 ĴAB ĴAB + 1
`2

[
P̂AP̂A + 1

2 P̂AB P̂AB
])

+ α̂1

(
ĴAP̂A + 1

2 ĴAB P̂AB
)
. (2.5)

A CS action gauge-invariant under the hs3AdS algebra can be obtained by considering the
gauge connection one-form for the spin-3 extension of the AdS symmetry:

A=WAĴA +EAP̂A +WAB ĴAB +EAB P̂AB , (2.6)

and the non-vanishing components of the invariant tensor (2.4) in the general expression
of the CS form,

ICS = k

4π

∫
〈AdA+ 2

3A
3〉 , (2.7)

with k being the CS level of the theory which is related to the gravitational constant G
through k = 1/(4G). Thus, one finds the following CS action for the hs3AdS algebra

Ihs3AdS = k

4π

∫
α̂0

[
WAdWA + 1

3ε
ABCWAWBWC + 2WABdWAB + 4εABCWAWBDWC

D

+ 2
`2
EAB

(
dEAB + εCD(A|W

CE D
|B) + 2εCD(A|E

CW D
|B)

)
+ 1
`2
TAEA

]
+ 2α̂1

[
EA

(
RA + 2εABCWBDWC

D

)
+ 2EAB

(
dWAB + εCD(A|W

CW D
|B)

)
+ 1

6`2
(
εABCEAEBEC + 12EAEBDECD

)]
, (2.8)

where

RA = dWA− 1
2ε

ABCWBWC ,

TA = dEA− εABCWBEC , (2.9)

are the Lorentz curvature and torsion curvature two-forms, respectively. Here the wedge
product between forms are not written explicitly. Each sector of the CS gravity action
is gauge invariant under the hs3AdS algebra. In particular, the term proportional to α̂0
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can be seen as a spin-3 extension of the exotic gravity Lagrangian [145, 146]. On the
other hand, the spin-3 extension of the Einstein-Hilbert CS term plus the cosmological
constant appear along α̂1. Both sectors allow us to define the most general CS action
for the hs3AdS algebra being related to a spin-3 extension of the Pontryagin and Euler
density, respectively [147]. One can notice that the three-dimensional Poincaré CS gravity
action coupled to spin-3 gauge fields appears in the vanishing cosmological constant limit
`→∞. The study of spin-3 gravity in three-dimensional flat space has been largely studied
in [148–151]. Since the invariant tensor (2.4) is non-degenerate, the equations of motion of
the hs3AdS theory are given by the vanishing of the curvature two-forms:

0 = RA (W )≡ dWA− 1
2ε

ABC
(
WBWC + 1

`2
EBEC

)
− 2εABC

(
WBDW

D
C + 1

`2
EBDE

D
C

)
,

0 = RA (E)≡ dEA− εABCWBEC − 4εABCEBDW D
C ,

0 = RAB (W )≡ dWAB − εCD(A|WCW
|B)
D − 1

`2
εCD(A|ECE

|B)
D ,

0 = RAB (E)≡ dEAB − εCD(A|WCE
|B)
D − εCD(A|ECW

|B)
D . (2.10)

Analogously to minimal supergravity [152], we have contributions of the spin-3 gauge fields
in the equations for the spin-2 curvatures RA (W ) and RA (E). Such behavior is inherited
from the commutation relations (2.2).

3 Non-relativistic and ultra-relativistic spin-3 algebras

A spin-3 extension of the infinite family of non-relativistic algebras of the Newton-Hooke
type and AdS Carrol type discussed in [132] can be obtained considering an S-expansion
of the hs3AdS algebra. First, we will approach finite cases in order to obtain spin-3
extensions of known non-relativistic and ultra-relativistic algebras. We will then gener-
alize our procedure to infinite-dimensional non-relativistic and ultra-relativistic algebras
by considering an infinite-dimensional semigroup. Both families of algebras are new and
contain a cosmological constant inherited from the expansion of the spin-3 AdS algebra.
Interestingly, in the vanishing cosmological constant limit, we obtain spin-3 extensions of
the infinite-dimensional Galilean [131, 153] and infinite-dimensional Carroll algebras [132].
In particular, the spin-3 extension of the extended Bargmann algebra, corresponding to
hs3barg1 in [120], appears as a flat limit of the spin-3 extended Newton-Hooke algebra
obtained here. As we shall see in the next section, the expansion method based on semi-
groups allows us to obtain non-relativistic and ultra-relativistic spin-3 algebras having a
non-degenerate invariant bilinear form, and thus ensuring the proper construction of a CS
action.

In order to get both non-relativistic and ultra-relativistic spin-3 AdS algebras, we
first consider a decomposition of the relativistic A index in time and space components
A= (0,a) with a= 1,2. Then, the commutation relations of the hs3AdS algebra (2.2) can

– 6 –
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be rewritten as[
Ĵ, Ĝa

]
= εabĜb ,

[
Ĝa, Ĝb

]
=−εabĴ ,

[
Ĥ, Ĝa

]
= εabP̂b ,[

Ĵ, P̂a
]

= εabP̂b ,
[
Ĝa, P̂b

]
=−εabĤ ,

[
Ĥ, P̂a

]
= 1
`2
εabĜb ,[

Ĵ, Ĵa
]

= εabĴb ,
[
P̂a, P̂b

]
=− 1

`2
εabĴ ,

[
Ĥ, Ĵa

]
= εabĤb ,[

Ĵ, Ĥa
]

= εabĤb ,
[
Ĝa, Ĵb

]
=−

(
εamĜmb + εabĜmm

)
,

[
Ĥ, Ĥa

]
= 1
`2
εabĴb ,[

Ĵ, Ĝab
]

=−εm(a Ĝ b)m ,
[
Ĝa, Ĥb

]
=−

(
εamP̂mb + εabP̂mm

)
,

[
Ĥ, Ĝab

]
=−εm(a P̂ b)m ,[

Ĵ, P̂ab
]

=−εm(a P̂ b)m ,
[
P̂a, Ĵb

]
=−

(
εamP̂mb + εabP̂mm

)
,

[
Ĥ, P̂ab

]
=− 1

`2
εm(a Ĝ b)m ,[

Ĝa, Ĝbc
]

=−εa(b Ĵ c) ,
[
P̂a, Ĥb

]
=− 1

`2
(
εamĜmb + εabĜmm

)
,

[
P̂a, Ĝbc

]
=−εa(b Ĥ c) ,[

Ĝa, P̂bc
]

=−εa(b Ĥ c) ,
[
Ĵa, Ĵb

]
= εabĴ ,

[
P̂a, P̂bc

]
=− 1

`2
εa(b Ĵ c) ,[

Ĵa, Ĝbc
]

= δa(b ε c)mĜm ,
[
Ĵa, Ĥb

]
= εabĤ ,

[
Ĥa, Ĝbc

]
= δa(b ε c)mP̂m ,[

Ĵa, P̂bc
]

= δa(b ε c)mP̂m ,
[
Ĥa, Ĥb

]
= 1
`2
εabĴ ,

[
Ĥa, P̂bc

]
= 1
`2
δa(b ε c)mĜm ,[

Ĝab, Ĝcd
]

= δ(a (c εd) b)Ĵ ,
[
Ĝab, P̂cd

]
= δ(a (c εd) b)Ĥ ,

[
P̂ab, P̂cd

]
= 1
`2
δ(a (c εd) b)Ĵ ,

(3.1)

where we have relabelled the spin-3 AdS generators as in [120],

Ĵ = Ĵ0 , Ĝa = Ĵa , Ĥ = P̂0 , P̂a = P̂a ,

Ĵa = Ĵ0a , Ĝab = Ĵab , Ĥa = P̂0a , P̂ab = P̂ab . (3.2)

Moreover, for the Levi-Civita symbol, we have considered εab = ε0ab, εab = ε0ab and
εabε

bc = −δ c
a . Let us note that the generators Ĝ00 and P̂00 are not independent due to

the tracelessness condition ηAB ĴAB = 0 = ηAB P̂AB.

3.1 Non-relativistic expansions of spin-3 AdS algebra

Non-relativistic expansions of the Spin-3 AdS algebra require to consider a particular sub-
space decomposition of the relativistic algebra. Let V0 and V1 be two subspaces of the
hs3AdS algebra given by

V0 = {Ĵ, Ĥ, Ĵa, Ĥa} ,
V1 = {Ĝa, P̂a, Ĝab, P̂ab} , (3.3)

which satisfies a Z2 graded-Lie algebra,

[V0,V0]⊂ V0 , [V0,V1]⊂ V1 , [V1,V1]⊂ V0 . (3.4)

Moreover the non-relativistic expansion based on semigroups requires to consider a par-
ticular semigroup denoted as S(N)

E which contains N + 1 elements [79, 132, 134, 154, 155].

– 7 –
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Then we have to apply a subset decomposition S = S0 ∪S1 which has to satisfy the same
structure than the subspace decomposition (3.3), namely

S0 ·S0 ⊂ S0 , S0 ·S1 ⊂ S1 , S1 ·S1 ⊂ S0 . (3.5)

Such condition on the subset decomposition of the semigroup is called resonant condi-
tion [124]. Then a resonant expansion of the relativistic hs3AdS algebra is given by
GR = (S0×V0)⊕ (S1×V1). In addition, we shall require to impose the 0S-reduction con-
dition 0STA = 0 with 0S being the zero element of the semigroup. Then, the 0S-reduced
resonant expansion of the hs3AdS algebra will correspond to a non-relativistic expansion.

The choice of the semigroup is not arbitrary but it is due to the fact that a resonant
S

(N)
E -expansion can be seen as a generalized Inönü-Wigner contraction [124], similarly to the

contraction used to apply a non-relativistic limit. One can identify the elements of the S(N)
E

semigroup as powers of an arbitrary variable ε such that λi = εi. Then, an S-expansion
using S(N)

E as the relevant semigroup represents an expansion to order O
(
εN+1

)
. Such

semigroup allows us to get all the expanded algebras obtained through the Maurer-Cartan
(MC) forms power-series expansion [122, 123]. However, a non-relativistic algebra appears
from a relativistic one when the previous considerations for the relativistic subspaces and
semigroup subsets are taking into account. In particular, the resonant S(1)

E -expansion
coincides with the non-relativistic contraction. As was noticed in [132], the use of S(N)

E

will generate a family of generalised non-relativistic algebras from a relativistic one for all
the possible values of N which, in our case, would corresponds to spin-3 extensions of the
results obtained in [132]. Such method offers us a large family of non-relativistic symmetries
which the usual non-relativistic contraction procedure cannot reproduce. Interestingly, the
S

(N)
E -expansion can be extended to the ultra-relativistic realm by considering a different

subspace decomposition of the relativistic algebra. It would be interesting to explore the
relation between the SE-expansion and the cube summarizing the sequential limits for the
kinematical algebras [60]. Such analysis could allows us to extend the cube to infinite-
dimensional symmetries starting from finite relativistic ones considering S(∞)

E .
Before approaching the arbitrary N case, we will focus first in N = 2 and N = 4 which

reproduce a spin-3 extended Newton-Hooke and spin-3 extended Post-Newtonian algebras,
respectively.

3.1.1 Spin-3 extended newton-hooke algebra

Let S(2)
E = {λ0,λ1,λ2,λ3} be the relevant semigroup where λ3 = 0S is the zero element of

the semigroup satisfying 0Sλi = 0S for i = 0, . . . ,3. The elements of the semigroup S
(2)
E

satisfy the following multiplication law

λ3 λ3 λ3 λ3 λ3

λ2 λ2 λ3 λ3 λ3

λ1 λ1 λ2 λ3 λ3

λ0 λ0 λ1 λ2 λ3

λ0 λ1 λ2 λ3

(3.6)

– 8 –
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Let us consider now a subset decomposition S = S0 ∪ S1 with S0 = {λ0,λ2,λ3} and S1 =
{λ1,λ3}. One can notice that such decomposition satisfies the resonant condition (3.5).
After applying a resonant S(2)

E -expansion and extracting a 0S-reduction we get a non-
relativistic version of the hs3AdS algebra whose expanded generators are related to the
relativistic ones through the semigroup elements as follows:

λ3

λ2 S, M, Sa, Ma,

λ1 Ga, Pa, Gab, Pab,

λ0 J, H, Ja, Ha,

Ĵ, Ĥ, Ĵa, Ĥa, Ĝa, P̂a, Ĝab, P̂ab

(3.7)

The commutation relations for such generators are obtained considering the commutation
relations of the relativistic hs3AdS algebra and the multiplication law of the semigroup
S

(3)
E . Indeed, the expanded generators satisfy the following commutators:

[J,Ga] = εabGb , [Ga,Gb] =−εabS , [H,Ga] = εabPb ,

[J,Pa] = εabPb , [Ga,Pb] =−εabM , [H,Pa] = 1
`2
εabGb ,

[J,Ja] = εabJb , [Pa,Pb] =− 1
`2
εabS , [H,Ja] = εabHb ,

[J,Ha] = εabHb , [Ga,Jb] =−(εamGmb + εabGmm) , [H,Ha] = 1
`2
εabJb ,

[J,Sa] = εabSb , [Ga,Hb] =−(εamPmb + εabPmm) , [H,Sa] = εabMb ,

[J,Ma] = εabMb , [Pa,Jb] =−(εamPmb + εabPmm) , [H,Ma] = 1
`2
εabSb ,

[S,Ja] = εabSb , [Pa,Hb] =− 1
`2

(εamGmb + εabGmm) , [M,Ja] = εabMb ,

[S,Ha] = εabMb , [Ja,Jb] = εabJ , [M,Ha] = 1
`2
εabSb ,

[J,Gab] =−εm(aG b)m , [Ja,Hb] = εabH , [H,Gab] =−εm(aP b)m ,

[J,Pab] =−εm(aP b)m , [Ha,Hb] = 1
`2
εabJ , [H,Pab] =− 1

`2
εm(aG b)m ,

[Ga,Gbc] =−εa(bS c) , [Ja,Sb] = εabS , [Pa,Gbc] =−εa(bM c) ,

[Ga,Pbc] =−εa(bM c) , [Ja,Mb] = εabM , [Pa,Pbc] =− 1
`2
εa(bS c) ,

[Ja,Gbc] = δa(b ε c)mGm , [Ha,Sb] = εabM , [Ha,Gbc] = δa(b ε c)mPm ,

[Ja,Pbc] = δa(b ε c)mPm , [Ha,Mb] = 1
`2
εabS , [Ha,Pbc] = 1

`2
δa(b ε c)mGm ,

[Gab,Gcd] = δ(a (c εd) b)S , [Gab,Pcd] = δ(a (c εd) b)M , [Pab,Pcd] = 1
`2
δ(a (c εd) b)S .

(3.8)

The expanded algebra (3.8) is a spin-3 extension of the extended Newton-Hooke algebra [17,
136–142] and corresponds to the non-relativistic counterpart of the hs3AdS algebra. One
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can see that the extended Newton-Hooke algebra spanned by {J,Ga,S,H,Pa,M} appears as
a spin-2 subalgebra. The present non-relativistic algebra will be denoted as hs3enh and
can be seen as an extension of the hs3nh1 algebra defined in [120]. As we shall see, such
extension is required to avoid degeneracy in the invariant tensor. Interestingly, in the
vanishing cosmological constant limit `→∞ we obtain a spin-3 extension of the extended
Bargmann (hs3ebarg) algebra.4 Both hs3enh and hs3ebarg admit a non-degenerate bilinear
trace allowing us to construct a proper non-relativistic CS action. Remarkably, the hs3ebarg
algebra can alternatively be recovered by applying a resonant S(2)

E -expansion to the spin-3
Poincaré algebra following the same procedure used here.

