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Abstract: We study the non-relativistic expansion of general relativity coupled to matter.

This is done by expanding the metric and matter fields analytically in powers of 1/c2

where c is the speed of light. In order to perform this expansion it is shown to be very

convenient to rewrite general relativity in terms of a timelike vielbein and a spatial metric.

This expansion can be performed covariantly and off shell. We study the expansion of

the Einstein-Hilbert action up to next-to-next-to-leading order. We couple this to different

forms of matter: point particles, perfect fluids, scalar fields (including an off-shell derivation

of the Schrödinger-Newton equation) and electrodynamics (both its electric and magnetic

limits). We find that the role of matter is crucial in order to understand the properties

of the Newton-Cartan geometry that emerges from the expansion of the metric. It turns

out to be the matter that decides what type of clock form is allowed, i.e. whether we have

absolute time or a global foliation of constant time hypersurfaces. We end by studying

a variety of solutions of non-relativistic gravity coupled to perfect fluids. This includes

the Schwarzschild geometry, the Tolman-Oppenheimer-Volkoff solution for a fluid star, the

FLRW cosmological solutions and anti-de Sitter spacetimes.
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1 Introduction

Nature is relativistic at a fundamental level but nonetheless it often effectively appears

to us as non-relativistic (NR). This typically happens in many-body or condensed mat-

ter type systems but it can also be true for gravitational phenomena. General relativity

(GR) can often be well-approximated by a theory of non-relativistic gravity such as the

post-Newtonian (PN) approximation. Hence, uncovering the mathematical description

of non-relativistic geometries, their dynamics and interaction with matter (classical and

quantum) is a very relevant subject. In this paper, building on earlier work by [1–4], we

try to systematically build up a geometrical language that allows us to formulate certain

gravitational problems in a manifestly non-relativistic manner.

This work is mainly foundational and therefore not so much concerned with applica-

tions. Nevertheless we will show that the Friedmann equations, the Tolman-Oppenheimer-

Volkoff (TOV) fluid star and the usual effects due to the Schwarzschild geometry can all

be captured by the theory of non-relativistic gravity described here. More generally we

expect this approach to be relevant whenever the gravitational interaction can effectively

be treated as instantaneous.

1.1 Background and motivation

Recent years have seen a revival in the study of non-relativistic gravity and its formulation

in terms of Newton-Cartan (NC) type geometries. NC geometry was originally introduced

by Cartan in 1923 [5, 6] (see also e.g. [7, 8]) to geometrise Newton’s laws of gravitation,

following the successful use of pseudo-Riemannian geometry in the formulation of Einstein’s

theory of general relativity. The recent developments in non-relativistic gravity have been

spurred in part by modern advances leading towards a more general understanding of non-

relativistic geometry. This includes in particular the discovery of a torsionful generalisation

of NC geometry, which allows for a non-closed clock form and was first observed as the

boundary geometry in the context of Lifshitz holography [9–11]. Besides being relevant

in various non-relativistic gravity theories (see e.g. [12–18]) this geometry, called (type I)

torsional Newton-Cartan (TNC) geometry in [4], plays an important role as the background

geometry to which non-relativistic field theories naturally couple [19–22]. It furthermore

appears in the context of non-relativistic string theory [23–27] (see also references [28–32]

for related theories involving string Newton-Cartan (SNC) geometry).

Importantly, a novel version of TNC geometry (denoted as type II) was uncovered in [4]

and shown to arise directly from a careful analysis of the large speed of light expansion

of pseudo-Riemannian geometry, as considered also in [3] following earlier work [1, 2].

Correspondingly, it was found that type II TNC geometry is the correct framework to

describe General Relativity (GR) in the non-relativistic limit. In particular, this geometry

allows us to formulate a non-relativistic gravity action [4] (see also [33, 34]) in any spacetime

dimension.1 This action has the property that the equations of motion (EOMs) contain

the Poisson equation of Newtonian gravity, thus providing for the first time an action

principle for Newton’s laws of gravity. Moreover, it generalises the latter by allowing for the

1See also [35] for a non-relativistic action using first-order formalism, and [36] for related perspectives.
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effects of gravitational time dilation due to strong gravitational fields. The connection with

Newtonian gravity follows since type II geometry (just like type I) reduces to standard NC

geometry when time is absolute. It was furthermore shown in [33] that the three classical

tests of GR, namely perihelion precession, deflection of light and gravitational red-shift,

are passed perfectly by this extension of Newtonian gravity since it includes gravitational

time dilation effects even though retaining a non-relativistic causal structure.

There are several motivations to study non-relativistic gravity as the dynamical theory

of non-relativistic geometry. First and foremost, as already mentioned above, it appears in

a 1/c2 expansion of GR and is thus a relevant limit of a celebrated and well-tested theory.

Moreover, it paves the way for a covariant formulation of the post-Newtonian expansion, to

any order in principle. Even more so, it generalises this expansion since to a given order in

1/c2 the theory retains all-order effects in Newton’s constant GN . Central to all this, is the

appearance of a symmetry principle [4, 33], which naturally arises from the 1/c2 expansion

of the Poincaré algebra. The mathematical framework is that of Lie algebra expansions2

which precisely determines the local symmetry algebra of the “effective geometry” at any

given order in 1/c2. In this way, type II TNC geometry arises from gauging a novel non-

relativistic algebra that differs from the Bargmann algebra, while gauging the Bargmann

algebra yields standard NC geometry [43]. For clarity, we emphasise here that there are

other non-relativistic gravity theories than the one considered in this paper, arising from

gauging type I or related avatars of NC geometry which, though not directly connected to

General Relativity, are interesting in their own right from a more general perspective.

Going beyond the classical level, there are even more fundamental reasons to pursue a

deeper insight into non-relativistic gravity theories, including the specific one considered in

this paper, which arises from GR. One question is whether these theories have their own UV

completion in terms of a non-relativistic quantum gravity theory. This in turn is interesting

since the construction of such non-relativistic quantum gravity theories could provide an

alternate route towards (relativistic) quantum gravity, as opposed to approaching the latter

from either the classical GR or quantum field theory perspective. In fact, the question of a

UV completion of non-relativistic gravity theories in terms of non-relativistic string theory

has recently received a lot of attention [23–29, 31, 32, 44–47]3 (see also [46, 50–53] for

a relation to double field theory). Related to this, another relevant application is that

classical non-relativistic gravity may have an important role to play in novel types of

holographic dualities (see e.g. [16, 18]). Finally, it is relevant to mention that for fixed

backgrounds, non-relativistic geometry has proven to be useful for understanding aspects

such as energy-momentum tensors, Ward identities, hydrodynamics and anomalies in the

context of non-relativistic field theories, which are ubiquitous in condensed matter and

biological systems (see e.g. [54–59]).

1.2 Outline and summary of the main results

In this paper we give a comprehensive treatment of non-relativistic gravity and its coupling

to matter as it appears from the large speed of light expansion of GR. In particular, we first

2See for example references [37–39] and also the recent applications [33, 40–42].
3These non-relativistic string theories can be considered to be the generalisation of the Gomis-Ooguri

non-relativistic action [48] (see also [49]) to arbitrary backgrounds.
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provide in section 2 a detailed treatment of various aspects of the 1/c2 expansion of GR.

We will do this both from the geometric point of view, involving expanding the Lorentzian

metric, as well as the algebraic perspective, which makes use of a Lie algebra expansion

of the Poincaré algebra. From the geometric side, it will be convenient to first write the

metric gµν in a certain “pre-non-relativistic” parameterisation as gµν = −c2TµTν + Πµν
where Tµ is the timelike vielbein and Πµν a spatial tensor, i.e. a symmetric tensor with

signature (0, 1, . . . , 1). One finds that type II TNC geometry arises from the leading order

(LO) and the next-to-leading order (NLO) fields in the 1/c2 expansion of Tµ and Πµν . In

particular, the LO fields are the timelike vielbein τµ and symmetric spatial tensor hµν with

signature (0, 1, . . . , 1) familiar from standard NC geometry. These are then accompanied

by two further gauge fields, mµ and Φµν , respectively, which appear at NLO in the 1/c2

expansion of Tµ and Πµν .

This set of four spacetime tensors, together with their gauge transformation properties

defines type II TNC. The gauge transformations consist of the 1/c2 expansions of the

diffeomorphisms of GR as well as the local Lorentz transformation that acts on Tµ and

Πµν . The latter lead to local Galilean boosts and their subleading counterparts. The

former lead to diffeomorphisms plus gauge transformations (originating from the NLO

terms in the 1/c2 expansion of the diffeomorphisms of GR) acting on the NLO fields mµ

and Φµν . We note that in NC geometry the torsion is determined by the properties of

τµ: dτ = 0 corresponds to zero torsion (absolute time), τ ∧ dτ = 0 twistless torsion (i.e.

twistless torsional Newton-Cartan (TTNC) geometry with a foliation in terms of equal

time hypersurfaces) and no condition on τ having arbitrary torsion (full TNC geometry).

Just as in [4] we distinguish between type I and type II TNC geometry. Type I

is reserved to refer to the more familiar torsional Newton-Cartan geometry that can be

viewed as originating from the gauging of the Bargmann algebra [43] while type II is

reserved for the version of Newton-Cartan geometry that originates from the gauging of

the expansion of the Poincaré algebra as discussed in [4] as well as the present paper. The

difference between the two consists of a) the gauge transformation properties of mµ and

b) the fact that in type II there is an extra field, namely Φµν which is not present in type

I TNC geometry. We note that when the clock 1-form τµ is closed the type I and type II

gauge transformations of mµ agree and that furthermore the Φµν field decouples on shell

from the equations of motion of Newton-Cartan gravity. This explains why the type II

structure was not manifestly present in older approaches to TNC gravity. Nevertheless

it is important to understand the structure of the Bianchi identities of TNC gravity as

we discuss further in appendix C.2. Type II TNC geometry arises from gauging a non-

relativistic algebra that originates from a Lie algebra expansion, which can be viewed as

tensoring the Poincaré algebra with the polynomial ring in σn, with σ ≡ c−2, truncated

at NLO order (quotienting the algebra by removing all levels strictly higher than level

1). The resulting algebra has twice as many generators as the Poincaré algebra and has

the Galilei algebra as a subalgebra, corresponding to the LO algebra (level zero). In this

algebra the mass generator N (which is the level 1 Hamiltonian) is not central anymore,

see equation (2.82) and so the Bargmann algebra is not a subalgebra.

– 3 –
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We also display the structure that follows from expanding relativistic Lagrangians in σ,

where the Lagrangians can be the Einstein-Hilbert (EH) Lagrangian itself or that of matter

coupled to GR. The resulting equations of motion exhibit a cascading structure, such that

at any given order the equations of motion include those of the previous order plus a set

of new equations for the extra fields that appear at that given order. This is an important

feature as it implies that there is a unique Lagrangian describing the geometric fields that

arise at a given order in the 1/c2 expansion and that this Lagrangian can be obtained by

computing the corresponding order in the expansion of the relativistic Lagrangian one is

interested in.

In order to perform the 1/c2 expansion of the Einstein-Hilbert Lagrangian it is very

useful to express it first in terms of the fields Tµ and Πµν . This rewriting involves the choice

of a connection that is different from the Levi-Civita connection. This new connection has

the property that at leading order in the 1/c2 expansion it provides us with a useful Newton-

Cartan connection. In this way we can rewrite the EH Lagrangian in a form that makes

it substantially easier to perform a large speed of light expansion. The general structure

and properties at any given order in the 1/c2 expansion is then studied in section 3. We

work out in detail the expansion of the EH Lagrangian up to next-to-next-to-leading order

(NNLO). The leading order action has the property that its equations of motion restrict

the clock 1-form to be hypersurface orthogonal. This means that the geometry admits a

foliation in terms of equal time hypersurfaces, with Riemannian geometry on these spatial

slices, a case that is known in the literature as TTNC geometry [9]. This result is interesting

by itself as it shows that the dynamics restricts on shell to non-relativistic geometries that

are causally well-defined (at least locally) [60]. One of the main results of the paper is

the derivation of the NNLO Lagrangian, which is the Lagrangian that involves the type

II TNC fields described above as well as NNLO fields. However we show that, in case

we truncate the expansion after the NLO, we are allowed, without loss of generality, to

impose the TTNC condition off shell via a Lagrange multiplier. We refer to the resulting

Lagrangian as non-relativistic gravity (NRG). It is presented in equation (3.29). We also

present the equations of motion that result from this action.

In our earlier paper a Lagrangian on these type II TNC fields was obtained via an-

other method, which we review here including many details that were not given in [4].

This method employs the type II TNC gauge symmetries and constructs the unique two-

derivative action respecting this symmetry, starting with the correct kinetic term required

for Newton’s law of gravitation and then completing the full action. The result is presented

in equation (3.67). We also give the resulting form of the equations of motion that fol-

low from that action. We furthermore show that, as expected, the two Lagrangians (3.29)

and (3.67) are identical. The difference between the two non-relativistic Lagrangians stems

from the fact that slightly different geometric variables are used. Depending on taste and

type of application, one can work with either one of them.

In section 4 we discuss the general properties of matter coupled to type II TNC geom-

etry. We work out the 1/c2 expansion of the energy-momentum tensor and relate this to

the responses, with respect to variations of the fields of the type II TNC geometry, of the

Lagrangians one obtains by expanding some matter Lagrangian order by order. We use

– 4 –
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this to derive the general matter coupled equations of motion for non-relativistic gravity.

We also derive the form of the Ward identities resulting from various gauge invariances.

These provide the analogue of the conservation of the relativistic energy-momentum tensor

in the non-relativistic regime. We end section 4 by specifying what happens in the simpler

case when the clock 1-form τµ is closed which leads to NC gravity. We reproduce the

well-known equations of motion of Newtonian gravity in equation (4.60).

We then proceed with a detailed analysis of the non-relativistic expansion and coupling

of various types of well-known relativistic matter systems in section 5. In this section it

will become clear that it is the matter sector that decides whether the geometry must have

a closed clock 1-form, i.e. no torsion or whether TTNC geometry is allowed. We start with

the simplest case, namely that of a point particle. Already here the expansion exhibits a

rich structure, revealing that there are two distinct cases depending on whether one has

absolute time or one considers the more general case of TTNC geometry. For both cases

the geodesic equation is obtained. We briefly consider the case of adding an electric charge

and the role of the Lorentz force. As an illustration of the difference between Lorentzian

and Newton-Cartan geometries and the role of geodesics we also include a brief analysis

of two-dimensional Rindler spacetime. Here, we will also see an example of the fact that

because of the analytic structure of the 1/c2 expansion, given a relativistic spacetime and

two different charts that are related by a diffeomorphism that is not analytic in c, the 1/c2

expansion of the two charts will give rise to distinct, i.e. non-gauge equivalent charts of

two non-relativistic spacetimes.

After this we treat the expansion of perfect fluids and show that there are different

regimes depending on how we expand the energy and pressure as a function of 1/c2. We

then turn to various important field theory examples, namely the case of a complex and a

real scalar field as well as electrodynamics. In the case of a complex scalar field we show how

we can expand this in 1/c2 such that we end up with the Lagrangian for the Schrödinger-

Newton equation. This novel off shell description of the Schrödinger-Newton system in-

cludes fields whose equations of motion tell us that the clock 1-form must be closed. In the

case of electrodynamics it is well-known that there are two limits, a magnetic and an elec-

tric limit depending on how we expand the gauge connection. We discuss the Lagrangian

descriptions of both the magnetic and the electric expansion of Maxwell’s theory.

A detailed and more extensive study of solutions is left for the future, but we conclude

the paper by presenting some of the simplest solutions of the non-relativistic gravity ac-

tion in section 6. In our list of solutions we first discuss two different expansions of the

Schwarzschild solution depending on whether we treat the mass parameter as constant or

as being of order c2 when we expand in 1/c2, following [3]. In the former case we obtain

the well-known NC solution for a massive point particle while in the latter case we find a

non-trivial TTNC geometry with spherical symmetry. We then proceed by studying the

geodesics in this spherically symmetric TTNC background and we observe that the geodesic

equations of motion for orbital motion around a centre are the same as in GR. This can be

used to show that we can describe the three classical tests of GR using this non-relativistic

perspective [33]. Next we obtain the non-relativistic analogue of the TOV equation. The

main result here is that the resulting equations are again the same as in GR. Thus, the

– 5 –
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physical structure of fluid stars can be correctly described by non-relativistic gravity. We

conclude by analysing cosmological Friedmann-Lemâıtre-Robertson-Walker (FLRW) met-

ric solutions for which it is shown that, in parallel with the results above for massive

objects, non-relativistic gravity yields the same Friedmann equations as one would obtain

from GR. We end the section with some comments about the NR expansion of anti-de

Sitter (AdS) spacetime in various coordinates.

The paper is concluded with a discussion and outlook in section 7.

Many of the more technical details are collected in various appendices. In appendix A

we discuss our notation and conventions. Appendix B provides a review of the main ele-

ments of type I TNC geometry. Newtonian gravity is presented in C. This appendix also

includes a discussion about the null reduction of GR (which is invariant under type I NC

gauge transformations) to contrast it with Newtonian gravity. We present an argument

showing that Newtonian gravity cannot originate from a type I NC gauge invariant the-

ory. Appendix D contains a collection of many useful identities in TNC geometry without

restriction on the type of clock 1-form we use. A large number of variational identities, nec-

essary for obtaining the equations of motion of the non-relativistic Lagrangians discussed

in the main text are also collected in appendix D. The final appendix E contains many

useful results that apply to TTNC geometries.

2 Expansion generalities

In this first section we set up the framework for working with 1/c2 expansions of field

theories and geometry in a systematic way. A very useful so-called “pre-non-relativistic”

parameterisation of Lorentzian geometry is defined. This gives a convenient starting point

for studying non-relativistic (NR) expansions of the geometry in both vielbein and metric

formalisms. We then continue to show that a 1/c2 expansion of a Cartan connection

taking values in the Poincaré algebra reveals the underlying NR local symmetry algebra of

non-relativistic gravity (NRG). With the tools needed to study 1/c2 expansions of general

Lagrangians then fully developed, we are prepared for tackling the Einstein-Hilbert (EH)

Lagrangian and general relativity (GR). Finally, we also study Ward identities (WIs) and

equations of motion (EOMs) in “pre-non-relativistic” parameterisation.

2.1 Non-relativistic expansions

The distinguishing feature of non-relativistic (NR) physics is that in tangent space the

light-cone is flattened out completely because of the causal structure of spacetime. In

Lorentzian geometry the slope of the light-cone is 1/c, with c denoting the speed of light.

This means that in order to relate this to non-relativistic physics we need to perform an

expansion around c = ∞. With c being dimensionful, what is meant more precisely by

this statement is that we set c = ĉ/
√
σ, with σ a small dimensionless parameter which in

the non-relativistic expansion is expanded around 0. For convenience we choose units in

which ĉ = 1. We will consider in this paper the most conventional case of expanding in

even powers of 1/c, i.e. in σ = 1/c2. Thus, up to an overall factor of c to some power,

– 6 –



J
H
E
P
0
6
(
2
0
2
0
)
1
4
5

actions and equations of motion of relativistic gravity and matter theories are studied in a

1/c2 expansion.4

We begin by discussing some general considerations related to the expansions of the

fields [34]. Our starting assumption is that, up to an overall power of c which will be

factored out, any field φI(x;σ) (with I a shorthand for all spacetime and/or internal indices)

is analytic in σ such that it enjoys a Taylor expansion around σ = 0,

φI(x;σ) = φI(0)(x) + σφI(2)(x) + σ2φI(4)(x) +O(σ3) , (2.1)

where φI(n)(x) indicates that this is the coefficient of c−n. We will apply this expansion to

both the spacetime fields of relativistic gravity as well as other types of relativistic (bosonic)

fields that couple to relativistic geometry.

The first main interest of this paper is to consider the expansion of general relativity

(GR) itself, and hence we first turn to applying it to the fields characterising a (d + 1)-

dimensional Lorentzian manifold, which are taken here to be the relativistic vielbeine EAµ ,

with spacetime indices µ = 0 . . . d and tangent space indices A = 0 . . . d. Importantly, we

need to explicitly choose the overall factors of c in these, such that the remaining fields have

the expansion (2.1) starting at order σ0. The light-cone structure of the spacetime implies

that the timelike vielbeine should scale different with c as compared to the spacelike ones.

Thus we write the vielbeine and their inverses as

EAµ = cTµδ
A
0 + EaµδAa , (2.2)

EµA = −c−1Tµδ0A + Eµa δaA , (2.3)

where the flat metric is ηAB = diag (−1, 1, . . . , 1). Hence the spatial tangent space indices

a, b are raised and lowered with the Kronecker delta. We will denote this way of parame-

terising the vielbeine as the pre-non-relativistic parameterisation of Lorentzian geometry.

The fields Tµ, T
µ, Eaµ, Eµa are assumed to be analytic in σ = 1/c2 and exhibit the Taylor ex-

pansion (2.1). Since the relativistic vielbeine satisfy the completeness relations EµAE
A
ν = δµν

and EµBE
A
µ = δAB we have the relations

TµEµa = 0 , TµEaµ = 0 , TµT
µ = −1 , Eµa Ebµ = δba , Eµa Eaν = δµν + TµTν . (2.4)

The vielbeine transform under the gauge transformations of general relativity as

δEAµ = LΞE
A
µ + ΛABE

B
µ , where Ξµ is a vector field generating the diffeomorphisms and

ΛAB = c−1Λbδ
A
0 δ

b
B+c−1ΛaδAa δ

0
B+Λabδ

A
a δ

b
B corresponds to the generator of infinitesimal lo-

cal Lorentz transformations, where ΛAB = −ΛBA and where we defined Λ0
b = c−1Λb. The

factors of c−1 follow from demanding that the local Lorentz transformations respect the ap-

pearance of c in (2.2) and (2.3). The inverse vielbeine transform as δEµA = LΞE
µ
A−ΛBAE

µ
B.

We thus find

δTµ = LΞTµ + c−2ΛbEbµ , (2.5)

δEaµ = LΞEaµ + ΛaTµ + ΛabEbµ , (2.6)

δTµ = LΞT
µ + ΛbEµb , (2.7)

δEµa = LΞEµa − ΛbaEµb + c−2ΛaT
µ . (2.8)

4See [61] for a study that also includes odd powers in 1/c.
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In terms of the geometric fields defined in (2.2), (2.3), the Lorentzian metric and its

inverse take the form

gµν ≡ ηABE
A
µE

B
ν = −c2TµTν + δabEaµEbν , (2.9)

gµν ≡ ηABEµAE
ν
B = − 1

c2
TµT ν + δabEµa Eνb . (2.10)

We will define the spatial part of the metric and its inverse as

Πµν ≡ δabEµa Eνb , Πµν ≡ δabEaµEbν . (2.11)

These transform under the gauge transformations as

δΠµν = LΞΠµν + ΛaTµEaν + ΛaTνEaµ , (2.12)

δΠµν = LΞΠ
µν + c−2ΛaTµEνa + c−2ΛaT νEµa . (2.13)

Note that we have the relations

TµΠ
µν = 0 , TµΠµν = 0 , TµT

µ = −1 , ΠµρΠ
ρν = δνµ + T νTµ . (2.14)

We will see in section 2.6 that the pre-non-relativistic form of the metric in (2.9) enables

to recast GR in a form that significantly simplifies its non-relativistic expansion.

The main goal at this stage is thus to rewrite GR in terms of fields whose 1/c expan-

sion starts at order c0 and whose leading order fields are unconstrained. Note that the

metric (2.9) does not satisfy these criteria because gµν starts at order c2 with a leading

order term that is constrained to be a product of two 1-forms. We thus need to write the

Einstein-Hilbert (EH) Lagrangian in terms of the fields Tµ and Πµν . To this end it will

prove convenient to work with a different connection than the usual Levi-Civita connection

and consider what happens to the curvature of the spacetime with explicit factors of c

appearing due to (2.9). In the following we will denote the power in 1/c with an overscript

and leave the fields Tµ and Eaµ unexpanded (see also appendix A for notation conventions).

We can write the Christoffel connection Γρµν = 1
2g
ρλ (∂µgνλ + ∂νgµλ − ∂λgµν) as

Γρµν = c2
(−2)

Cρµν +
(0)

Cρµν + c−2
(2)

Cρµν . (2.15)

Here we define
(0)

Cρµν ≡ Cρµν + Sρµν , (2.16)

with Cρµν the “pre-non-relativistic” connection

Cρµν = −T ρ∂µTν +
1

2
Πρσ (∂µΠνσ + ∂νΠµσ − ∂σΠµν) , (2.17)

and the remaining terms given by

(−2)

Cρµν =
1

2
TµΠ

ρσ (∂σTν − ∂νTσ) +
1

2
TνΠ

ρσ (∂σTµ − ∂µTσ) , (2.18)

Sρµν =
1

2
T ρ (∂µTν − ∂νTµ − TµLTTν − TνLTTµ) , (2.19)

(2)

Cρµν =
1

2
T ρLTΠµν , (2.20)
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where all the Lie derivatives are with respect to Tµ. We emphasise that there is still the

implicit c dependence of the background fields, which will be dealt with later.

It will be useful in the following to use the torsionful connection Cρµν in (2.17) for

calculating covariant derivatives. We denote this by
(C)

∇µ and the associated Riemann tensor
(C)

Rµνρ
σ is defined in the usual way. The covariant derivative

(C)

∇µ obeys

(C)

∇µTν = 0 ,
(C)

∇µΠ
νρ = 0 ,

(C)

∇µT
ν =

1

2
ΠνρLTΠρµ ,

(C)

∇µΠνρ = T(νLTΠρ)µ . (2.21)

The Ricci tensor Rµν associated with the Levi-Civita connection is 1/c2-expanded as

Rµν = c4
(−4)

Rµν + c2
(−2)

Rµν +
(0)

Rµν + c−2
(2)

Rµν , (2.22)

where

(−4)

Rµν =
1

4
TµTνΠ

αβΠρσTαρTβσ , (2.23)

(−2)

Rµσ =
(C)

∇ν

(−2)

Cνµσ +
(−2)

CλµσS
ν
νλ −

(−2)

CνµλS
λ
νσ −

(−2)

CλνσS
ν
µλ − 2Cλ[µν]

(−2)

Cνλσ , (2.24)

(0)

Rµσ =
(C)

Rµσ −
(−2)

Cνµλ
(2)

Cλνσ −
(−2)

Cνσλ
(2)

Cλνµ −
(C)

∇µS
ν
νσ +

(C)

∇νS
ν
µσ − 2Cλ[µν]S

ν
λσ , (2.25)

(2)

Rµσ =
(C)

∇ν

(2)

Cνµσ . (2.26)

It is useful to note from (2.19) that SρµνT ν = 0 and that the C-connection satisfies

Cρρν = −LTTν + ∂ν log
√

−det (−TαTβ +Παβ) . (2.27)

One can furthermore derive that the components of the Ricci tensor obey

Πµν
(−2)

Rµν =
1

2
ΠαβΠρσTαρTβσ , (2.28)

TµT ν
(−2)

Rµν = 0 , (2.29)

Πµν
(0)

Rµν = Πµν
(C)

Rµν , (2.30)

TµT ν
(0)

Rµν = TµT ν
(C)

Rµν , (2.31)

Πµν
(2)

Rµν = 0 , (2.32)

TµT ν
(2)

Rµν = 0 , (2.33)

where we defined

Tµν ≡ ∂µTν − ∂νTµ . (2.34)

Identities (2.29), (2.30) are only true up to a total derivative and we point out that inte-

gration by parts gives an extra term proportional to torsion:

E−1∂µ (EX
µ) =

(C)

∇µX
µ + TµνT

µXν , (2.35)
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for any vector field Xµ and where the integration measure is given by

cE ≡ √−g = c
√

−det (−TαTβ +Παβ) . (2.36)

It follows that the Ricci scalar associated with the Levi-Civita connection takes the follow-

ing form when expressed in terms of pre-non-relativistic fields and the C-connection

R =
c2

4
ΠµνΠρσTµρTνσ +Πµν

(C)

Rµν −
1

c2
TµT ν

(C)

Rµν . (2.37)

This result will be useful when we expand the Einstein-Hilbert Lagrangian in section 2.6.

2.2 Vielbeine

By assumption the fields are taken to be analytic in σ = 1/c2 and they thus admit a Taylor

expansion. For the vielbeine this means that they can be expanded to subleading orders as

Tµ = τµ + c−2mµ + c−4Bµ +O(c−6) , (2.38)

Eaµ = eaµ + c−2πaµ +O(c−4) . (2.39)

For the inverse vielbeine we have

Tµ = vµ + c−2
(

vµvρmρ − eµb v
ρπbρ

)

+O(c−4) , (2.40)

Eµa = eµa + c−2
(

vµma − eµc e
ρ
aπ

c
ρ

)

+O(c−4) , (2.41)

where ma ≡ eρamρ as well as the 1/c2 expansion of the completeness relations (2.4). The

leading order fields in (2.38), (2.39) satisfy the completeness relations

τµe
µ
a = 0 , vµeaµ = 0 , τµv

µ = −1 , eµae
b
µ = δba , eµae

a
ν = δµν + vµτν , (2.42)

which are simply the leading order counterparts of (2.14).

Let us now turn our attention towards the gauge transformation of the various fields.

The components of the infinitesimal local Lorentz transformation ΛAB and diffeomorphism

generating vector Ξµ are expanded as

Ξµ = ξµ + c−2ζµ +O(c−4) , (2.43)

Λa = λa + c−2ηa +O(c−4) , (2.44)

Λab = λab + c−2σab +O(c−4) , (2.45)

where Λa0 = c−1Λa. This ensures that the gauge transformations respect the 1/c2 expan-

sion of the fields. The interpretation is that ξµ is a diffeomorphism generating vector field,

while ζµ (being subleading) generates gauge transformations that act on the subleading

fields mµ and πaµ. They will be studied in more detail below. In particular, we will see that

λa is a local Galilean (Milne) boost and ηa its subleading version, while the parameter λab
corresponds to a local spatial rotation and σab its subleading version.

It is important to realise that because of the analytic structure of the 1/c2 expansion,

given a relativistic spacetime and two different charts that are related by a diffeomorphism
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that is not analytic in c, the 1/c2 expansion of the two charts will give rise to distinct, i.e.

non-gauge equivalent charts of two non-relativistic spacetimes. We shall give two examples

of this in sections 5.2.1 and 6.6 for the 1/c2 expansion of 2-dimensional Rindler spacetime

and of anti-de Sitter (AdS) spacetime in any dimension.

Expanding the parameters and fields in (2.5)–(2.6) leads to the following transforma-

tions deduced from collecting terms order by order in 1/c2:

δτµ = Lξτµ , (2.46)

δmµ = Lξmµ + Lζτµ + λae
a
µ , (2.47)

δeaµ = Lξeaµ + λaτµ + λabe
b
µ , (2.48)

δπaµ = Lξπaµ + Lζeaµ + λamµ + ηaτµ + λabπ
b
µ + σabe

b
µ . (2.49)

For the inverse vielbeine the leading order terms transform as

δvµ = Lξvµ + λaeµa , (2.50)

δeµa = Lξeµa + λa
beµb . (2.51)

In appendix B we give a review of (torsional) Newton-Cartan (NC) geometry.5 By

contrasting this with the 1/c2 expansion of a Lorentzian geometry we see from (2.46)–

(2.49) that there are two noticeable differences. The first one is the transformation rule for

mµ. This agrees with equation (B.3) only when τµ is closed. Secondly the 1/c2 expansion

gives us a new field, namely πaµ. For these reasons we will refer to the geometry originating

from the 1/c2 expansion as type II NC geometry and the version of NC geometry reviewed

in appendix B as type I NC geometry.

2.3 Metric

In section 2.2 we found that Tµ, T
µ are expanded as in equations (2.38) and (2.40), respec-

tively. The fields Πµν , Π
µν , defined in (2.11), admit the following 1/c2 expansions

Πµν = hµν + c−2Φµν +O(c−4) , (2.52)

Πµν = hµν + c−2
(

2hρ(µvν)mρ − hµρhνσΦρσ

)

+O(c−4) , (2.53)

where we defined, in terms of the vielbeine of section 2.2, the spacetime tensors

hµν = δabe
a
µe
b
ν , (2.54)

hµν = δabeµae
ν
b , (2.55)

Φµν = δab

(

eaµπ
b
ν + eaνπ

b
µ

)

. (2.56)

With these conventions the expansion of the metric (2.9) can be written concisely as

gµν = −c2τµτν + h̄µν + c−2Φ̄µν +O(c−4) , (2.57)

gµν = hµν − c−2
(

v̂µv̂ν + hµρhνσΦ̄ρσ
)

+ c−4
(

2v̂µv̂νΦ̂ + Y µν
)

+O(c−6) , (2.58)

5The relation between the vielbeine eaµ and hµν used in appendix B is given in the equation (2.54).

Equation (2.55) gives a similar result for the inverses.
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where we defined the tensors

h̄µν ≡ hµν − 2τ(µmν) , (2.59)

v̂µ ≡ vµ − hµρmρ , (2.60)

Φ̂ ≡ −vµmµ +
1

2
hµνmµmν , (2.61)

Φ̄µν ≡ Φµν −mµmν − 2B(µτν) , (2.62)

and we have

τµτνY
µν = 0 . (2.63)

We will not need any other components of Y µν . Notice that the contribution from the

O(c−4) term in Tµ, the next-to-next-to-leading order (NNLO) field Bµ, enters in Φ̄µν .

The leading order (LO) terms in the expansion of the metric and its inverse define the

metric structures of the non-relativistic geometry. This is thus given by the clock form via

τµτν and the inverse spatial metric hµν which has rank d and thus one zero eigenvalue.

Its kernel is spanned by τµ. The objects vµ and hµν are not metric tensors because they

transform under the Milne boosts with parameter λa as can be seen from equations (2.48)

and (2.50). We have the Milne boost invariant relations

τµh
µν = 0 , vµhµν = 0 , τµv

µ = −1 , hµρh
ρν = δνµ + vντµ . (2.64)

The next-to-leading order (NLO) fields mµ, Φµν are to be thought of as gauge fields in this

context. The 1-form mµ is related to the Newtonian potential

Φ ≡ −vµmµ . (2.65)

The NLO field Φµν is less well-known but also appeared in our previous work [4].

Under a diffeomorphism generated by Ξµ the metric transforms as δgµν = LΞgµν .

Expanding the transformation of the metric using Ξµ as given by (2.43) we find that the

fields in the expansions (2.57)–(2.58) transform as

δτµ = Lξτµ , (2.66)

δh̄µν = Lξh̄µν − τµLζτν − τνLζτµ , (2.67)

δhµν = Lξhµν , (2.68)

δv̂µ = Lξ v̂µ − hµρLζτρ , (2.69)

δΦ̂ = LξΦ̂− v̂µLζτµ , (2.70)

δΦ̄µν = LξΦ̄µν + Lζ h̄µν . (2.71)

Some of the fields appearing in the expansion of the vielbeine transform under Milne boosts

with parameter λa. The combinations h̄µν , v̂
µ and Φ̄µν that appear in the metric are all

Milne boost invariant. In fact they are also invariant under the spatial rotations λab and the

subleading transformations with parameters ηa and σab that appear in the transformation

of πaµ.
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Depending on the setting we will either work with the fields that appear in the expan-

sions of Tµ and Πµν , i.e. τµ, mµ, hµν and Φµν or we will work with the fields that appear

in the expansion of the metric, i.e. τµ, h̄µν and Φ̄µν . The transformations of the first set of

fields can be readily found from the results in this and the previous section and we have

δhµν = Lξhµν + τµλν + τνλµ , (2.72)

δmµ = Lξmµ + λµ + ∂µΛ− Λaµ + hρσζσ (∂ρτµ − ∂µτρ) , (2.73)

δΦµν = LξΦµν + 2λa

(

τ(µπ
a
ν) +m(µe

a
ν)

)

+ 2ηae
a
(µτν) + 2ΛKµν + ∇̌µζν + ∇̌νζµ , (2.74)

where λµ ≡ eaµλa is the Galilean boost parameter which obeys vµλµ = 0, ηa is the parameter

for subleading boosts and where we wrote the subleading diffeomorphisms ζµ as

ζµ = −Λvµ + hµνζν . (2.75)

We furthermore defined the torsion vector

aµ ≡ Lvτµ , (2.76)

and the extrinsic curvature

Kµν ≡ −1

2
Lvhµν . (2.77)

It is convenient to define a covariant derivative with respect to the torsionful connection

Γ̌ρµν defined as the leading order of Cρµν (2.17):

Γ̌ρµν ≡ Cρµν
∣

∣

σ=0
= −vρ∂µτν +

1

2
hρσ (∂µhνσ + ∂νhµσ − ∂σhµν) . (2.78)

This is the minimal collection of terms that transforms as an affine connection under dif-

feomorphisms, the remaining terms in the expansion of the Levi-Civita connection are

tensorial. Γ̌ρµν is a Newton-Cartan metric compatible connection satisfying the proper-

ties (D.2)–(D.5), but it does transform under local Galilean boosts.

2.4 Poincaré algebra

It is well-known that the properties of Lorentzian geometry can be understood by starting

from a Cartan connection that takes values in the Poincaré algebra. It is therefore natural to

study the 1/c2 expansion from this algebraic point of view using the method of Lie algebra

expansions. The latter has been considered e.g. in [37–39] and recently been applied to the

1/c2 expansion of the Poincaré algebra in [33] and subsequently in [40, 41, 62].

Writing the Poincaré generators as TI = {H,Pa, Ba, Jab}, where H is the Hamiltonian,

Pa the spatial momenta, Ba the Lorentz boost and Jab the spatial rotations and re-instating

all factors of σ in the structure constants, the Poincaré algebra becomes

[H,Ba] = Pa , [Pa, Bb] = σδabH [Ba, Bb] = −σJab ,
[Jab, Pc] = δacPb − δbcPa , [Jab, Bc] = δacBb − δbcBa ,

[Jab, Jcd] = δacJbd − δbcJad − δadJbc + δbdJac . (2.79)
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The Cartan connection is

Aµ = HTµ + PaEaµ +BaΩµ
a +

1

2
JabΩµ

ab , (2.80)

where the boost connection Ωµ
a and rotation connection Ωµ

ab together form the usual

Lorentz connection. Let us schematically write this as Aµ = TIAI
µ. If we now expand the

gauge connections AI
µ =

∑∞
n=0 σ

n
(2n)

AI
µ then we obtain the new generators T

(n)
I ≡ TI ⊗ σn,

where n ≥ 0 will be referred to as the level. One then obtains an algebra by expanding in

the basis of generators T (n), with nonzero commutation relations of the form [33]

[

H(m), B(n)
a

]

= P (m+n)
a ,

[

P (m)
a , B

(n)
b

]

= δabH
(m+n+1)

[

B(m)
a , B

(n)
b

]

= −J (m+n+1)
ab ,

[

J
(m)
ab , P (n)

c

]

= δacP
(m+n)
b − δbcP

(m+n)
a ,

[

J
(m)
ab , B(n)

c

]

= δacB
(m+n)
b − δbcB

(m+n)
a ,

[

J
(m)
ab , J

(n)
cd

]

= δacJ
(m+n)
bd − δbcJ

(m+n)
ad − δadJ

(m+n)
bc + δbdJ

(m+n)
ac . (2.81)

We can quotient out all generators with level n > L for some L which amounts to

truncating the 1/c2 expansion. At the lowest level L = 0 the algebra is isomorphic to

the Galilean algebra when identifying H ≡ H(0), Pa ≡ P
(0)
a , Ga ≡ B

(0)
a , Jab ≡ J

(0)
ab , where

Ga is the Galilean boost generator. At the next level L = 1 we have furthermore the

generators N ≡ H(1), Ta ≡ P
(1)
a , Ba ≡ B

(1)
a , Sab ≡ J

(1)
ab . Written out in detail the non-zero

commutation relations of the algebra obtained by modding out all levels n > 1 are

[H ,Ga] = Pa , [Pa , Gb] = Nδab ,

[N ,Ga] = Ta , [H ,Ba] = Ta , [Sab , Pc] = δacTb − δbcTa ,

[Sab , Gc] = δacBb − δbcBa , [Ga , Gb] = −Sab ,
[Jab , Xc] = δacXb − δbcXa , (2.82)

[Jab , Jcd] = δacJbd − δbcJad − δadJbc + δbdJac ,

[Jab , Scd] = δacSbd − δbcSad − δadSbc + δbdSac ,

where Xa denotes Pa, Ta, Ga and Ba.

In particular one finds that N = H(1) is not central and the Bargmann algebra is not a

subalgebra. This algebra was determined in [4] to be the relevant local symmetry algebra

of type II Newton-Cartan geometry. As pointed out in [33], the fact that one does not

get the Bargmann algebra, gives a group theoretical perspective on the difference between

type I and type II Newton-Cartan geometry.

Let us briefly review how we can obtain type II NC geometry by gauging (2.82). This

procedure has previously been studied in [12, 43] for other local symmetry algebras and is

a powerful way to construct relevant non-relativistic geometries.6 Consider first a Cartan

connection Aµ that takes values in the algebra (2.82):

Aµ = Hτµ + Pae
a
µ +Nmµ + Taπ

a
µ +Gaωµ

a +BaΩµ
a +

1

2
Jabωµ

ab +
1

2
SabΩµ

ab , (2.83)

6See also [63] on gauging of the Schrödinger algebra.
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whose adjoint transformation is given by

δAdAµ = ∂µΛ + [Aµ ,Λ] = HδAd τµ + PaδAd e
a
µ +NδAdmµ + TaδAd π

a
µ + . . . , (2.84)

where δAd denotes the adjoint transformations. Define a new set of transformations via

δτµ = δAd τµ − ξνRµν(H) , (2.85)

δeaµ = δAd e
a
µ − ξνRµν

a(P ) , (2.86)

δmµ = δAdmµ − ξνRµν(N)− ζνRµν(H) , (2.87)

δπaµ = δAd π
a
µ − ξνRµν

a(T )− ζνRµν
a(P ) . (2.88)

In here Rµν(X) denotes a curvature corresponding to generator X, defined by

Fµν = ∂µAν − ∂νAµ + [Aµ , Aν ]

= HRµν(H) + PaRµν
a(P ) +NRµν(N) + TaRµν

a(T ) + . . . , (2.89)

from which the Rµν(X)’s can be determined. Without loss of generality7 as there as many

parameters we can take for Λ (appearing in the adjoint transformation) the following gauge

transformation

Λ = Hξντν + Paξ
νeaν +N (ξνmν + ζντν) + Ta (ξ

νπaν + ζνeaν) +Ga (ξ
νων

a + λa)

+Ba (ξ
νΩν

a + ζνων
a + ηa) +

1

2
Jab

(

ξνων
ab + λab

)

+
1

2
Sab

(

ξνΩν
ab + ζνων

ab + σab
)

. (2.90)

If we now compute δτµ etc as defined in (2.85)–(2.88) we reproduce the transformations of

τµ, mµ, e
a
µ and πaµ given in equations (2.46)–(2.49). This shows that the 1/c2 expansion

of Lorentzian geometry to subleading order can be viewed as the gauging of the level 1

expansion of the Poincaré algebra. More generally, this procedure can be used to any order

in the 1/c2 expansion to obtain the relevant geometric fields describing gravity to that

particular order.

2.5 Lagrangians

We now present the systematics of the 1/c2 expansion of a given theory at the Lagrangian

level. Consider a Lagrangian that is a function of some field φ(x;σ) and its derivatives, i.e.

L = L(σ, φ, ∂µφ) where we also allow for an explicit dependence on the speed of light. We

now want to expand the Lagrangian and φ according to (2.1). Further below we generalise

this to a Lagrangian depending on multiple fields. The explicit σ dependence can for

example come from the expansion of the background metric or matter fields as well as

from parameters appearing in the kinetic or potential terms. Assuming the overall power

of the Lagrangian is σ−N/2 = cN , we define L̃(σ) = σN/2L(σ, φ, ∂µφ) such that L̃ starts at

order zero. Now we can Taylor expand L̃(σ) around σ = 0, i.e.

L̃(σ) = L̃(0) + σL̃′(0) +
1

2
σ2L̃′′(0) +O(σ3) , (2.91)

7Note that this is related by a redefinition of parameters to an arbitrary linear combination of the gen-

erators.
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where the prime denotes differentiation with respect to σ. We have

d

dσ
=

∂

∂σ
+
∂φ

∂σ

∂

∂φ
+
∂∂µφ

∂σ

∂

∂∂µφ
, (2.92)

so that

L̃(σ) = L̃(0) + σ

(

∂L̃
∂σ

+
∂φ

∂σ

∂L̃
∂φ

+
∂∂µφ

∂σ

∂L̃
∂∂µφ

)∣

∣

∣

∣

∣

σ=0

+ · · · (2.93)

= L̃(0) + σ

(

∂L̃
∂σ

|σ=0 + φ(2)
∂L̃(0)
∂φ(0)

+ ∂µφ(2)
∂L̃(0)
∂∂µφ(0)

)

+ · · · . (2.94)

Hence we can write an expansion in σ = 1/c2 as

L(c2, φ, ∂µφ) = cN L̃(σ) = cN
(−N)

LLO + cN−2
(2−N)

LNLO + cN−4
(4−N)

LNNLO +O(cN−6) , (2.95)

where all the c-dependence is in the prefactors. The task is then to determine the coeffi-

cients. These can be found to be given by

(−N)

LLO = L̃(0) =
(−N)

LLO(φ(0), ∂µφ(0)) , (2.96)

(2−N)

LNLO = L̃′(0) =
∂L̃
∂σ

∣

∣

∣

∣

∣

σ=0

+ φ(2)
∂

(−N)

LLO

∂φ(0)
+ ∂µφ(2)

∂
(−N)

LLO

∂∂µφ(0)

=
∂L̃
∂σ

∣

∣

∣

∣

∣

σ=0

+ φ(2)
δ
(−N)

LLO

δφ(0)
. (2.97)

Hence we see that the equation of motion (EOM) of the subleading field of the subleading

action is the EOM of the leading field of the leading action. A very similar calculation

gives for the NNLO Lagrangian

(4−N)

LNNLO=
1

2
L̃′′(0)=

1

2

∂2L̃
∂σ2

∣

∣

∣

∣

∣

σ=0

+φ(2)
δ

δφ(0)

∂L̃
∂σ

|σ=0+φ(4)
δ
(−N)

LLO

δφ(0)

+
1

2

[

φ2(2)
∂2

(−N)

LLO

∂φ2(0)
+2φ(2)∂µφ(2)

∂2
(−N)

LLO

∂φ(0)∂(∂µφ(0))
+∂µφ(2)∂νφ(2)

∂2
(−N)

LLO

∂(∂µφ(0))∂(∂νφ(0))

]

.

(2.98)

The second line forms the second variation of the LO Lagrangian and is a quadratic form

involving the Hessian of the LO Lagrangian. It can be shown that

δ
(4−N)

LNNLO

δφ(2)
=
δ

(2−N)

LNLO

δφ(0)
. (2.99)

Combining this with the fact that the EOM of φ(4) gives the EOM of the LO Lagrangian

we see that the NNLO Lagrangian reproduces all of the EOM of the NLO Lagrangian.
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When there is more than one field φ then we also get mixed derivatives of the LO

Lagrangian in the second line of (2.98). We can generalise the result by adding an index I

to φ as follows at NNLO

(4−N)

LNNLO =
1

2
L̃′′(0) =

1

2

∂2L̃
∂σ2

|σ=0 + φI(2)
δ

δφI(0)

∂L̃
∂σ

|σ=0 + φI(4)
δ
(−N)

LLO

δφI(0)
+

1

2

[

φI(2)φ
J
(2)

∂2
(−N)

LLO

∂φI(0)∂φ
J
(0)

+ 2φI(2)∂µφ
J
(2)

∂2
(−N)

LLO

∂φI(0)∂(∂µφ
J
(0))

+ ∂µφ
I
(2)∂νφ

J
(2)

∂2
(−N)

LLO

∂(∂µφI(0))∂(∂νφ
J
(0))

]

, (2.100)

and similar at pre-leading orders.

The expansion can be straightforwardly extended to include higher orders in σ. Doing

so we will find relations analogous to (2.99), i.e. lower-order EOM are reproduced when

going to higher orders.

2.6 Einstein-Hilbert Lagrangian

As a first step towards a 1/c2 expansion of the Einstein-Hilbert (EH) Lagrangian, we must

discuss its dimensionful normalisation. When we write gµν in terms of Tµ and Πµν the line

element maintains its property that its dimension is L2 with L = length. Thus Tµdx
µ has

the dimension of length (if we set ĉ = 1) or time (if we keep ĉ) and Πµνdx
µdxν has the

dimension of L2. The measure Eddxdt defined in (2.36) has dimensions TLd. Since we

have
√−g = cE we take the EH action to be

S =
c3

16πGN

∫

ddxdt
√−gR . (2.101)

Using the results of section 2.1, in particular equation (2.37), we find that the EH La-

grangian can now be written as

LEH =
c6

16πGN
L̃(σ, T,Π, ∂) , (2.102)

where L̃(σ, T,Π, ∂) only depends on fields analytic in σ. The prefactor of c6 follows from

the fact that the Ricci scalar is order c2 and
√−g is order c. In here L̃ can be written as

L̃ = E

[

1

4
ΠµνΠρσTµρTνσ + σΠµν

(C)

Rµν − σ2TµT ν
(C)

Rµν

]

. (2.103)

This is the form of the EH Lagrangian to which we can apply the results (2.95)–(2.100).

At this stage, without the expansion of the fields Tµ and Πµν , equation (2.103) is

completely equivalent to the Einstein-Hilbert Lagrangian. This form of the Lagrangian is

crucial as it establishes a starting point for a non-relativistic expansion of general relativity.

In principle one could expand it to any desired order, keeping a manifest non-relativistic

symmetry structure at each order. This is expected to be closely related to the usual

post-Newtonian expansion of general relativity, except that we here work in a manifestly

covariant framework and do not make the assumption that the fields are weak.
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We define the variation of the Einstein-Hilbert action as

δLEH ≡ − c6

8πGN
E

(

Eµg δTµ +
1

2
Eµνg δΠµν

)

, (2.104)

and the coupling to matter through a given matter Lagrangian Lmat = Lmat(σ, φ, ∂µφ)

starting at order O(cN ) with variations defined as

δLmat ≡ cNE

(

EµmatδTµ +
1

2
EµνmatδΠµν

)

, (2.105)

where we left out the variations of the matter fields. This gives the Einstein field equations

of motion in the form

Eµg = 8πGNc
N−6Eµmat , Eµνg = 8πGNc

N−6Eµνmat . (2.106)

The equations of motion satisfy two Ward identities as a consequence of diffeomorphism

invariance of the action as well as invariance under local Lorentz transformations acting

on Tµ and Πµν as expressed in equation (2.12).

2.6.1 Energy-momentum conservation

Diffeomorphism invariance implies the equivalent of the divergencelessness of the usual

Einstein tensor, namely

Tρ

(

(C)

∇µ + LTTµ
)

Eµg +Πνρ

(

(C)

∇µ + LTTµ
)

Eµνg + Eµg Tµρ +
1

2
TρE

µν
g LTΠµν = 0 . (2.107)

Under a local Lorentz transformation the equations transform into each other as

c−2Eµg Eaµ + Eµνg TµEaν = 0 . (2.108)

Likewise the matter Lagrangian must be invariant under diffeomorphisms and local Lorentz

transformations that act simultaneously on the matter fields and on the geometric fields

they couple to. On shell this leads to the relativistic conservation law for energy-momentum

conservation as derived from diffeomorphism invariance of (2.105) (where we leave out

the diffeomorphisms acting on the matter fields which is justified on shell as these are

proportional to the matter equations of motion),

Tρ

(

(C)

∇µ + LTTµ
)

Eµmat +Πνρ

(

(C)

∇µ + LTTµ
)

Eµνmat + EµmatTµρ +
1

2
TρE

µν
matLTΠµν = 0 ,

(2.109)

with projections

0 =

(

(C)

∇µ + 2LTTµ
)

Eµmat +
1

2
EµνmatLTΠµν , (2.110)

0 = ΠρσΠρν

(

(C)

∇µ + LTTµ
)

Eµνmat +ΠρσTµρE
µ
mat . (2.111)

The 1/c2 expansion of these results will be studied in section 4.2.
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Assuming that the matter fields are inert under the local Lorentz transformation we

find that for the matter currents we have (off shell)

0 = c−2EµmatEaµ + EµνmatTµEaν . (2.112)

The currents Eµmat, E
µν
mat are related to the usual Hilbert energy-momentum tensor

Tµν via

δLmat =
c−1

2

√−gTµνδgµν =
1

2
ETµν

(

−2c2TνδTµ + δΠµν
)

= cNE

(

EµmatδTµ +
1

2
EµνmatδΠµν

)

, (2.113)

so that

Eµmat = −c−N+2 TµνTν , (2.114)

EaµEµνmat = c−NEaµTµν , (2.115)

where the latter equation follows from writing Πµν in terms of the spatial vielbeine and

varying those. This is clearly consistent with the Lorentz boost Ward identity (2.112) which

is of course nothing other than the symmetry of the Hilbert energy-momentum tensor. The

power of c in the first equality of (2.113) is fixed by demanding that the Einstein equation

reads Gµν = 8πGN

c4
Tµν . The conservation equation (2.109) is equivalent to that of the

Hilbert energy-momentum tensor

∇µT
µν = 0 , (2.116)

where the covariant derivative is taken with respect to the Levi-Civita connection.

2.6.2 The pre-Poisson equation

An interesting combination of the equations of motion comes from a particular rescaling

of the metric components:

δTµ = αωTµ , δΠµν = βωΠµν , (2.117)

where α and β are numbers. We keep the scalar function ω arbitrary. To find the equation

of motion of ω the following results are useful

δω logE =

(

α+
d

2
β

)

ω , (2.118)

δω (Π
µνΠρσTµρTνσ) = 2(α− β)ωΠµνΠρσTµρTνσ , (2.119)

δωC
ρ
µν = −αT ρTν∂µω + βΠρσΠσ(µ∂ν)ω − 1

2
βΠµνΠ

ρσ∂σω , (2.120)

δω

(

Πµν
(C)

Rµν

)

= −βωΠµν
(C)

Rµν − (d− 1)βωΠρσ
(

(C)

∇ρ + LTTρ
)

LTTσ , (2.121)

δω

(

TµT ν
(C)

Rµν

)

= −2αωTµT ν
(C)

Rµν −
(

α+
d− 2

2
β

)

ω
(C)

∇ρ

(

T ρω
(C)

∇µT
µ

)

. (2.122)
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If we now set

α = −(d− 2) , β = 2 , (2.123)

one obtains

δωLEH = − c6

8πGN
(d− 1)ωE

×
[

1

4
ΠµνΠρσTµρTνσ + σΠµν

(

(C)

∇µ + LTTµ
)

LTTν + σ2TµT ν
(C)

Rµν

]

. (2.124)

Expressing the left hand side using the chain rule in terms of variations of the Lagrangian

with respect to the Tµ and Πµν and using the Einstein equations (2.106) this this can be

seen to be equivalent to

8πGNc
N−6 [−(d− 2)EµmatTµ + EµνmatΠµν ] =

− (d− 1)

(

1

4
ΠµνΠρσTµρTνσ + σΠµν

(

(C)

∇µ + LTTµ
)

LTTν + σ2TµT ν
(C)

Rµν

)

. (2.125)

It will turn out that this equation, when expanded in σ = c−2, contains important equations

like the Poisson equation and the sourcing of Newton-Cartan torsion. This will be shown

in section 3.1.3.

3 Non-relativistic gravity

In this section we will use the results of the previous section to obtain the action and

equations of motion (EOMs) that result from the 1/c2 expansion of general relativity

(GR). In particular we will focus on the theory that governs the dynamics of the leading

order (LO) and next-to-leading order (NLO) fields in the expansion of the metric. For

definiteness we refer to this as “non-relativistic gravity” (NRG). As was shown already

in [4] this includes Newtonian gravity but goes beyond it, as it also includes geometries

with gravitational time dilaton.8 We discuss in this section two distinct methods to obtain

non-relativistic gravity. We start with the direct approach which uses the 1/c2 expansion.

Alternatively one can follow a symmetry-based route which uses gauge invariance, from

which a unique two-derivative action can be obtained given a kinetic term that is required

to include Newtonian gravity. Satisfyingly, we will show that the two methods lead to the

same action, though in a slightly different form.