Let us note that the hs3enh algebra can be rewritten as two copies of a spin-3 extension
of the so-called Nappi-Witten algebra [156, 157]:[

J±,G±a
]

= εabG±b ,
[
G±a ,G

±
bc

]
=−εa(bS±c) ,

[
G±a ,G

±
b

]
=−εabS± ,[

J±,J±a
]

= εabJ±b ,
[
J±a ,G

±
bc

]
= δa(b ε c)mG±m ,

[
J±a ,J

±
b

]
= εabJ± ,[

J±,G±ab
]

=−εm(aG±b)m ,
[
G±ab,G

±
cd

]
= δ(a (c εd) b)S

± ,
[
G±a ,J

±
b

]
=−

(
εamG±mb + εabG±mm

)
,[

J±,S±a
]

= εabS±b ,
[
S±,J±a

]
= εabS±b ,

[
J±a ,S

±
b

]
= εabS± . (3.9)

The two copies of the spin-3 Nappi-Witten algebra, which we have denoted as hs3nw,
appear after considering the redefinition of the hs3enh generators as follows:

J = J+ + J− , Ga = G+
a − G−a , H = 1

`

(
J+− J−

)
,

S = S+ + S− , Pa = 1
`

(
G+
a + G−a

)
, M = 1

`

(
S+− S−

)
,

Gab = G+
ab + G−ab , Ja = J+

a − J−a , Pab = 1
`

(
G+
ab− G−ab

)
,

Sa = S+
a − S−a , Ha = 1

`

(
J+
a + J−a

)
, Ma = 1

`

(
S+
a + S−a

)
. (3.10)

One can notice that the spin-2 subalgebra spanned by {J±,G±a ,S±} in (3.9) defines two
copies of the usual Nappi-Witten algebra. The Nappi-Witten algebra can be seen as the
central extension of the Euclidean algebra in two spacetime dimensions and result to be
useful in the description of the Quantum Hall effect [63, 158, 159]. Its spin-3 extension
is new and could be useful to derive novel non-relativistic spin-3 algebras following the
procedure used in [55, 67, 69, 78]. Although the basis based on spin-3 Nappi-Witten
algebra (3.9) seems more practical to construct a CS action, it is the basis (3.7) which
will allows us to construct a CS action for the hs3enh algebra with a proper flat limit
reproducing the hs3ebarg CS gravity action.

3.1.2 Post-newtonian extension of the spin-3 extended Newton-Hooke algebra

A bigger semigroup allows us to derive a larger non-relativistic version of the hs3ADS

algebra. Indeed, let us consider S(4)
E = {λ0,λ1,λ2,λ3,λ4,λ5} as the relevant semigroup

4Let us note that the spin-3 extension of the extended Bargmann algebra obtained as a flat limit of the
hs3enh algebra coincides with the hs3ebarg1 algebra of [120].
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where λ5 = 0S is the zero element of the semigroup and whose elements satisfy the following
multiplication law

λαλβ =

λα+β if α+β ≤ 5 ,
λN+1 if α+β > 5 ,

(3.11)

After applying a resonant S(4)
E -expansion and extracting a 0S-reduction we get a non-

relativistic expanded algebra whose generators are related to the relativistic ones through
the semigroup elements as follows:

λ5

λ4 Z, Y, Za, Ya,

λ3 Ba, Ta, Sab, Mab,

λ2 S, M, Sa, Ma,

λ1 Ga, Pa, Gab, Pab,

λ0 J, H, Ja, Ha,

Ĵ, Ĥ, Ĵa, Ĥa, Ĝa, P̂a, Ĝab, P̂ab

(3.12)

One can see that the expanded generators satisfy (3.8) along the following commutation
relations:

[J,Ba] = εabBb , [Ga,Bb] =−εabZ , [H,Ba] = εabTb ,

[J,Ta] = εabTb , [Ga,Tb] =−εabY , [H,Ta] = 1
`2
εabBb ,

[J,Za] = εabZb , [Pa,Bb] =−εabY , [H,Za] = εabYb ,

[J,Ya] = εabYb , [Pa,Tb] =− 1
`2
εabZ , [H,Ya] = 1

`2
εabZb ,

[S,Ga] = εabBb , [Ga,Sb] =−(εamSmb + εabSmm) , [M,Ga] = εabTb ,

[S,Pa] = εabTb , [Ga,Mb] =−(εamMmb + εabMmm) , [M,Pa] = 1
`2
εabBb ,

[Z,Ja] = εabZb , [Pa,Sb] =−(εamMmb + εabMmm) , [Y,Ja] = εabYb ,

[Z,Ha] = εabYb , [Pa,Mb] =− 1
`2

(εamSmb + εabSmm) , [Y,Ha] = 1
`2
εabZb ,

[J,Sab] =−εm(aS b)m , [Ba,Jb] =−(εamSmb + εabSmm) , [H,Sab] =−εm(aM b)m ,

[J,Mab] =−εm(aM b)m , [Ba,Hb] =−(εamMmb + εabMmm) , [H,Mab] =− 1
`2
εm(aS b)m ,

[S,Gab] =−εm(aS b)m , [Ta,Jb] =−(εamMmb + εabMmm) , [M,Gab] =−εm(aM b)m ,

[S,Pab] =−εm(aM b)m , [Ta,Hb] =− 1
`2

(εamSmb + εabSmm) , [M,Pab] =− 1
`2
εm(aS b)m ,

[S,Sa] = εabZb , [Ja,Zb] = εabZ , [M,Sa] = εabYb ,

[S,Ma] = εabYb , [Ja,Yb] = εabY , [M,Ma] = 1
`2
εabZb ,

[Ga,Sbc] =−εa(bZ c) , [Ha,Zb] = εabY , [Pa,Sbc] =−εa(bY c) ,
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[Ga,Mbc] =−εa(bY c) , [Ha,Yb] = 1
`2
εabZ , [Pa,Mbc] =− 1

`2
εa(bZ c) ,

[Ba,Gbc] =−εa(bZ c) , [Sa,Sb] = εabZ , [Ta,Gbc] =−εa(bY c) ,

[Ba,Pbc] =−εa(bY c) , [Sa,Mb] = εabY , [Ta,Pbc] =− 1
`2
εa(bZ c) ,

[Sa,Gbc] = δa(b ε c)mBm , [Ma,Mb] = 1
`2
εabZ , [Ma,Gbc] = δa(b ε c)mTm ,

[Sa,Pbc] = δa(b ε c)mTm , [Gab,Scd] = δ(a (c εd) b)Z , [Ma,Pbc] = 1
`2
δa(b ε c)mBm ,

[Ja,Sbc] = δa(b ε c)mBm , [Gab,Mcd] = δ(a (c εd) b)Y , [Ha,Sbc] = δa(b ε c)mTm ,

[Ja,Mbc] = δa(b ε c)mTm , [Pab,Scd] = δ(a (c εd) b)Y , [Ha,Mbc] = 1
`2
δa(b ε c)mBm ,

[Pab,Mcd] = 1
`2
δ(a (c εd) b)Z , (3.13)

which appear by combining the multiplication law of the semigroup S
(4)
E with the origi-

nal commutators of the relativistic hs3AdS algebra. The expanded non-relativistic alge-
bra (3.13) can be seen as a post-Newtonian extension of the hs3enh algebra and corresponds
to a spin-3 extension of the so-called enhanced Bargmann-Newton-Hooke symmetry [68].5

The non-relativistic algebra obtained (3.13) will be denoted as hs3pne algebra and con-
tains the enhanced Bargmann-Newton-Hooke algebra as a spin-2 subalgebra spanned by
{J,Ga,S,H,Pa,M,Z,Ba,Y,Ta}. Its spin-3 extension requires to introduce additional spin-3
generators {Za,Ya,Sab,Mab} besides those appearing in the hs3enh algebra. In the vanishing
cosmological constant limit `→∞, we obtain a spin-3 extension of the extended Newto-
nian algebra [74] which we shall denote as hs3enewt. Alternatively, the hs3enewt algebra
can be obtained by considering a resonant expansion of the spin-3 Poincaré algebra with
S

(4)
E being the relevant semigroup.

Let us note that for Z = Y = Za = Ya = 0, the non-relativistic algebra (3.13) reduces to
a spin-3 extension of the Newton-Hooke version of the Newtonian algebra which appears
as the symmetry that leaves invariant the Newtonian gravity action [160]. In such case,
the flat limit `→∞ reproduces a spin-3 extension of the Newtonian algebra. As we shall
see, analogously to its spin-2 version, the additional generators {Z,Y,Za,Ya} are required
in order to define non-degenerate invariant trace. However, unlike its spin-2 version, Z and
Y are no longer central charges but their commutators with spin-3 generators {Ja,Ha} are
proportional to the respective spin-3 generators {Za,Ya}.

On the other hand, similarly to the hs3enh case, the hs3pne algebra (3.13) can be
rewritten as two copies of a spin-3 extension of the enhanced Nappi-Witten algebra dis-
cussed in [68, 70, 134]. Indeed, two copies of the spin-3 enhanced Nappi-Witten structure,
which we shall denote as hs3enw, is revealed after considering the redefinition of the hs3pne

5Also denoted as exotic Newtonian algebra in [143] or Newton-Hooke version of the extended Post-
Newtonian algebra in [132].
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generators as in (3.10) along:

Z = B+ + B− , Ba = B+
a − B−a , Y = 1

`

(
B+− B−

)
,

Sab = S+
ab + S−ab , Ta = 1

`

(
B+
a + B−a

)
, Mab = 1

`

(
S+
ab− S−ab

)
,

Za = Z+
a − Z−a , Ya = 1

`

(
Z+
a + Z−a

)
, (3.14)

where {J±,G±a ,S±,G±ab,J±a ,S±a ,S
±
ab,B

±,B±a ,Z
±
a } satisfies the usual hs3nw algebra (3.9) along

the following commutation relations:[
J±,B±a

]
= εabB±b ,

[
G±a ,S

±
bc

]
=−εa(bZ±c) ,

[
G±a ,B

±
b

]
=−εabB± ,[

J±,Z±a
]

= εabZ±b ,
[
J±a ,S

±
bc

]
= δa(b ε c)mB±m ,

[
J±a ,Z

±
b

]
= εabB± ,[

J±,G±ab
]

=−εm(aG±b)m ,
[
B±a ,G

±
bc

]
=−εa(bZ±c) ,

[
G±a ,S

±
b

]
=−

(
εamS±mb + εabS±mm

)
,[

S±,G±ab
]

=−εm(aS±b)m ,
[
S±a ,G

±
bc

]
=−εa(bB±c) ,

[
J±a ,B

±
b

]
=−

(
εamS±mb + εabS±mm

)
.[

J±,S±ab
]

=−εm(aS±b)m ,
[
S±,G±a

]
= εabB±b ,

[
B±,J±a

]
= εabZ±b . (3.15)

The commutation relations given by (3.9) and (3.15) define two copies of the hs3enw al-
gebra. One can note that the spin-2 subalgebra given by {J±,G±a ,S±,B±a ,B±} satisfies two
copies of the enhanced Nappi-witten algebra where one copy has been useful to obtain
novel Newtonian symmetries [70]. In this direction, the hs3enw algebra could be useful to
derive novel spin-3 Newtonian algebras following the procedure used in spin-2 Newtonian
gravity theories. For instance the Maxwellian version of the extended Newtonian (MENt)
algebra appears as an S

(2)
E -expansion of the enhanced Nappi-Witten one [70]. Then, one

could expect that a spin-3 extension of the MENt algebra appears as S(2)
E -expansion of the

hs3enw algebra obtained here.

3.1.3 Infinite-dimensional Spin-3 Newton-Hooke algebra

A generalized spin-3 Newton-Hooke algebra can be obtained considering the S(N)
E semi-

group whose elements satisfy

λαλβ =

 λα+β if α+β ≤N + 1 ,
λN+1 if α+β > N + 1 ,

(3.16)

where λN+1 = 0S is the zero element of the semigroup. Let us consider now a subset
decomposition of the semigroup S(N)

E = S0 ∪S1 with

S0 =
{
λ2m, with m= 0, . . . ,

[
N

2

]}
∪{λN+1} ,

S1 =
{
λ2m+1, with m= 0, . . . ,

[
N + 1

2

]}
∪{λN+1} , (3.17)

where [. . .] denotes the integer part. One can notice that the subset decomposition (3.17)
is resonant since it satisfies the same algebraic structure than the subspace decomposi-
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tion (3.4). Then, an expanded algebra is obtained after considering a resonant S(N)
E -

expansion and applying a 0S-reduction. One can show that the expanded generators

J(m) = λ2mĴ , G(m)
a = λ2m+1Ĝa , G(m)

ab = λ2m+1Ĝab , J(m)
a = λ2mĴa ,

H(m) = λ2mĤ , P(m)
a = λ2m+1P̂a , P(m)

ab = λ2m+1P̂ab , H(m)
a = λ2mĤa . (3.18)

satisfy a generalized spin-2 Newton-Hooke algebra:[
J(m),G(n)

a

]
= εabG

(m+n)
b ,

[
G(m)
a ,G(n)

b

]
=−εabJ(m+n+1) ,

[
H(m),G(n)

a

]
= εabP

(m+n)
b ,[

J(m),P(n)
a

]
= εabP

(m+n)
b ,

[
G(m)
a ,P(n)

b

]
=−εabH(m+n+1) ,

[
H(m),P(n)

a

]
= 1
`2
εabG

(m+n)
b ,[

P(m)
a ,P(n)

b

]
=− 1

`2
εabJ(m+n+1) , (3.19)

along its spin-3 extensions:[
J(m),J(n)

a

]
= εabJ

(m+n)
b ,

[
H(m),J(n)

a

]
= εabH

(m+n)
b ,[

J(m),H(n)
a

]
= εabH

(m+n)
b ,

[
H(m),H(n)

a

]
= 1
`2
εabJ

(m+n)
b ,[

J(m),G(n)
ab

]
=−εc(aG(m+n)

b)c ,
[
H(m),G(n)

ab

]
=−εc(aP(m+n)

b)c ,[
J(m),P(n)

ab

]
=−εc(aP(m+n)

b)c ,
[
H(m),P(n)

ab

]
=− 1

`2
εc(aG(m+n)

b)c ,[
G(m)
a ,G(n)

bc

]
=−εa(bJ(m+n+1)

c) ,
[
P(m)
a ,G(n)

bc

]
=−εa(bH(m+n+1)

c) ,[
G(m)
a ,J(n)

b

]
=−

(
εacG

(m+n)
cb + εabG(m+n)

cc

)
,

[
G(m)
a ,P(n)

bc

]
=−εa(bH(m+n+1)

c) ,[
P(m)
a ,J(n)

b

]
=−

(
εacP

(m+n)
cb + εabP(m+n)

cc

)
,

[
P(m)
a ,P(n)

bc

]
=− 1

`2
εa(bJ(m+n+1)

c) ,[
G(m)
a ,H(n)

b

]
=−

(
εacP

(m+n)
cb + εabP(m+n)

cc

)
,

[
J(m)
a ,G(n)

bc

]
= δa(b ε c)dG

(m+n)
d ,[

P(m)
a ,H(n)

b

]
=− 1

`2

(
εacG

(m+n)
cb + εabG(m+n)

cc

)
,

[
H(m)
a ,G(n)

bc

]
= δa(b ε c)dP

(m+n)
d ,[

J(m)
a ,P(n)

bc

]
= δa(b ε c)dP

(m+n)
d ,

[
H(m)
a ,P(n)

bc

]
= 1
`2
δa(b ε c)dG

(m+n)
d ,[

G(m)
ab ,G

(n)
cd

]
= δ(a (c εd) b)J

(m+n+1) ,
[
G(m)
ab ,P

(n)
cd

]
= δ(a (c εd) b)H

(m+n+1) ,[
P(m)
ab ,P

(n)
cd

]
= 1
`2
δ(a (c εd) b)J

(m+n+1) ,
[
J(m)
a ,J(n)

b

]
= εabJ(m+n) ,[

J(m)
a ,H(n)

b

]
= εabH(m+n) ,

[
H(m)
a ,H(n)

b

]
= 1
`2
εabJ(m+n) . (3.20)

The new non-relativistic algebra (3.19)–(3.20) defines a generalized spin-3 Newton-Hooke
algebra and will be denoted as hs3nh

(N). Let us note that the 0S-reduction condition
implies T (N+1)

A = λN+1TA = 0 which abelianize a large sector of the expanded algebra.
Indeed, for (m+n) ≥ N + 1 the commutators vanish. For an infinite N , the semigroup
does not contain zero element and the infinite-dimensional expanded algebra does not admit
abelian commutators in (3.19)–(3.20). In such case, the vanishing cosmological constant
limit `→∞ leads to a spin-3 extension of the infinite-dimensional Galilei algebra discussed
in [131–134].
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Relativistic
spin-3 algebra N = 1 N = 2 N = 3 N = 4 · · · N

hs3AdS hs3nh hs3enh hs3nhNewt hs3pne · · · hs3nh
(N)

hs3poi hs3gal hs3ebarg hs3Newt hs3eNewt · · · hs3gal
(N)

Table 1. Non-relativistic expansions of spin-3 AdS and spin-3 Poincaré algebras.

For N = 1, we obtain a spin-3 extension of the Newton-Hooke algebra which is the
simplest finite structure with spin-3 that we can obtain by expanding the hs3ADS algebra.
In the flat limit, the hs3nh

(1) reduces to a spin-3 Galilei algebra.6 Although both spin-
3 Newton-Hooke and spin-3 Galilei algebras are well-defined they do not admit a non-
degenerate bilinear invariant trace. As we shall see, even values of N provides us with non-
relativistic symmetries admitting non-degenerate invariant tensor allowing us to construct
proper CS non-relativistic actions in three spacetime dimensions. In particular, for N = 2
and N = 4, we recover the hs3enh and hs3pne algebras obtained previously. The particular
case N = 3 reproduces the spin-3 extension of the Newton-Hooke version of the Newtonian
algebra appearing in [160] which appears as a particular subcase of the hs3pne algebra.
The table 1 summarize the non-relativistic versions of the spin-3 AdS algebra along its
post-Newtonian extensions and flat limit.

Here, the second line can be obtained as a resonant S(N)
E -expansion of the relativistic

spin-3 Poincaré algebra. For each particular value of N , the hs3gal
(N) algebra appears as

a vanishing cosmological constant limit `→∞ of the hs3nh
(N) algebra.

Interestingly, the hs3nh
(N) algebra can be rewritten as two copies of a generalized

spin-3 Nappi-Witten (3.9):[
J(m)±,G(n)±

a

]
= εabG

(m+n)±
b ,

[
J(m)±,J(n)±

a

]
= εabJ

(m+n)±
b ,[

G(m)±
a ,G(n)±

b

]
=−εabJ(m+n+1)± ,

[
G(m)±
a ,G(n)±

bc

]
=−εa(bJ(m+n+1)±

c) ,[
J(m)±
a ,G(n)±

bc

]
= δa(b ε c)dG

(m+n)±
d ,

[
J(m)±
a ,J(n)±

b

]
= εabJ(m+n)± ,[

J(m)±,G(n)±
ab

]
=−εc(aG(m+n)±

b)c ,
[
G(m)±
ab ,G(n)±

cd

]
= δ(a (c εd) b)J

(m+n+1)± ,[
G(m)
a ,J(n)±

b

]
=−

(
εacG

(m+n)±
cb + εabG(m+n)±

cc

)
. (3.21)

These two copies, which we shall denote as hs3nw
(N), are obtained after considering the

redefinition of the hs3nh
(N) generators as

J(m) = J(m)+ + J(m)− , G(m)
a = G(m)+

a − G(m)−
a ,

H(m) = 1
`

(
J(m)+− J(m)−

)
, P(m)

a = 1
`

(
G(m)+
a + G(m)−

a

)
,

G(m)
ab = G(m)+

ab + G(m)−
ab , J(m)

a = J(m)+
a − J(m)−

a ,

P(m)
ab = 1

`

(
G(m)+
ab − G(m)−

ab

)
, H(m)

a = 1
`

(
J(m)+
a + J(m)−

a

)
. (3.22)

6The hs3nh
(1) algebra obtained here along its flat limit correspond to the respective hs3nh1 and hs3gal1

algebras introduced in [120].
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For N = 2 and N = 4, the hs3nw
(N) algebra reproduces the spin-3 Nappi-Witten (3.9) and

its enhanced version (3.15), respectively. One can note that the spin-2 subalgebra spanned
by the generators {J(m)±,G(m)±

a } define two copies of the generalized Nappi-Witten algebra
discussed in [132, 134].

It is important to mention that the spin-3 extension of the infinite-dimensional Newton-
Hooke algebra is not unique. Indeed an alternative spin-3 infinite-dimensional Newton-
Hooke algebra can be obtained considering a different subspace decomposition of the
hs3AdS algebra. Further details can be found in appendix A. Although the alternative
spin-3 non-relativistic family also admits non-degenerate invariant tensors, we shall only ex-
plore the construction of CS gravity action based on the spin-3 non-relativistic symmetries
discussed in section 3.

3.2 Ultra-relativistic expansions of Spin-3 AdS algebra

Analogously to the previous NR expansions, the ultra-relativistic expansions of the Spin-3
AdS algebra require to consider a subspace decomposition of the relativistic algebra. In
this case, the subspaces V0 and V1 are given by

V0 = {Ĵ, P̂a, Ĵa, P̂ab} ,
V1 = {Ĝa, Ĥ, Ĥa, Ĝab} , (3.23)

which is also a Z2 graded-Lie algebra satisfying (3.4). Here, we can see that the generators
P̂a and Ĥ, as well as the Spin-3 generators P̂ab and Ĥa, have been interchanged with respect
to the subspace decomposition considered in the NR expansion (3.3). In what follows, we
shall define the ultra-relativistic expansions of the Spin-3 AdS algebra, by choosing the
same semigroup than in the NR expansions, namely S(N)

E . Before considering the general
N case, we will approach first the N = 1 and N = 2 cases, reproducing the Spin-3 extension
of the AdS Carroll and extended AdS Carroll algebras, respectively.

3.2.1 Spin-3 AdS Carroll algebra

Let S(1)
E = {λ0,λ1,λ2} be the relevant semigroup where λ2 = 0S is the zero element of the

semigroup satisfying 0Sλi = 0S for i= 0, . . . ,2. The elements of the semigroup S(2)
E satisfy

the following multiplication law

λ2 λ2 λ2 λ2

λ1 λ1 λ2 λ2

λ0 λ0 λ1 λ2

λ0 λ1 λ2

(3.24)

A spin-3 version of the AdS-Carroll algebra appears after applying a resonant S(1)
E -expansion

of the hs3AdS algebra and extracting a 0S-reduction. In particular, the spin-3 AdS-Carroll
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generators are related to the relativistic ones through the semigroup elements as follows:

λ2

λ1 Ga, H, Ha, Gab,

λ0 J, Pa, Ja, Pab,

Ĵ, P̂a, Ĵa, P̂ab, Ĝa, Ĥ, Ĥa, Ĝab

(3.25)

The commutation relations for the UR expanded generators are obtained considering the
commutation relations of the relativistic hs3AdS algebra and the multiplication law of the
semigroup S(2)

E . Indeed, the expanded generators satisfy the following commutators:

[J,Ga] = εabGb , [Ga,Pb] =−εabH , [H,Pa] = 1
`2
εabGb ,

[J,Pa] = εabPb , [Pa,Pb] =− 1
`2
εabJ , [H,Ja] = εabHb ,

[J,Ha] = εabHb , [Ga,Jb] =−(εamGmb + εabGmm) , [H,Pab] =− 1
`2
εm(aG b)m ,

[J,Ja] = εabJb , [Pa,Hb] =− 1
`2

(εamGmb + εabGmm) , [Pa,Pbc] =− 1
`2
εa(bJ c) ,

[J,Pab] =−εm(aP b)m , [Pa,Jb] =−(εamPmb + εabPmm) , [Pa,Gbc] =−εa(bH c) ,

[J,Gab] =−εm(aG b)m , [Ja,Hb] = εabH , [Ja,Pbc] = δa(b ε c)mPm ,

[Ga,Pbc] =−εa(bH c) , [Ja,Jb] = εabJ , [Ja,Gbc] = δa(b ε c)mGm ,

[Ha,Pbc] = 1
`2
δa(b ε c)mGm , [Gab,Pcd] = δ(a (c εd) b)H , [Pab,Pcd] = 1

`2
δ(a (c εd) b)J .

(3.26)

This algebra corresponds to an spin-3 extension of the AdS Carroll symmetry which we
denote as hs3adscar.7 Naturally, the AdS Carroll algebra spanned by {J,Ga,H,Pa} is a spin-
2 subalgebra. Note that the flat limit `→∞ applied to (3.26) leads to one of the higher
spin versions of the Carroll algebra found in [120], which was denoted as hs3car1 algebra.
Interestingly, the spin-3 extension of the Carroll algebra can alternatively be obtained by
considering the S-expansion of the spin-3 Poincaré algebra following the same procedure
discussed here.

Although, both hs3adscar and hs3nh are obtained from the spin-3 AdS algebra consid-
ering S(2)

E as the relevant semigroup, they are not isomorphic and cannot be related through
a mapping. As we shall see in section 5, the spin-3 AdS Carroll admits a non-degenerate
invariant tensor allowing us to construct a well-defined Chern-Simons gravity action. This
is not the case for the spin-3 Newton-Hooke which suffers from degeneracy.

3.2.2 Spin-3 extended AdS Carroll algebra

A Spin-3 extended AdS Carroll algebra appears from the hs3AdS algebra considering S(2)
E

as the relevant semigroup whose elements satisfy (3.6). Indeed, after applying a resonant

7The hs3adscar algebra obtained here coincides with the hs3ppoi1 presented in [120].
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S
(2)
E -expansion and extracting a 0S-reduction we get (3.26) along with

[J,Ta] = εabTb , [Ga,Gb] =−εabS , [H,Ha] = 1
`2
εabSb ,

[J,Sa] = εabSb , [Pa,Tb] =− 1
`2
εabS , [H,Ga] = εabTb ,

[S,Ja] = εabSb , [Ga,Hb] =−(εamMmb + εabMmm) , [H,Gab] =−εm(aM b)m ,

[S,Pa] = εabTb , [Pa,Sb] =−(εamMmb + εabMmm) , [Ga,Gbc] =−εa(bS c) ,

[J,Mab] =−εm(aM b)m , [Ta,Jb] =−(εamMmb + εabMmm) , [Ta,Pbc] =− 1
`2
εa(bS c) ,

[S,Pab] =−εm(aM b)m , [Ja,Sb] = εabS , [Ja,Mbc] = δa(b ε c)mTm ,

[Pa,Mbc] =− 1
`2
εa(bS c) , [Ha,Hb] = 1

`2
εabS , [Ha,Gbc] = δa(b ε c)mTm ,

[Sa,Pbc] = δa(b ε c)mTm , [Gab,Gcd] = δ(a (c εd) b)S , [Pab,Mcd] = 1
`2
δ(a (c εd) b)S .

(3.27)

where the spin-3 extended AdS Carroll generators are related to the relativistic ones
through the semigroup elements as follows:

λ3

λ2 S, Ta, Sa, Mab,

λ1 Ga, H, Ha, Gab,

λ0 J, Pa, Ja, Pab,

Ĵ, P̂a, Ĵa, P̂ab, Ĝa, Ĥ, Ĥa, Ĝab

(3.28)

The previous algebra corresponds to an spin-3 extension of the extended AdS Carroll
symmetry, which we will denote as hs3eadscar. In the vanishing cosmological constant
limit `→∞, we obtain an extended version of the spin-3 Carroll algebra which we have
denoted as hs3ecar. The algebra (3.27) along its flat limit correspond to spin-3 extensions
of the respective extended AdS Carroll and extended Carroll ones discussed in [132]. Let
us note that the spin-3 extended Carroll algebra can alternatively been recovered from the
expansion of the relativistic spin-3 AdS one considering S(2)

E as the relevant semigroup.
It is important to clarify that both spin-3 extended AdS Carroll and spin-3 extended

Newton-Hooke algebras appear from the relativistic hs3AdS algebra considering the same
semigroup S(2)

E . However, the expansion produces quite different algebras due to the inter-
changing of relativistic generators between the subspaces V0 and V1, namely

H ←→ Pa Ha←→ Pab . (3.29)

However, such particularity does not imply that the spin-3 extended AdS Carroll and spin-
3 extended Newton-Hooke algebra are related through an interchanging of generators or
change of basis. This can be seen from the dimensions of the non-relativistic and ultra-
relativistic algebras. In fact, the hs3enh algebra has 22 generators, while the spin-3 extended
AdS-Carroll algebra contains 24 generators. This difference appears in the dimensions of
the relativistic V0 and V1 in the non-relativistic and ultra-relativistic expansion.
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3.2.3 Infinite-dimensional spin-3 AdS Carroll algebra

Let us consider now S
(N)
E = {λ0,λ1,λ2, · · · ,λN ,λN+1} as the relevant semigroup in order to

obtain a generalized spin-3 AdS Carroll algebra. The elements of the S(N)
E semigroup satisfy

the multiplication law (3.16) and contains λN+1 as the zero element of the semigroup. Let
S

(N)
E = S0 ∪S1 be a resonant decomposition given by (3.17). After considering a resonant
S