3.1 Theory from 1/c2 expansion

3.1.1 General structure

In this section we want to determine the Lagrangian that arises when we expand the

fields in (2.103) using the methods of section 2.5. This means that we will end up with

a theory that is expressed in terms of the fields φI(0) = {τµ, hµν}, φI(2) = {mµ, Φµν} and

8We emphasise that our methods can be used in principle to obtain the dynamics of the fields appearing

to any order in the large speed of light expansion of GR.
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φI(4) = {Bµ, ψµν}. In the next section we will rederive similar results in terms of the fields

τµ, h̄µν , Φ̄µν that appear in the expansion of the metric.

The 1/c2 expansion of the Einstein-Hilbert (EH) Lagrangian will take the form

LEH = c6
(

(−6)

LLO + σ
(−4)

LNLO + σ2
(−2)

LNNLO +O(σ3)

)

. (3.1)

We now define for n ∈ N, including zero, the equations of motion of hαβ and τα of the

NnLO Lagrangian as

1

16πGN

(2n−6)

Gαβh ≡ −e−1 δ
(2n−6)

LNnLO

δhαβ
, (3.2)

1

8πGN

(2n−6)

Gατ ≡ −e−1 δ
(2n−6)

LNnLO

δτα
, (3.3)

where the Galilean boost invariant integration measure of both type I and type II Newton-

Cartan (NC) geometry is given by

e ≡ (−det (−τµτν + hµν))
1/2 . (3.4)

These equations of motion will also appear in the 1/c2 expansion of Eµg , E
µν
g , defined as

the response to the variations of Tµ and Πµν , respectively (see (2.104)). We will give the

explicit relationship between the two in section 3.1.3.

When we go beyond leading order (for which n = 0) we encounter subleading fields in

the Lagrangian. For example
(−4)

LNLO depends on both LO fields τµ, hµν as well as on the

NLO fields mµ and Φµν etc. At order NnLO there are 2(n+1) fields, each of which has its

own equation of motion. However, the equations of motion that appear at order Nn−1LO

are all reproduced at the nth order, see for example (2.99). The additional equations

appearing at order n that are not already present at order n − 1 involve the nth order

subleading fields. For the NLO fields we define in analogy with (3.2)

1

16πGN

(2n−6)

GαβΦ ≡ −e−1 δ
(2n−6)

LNnLO

δΦαβ
, (3.5)

1

8πGN

(2n−6)

Gαm ≡ −e−1 δ
(2n−6)

LNnLO

δmα
, (3.6)

where
(−6)

GαβΦ =
(−6)

Gαm = 0 because Φµν , mµ do not appear at the leading order. In particular

because of (2.99) we have

(−2)

Gαβψ =
(−4)

GαβΦ =
(−6)

Gαβh , (3.7)
(−2)

GαB =
(−4)

Gαm =
(−6)

Gατ . (3.8)

The structure of the expansion of the equations of motion is summarised in figure 1.
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(−6)

Gµνh

(−6)

Gµτ

(−4)

GµνΦ
(−4)

Gµνh

(−4)

Gµτ
(−4)

Gµm

(−2)

Gµνψ

(−2)

GµνΦ
(−2)

Gµνh

(−2)

Gµτ
(−2)

Gµm
(−2)

GµB

=

=

=

=

=

=

Figure 1. Structure of the equations of motion in the 1/c2 expansion, of which many will enter in

the Lagrangian at subleading orders. Because of the way the EH Lagrangian is expanded and the

property (2.99) there will only be two new EOMs at each order to solve, the remaining ones being

recursively equal to those of the previous order. Notice that when we impose TTNC off shell, all

the outermost equations are zero since the LO EOMs are ∝ τ ∧ dτ as explained in section 3.1.2.

3.1.2 NNLO Lagrangian: non-relativistic gravity

Using (2.96) we find the leading order part of the EH Lagrangian LEH given by (2.102) to be

(−6)

LLO =
E

16πGN

1

4
ΠµνΠρσTµρTνσ

∣

∣

∣

∣

σ=0

=
e

16πGN

1

4
hµνhρστµρτνσ , (3.9)

where we defined

τµν ≡ ∂µτν − ∂ντµ . (3.10)

With the above conventions we can then write the variation of the leading order La-

grangian:

δ
(−6)

LLO = − 1

8πGN
e

(

(−6)

Gατ δτα +
1

2

(−6)

Gαβh δhαβ

)

, (3.11)

where the leading order equations of motion are

(−6)

Gαβh = −1

8
hµνhρστµρτνσh

αβ +
1

2
hµαhνβhρστµρτνσ , (3.12)

(−6)

Gατ =
1

8
hµνhρστµρτνσv

α +
1

2
aµh

µνhρατνρ +
1

2
e−1∂µ (eh

µνhρατνρ) . (3.13)

Contracting
(−6)

Gµτ with τµ tells us that on shell

hµνhρστµρτνσ = 0 . (3.14)

As this is a sum of squares it implies that hµνhρστµρ = 0 and thus that τ ∧dτ = 0 on shell.

This is the Frobenius integrability condition for the existenc of a foliation with normal

1-form τ = NdT where N and T are scalars. This implies that there is a foliation of the

Newton-Cartan spacetime in terms of hypersurfaces of absolute simultaneity, foliated by

leaves of constant T . The on shell geometry arising from the expansion is thus a twistless

torsional Newton-Cartan (TTNC) geometry [9] (albeit of type II but that distinction only

affects the gauge fields defined on the geometry described by the LO fields τµ and hµν).
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This completes the discussion of the LO Lagrangian. We will continue with the

NLO Lagrangian which can be obtained from (2.97) generalised to include multiple fields.

From (2.97), (2.102) and (2.103) we can see that one first of all needs to compute the

derivative of (2.103), which gives

∂L̃
∂σ

∣

∣

∣

∣

∣

σ=0

= EΠµν
(C)

Rµν

∣

∣

∣

∣

σ=0

= ehµνŘµν , (3.15)

where we recall that Řµν is defined in (A.8). Using (2.97) this combines with the leading

order EOMs contracted with the subleading fields so that we obtain

(−4)

LNLO = − e

8πGN

(

−1

2
hµνŘµν +

(−6)

Gµτ mµ +
1

2

(−6)

Gµνh Φµν

)

. (3.16)

We will refer to this Lagrangian as the Lagrangian of Galilean gravity. This theory was

studied in [64] using a first-order formalism. Equation (3.16) can be related to the La-

grangian appearing in that work by a specific choice of the undetermined Lagrange multi-

pliers that appears. That theory also has the scaling properties described in section 2.6.2.

All the leading order equations of motion are included in the NLO Lagrangian as they are

obtained by varying with respect to the subleading fields. The τµ and hµν equations of

motion are
(−4)

Gντ =
1

2

[

2(hµρhνσ−hµνhρσ)∇̌µKρσ+v
νhρσŘρσ+

(

∇̌µ+2aµ
)

hµρhνσFρσ

]

+. . . , (3.17)

(−4)

Gρσh =hµρhνσ
(

Řµν−
1

2
hµνh

κλŘκλ−
(

∇̌µ+aµ
)

aν+hµνh
κλ
(

∇̌κ+aκ
)

aλ

)

+. . . , (3.18)

where the dots denote terms that vanish on shell upon using the mµ and Φµν equations

of motion. These extra terms can easily be calculated from mµ and Φµν variations of the

NNLO Lagrangian (3.20) below using
(−4)

Gατ =
(−2)

Gαm and
(−4)

Gαβh =
(−2)

GαβΦ .

The NNLO Lagrangian is found from (2.98). For that we need the second order

derivative of L̃ which reads

∂2L̃
∂σ2

∣

∣

∣

∣

∣

σ=0

= −2ETµT ν
(C)

Rµν

∣

∣

∣

∣

σ=0

= −2evµvνŘµν . (3.19)

Consider the general form of the Lagrangian (2.98). Adapted to the case of the EH La-

grangian we have the general result

(−2)

LNNLO =
1

16πGN

(

−evµvνŘµν +mα
δ

δτα

(

ehµνŘµν
)

+Φαβ
δ

δhαβ

(

ehµνŘµν
)

)

+Bµ
δ
(−6)

LLO

δτµ
+ ψµν

δ
(−6)

LLO

δhµν
+





1

2
mµmν

∂2
(−6)

LLO

∂τµ∂τν
+mµΦνρ

∂2
(−6)

LLO

∂τµ∂hνρ

+
1

2
ΦµνΦρσ

∂2
(−6)

LLO

∂hµν∂hρσ
+Φρσ∂µmν

∂2
(−6)

LLO

∂hρσ∂(∂µτν)
+mρ∂µmν

∂2
(−6)

LLO

∂τρ∂(∂µτν)

+
1

2
∂µmρ∂νmσ

∂2
(−6)

LLO

∂(∂µτρ)∂(∂ντσ)



 . (3.20)
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The term in square brackets is the second variation of the LO Lagrangian and we used

that
(−6)

LLO does not depend on derivatives of hµν . The field ψµν is the NNLO field in the

expansion of Πµν . The term in square brackets is given by

[. . .] =
e

16πGN

(

1

4
hµρhνσFµνFρσ +

1

2
ΦhµρhνστµνFρσ +

1

4
hκλΦκλh

µρhνστµνFρσ

−hµαhνγhβδΦγδτµνFαβ + hµαmαv
βFβγh

γντµν +
1

4
mαh

αβvγΦβγh
µρhνστµντρσ

−mαh
αµhνσhρβvγΦβγτρστµν +

1

8
ΦhβγΦβγh

µρhνστµντρσ −
1

2
ΦΦβγh

µβhργhνστµντρσ

+
1

32

(

hαβΦαβ

)2
hµρhνστµντρσ −

1

16
hαγhβδΦαβΦγδh

µρhνστµντρσ

−3

8
hγδΦγδh

µαhρβΦαβh
νστµντρσ +

1

2
hµγhαδΦγδΦαβh

ρβhνστµντρσ

+
1

4
hµαhρβΦαβh

νγhσδΦγδτµντρσ

)

, (3.21)

where

Fµν ≡ ∂µmν − ∂νmµ − aµmν + aνmµ , (3.22)

which can be thought of as the field strength of mµ (for the torsional U(1) transforma-

tion (2.73)). The terms in (3.21) can be written as

[. . .] =
e

16πGN

(

1

4
hµρhνσFµνFρσ + hµρhνστµνXρσ

)

, (3.23)

where Xρσ is some tensor. With the help of the results of appendix D.4.3 it can be shown

that (for general τµ)

δ

δτα

(

ehµνŘµν
)

= e
(

−vαhµνŘµν − 2 (hµρhσα − hρσhµα) ∇̌µKρσ

)

, (3.24)

δ

δhαβ

(

ehµνŘµν
)

= ehµαhνβ
[

− Řµν +
1

2
hµνh

ρσŘρσ +
(

∇̌µ + aµ
)

aν − hµνh
ρσ
(

∇̌ρ + aρ
)

aσ

− 1

2
∇̌ρ (v

ρτµν)

]

+ e
(

∇̌µ + 2aµ
)

(

hµσhρ(αvβ)τρσ

)

, (3.25)

where we used that (D.35) yields

δτ Γ̌
ρ
µν = −vρ∇̌µδτν + hραKµνδτα , (3.26)

δhΓ̌
ρ
µν =

1

2
vβhρατµνδhαβ −

1

2
vλhρστνσδhµλ −

1

2
vλhρστµσδhνλ

+
1

2
hρσ

(

∇̌µδhνσ + ∇̌νδhµσ − ∇̌σδhµν
)

. (3.27)

We note that the term in square brackets in (3.25) is symmetric in αβ due to the fact that

the antisymmetric part of the Ricci tensor is

Ř[µν] = ∇̌[µaν] −
1

2
∇̌ρ (v

ρτµν) . (3.28)
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The reason we do not need to use Xρσ is as follows. The terms involving the NNLO

fields Bµ and ψµν are both also of the form ehµρhνστµνXρσ. Furthermore the EOM of the

NNLO fields lead to the familiar condition hµρhνστµν = 0. This means that any variation

of ehµρhνστµνXρσ that is proportional to hµρhνστµν = 0 does not contribute on shell. It

turns out that the only variation of ehµρhνστµνXρσ that contributes on shell is the variation

of τµ except for the special case δτµ = Ωτµ for arbitrary Ω. Put another way, terms of

the kind hµρhνστµνXρσ can be ignored except for variations of the type hµνδτµ. These

variations give us an equation for Bµ and so one arrives at the important conclusion that

if we only care about EOM for the NLO fields we can ignore the term ehµρhνστµνXρσ in

the NNLO Lagrangian as well as the terms involving the NNLO fields. Effectively we can

set hµρhνστµν = 0 i.e. impose the TTNC condition τ ∧ dτ = 0 off shell. If we do this we

are only allowed to vary τµ as δτµ = Ωτµ.

This procedure gives us what we call the non-relativistic gravity (NRG) Lagrangian:

LNRG≡
(−2)

LNNLO

∣

∣

∣

∣

τ∧dτ=0

+
e

16πGN

1

2
ζρσh

µρhνσ(∂µτν−∂ντµ)

=
e

16πGN

[

hµρhνσKµνKρσ−(hµνKµν)
2−2mν (h

µρhνσ−hµνhρσ)∇̌µKρσ

+ΦhµνŘµν+
1

4
hµρhνσFµνFρσ+

1

2
ζρσh

µρhνσ(∂µτν−∂ντµ)

−Φρσh
µρhνσ

(

Řµν−∇̌µaν−aµaν−
1

2
hµνh

κλŘκλ+hµνe
−1∂κ

(

ehκλaλ

)

)

]

, (3.29)

where Φ ≡ −vµmµ is the Newtonian potential. We added a Lagrange multiplier term to

enforce the TTNC condition and also used the identity

vµvνŘµν = (hµνKµν)
2 − hµρhνσKµνKρσ + ∇̌ρ (v

ρhµνKµν) . (3.30)

In order to obtain (3.29), which is one of the central results of this paper, we worked out

the variations of the first line of (3.20) using the TTNC condition. In the next subsection

it will be shown that this Lagrangian is equivalent to the one given in our previous work [4]

which was obtained from gauge symmetry principles. It is clear that the expansion of

the Einstein-Hilbert Lagrangian in σ = 1/c2 can be done systematically using the above

framework. There is nothing, except computational complexity, that prevents an expansion

to any given order in σ, yielding more and more relativistic corrections to non-relativistic

gravity. We will discuss applications of this approach further in section 7.

3.1.3 Equations of motion

We derive here the equations of motion based on the variations of LNRG with respect to

τµ, hµν , mµ and Φµν where for the τµ variation we only consider δτµ = Ωτµ with Ω an

arbitrary function.
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Because TTNC is imposed off shell a number of identities that applies to TTNC geome-

try has to be used in the process, which we have collected in appendix E. With these identi-

ties at hand, the variations that need to be done are straightforward albeit slightly tedious.

The variation of NRG in terms of the LO and NLO fields can be written as

δLNRG ≡ − e

8πGN

(

Gµτ δτµ + Gµmδmµ +
1

2
Gµνh δhµν +

1

2
GµνΦ δΦµν

)

. (3.31)

We denoted the responses with caligraphic symbols to distinguish them from the variations

of the full NNLO Lagrangian in which the TTNC condition has not been imposed, i.e.

Gφ ≡
(−2)

Gφ|τ∧dτ=0 for the field φ.

Ignoring diffeomorphisms and using TTNC, it follows from (2.66)–(2.71) that hµν and

the subleading fields transform as

δhµν = λµτν + λντµ , (3.32)

δmµ = λµ + ∂µΛ− Λaµ + hρσζσaρτµ , (3.33)

hµρhνσδΦµν = hµρhνσ
(

λµmν + λνmµ + 2ΛKµν + ∇̌µζν + ∇̌νζµ
)

, (3.34)

where vµλµ = 0. We define the spatial projector P νµ as

P νµ = δνµ + vντµ . (3.35)

The Ward identity for Galilean boost invariance with parameter λµ is given by

P ρµ
(

Gµm + τνGµνh +mνGµνΦ
)

= 0 . (3.36)

We can use this to simplify the process of varying hµν which is by far the most laborious

variation. We can write

1

2
Gµνh δhµν =

1

2
Gρσh Pµρ P

ν
σ δhµν − Gρσh τρP

ν
σ v

µδhµν . (3.37)

We see that the part in front of the vµδhµν variation is fixed by the Ward identity (3.36).

We can thus without any loss of generality restrict ourselves to the P -projected variation

δPhρσ = Pµρ P
ν
σ δhµν . (3.38)
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One finds after a bit of work that the equations of motion are given by

τµGµτ =−1

2

[

(hµνKµν)
2−hµρhνσKµνKρσ+

3

4
hµρhνσFµνFρσ

+mν

[(

∇̌µ+2aµ
)

hµρhνσFρσ−2(hµρhνσ−hµνhρσ)∇̌µKρσ

]

−2(hµρhνσ−hµνhρσ)Kρσ

(

∇̌µ+aµ
)

mν+(hµρhνσ−hµνhρσ)∇̌µ∇̌νΦρσ

−Φρσh
µρhνσ

(

Řµν−
1

2
hµνh

κλŘκλ

)

]

, (3.39)

Gνm=
1

2

[

2(hµρhνσ−hµνhρσ)∇̌µKρσ+v
νhµνŘµν+

(

∇̌µ+2aµ
)

hµρhνσFρσ

]

, (3.40)

GρσΦ =hµρhνσ
(

Řµν−
1

2
hµνh

κλŘκλ−
(

∇̌µ+aµ
)

aν+hµνh
κλ
(

∇̌κ+aκ
)

aλ

)

, (3.41)

Gµνh Pαµ P
β
ν =−1

2
hαβ (hµρhνσ−hµνhρσ)KµνKρσ−∇̌λ

(

vλ
(

hµαhνβ−hαβhµν
)

Kµν

)

−hαβhµρhνσKρσ

(

∇̌µ+aµ
)

mν+h
αβ∇̌λ

(

vλhµν
(

∇̌µ+aµ
)

mν

)

− 1

2
∇̌λ

(

vλ
(

hµαhνβ+hναhµβ
)

(

∇̌µ+aµ
)

mν

)

+hαρhβσKρσh
µν
(

∇̌µ+aµ
)

mν−
(

hαβhρσ−hαρhβσ
)

hµνmµ∇̌νKρσ

−hµσ
(

hαρhβν+hβρhαν
)

mν

(

∇̌µKρσ−∇̌ρKµσ

)

− 1

2

(

hαρhβν+hβρhαν
)

hµσKρσ (Fµν+2aµmν−2aνmµ)

+
1

2
hµαhρβhνσFµνFρσ−

1

8
hαβhµρhνσFµνFρσ

+Φhµαhνβ
(

Řµν−
1

2
hµνh

ρσŘρσ

)

+hαβhρσ
(

∇̌ρ+aρ
)(

∇̌σ+aσ
)

Φ

− 1

2

(

hµαhρβ+hµβhρα
)

(

∇̌µ+aµ
)(

∇̌ρ+aρ
)

Φ

− 1

2

(

hαβhµρhνσ+hµνhαρhβσ−hνσ
(

hµαhρβ+hµβhρα
))

Φρσ
(

∇̌µ+aµ
)

aν

− 1

2
hµρ

(

hνβhσα+hναhσβ
)

aν∇̌µΦρσ+
1

2
hρσ

(

hµαhνβ+hµβhνα
)

aν∇̌µΦρσ

+
1

2
hµν

(

hαρhβσ−hαβhρσ
)

aν∇̌µΦρσ+
1

2
hκλΦκλh

µαhνβ
(

Řµν−
1

2
hµνh

ρσŘρσ

)

− 1

4
hκλ

(

hµαhρβ+hµβhρα
)

(

∇̌µ+aµ
)(

∇̌ρ+aρ
)

Φκλ

+
1

2
hραhσβΦρσh

µνŘµν+
1

2
hκλhαβhρσ

(

∇̌ρ+aρ
)(

∇̌σ+aσ
)

Φκλ

−
(

hµαhρβhνσ+hµρhναhσβ
)

ΦρσŘµν+
1

2
hαβhµρhνσΦρσŘµν

+
1

2
hµρ

(

hασhβν+hβσhαν
)

(

∇̌µ+aµ
)(

∇̌ν+aν
)

Φρσ

+
(

hαρhβσhµν+hνσhµρhαβ
)

(

∇̌µ+aµ
)(

∇̌ν+aν
)

Φρσ . (3.42)

These equations are somewhat lengthy and perhaps they would be easier to handle in a

first-order formalism at the price of working with more fields. This will be studied further
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in upcoming work [65]. We will see in section 3.2.2 that the equations of motion acquire a

more compact form if one uses boost-invariant fields. Finally, it can be shown that when

dτ = 0 it follows that Φµν decouples and that there are drastic simplifications as we will

be studied further in section 4.4.

There are three Ward identities (WIs) that result from invariances under the LO and

NLO diffeomorhisms. The latter are the gauge transformations with parameters Λ and ζµ.

For the Λ-transformation we find

(

∇̌µ + 2aµ
)

Gµm −KµνGµνΦ = 0 , (3.43)

while for ζµ we obtain
(

∇̌ν + aν
)

GµνΦ − Gνmτνhµρaρ = 0 . (3.44)

An important role will be played by two equations that can be obtained from various

contractions of the above equations of motion. The first of these is the combination

− (d− 2)τµGµm + hµνGµνΦ = (d− 1)hµν
(

∇̌µ + aµ
)

aν = (d− 1)e−1∂µ (eh
µνaν) . (3.45)

We note that TTNC implies τ = NdT where N is like a non-relativistic lapse function

and that this in turn implies hµνaν = hµνN−1∂νN so that the right hand side of the above

equation is the Laplacian of the non-relativistic lapse function. When we study matter

couplings in the next section this will tell us something about what type of matter sources

TTNC torsion. The second equation follows from the following combination

−(d−2)τµGµτ −(d−2)mµGµm+hµνGµνh +ΦµνGµνΦ =

(d−1)

[

vµvνŘµν +∇̌ρ

(

vρhµν
(

∇̌µ+aµ
)

mν

)

+
1

4
hµρhνσFµνFρσ+h

µν
(

∇̌µ+aµ
)(

∇̌ν+aν
)

Φ

−
(

hµρhνσ− 1

2
hµνhρσ

)

(

∇̌µ+aµ
)

(aνΦρσ+2mνKρσ)

]

. (3.46)

Equation (3.46) contains the Laplacian of the Newtonian potential Φ. When dτ = 0 and

hence aµ = 0 the field Φµν decouples from this equation. When coupling this equation to

matter we will be able to identify the sources of Newtonian gravity.

Given the simplicity of (3.46) in comparison to the hµν equation of motion one might

wonder if there exists a simpler way to obtain this result. The answer is affirmative and

this conclusion can be obtained by going back to (2.125). To show this we need to expand

the Einstein equation in powers of 1/c2. We can relate the 1/c2 expansion of the Einstein

equations Eµνg , Eµ
g defined through (2.106) to the EOMs defined through (3.2). When

TTNC is imposed off shell we find the non-vanishing orders to give

(−4)

Gµνh =
(−2)

GµνΦ =
(−4)

Eµνg , (3.47)
(−4)

Gµτ =
(−2)

Gµm =
(−4)

Eµg , (3.48)

(−2)

Gµνh =
(−2)

Eµνg +

(

Φ+
1

2
hαβΦαβ

)

(−4)

Eµνg , (3.49)

(−2)

Gµτ =
(−2)

Eµg +

(

Φ+
1

2
hαβΦαβ

)

(−4)

Eµg , (3.50)
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where the Φ + 1
2h

αβΦαβ terms originate from expanding
√−g. In deriving this result we

expanded Eµg and Eµνg as

Eµg =
(−6)

Eµg + σ
(−4)

Eµg + σ2
(−2)

Eµg +O(σ3) . (3.51)

The notation follows from (2.104) which has an overall factor of c6 and this is why we

start with
(−6)

Eµg . Since we work here with off shell TTNC it follows that
(−6)

Eµg = 0. Similar

statements apply to Eµνg mutatis mutandis.

When expanding the anisotropic scaling equation (2.125) in GR in section 2.6 we see

that at LO it reproduces the TTNC condition while at NLO it gives rise to (3.45). Finally

at the NNLO it reproduces (3.46).

3.2 Theory from gauge invariances

3.2.1 Lagrangian

In the previous section we derived the Lagrangian of non-relativistic gravity from the 1/c2

expansion of the Einstein-Hilbert Lagrangian. In this section we will derive the same

result using a different method. Starting with the field content that originates from the

1/c2 expansion of the metric we will derive a (two-derivative) Lagrangian that has all the

gauge invariances associated with the type II NC gauge transformations of these fields.

We will work with manifestly Galilean boost invariant quantities, i.e. τµ, h̄µν , Φ̂ (and

their inverses v̂µ and hµν) as well as Φ̄µν (see equations (2.59)–(2.62) for their definitions).

These fields transform as in (2.66)–(2.71). In this section we will mostly be concerned with

the Λ = τµζ
µ part of the these transformations which can be rewritten as

δΛmµ = ∂µΛ− Λâµ , (3.52)

hµρhνσδΛΦ̄ρσ = 2ΛhµρhνσK̄ρσ , (3.53)

where we defined the boost invariant torsion vector and the extrinsic curvature9

âµ ≡ Lv̂τµ , (3.54)

K̄µν ≡ −1

2
Lv̂h̄µν . (3.55)

Furthermore we will work with the Galilean boost invariant connection Γ̄ρµν defined in

equation (B.9). We will refer to this as the torsional U(1) gauge transformation to contrast

it with the type I Bargmann U(1) gauge transformation with parameter σ.

We will assume that the Lagrangian is at most second order in derivatives and that it

has at least the kinetic term v̂µv̂νR̄µν . We will simply add terms until we obtain invariance

under all the desired non-relativistic symmetries (2.73)–(2.74) with off shell TTNC condi-

tion τ ∧ dτ = 0 imposed. This was the original approach used to find the action presented

in our previous work [4].

9We have in previous work defined ‘aµ’ as what we here call âµ. However, since we usually encounter

spatial contractions of it, for which hµν âµ = hµνaµ, we can be relaxed about their difference. A conversion

table between various notations can be found in appendix A.3.
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If we ignore the field Φ̄µν the only difference between type I and type II NC geometry is

the type II transformation of mµ under the Λ-transformation which should be contrasted

with the type I σ transformation given in (B.3). Note that for zero torsion the type II

transformation of mµ reduces to the Bargmann U(1) gauge transformation.

Type I NC geometry can be obtained by null reduction as detailed in appendix C.1.

Since from the point of view of the fields τµ, mµ and hµν the difference between type I and

type II is just one term in the transformation rule of mµ we will work with the reasonable

assumption that to build a type II invariant action the non-relativistic gravity Lagrangian

should contain the term Ĝuu. This is the uu component of the ‘null uplifted’ Einstein

tensor ĜMN (see appendix C.1 for more details). This term indeed contains the kinetic

term v̂µv̂νR̄µν we would like there to be. The other terms in the Lagrangian can be found by

demanding that they cancel the non-invariance of Ĝuu under the type II Λ-transformation.

To this end let us consider the transformations of Ĝuu under the variation of mµ.