(N)
E -expansion of the spin-3 AdS algebra and applying a 0S-reduction we get:[

J(m),G(n)
a

]
= εabG

(m+n)
b ,

[
G(m)
a ,G(n)

b

]
=−εabJ(m+n+1) ,

[
H(m),G(n)

a

]
= εabP

(m+n+1)
b[

J(m),P(n)
a

]
= εabP

(m+n)
b ,

[
G(m)
a ,P(n)

b

]
=−εabH(m+n) ,

[
H(m),P(n)

a

]
= 1
`2
εabG

(m+n)
b[

P(m)
a ,P(n)

b

]
=− 1

`2
εabJ(m+n) , (3.30)

along with:[
J(m),J(n)

a

]
= εabJ

(m+n)
b ,

[
J(m),H(n)

a

]
= εabH

(m+n)
b ,[

H(m),J(n)
a

]
= εabH

(m+n)
b ,

[
H(m),H(n)

a

]
= 1
`2
εabJ

(m+n+1)
b ,[

G(m)
a ,J(n)

b

]
=−

(
εacG

(m+n)
cb + εabG(m+n)

cc

)
,

[
J(m)
a ,G(n)

bc

]
= δa(b ε c)dG

(m+n)
d ,[

G(m)
a ,H(n)

b

]
=−

(
εacP

(m+n+1)
cb + εabP(m+n+1)

cc

)
,
[
J(m)
a ,P(n)

bc

]
= δa(b ε c)dP

(m+n)
d ,[

P(m)
a ,J(n)

b

]
=−

(
εacP

(m+n)
cb + εabP(m+n)

cc

)
,

[
H(m)
a ,G(n)

bc

]
= δa(b ε c)dP

(m+n+1)
d ,[

P(m)
a ,H(n)

b

]
=− 1

`2

(
εacG

(m+n)
cb + εabG(m+n)

cc

)
,

[
H(m)
a ,P(n)

bc

]
= 1
`2
δa(b ε c)dG

(m+n)
d ,[

G(m)
a ,G(n)

bc

]
=−εa(bJ(m+n+1)

c) ,
[
J(m),G(n)

ab

]
=−εc(aG(m+n)

b)c ,[
G(m)
a ,P(n)

bc

]
=−εa(bH(m+n)

c) ,
[
J(m),P(n)

ab

]
=−εc(aP(m+n)

b)c ,[
P(m)
a ,G(n)

bc

]
=−εa(bH(m+n)

c) ,
[
H(m),G(n)

ab

]
=−εc(aP(m+n+1)

b)c ,[
P(m)
a ,P(n)

bc

]
=− 1

`2
εa(bJ(m+n)

c) ,
[
H(m),P(n)

ab

]
=− 1

`2
εc(aG(m+n)

b)c ,[
J(m)
a ,J(n)

b

]
= εabJ(m+n) ,

[
G(m)
ab ,G

(n)
cd

]
= δ(a (c εd) b)J

(m+n+1) ,[
J(m)
a ,H(n)

b

]
= εabH(m+n) ,

[
G(m)
ab ,P

(n)
cd

]
= δ(a (c εd) b)H

(m+n) ,[
H(m)
a ,H(n)

b

]
= 1
`2
εabJ(m+n+1) ,

[
P(m)
ab ,P

(n)
cd

]
= 1
`2
δ(a (c εd) b)J

(m+n) . (3.31)

where the expanded generators are related to the relativistic spin-3 AdS ones through the
semigroup elements as

J(m) = λ2mĴ , G(m)
a = λ2m+1Ĝa , G(m)

ab = λ2m+1Ĝab , J(m)
a = λ2mĴa ,

H(m) = λ2m+1Ĥ , P(m)
a = λ2mP̂a , P(m)

ab = λ2mP̂ab , H(m)
a = λ2m+1Ĥa . (3.32)

The ultra-relativistic spin-3 algebra (3.30)–(3.31), which we denote as hs3adscar
(N), ap-

pears after considering the multiplication law of the semigroup (3.16) and the relativistic
commutation relations (2.2). In the flat limit `→∞ the algebra reduces to a generalized
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Relativistic
spin-3 algebra N = 1 N = 2 N = 3 · · · N

hs3AdS hs3adscar hs3eadscar hs3enhadscar · · · hs3adscar
(N)

hs3poi hs3car hs3ecar hs3enhcar · · · hs3car
(N)

Table 2. Ultra-relativistic expansions of spin-3 AdS and spin-3 Poincaré algebras.

spin-3 Carroll algebra which we denote as hs3car
(N). For N = 1 and N = 2, we recover

the previously obtained spin-3 AdS Carrol hs3adscar and its extended version hs3eadscar,
respectively. For N = 3, the hs3adscar

(N) can be seen as an enhanced spin-3 AdS Carroll
algebra which in the flat limit `→∞ reduces to a Carrollian analogue of the Newtonian
algebra obtained in [160]. Let us note that an infinite-dimensional extension of the spin-3
AdS Carroll algebra is obtained considering a infinite-dimensional semigroup S(∞)

E without
zero element. In this case, the vanishing cosmological constant limit ` → ∞ leads to a
spin-3 extension of the infinite-dimensional Carroll algebra [132]. It is worth it to mention
that the hs3car

(N) algebra can also be obtained by applying the S-expansion to the rela-
tivistic hs3poi algebra considering S(N)

E as the relevant semigroup. The table 2 summarize
the ultra-relativistic counterparts of the spin-3 AdS algebra along their flat limits.

Unlike the non-relativistic version, the ultra-relativistic spin-3 symmetries does not
suffer from degeneracy and admit a non-degenerate billinear invariant tensor for arbitrary
values of N . Interestingly, the spin-3 extension of the infinite-dimensional AdS Carroll
is not unique but can be done in a different consistent way. Indeed, a diverse subspace
decomposition of the relativistic spin-3 AdS algebra can be considered involving new spin-3
AdS Carroll symmetries. Further details about other spin-3 extensions and their differences
can be found in appendix B.

4 Non-relativistic spin-3 gravity theories

In this section we present the explicit construction of three-dimensional non-relativistic
spin-3 CS gravity actions based on the non-relativistic spin-3 algebras presented previ-
ously. In particular, we focus our attention in the particular case of CS action being gauge
invariant under non-relativistic spin-3 algebra admitting non-degenerate bilinear invariant
trace. The non-degeneracy of the invariant tensor ensures that the CS action involves a
kinematical term for each gauge field.

4.1 Spin-3 extended Newton-Hooke gravity

The spin-3 extension of the extended Newton-Hooke algebra (3.8) admits the non-vanishing
components of the invariant tensor for the spin-2 extended Newton-Hooke algebra,

〈GaGb〉= α0δab , 〈JS〉=−α0 , 〈HS〉=−α1 ,

〈GaPb〉= α1δab , 〈HM〉=−α0
`2
, 〈MJ〉=−α1 ,

〈PaPb〉= α0
`2
δab , (4.1)
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along its spin-3 extension,

〈GabGcd〉= α0

(
δa(c δd)b−

2
3δabδcd

)
, 〈JaSb〉=−α0δab , 〈HaSb〉=−α1δab ,

〈GabPcd〉= α1

(
δa(c δd)b−

2
3δabδcd

)
, 〈HaMb〉=−α0

`2
δab , 〈JaMb〉=−α1δab ,

〈PabPcd〉= α0
`2

(
δa(c δd)b−

2
3δabδcd

)
. (4.2)

Here, α0 and α1 are arbitrary constants and are related to the relativistic ones as

α0 = λ2α̂0 , α1 = λ2α̂1 .

One can notice that the non-degeneracy requires that α0 6= α1/`
2. In the vanishing cos-

mological constant limit ` → ∞, we obtain the invariant tensor for the hs3ebarg algebra
presented in [120]. Let us consider now the gauge connection one-form A = AATA taking
values in the hs3enh algebra:

A= ωJ+BaGa+sS+τH+eaPa+mM+ωaJa+BabGab+saSa+τaHa+eabPab+maMa . (4.3)

Here, {ω,Ba, τ,ea} are the usual spin-2 extended Newton-Hooke gauge field where τ is
the time-like vielbein, Ba is the spatial spin-connection, ea is the spatial vielbein and ω

represents the spin-connection for boosts. On the other hand, {ωa,Bab, τa,eab} are the
corresponding spin-3 versions of the spin-connections and vielbeins. The corresponding
curvature two-form F is given by

F =R (ω)J +Ra
(
Bb
)
Ga +R (s)S+R (τ)H +Ra

(
eb
)
Pa +R (m)M +Ra

(
ωb
)
Ja

+Rab
(
Bcd

)
Gab +Ra

(
sb
)
Sa +Ra

(
τ b
)
Ha +Rab

(
ecd
)
Pab +Ra

(
mb
)
Ma , (4.4)

where

R (ω) = dω− 1
2ε

acωaωc−
1

2`2 ε
acτaτc ,

R (τ) = dτ − εacωaτc ,

Ra
(
Bb
)

= dBa + εacωBc + 1
`2
εacτec + εa(c δ b)dωdBbc + 1

`2
εa(c δ b)dτdebc ,

Ra
(
eb
)

= dea + εacωec + εacτBc + εa(c δ b)dωdebc + εa(c δ b)dτdBbc ,

R (s) = ds+ 1
2ε

acBaBc + 1
2`2 ε

aceaec− εacωasc−
1
`2
εacτamc

+1
2ε

(a (c δ d) b)BadBcb + 1
2`2 ε

(a (c δ d) b)eadecb ,

R (m) = dm+ εacBaec− εacωamc− εacτasc + ε(a (c δ d) b)eadBcb ,

Ra
(
ωb
)

= dωa + εacωωc + 1
`2
εacττc ,

Rab
(
Bcd

)
= dBac + ε(a|cωB |b)

c + 1
`2
ε(a|cτe |b)c + εacωbBc + 1

`2
εacτ bec

+δabεcdωcBd + 1
`2
δabεcdτced ,
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Ra
(
sb
)

= dsa + εacωsc + 1
`2
εacτmc + εacsωc + 1

`2
εacmτc + εc(dBcB

a)
d + 1

`2
εc(d ece

a)
d ,

Ra
(
τ b
)

= dτa + εacωτc + εacτωc ,

Rab
(
ecd
)

= deab + ε(a|cωe |b)c + ε(a|cτB |b)
c + εacτ bBc + εacωbec

+δabεcdτcBd + δabεcdωced ,

Ra
(
mb
)

= dma + εacωmc + εacτsc + εacmωc + εacsτc + εc(d ecB
a)
d + εc(dBce

a)
d . (4.5)

The CS action based on the spin-3 extended Newton-Hooke algebra can be obtained con-
sidering the gauge connection one-form (4.3) and the non-vanishing components of the
invariant tensor (4.1) and (4.2) into the general expression of a three-dimensional CS ac-
tion (2.7). In particular, we get

Ihs3enh = k

4π

∫
ea
[
F a
(
Bb
)

+ 2εa(c δ b)dωdBbc
]

+BaF
a
(
eb
)
−ωdm− sdτ −m(dω− εacωaωc)

−τ
[
ds+ εacBaBc− 2εacωasc + ε(a (c δ d) b)BadBcb

]
+BabF

ab
(
ecd
)

+eab
[
F ab

(
Bcd

)
+ εacωbBc + δabεcdωcBd

]
− saF a

(
τ b
)
−ωaF a

(
mb
)

−τa
[
F a
(
sb
)

+ 2εc(dBcB a)
d

]
−maF

a
(
ωb
)

+ 1
`2

(
εaceaτec + 2εacττamc + εacmτaτc + 2εa(c δ b)deaτdebc− ε(a (c δ d) b)τeadecb

)
,

(4.6)

where we have defined

F a
(
Bb
)

= dBa + εacωBc ,

F a
(
eb
)

= dea + εacωec ,

F ab
(
Bcd

)
= dBab + ε(a|cωB |b)

c ,

F ab
(
ecd
)

= deab + ε(a|cωe |b)c ,

F a
(
ωb
)

= dωa + εacωωc ,

F a
(
sb
)

= dsa + εacωsc + εacsωc ,

F a
(
τ b
)

= dτa + εacωτc ,

F a
(
mb
)

= dma + εacωmc + εacsτc . (4.7)

Here, for the sake of simplicity, we have omitted the exotic term proportional to α0 and
we have fixed α1 = 1. The spin-3 non-relativistic CS gravity action (4.6) is gauge invari-
ant under the hs3enh algebra (3.8) and reproduces the spin-3 extension of the extended
Bargmann gravity in the vanishing cosmological constant limit `→∞. Let us note that the
non-degeneracy of the invariant bilinear trace (4.1)–(4.2) ensures that the CS action (4.6)
involves a kinematical term for each gauge field and the equations of motion imply that all
curvatures two-forms (4.5) vanish. Naturally, in the vanishing cosmological constant limit
`→∞, the equations of motion reproduces the vanishing of the curvatures of the hs3ebarg
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algebra. In the absence of spin-3 gauge field, the theory reduces to the usual extended
Newton-Hooke gravity [17, 140, 141] and to the extended Bargmann one [73] in the flat
limit.

Let us remark that the spin-3 non-relativistic CS gravity action (4.6) for the spin-3
version of the extended Newton-Hooke symmetry can alternatively be obtained from the
relativistic CS action for the hs3AdS algebra (2.8). Indeed, the spin-3 non-relativistic CS
action appears by expressing the non-relativistic gauge fields in terms of the relativistic
ones through the semigroup elements:

ω = λ0W
0 , Ba = λ1W

a , s= λ2W
0 ,

τ = λ0E
0 , ea = λ1E

a , m= λ2E
0 ,

ωa = λ0W
0a , Bab = λ1W

ab , sa = λ2W
0a ,

τa = λ0E
0a , eab = λ1E

ab , ma = λ2E
0a . (4.8)

4.2 Infinite-dimensional spin-3 Newton-Hooke gravity

The spin-3 extension of the infinite-dimensional Newton-Hooke algebra (3.20) admits the
non-vanishing components of the invariant tensor for the infinite-dimensional Newton-
Hooke algebra:

〈G(m)
a G(n)

b 〉= σm+n+1δab , 〈J(m)J(n)〉=−σm+n ,

〈G(m)
a P(n)

b 〉= γm+n+1δab , 〈J(m)H(n)〉=−γm+n ,

〈P(m)
a P(n)

b 〉= 1
`2
σm+n+1δab , 〈H(m)H(n)〉=− 1

`2
σm+n , (4.9)

along its spin-3 extension

〈G(m)
ab G(n)

cd 〉= σm+n+1

(
δa(c δd)b−

2
3δabδcd

)
, 〈J(m)

a J(n)
b 〉=−σm+nδab ,

〈G(m)
ab P(n)

cd 〉= γm+n+1

(
δa(c δd)b−

2
3δabδcd

)
, 〈J(m)

a H(n)
b 〉=−γm+nδab ,

〈P(m)
ab P(n)

cd 〉= 1
`2
σm+n+1

(
δa(c δd)b−

2
3δabδcd

)
, 〈H(m)

a H(n)
b 〉=− 1

`2
σm+nδab , (4.10)

where the σ’s and γ’s are defined in terms of the relativistic constants α̂0 and α̂1 through
the elements of the semigroup S(N)

E as

σm+n = λ2(m+n)α̂0 ,

γm+n = λ2(m+n)α̂1 . (4.11)

Here σm+n is related to an exotic non-relativistic term coming from the relativistic exotic
coupling constant α̂0. One can notice that σ1 and γ1 corresponds to the coupling constants
of the hs3enh algebra α0 and α1, respectively. It is important to emphasize that the hs3nh(N)

algebra admits a non-degenerate invariant trace only for even values of N . Then, the first
non-degenerate case for N > 2 appears for the spin-3 extension of the Post-Newtonian
extension of the spin-3 extended Newton-Hooke, which we have denoted as hs3pne and
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corresponds to hs3nh
(4). Let us construct the explicit general expression for the CS action

based on the hs3nh
(N) algebra. To this end, let us first consider the gauge connection

one-form taking values in the hs3nh
(N) algebra:

A=
[ N

2 ]∑
m=0

(
ω(m)J(m) + τ (m)H(m) +ωa(m)J(m)

a + τa(m)H(m)
a

)

+
[ N+1

2 ]∑
m=0

(
Ba(m)G(m)

a + ea(m)P(m)
a +Bab(m)G(m)

ab + eab(m)P(m)
ab

)
, (4.12)

where {ω(m),Ba(m), τ (m),ea(m)} are spin-2 gauge fields being expansions of the spin-connec-
tions and vielbein. On the other hand, {ωa(m),Bab(m), τa(m),eab(m)} represents spin-3 gauge
fields corresponding to expansions of the spin-3 versions of the spin-connections and viel-
beins. The curvature two-form F reads

F =R
(
ω(m)

)
J(m) +Ra

(
Bb(m)

)
Ga(m) +R

(
τ (m)

)
H(m) +Ra

(
eb(m)

)
P(m)
a

+Ra
(
ωb(m)

)
J(m)
a +Rab

(
Bcd(m)

)
G(m)
ab +Ra

(
τ b(m)

)
H(m)
a +Rab

(
ecd(m)

)
P(m)
ab , (4.13)

where the explicit expressions for each curvature can be found in appendix (C). Then,
a hs3nh

(N) CS gravity action can be constructed considering the gauge connection one-
form (4.12) and the non-vanishing components of the invariant tensor for a finite value
of N in the general expression of the CS form (2.7). For our purpose, we will focus only
on the non-degenerate cases, mainly to the hs3nh

(N) algebras for even value of N . Thus,
each gauge field appearing in the CS theories has a kinetic term and is then dynamical.
Moreover, we will omit the exotic terms proportional to σ’s since they do not bring new
information to the theory. Taking into account all our considerations, we get

Ihs3nh(N) = k

4π

∫ [N/2]∑
i=1

γi e
(m)
a

[
F a
(
Bb(n)

)
δi

m+n+1 + 2εa(c δ b)dω
(n)
d B

(l)
bc δ

i
m+n+l+1

]
−ω(m)dτ (n)δi

m+n

+
[
B(m)

a F a
(
eb(n)

)
+B

(m)
ab F ab

(
ecd(n)

)]
δi

m+n+1− τ (m)
(
dω(n)δi

m+n

+εacB(n)
a B(l)

c δi
m+n+l+1− εacω(n)

a ω(l)
c δi

m+n+l + ε(a (c δ d) b)B
(n)
ad B

(l)
cb δ

i
m+n+l+1

)
+ e

(m)
ab

[
F ab

(
Bcd(n)

)
δi

m+n+1 +
(
εacωb(n)B(l)

c + δabεcdω(n)
c B

(l)
d

)
δi

m+n+l+1

]
− τ (m)

a

[
F a
(
ωb(n)

)
δi

m+n + 2εc(dB(n)
c B

a)(l)
d δi

m+n+l+1

]
−ω(m)

a F a
(
τ b(n)

)
δi

m+n

+ 1
`2

[(
εace(m)

a τ (n)e(l)
c + 2εa(c δ b)de(m)

a τ
(n)
d e

(l)
bc − ε

(a (c δ d) b)τ (m)e
(n)
ad e

(l)
cb

)
δi

m+n+l+1

+εacτ (m)τ (n)
a τ (l)

c δi
m+n+l

]
, (4.14)

where we have defined

F a
(
Bb(m)

)
= dBa(m) +

[N/2]∑
n,l=0

εacω(n)B(l)
c δ

m
n+l ,

F a
(
eb(m)

)
= dea(m) +

[N/2]∑
n,l=0

εacω(n)e(l)
c δ

m
n+l ,
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F ab
(
Bcd(m)

)
= dBab(m) +

[N/2]∑
n,l=0

ε(a|cω(n)B |b)(l)
c δmn+l ,

F ab
(
ecd(m)

)
= deab(m) +

[N/2]∑
n,l=0

ε(a|cω(n)e |b)(l)
c δmn+l ,

F a
(
ωb(m)

)
= dωa(m) +

[N/2]∑
n,l=0

εacω(n)ω(l)
c δ

m
n+l ,

F a
(
τ b(m)

)
= dτa(m) +

[N/2]∑
n,l=0

εacω(n)τ (l)
c δmn+l . (4.15)

The CS action (4.14) is gauge invariant under the hs3nh
(N) algebra and can be seen as

the cosmological extension of the generalized spin-3 Galilean algebra denoted as hs3gal(N).
Since the spin-3 extension of the infinite-dimensional Newton-Hooke algebra admits a non-
degenerate bilinear invariant trace for even value of N , we have that the equations of
motion of the theory are given by the vanishing of the curvatures (C.1). Such equations
can be used to express not only the time-like and spatial spin-connections {ω(0),ω(a)} but
also their expansions {ω(m),ωa(m)} in terms of the other gauge fields. One can see that
the spin-3 extended Newton-Hooke CS gravity action (4.6) is obtained for N = 2. Let us
remark that the CS action (4.14) can alternatively be obtained from the relativistic hs3AdS
gravity action by expressing the non-relativistic gauge fields in term of the relativistic ones
through the elements of S(N)

E ,

ω(m) = λ2mW
0 , Ba(m) = λ2m+1W

a , τ (m) = λ2mE
0 , ea(m) = λ2m+1E

a ,

ωa(m) = λ2mW
0a , Bab(m) = λ2m+1W

ab , τa(m) = λ2mE
0a , eab(m) = λ2m+1E

ab . (4.16)

Interestingly, the CS action (4.14) can be rewritten as the sum of diverse spin-3 non-
relativistic CS gravity actions as follows:

Ihs3nh(N) = Ihs3enh + Ihs3pne +
N/2∑
i=3

Ihs3nh(2i) , (4.17)

where Ihs3enh is the CS action obtained in (4.6), while Ihs3pne is the CS action for the spin-
3 extension of the Newton-Hooke version of the extended post-Newtonian algebra (3.13)
whose explicit expression can be obtained from (4.14) for N = 4. It is interesting to note
that, in the vanishing cosmological constant limit `→∞, the hs3gal

(N) CS gravity action
is given by

Ihs3gal(N) = Ihs3ebarg + Ihs3eNewt +
N/2∑
i=3

Ihs3gal(2i) , (4.18)

with Ihs3eNewt being the CS action for the spin-3 extension of the so-called extended New-
tonian symmetry [74]. For completeness, we provide with the explicit CS expression for
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the hs3pne:

Ihs3pne = k

4π

∫
γ2 ea

[
F a
(
Cb
)

+ 2εa(c δ b)dωdCbc + 2εa(c δ b)dsdBbc
]
−ωdy− sdm− zdτ

+ ta
[
F a
(
Bb
)

+ 2εa(c δ b)dωdBbc
]

+
[
CaF

a
(
eb
)

+BaF
a
(
tb
)

+CabF
ab
(
ecd
)

+BabF ab
(
tcd
)]
− τ

(
dz+ 2εacBaCc− 2εacωazc− εacsasc + 2ε(a (c δ d) b)BadCcb

)
−m

(
ds+ εacBaBc− 2εacωasc + ε(a (c δ d) b)BadBcb

)
− y (dω− εacωaωc)

+ eab
[
F ab

(
Ccd

)
+ εacωbCc + εacsbBc + δabεcdωcCd + δabεcdscBd

]
+ tab

[
F ab

(
Bcd

)
+ εacωbBc + δabεcdωcBd

]
− τa

[
F a
(
zb
)

+ 2εc(dBcC a)
d + 2εc(dCcB a)

d

]
−ma

[
F a
(
sb
)

+ 2εc(dBcB a)
d

]
− yaF a

(
ωb
)
−ωaF a

(
yb
)
− saF a

(
mb
)
− zaF a

(
τ b
)

+ 1
`2

[
2εaceaτtc + εaceamec + 2εa(c δ b)deaτdtbc + 2εa(c δ b)deamdebc

+2εa(c δ b)dtaτdebc− 2ε(a (c δ d) b)τeadtcb− ε(a (c δ d) b)meadecb + εacyτaτc

+2εacττayc + 2εacmτamc + εacτmamc] , (4.19)

where

F a
(
Bb
)

= dCa + εacωBc , F a
(
Cb
)

= dCa + εacωCc + εacsBc ,

F a
(
eb
)

= dea + εacωec , F a
(
tb
)

= dta + εacωtc + εacsec ,

F ab
(
Bcd

)
= dBab + ε(a|cωB |b)

c , F ab
(
Ccd

)
= dCab + ε(a|cωC |b)c + +ε(a|csB |b)

c ,

F ab
(
ecd
)

= deab + ε(a|cωe |b)c , F ab
(
tcd
)

= dtab + ε(a|cωt |b)c + ε(a|cse |b)c ,

F a
(
ωb
)

= dωa + εacωωc , F a
(
sb
)

= dsa + εacωsc + εacsωc ,

F a
(
zb
)

= dza + εacωzc + εacssc + εaczωc , F a
(
τ b
)

= dτa + εacωτc ,

F a
(
mb
)

= dma + εacωmc + εacsτc , F a
(
yb
)

= dya + εacωyc + εacsmc + εaczτc .

(4.20)

Here, we have identified the gauge fields of the hs3nh
(4) algebra with the spin-3 post-

Newtonian ones in the following way:

ω = ω(0) , Ba =Ba(0) , s= ω(1) , Ca =Ba(1) , z = ω(2) ,

τ = τ (0) , ea = ea(0) , m= τ (1) , ta = ea(1) , y = τ (2) ,

ωa = ωa(0) , Bab =Bab(0) , sa = ωa(1) , Cab =Bab(1) , za = ωa(2) ,

τa = τa(0) , eab = eab(0) , ma = τa(1) , tab = eab(1) , ya = τa(2) . (4.21)

Naturally in the vanishing cosmological constant limit `→∞, the theory reproduces the
hs3eNewt CS gravity.
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5 Ultra-relativistic spin-3 gravity theories

In this section, we present the construction of the ultra-relativistic spin-3 CS gravity ac-
tions in three-dimensions invariant under the ultra-relativistic spin-3 algebras introduced
in section 3. As we will see, unlike the non-relativistic case the infinite-dimensional spin-3
AdS Carroll symmetry admits non-degenerate invariant tensor for all values of N . Then,
the ultra-relativistic CS actions will lead to the vanishing of all curvatures as equations of
motion. Before approaching the infinite dimensional spin-3 AdS Carroll gravity, we will
construct the simplest case, being the spin-3 extension of the AdS Carroll gravity.

5.1 Spin-3 AdS Carroll gravity

The spin-3 AdS Carroll algebra admits the following non-vanishing components of an in-
variant tensor for the AdS Carroll algebra,

〈GaPb〉= α1δab , 〈JJ〉=−α0 , 〈JH〉=−α1 , 〈PaPb〉= α0
`2
δab , (5.1)

along its spin-3 extension,

〈GabPcd〉= α1

(
δa(c δd)b−

2
3δabδcd

)
, 〈JaJb〉=−α0δab , 〈JaHb〉=−α1δab ,

〈PabPcd〉= α0
`2

(
δa(c δd)b−

2
3δabδcd

)
, (5.2)

where α0 and α1 are arbitrary constants which are related to the relativistic ones as follows

α0 = λ0α̂0 , α1 = λ1α̂1 .

In order to build up the CS action, we first introduce the gauge field one-form A

A= ωJ +BaGa + τH + eaPa +ωaJa +BabGab + τaHa + eabPab . (5.3)

Here, ω and Ba can be interpreted as spin connections for spatial rotations and boosts,
while τ and ea corresponds to a time-like vielbein and a spatial vielbein, respectively.
Analogously, ωa, Bab, τa, and eab can be interpreted as the corresponding spin-3 versions
of the aforementioned vielbeins and spin-connections. The corresponding curvature two-
form is given by

F =R(ω)J +Ra
(
Bb
)
Ga +R (τ)H +Ra

(
eb
)
Pa +Ra

(
ωb
)
Ja +Rab

(
Bcd

)
Gab

+Ra
(
τ b
)
Ha +Rab

(
ecd
)
Pab , (5.4)

where the components are

R (ω) = dω− 1
2ε

acωaωc + 1
2`2 ε

aceaec + 1
2`2 ε

(a (c δ d) b)eadecb ,

Ra
(
Bb
)

= dBa + εacωBc + 1
`2
εacτec + εa(c δ b)dωdBbc + 1

`2
εa(c δ b)dτdebc ,

R (τ) = dτ + εacBaec− εacωaτc + ε(a (c δ d) b)eadBcb ,
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Ra
(
eb
)

= dea + εacωec + εa(c δ b)dωdebc ,

Ra
(
ωb
)

= dωa + εacωωc + 1
`2
εc(d ece

a)
d ,

Rab
(
Bcd

)
= dBab + ε(a|cωB |b)

c + 1
`2
ε(a|cτe |b)c + εacωbBc + 1

`2
εacτ bec

+δabεcdωcBd + 1
`2
δabεcdτced ,

Ra
(
τ b
)

= dτa + εacωτc + εacτωc + εc(dBce
a)
d + εc(d ecB

a)
d ,

Rab
(
ecd
)

= deab + ε(a|cωe |b)c + εacωbec + δabεcdωced . (5.5)

Then, the CS action invariant under the spin-3 AdS Carroll algebra is obtained considering
the gauge connection one-form (5.3) and the non-vanishing components of the invariant
tensor (5.1)–(5.2) in the three-dimensional CS action (2.7). Considering the terms along
α1, we get in this case

Ihs3adscar = k

4π

∫
ea
[
F a
(
Bb
)

+ 2εa(c δ b)dωdBbc
]

+BaF
a
(
eb
)
−ωdτ − τ (dω− εacωaωc)

+BabF ab
(
ecd
)

+ eab
[
F ab

(
Bcd

)
+ εacωbBc + δabεcdωcBd

]
− τaF a

(
ωb
)

−ωaF a
(
τ b
)

+ 1
`2

(
εaceaτec + 2εa(c δ b)deaτdebc− ε(a (c δ d) b)τeadecb

)
, (5.6)

where we have used the definitions given in (4.7). The spin-3 ultra-relativistic CS gravity
action (5.6) is gauge invariant under the hs3adscar algebra (3.26) and can be seen as a
spin-3 extension of the AdS Carroll CS gravity [81, 86, 87]. It is straightforward to see
that the previous action leads to a spin-3 extension of the Carroll CS gravity [34, 120] in
the vanishing cosmological constant limit ` → ∞. Since the invariant tensor (5.1)–(5.2)
is non-degenerate, the equations of motion reduce to the vanishing of all curvatures (5.5).
Naturally, switching-off the spin-3 gauge fields, the previous theory reduces to the AdS
Carroll gravity.