We start with the transformation of the connection Γ̄ρµν defined in (B.9). Using TTNC

throughout we have

δmΓ̄
ρ
µν =

1

2
(âµτν + âντµ)h

ρσδmσ − τµτνh
ρσâσv̂

λδmλ

+
1

2
τµh

ρσ
[(

∇̄σ + âσ
)

δmν −
(

∇̄ν + âν
)

δmσ

]

+
1

2
τµh

ρσ
[(

∇̄σ + âσ
)

δmν −
(

∇̄ν + âν
)

δmσ

]

. (3.56)

Using this result as well as equation (C.16) it follows that for the µν component of the

(d+ 2)-dimensional Ricci tensor R̂MN we have

δmR̂µν =
(

∇̄ρ + âρ
)

δmΓ̄
ρ
(µν) − τµτνh

ρσâρâσv̂
λδmλ

− 1

2
τµh

ρσâρ∇̄νδmσ −
1

2
τνh

ρσâρ∇̄µδmσ . (3.57)

This implies that

hµρhνσδmR̂ρσ = 0 , (3.58)

a result that will be useful later. It also implies (up to a total derivative) that when taking

mµ to transform under the torsional U(1) one has

v̂µv̂νδΛR̂µν = e−1∂µ (eh
µν âν) δΛΦ̂ +

1

2
hµν âµâνδΛΦ̂

+ ΛK̄µν

(

hµρhνσâρâσ −
1

2
hµνhρσâρâσ

)

. (3.59)

Using

R̂uu = guMguN R̂MN = v̂µv̂νR̂µν − 2Φ̂e−1∂µ (eh
µν âν) , (3.60)

where in the second equality we used (C.17), we find

δΛR̂
uu=2R̂νu (∂νΛ−âνΛ)+

1

2
hµν âµâνδΛΦ̂+ΛK̄µν

(

hµρhνσ− 1

2
hµνhρσ

)

âρâσ . (3.61)
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In other words since hµνδmâν = 0 we can write this as

δΛ

[

R̂uu − 1

2
Φ̂hµν âµâν −

1

2
Φ̄µν

(

hµρhνσ − 1

2
hµνhρσ

)

âρâσ

]

= 2R̂µu (∂µΛ− âµΛ) . (3.62)

We can straightforwardly replace R̂uu in (3.62) by Ĝuu because for TTNC R̂ is inde-

pendent of mµ (for TNC it would vary into R̂µuδmµ but for TTNC R̂µu = 0). Finally,

since for TTNC we also have that δmĜ
µν = 0, which follows essentially from (3.58), we

can subtract δΛΦ̄µνĜ
µν from both sides of (3.62). Putting it all together we obtain the

transformation rule with respect to the type II Λ-transformation,

δΛ

[

Ĝuu − 1

2
Φ̂hµν âµâν + Φ̄µνĜ

µν − 1

2
Φ̄µν

(

hµρhνσâρâσ −
1

2
hµνhρσâρâσ

)]

= 2Ĝµu (∂µΛ− âµΛ) + 2ΛK̄µνĜ
µν . (3.63)

It then follows that the Lagrangian given by

L = e

[

−Ĝuu + 1

2
Φ̂hµν âµâν − Φ̄µν

(

Ĝµν − 1

2
hµρhνσâρâσ +

1

4
hµνhρσâρâσ

)]

, (3.64)

is invariant under the torsional U(1) transformation (3.52)–(3.53) (after partial integration)

by virtue of the Bianchi identity (C.15). We can then write

Ĝµν = hµρhνσĜρσ = hµρhνσR̂ρσ −
1

2
hµνR̂ , (3.65)

where R̂µν and R̂ are given in (C.16) and (C.19), respectively. In terms of more intrinsically

defined objects this can be rewritten using (up to total derivatives)

Ĝuu − 1

2
Φ̂hµνaµaν = v̂µv̂νR̄µν − Φ̂hµνR̄µν =

(

hµνK̄µν

)2 − hµρhνσK̄µνK̄ρσ − Φ̂hµνR̄µν ,

(3.66)

as follows from (C.20) and (C.21).

The Lagrangian (3.64) (with a restored prefactor 1/16πGN ) can finally be written as

what we will call the (primed) Non-Relativistic Gravity Lagrangian.

L′
NRG =

e

16πGN

[

− v̂µv̂νR̄µν + Φ̂hµνR̄µν − Φ̄ρσh
µρhνσ

(

R̄µν − ∇̄µâν − âµâν

− 1

2
hµνh

κλR̄κλ + hµνe
−1∂κ

(

ehκλâλ

)

)

]

. (3.67)

The Lagrangian (3.67) has an additional gauge symmetry which reads

hµρhνσδζΦ̄ρσ = hµρhνσ
(

∇̄ρζσ + ∇̄σζρ
)

, δζΦ̂ = hµν âµζν . (3.68)

In order to show this we need to use two identities. The first one is the N = ν component

of the Bianchi identity ∇̂M Ĝ
MN = 0, which can be written as

(

∇̄µ+âµ
)

Ĝµν− 1

2
hνρâρe

−1∂µ (eh
µσâσ)+

1

4
hνρâρh

µσâµâσ+
1

2
hνρâρh

µσR̄µσ =0 . (3.69)
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The second one is the identity

(

∇̄µ + âµ
)

(

hµρhνσâρâσ −
1

2
hµνhρσâρâσ

)

= hνρâρe
−1∂µ (eh

µσâσ)−
1

2
hνρâρh

µσâµâσ .

(3.70)

The ζ transformations together with the Λ-transformation make the Lagrangian invariant

under (2.66)–(2.71). It is interesting to note that, as shown above, the Lagrangian is

fixed already by the Λ-invariance, with the ζ transformations appearing as an extra gauge

symmetry. This completes the construction of a Lagrangian that is invariant under the

type II gauge transformations.

3.2.2 Equations of motion

The details of the variational calculus of the action (3.67) can be found in appendix E. A

number of identities that applies to TTNC geometry has to be applied in the process. If

we define

δL′
NRG ≡ e

8πGN

(

GΦ̂δΦ̂− G v̂µδv̂µ +
1

2
Ghµνδhµν −

1

2
Gµν
Φ̄
δΦ̄µν

)

, (3.71)

one finds after a bit of work that the EOMs are given by

GΦ̂ =
1

2
hµνR̄µν

Gµν
Φ̄

= hµρhνσ
(

R̄ρσ − âρâσ − ∇̄ρâσ
)

− 1

2
hµν

(

hρσR̄ρσ − 2e−1∂ρ (eh
ρσâσ)

)

,

hρµG v̂µ = hρµv̂νR̄µν ,

v̂µG v̂µ = Φ̂GΦ̂ − 1

2
Φ̄µνGµνΦ̄ +

1

2
hµνΦ̄µνe

−1∂ρ (eh
ρσâσ)−

1

2
hµρhνσΦ̄µν

(

∇̄ρâσ + âρâσ
)

+
1

2

(

hρσK̄ρσ

)2 − 1

2
hρσhκλK̄ρκK̄σλ −

1

2
∇̄µ

[

hµρhνσ
(

∇̄ρΦ̄νσ − ∇̄νΦ̄ρσ
)]

,

Gαβh =

(

hµαhνβΦ̄µν −
1

2
hαβhµνΦ̄µν

)

(

e−1∂ρ (eh
ρσâσ)− GΦ̂

)

1

2
hαβΦ̄µνGµνΦ̄ − hµαΦ̄µρGρβΦ̄ − hµβΦ̄µρGραΦ̄ +

1

2
hρσΦ̄ρσGαβΦ̄ + Φ̂Gαβ

Φ̄

+
1

2
hαβ

[

(

hµνK̄µν

)2 − hµρhνσK̄µνK̄ρσ

]

− ∇̄ρ

[

v̂ρhµαhνβK̄µν − v̂ρhαβhµνK̄µν

]

− hµαhνβ∇̄µ∂νΦ̂− hµαhνβ
(

âµ∂νΦ̂ + âν∂µΦ̂
)

+ hαβhµν∇̄µ∂νΦ̂

+ 2hαβhµν âµ∂νΦ̂− 1

2
hαβhµνhρσ

(

∇̄µ + âµ
) (

∇̄ρ + âρ
)

Φ̄νσ

+ hµαhνβhρσ
(

∇̄ρ + âρ
)

(

∇̄(µΦ̄ν)σ −
1

2
∇̄σΦ̄µν

)

+
1

2
hαβhµνhρσ

(

∇̄µ + âµ
)

∇̄νΦ̄ρσ −
1

2
hµαhνβhρσ∇̄µ∇̄νΦ̄ρσ , (3.72)

where we found it convenient to split the v̂µ variation in two terms hρµG v̂µ and v̂µG v̂µ. We

only need to consider the variation Pαµ P
β
ν δhµν because this projection is the one where the

NNLO fields decouple. This is taken care of by contracting the Ghµνδhµν ∈ δL′
NRG variation
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with the inverse spatial metrics Gαβh ≡ hµαhνβGhµν . By taking the trace of Gαβ
Φ̄

and using

v̂µG v̂µ we find the equation analogous to (3.46),

(d− 2)v̂µG v̂µ + hµνGµνh + Φ̄µνGµνΦ̄ =

(d− 1)

[

v̂µv̂νR̄µν −
(

∇̄µ + âµ
)

(

hµν âν

(

Φ̂− 1

2
hρσΦ̄ρσ

)

+ hµνhρσâρΦ̄νσ

)]

. (3.73)

3.3 Equality of LNRG and L
′

NRG

The two actions (3.29) and (3.67) are equivalent. To see this one can express all Galilean

boost invariant fields τµ, h
µν , v̂µ, h̄µν , Φ̂, Φ̄µν in terms of the fields τµ, h

µν , vµ, hµν , mµ,

Φµν and Bµ, although the latter will drop out when we use TTNC off shell. To make the

comparison we also have to change the connection and the Ricci tensor associated to it.

The difference between the two connections is (for TTNC geometries)

Γ̄λµν − Γ̌λµν = −1

2
hλστµ (∂νmσ − ∂σmν + aνmσ − aσmν)

− 1

2
hλστν (∂µmσ − ∂σmµ + aµmσ − aσmµ) . (3.74)

Assuming τ ∧ dτ = 0 we can use some of the results derived in appendix E. In particular

the following relations are useful

hµρhνσK̄µν = hµρhνσ
(

Kµν +
1

2
(∇̌µ + aµ)mν +

1

2
(∇̌ν + aν)mµ

)

, (3.75)

hµρhνσR̄µν = hµρhνσŘµν , (3.76)

hµν âµ = hµνaµ . (3.77)

A straightforward calculation then shows that the Lagrangian (3.67) is equal to (3.29).

In deriving the actions we see that they arise from two different (but of course closely

connected) approaches: the 1/c2 expansion makes it obvious how the NRG theory is related

to Einstein’s theory of general relativity. On the other hand, from the perspective of

gauging the algebra, the second approach makes it clear what the role of the local symmetry

algebra is.

We can also relate the equations of motion of the two Lagrangians to each other by

changing the basis of the variational calculus as:

δΦ̂ = hρµmµ

(

vσ − 1

2
hσνmν

)

δhρσ +Φv̂ρδτρ − v̂ρδmρ , (3.78)

δv̂µ = −v̂ρhσµδhρσ + (Φhµρ + vµv̂ρ) δτρ − hµρδmρ , (3.79)

δhµν = −hρµhσνδhρσ + (vµhνρ + vνhµρ) δτρ , (3.80)

δΦ̄µν = δΦµν − 2m(µδmν) − 2τ(µδBν) − 2B(µδτν) . (3.81)

When TTNC is imposed, Bµ and its variation decouple in the projections we are interested

in. Inserting these variations in (3.71) and equating with (3.31), we can read off the
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following relation between the EOMs

Gρτ τρ = GΦ̂Φ− G v̂µvµ , (3.82)

Gρm = GΦ̂v̂
ρ − G v̂µhµρ − Gρσ

Φ̄
mσ , (3.83)

Gρσh = −2GΦ̂h
µ(ρmµ

(

vσ) − 1

2
hσ)νmν

)

− 2G v̂µv̂(ρhσ)µ + Ghρσhµρhνσ , (3.84)

GρσΦ = Gρσ
Φ̄
. (3.85)

It can be checked that these relation obey the Galilean boost Ward identity (3.36).

3.4 Comments on imposing τ ∧dτ = 0 and dτ = 0 with a Lagrange multiplier

We have seen that the TTNC condition is imposed via the NNLO fields. Alternatively we

can enforce this condition with a Lagrange multiplier by adding the term

LLM =
e

16πGN

1

2
ζρσh

µρhνσ(∂µτν − ∂ντµ) , (3.86)

to the Lagrangian where ζµν = −ζνµ. When varying the measure or τµ (in the direction

along τµ) in this expression we do not find any new contributions to the on shell equations

of motion because of the TTNC condition enforced by ζµν . On the other hand the varia-

tion hµνδτµ leads to an equation of motion for ζµν which is decoupled from all the other

equations.

If we take instead

L′
LM =

e

16πGN

1

2
ζµν(∂µτν − ∂ντµ) , (3.87)

with ζµν = −ζνµ unconstrained then the equation of motion of ζµν enforces a NC geometry

with dτ = 0. However the field ζµν does not decouple from the equations of motion. This

is because it now also appears in the equation of motion for Ω defined as δτµ = Ωτµ. This

is what happens in the 3D Chern-Simons (CS) actions for extended Bargmann algebras

where ζµν = ǫµνρζρ in which ζρ is associated with the central extension of the 3D Bargmann

algebra [15, 16, 18, 66]. See also references [67–70] for recent work on related CS theories.

We conclude that setting dτ = 0 with a Lagrange multiplier does not lead to the

equations of motion that are obtained from the on shell 1/c2 expansion of GR with dτ

put to zero by hand. However, it does provide us with an alternative theory obtained by

adding L′
LM to (3.64) for an unconstrained ζµν . Since in this theory on shell dτ = 0 we

can remove all terms with âµ since they can be absorbed into the ζµν term. Doing so leads

to the following Lagrangian

L =
e

16πGN

[

hµρhνσK̄µνK̄ρσ −
(

hµνK̄µν

)2
+ Φ̂hµνR̄µν − Φ̄µνĜ

µν +
1

2
ζµντµν

]

. (3.88)

The interesting feature of this theory is that it is Bargmann U(1) invariant since all the

non-invariance is proportional to dτ which can be compensated for by an appropriate

transformation of ζµν . The Φ̄µν term can be rewritten using (C.16) and âµ = 0 to

Φ̄µνĜ
µν = Φ̄µνh

µρhνσ
(

R̄ρσ −
1

2
h̄ρσh

λκR̄λκ

)

. (3.89)
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The term in parenthesis is the Einstein tensor of the Riemannian geometry of the constant

time slices. If we are in 2+1 dimensions then this vanishes identically and by writing

ζµν = ǫµνρζρ we recover the CS model for the extended Bargmann algebra. Hence (3.88)

can be thought of as a novel higher-dimensional generalisation of the CS model.

We have thus found two different classes of theories. As it turns out only the one based

on the torsional U(1) symmetry has a pure GR origin, while the Bargmann invariant case

requires already in 3D to consider GR coupled to a pair of U(1) gauge fields [15]. In 4D

the ζµν can be dualised to another 2-form, Bµν say, which has a 1-form gauge symmetry.

In other words in 4D we can write
e

16πGN

1

2
ǫµνρσBµν (∂ρτσ − ∂στρ) , (3.90)

which means that there is a gauge symmetry δBµν = ∂µΣν − ∂νΣµ.

4 Coupling to matter

In this section we discuss the coupling of matter to the non-relativistic gravity (NRG)

action obtained in the previous section. We consider this by expanding a generic matter

Lagrangian using the same methods as used for the Einstein-Hilbert (EH) Lagrangian.

This will enable us to find the sourced equations of motion in the 1/c2 expansion, and

in particular those of NRG. We also discuss Ward identities (WIs) of the sources that

follow from leading and subleading order diffeormphisms as well as the expansion of the

relativistic conservation laws of the energy-momentum tensor. In order to make contact

with the alternate (or primed) formulation of NRG, we will also discuss the boost-invariant

currents that source the equations of motion in that case. Finally, we show how the Poission

equation of Newtonian gravity can be obtained from NRG coupled to matter.

4.1 Expansion of the matter Lagrangian

Consider any matter Lagrangian Lmat = Lmat(c
2, φ, ∂µφ) where φ is a generic matter field

with the spacetime indices suppressed. Let us suppose that the most leading term in the

1/c2 expansion is of order cN . Since the Einstein-Hilbert Lagrangian is at most of order c6

we assume N ≤ 6.

The expansion of the matter Lagrangian is performed using the general methods of

section 2.5 as:

Lmat(c
2,φ,∂µφ)= cN L̃mat(σ)

= cN
(−N)

Lmat,LO+c
N−2

(2−N)

Lmat,NLO+c
N−4

(4−N)

Lmat,NNLO+O(cN−6) . (4.1)

At each order n ∈ N including zero, we define matter currents as responses to varying the

geometric fields as

(2n−N)

Tαβh ≡ 2e−1 δ
(2n−N)

Lmat ,NnLO

δhαβ
, (4.2)

(2n−N)

Tατ ≡ e−1 δ
(2n−N)

Lmat ,NnLO

δτα
, (4.3)
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(−4)

Tµνh

(−4)

Tµτ

T µν
Φ ≡

(−2)

TµνΦ T µν
h ≡

(−2)

Tµνh Gµτ ≡
(−2)

Tµτ T µ
m ≡

(−2)

Tµm

= =

Figure 2. Structure of the currents in the 1/c2 expansion of the matter Lagrangian similar to

figure 1, but with τ ∧ dτ = 0 imposed off shell. For this to be consistent, the leading order currents

and those related to them by variational calculus identities must be zero.

and similarly for the subleading fields mutatis mutandis as summarised in figure 2. For

n = 0 we have
(−N)

TαβΦ =
(−N)

Tαm = 0 since the next-to-leading order (NLO) fields do not appear

at leading order (LO). Furthermore because of (2.99) we have the relations

(2−N)

TαβΦ =
(−N)

Tαβh , (4.4)
(2−N)

Tαm =
(−N)

Tατ , (4.5)

and similarly for the more subleading fields.

These currents are natural to work with as they allow us to write the expansion of

matter coupled general relativity to any desired order. The equations of motion (EOMs)

with matter couplings at a given order 2m ≥ −6 then becomes

(2m)

Gαβh = 8πGN
(2m)

Tαβh , (4.6)
(2m)

Gατ = 8πGN
(2m)

Tατ , (4.7)
(2m)

GαβΦ = 8πGN
(2m)

TαβΦ , (4.8)
(2m)

Gαm = 8πGN
(2m)

Tαm , (4.9)

and so on for even more subleading fields that we will not consider in this paper.

Notice that
(−6)

Gαβh ,
(−6)

Gατ ∝ τ ∧ dτ so it is necessary to have matter with N ≤ 4 such that
(−6)

Tαβh =
(−6)

Tατ = 0 in order to avoid acausal non-relativistic Newton-Cartan (NC) spacetimes.

We will see in the next section that N ≤ 4 in all the examples we have encountered.

Because of the above analysis we will for the rest of this section restrict to matter

with N ≤ 4 and study how they can source the NRG sector of the 1/c2 expansion of full

general relativity (GR). Recall that the NRG Lagrangian is defined to be the next-to-next-

to-leading order (NNLO) Lagrangian with the off shell twistless torsional Newton-Cartan

(TTNC) condition τ ∧ dτ = 0. This term appears at order O(c2) and is therefore sourced

by
(−2)

Lmat. We will likewise impose TTNC and define the currents as follows

δ
(−2)

Lmat|τ∧dτ=0 = e

(

T µ
τ δτµ + T µ

mδmµ +
1

2
T µν
h δhµν +

1

2
T µν
Φ δΦµν

)

. (4.10)

We again use the notation that when we are dealing with TTNC off shell, the variations

of the matter Lagrangian at order O(c2) are denoted by (suppressing spacetime indices)
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(−2)

T φ|τ∧dτ=0 = Tφ for the field φ. If N = 2 the LO matter Lagrangian is of order O(c2).

Therefore in that case T µν
Φ = T µ

m = 0. When N = 4 the LO matter Lagrangian is of order

O(c4) and the NLO matter Lagrangian is the one that couples to NRG. In the latter case

the responses T µν
Φ and T µ

m are generically nonzero. The equations of motion of matter

coupled NRG are

Gαβh = 8πGNT αβ
h , (4.11)

ταGατ = 8πGNταT α
τ , (4.12)

GαβΦ = 8πGNT αβ
Φ , (4.13)

Gαm = 8πGNT α
m , (4.14)

where the left hand sides are given by (3.39)–(3.42).

We can also relate the 1/c2 expansion of the relativistic energy-momentum tensors Eµmat

and Eµνmat defined in (2.105) to the expansion (4.4)–(4.5) and related equations. Analogously

to section 3.1.3 the relations are

T µν
h =

(−2)

Eµνmat +

(

Φ+
1

2
hαβΦαβ

)

(−4)

Eµνmat , (4.15)

T µ
τ =

(−2)

Eµmat +

(

Φ+
1

2
hαβΦαβ

)

(−4)

Eµmat , (4.16)

T µν
Φ =

(−4)

Eµνmat , (4.17)

T µ
m =

(−4)

Eµmat . (4.18)

In deriving this result we expanded Eµm as

Eµmat =
(−4)

Eµmat + σ
(−2)

Eµmat +O(σ2) , (4.19)

and similarly for Eµνmat. To explain the notation we refer to (2.105) (where we factored out

cN with N = 4).

4.2 Ward identities

The matter sector must be invariant under the gauge transformations that act simultane-

ously on the geometric objects as well as on the matter fields. Since the latter variations are

proportional to the matter equations of motion we can ignore these terms at the expense of

being able to only derive on shell Ward identities. We can derive these on shell Ward iden-

tities from applying the transformation laws (2.66), (2.71)–(2.74) acting on the geometric

fields in (4.10) and requiring invariance of the matter action up to the matter equations of

motion. The structure of the tower of WIs that follows from this is summarised in figure 3.
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LO currents

NLO currents

NNLO currents

Lξ

Lξ

Lξ

Lζ

Lζ

LΞ(4)

Figure 3. Structure of the Ward identities (WIs): at each order there are LO WIs generated by

the LO vector field ξµ through the Lie derivative Lξ. The subleading vector field ζµ generates a WI

through Lζ , which is equivalent to the LO WI at LO. Similarly Lζ at NNLO generates a WI which

is equivalent to the LO WI at NLO. This works similarly for subsubleading vector field Ξµ

(4) and

is systematically extended to higher orders in the expansion. Hence, when working at a particular

order, energy-momentum conservation of the previous orders in the expansion is always included

at that given order.

Diffeomorphism invariance of (4.10) implies that we have the following conservation

law:10

0 = τρ
(

∇̌µ + 2aµ
)

T µ
τ +mρ

(

∇̌µ + 2aµ
)

T µ
m + hρν

(

∇̌µ + aµ
)

T µν
h +Φρν

(

∇̌µ + aµ
)

T µν
Φ

− aρτµT µ
τ + FµρT µ

m − aρmµT µ
m − τρKµνT µν

h +

(

∇̌µΦρν −
1

2
∇̌ρΦµν

)

T µν
Φ

− (aµτρ − τµaρ) v
λΦλνT µν

Φ . (4.20)

The vρ and hρσ projections are:

0 = −
(

∇̌µ + 2aµ
) (

T µ
τ − vρΦρνT µν

Φ

)

− Φ
(

∇̌µ + 2aµ
)

T µ
m + vρFµρT µ

m +KµνT µν
h

− 1

2
Lv
(

P ρµP
σ
ν Φρσ

)

T µν
Φ , (4.21)

0 = hρσmρ

(

∇̌µ + 2aµ
)

T µ
m + hρσhρν

(

∇̌µ + aµ
)

T µν
h + hρσΦρν

(

∇̌µ + aµ
)

T µν
Φ

− hρσaρτµT µ
τ + hρσFµρT µ

m − hρσaρmµT µ
m + hρσ

(

∇̌µΦρν −
1

2
∇̌ρΦµν

)

T µν
Φ . (4.22)

In the first equation we used

−1

2
T µν
Φ LvΦµν = −1

2
T µν
Φ Lv

(

P ρµP
σ
ν Φρσ − 2τµv

ρΦρν
)

= −1

2
T µν
Φ Lv

(

P ρµP
σ
ν Φρσ

)

+ T µν
Φ aµv

ρΦρν , (4.23)

and in the second equation we used τµT µν
Φ = 0, a property that will be derived further

below.

In addition the subleading diffeomorphism gives another conservation equation between

the currents. This is the same as the conservation equation at NLO because of (4.4)–(4.5).

Explicitly we have

0 = τρ
(

∇̌µ + 2aµ
)

T µ
m + hρν

(

∇̌µ + aµ
)

T µν
Φ − aρτµT µ

m − τρKµνT µν
Φ . (4.24)

10Diffeomorphisms commute with the TTNC condition.
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The two projections along vρ and hρσ, i.e.

(

∇̌µ + 2aµ
)

T µ
m −KµνT µν

Φ = 0 , (4.25)
(

∇̌ν + aν
)

T µν
Φ − T ν

mτνh
µρaρ = 0 , (4.26)

give the matter counterparts of the equations (3.43) and (3.44). The vρ projection agrees

with the leading order term in the expansion of (2.110). To show this we used (4.19)

and (4.15)–(4.18). Likewise the hρσ projection agrees with the leading order term in the

expansion of (2.111).

Finally the Galilean boost Ward identity is

T µ
me

a
µ + T µν

h eaµτν + T µν
Φ (τµπ

a
ν +mµe

a
ν) = 0 . (4.27)

This can be read as saying that the spatial components of T µ
m are completely determined

in terms of the other currents. This is the matter counterpart of (3.36) provided that

T µν
Φ τµ = 0. We can show that we always have that T µν

Φ τµe
a
ν = 0: this follows from as a

Ward identity for the subleading Galilean boosts with parameter ηa (see equation (2.74)).

Later, in equation (4.53), we will see that when we assume that the order O(c2) matter

Lagrangian does not depend on the NNLO field Bµ for the case with off shell TTNC that

this in fact implies that T µν
Φ τµ = 0. This will be assumed to hold throughout.

Note that the hρσ projection of the diffeomorphism Ward identity, equation (4.22),

only contains hµρhνσΦµν (to see this we need to use that T µν
Φ τµ = 0) which is the part

of Φµν that appears in the NRG Lagrangian. On the other hand the vρ projection (4.21)

contains vµhνρΦµν which does not appear in the NRG Lagrangian. The terms involving

vµΦµν will therefore drop out from the Ward identity. They must cancel against vµΦµν
contributions to the currents. More specifically the combination T µ

τ − vρΦρνT µν
Φ does not

depend on vµΦµν . This can be seen by using that the matter Lagrangian is at most of

order c4 so that at NLO, which is c2, the field Φµν appears linearly in a term of the form

hµρhνσΦµνXρσ where Xρσ depends on the matter fields. It is straightforward to see that

then T µ
τ − vρΦρνT µν

Φ is independent of vµΦµν .

4.2.1 Expansion of the Hilbert energy-momentum tensor

We collect here a few general remarks about the 1/c2 expansion of the Hilbert energy-

momentum tensor Tµν . From equations (2.114) and (2.115) we can see that for the case

N = 4 (which is the highest value N can have for a causal spacetime, referring back to our

earlier discussion in the beginning of the section)

TµT
µν = O(c2) , (4.28)

ΠµσΠ
σρTµν = O(c4) . (4.29)

Hence we expand Tµν as

Tµν = c4
(−4)

Tµν + c2
(−2)

Tµν +
(0)

Tµν +O(c−4) , (4.30)
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where τµ
(−4)

Tµν = 0. More specifically equations (2.114) and (2.115) tell us that

T µ
m = −

(−2)

Tµντν −
(−4)

Tµνmν , (4.31)

T µν
Φ =

(−4)

Tµν , (4.32)

T µ
τ = −

(−4)

TµνBν −
(−2)

Tµνmν −
(0)

Tµντν −
(

Φ+
1

2
hαβΦαβ

)(

(−2)

Tµντν +
(−4)

Tµνmν

)

, (4.33)

hµρT µν
h = hµρ

(−2)

Tµν +

(

Φ+
1

2
hαβΦαβ

)

hµρ
(−4)

Tµν , (4.34)

where we used (4.19) as well as (4.15)–(4.18).

At the leading order the Ward identity derived from the conservation law (2.116) is

given by
(

∇̄µ + âµ
)

(−4)

Tµν + hνσâστµτρ
(−2)

Tµρ = 0 . (4.35)

This equation is identical to (4.26). At NLO we find

e−1∂µ

(

e
(−2)

Tµν
)

+ Γν(0)µρ
(−2)

Tµρ + Γµ(2)µρ

(−4)

T ρν + Γν(2)µρ
(−4)

Tµρ + Γν(−2)µρ

(0)

Tµρ = 0 . (4.36)

Contracting this with τν we find

(

∇̄µ + 2âµ
)

τν
(−2)

Tµν + K̄µν

(−4)

Tµν = 0 , (4.37)

which is the same as (4.25). We used the expansion of the Christoffel connection Γρµν
discussed in appendix E.3. To show equality with (4.25) we used equation (3.75).

4.3 Boost invariant currents

The matter currents that naturally couple to the boost invariant NRG formulation of the

NNLO Lagrangian (3.67) are defined as

δ
(−2)

LM ≡ −e
(

TΦ̂δΦ̂− T v̂
µ δv̂

µ +
1

2
T h
µνδh

µν − 1

2
T µν
Φ̄
δΦ̄µν

)

, (4.38)

so that the equations of motion in the presence of matter become

GΦ̂ = 8πGNTΦ̂ , (4.39)

G v̂µ = 8πGNT v̂
µ , (4.40)

Ghµν = 8πGNT h
µν , (4.41)

Gµν
Φ̄

= 8πGNT µν
Φ̄

. (4.42)

Like for the geometry part, we can use the variational relations (3.78)–(3.81) to express

the boost invariant currents in terms of the currents defined from varying the set of fields

τµ,mµ, hµν ,Φµν :

T ρ
τ = −TΦ̂Φv

ρ + T v̂
µ (Φhµρ + vµv̂ρ)− T h

µνv
µhνρ − T ρσ

Φ̄
Bσ , (4.43)

T ρ
m = TΦ̂v̂

ρ − T v̂
µ h

µρ − T ρσ
Φ̄
mσ , (4.44)

T ρσ
h = −2TΦ̂mµh

µ(ρ

(

vσ) − 1

2
hσ)νmν

)

− 2T v̂
µ v̂

(ρhσ)µ + T h
ρσh

µρhνσ , (4.45)

T ρσ
Φ = T ρσ

Φ̄
. (4.46)
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The presence of the NNLO field Bσ in (4.43) does not need to concern us as this is in

agreement with the fact that only the τµ variation in the direction of τµ does not couple

to NNLO fields (see the discussion of section 3.1.3). The τρ projection of (4.43) vanishes

provided τρT ρσ
Φ = 0.

A set of currents that have all indices up and that is boost invariant is defined by using

as independent variables τµ, h̄µν , Φ̄µν , i.e.

δ
(−2)

Lmat ≡ e

(

T̄ µ
τ δτµ +

1

2
T µν

h̄
δh̄µν +

1

2
T µν
Φ̄
δΦ̄µν

)

. (4.47)

Using (3.81) and

δh̄µν = δhµν − 2τ(µδmν) − 2m(µδτν) , (4.48)

we can relate them to the other currents via

T ρ
τ = T̄ ρ

τ − T ρσ

h̄
mσ − T ρσ

Φ̄
Bσ , (4.49)

T ρ
m = −T ρσ

h̄
τσ − T ρσ

Φ̄
mσ , (4.50)

T ρσ
h eaρ = T ρσ

h̄
eaρ , (4.51)

T ρσ
Φ = T ρσ

Φ̄
. (4.52)

The variation with respect to the NNLO field Bν is τµT µν
Φ̄

. Since we will assume that there

will be no Bµ dependence in the matter Lagrangian with off shell TTNC it follows that

τµT µν
Φ̄

= 0 . (4.53)

One could also formulate the equations of motions by varying the gravity Lagrangian with

respect to τµ, h̄µν , Φ̄µν , but we shall refrain from doing that.

4.4 Newtonian gravity

In section 3.4 it was shown that we cannot add a Lagrange multiplier to enforce dτ = 0.

We will see in the next section that the situation τ ∧dτ = 0 versus dτ = 0 is decided on by

the nature of the 1/c2 expansion of the matter Lagrangian. This happens via equations of

motion imposed by the matter fields. The matter equations of motion may sometimes force

dτ = 0. We will see this happening for a massive point particle, certain approximations of

perfect fluids and for the Schrödinger field approximation to a massive complex scalar field.

In this section we will study the necessary conditions on the matter sector in order

that dτ = 0 is compatible with the equations of motion of gravity coupled to matter.

The special properties that the matter currents must satisfy can be understood com-

pletely from the scaling equation (3.45) which after using the Einstein equations becomes,

8πGN
(

−(d−2)τµT µ
m+hµνT µν

Φ

)

=(d−1)hµν
(

∇̌µ+aµ
)

aν =(d−1)e−1∂µ (eh
µνaν) . (4.54)

This gives an equation for the non-relativistic lapse function N defined as τ = NdT since

hµνaν = hµνN−1∂νN . It then follows that if there is to be no torsion the matter must

satisfy the necessary condition

(d− 2)τµT µ
m = hµνT µν

Φ . (4.55)
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Existence of non-trivial solutions to e−1∂µ (eh
µνaν) = 0 depends on boundary condi-

tions and topology of the manifold. This is crucial in establishing a twistless torsionful

Schwarzschild-type vacuum solution to the EOMs in section 6.3.

When aµ = 0 the trace equation (3.46) simplifies to

8πGN
(

−(d− 2)τµT µ
τ − (d− 2)mµT µ

m + hµνT µν
h +ΦµνT µν

Φ

)

= (d− 1)

[

vµvνŘµν + hµν∇̌ρ

(

vρ∇̌µmν

)

+
1

4
hµρhνσFµνFρσ + hµν∇̌µ∂νΦ

− (2hµρhνσ − hµνhρσ) ∇̌µ (mνKρσ)

]

= (d− 1)v̂µv̂νR̄µν . (4.56)

By changing the connection to (B.9) all terms on the right hand side combine to form the

scalar v̂µv̂νR̄µν .

For matter coupled Newtonian gravity what the examples in the next section will show

is that in those cases the most leading order in the expansion of the matter Lagrangian is

of order c2 which guarantees that the currents T µ
m and T µν

Φ are both zero. In that case the

equations (4.56) together with the mµ and Φµν equations of motion are all independent of

Φµν . Hence for matter coupled Newtonian gravity the mµ and Φµν equations of motion

together with (4.56) can be used to solve for the fields τµ, hµν and mµ. When that happens

Φµν decouples from the other fields τµ, hµν andmµ. In the next section we will see examples

of this. The left hand side of (4.56) contains τµT µ
τ which, as we will later see, is minus the

mass density −ρ that enters in the geometric Poisson equation (C.29). In particular it is

not a Bargmann mass as we elaborate on in appendix C.2. When dτ = 0 and the currents

T µ
m and T µν

Φ are both zero the equations of motion of matter coupled Newtonian gravity

are simply (after some rewriting)

hρνvσŘρσ−
1

2
hµρhνσ∇̌µFρσ =0 , (4.57)

hµρhνσŘµν =0 , (4.58)

vµvνŘµν+
1

4
hµρhνσFµνFρσ+∇̌µ (h

µνvρFρν)=
8πGN
d−1

(

−(d−2)τµT µ
τ +hµνT µν

h

)

. (4.59)

This can equivalently be written as

R̄µν =
8πGN
d− 1

(

−(d− 2)τρT ρ
τ + hρσT ρσ

h

)

τµτν . (4.60)

We will see explicit realisations of this equation in the next section.

5 Examples of matter couplings

In this section we study some canonical examples of matter that can be put on type

II Newton-Cartan (NC) geometries and their coupling to non-relativistic gravity (NRG):

point particles, fluids, scalar fields and electrodynamics. We always start with a 1/c2

expansion of their relativistic parent and derive the equations of motion (EOMs). Their
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currents and Ward identities (WIs) are studied and we comment on what kind of NRG the

theories can source. For the point particles we see that there is basically a branching into

the usual non-relativistic (NR) particle and a novel type of particle motion that lives on

a twistless torsional Newton-Cartan (TTNC) geometry and couples to torsion. To get a

better conceptual understanding of the latter we study the motion on Rindler spacetime.

Perfect fluids, which will play a distinguished role later on in section 6, are then studied

with and without an extra U(1) current. We then turn to both real and complex scalar

fields and see, among other results, that we can derive Schrödinger-Newton theory as a

special case. The 1/c2 expansion of Maxwell electrodynamics yields novel magnetic and

electric theories on (type II) TTNC geometry that we study. Finally we see how we can

obtain Galilean electrodynamics (GED) on torsionless NC geometry.

5.1 Point particles

5.1.1 Lagrangian

The proper time particle Lagrangian is

L = −mc
(

−gµνẊµẊν
)1/2

. (5.1)

In here Xµ(λ) are the embedding scalars and λ is the geodesic parameter. Expanding the

metric according to (2.57) we obtain the 1/c2 expansion of the Lagrangian

L = −mc2τµẊµ +
m

2

h̄µνẊ
µẊν

τρẊρ
+O(c−2) . (5.2)

We still need to expand the embedding scalars according to (2.1):

Xµ = xµ +
1

c2
yµ +O(c−4) . (5.3)

This is necessary for otherwise we would overconstrain the equations of motion for Xµ.

Note that τµ is a function of X and so we need to expand

τµ(X) = τµ(x) +
1

c2
yσ∂στρ(x) +O(c−4) . (5.4)

We obtain

L = −mc2τµẋµ +m

(

−τµẏµ − ẋνyµ∂µτν +
1

2

h̄µν ẋ
µẋν

τρẋρ

)

+O(c−2) , (5.5)

where all functions τµ and h̄µν depend on xµ(λ). The leading order (LO) Lagrangian is

(−2)

LLO = −mτµẋµ . (5.6)

After a partial integration the next-to-leading order (NLO) Lagrangian becomes

(0)

LNLO = m

(

(∂ντµ − ∂µτν) ẋ
νyµ +

1

2

h̄µν ẋ
µẋν

τρẋρ

)

. (5.7)

This is the Lagrangian of a particle on type II TNC geometry.
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The equations of motion (EOMs) of the LO Lagrangian are

ẋµ (∂µτν − ∂ντµ) = 0 , (5.8)

which is correctly reproduced by the EOMs of yµ in the subleading Lagrangian. On a

TTNC background this becomes

ẋµaµ = 0 , ẋµτµaρ = 0 . (5.9)

Since we assumed that τµẋ
µ 6= 0 the equations of motion force aµ = 0. On a fixed NC

background the action is the same as the standard point particle action on type I TNC

geometry [13, 43, 71].

Further notice that the LO action is order c2 and that this couples to the next-to-next-

to-leading order (NNLO) gravity action. The NLO particle action therefore only backreacts

to the N3LO gravity action where it will source NNLO fields. This means that we can solve

the geodesic equation before we backreact the solution.

If we restrict ourselves to TTNC backgrounds we can rewrite (5.7) to

LNR = m

(

1

2

hµν ẋ
µẋν

τρẋρ
−mµ(x, y)ẋ

µ

)

, (5.10)

where

mµ(x, y) = mµ + τµy
νaν − aµτνy

ν . (5.11)

This observation is useful for computing the xµ equation of motion. This turns out to be

identical to the type I geodesic equation on a background with dτ = 0 (which is forced upon

us by the yµ equation of motion). In a gauge in which τµẋ
µ = 1 this equation is given by

ẍµ + Γ̄µνρẋ
ν ẋρ = 0 , (5.12)

where the connection depends on mµ(x, y) which on shell is identical to mµ since aµ = 0.

In other words the yµ field has decoupled from the leading and subleading equations of

motion, (5.8) and (5.12) respectively. One could thus say that yµ is a Lagrange multiplier

for the condition aµ = 0.

5.1.2 Newtonian gravity coupled to point particles

Consider the NRG Lagrangian coupled to the LO point particle Lagrangian. They couple

to each other because they both appear at order c2. The combined system is what we call

Newton-Cartan gravity (NCG) coupled to a point particle,

LNCG =
e

16πGN

[

hµρhνσKµνKρσ − (hµνKµν)
2 − 2mν (h

µρhνσ − hµνhρσ) ∇̌µKρσ

+ΦhµνŘµν +
1

4
hµρhνσFµνFρσ +

1

2
ζρσh

µρhνσ(∂µτν − ∂ντµ)

− Φρσh
µρhνσ

(

Řµν − ∇̌µaν − aµaν −
1

2
hµνh

κλŘκλ + hµνe
−1∂κ

(

ehκλaλ

)

)

]

−m

∫

dλ δ(x− x(λ))τµẋ
µ . (5.13)
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The equations of motion consist of (4.60) where

T µ
τ = −m

∫

dλ
δ(x− x(λ))

e
ẋµ , (5.14)

and T µν
h = 0 as is easily obtained from the variations of (5.6). In a worldline gauge for

which τµẋ
µ = 1 we thus have

ρ = −τµT µ
τ = m

∫

dλ
δ(x− x(λ))

e
. (5.15)

Besides the NC equations of motion there are additional decoupled equations of motion for

the field Φµν as well as the Lagrange multiplier. The latter can be replaced by the NNLO

fields by replacing the gravity part of the above Lagrangian by the NNLO Lagrangian of

the expansion of the EH Lagrangian. Finally there is the xµ equation of motion which

enforces dτ = 0. This thus gives a complete off shell description of NC gravity with a point

particle source.

5.1.3 On shell expansion

Equations (5.8) and (5.12) can also be obtained from an on shell expansion by starting

with the relativistic geodesic equation

Ẍµ + ΓµνρẊ
νẊρ = 0 , (5.16)

where gµνẊ
µẊν = −c2 and by expandingXµ = xµ+. . .. The gauge choice gµνẊ

µẊν = −c2
tells us that τµẋ

µ = 1. The leading order term in the expansion of (5.16) tells us that

aµ = 0. Using this result the new leading order expansion of (5.16) gives us (5.12), so in

this manner we never needed to work with yµ at the level of the EOM.

The τµ projection of (5.12) is trivially satisfied using that τµẋ
µ = 1. This suggests

that we should expand (5.16) to one further subleading order and project that equation

with τµ to find something nontrivial. Indeed doing so leads to

d2

dλ2
(τµy

µ) + K̄µν ẋ
µẋν + 2ẋµ∂µΦ̂ = 0 . (5.17)

Furthermore from gµνẊ
µẊν = −c2 we also learn that

d

dλ
(τµy

µ) =
1

2
h̄µν ẋ

µẋν . (5.18)

We thus find
d

dλ

(

1

2
h̄µν ẋ

µẋν + 2Φ̂

)

+ K̄µν ẋ
µẋν = 0 , (5.19)

which is the expression for energy conservation: consider for example the geometry τ = dt,

hµνdx
µdxν = d~x2 and m = Φ(x)dt with Φ time independent. In this case (5.19) becomes

d

dλ

(

1

2
~̇x · ~̇x+Φ

)

= 0 , (5.20)

which is the classical expression for energy conservation for a particle moving in a time-

independent Newtonian potential.
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5.1.4 Fluid description

Instead of using embedding coordinates we can also say that the geodesics correspond to

the integral curves of a parallel transported unit normalised vector field Uµ, i.e.

Uρ∇ρU
µ = Uρ

(

∂ρU
µ + ΓµρνU

ν
)

= 0 , (5.21)

where everything is a function of the spacetime coordinates xµ which are not expanded in

1/c. We can then expand Uµ, which obeys gµνU
µUν = −c2, according to (2.1) as

Uµ = uµ + c−2uµ(2) +O(c−4) , (5.22)

where τµu
µ = 1 and τµu

µ
(2) =

1
2 h̄µνu

µuν . We obtain for dτ = 0 the equations

0 = uµ∇̄µu
ν , (5.23)

0 = uµ∂µ

(

1

2
h̄ρσu

ρuσ + 2Φ̂

)

+ K̄µνu
µuν , (5.24)

where the latter results from the τµ projection of the subleading equation. If we multiply

these equations with ρ given in (5.15) then we obtain equations (5.12) and (5.19). Using

that ∇µ(ρU
µ) = 0 at leading order implies ∇̄µ(ρu

µ) = 0 we can also write these as fluid-

type conservation equations, i.e.

0 = ∇̄µ (ρu
µuν) , (5.25)

0 = ∇̄µ

[

ρ

(

1

2
h̄ρσu

ρuσ + 2Φ̂

)

uµ
]

+ K̄µνρu
µuν . (5.26)

The latter equation is identically satisfied given the mass-momentum conservation equa-

tion (5.25).

5.1.5 Coupling to electrodynamics

We can easily generalise the action to couple the particle to the 1/c2 expansion of a back-

ground electromagnetic potential Aµ, whose dynamics we study further in section 5.5. The

expansion of the electromagnetic potential is assumed to be a 1/c2 expansion to match the

orders of the expansion of the point particle Lagrangian (5.2), so that

Aµ (X) = c2A(−2)
µ (x) +A(0)

µ (x) + yρ∂ρA
(−2)
µ (x) +O(c−2) . (5.27)

Expanding the usual electric coupling to electrodynamics with electric charge q then yields

LEM = qc2A(−2)
µ (x)ẋµ + q

[

A(0)
µ (x)ẋµ + F (−2)

ρµ ẋµyρ
]

+O(c−2) . (5.28)

The resulting total Lagrangian for a massive point particle with mass m and charge q is

hence expanded as

Ltot = LNR,pp + LEM = c2
(

qA(−2)
µ −mτµ

)

ẋµ

+
(

qF (−2)
ρµ −mτρµ

)

ẋµyρ +
m

2

h̄µν ẋ
µẋν

τρẋρ
+ qA(0)

µ ẋµ +O(c−2) . (5.29)
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In order to cancel the leading order term, we see that we need to take A
(−2)
µ = m

q τµ. In

that case also the term that gives coupling to torsion at the next-to-leading order vanishes

and we get

Ltot,A(−2)=m
q
τ =

m

2

h̄µν ẋ
µẋν

τρẋρ
+ qA(0)

µ ẋµ +O(c−2) . (5.30)

This is exactly the Lagrangian of a (type I) Newton-Cartan particle coupled to electrody-

namics [28, 43]. Notice that there is now no yρ dependence enforcing torsionlessness so

that these particles can propagate in torsionful geometry.11

We return to the 1/c2 expansion of Maxwell electrodynamics in section 5.5.

5.2 TTNC geodesics

In the previous subsection we studied the 1/c2 expansion of the massive point particle

Lagrangian and concluded that this is only consistent on a background with dτ = 0. This

begs the question what about point particles moving on a torsionful NC geometry.

Consider again the action

S = −mc
∫

dλ

√

−gµν(X)ẊµẊν . (5.31)

This action is worldline reparameterisation invariant with respect to δXµ = ξẊµ. The Xµ

equation of motion is given by

(

δσµ − gµτ Ẋ
τ Ẋσ

gκλẊκẊλ

)

(

Ẍµ + ΓµρνẊ
ρẊν

)

= 0 . (5.32)

If we fix the worldline reparameterisations by setting

gµνẊ
µẊν = −C2 , (5.33)

where C is any constant, then the geodesic equation becomes

Ẍµ + Γµνρ(X)ẊνẊρ = 0 . (5.34)

Any solution to this equation obeys

d

dλ

(

gµνẊ
µẊν

)

= 0 , (5.35)

so only the sign in (5.33) is not automatic. Since we are dealing with a massive point

particle we will take it to be timelike.

The norm of the timelike tangent vector is

gµνẊ
µẊν = −c2

(

Tµ(X)Ẋµ
)2

+Πµν(X)ẊµẊν < 0 . (5.36)

11A similar feature is observed in the coupling of non-relativistic strings including a background B-

field [27].
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In the previous subsection we took Tµ(X)Ẋµ = O(c0) and Πµν(X)Ẋµ = O(c0). Here we

will instead take the following starting point

Tµ(X)Ẋµ = O(c−1) , Πµν(X)Ẋµ = O(c0) , (5.37)

where both are expanded in a series of 1/c2. We can achieve this by expanding the em-

bedding scalar as

Xµ = xµ +
1

c
yµ +O(c−2) . (5.38)

The leading order equation obtained from (5.34) and the expansion of the Christoffel sym-

bols (E.21) is

(τν ẋ
ν)2 hµσaσ = 0 . (5.39)

For NC geometry this is automatic but for TTNC geometry this gives τν ẋ
ν = 0. In the

latter case the only way to keep the tangent vector Ẋµ timelike is for there to be a term

at order 1/c.

Using

τµ(X) = τµ(x) +
1

c
yρ∂ρτµ(x) +O(c−2) , (5.40)

we find

τµ(X)Ẋµ =
1

c
(τµẏ

µ + ẋµyν∂ντµ) +O(c−2)

=
1

c

(

d

dλ
(τµy

µ)− ẋνaντµy
µ

)

+O(c−2) . (5.41)

This gives

gµνẊ
µẊν = −

(

d

dλ
(τµy

µ)− ẋνaντµy
µ

)2

+ hµν ẋ
µẋν +O(c−1) < 0 , (5.42)

where τµ and hµν are functions of xµ. We conclude that in the large c limit

F ≡
(

d

dλ
(τµy

µ)− ẋνaντµy
µ

)2

− hµν ẋ
µẋν = C2 , (5.43)

where we took C2 in (5.33) to be independent of c. Using (5.34), (E.21)–(E.22), (5.38)

and (5.41) we find that the leading order geodesic equation is

ẍµ + Γ̌µνρẋ
ν ẋρ + hµσaσ

(

d

dλ
(τµy

µ)− ẋνaντµy
µ

)2

= 0 , (5.44)

where we used that Γ̄µνρẋν ẋρ = Γ̌µνρẋν ẋρ. By contracting (5.34) with τµ(X) and expanding

up to order O(c−1) we furthermore obtain

d

dλ
log (N (τµẏ

µ + ẋµyν∂ντµ)) = 0 , (5.45)

where we used τ = NdT . Here T is a time function. This equation exists in any coordinate

system, i.e. both N and T are scalar functions of the coordinates.
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Equations (5.44) and (5.45) can also be obtained from an action with (5.43) appearing

as a gauge fixing condition. To see this we will set τν ẋ
ν = 0 off shell. The leading term in

the expansion of (5.31) is given by

S =

∫

dλL = −mc
∫

dλ
[

(τµẏ
µ + ẋµyν∂ντµ)

2 − hµν ẋ
µẋν
]1/2

. (5.46)

We will define the Lagrangian as

L = −mcF 1/2 . (5.47)

The Lagrangian is a function of xµ, yµ and their derivatives. The EOMs can be written as

0 =
d

dλ

∂F

∂ẋµ
− 1

2

1

F

dF

dλ

∂F

∂ẋµ
=

∂F

∂xµ
, (5.48)

0 =
d

dλ

∂F

∂ẏµ
− 1

2

1

F

dF

dλ

∂F

∂ẏµ
=
∂F

∂yµ
. (5.49)

The yµ EOM can be written as

d

dλ
log

F

N2 (τµẏµ + ẋµyν∂ντµ)
2 = 0 , (5.50)

where we used that for any TTNC geometry hµνaν = hµνN−1∂νN . This follows from

τµ = N∂µT . This agrees with equation (5.45) when F = constant which is what was

assumed in deriving (5.45). Let the integration constant be a, then we find

e−aF = N2 (τµẏ
µ + ẋµyν∂ντµ)

2 = N4

[

d

dλ
(yµ∂µT )

]2

, (5.51)

which we note is manifestly positive as required in (5.43). A useful identity is

τµẏ
µ + ẋµyν∂ντµ =

d

dλ
(τµy

µ)− ẋνaντµy
µ = N

d

dλ
(yµ∂µT ) . (5.52)

The xµ equation of motion comes out to be

ẍµ + Γ̌µνρẋ
ν ẋρ − 1

2F

dF

dλ
ẋµ + (τµẏ

µ + ẋµyν∂ντµ)
2 hµσaσ = 0 . (5.53)

We will now choose a gauge in which F is constant with F = ea = C2. This implies that

τµẏ
µ + ẋµyν∂ντµ = N−1 =⇒ d

dλ
(yµ∂µT ) = N−2 . (5.54)

Equation (5.43) becomes
1

2
hνρẋ

ν ẋρ − 1

2
N−2 = −1

2
C2 . (5.55)

The xµ equation of motion simplifies to

ẍµ + Γ̌µνρẋ
ν ẋρ =

1

2
hµσ∂σN

−2 . (5.56)

The last two equations together with

τµẋ
µ = 0 , (5.57)

– 49 –



J
H
E
P
0
6
(
2
0
2
0
)
1
4
5

determine the geodesics in a TTNC background. Note that mµ and hence the Newtonian

potential does not appear. Instead we now have a force that is dictated by minus the

gradient of −1
2N

−2 which plays the role of potential energy. The fact that C2 > 0 (for

massive relativistic point particles moving below the speed of light) means that we only

have bound states in this potential field. The last equation is automatically satisfied if one

contracts it with τµ or hµκẋ
κ.

The fact that τµẋ
µ = 0 means that we cannot replace the λ geodesic parameter with

coordinate time. This makes a particle interpretation challenging. The objects probe only

the LO fields τµ and hµν , which is dictated by local Galilean symmetries and perhaps one

should think of these particles as (massless) Galilean particles. In section 6.3.1 we shall see

how the above is realised explicitly for the case of a spherical symmetric Schwarzschild-type

twistless torsional Newton-Cartan (TTNC) background. Regardless of conceptual difficul-

ties, one nevertheless obtains the same orbits as from the relativistic geodesic equation in

Schwarzschild spacetime. Finally we note that the LO Lagrangian (5.46) is O(c) and so

backreactions of this object would require that we include odd powers of 1/c in the metric

expansion [61].

5.2.1 Rindler spacetime

To illustrate the difference between Lorentzian and Newton-Cartan geometries and the role

of geodesics we make a slight digression and study here the simple case of 2-dimensional

Rindler spacetime. In section 6 we will consider many more examples of solutions of non-

relativistic gravity.

Consider the 2D Lorentzian line element

ds2 = −c2dt2 + dx2 . (5.58)

Perform the following coordinate transformation

ct = R sinh(cT ) , x = R cosh(cT ) , (5.59)

where T has dimensions of inverse velocity and R has dimensions of length. We then find

ds2 = −c2R2dT 2 + dR2 . (5.60)

This is 2D Rindler spacetime. It corresponds to the left and right wedges of a lightcone

with centre at (t, x) = (0, 0). Lines of constant T are straight lines through the origin since

ct

x
= tanh(cT ) , (5.61)

and lines of constant R are hyperbolae since

x2 − c2t2 = R2 . (5.62)

In the sense of type II NC geometry the metrics (5.58) and (5.60) give rise to

τ = dt , h = dx2 , m = 0 , Φ = 0 , (5.63)
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and

τ = RdT , h = dR2 , m = 0 , Φ = 0 . (5.64)

Since the first of these has dτ = 0 and the second has τ∧dτ = 0 but dτ 6= 0 they are clearly

not diffeomorphic spacetimes. We thus learn that diffeomorphic spacetimes in Lorentzian

geometry can correspond to non-diffeomorphic spacetimes in NC geometry. The reason in

this case is because the diffeomorphism (5.59) is not analytic in 1/c. Strictly speaking the

notion of diffeomorphism that we are using here is more properly called an isometry since

the spaces are related by a diffeomorphism which relates the metrics.

We would like to understand the type II NC limit (5.64) of Rindler spacetime. Since the

clock 1-form components vanish at R = 0 we need to check if this is in fact a coordinate

singularity. To this end we will perform the same coordinate transformation (5.59) as

before. We will take c = ĉ/ǫ where ĉ is numerically equal to the speed of light and ǫ is

some dimensionless small quantity. The 1/c expansion then becomes an expansion around

ǫ = 0. We will set ĉ = 1 (so that τ has dimensions of length), and write

t = R sinh(T ) , x = R cosh(T ) . (5.65)

We then have the time-like and space-like vielbeins

τ = RdT =
x√

x2 − t2
dt− t√

x2 − t2
dx , e = dR =

−t√
x2 − t2

dt+
x√

x2 − t2
dx , (5.66)

where we write h = ee for the metric on spatial slices.

The lines t = ±x correspond to T = ±∞. Since the total lapse of time (i.e.
∫

γ τ

along some curve γ) is the same in all coordinate systems we can see that future and past

infinity correspond to T = ±∞, i.e. t = ±x, with the exception of the origin R = 0 or

what is the same (t, x) = (0, 0). The lapse of time along a curve with constant R = R0 is

R0

∫ Tf
Ti

dT from some initial to some final time. Clearly this goes to infinity for Ti → −∞
and Tf → ∞. That means that in the t, x coordinates we can consider t = ±x to represent

the boundaries of spacetime except at the origin.

To understand what happens at the origin consider a straight line t = αx where |α| < 1.