Let us note that the spin-3 ultra-relativistic CS gravity action (5.6) based on the spin-3
extension of the AdS Carroll symmetry, can also be obtained directly from the relativistic
CS action for the hs3AdS algebra (2.8). This can be done by writing the ultra-relativistic
gauge fields in terms of the relativistic ones appearing in (2.8), through the semigroup
elements as follows

ω = λ0W
0 , Ba = λ1W

a ,

ea = λ0E
a , τ = λ1E

0 ,

ωa = λ0W
0a , Bab = λ1W

ab ,

eab = λ0E
ab , τa = λ1E

0a . (5.7)

5.2 Infinite-dimensional spin-3 AdS Carroll gravity

The spin-3 extension of the infinite-dimensional AdS Carroll algebra (3.31) admits the
following non-vanishing components of the invariant tensor for the infinite-dimensional
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AdS Carroll algebra:

〈G(m)
a G(n)

b 〉= σm+n+1δab , 〈J(m)J(n)〉=−σm+n ,

〈G(m)
a P(n)

b 〉= γm+nδab , 〈J(m)H(n)〉=−γm+n ,

〈P(m)
a P(n)

b 〉= 1
`2
σm+nδab , 〈H(m)H(n)〉=− 1

`2
σm+n+1 , (5.8)

along its spin-3 extension

〈G(m)
ab G(n)

cd 〉= σm+n+1

(
δa(c δd)b−

2
3δabδcd

)
, 〈J(m)

a J(n)
b 〉=−σm+nδab ,

〈G(m)
ab P(n)

cd 〉= γm+n

(
δa(c δd)b−

2
3δabδcd

)
, 〈J(m)

a H(n)
b 〉=−γm+nδab ,

〈P(m)
ab P(n)

cd 〉= 1
`2
σm+n

(
δa(c δd)b−

2
3δabδcd

)
, 〈H(m)

a H(n)
b 〉=− 1

`2
σm+n+1δab , (5.9)

where the σ’s and γ’s are defined in terms of the relativistic constants α̂0 and α̂1 through
the elements of the semigroup S(N)

E as

σm+n = λ2(m+n)α̂0 ,

γm+n = λ2(m+n)+1α̂1 . (5.10)

In particular, σ0 and γ0 correspond to the arbitrary constants α0 and α1 appearing in the
invariant tensor for the spin-3 extension of the AdS Carroll algebra. Note also that, unlike
the hs3nh

(N), the hs3adscar
(N) admits non-degenerate invariant tensor for all values of N .

Furthermore, in the flat limit `→∞, (5.8)–(5.9) reduce to the components of the invariant
tensor for the spin-3 extension of the infinite-dimensional Carroll algebra.

Let us move on now to the construction of the explicit CS gravity action based on the
hs3adscar

(N) algebra. For this purpose, we define the gauge connection one-form valued on
the aforesaid algebra as follows:

A=
[ N

2 ]∑
m=0

(
ω(m)J(m) + ea(m)P(m)

a +ωa(m)J(m)
a + eab(m)P(m)

ab

)

+
[ N+1

2 ]∑
m=0

(
Ba(m)G(m)

a + τ (m)H(m) +Bab(m)G(m)
ab + τa(m)H(m)

a

)
, (5.11)

where {ω(m),Ba(m), τ (m),ea(m)} are spin-2 gauge fields being expansions of the spin-connec-
tions and vielbeins. On the other hand, {ωa(m),Bab(m), τa(m),eab(m)} represents spin-3
gauge fields corresponding to expansions of the spin-3 versions of the spin-connections and
vielbeins. The curvature two-form F reads

F =R
(
ω(m)

)
J(m) +Ra

(
Bb(m)

)
Ga(m) +R

(
τ (m)

)
H(m) +Ra

(
eb(m)

)
P(m)
a

+Ra
(
ωb(m)

)
J(m)
a +Rab

(
Bcd(m)

)
G(m)
ab +Ra

(
τ b(m)

)
H(m)
a +Rab

(
ecd(m)

)
P(m)
ab , (5.12)

where the components are defined in appendix (C). A CS action gauge invariant under the
hs3adscar

(N) algebra can be constructed considering the gauge connection one-form (5.11)
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and the non-vanishing components of the invariant tensor (5.8)–(5.9) for a finite value of N
in the general expression of the CS form (2.7). For the sake of simplicity, we will consider
only the term along γ’s omitting the exotic terms. Then, the hs3adscar

(N) CS gravity
action reads

Ihs3adscar(N) = k

4π

∫ [N/2]∑
i=0

γie
(m)
a

[
F a
(
Bb(n)

)
δim+n+2εa(c δ b)dω

(n)
d B

(l)
bc δ

i
m+n+l

]
−ω(m)dτ (n)δim+n

+
[
B(m)
a F a

(
eb(n)

)
+B

(m)
ab F ab

(
ecd(n)

)]
δim+n− τ (m)

(
dω(n)δim+n

+εacB(n)
a B(l)

c δ
i
m+n+l+1− εacω(n)

a ω(l)
c δ

i
m+n+l + ε(a (c δ d) b)B

(n)
ad B

(l)
cb δ

i
m+n+l+1

)
+ e

(m)
ab

[
F ab

(
Bcd(n)

)
δim+n +

(
εacωb(n)B(l)

c + δabεcdω(n)
c B

(l)
d

)
δim+n+l

]
− τ (m)

a

[
F a
(
ωb(n)

)
δim+n + 2εc(dB(n)

c B
a)(l)
d δim+n+l+2

]
−ω(m)

a F a
(
τ b(n)

)
δim+n

+ 1
`2

[(
εace(m)

a τ (n)e(l)
c + 2εa(c δ b)de(m)

a τ
(n)
d e

(l)
bc − ε

(a (c δ d) b)τ (m)e
(n)
ad e

(l)
cb

)
δim+n+l

+εacτ (m)τ (n)
a τ (l)

c δim+n+l+2

]
, (5.13)

where the curvatures F a
(
Bb(m)

)
, F a

(
eb(m)

)
, F ab

(
Bcd(m)

)
, F ab

(
ecd(m)

)
, F a

(
ωb(m)

)
and

F a
(
τ b(m)

)
are given in (4.15). For N =∞, the CS action (5.13) corresponds to the infinite-

dimensional extension of the hs3adscar CS gravity which in the non-vanishing cosmological
constant limit `→∞ reproduces the infinite-dimensional spin-3 Carrollian gravity. Unlike
the non-relativistic spin-3 theory, the hs3adscar(N) algebras admit non-degenerate invariant
traces for any value of N . Then, the equations of motion are given by the vanishing of
the hs3adscar

(N) curvature two-forms (C.2) allowing us to express the spin-connections in
terms of the other gauge fields. Let us note that the CS action (5.13) can alternatively
been recovered from the relativistic hs3AdS CS action by expressing the ultra-relativistic
gauge fields in terms of the relativistic ones and the elements of the S(N)

E semigroup,

ω(m) = λ2mW
0 , Ba(m) = λ2m+1W

a , τ (m) = λ2m+1E
0 , ea(m) = λ2mE

a ,

ωa(m) = λ2mW
0a , Bab(m) = λ2m+1W

ab , τa(m) = λ2m+1E
0a , eab(m) = λ2mE

ab . (5.14)

For N = 1, we recover the spin-3 extension of the AdS Carroll CS gravity action (5.6) which
in the flat limit `→∞ leads us to the spin-3 extension of the three-dimensional Carroll CS
gravity. For N = 2, we obtain the CS action for the hs3eadscar algebra. However, the new
contributions from the spin-3 extended AdS Carroll algebra appears exclusively along the
exotic term proportional to σ1. It is necessary to consider N = 3 in order to have a new CS
term along γ’s. In particular, for odd values of N , the ultra-relativistic CS action (5.13)
can be written as

Ihs3adscar(N) = Ihs3adscar + Ihs3enhadscar +
[N/2]∑
i=2

Ihs3adscar(2i+1) , (5.15)

where Ihs3adscar is the CS action given by (5.6), while Ihs3enhadscar can be obtained from the
general expression (5.13) setting N = 3. Naturally, in the vanishing cosmological constant
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limit `→∞, the generalized spin-3 ultra-relativistic CS action is now given by

Ihs3car(N) = Ihs3car + Ihs3enhcar +
[N/2]∑
i=2

Ihs3car(2i+1) , (5.16)

with Ihs3enhcar being the CS action gauge invariant under the spin-3 enhanced Carroll alge-
bra. For completeness, we present the explicit expression for the hs3enhadscar CS action:

Ihs3enhadscar = k

4π

∫
γ1 ea

[
F a
(
Cb
)

+ 2εa(c δ b)dωdCbc + 2εa(c δ b)dsdBbc
]
−ωdm− sdτ

+ ta
[
F a
(
Bb
)

+ 2εa(c δ b)dωdBbc
]

+BaF
a
(
tb
)

+CaF
a
(
eb
)

+BabF
ab
(
tcd
)

+CabF
ab
(
ecd
)
− τ

(
ds+ εacBaBc− 2εacωasc + ε(a (c δ d) b)BadBcb

)
+ eab

[
F ab

(
Ccd

)
+ εacωbCc + εacsbBc + δabεcdωcCd + δabεcdscBd

]
+ tab

[
F ab

(
Bcd

)
+ εacωbBc + δabεcdωcBd

]
+m(dω− εacωaωc)

− τa
[
F a
(
sb
)

+ 2εc(dBcB a)
d

]
−maF

a
(
ωb
)
−ωaF a

(
mb
)

+ 1
`2

[
εaceamec + 2εaceaτtc + 2εa(c δ b)deamdebc + 2εa(c δ b)deaτdtbc

+2εa(c δ b)dtaτdebc− ε(a (c δ d) b)meadecb− 2ε(a (c δ d) b)τeadtcb + εacττaτc
]
,

(5.17)

where the curvatures F a and F ab are given by (4.20). Moreover, we have identified the
gauge fields of the hs3adscar

(3) algebra with the spin-3 enhanced AdS Carroll fields as:

ω = ω(0) , Ba =Ba(0) , s= ω(1) , Ca =Ba(1) ,

τ = τ (0) , ea = ea(0) , m= τ (1) , ta = ea(1) ,

ωa = ωa(0) , Bab =Bab(0) , sa = ωa(1) , Cab =Bab(1) ,

τa = τa(0) , eab = eab(0) , ma = τa(1) , tab = eab(1) . (5.18)

In the vanishing cosmological constant limit ` → ∞ the CS action (5.17) reproduces the
hs3enhcar CS gravity action which can be seen as the spin-3 Carrollian analogue of the
Newtonian gravity [160].

6 Discussions

In this work we present novel spin-3 extensions of known non- and ultra-relativistic gravity
theories. We first focus our study on the derivation of spin-3 non- and ultra-relativistic
algebras by considering the semigroup expansion method to the spin-3 AdS algebra. We
show that, analogously to [132], the expansion procedure based on the SE semigroup [124]
can be seen as a non- or ultra-relativistic expansion of a given relativistic algebra which
turns out to be useful to derive the non-vanishing components of a invariant tensor of the
expanded algebra.
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At the non-relativistic level, we first obtain the spin-3 extension of the extended
Newton-Hooke gravity theory which in the vanishing cosmological constant limit repro-
duces a CS gravity theory invariant under the spin-3 extended Bargmann algebra intro-
duced in [120]. By considering a bigger semigroup, we obtain a post-Newtonian extension
of the spin-3 extended Newton-Hooke which can be viewed as the spin-3 extension of the en-
hanced Bargmann-Newton-Hooke gravity [68, 132, 143]. We then extend our analysis to an
infinite-dimensional semigroup S(N)

E allowing us to reproduce a spin-3 infinite-dimensional
Newton-Hooke gravity which in the flat limit leads us to a spin-3 extension of the infinite-
dimensional Galilean gravity [132, 134]. We focus our construction only on even value of
N which allows us to derive spin-3 non-relativistic symmetries admitting a non-degenerate
bilinear invariant trace and ensuring the proper construction of a well-defined CS action.
Subsequently, we generalize our procedure at the ultra-relativistic realm which does not
suffer from degeneracy. We first present a spin-3 AdS Carroll CS gravity theory which in
the flat limit reproduces a CS theory based on the spin-3 Carroll symmetry [120]. We end
our study with a spin-3 extension of the infinite-dimensional AdS Carroll gravity.

The results obtained along the procedure considered here could be used to approach
several open questions. It would be interesting to explore first if the expansion method
based on the SE semigroup can be used to elucidate the corresponding non- and ultra-
relativistic versions of the asymptotic symmetries of the three-dimensional AdS CS gravity
and its Poincaré limit. One could argue that the S(2)

E -expansion of the conformal and
bms3 algebra [161, 162] correspond to infinite-dimensional lifts of the extended Newton-
Hooke and extended Bargmann algebra, respectively. To verify our conjecture, it would be
necessary to consider a direct asymptotic symmetry analysis by imposing suitable boundary
conditions [work in progress]. If our conjecture is correct, it would be useful to obtain non-
and ultra-relativistic versions of the W3 algebra which should be an infinite-dimensional
lift of the spin-3 Nappi-Witten structure presented here.

Another aspect that it would be worth it to study is the extension of our results to spin
higher than 3/2 by analyzing the non- and ultra-relativistic limit of the hypersymmetric
extension of gravity [163, 164]. To our knowledge a non- or ultra-relativistic version of
the so-called hyper-Poincaré symmetry [165, 166] is unknown and, as in the relativistic
theory, we expect the presence of spin-4 generators [work in progress]. The method used
here could be useful to avoid the difficulty appearing in presence of spin-3/2. As it was
shown in [154, 155], the expansion procedure based on semigroups allows us to derive in a
straightforward way the corresponding non-relativistic superalgebra from a relativistic one.

On the other hand, one could explore if the spin-3 extended Bargmann gravity theory
discussed here could allows us to approach a spin-3 generalization of the Hořava-Lifshitz
gravity [15, 167, 168]. Such guessing is motivated by the fact that the extended Bargmann
gravity can be seen as a particular kinetic term of the Hořava-Lifshitz gravity [17, 73].
Moreover, one could explore the effects arising from the presence of the additional gauge
field appearing in the post-Newtonian extensions.

Finally, it would be interesting to extend our results to other symmetries being of inter-
est in gravity. For instance, one could explore the non- and ultra-relativistic regime of the
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spin-3 Maxwell CS gravity theory discussed in [109] along its cosmological extension.8 The
Maxwell algebra has been introduced to describe a constant Minskowski spacetime in the
presence of an electromagnetic background [169–171]and have found several application in
the gravity context [172–182]. One could expect to get a spin-3 extension of the Maxwellian
extended Bargmann gravity [66] and the enlarged extended Bargmann gravity [55].
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A Alternative spin-3 extensions of the Newton-Hooke family

An alternative spin-3 extension of the infinite-dimensional Newton-Hooke algebra can be
obtained considering a different subspace decomposition of the hs3AdS. Let V0 and V1 be
two subspaces of the relativistic spin-3 AdS algebra defined as

V0 = {Ĵ, Ĥ, Ĝab, P̂ab} ,
V1 = {Ĝa, P̂a, Ĵa, Ĥa} . (A.1)

Such subspace decomposition, although it is different to (3.3), also satisfies a Z2 graded-Lie
algebra. On the other hand, one can consider the same semigroup S

(N)
E with the reso-

nant subset decomposition (3.17) satisfying the same structure than the subspace (A.1).
Then, after applying a resonant S(N)

E -expansion of the hs3AdS algebra and extracting a
0s-reduction we get an alternative generalized spin-3 Newton-Hooke algebra whose com-
mutators are given by (3.19) and[

J(m),J(n)
a

]
= εabJ

(m+n)
b ,

[
H(m),J(n)

a

]
= εabH

(m+n)
b ,[

J(m),H(n)
a

]
= εabH

(m+n)
b ,

[
H(m),H(n)

a

]
= 1
`2
εabJ

(m+n)
b ,[

J(m),G(n)
ab

]
=−εc(aG(m+n)

b)c ,
[
H(m),G(n)

ab

]
=−εc(aP(m+n)

b)c ,[
J(m),P(n)

ab

]
=−εc(aP(m+n)

b)c ,
[
H(m),P(n)

ab

]
=− 1

`2
εc(aG(m+n)

b)c ,[
G(m)
a ,G(n)

bc

]
=−εa(bJ(m+n)

c) ,
[
P(m)
a ,G(n)

bc

]
=−εa(bH(m+n)

c) ,[
G(m)
a ,J(n)

b

]
=−

(
εacG

(m+n+1)
cb + εabG(m+n+1)

cc

)
,

[
G(m)
a ,P(n)

bc

]
=−εa(bH(m+n)

c) ,[
P(m)
a ,J(n)

b

]
=−

(
εacP

(m+n+1)
cb + εabP(m+n+1)

cc

)
,

[
P(m)
a ,P(n)

bc

]
=− 1

`2
εa(bJ(m+n)

c) ,[
G(m)
a ,H(n)

b

]
=−

(
εacP

(m+n+1)
cb + εabP(m+n+1)

cc

)
,

[
J(m)
a ,G(n)

bc

]
= δa(b ε c)dG

(m+n)
d ,

8A spin-3 non-relativistic Maxwell theory can be found in [144] which has appeared in the literature
simultaneously to our results.
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[
P(m)
a ,H(n)

b

]
=− 1

`2

(
εacG

(m+n+1)
cb + εabG(m+n+1)

cc

)
,

[
H(m)
a ,G(n)

bc

]
= δa(b ε c)dP

(m+n)
d ,[

J(m)
a ,P(n)

bc

]
= δa(b ε c)dP

(m+n)
d ,

[
H(m)
a ,P(n)

bc

]
= 1
`2
δa(b ε c)dG

(m+n)
d ,[

G(m)
ab ,G

(n)
bc

]
= δ(a (c εd) b)J

(m+n) ,
[
G(m)
ab ,P

(n)
bc

]
= δ(a (c εd) b)H

(m+n) ,[
P(m)
ab ,P

(n)
bc

]
= 1
`2
δ(a (c εd) b)J

(m+n) ,
[
J(m)
a ,J(n)

b

]
= εabJ(m+n+1) ,[

J(m)
a ,H(n)

b

]
= εabH(m+n+1) ,

[
H(m)
a ,H(n)

b

]
= 1
`2
εabJ(m+n+1) . (A.2)

Here the expanded generators are related to the spin-3 AdS ones through the semigroup
elements as

J(m) = λ2mĴ , G(m)
a = λ2m+1Ĝa , G(m)

ab = λ2mĜab , J(m)
a = λ2m+1Ĵa ,

H(m) = λ2mĤ , P(m)
a = λ2m+1P̂a , P(m)

ab = λ2mP̂ab , H(m)
a = λ2m+1Ĥa . (A.3)

This alternative infinite-dimensional non-relativistic algebras family, which we denote as
hs3nh2

(N), naturally contains the same spin-2 subalgebra given by (3.19). However, it
presents various differences with the hs3nh

(N) one (3.20) mainly due to the fact that the
relativistic spin-3 generators have been interchanged of subspaces. The differences appears
more clearly at finite level. For instance, for N = 1, the hs3nh2

(N) algebra reproduces the
alternative spin-3 Newton-Hooke hs3nh2 introduced in [120]. For N = 2, an alternative
spin-3 extension of the extended Newton-Hooke algebra appears. The expanded algebra
corresponds to an extension of the hs3nh2 algebra presented in [120] and is then denoted
as hs3enh2.

[J,Ga] = εabGb , [Ga,Gb] =−εabS , [H,Ga] = εabPb ,

[J,Pa] = εabPb , [Ga,Pb] =−εabM , [H,Pa] = 1
`2
εabGb ,

[J,Ja] = εabJb , [Pa,Pb] =− 1
`2
εabS , [H,Ja] = εabHb ,

[J,Ha] = εabHb , [Ga,Jb] =−(εamSmb + εabSmm) , [H,Ha] = 1
`2
εabJb ,

[J,Gab] =−εm(aG b)m , [Ga,Hb] =−(εamMmb + εabMmm) , [H,Gab] =−εm(aP b)m ,

[J,Pab] =−εm(aP b)m , [Pa,Jb] =−(εamMmb + εabMmm) , [H,Pab] =− 1
`2
εm(aG b)m ,

[J,Sab] =−εm(aS b)m , [Pa,Hb] =− 1
`2

(εamSmb + εabSmm) , [H,Sab] =− 1
`2
εm(aM b)m ,

[J,Mab] =−εm(aM b)m , [S,Gab] =−εm(aS b)m , [H,Mab] =− 1
`2
εm(aS b)m ,

[S,Pab] =−εm(aM b)m , [M,Gab] =−εm(aM b)m , [M,Pab] =− 1
`2
εm(aS b)m ,

[Ga,Gbc] =−εa(bJ c) , [Ja,Jb] = εabS , [Pa,Gbc] =−εa(bH c) ,

[Ga,Pbc] =−εa(bH c) , [Ja,Hb] = εabM , [Pa,Pbc] =− 1
`2
εa(bJ c) ,

[Ja,Gbc] = δa(b ε c)mGm , [Ha,Hb] = 1
`2
εabS , [Ha,Gbc] = δa(b ε c)mPm ,
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[Ja,Pbc] = δa(b ε c)mPm , [Sab,Gbc] = δ(a (c εd) b)S , [Ha,Pbc] = 1
`2
δa(b ε c)mGm ,

[Gab,Gcd] = δ(a (c εd) b)J , [Sab,Pcd] = δ(a (c εd) b)M , [Pab,Pcd] = 1
`2
δ(a (c εd) b)J ,

[Gab,Pcd] = δ(a (c εd) b)H , [Mab,Gcd] = δ(a (c εd) b)M , [Mab,Pcd] = 1
`2
δ(a (c εd) b)S .

(A.4)

One can notice that there are several differences with the commutation relations of the
hs3enh algebra (3.8). Such differences are due to the fact that the spin-3 content of the
hs3enh2 is given by {Ja,Ha,Gab,Pab,Sab,Mab}, while the hs3enh algebra contain
{Ja,Ha,Gab,Pab,Sa,Ma} as spin-3 generators. Although they are quite different both spin-3
non-relativistic algebras admits a non-degenerate invariant tensor and both structures can
be written as two copies of a spin-3 extension of the Nappi-Witten algebra [156, 157]. In
particular, the hs3enh2 algebra can be written as:[

J±,G±a
]

= εabG±b ,
[
G±a ,G

±
bc

]
=−εa(bJ±c) ,

[
G±a ,G

±
b

]
=−εabS± ,[

J±,J±a
]

= εabJ±b ,
[
J±a ,G

±
bc

]
= δa(b ε c)mG±m ,

[
J±a ,J

±
b

]
= εabS± ,[

J±,G±ab
]

=−εa(bG±b)m ,
[
G±ab,G

±
cd

]
= δ(a (c εd) b)J

± ,
[
G±a ,J

±
b

]
=−

(
εamS±mb + εabS±mm

)
,[

J±,S±ab
]

=−εm(aS±b)m ,
[
S±ab,G

±
cd

]
= δ(a (c εd) b)S

± ,
[
S±,G±ab

]
=−εm(aS±b)m . (A.5)

These two copies of the spin-3 Nappi-Witten algebra, which we have denoted as hs3nw2

differ from the hs3nw obtained in section 3.1.1 not only in various specific commutators
but also in the spin-3 generators.

An alternative Post-Newtonian extension of the spin-3 extended Newton-Hooke ap-
pears considering a resonant S(4)

E -expansion of the hs3AdS algebra, the latter being de-
composed as in (A.1). The alternative non-relativistic algebra is denoted as hs3pne2 and
obeys (A.4) along the following commutation relations:

[J,Ba] = εabBb , [Ga,Bb] =−εabZ , [H,Ba] = εabTb ,

[J,Ta] = εabTb , [Ga,Tb] =−εabY , [H,Ta] = 1
`2
εabBb ,

[J,Sa] = εabSb , [Pa,Bb] =−εabY , [H,Sa] = εabMb ,

[J,Ma] = εabMb , [Pa,Tb] =− 1
`2
εabZ , [H,Ma] = 1

`2
εabSb ,

[S,Ga] = εabBb , [Ga,Sb] =−(εamZmb + εabZmm) , [M,Ga] = εabTb ,

[S,Pa] = εabTb , [Ga,Mb] =−(εamYmb + εabYmm) , [M,Pa] = 1
`2
εabBb ,

[S,Ja] = εabSb , [Pa,Sb] =−(εamYmb + εabYmm) , [M,Ja] = εabMb ,

[S,Ha] = εabMb , [Pa,Mb] =− 1
`2

(εamZmb + εabZmm) , [M,Ha] = 1
`2
εabSb ,

[J,Zab] =−εm(aZ b)m , [Ba,Jb] =−(εamZmb + εabZmm) , [H,Zab] =−εm(aY b)m ,

[J,Yab] =−εm(aY b)m , [Ba,Hb] =−(εamYmb + εabYmm) , [H,Yab] =− 1
`2
εm(aZ b)m ,
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Subspace decomposition 1 Subspace decomposition 2
V0 = {Ĵ, P̂a, Ĵa, P̂ab} V0 = {Ĵ, P̂a, Ĥa, Ĝab}
V1 = {Ĝa, Ĥ, Ĥa, Ĝab} V1 = {Ĝa, Ĥ, Ĵa, P̂ab}

Table 3. Subspace decompositions of the spin-3 AdS algebra.

[Z,Gab] =−εm(aZ b)m , [Ta,Jb] =−(εamYmb + εabYmm) , [Y,Gab] =−εm(aY b)m ,

[Z,Pab] =−εm(aY b)m , [Ta,Hb] =− 1
`2

(εamZmb + εabZmm) , [Y,Pab] =− 1
`2
εm(aZ b)m ,

[S,Sab] =−εm(aZ b)m , [Ja,Sb] = εabZ , [M,Sab] =−εm(aY b)m ,

[S,Mab] =−εm(aY b)m , [Ja,Mb] = εabY , [M,Mab] =− 1
`2
εm(aZ b)m ,

[Ga,Sbc] =−εa(bS c) , [Ha,Sb] = εabY , [Pa,Sbc] =−εa(bM c) ,

[Ga,Mbc] =−εa(bM c) , [Ha,Mb] = 1
`2
εabZ , [Pa,Mbc] =− 1

`2
εa(bS c) ,

[Ba,Gbc] =−εa(bS c) , [Ja,Sbc] = δa(b ε c)mBm , [Ta,Gbc] =−εa(bM c) ,

[Ba,Pbc] =−εa(bM c) , [Ja,Mbc] = δa(b ε c)mTm , [Ta,Pbc] =− 1
`2
εa(bS c) ,

[Sa,Gbc] = δa(b ε c)mBm , [Ha,Sbc] = δa(b ε c)mTm , [Ma,Gbc] = δa(b ε c)mTm ,

[Sa,Pbc] = δa(b ε c)mTm , [Ha,Mbc] = 1
`2
δa(b ε c)mBm , [Ma,Pbc] = 1

`2
δa(b ε c)mBm ,

[Sab,Scd] = δ(a (c εd) b)Z , [Sab,Mcd] = δ(a (c εd) b)Y , [Mab,Mcd] = 1
`2
δ(a (c εd) b)Z ,

[Gab,Zcd] = δ(a (c εd) b)Z , [Gab,Ycd] = δ(a (c εd) b)Y , [Pab,Zcd] = δ(a (c εd) b)Y ,

[Pab,Ycd] = 1
`2
δ(a (c εd) b)Z . (A.6)

The non-relativistic algebra (A.6) can be seen as a Post-Newtonian extension of the hs3enh2
algebra (A.4). Interestingly, for Z = Y = Zab = Yab = 0 we obtain the hs3nhNewt2 algebra
being an alternative spin-3 extension of the Newton-Hooke version of the Newtonian algebra
introduced in [160].

B Alternative spin-3 extensions of the AdS Carroll family

An additional spin-3 extensions of the infinite-dimensional AdS Carroll algebra can al-
ternatively be recovered from the expansion of the hs3AdS algebra. Indeed, there is an
alternative subspace decomposition of the relativistic spin-3 AdS algebra diverse to (3.23)
that allows us to obtain spin-3 versions of the AdS Carroll symmetries. The two possible
subspace decompositions are listed in table 3.

The alternative version of the infinite-dimensional spin-3 AdS Carroll algebra appears
by considering the subspace decomposition 2 which, as the subspace decomposition 1
in (3.23), satisfy a Z2 graded Lie algebra. Then, after considering a resonant S(N)

E -expansion
with the subset decomposition (3.17) and applying a 0S-reduction we get an alternative
spin-3 extension of the infinite-dimensional AdS Carroll algebra. As it is shown in table 4,
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Expanded generators 1 Expanded generators 2
J(m) = λ2mĴ J(m) = λ2mĴ

H(m) = λ2m+1Ĥ H(m) = λ2m+1Ĥ

G(m)
a = λ2m+1Ĝa G(m)

a = λ2m+1Ĝa
P(m)
a = λ2mP̂a P(m)

a = λ2mP̂a
G(m)
ab = λ2m+1Ĝab G(m)

ab = λ2mĜab
P(m)
ab = λ2mP̂ab P(m)

ab = λ2m+1P̂ab
J(m)
a = λ2mĴa J(m)

a = λ2m+1Ĵa
H(m)
a = λ2m+1Ĥa H(m)

a = λ2mĤa

Table 4. Ultra-relativistic expanded generators in terms of the relativistic spin-3 AdS generators.

the ultra-relativistic generators are related to the relativistic ones through the semigroup
elements.