It follows from (5.66) that along such a curve the components of τ become

τt =
sign(x)√
1− α2

, τx = −αsign(x)√
1− α2

, (5.67)

while for those of the 1-form e we get

et = −αsign(x)√
1− α2

, ex =
sign(x)√
1− α2

. (5.68)

Let us consider first the time-like vielbein τ . We see that the values of the components of τ

depend on the direction with which one approaches the origin and secondly when passing

through the origin the sign changes. Thus we observe a discontinuous change in τt and τx
when passing through the origin. For example if we consider a curve along the t = 0 axis

then α = 0 so that we jump from τt = 1 and τx = 0 to τt = −1 and τx = 0. Since we
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think of τ as the normal to constant time (here T ) hypersurfaces we see that the direction

of time is reversed. Going up in the right Rindler wedge is going to the future and in the

left Rindler wedge going to the future means going down. This is simple to visualise by

drawing a straight line T = constant through the origin. When moving it forward in time

on the right means that it is going down on the left. We do not observe such a feature

with the h ‘metric’ because it is quadratic in e and so the sign functions disappear. So as

we go through the origin the metrics τ and h depend on the direction through the origin

and the sign of τ is flipped. To summarise the type II TNC version of Rindler spacetime

can be visualised as the two Rindler wedges of Minkowski spacetime joined at the origin

and with the Milne patches of Minkowski spacetime removed entirely.

We continue by considering the geodesics in this spacetime. From the expansion of the

timelike geodesics we find, using equations (5.55)–(5.57),

Ṫ = 0 ,
d

dλ
yT = R−2 , Ṙ2 = R−2 − C2 . (5.69)

In terms of the parameter λ we have

R2 = C−2 − C2(λ− λ0)
2 , yT − yT0 =

1

2
log

∣

∣

∣

∣

1 + C2(λ− λ0)

1− C2(λ− λ0)

∣

∣

∣

∣

. (5.70)

For finite values of the geodesic parameter λ we reach yT = ±∞. We can also write the

solutions as

T = T0 , R cosh(yT − yT0 ) =
1

C
. (5.71)

We cannot view these solutions as curves that are entirely described in terms of the space-

time coordinates T and R. The reason is that we can only replace the geodesic parameter

by yT but the latter is a worldline scalar yT that is the subleading embedding function for

the coordinate T .

If we were to define (note that due to the appearance of yT this is not a coordinate

transformation)

x̃ = R cosh yT , t̃ = R sinh yT , (5.72)

then for yT0 = 0 we get x̃ = 1/C and for yT0 6= 0 we get

t̃ = x̃ coth yT0 − 1

C

1

sinh yT0
. (5.73)

These are straight lines with slopes larger than +1 or less than −1, i.e. the timelike geodesics

of Minkowksi spacetime. However in the sense of NC geometry that interpretation is lost.

From the point of view of type II NC geometry the field yT is just a Lagrange multiplier

in the action for a massless Galilean particle. Hence the only real type II geodesics are

those for which T = constant. In the sense of an approximation of relativistic geodesics the

field yT is of course important and simply captures the NLO effect, correctly reproducing

the straight line geodesics of Minkowski spacetime.
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5.3 Perfect fluids

We continue our study of the 1/c2 expansion of matter systems by presenting the case of

a perfect relativistic fluid.

We expand the normalised fluid velocity according to (2.1) as

Uµ = uµ +
1

c2
uµ(2) +O(c−4) . (5.74)

Then the normalisation condition

gµνU
µUν = −c2 , (5.75)

together with the expansion (2.57) of the metric implies the relations

τµu
µ = 1 , (5.76)

τµu
µ
(2) =

1

2
h̄µνu

µuν . (5.77)

This means that the relativistic fluid velocity admits the expansion

Uµ = c2
(

−τµ +
1

c2

(

−τµ
1

2
h̄ρσu

ρuσ + h̄µνu
ν

)

+O(c−4)

)

. (5.78)

Next we turn to the relativistic energy-momentum tensor

Tµν =
E + P

c2
UµUν + Pgµν , (5.79)

where E and P are the relativistic internal energy and pressure. We will assume that these

quantities have an expansion given by

E = c4E(−4) + c2E(−2) + E(0) +O(c−2) , (5.80)

P = c4P(−4) + c2P(−2) + P(0) +O(c−2) . (5.81)

The energy-momentum tensor expands according to (4.30), which using (5.74) and the

expansion of the inverse metric in (2.58) gives

(−4)

Tµν = P(−4)h
µν , (5.82)

(−2)

Tµν =
(

E(−4) + P(−4)

)

uµuν − P(−4)

(

v̂µv̂ν + hµρhνσΦ̄ρσ
)

+ P(−2)h
µν , (5.83)

(0)

Tµν =
(

E(−2) + P(−2)

)

uµuν +
(

E(−4) + P(−4)

)

(

uµuν(2) + uνuµ(2)

)

+ P(0)h
µν − P(−2)

(

v̂µv̂ν + hµρhνσΦ̄ρσ
)

+ P(−4)

(

2v̂µv̂νΦ̂− Ȳ µν
)

. (5.84)

We can use the results of section 4.2 for the expansion of the relativistic energy-

momentum conservation equation. The Ward identity (4.35) becomes

hµν∂νP(−4) +
(

E(−4) + P(−4)

)

hµνaν = 0 , (5.85)
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while the subleading equation contracted with τν (see (4.37)) gives

uµ∂µE(−4) +
(

E(−4) + P(−4)

) (

∇̄µ + aµ
)

uµ = 0 . (5.86)

We observe that the quantity P(−4) is a ‘pressure’ needed to balance the force due to torsion.

If P(−4) = E(−4) = P(−2) = 0 we find that we must have aµ = 0 and hence dτ = 0.

In that case (4.37) becomes a mass conservation equation with E(−2) the mass density.

We set E(−2) = n for mass density and P(0) = P for pressure. Then the conservation

equation (4.35) becomes

∇̄µT µν = 0 , (5.87)

where
(−2)

Tµν = T µν ≡ Phµν + nuµuν . (5.88)

This is the Cauchy stress-mass tensor. Equation (5.87) describes mass-momentum conser-

vation. Contracting (5.87) with τν leads to the mass conservation equation ∇̄µ(nu
µ) = 0.

The coupling to Newton-Cartan gravity (4.60) can be found by considering (4.33) and (4.34)

which tells us that

T µ
τ = −nuµ , hµρT µν

h = 0 . (5.89)

The subleading conservation equation (4.36) with aµ = 0 can be written as

∇̄µ

(0)

Tµν + Γµ(2)µρT
ρν + Γν(2)µρT µρ = 0 . (5.90)

If we contract this with τν we obtain

∇̄µ

([

1

2
h̄ρσu

ρuσ+2Φ̂

]

nuµ+P v̂µ
)

+K̄µνT µν+∇̄µ

(

(

E(0)+P
)

uµ+nuµ(2)

)

+Γµ(2)µρnu
ρ=0 .

(5.91)

The relativistic conservation equations for a perfect fluid ∇µT
µν = 0 when projected with

Uν give

∇µ [(E + P )Uµ] = Uµ∂µP , (5.92)

which at subleading order leads to

∇̄µ

(

(

E(0) + P
)

uµ + nuµ(2)

)

+ Γµ(2)µρnu
ρ = uµ∂µP . (5.93)

Combining this with (5.91) we obtain

∇̄µ

([

1

2
h̄ρσu

ρuσ + 2Φ̂

]

nuµ + P v̂µ
)

+ K̄µνT µν + uµ∂µP = 0 . (5.94)

This equation is independent of uµ(2) and for zero pressure it reduces to the fluid description

of the non-relativistic particle given in (5.26). It can be shown that upon using (5.87) it is

identically satisfied. In other words the energy conservation couples the LO fluid variables

to the NLO fluid variable uµ(2).

In order to obtain the standard equations for a massive Galilean (Bargmann) fluid we

need to include a relativistic conserved U(1) current Jµ = QUµ. We expand the charge

density as

Q = c2n+Q(0) +O(c−2) , (5.95)
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then for dτ = 0 the leading term in ∇µJ
µ = 0 is ∇̄µ(nu

µ) = 0 while the subleading term

reads

∇̄µ

(

nuµ(2)

)

+
(2)

Γµµνnu
ν = −∇̄µ

(

Q(0)u
µ
)

. (5.96)

Combining this with (5.93) we obtain

∇̄µ

((

E(0) −Q(0) + P
)

uµ
)

= uµ∂µP . (5.97)

If we use this to eliminate uµ∂µP from (5.94) we obtain

∇̄µ

((

E + P +
1

2
nh̄ρσu

ρuσ
)

uµ + 2Φ̂nuµ + P v̂µ
)

+ K̄µνT µν = 0 , (5.98)

where we defined E = E(0) −Q(0). Using (5.94) this can be rewritten as

∇̄µ ((E + P)uµ)− uµ∂µP = 0 . (5.99)

Defining the covariant energy-momentum tensor for a non-relativistic Bargmann fluid

(NR)

Tµν = −
(

E + P +
1

2
nh̄κλu

κuλ
)

uµτν + nuµh̄νρu
ρ + Pδµν , (5.100)

and extracting the energy current

Eµ = v̂ν
(NR)

Tµν , (5.101)

we find the energy conservation equation

∇̄µEµ + T µρK̄µρ = 0 . (5.102)

What we thus see is that in the case of the 1/c2 expansion of the relativistic perfect

fluid without the U(1) current we find mass and momentum conservation at leading order

but the energy conservation equation couples to the subleading field uµ(2). On the other

hand, when there is a U(1) current present one can find a limit in which all the usual non-

relativistic fluid equations (on a type I NC geometry), i.e. mass, momentum and energy

conservation, are obtained, forming a closed set of equations. In the case of the point

particle this distinction did not arise because there is no internal energy. We note that

various non-relativistic fluids have been studied in the literature, see for example [54–

59, 72, 73].

5.4 Scalar fields

5.4.1 Complex scalar field

Consider the action of a complex scalar field

S = −c−1

∫

dd+1x
√−g

(

gµν∂µφ∂νφ
⋆ +m2c2φφ⋆

)

. (5.103)
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We split the field in terms of its modulus and phase according to φ = 1√
2
ϕeic

2θ so that

S =

∫

dd+1xE

[

1

2c2
(Tµ∂µϕ)

2 − 1

2
Πµν∂µϕ∂νϕ

+ ϕ2

(

c2

2
(Tµ∂µθ)

2 − c4

2
Πµν∂µθ∂νθ −

1

2
m2c2

)

]

, (5.104)

where we used (2.9) and (2.11). Next we expand the modulus and phase of φ according to

ϕ = ϕ(0) + c−2ϕ(2) + c−4ϕ(4) +O(c−6) , (5.105)

θ = θ(0) + c−2θ(2) + c−4θ(4) +O(c−4) . (5.106)

The expansion of the Lagrangian is

L = c4
(−4)

LLO + c2
(−2)

LNLO +O(c0) . (5.107)

The leading order Lagrangian is given by

LLO = −1

2
eϕ2

(0)h
µν∂µθ(0)∂νθ(0) , (5.108)

so that the ϕ(0) equation of motion tells us that

hµν∂µθ(0)∂νθ(0) = 0 . (5.109)

This condition is a sum of squares, so it implies

hµν∂µθ(0) = 0 . (5.110)

As explained in section 2.5, this condition will be repeated at any order of the Lagrangian

through the equations of motion of the most subleading field in the expansion of φ.

With these comments, we can determine the NLO Lagrangian to be

(−2)

LNLO= e

(

−ϕ2
(0)h

µν∂µθ(0)∂νθ(2)+
1

2
ϕ2
(0)

(

v̂µ∂µθ(0)
)2− 1

2
m2ϕ2

(0)−ϕ(0)ϕ(2)h
µν∂µθ(0)∂νθ(0)

+
1

2
ϕ2
(0)h

µρhνσΦ̄ρσ∂µθ(0)∂νθ(0)−
1

2
ϕ2
(0)

(

Φ̂+
1

2
hρσΦ̄ρσ

)

hµν∂µθ(0)∂νθ(0)

)

. (5.111)

Using that hµν∂µθ(0) = 0 (which now follows from the ϕ(2) EOM), the EOM of ϕ(0) is,

vµ∂µθ(0) = ±m. (5.112)

Equations (5.110) and (5.112) then imply that

τµ = ∓ 1

m
∂µθ(0) , (5.113)

so that τ is exact. The LO matter Lagrangian is O(c4) but it does not source gravity

at that order due to (5.110). The first sourcing of gravity appears at O(c2). We thus
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couple (3.29) to (5.111). This means that the coupling of the matter Lagrangian (5.104)

to the EH Lagrangian will give rise to Newtonian gravity coupled to a scalar field in the

large speed of light expansion.

The NNLO Lagrangian is

(0)

LN2LO = e

(

Φ̂ +
1

2
hρσΦ̄ρσ

)(

1

2
ϕ2
(0)

(

v̂µ∂µθ(0)
)2 − ϕ2

(0)h
µν∂µθ(0)∂νθ(2) −

1

2
m2ϕ2

(0)

)

+ e

(

−1

2
hµν∂µϕ(0)∂νϕ(0) − ϕ2

(0)h
µν∂µθ(0)∂νθ(4) −

1

2
ϕ2
(0)h

µν∂µθ(2)∂νθ(2)

−2ϕ(0)ϕ(2)h
µν∂µθ(0)∂νθ(2) + ϕ2

(0)v̂
µ∂µθ(0)v̂

µ∂µθ(2) + ϕ(0)ϕ(2)

(

v̂µ∂µθ(0)
)2

+ϕ2
(0)h

µρhνσΦ̄ρσ∂µθ(0)∂νθ(2) −m2ϕ(0)ϕ(2) − ϕ2
(0)Φ̂

(

v̂µ∂µθ(0)
)2
)

+
1

2
eϕ2

(0)Y
µν∂µθ(0)∂νθ(0) −

1

2
eχhµν∂µθ(0)∂νθ(0) , (5.114)

where Y µν is defined in (2.58) and where we added a Lagrange multiplier χ to enforce

hµν∂µθ(0)∂νθ(0) and where we ignored all terms quadratic in hµν∂µθ(0) = 0. The field χ

is given by ϕ2
(2) + 2ϕ(0)ϕ(4). The term ϕ2

(0)Y
µν∂µθ(0)∂νθ(0) only contributes to the θ(0)

equation of motion because Y µν is of the form hµρYρ
ν + hνρYρ

µ as it obeys τµτνY
µν = 0.

Since we will not concern ourselves with NNLO fields we did not write out the Y µν term.

The χ and ϕ(2) equations of motion set v̂µ∂µθ(0) = ±m. We will take the plus sign. The

θ(4) equation of motion is automatically satisfied. The θ(2) equation of motion becomes

∂µ

(

−meϕ2
(0)v̂

µ + eϕ2
(0)h

µν∂νθ(2)

)

= 0 . (5.115)

Finally the ϕ(0) equation of motion is

e−1∂µ
(

ehµν∂νϕ(0)

)

− ϕ(0)h
µν∂µθ(2)∂νθ(2) + 2mϕ(0)v̂

µ∂µθ(2) − 2m2ϕ(0)Φ̂ = 0 . (5.116)

If we restrict the NNLO Lagrangian (5.114) to (5.110) and (5.112) we obtain the Schrödinger

Lagrangian

LSch = e

(

mϕ2
(0)v̂

µ∂µθ(2) −
1

2
hµν∂µϕ(0)∂νϕ(0) −

1

2
ϕ2
(0)h

µν∂µθ(2)∂νθ(2) −m2ϕ2
(0)Φ̂

)

,

(5.117)

whose equations of motion are (5.115) and (5.116).

The diffeomorphisms generated by Ξµ= ξµ+c−2ζµ+O(c−4) (where ζµ=−Λv̂µ+hµνζν)

act on θ(2) as

δθ(2) = ξµ∂µθ(2) −mΛ . (5.118)

Hence if we define the wavefunction ψ =
√
mϕ(0)e

iθ(2) then this wavefunction satisfies the

Schrödinger equation on a type I NC background with dτ = 0. In other words equa-

tions (5.115) and (5.116) can be combined into the complex Schrödinger equation

− iv̂µ∂µψ − 1

2
iψe−1∂µ (ev̂

µ) +
1

2m
e−1∂µ (eh

µν∂νψ)−mΦ̂ψ = 0 . (5.119)

For previous approaches to formulating the Schrödinger equation on Newton-Cartan space-

times, see also [11, 20, 74–76].
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5.4.2 Schrödinger-Newton theory

Let us next consider the coupling of the complex scalar field to gravity. The variation

of (5.111) with respect to mµ, Φµν and hµν all give zero upon using hµν∂µθ(0) = 0. On the

other hand the τ variation in the direction of τ gives

1

e
τµ
δ

(−2)

LNLO

δτµ
= τµT µ

τ = −m2ϕ2
(0) = −mψψ∗ . (5.120)

Consider the NRG Lagrangian coupled to the NLO scalar Lagrangian. They couple to

each other because they both appear at order c2. The combined system is

LNS=
e

16πGN

[

hµρhνσKµνKρσ−(hµνKµν)
2−2mν (h

µρhνσ−hµνhρσ)∇̌µKρσ

+ΦhµνŘµν+
1

4
hµρhνσFµνFρσ+

1

2
ζρσh

µρhνσ(∂µτν−∂ντµ)

−Φρσh
µρhνσ

(

Řµν−∇̌µaν−aµaν−
1

2
hµνh

κλŘκλ+hµνe
−1∂κ

(

ehκλaλ

)

)

]

+e

(

−ϕ2
(0)h

µν∂µθ(0)∂νθ(2)+
1

2
ϕ2
(0)

(

v̂µ∂µθ(0)
)2− 1

2
m2ϕ2

(0)−ϕ(0)ϕ(2)h
µν∂µθ(0)∂νθ(0)

+
1

2
ϕ2
(0)h

µρhνσΦ̄ρσ∂µθ(0)∂νθ(0)−
1

2
ϕ2
(0)

(

Φ̂+
1

2
hρσΦ̄ρσ

)

hµν∂µθ(0)∂νθ(0)

)

. (5.121)

If we include the next order in the expansion and restrict to EOM containing at most NLO

fields we obtain the Schrödinger-Newton theory.

This theory is essentially the scalar field analogue of the massive point particle theory

of section 5.1.2. The Lagrangian for the actual Schrödinger equation appears at O(c0) and

so the backreaction problem is considerably simplified. One first solves the equations of

motion of the Newtonian gravity (4.60) with source given by (5.120), i.e.

R̄µν = 8πGN
d− 2

d− 1
mψψ∗τµτν . (5.122)

This leads to a Newtonian potential that then appears at the next order in the Schrödinger

equation giving rise to the well-known Schrödinger-Newton equation.

To see this more explicitly, choose a background that solves (5.122), i.e.

τ = dt , h = d~x · d~x , m = Φdt , (5.123)

where

∂i∂iΦ = 8πGN
d− 2

d− 1
mψψ∗ . (5.124)

If we take d = 3 we can solve (using a Green’s function) for Φ to give

Φ = −mGN
∫

d3x′
ψ(x′)ψ⋆(x′)
|~x− ~x′| . (5.125)
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The Schrödinger equation (5.119) becomes the Schrödinger-Newton equation:

i∂tψ(t, x) =

(

− 1

2m
~∂2 −m2GN

∫

d3x′
ψ(t, x′)ψ⋆(t, x′)

|~x− ~x′|

)

ψ(t, x) . (5.126)

There is an extensive literature on the subject of the Schrödinger-Newton equation [77–

82]. It appears in many different experimental, numerical and theoretical studies, including

applications to quantum interference [83, 84] and laboratory tests of quantum gravity

aspects [85, 86].

5.4.3 Real scalar field

We briefly consider the case of a real Klein-Gordon scalar field with Lagrangian

L = −c−1√−g
(

1

2
gµν∂µϕ∂νϕ+ V (ϕ)

)

, (5.127)

where we assume that the potential V does not depend on c explicitly. Let us expand the

scalar field ϕ as

ϕ = ϕ(0) + c−2ϕ(2) +O(c−4) . (5.128)

The 1/c2 expansion of the Lagrangian then becomes

L =
(0)

LLO + c−2
(2)

LNLO +O(c−4) , (5.129)

where we find

(0)

LLO = e

(

−1

2
hµν∂µφ(0)∂νφ(0) − V (ϕ(0))

)

, (5.130)

(2)

LNLO = e

(

−hµν∂µφ(0)∂νφ(2) −
1

2
Φ̂hµν∂µφ(0)∂νφ(0) +

1

2

(

v̂µ∂µφ(0)
)2

+
1

2

(

hµρhνσΦ̄ρσ −
1

2
hµνhρσΦ̄ρσ

)

∂µφ(0)∂νφ(0) − V ′(ϕ(0))ϕ(2)

)

. (5.131)

In a Kaluza-Klein reduction it would be more natural to give the scalar field Lagrangian

the same prefactor as the EH Lagrangian. In that case we have to multiply (5.127) by
c4

16πGN
. When we do this the LO scalar field Lagrangian couples to Galilean gravity, i.e.

the NLO Lagrangian in the expansion of the EH Lagrangian.

5.5 Electrodynamics

Non-relativistic versions of electrodynamics have been investigated in various formulations

in the literature [87–92]. In this section we will consider the 1/c2 expansion of Maxwellian

electrodynamics.

Consider the Maxwell Lagrangian

LMax = − 1

4c

√−ggµρgνσFµνFρσ (5.132)

where Fµν = ∂µAν − ∂νAµ. We will expand Aµ as

Aµ = c2A(−2)
µ +A(0)

µ +O(c−2) , (5.133)
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following our general expression (2.1). The expansion of the transformation of Aµ under

diffeomorphisms and gauge transformations (expanded as Σ = c2σ(−2) + σ(0) + O(c−2)),

yields the transformations of the LO and NLO vector fields

δA(−2)
µ = LξA(−2)

µ + ∂µσ
(−2) , (5.134)

δA(0)
µ = LξA(0)

µ + LζA(−2)
µ + ∂µσ

(0) . (5.135)

The Maxwell Lagrangian thus starts at order O(c4), so that

LMax = c4
(−4)

LMax,LO + c2
(−2)

LMax,NLO +O(c0) , (5.136)

with the LO and NLO Lagrangians

(−4)

LMax,LO = −e
4
hµρhνσF (−2)

µν F (−2)
ρσ , (5.137)

(−2)

LMax,NLO = e

[

−1

2
hµρhνσF (−2)

µν F (0)
ρσ − 1

4

(

Φ̂ +
1

2
hαβΦ̄αβ

)

hµρhνσF (−2)
µν F (−2)

ρσ

+
1

2
hµρ

(

v̂ν v̂σ + hναhσβΦ̄αβ

)

F (−2)
µν F (−2)

ρσ

]

. (5.138)

The A
(−2)
µ equations of motion at LO and NLO are

0 = ∂µ

(

ehµρhνσF (−2)
ρσ

)

, (5.139)

0 = ∂µ

(

e

[

hµρhνσF (0)
ρσ +

(

Φ̂ +
1

2
hαβΦ̄αβ

)

hµρhνσF (−2)
ρσ

− 2hρ[µ
(

v̂ν]v̂σ + hν]αhσβΦ̄αβ

)

F (−2)
ρσ

])

. (5.140)

As usual, the A
(0)
µ equation of motion of the NLO Lagrangian is the same as the A

(−2)
µ

equation of motion of the LO Lagrangian.

The NLO action (5.138) is similar but not the same as the covariantised version of

Galilean electrodynamics (GED) presented in [93]. We here have additional couplings to

Φ̂, Φ̄µν , that were not present in this previous work. The reason is that GED is naturally

formulated on a (type I) Newton-Cartan background and obtained through a different non-

relativistic limit: to obtain GED one takes a strict c→ ∞ limit where a different scaling of

the temporal and spatial components of the gauge field is allowed in addition to an extra

coupling to a real scalar field. We shall see later that it is also possible to obtain GED via

a 1/c2 expansion.

5.5.1 Magnetic theory

It is useful to decompose the leading order Maxwell field

A(−2)
µ = −vρA(−2)

ρ τµ +A(−2)
ρ eρae

a
µ ≡ −ϕ̃τµ + Ǎµ , (5.141)
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separating the temporal and spatial components since vµǍµ = 0. It follows that its field

strength F̌ρσ is basically the magnetic field strength tensor. On the other hand the temporal

component ϕ̃ is closely related to the electric potential. The transformation of ϕ̃ and Ǎµ
under diffeomorphisms and gauge transformations are:

δϕ̃ = Lξϕ̃+ vλ∂λσ
(−2) , (5.142)

δǍµ = LξǍµ + eaµe
λ
a∂λσ

(−2) . (5.143)

They both transform under the U(1) gauge transformation, but with temporal and spatial

derivatives, respectively.

We find that the LO and NLO Lagrangians can be written in these variables as

(−4)

Lmag,LO = −e
4
hµρhνσF̌µνF̌ρσ , (5.144)

(−2)

Lmag,NLO = e

[

−1

2
hµρhνσF̌µνF

(0)
ρσ − 1

4

(

Φ̂ +
1

2
hαβΦ̄αβ

)

hµρhνσF̌µνF̌ρσ

+
1

2
hµρhναhσβΦ̄αβF̌µνF̌ρσ + (∂µ + aµ) ϕ̃ (∂ρ + aρ) ϕ̃

+
1

2
hµρ

(

v̂ν v̂σF̌µνF̌ρσ + 2v̂νF̌µν (∂ρ + aρ) ϕ̃
)

]

. (5.145)

As the O(c4) term is non-zero, spacetime torsion will be sourced in the gravity

EOMs (4.11)–(4.14). The LO and NLO equations of motion (5.139)–(5.140) when TTNC

is imposed become

0 = ∂µ
(

ehµρhνσF̌ρσ
)

, (5.146)

0 = ∂µ

(

e

[

hµρhνσF (0)
ρσ +

(

Φ̂ +
1

2
hαβΦ̄αβ

)

hµρhνσF̌ρσ − 2hρ[µhν]αhσβΦ̄αβF̌ρσ

−2hρ[µv̂ν]
(

v̂σF̌ρσ + (∂ρ + aρ) ϕ̃
)

])

. (5.147)

Since the spatial component of the gauge field dominates the expansion we refer to this

as the magnetic limit. The equation of motion for ϕ̃ is given by the τν projection of the

latter, which gives

(∂µ − aµ)
[

ehµρ
(

v̂σF̌ρσ + (∂ρ + aρ) ϕ̃
)]

= 0 . (5.148)

When τ ∧ dτ = 0 equations (5.146) and (5.148) are the same as in the magnetic limit

of Maxwell’s equations coupled to TTNC geometry studied in [93]. In addition we still

have the equation from the spatial projection of the equation of motion (5.147), which is

not present in that work. However, this is the only equation to involve the subleading

gauge field A
(0)
µ , so we do not lose compatibility with the magnetic limit. The reason

for the extra equation is that the magnetic limit studied in [93] is not the same kind of

non-relativistic expansion as done here. In the previous work we scaled the temporal and

spatial components of the gauge field differently and took c→ ∞ as a strict limit (on shell),

which projects out the extra equation that appears here.

– 61 –



J
H
E
P
0
6
(
2
0
2
0
)
1
4
5

5.5.2 Electric theory

Let us now see how the electric limit of Maxwell’s equations studied in [93] fits into the

non-relativistic expansions studied here.