In both resonant expansions, the expanded spin-2 generators satisfy the infinite-dimen-
sional extension of the AdS Carroll algebra (3.30). However, the expanded spin-3 generators
obtained from the subspace decomposition 2 satisfy commutation relations diverse to those
obtained from the subspace decomposition 1 in (3.31). Both spin-3 expanded generators
satisfy the following commutators:[

J(m),J(n)
a

]
= εabJ

(m+n)
b ,

[
J(m),H(n)

a

]
= εabH

(m+n)
b ,[

J(m)
a ,G(n)

bc

]
= δa(b ε c)dG

(m+n)
d ,

[
H(m)
a ,P(n)

bc

]
= 1
`2
δa(b ε c)dG

(m+n)
d ,[

P(m)
a ,J(n)

b

]
=−

(
εacP

(m+n)
cb + εabP(m+n)

cc

)
,

[
J(m),G(n)

ab

]
=−εc(aG(m+n)

b)c ,[
P(m)
a ,H(n)

b

]
=− 1

`2

(
εacG

(m+n)
cb + εabG(m+n)

cc

)
,

[
J(m),P(n)

ab

]
=−εc(aP(m+n)

b)c ,[
P(m)
a ,G(n)

bc

]
=−εa(bH(m+n)

c) ,
[
J(m)
a ,H(n)

b

]
= εabH(m+n) ,[

P(m)
a ,P(n)

bc

]
=− 1

`2
εa(bJ(m+n)

c) ,
[
G(m)
ab ,P

(n)
cd

]
= δ(a (c εd) b)H

(m+n) , (B.1)

but differ in the following commutation relations presented in table 5.
For finite values of N the difference between both spin-3 extensions of the general-

ized AdS Carroll implies that distinct sectors of the algebra are abelian. In particular, for
N = 1, the resonant S(1)

E -expansion of the spin-3 AdS algebra with the subspace decom-
position 2 produces an alternative spin-3 AdS Carroll which coincides with the hs3ppoi2

introduced in [120]. For N ≥ 2, the spin-3 algebras are new and are extension of the
hs3adscar2 algebra. For instance, for N = 2, the hs3adscar2

(2) is spanned by the set
{J,Pa,Ha,Gab,Ga,H,Ja,Pab,S,Ta,Ya,Sab} which satisfy

[J,Ga]=εabGb , [Ga,Pb]=−εabH , [H,Pa]=
1
`2
εabGb ,

[J,Pa]=εabPb , [Pa,Pb]=−
1
`2
εabJ , [H,Ja]=εabYb ,
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hs3adscar1
(N) hs3adscar2

(N)

[H(m),J(n)
a ] = εabH(m+n)

b [H(m),J(n)
a ] = εabH(m+n+1)

b

[H(m),H(n)
a ] = 1

`2 εabJ(m+n+1)
b [H(m),H(n)

a ] = 1
`2 εabJ(m+n)

b

[G(m)
a ,J(n)

b ] =−
(
εacG(m+n)

cb + εabG(m+n)
cc

) [
G(m)

a ,J(n)
b

]
=−

(
εacG(m+n+1)

cb + εabG(m+n+1)
cc

)
[G(m)

a ,H(n)
b ] =−

(
εacP(m+n+1)

cb + εabP(m+n+1)
cc

)
[G(m)

a ,H(n)
b ] =−

(
εacP(m+n)

cb + εabP(m+n)
cc

)
[J(m)

a ,P(n)
bc ] = δa(b ε c)dP(m+n)

d [J(m)
a ,P(n)

bc ] = δa(b ε c)dP(m+n+1)
d

[H(m)
a ,G(n)

bc ] = δa(b ε c)dP(m+n+1)
d [H(m)

a ,G(n)
bc ] = δa(b ε c)dP(m+n)

d

[G(m)
a ,G(n)

bc ] =−εa(b J(m+n+1)
c) [G(m)

a ,G(n)
bc ] =−εa(b J(m+n)

c)

[G(m)
a ,P(n)

bc ] =−εa(b H(m+n)
c) [G(m)

a ,P(n)
bc ] =−εa(b H(m+n+1)

c)

[H(m),G(n)
ab ] =−εc(a P(m+n+1)

b)c [H(m),G(n)
ab ] =−εc(a P(m+n)

b)c

[H(m),P(n)
ab ] =− 1

`2 εc(a G(m+n)
b)c [H(m),P(n)

ab ] =− 1
`2 εc(a G(m+n+1)

b)c

[J(m)
a ,J(n)

b ] = εabJ(m+n) [J(m)
a ,J(n)

b ] = εabJ(m+n+1)

[G(m)
ab ,G(n)

cd ] = δ(a (c εd) b)J(m+n+1) [G(m)
ab ,G(n)

cd ] = δ(a (c εd) b)J(m+n)

[H(m)
a ,H(n)

b ] = 1
`2 εabJ(m+n+1) [H(m)

a ,H(n)
b ] = 1

`2 εabJ(m+n)

[P(m)
ab ,P(n)

cd ] = 1
`2 δ(a (c εd) b)J(m+n) [P(m)

ab ,P(n)
cd ] = 1

`2 δ(a (c εd) b)J(m+n+1)

Table 5. Inequivalent commutation relations of the spin-3 extensions of the AdS Carroll algebra.

[J,Ta]=εabTb , [Ga,Gb]=−εabS , [H,Ha]=
1
`2
εabJb ,

[J,Ya]=εabYb , [Pa,Tb]=−
1
`2
εabS , [H,Ga]=εabTb ,

[J,Ha]=εabHb , [Ga,Jb]=−(εamSmb + εabSmm) , [H,Pab]=−
1
`2
εm(aS b)m ,

[J,Ja]=εabJb , [Pa,Hb]=−
1
`2

(εamGmb + εabGmm) , [Pa,Pbc]=−
1
`2
εa(bJ c) ,

[J,Pab]=−εm(aP b)m , [Pa,Jb]=−(εamPmb + εabPmm) , [Pa,Gbc]=−εa(bH c) ,

[S,Ha]=εabYb , [Ga,Hb]=−(εamPmb + εabPmm) , [H,Gab]=−εm(aP b)m ,

[S,Pa]=εabTb , [Pa,Yb]=−
1
`2

(εamSmb + εabSmm) , [Ga,Gbc]=−εa(bJ c) ,

[J,Sab]=−εm(aS b)m , [Ta,Hb]=−
1
`2

(εamSmb + εabSmm) , [Ta,Gbc]=−
1
`2
εa(bY c) ,

[J,Gab]=−εm(aG b)m , [Ja,Hb]=εabH , [Ja,Pbc]=δa(b ε c)mTm ,

[Ga,Pbc]=−εa(bY c) , [Ja,Jb]=εabS , [Ja,Gbc]=δa(b ε c)mGm ,

[S,Gab]=−εm(aS b)m , [Ha,Yb]=
1
`2
εabS , [Ha,Sbc]=δa(b ε c)mTm ,

[Pa,Sbc]=−
1
`2
εa(bY c) , [Ha,Hb]=

1
`2
εabJ , [Ha,Gbc]=δa(b ε c)mPm ,

[Ha,Pbc]=
1
`2
δa(b ε c)mGm , [Gab,Pcd]=δ(a (c εd) b)H , [Pab,Pcd]=

1
`2
δ(a (c εd) b)S ,

[Ya,Gbc]=δa(b ε c)mTm , [Gab,Gcd]=δ(a (c εd) b)J , [Gab,Scd]=δ(a (c εd) b)S .
(B.2)

The present algebra, which we denote as hs3eadscar2, contains several different commuta-
tors regarding the hs3eadscar obtained in (3.26) and (3.27). In the vanishing cosmological
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constant limit `→∞, the algebra reduces to an alternative spin-3 extended Carroll algebra
which can be seen as an extension of the hs3car2 introduced in [120].

C Explicit curvature two-forms for infinite-dimensional extensions of
spin-3 Newton-Hooke and spin-3 AdS Carroll

This appendix contains the explicit expressions of the curvature two-forms for the hs3nh
(N)

and the hs3adscar(N) algebras. For the spin-3 extension of the infinite-dimensional Newton-
Hooke algebra, the curvature two-forms read

R
(
ω(m)

)
= dω(m) + 1

2

[ N+1
2 ]∑

n,l=0

(
εacB(n)

a B(l)
c + 1

`2
εace(n)

a e(l)
c + ε(a (c δ d) b)B

(n)
ad B

(l)
cb

+ 1
`2
ε(a (c δ d) b)e

(n)
ad e

(l)
cb

)
δmn+l+1−

1
2

[ N
2 ]∑

n,l=0

(
εacω(n)

a ω(l)
c −

1
`2
εacτ (n)

a τ (l)
c

)
δmn+l

Ra
(
Bb(m)

)
= dBa(m) +

[ N
2 ]∑

n,l=0

(
εacω(n)B(l)

c + 1
`2
εacτ (n)e(l)

c + εa(c δ b)dω
(n)
d B

(l)
bc

+ 1
`2
εa(c δ b)dτ

(n)
d e

(l)
bc

)
δmn+l ,

R
(
τ (m)

)
= dτ (m) +

[ N+1
2 ]∑

n,l=0

(
εacB(n)

a e(l)
c + ε(a (c δ d) b)e

(n)
ad B

(l)
cb

)
δmn+l+1

−
[ N

2 ]∑
n,l=0

(
εacω(n)

a τ (l)
c

)
δmn+l ,

Ra
(
eb(m)

)
= dea(m) +

[ N
2 ]∑

n,l=0

(
εacω(n)e(l)

c + εacτ (n)B(l)
c + εa(c δ b)dτ

(n)
d B

(l)
bc

+εa(c δ b)dω
(n)
d e

(l)
bc

)
δmn+l ,

Ra
(
ωb(m)

)
= dωa(m) +

[ N+1
2 ]∑

n,l=0

(
εc(dB(n)

c B
a)(l)
d + 1

`2
εc(d e(n)

c e
a)(l)
d

)
δmn+l+1

+
[ N

2 ]∑
n,l=0

(
εacω(n)ω(l)

c + 1
`2
εacτ (n)τ (l)

c

)
δmn+l ,

Rab
(
Bcd(m)

)
= dBab(m) +

[ N
2 ]∑

n,l=0

(
ε(a|cω(n)B |b)(l)

c + 1
`2
ε(a|cτ (n)e |b)(l)

c + εacωb(n)B(l)
c

+ 1
`2
εacτ b(n)e(l)

c + δabεcdω(n)
c B

(l)
d + 1

`2
δabεcdτ (n)

c e
(l)
d

)
δmn+l ,
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Ra
(
τ b(m)

)
= dτa(m) +

[ N+1
2 ]∑

n,l=0

(
εc(dB(n)

c e
a)(l)
d + εc(d e(n)

c B
a)(l)
d

)
δmn+l+1

+
[ N

2 ]∑
n,l=0

(
εacω(n)τ (l)

c + εacτ (n)ω(l)
c

)
δmn+l ,

Rab
(
ecd(m)

)
= deab(m) +

[ N
2 ]∑

n,l=0

(
ε(a|cω(n)e |b)(l)

c + ε(a|cτ (n)B |b)(l)
c + εacτ b(n)B(l)

c + εacωb(n)e(l)
c

+δabεcdτ (n)
c B

(l)
d + δabεcdω(n)

c e
(l)
d

)
δmn+l . (C.1)

One can note that the vanishing cosmological constant limit `→∞ leads us to the curvature
two-forms for the hs3gal

(N) algebra. Naturally, for N =∞ we obtain the curvature for the
infinite-dimensional spin-3 Newton-Hooke. The curvatures for the spin-3 extended Newton-
Hooke along its flat limit are recovered for N = 2. For N = 4, we obtain the curvature
two-forms for the post-Newtonian extension of the spin-3 extended Newton-Hooke and
its flat limit: the spin-3 extension of the extended Newtonian symmetry which we have
denoted as hs3eNewt.

In the ultra-relativistic regime, the curvature two-forms for the spin-3 extension of the
infinite-dimensional AdS Carroll algebra are given by

R
(
ω(m)

)
= dω(m) + 1

2

[ N+1
2 ]∑

n,l=0

(
εacB(n)

a B(l)
c −

1
`2 ε

acτ (n)
a τ (l)

c + ε(a (c δ d) b)B
(n)
ad B

(l)
cb

)
δm

n+l+1

−1
2

[ N
2 ]∑

n,l=0

(
εacω(n)

a ω(l)
c + 1

`2 ε
ace(n)

a e(l)
c + 1

`2 ε
(a (c δ d) b)e

(n)
ad e

(l)
cb

)
δm

n+l

Ra
(
Bb(m)

)
= dBa(m) +

[ N
2 ]∑

n,l=0

(
εacω(n)B(l)

c + 1
`2 ε

acτ (n)e(l)
c + εa(c δ b)dω

(n)
d B

(l)
bc

+ 1
`2 ε

a(c δ b)dτ
(n)
d e

(l)
bc

)
δm

n+l ,

R
(
τ (m)

)
= dτ (m) +

[ N
2 ]∑

n,l=0

(
εacB(n)

a e(l)
c + ε(a (c δ d) b)e

(n)
ad B

(l)
cb − ε

acω(n)
a τ (l)

c

)
δm

n+l

Ra
(
eb(m)

)
= dea(m) +

[ N+1
2 ]∑

n,l=0

(
εacτ (n)B(l)

c + εa(c δ b)dτ
(n)
d B

(l)
bc

)
δm

n+l+1

+
[ N

2 ]∑
n,l=0

(
εacω(n)e(l)

c + εa(c δ b)dω
(n)
d e

(l)
bc

)
δm

n+l ,

Ra
(
ωb(m)

)
= dωa(m) +

[ N+1
2 ]∑

n,l=0

(
εc(dB(n)

c B
a)(l)

d + 1
`2 ε

acτ (n)τ (l)
c

)
δm

n+l+1

+
[ N

2 ]∑
n,l=0

(
εacω(n)ω(l)

c + 1
`2 ε

c(d e(n)
c e

a)(l)
d

)
δm

n+l ,
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Rab
(
Bcd(m)

)
= dBab(m) +

[ N
2 ]∑

n,l=0

(
ε(a|cω(n)B |b)(l)

c + 1
`2 ε

(a|cτ (n)e |b)(l)
c + εacωb(n)B(l)

c

+ 1
`2 ε

acτ b(n)e(l)
c + δabεcdω(n)

c B
(l)
d + 1

`2 δ
abεcdτ (n)

c e
(l)
d

)
δm

n+l ,

Ra
(
τ b(m)

)
= dτa(m) +

[ N
2 ]∑

n,l=0

(
εc(dB(n)

c e
a)(l)

d + εc(d e(n)
c B

a)(l)
d + εacω(n)τ (l)

c + εacτ (n)ω(l)
c

)
δm

n+l

Rab
(
ecd(m)

)
= deab(m) +

[ N+1
2 ]∑

n,l=0

(
ε(a|cτ (n)B |b)(l)

c + εacτ b(n)B(l)
c + δabεcdτ (n)

c B
(l)
d

)
δm

n+l+1

+
[ N

2 ]∑
n,l=0

(
ε(a|cω(n)e |b)(l)

c + εacωb(n)e(l)
c + δabεcdω(n)

c e
(l)
d

)
δm

n+l . (C.2)

Here, in the vanishing cosmological constant limit ` → ∞, we get the curvatures for the
spin-3 extension of the infinite-dimensional Carroll algebra. For N = 1, the curvature
two-forms correspond to the spin-3 AdS Carroll ones introduced in (5.5) along its flat
limit.

Although the differences between the curvatures for the hs3adscar
(N) and hs3nh

(N)

algebras seems subtle, they are quite different leading to diverse field equations. For N = 2,
in which the hs3nh

(N) algebra admits a non-degenerate invariant trace, the equations of
motion of the CS actions for both non-relativistic and ultra-relativistic spin-3 symmetries
are given by the vanishing of the curvatures. However, as we can notice, there are several
differences with various physical implications at the dynamical level. For instance, we
have that the cosmological term 1

`2 ε
aceaec contributes to the curvature R (ω) of the spin-3

extended AdS Carroll symmetry which in the spin-3 extended Newton-Hooke case does not
occur (see (4.5)).
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