First we impose off shell that

A(−2)
µ = −ϕτµ , (5.149)

and let all gauge transformations start at order O(1) so that ϕ is a scalar transforming as

δϕ = Lξϕ. Using off shell TTNC and F̌µν = 0 we find that the Maxwell Lagrangian (5.132)

now starts at order O(c2) and expands as

Lelec = c2
(−2)

Lelec,LO +
(0)

Lelec,NLO +O(c−2) , (5.150)

where

(−2)

Lelec,LO =
e

2
hµν (∂µ + aµ)ϕ (∂ν + aν)ϕ , (5.151)

(0)

Lelec,NLO = e

[

−1

2
Φ̂hµν (∂µ + aµ)ϕ (∂ν + aν)ϕ+

1

4
hαβΦ̄αβh

µν (∂µ + aµ)ϕ (∂ν + aν)ϕ

−1

2
hµαhνβΦ̄αβ (∂µ + aµ)ϕ (∂ν + aν)ϕ− 1

4
hµρhνσF (0)

µν F
(0)
ρσ

−hµρv̂νF (0)
νρ (∂µ + aµ)ϕ

]

. (5.152)

The LO equation of motion is

(∂µ − aµ) [eh
µρ (∂ρ + aρ)ϕ] = 0 . (5.153)

The A
(0)
µ equation of motion is

∂ρ

(

e
[

hµρhνσF (0)
µν − (hµσv̂ρ − hµρv̂σ) (∂µ + aµ)ϕ

])

= 0 . (5.154)

Contracting (5.154) with τσ reproduces the LO equation of motion which is thus contained

as a NLO equation of motion as expected. For dτ = 0 equation (5.154) agrees with the

electric limit of Maxwell’s equations coupled to NC geometry as studied in [93]. In addition

we have the variation of the NLO action w.r.t. ϕ which gives

0= (∂µ−aµ)
[

e

(

hµνΦ̂− 1

2
hµνhαβΦ̄αβ+h

µαhνβΦ̄αβ

)

(∂ν+aν)ϕ+eh
µρv̂νF (0)

νρ

]

. (5.155)

This latter equation does not appear in the on shell strict c→ ∞ limit of the electric limit

of Maxwell’s equations. Similar to the previous section the origin of this extra equation

can be traced back to the fact that here we are performing an expansion as opposed to

taking a limit as in [93].
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5.5.3 Galilean electrodynamics

We would like to obtain Galilean electrodynamics (GED) from a 1/c2 expansion of a

relativistic theory. To do this we couple relativistic electrodynamics with gauge field Aµ
to a massless real free scalar Ψ and study a particular expansion. Consider then the

decomposition

Aµ = −c2ϕτµ + Ǎµ − ϕ̃τµ + χτµ +O(c−2) , (5.156)

Ψ = −cϕ+ c−1χ+O(c−3) . (5.157)

We split the O(1) component of Aµ along τµ into two scalars: ϕ̃ that transforms under

gauge transformations and χ that does not transform under gauge transformations. The

expansion of the gauge parameter starts at order O(1). The resulting transformations of

the fields are

δϕ = Lξϕ , (5.158)

δϕ̃ = Lξϕ̃− ϕvλLζτλ + vλ∂λσ , (5.159)

δχ = Lξχ− Lζϕ , (5.160)

δǍµ = LξǍµ + LζǍµ − ϕeaµe
λ
aLζτλ + eaµe

λ
a∂λσ . (5.161)

The sum of the relativistic Lagrangians (5.127) (with ϕ replaced by Ψ and no potential

term) and (5.132) starts at order O(c2) and yields:

(−2)

LLO = ehµνaµϕ

(

∂ν +
1

2
aν

)

ϕ , (5.162)

(0)

LNLO = e

[

−1

4
hµρhνσF̄µνF̄ρσ + hµρv̂νF̄µν (∂ρ + aρ)ϕ+

1

2
(v̂µ∂µϕ)

2

−1

2
Φ̂hµν [(∂µ + aµ)ϕ (∂ν + aν)ϕ+ ∂µϕ∂νϕ]− ϕχhµν∇̄µaν

+
1

2

(

hµαhνβΦ̄αβ −
1

2
hµνhαβΦ̄αβ

)

[∂µϕ∂νϕ− (∂µ + aµ)ϕ (∂ν + aν)ϕ]

]

, (5.163)

where we defined

F̄µν ≡ F̌µν − 2∂[µ
(

ϕ̃τν]
)

, (5.164)

and with TTNC off shell we have hµρhνσF̄µν = hµρhνσF̌µν . We see that in the leading

order Lagrangian the term with two derivatives cancels out, leaving just a single spatial

derivative and torsion vector terms.

The leading order equation of motion from the ϕ variation is

ϕhµν∇̄µaν = 0 , (5.165)

consistent with what one gets at NLO by varying χ as it should be. We must have either

ϕ = 0 or hµν∇̄µaν = e−1∂µ (eh
µνaν) − hµνaµaν = 0. In particular aµ = 0 ⇔ dτ = 0 is a

solution.

When dτ = 0 we obtain GED exactly as it appears in [93] with
(0)

LNLO ≡ LGED and

e−1LGED = −1

4
hµρhνσF̄µνF̄ρσ + hµρv̂νF̄µν∂ρϕ+

1

2
(v̂µ∂µϕ)

2 − Φ̂hµν∂µϕ∂νϕ , (5.166)

and the subleading scalar χ and the field Φ̄αβ decouple.
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6 Solutions of non-relativistic gravity

In this section we will consider solutions to the non-relativistic gravity (NRG) theory.

Here we will explicitly demonstrate that it is much richer than just Newtonian gravity.

We see that many of the canonical general relativity (GR) solutions are also exact solu-

tions to NRG. The discussion is initiated by looking at isometries of twistless torsional

Newton-Cartan (TTNC) spacetimes and how to do gauge fixing. The 1/c2 expansion of

the Schwarzschild solution is studied first and done in two different ways: a) A weak field

expansion related to the Post-Newtonian expansion and b) a strong field expansion that

will be an exact torsionful solution of NRG. For the latter we also study the geodesics,

which turn out to be the same as in GR, albeit conceptually different. Next the Tolman-

Oppenheimer-Volkoff (TOV) fluid star is studied and we show that the TOV equation can

be derived entirely in our NR framework. We then look at cosmological solutions and

show that the Friedmann-Lemâıtre-Robertson-Walker (FLRW) spacetime is also an exact

solution of NRG. We conclude this section by discussing inequivalent spacetimes that arise

from different 1/c2 expansions of the anti-de Sitter (AdS) spacetime.

6.1 Isometries and gauge fixing

The geometric fields τµ, hµν , mµ and Φρσ transform according to studied in section 2.3

by (2.46), (2.71), (2.72) and (2.73). An isometry is a transformation which leaves the fields

unchanged, that is (with τ ∧ dτ = 0):

0 = δτµ = Lξτµ , (6.1)

0 = δhµν = Lξhµν + τµλν + τνλµ , (6.2)

0 = δmµ = Lξmµ + ∂µΛ− aµΛ + τµh
νρaνζρ + λµ , (6.3)

0 = hµρhνσδΦµν = hµρhνσ
(

LξΦµν + 2ΛKµν + ∇̌µζν + ∇̌νζµ
)

. (6.4)

We can also say that these are diffeomorphisms generated by Kµ for which there exist λµ,

Λ and ζµ such that

LKτµ = 0 , (6.5)

LKmµ = −∂µΛ + aµΛ− τµh
νρaνζρ − λµ , (6.6)

LKhµν = −τµλν − τνλµ , (6.7)

hµρhνσLKΦµν = −hµρhνσ
(

2ΛKµν + ∇̌µζν + ∇̌νζµ
)

. (6.8)

By fixing diffeomorphisms and Milne boosts we can always write

τµdx
µ = Ndt , (6.9)

hµνdx
µdxν = γijdx

idxj , (6.10)

where xµ = (t, xi). This means that

vµ = −N−1δµt , (6.11)

hµν = γijδµi δ
ν
j . (6.12)
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Demanding that δτi = 0, δhtt = δhti = 0 leads to the residual gauge transformations

(using (2.46) and (2.72))

∂iξ
t = 0 , (6.13)

λt = 0 , (6.14)

λi = −N−1γij∂tξ
j . (6.15)

The nonzero components transform as

δN = ξi∂iN + ∂t
(

ξtN
)

, (6.16)

δγij = ξk∂kγij + γik∂jξ
k + γkj∂iξ

k + ξt∂tγij . (6.17)

The residual gauge transformations act on mµ as

δmt = ξi∂imt +mi∂tξ
i + ∂t(Λ + ξtmt) + γij∂iN(ζj + Λmj) , (6.18)

δmi = ξt∂tmi + ξj∂jmi +mj∂iξ
j +N∂i(N

−1Λ)−N−1γij∂tξ
j . (6.19)

We have defined the general notion of a Killing vector and discussed a convenient

gauge for the leading order (LO) fields. In principle one could next study ansätze that

preserve certain symmetries, but instead we will simply discuss a number of solutions to

the equations of motion (EOMs).

For the special case of solutions of the LO theory that are also exact solutions of GR,

i.e. for which mµ = 0 and Φµν = 0 the equations of motion (4.11)–(4.14), where the left

hand side is given by (3.39)–(3.42), reduce to

− 1

2
(hµνKµν)

2+
1

2
hµρhνσKµνKρσ =8πGNτµT µ

τ , (6.20)

(hµρhνσ−hµνhρσ)∇̌µKρσ+
1

2
vνhµνŘµν =8πGNT ν

m , (6.21)

hµρhνσ
(

Řµν−
1

2
hµνh

κλŘκλ−
(

∇̌µ+aµ
)

aν+hµνh
κλ
(

∇̌κ+aκ
)

aλ

)

=8πGNT ρσ
Φ , (6.22)

− 1

2
hαβ (hµρhνσ−hµνhρσ)KµνKρσ−∇̌λ

(

vλ
(

hµαhνβ−hαβhµν
)

Kµν

)

=8πGNT µν
h Pαµ P

β
ν ,

(6.23)

where Kµν = 1
2N ∂thµν . We will study solutions of these matter coupled equations in the

last two subsections. We refer to [36] for more details and comments about the structure

of the equations of motion in the gauge (6.9) and (6.10).

6.2 Weak gravity expansion of the Schwarzschild metric

One way to generate solutions to non-relativistic gravity is by considering the 1/c2 expan-

sion of GR. Therefore, let us consider the Schwarzschild metric with factors of c restored:

ds2 = −c2
(

1− 2GNm

c2r

)

dt2 +

(

1− 2GNm

c2r

)−1

dr2 + r2dΩS2 . (6.24)
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We can perform two different physically relevant expansions depending on how we

treat the mass parameter as a function of c2. The first option is to take m constant as

we expand. In that case, by comparing to (2.58), (2.58), we can read off the fields in the

expansion of the Lorentzian metric as

τµdx
µ = dt , (6.25)

mµdx
µ = −GNm

r
dt = Φdt , (6.26)

hµνdx
µdxν = dr2 + r2dΩS2 , (6.27)

Φµνdx
µdxν =

2GNm

r
dr2 = −2Φdr2 . (6.28)

The result is a flat torsionless Newton-Cartan spacetime with non-zero subleading fields

mµ and Φµν . One can verify that this is a vacuum solution of the EOMs (3.39)–(3.42).

The solution is expressed in terms of the Newtonian potential Φ ≡ −vµmµ = −GNm/r. In
this case the 1/c2 expansion does not terminate. The expansion of the temporal vielbein is

completely captured by τµ and mµ (with Bµ and further subleading fields equal to zero),

while the 1/c2 expansion of the spatial part of the metric does not terminate. In fact the

higher order spatial fields Φ
(n)
µν encoding the remaining post-Newtonian effects all take the

simple form

Φ(2n)
µν dxµdxν =

(

2GNm

r

)n

dr2 = (−2Φ)ndr2 , (6.29)

where n ∈ N and Φ
(2)
µν = Φµν . When all the fields in the expansion are resummed, we obtain

the Lorentzian metric again. Since the torsion is zero, the expansion is really describing

weak gravitational fields. From the study of geodesics in section 5.1 we see that the geodesic

equation simply becomes (5.19). In particular at this order in the expansion we do not see

any terms that would give rise to the deflection of light etc., i.e. everything agrees with the

prediction of Newtonian gravity.

6.3 Strong gravity expansion of the Schwarzschild metric

The situation is quite different if we perform an expansion of the Schwarzschild metric (6.24)

where we take the mass to be of order c2 so that M = m/c2 = constant as was done in [3].

This is a strong gravity expansion of the Schwarzschild metric, i.e. one not captured by

Newtonian gravity, but still described as a Newton-Cartan geometry.

This provides us with a different approximation of GR as compared to the post-

Newtonian expansion. In this case the expansion terminates at NLO and the geometry

is described the by the LO fields

τµdx
µ =

√

1− 2GNM

r
dt , (6.30)

mµdx
µ = 0 , (6.31)

hµνdx
µdxν =

(

1− 2GNM

r

)−1

dr2 + r2dΩS2 , (6.32)

Φµνdx
µdxν = 0 . (6.33)
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This is a torsionful Newton-Cartan spacetime which is actually a solution of the equations

of motion of the NLO Lagrangian (3.16) in the expansion of the EH Lagrangian (Galilean

gravity) as it does not involve the subleading fields.

This is a vacuum solution with torsion. In section 6.4 we will show that this can be

viewed as the exterior solution of a fluid star which can be interpreted as a source for the

torsion.

6.3.1 Geodesics in static and spherically symmetric backgrounds

Let us consider the results of section 5.2 and apply them to the case of geodesics in the

torsionful geometry (6.30)–(6.33). This will lead to the results reported in [33].

We will start with a slightly more general case than the one in (6.30)–(6.33) and

consider a geometry with spherical symmetry which can be written as

τµdx
µ = N(r)dt , hµνdx

µdxν = γijdx
idxj = R2(r)dr2 + r2

(

dθ2 + sin2 θdφ2
)

. (6.34)

The relevant equations for geodesic motion are given in (5.55)–(5.57). The time component

of (5.56) is automatically satisfied because of τµẋ
µ = 0 which implies ṫ = 0. The spatial

components obey

ẍi +
1

2
γil (∂jγkl + ∂kγjl − ∂lγjk) ẋ

j ẋk =
1

2
γij∂jN

−2 . (6.35)

We will consider motion in the equatorial plane only, i.e. θ̇ = 0 and θ = π/2. In this

case (6.35) reduces to

0 = r̈ +
1

2
R−2∂rR

2ṙ2 − r−3R−2l2 − 1

2
R−2∂rN

−2 , (6.36)

0 = φ̈+ 2r−1φ̇ṙ = r−2 d

dλ

(

r2φ̇
)

. (6.37)

The latter equation can be integrated to r2φ̇ = l. This has been used in the first equation.

Equation (5.55) becomes

N−2 = C2 +R2(r)ṙ2 + r2φ̇2 , (6.38)

which can be rewritten as

ṙ2 + C2R−2 −N−2R−2 +R−2r−2l2 = 0 . (6.39)

The λ derivative of this equation gives (6.36). Conversely, integrating (6.36) gives (6.39)

with integration constant C2. The geodesic equations have an overall scale symmetry which

involves rescaling the geodesic parameter λ and thus the angular momentum l as well as

N−2 (which in τ can be compensated by rescaling t). This means that the value of C2 is

not important. The only thing that matters is whether it is zero, positive or negative. For

timelike geodesics it should be positive.

We now specialise to the geometry described by (6.30)–(6.33) where we will call rs =

2GNM the Schwarzschild radius (treated as independent of c). Let us restrict attention to

geodesics for which φ̇ 6= 0 then after rearranging we find
(

dr

dφ

)2

=
r4

l2
−
(

1− rs
r

)

(

C2

l2
r4 + r2

)

. (6.40)
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This is a well-known equation describing planetary motion (for C2 > 0) in the Schwarzschild

geometry including the effects of the perihelion precession. It also captures the phenomenon

of light deflection (for C2 = 0). For more discussion we refer to [33].

6.4 Tolman-Oppenheimer-Volkoff equation

In this section we will show that the Tolman-Oppenheimer-Volkoff (TOV) equation for

the hydrostatic equilibrium of a spherically symmetric isotropic body (fluid star) can be

derived entirely within the non-relativistic gravity framework.

The solution we are after is known to be static, and hence we need Kµν = 0. From the

equations of motion (6.20)–(6.23) we infer that the sources must obey

τµT µ
τ = 0 , T µ

m ∝ vµ , T µν
h Pαµ P

β
ν = 0 . (6.41)

From the boost Ward identity (4.27) we also learn T µν
h Pαµ τν = 0. In order not to source

any subleading orders we can fulfil these conditions if we take a perfect fluid as defined

in section 5.3 with only E(−4) and P(−4) nonzero. This can be seen to follow from equa-

tions (4.32)–(4.34) We furthermore take for the fluid velocity

Uµ = −vµ , (6.42)

so that he fluid energy-momentum tensor reads

Tµν = c2E(−4)v
µvν + c4P(−4)h

µν . (6.43)

The equations of motion (6.20)–(6.23) then reduce to

e−1∂µ (eh
µνaν) = 8πGN

1

d− 1

(

dP(−4) + (d− 2)E(−4)

)

, (6.44)

hµρhνσ
(

Řµν −
(

∇̌µ + aµ
)

aν
)

= 8πGNh
ρσ 1

d− 1

(

E(−4) − P(−4)

)

. (6.45)

It can be shown that the 1/c2 expansion found in [3] agrees with equations (6.44) and (6.45).

The fluid equations of motion are (5.85) and (5.86).

Let us now turn to the most general d = 3 static spherically symmetric ansatz for the

spacetime geometry that follows from using the results of section 6.1 and requiring the

relevant isometries, summarized by

τµ = N(r)δtµ = eα(r)δtµ , (6.46)

vµ = −e−α(r)δµt , (6.47)

hµν = diag
(

0, e−2β(r), 1/r2, 1/(r2 sin2 θ)
)

, (6.48)

hµν = diag
(

0, e+2β(r), r2, r2 sin2 θ
)

, (6.49)

where α(r) and β(r) are arbitrary functions. The same ansatz can be obtained from the

1/c2 expansion of the corresponding analysis for a Lorentzian metric gµν using Birkhoff’s

theorem.
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Inserting the static spherically symmetric ansatz into (6.44) and (6.45) we find that

the equations of motion take the form

e−2β
(

rα′′ + rα′2 − rα′β′ + 2α′)

r
= 4πGN

(

3P(−4) + E(−4)

)

, (6.50)

e−2β
(

−rα′′ + 2β′ + rα′β′ − rα′2)

r
= 4πGN

(

E(−4) − P(−4)

)

, (6.51)

e−2β
(

−rα′ + rβ′ + e2β − 1
)

r2
= 4πGN

(

E(−4) − P(−4)

)

. (6.52)

From these we can solve for P(−4), E(−4) to find

e−2β

r

[

2β′ + r−1
(

e2β − 1
)]

= 8πGNE(−4) = 8πGNc
−4E , (6.53)

e−2β

r

[

2α′ − r−1
(

e2β − 1
)]

= 8πGNP(−4) = 8πGNc
−4P , (6.54)

where we restored the full energy and pressure according (5.80) and (5.81) in the last

equalities.

It is convenient to define a functionM (with dimensions of mass over velocity squared)

through

E(−4) =
1

4πr2
M ′ (r) . (6.55)

The solution to the first equation can be written as

e−2β = 1− 8πGN
r

∫ r

r0

s2E(−4) (s) ds . (6.56)

The conservation equation (5.85) gives us

P ′
(−4) = −α′ (P(−4) + E(−4)

)

. (6.57)

This conservation equation is exactly the same as the one that appears in the relativistic

case. With this one finds that the remaining equations can be rewritten as

P ′ = −GN
r2

(P + E)
(

M(r) + 4πr3c−4P
)

(

1− 2M(r)GN
r

)−1

, (6.58)

after reinstating factors of c2. This is exactly the relativistic TOV equation for a stellar

body of mass of the order of c2, i.e. for whichM(r) = m(r)
c2

is order c0, withm the dimensions

of mass. This is the same point of view as taken in [3] and in section 6.3 of this paper.

We thus conclude that the physical structure of stellar bodies can be described com-

pletely by non-relativistic (strong) gravity. Its description does not require the principle of

relativity.
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6.5 Cosmological solutions and Friedmann equations

We will next show that Friedmann-Lemâıtre-Robertson-Walker (FLRW) solution solves

the LO equations of motion (6.20)–(6.23). Using again the form (6.9), (6.10) for the LO

fields, we can show that in this case we must have

N = 1 , γij = a2(t)σij , (6.59)

where σij is constant in time and describes a maximally symmetric space in d dimensions.

We assume that the scale factor a is independent of c. It follows that the acceleration and

extrinsic curvature satisfy

aµ = 0 , Kµν =
ȧ

a
hµν , (6.60)

where the dot denotes differentiation with respect to time. The equations of motion (6.20)–

(6.23) then reduce to

−1

2
d(d− 1)

(

ȧ

a

)2

= 8πGNτµT µ
τ , (6.61)

1

2
vνhρσŘρσ = 8πGNT ν

m , (6.62)

hµρhνσŘµν −
1

2
hρσhµνŘµν = 8πGNT ρσ

Φ , (6.63)

−1

2
d(d− 1)

(

ȧ

a

)2

hαβ − (d− 1)hαβ
d

dt

(

ȧ

a

)

= 8πGNT µν
h Pαµ P

β
ν . (6.64)

Just like in the previous subsection we will translate this set of equations into conditions

on the 1/c2 expansion of a perfect fluid. Using equations (4.32)–(4.34) it follows that we

need to take a perfect fluid as defined in section 5.3 with only E(−4), P(−4), E(−2) and P(−2)

nonzero. For the fluid velocity we will take again

Uµ = −vµ . (6.65)

This means that the fluid energy-momentum tensor takes the form

Tµν = c4P(−4)h
µν + c2E(−4)v

µvν + c2P(−2)h
µν + E(−2)v

µvν . (6.66)

The above equations of motion then simplify further to the set of equations

1

2
d(d− 1)

(

ȧ

a

)2

= 8πGNE(−2) , (6.67)

2k

a2
= 8πGN

(

P(−4) + E(−4)

)

, (6.68)

0 = dP(−4) + (d− 2)E(−4) , (6.69)

−(d− 1)
d

dt

(

ȧ

a

)

= 8πGN
(

P(−2) + E(−2)

)

, (6.70)

where k = −1, 0, 1 depending whether the spatial metric σij in γij = a2(t)σij is a maximally

symmetric space of constant negative, zero or positive curvature. The third equation follows
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from the absence of a source for torsion. We see that the sources for the spatial derivatives

are P(−4) and E(−4) while the sources for the time derivatives are P(−2) and E(−2).

After resumming the energy E and pressure P according to (5.80) and (5.81), one

obtains the Friedmann equations for a d + 1-dimensional cosmological spacetime. It is

straightforward to see that for d = 3 one can put these equations in the conventional form

(

ȧ

a

)2

=
8πGN
3c2

E − c2k

a(t)2
, (6.71)

d

dt

(

ȧ

a

)

+

(

ȧ

a

)2

= −4πGN
3c2

(E + 3P ) . (6.72)

The cosmology one obtains from non-relativistic gravity thus agrees with the (relativistic)

Friedmann equations obtained from GR. If the spatial curvature k vanishes, then the

spacetime can be sourced by a perfect fluid with E(−4) = P(−4) = 0.

These equations were derived from an Einstein equation written as Gµν = 8πGN

c4
Tµν .

In the presence of a cosmological constant Λ this is also written as Gµν+Λgµν = 8πGN

c4
T ′
µν .

If we define T ′
µν = E′+P ′

c2
UµUν + P ′gµν then we have the relations P ′ = P + c4

8πGN
Λ and

E′ = E − c4

8πGN
Λ. In the case of de Sitter spacetime we have a = exp (Ht) where H

is the constant Hubble parameter and k = 0. This leads to E(−4) = P(−4) = 0 and

E(−2) = −P(−2) =
3H2

8πGN
, so that E = −P = 3c2H2

8πGN
= c4

8πGN
Λ with Λ = 3H

2

c2
. The de Sitter

radius is c/H. This implies that E′ = 0 = P ′ as it should.

The leading order fluid conservation equations are given by (5.85) and (5.86), reflecting

that the quantities E(−4), P(−4) (which are nonzero for k 6= 0) are homogeneous and that

energy is conserved. The subleading conservation equations similarly become:

0 = hµν∂νP(−2) , (6.73)

0 = ∇̌µ

[

E(−2)u
µuν
]

+ P(−2)u
νhµρKµρ ⇒ (6.74)

0 = uµ∂µE(−2) + d
ȧ

a

(

E(−2) + P(−2)

)

, (6.75)

and when we rewrite these in terms of E and P , they are equivalent to the conservation

equations appearing in GR. For different and more canonical approaches to Newtonian

cosmology, see references [94–99].

6.6 1/c2 expansion of AdS spacetimes

As a final example of general interest we consider the 1/c2 expansion of AdSd+1 and illus-

trate the dependence on the coordinates that are chosen before taking the limit.

The AdSd+1 metric in global coordinates (with factors of c restored) is

ds2 = −c2 cosh2 ρdt2 + l2
(

dρ2 + sinh2 ρdΩ2
d−1

)

, (6.76)

where l is the AdS radius, ρ > 0 is dimensionless and t has dimensions of time (if we keep

ĉ) or length (if we set ĉ = 1). In this coordinate system we can use again (2.58), (2.58) to
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read off the corresponding type II NC geometry

τµdx
µ = cosh ρdt , (6.77)

hµνdx
µdxν = l2

(

dρ2 + sinh2 ρdΩ2
d−1

)

, (6.78)

mµ = 0 , (6.79)

Φµν = 0 . (6.80)

Obviously the 1/c2 expansion terminates immediately. This NC spacetime is torsionful

with torsion vector given by

aµdx
µ = tanh ρdρ . (6.81)

On the other hand because this coordinate system is static the extrinsic curvature vanishes,

i.e. Kµν = 0. The same can be done starting with Poincaré coordinates, also leading to

the result that the spacetime obtained from the 1/c2 expansion is torsionful.

However, the situation is different in FLRW coordinates. In this case the metric takes

the form

ds2 = −c2dT 2 + l2 cos2
(

cT

l

)

ds2
Hd , (6.82)

where ds2
Hd is the metric of hyperbolic d-space which has k = −1 with k defined in the

previous subsection. In order to obey the 1/c2 expansion ansatz of the metric l cannot

depend on c but then the argument of the scale factor a = l cos
(

cT
l

)

depends on c. The

l prefactor in a is necessary in order that (6.71) gives E = −P = c4

8πGN
Λ with Λ = − 3

l2

so that E′ = 0 = P ′, as it should, with E′ and P ′ defined at the end of the previous

subsection. This is different from what we found in the de Sitter case with Λ = 3H
2

c2
where

the de Sitter radius c/H was chosen to be of order c. Comparing to (2.9), we conclude

that the spatial part Πµν in (6.82) cannot be expanded analytically in 1/c2.

Let us consider a slightly different coordinate system for AdS by defining r = l sinh ρ,

leading to the metric

ds2 = −c2
(

1 +
r2

l2

)

dt2 +
dr2

1 + r2

l2

+ r2dΩ2
d−1 . (6.83)

If we replace l2 by −l2 this gives us to the static patch of de Sitter spacetime. If we now

define l = c
H with H independent of c and we treat both signs of l2 at the same time we find

ds2 = −c2dt2 ∓H2r2dt2 +
dr2

1± H2r2

c2

+ r2dΩ2
d−1 , (6.84)

where the upper sign is for AdS and the lower sign is for dS spaces. Expanding this to

NLO the resulting NC geometry can be read off as

τ = dt , hµνdx
µdxν = d~x · d~x , m = ±1

2
H2~x2dt , (6.85)

where we left out Φµν and where we transformed to Cartesian coordinates. Such a NC

geometry is known as the Newton-Hooke spacetime. In [100] we showed that such a space-

time can be written in the form of a non-relativistic FLRW geometry with flat spatial slices
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by a sequence of NC gauge transformations. For the AdS case, i.e. the upper sign in (6.85),

one can show using the techniques of [100] that this can be written as

τ = dt′ , h′µνdx
µdxν = cos2(Ht)d~x′ · d~x′ , m′ = 0 , (6.86)

where we transformed hµν andmµ using a Galilean boost and abelian gauge transformation

and where we furthermore transformed the coordinates. For the dS case we similarly find

τ = dt′ , h′µνdx
µdxν = e2Htd~x′ · d~x′ , m′ = 0 . (6.87)

These should however not be confused with the FLRW spacetimes discussed above as the

latter result from a different 1/c2 expansion.

We conclude that, starting with the Lorentzian AdS spacetime one encounters a situ-

ation similar to the two different 1/c2 expansions of the Schwarzschild geometry discussed

at the beginning of this section. In that case, the difference depends on how the mass as

a function of c2 is treated. In analogy, we see here that the expansion depends on how we

treat the cosmological constant as a function of c2.

7 Discussion and outlook

The main purpose of this paper has been the development of non-relativistic gravity (NRG)

as it appears from a large speed of light expansion of general relativity (GR). We have

given a detailed introduction to the underlying geometry, which we dubbed type II Newton-

Cartan (NC) geometry. We have presented the gauge transformations of the fields and how

they can be thought of as arising from the gauging of an algebra that in turn can be obtained

from an algebra expansion of the Poincaré algebra. We defined the Lagrangian of NRG to

be given by the next-to-next-to-leading order (NNLO) Lagrangian in the 1/c2 expansion of

the Einstein-Hilbert Lagrangian in which we impose the twistless torsional Newton-Cartan

(TTNC) condition for a global foliation in terms of constant time slices with the help of

a Lagrange multiplier. We derived this Lagrangian using two different methods: by direct

1/c2 expansion and by using gauge invariance under type II gauge transformations. We

have subsequently discussed the resulting equations of motion and the coupling to matter.

We have furthermore described some of the main examples of matter couplings, i.e. point

particles, perfect fluids, real and complex scalar fields and electrodynamics. Finally, we

have presented some of the simplest solutions of non-relativistic gravity (coupled to a

perfect fluid) and commented on their physical relevance.

Open problems and future directions. As a first avenue of further analysis, under-

standing NRG from a Hamiltonian perspective would tell us more about the number of

degrees of freedom. This can be achieved by the usual counting of the phase space dimen-

sion and constraints per spacetime point. The Hamiltonian perspective would furthermore

provide us with natural candidates for the definition of asymptotic charges such as mass, en-

ergy, momentum, angular momentum etc. In this light it would for example be interesting

to see what would happen with asymptotic symmetry groups in the non-relativistic regime.

This might help us in understanding if NRG has the potential to admit a holographic dual
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description. For example in the case of the AdS/CFT correspondence one could wonder

about what happens with the Brown-Henneaux analysis in 3 dimensions [101, 102] when we

expand in 1/c2 or what happens to the fluid/gravity correspondence [103, 104] in the non-

relativistic (NR) expansion. One could also examine how to implement the 1/c2 expansion

in the bulk at the level of the boundary theory of known dualities. More generally, it is

interesting to speculate whether there is a relation with the entropic and emergent gravity

ideas of [105, 106] which are also connected to Newtonian gravity and modifications thereof.

Another perspective on the theory would be provided by performing a detailed analysis

of the linearised spectrum (for example around flat NC space). We do not expect that the

theory has propagating degrees of freedom, and hence we expect that the gravitational in-

teractions are instantaneous as in Newtonian gravity. Nevertheless, it would be interesting

to understand the structure of the propagators and how the theory would behave from a

perturbative QFT point of view. Obviously, it would be important to study further 1/c2

expansions of relativistic solutions in detail. This will teach us more about the conceptual

nature of non-relativistic gravity. In particular it would be interesting to see how the 1/c2

expansion of the Kerr geometry fits into this framework. This is a sufficiently general

spacetime to study in order to understand if there is a notion of a non-relativistic black

hole. We can then also hopefully shine some more light on the correct interpretation of the

geodesics studied in section 5.2.

It is clear from the analysis presented here that if one were to continue the expansion

of the Einstein-Hilbert (EH) Lagrangian beyond NNLO it would quickly become very

challenging. We expect that performing the same analysis in first order formalism should

be more suited to a higher order expansion. As we have stressed in this paper, we know

the underlying symmetry principle at any given order along with the systematics of the

expansion of the EH action, but one needs to develop an efficient way to extract results.

To this end we plan to pursue the analysis of the 1/c expansion in first order formalism

in [65]. In this connection see also the references [35, 40, 41]. A related point that needs to

be addressed is the question about the status of the odd powers of 1/c. These have been

discarded in this work as a simplifying assumption, but ultimately we need to understand

their physical significance. In this light we refer to [61].

One of the possible applications of a higher order analysis would be to make contact

with the post-Newtonian approximation. In particular it would be of interest to construct

a map relating non-relativistic gravity in our formalism to more conventional PN param-

eterisations since it goes beyond the approximation where the torsion is zero and encodes

strong field effects more naturally. Importantly, there may be relevant domains of valid-

ity in physical processes, such as the early phase of inspirals of compact objects, where

non-relativistic gravity can either give new results or alternative methods to check known

results. Examining the two-body problem in non-relativistic gravity will thus be important

as well. In another direction, it would be worthwhile to obtain the action and equations of

motion at higher order in the 1/c2 expansion.

It would of course also be important to examine how the non-relativistic action is

related to string theory. The current state-of-the-art includes non-relativistic strings that

probe type I NC geometry, as well as the closely related string Newton-Cartan (SNC)
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geometry. It would thus be very interesting to uncover how strings couple to the type II

NC geometry and in particular whether the beta-functions of this putative theory reproduce

our NRG theory. More generally, it would be interesting to see how branes couple to type

II TNC geometry differently from type I TNC geometry as studied in [107, 108].

Finally there are of course various other open issues one could consider, for example

the coupling of a non-relativistic spinning particle to type II TNC, fermionic matter ac-

tions and adding spacetime supersymmetry.12 With the richness of non-relativistic physics

demonstrated so far there are certainly still numerous other interesting studies to be done.
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A Notation and conventions

The number of spatial dimensions is denoted by d. For indices we use the following:

• a, b, . . . are spatial (tangent space) indices, a = 1, . . . , d.

• A,B, . . . (beginning of alphabet) are Lorentzian (tangent space) indices, A = 0, 1, . . . , d.

• µ, ν, . . . are coordinate indices, µ = 0, . . . , d.

• M,N, . . . (middle of alphabet) are coordinate indices of Lorentzian metrics used in null

reductions, N = 0, 1, . . . , d, d+ 1.

A superscript of the type
(n)

X indicates the order of some coefficient of a Laurent/Taylor

expansion in 1/c for some objectX (c). There is one exception to this rule. When expanding

a field φ whose 1/c2 expansion starts at order c0 we write instead

φ = φ(0) + c−2φ(2) + c−4φ(4) +O(c−6) . (A.1)

12Supersymmetric actions for other types of non-relativistic gravity theories, e.g. with Bargmann sym-

metry, have been considered in [13, 15, 42, 109, 110].
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A.1 Acronyms

AdS anti-de Sitter. 6, 11, 64

CS Chern-Simons. 34, 35

EH Einstein-Hilbert. 4, 6, 8, 17, 21, 35, 74, 83

EOM equation of motion. 1, 6, 16, 20, 36, 43, 44, 65

FLRW Friedmann-Lemâıtre-Robertson-Walker. 6, 64, 70

GED Galilean electrodynamics. 43

GR general relativity. 1, 6, 7, 20, 36, 64, 73, 81

LO leading order. 3, 12, 20, 36, 43, 65

NC Newton-Cartan. 1, 11, 21, 36, 42, 73, 78

NCG Newton-Cartan gravity. 44

NLO next-to-leading (or subleading) order. 3, 12, 20, 36, 43

NNLO next-to-next-to-leading (or subsubleading) order. 4, 12, 36, 44, 73

NR non-relativistic. 1, 6, 43, 74

NRG non-relativistic gravity. 4, 6, 20, 25, 35, 42, 64, 73

PN post-Newtonian. 1

SNC string Newton-Cartan. 1, 75

TNC Torsional Newton-Cartan, i.e. τ ∧ dτ 6= 0. 1, 3, 77, 78

TOV Tolman-Oppenheimer-Volkoff. 1, 64

TTNC Twistless torsional Newton-Cartan, i.e. τ ∧ dτ = 0. 3, 4, 22, 36, 43, 50, 64, 73, 78

WI Ward identity. 6, 28, 35, 38, 43
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A.2 Curvature

For any torsionful connection Γρµν with covariant derivative ∇µ the Riemann tensor Rµνσ
ρ

and torsion tensor T ρµν are universally defined through

[∇µ,∇ν ]Xσ = Rµνσ
ρXρ − T ρµν∇ρXσ , (A.2)

[∇µ,∇ν ]X
ρ = −RµνσρXσ − T σµν∇σX

ρ , (A.3)

so explicitly

Rµνσ
ρ ≡ −∂µΓρνσ + ∂νΓ

ρ
µσ − ΓρµλΓ

λ
νσ + ΓρνλΓ

λ
µσ , (A.4)

T ρµν ≡ 2Γρ[µν] . (A.5)

The Bianchi identities are

R[µνσ]
ρ = T λ[µνT

ρ
σ]λ −∇[µT

ρ
νσ] , (A.6)

∇[λRµν]σ
κ = T ρ[λµRν]ρσ

κ . (A.7)

The Ricci tensor is also universally defined as

Rµν ≡ Rµρν
ρ . (A.8)

We will always work with a connection such that

Γρµρ = ∂µ logM , (A.9)

where M is the measure, which corresponds to the condition for the existence of a parallel

volume form. This implies that

Rµνρ
ρ = 0 , (A.10)

and hence that the antisymmetric part of the Ricci tensor is

2R[µν] = −2T λρ[µT
ρ
ν]λ + T λµνT

ρ
λρ +∇µT

ρ
νρ −∇νT

ρ
µρ +∇ρT

ρ
µν . (A.11)

In this paper we use three different choices of affine connections. The formulae of this

appendix apply to all of these three choices.

A.3 Comparison of notations

The notation in this paper have been streamlined and differs from some of the choices

in previous works. To make comparison easier we present in this appendix table 1 with

notations used in two other papers [3, 4].

B Review of torsional Newton-Cartan geometry

Torsional Newton-Cartan (TNC) geometry has been reviewed extensively in the literature.

We repeat here the most fundamental aspects, see also references [9, 10, 12, 43, 60, 76, 111].
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This work Hansen et al. 2018 [4] Van den Bleeken 2017 [3]

Clock 1-form τµ τµ τµ

vµ vµ −τµ
v̂µ v̂µ −τ̂µ

Spatial metrics hµν hµν hµν

hµν hµν hµν

h̄µν h̄µν ĥµν − 2Φ̂τµτν

Subleading fields mµ mµ −Cµ
Bµ - −Bµ
Φµν - −hµρhνσβρσ
Φ̄µν 2τ(µB̂ν) − h̄µρh̄νσβ̂

ρσ -

Y µν - 2τ̂ (µhν)ρB̂ρ + γ̂µν

Torsion vectors âµ aµ âµ

aµ - -

Extrinsic curvatures Kµν - -

K̄µν K̄µν K̂µν − 2Φ̂τ(µâν) − τµτν τ̂
ρ∂ρΦ̂

Φ̂ Φ̃ Φ̂

Connections Γ̄ρµν Γ̄ρµν
(nc)

Γρµν

Γ̌ρµν - -

Table 1. Comparison of notation used in three different papers including the present one. A ‘-’

denotes that the corresponding object has not been defined in the corresponding paper.

TNC geometry is characterised by three tensors τµ, hµν ,mµ with hµν symmetric and

of signature (0, 1, . . . , 1), subject to the following gauge redundancies

δτµ = Lξτµ , (B.1)

δhµν = Lξhµν + τµλν + τνλµ , (B.2)

δmµ = Lξmµ + ∂µσ + λµ , (B.3)

where λµ obeys vµλµ = 0 with vµ defined as follows. The inverse of −τµτν + hµν is given

by −vµvν + hµν with vµτµ = −1, vµhµν = 0, τµh
µν = 0 and hµρh

ρν = δνµ + vντµ. The

inverse objects transform as

δvµ = Lξvµ + hµνλν , (B.4)

δhµν = Lξhµν . (B.5)

The parameter λµ corresponds to local Galilean (or Milne) boosts and the parameter σ to

Abelian gauge transformations associated with particle number conservation.

TNC geometries only admit degenerate metric structures given by τµτν and hµν re-

spectively. Lower indices can thus no longer be raised at will because contravariant and
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covariant tensors of the same rank cannot be mapped to each other in a one-to-one way.

The non-uniqueness in vµ, hµν can be interpreted as the ambiguity due to frames related by

local Galliean boost transformations (also sometimes called Milne boosts in the literature).

In addition to τµ and hµν , one can define the following Galilean boost-invariant space-

time tensors

v̂µ ≡ vµ − hµνmν , h̄µν ≡ hµν − 2τ(µmν) , Φ̂ ≡ −vµmµ +
1

2
hµνmµmν . (B.6)

These form a convenient set of variables to describe TNC geometry and they satisfy the

completeness relations

v̂µτµ = −1 , v̂µτν = −δµν + hµλh̄λν . (B.7)

It should be noted that v̂µ, h̄µν and Φ̂ are not invariant under the Abelian gauge transfor-

mation with parameter σ.

One can also define an affine connection Γλµν so that we may take covariant derivatives.

It is natural to require the TNC equivalent of metric compatibility ∇ρτµ = 0, ∇ρh
µν = 0.

The first of these conditions implies that any metric compatible connection must have

the same temporal projection of the torsion tensor 2τρΓ
ρ
[µν] = 2∂[µτν]. Thus constraints on

torsion imply restrictions on the geometric data in contradistinction the case of Riemannian

geometry.

We distinguish between three possible classes of Newton-Cartan geometry:

1. (Torsionless) Newton-Cartan (NC) geometry, dτ = 0.

2. Twistless torsional Newton-Cartan (TTNC) geometry, τ ∧ dτ = 0.

3. Torsional Newton-Cartan (TNC) geometry, τ ∧ dτ 6= 0.

The full TNC case is acausal as has been argued in [60], but is still interesting in applications

to field theory and holography because the energy current is the response to varying an

unconstrained τµ. On the other hand in the torsionless Newton-Cartan geometry there is

a notion of absolute time as
∮

τ = 0 implies that all observers agree on the time interval

between events. For most purposes we will restrict ourselves to the twistless torsional

Newton-Cartan geometry which defines a spacetime foliation whose normal 1-form is τ .

In [93, 112] it was shown that any boost invariant TNC connection may be written as

Γλµν = Γ̄λµν + Cλµν , (B.8)

where we define a distinguished TNC connection as

Γ̄λµν ≡ −v̂λ∂µτν +
1

2
hλσ

(

∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν
)

(B.9)

and Cλµν is a spacetime tensor; a TNC analogue of the “contortion” tensor. For Γ̄λµν the

torsion tensor is given by T̄ λµν = −2v̂λ∂[µτν]. The connection Γ̄ρµν is manifestly boost

invariant while, unless dτ = 0, it is not invariant under the Abelian gauge transformation

with parameter σ.
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We will also make use of the non-boost invariant connection

Γ̌ρµν ≡ −vρ∂µτν +
1

2
hρσ (∂µhνσ + ∂νhµσ − ∂σhµν) , (B.10)

which has the nice property that it does not contain mµ and is therefore invariant under

the σ gauge transformation. It has non-zero torsion given by Ť λµν = −2vλ∂[µτν].

C Null reduction of Einstein gravity

C.1 General properties of null reductions

It is well-known that what we refer in this paper to as type I NC geometry can be obtained

from null reduction of a Lorentzian metric with a null isometry, see for example [113, 114].

We will denote the null Killing vector by ∂
∂u . If the d + 1 dimensional NC spacetime has

coordinates xµ then the null uplifted Lorentzian geometry has coordinates xM = (u, xµ).

Any Lorentzian metric with a null isometry and its inverse can be written as

gMN =

(

gµν gµu
guν guu

)

=

(

h̄µν τµ
τν 0

)

, (C.1)

gMN =

(

gµν gµu

guν guu

)

=

(

hµν −v̂µ
−v̂ν 2Φ̂

)

, (C.2)

where guu = 0 due to the existence of the null Killing vector ∂u. The null reduction

of the components of the (d + 2)-dimensional Levi-Civita connection Γ̂LMN (without any

constraints on τµ) is

Γ̂ρµν = −v̂ρ∂(µτν) +
1

2
hρσ

(

∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν
)

= Γ̄λ(µν) , (C.3)

Γ̂uµν = −K̄µν − 2τ(µ∂ν)Φ̂ , (C.4)

Γ̂ρµu = Γ̂ρuµ =
1

2
hρσ (∂µτσ − ∂στµ) =

1

2
hρστµσ , (C.5)

Γ̂uµu = Γ̂uuµ =
1

2
v̂σ (∂στµ − ∂µτσ) =

1

2
âµ , (C.6)

Γ̂ρuu = Γ̂uuu = 0 . (C.7)

We denote the higher-dimensional Levi-Civita connection and associated curvatures with

a hat. Note that the null-reduced Levi-Civita connection is equal to the symmetric part of

the boost invariant NC connection (B.9). The definitions of extrinsic curvatures K̄µν , âµ
can be found in table 2.

A very useful object is the null reduction of the Ricci tensor, which has the following

components

R̂µν = R̄µν − ∇̄ρΓ̄
ρ
[µν] − ∇̄µâν −

1

2
âµâν + hρσ

(

K̄ρ(µ| + τ(µ|∂ρΦ̂
)

τ|ν)σ , (C.8)

R̂µu = −1

2
τµe

−1∂ν (eh
νρâρ) , (C.9)

R̂uu =
1

4
hµρhνστµντρσ , (C.10)

where R̄µν is the Ricci tensor corresponding to the connection (B.9).
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The extremely useful property of these expressions is that they transform nicely under

the Bargmann U(1) gauge transformation of type I NC geometry. These transformations

are easy to derive using the fact that the U(1) corresponds to the following higher dimen-

sional diffeomorphism

u′ = u+ σ(x) , x′µ = xµ , (C.11)

with

m′
µ = mµ + ∂µσ . (C.12)

Infinitesimally this reads δu = −ξu where ξu is the u-component of ξM , the generator

of (d + 2)-dimensional diffeomorphisms. Using the tensorial transformation rule of R̂MN

under a diffeomorphism generated by ξM = −σδMu one shows that

δR̂µν = −R̂µu∂νσ − R̂νu∂µσ , δR̂µu = −R̂uu∂µσ , δR̂uu = 0 ,

δR̂µν = 0 , δR̂µu = R̂µν∂νσ , δR̂uu = 2R̂µu∂µσ . (C.13)

These transformation rules are fully general and thus true for any TNC geometry.

From the higher-dimensional Bianchi identities for the Einstein tensor, i.e. ∇̂M ĜMN=0,

we can derive two very important results

e−1∂µ

(

eĜµu

)

= 0 , (C.14)

e−1∂µ

(

eĜµu
)

= −âµĜµu + K̄µνĜ
µν + 2Ĝµu∂µΦ̂ . (C.15)

They are true for any TNC geometry. In fact, since these are identities, they are true

regardless of which U(1) transformation we assign the fields to have! To derive these

results one needs to use the null reduction formulae for the higher dimensional Christoffel

connection (C.3)–(C.7).

The first of these Bianchi identities, (C.14), is the geometrical counterpart of Bargmann

mass conservation. This follows by using the (d + 2)-dimensional Einstein equation and

recognising T̂µu as the mass current of the lower-dimensional theory, see e.g. appendix A

of [56]. The second identity (C.15) is the geometrical counterpart of energy conservation.

The difference between the two is just a raising or lowering of the u index. Furthermore,

using an argument similar to the one leading up to (C.13), it can be shown that Ĝµu is

Bargmann U(1) invariant for any TNC geometry whereas Ĝµu is not, not even for TTNC

geometry.

If we specialise to TTNC geometries the null reduction of the Ricci tensor simplifies to

R̂µν = R̄(µν) −
1

2
âµâν − ∇̄(µâν) + τµτνΦ̂h

ρσâρâσ + âστ(µ∇̄ν)v̂
σ , (C.16)

R̂µu = −1

2
τµe

−1∂ν (eh
νρâρ) , (C.17)

R̂uu = 0 . (C.18)

The higher-dimensional Ricci scalar R̂ for TTNC geometries is given by

R̂ = hµνR̄µν − 2e−1∂µ (eh
µν âν) +

1

2
hµν âµâν . (C.19)
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Furthermore, for TTNC geometries we have that Ĝµu = 0 and Ĝuu is given by

Ĝuu = v̂µv̂νR̄µν − Φ̂hµνR̄µν +
1

2
Φ̂hµν âµâν . (C.20)

Using standard manipulations with commutators and the definition of the Riemann tensor

it can be shown that (up to a total derivative)

v̂µv̂νR̄µν =
(

hµνK̄µν

)2 − hµρhνσK̄µνK̄ρσ . (C.21)

We will thus consider Ĝuu as a nicely transforming completion of the kinetic term.

C.2 Newtonian gravity vs. null reduced general relativity

In this section we review how to obtain standard Newtonian gravity in the torsionless

Newton-Cartan framework. We will also compare this to the null reduction of general

relativity (GR).

When dτ = 0 we can write the connection (B.9) as

Γ̄ρµν = Γ̌ρµν +Kρ
µν , (C.22)

where

Γ̌ρµν = −vρ∂µτν +
1

2
hρσ (∂µhνσ + ∂νhµσ − ∂σhµν) , (C.23)

Kρ
µν = −1

2
hρσ (τµFνσ + τνFµσ) , (C.24)

where Fµν = ∂µmν − ∂νmµ is the Bargmann U(1) curvature. The connection Γ̌ρµν only

depends on the U(1) invariant fields τµ and hµν . This connection is not Galilean boost

invariant. Note that the dependence of Γ̄ρµν on mµ is via the addition of a tensor Kρ
µν . The

sourceless NC equations of motion R̄µν = 0 can then be written as

hµρhνσŘρσ = 0 , (C.25)

hµρvσŘρσ = −1

2
e−1∂λ

(

ehµρhλσFρσ

)

, (C.26)

vρvσŘρσ = −e−1∂ρ (ev
νhρσFνσ)−

1

4
hµνhρσFµρFνσ . (C.27)

In NC gravity this should be supplemented with the condition dτ = 0. The left hand

side is pure geometric data and the right hand side depends entirely on the “electric” and

“magnetic” field strength components of Fµν . The divergence of the electric field strength

in the third equation, i.e. e−1∂ρ (ev
νhρσFνσ), is what gives rise to Newton’s law of gravity

when appropriately sourced by a mass density.

The null reduction of the Einstein equations of motion, in the absence of sources,

also leads to R̄µν = 0. It does not lead to dτ = 0 on the nose. However one can make

the argument that the sourceless null reduced Einstein equations of motion force dτ = 0.

This happens in two steps. First of all the equation of motion (C.10) leads to the TTNC

condition and secondly the EOM v̂µR̂µu = 0 implies that

∂µ (eh
µνaν) = 0 . (C.28)
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Since furthermore (E.2) holds, which means that hµνaν = N−1hµν∂νN for some function

N defined via τ = NdT , this equation is a Laplacian acting on N . This follows from the

fact that e = N
√
γ where γ is the metric on the T = constant slices. These spatial slices

are described by d-dimensional Riemannian geometry. In particular they are Ricci flat as

follows from the equation R̄µν = 0. In the absence of sources the clock 1-form τ , which

defines the foliation of the spacetime, must be everywhere regular. That means that N is

a bounded harmonic function on a Ricci flat d-dimensional geometry. Such functions must

be constant and so aµ = 0 implying that dτ = 0.

Hence for dτ = 0 we observe a Bargmann invariance of the sourceless equations of NC

geometry. It is therefore tempting to suggest that the sourceful generalisation should also

obey Bargmann invariance. The sourceful NC equations that correspond to Newtonian

gravity are given by13

R̄µν = 8πGN
d− 2

d− 1
ρτµτν . (C.29)

We will now argue that this equation is not compatible with a Bargmann invariant coupling

of NC geometry to matter.

The mass current Jµ in a Bargmann invariant theory is U(1) invariant and conserved.

The only candidate geometrical quantity that obeys the same properties is the Ĝµu com-

ponent of the Einstein tensor on a background with a null isometry (see (C.14)). Hence

the coupling must be

Ĝµu ∝ Jµ . (C.30)

From a null reduction point of view we have of course that Jµ = T̂µu, where T̂MN is the

null uplifted energy-momentum tensor. This equation implies that upon contraction with

τµ we obtain

R̂uu ∝ T̂uu = ρ . (C.31)

From the form of R̂uu in (C.10) we thus see that mass sources τ ∧ dτ 6= 0. This is in

direct conflict with Newtonian gravity described in the previous section because in that

theory the notion of mass is compatible with dτ = 0. Hence ρ in (C.29) is not a Bargmann

mass density. We thus conclude that Newtonian gravity cannot originate from a Bargmann

invariant theory.14

We can make this a bit more explicit by performing a null reduction of the Einstein-

Hilbert Lagrangian, which up to total derivatives yields

L =
e

16πGN

(

hµνR̄µν +
1

2
hµν âµâν −

1

2
Φ̂hµρhνστµντρσ

)

. (C.32)

This is not a consistent reduction but the inconsistency is extremely mild in that all of

its equations of motion agree with the null reduction of Einstein’s equation. It only fails

to reproduce the Ĝuu ∝ T̂ uu equation of motion. The reason for this is simply that the

null reduction sets ĝuu = 0 off shell and so we cannot vary this component. Furthermore,

13We ignore here the second term on the right hand side of (4.60) and focus only on the coupling to mass.
14Indeed, as shown in [4] and elaborated on in section 2.4 the underlying algebra that follows from the

1/c2 expansion of the Poincaré algebra is different.
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Boost invariant metrics v̂µ ≡ vµ − hµνmν

h̄µν ≡ hµν − 2τ(µmν)

Φ̂ ≡ −vµmµ +
1
2h

µνmµmν

Φ̄µν ≡ Φµν −mµmν − 2B(µτν)

Torsion vectors aµ ≡ Lvτµ
âµ ≡ Lv̂τµ

Extrinsic curvatures Kµν ≡ −1
2Lvhµν

K̄µν ≡ −1
2Lv̂h̄µν

Other curvatures τµν ≡ ∂µτν − ∂ντµ

Fµν ≡ ∂µmν − ∂νmµ − aµmν + aνmµ

Connections Γ̌ρµν ≡ −vρ∂µτν + 1
2h

ρσ (∂µhνσ + ∂νhµσ − ∂σhµν)

Γ̄ρµν ≡ −v̂ρ∂µτν + 1
2h

ρσ
(

∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν
)

Table 2. Definitions of fields and derived objects such as torsion vectors, extrinsic curvatures and

affine connections used in the main text.

the Ĝuu ∝ T̂ uu equation of motion does not impose any constraints on any of the other

equations of motion that follow from the null reduced action. The reason is that for any

given Φ̂, the equations of motion Ĝµν ∝ T̂µν together with Ĝµu ∝ T̂µu form a closed set.

The remaining equation Ĝuu ∝ T̂ uu, instead of imposing a constraint merely completes

the other equations of motion by suppling an equation of motion from which Φ̂ can be

determined.

Finally we remark that the T̂ uu component of the null reduced energy-momentum is

not a new independent source but a composite object that is formed from various other

sources. All of the above implies that we can use the null reduced Einstein-Hilbert (EH)

action to study the coupling between geometry and matter for Bargmann invariant theories.

On shell one then simply complements the equations of motion with Ĝuu ∝ T̂ uu to provide

an equation for Φ̂. The point is the when adding matter in a Bargmann invariant manner

the field Φ̂ couples to the mass density. It then follows that the Φ̂ equation of motion

leads to the same conclusion as before, namely that Bargmann mass density sources TNC

torsion for which τ ∧ dτ 6= 0. We conclude that in order to couple matter to NC gravity

we cannot use type I NC geometry. In particular, in section 4 we show that type II NC

geometry will lead to a consistent coupling between gravity and matter.

D Torsional Newton-Cartan identities

In this appendix we collect useful identities that hold for type I and type II NC geometries.

Throughout this appendix we will not impose any restrictions on the clock 1-form τ .

D.1 Summary of definitions

We present in table 2 a summary of the definitions of fields used throughout the paper.
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D.2 Identities for covariant derivatives, Riemann and Ricci tensors

The torsion tensor of Γ̌λµν is given by

Ť λµν ≡ 2Γ̌λ[µν] = −vλτµν , (D.1)

and we may calculate the covariant derivatives

∇̌ρτµ = 0 , (D.2)

∇̌ρh
µν = 0 , (D.3)

∇̌ρv
µ = −hµνKρν , (D.4)

∇̌ρhµν = −τµKνρ − τνKµρ . (D.5)

Likewise the torsion tensor of the boost invariant connection Γ̄λµν is given by

T̄ λµν ≡ 2Γ̄λ[µν] = −v̂λτµν , (D.6)

and we can derive the following covariant derivatives

∇̄ρτµ = 0 , (D.7)

∇̄ρh
µν = 0 , (D.8)

∇̄ρv̂
µ = −hµλ

(

K̄ρλ + τρ∂λΦ̂− Φ̂τρλ

)

(D.9)

∇̄ρh̄µν = 2Φ̂τρ(µτν) − 2τµτν∂ρΦ̂− 2τρτ(µ∂ν)Φ̂− 2τ(µK̄ν)ρ . (D.10)

From the above we may derive the following useful contractions and projections:

v̂σ∇̄σv̂
ρ = +2Φ̂hρλâλ + hρλ∂λΦ̂ , (D.11)

hκσ∇̄σv̂
ρ = −hκσhρλ

(

K̄σλ − Φ̂τσλ

)

, (D.12)

hλν∇̄ρh̄µν = τµ∇̄ρv̂
λ (D.13)

v̂ρ∇̄ρh̄µν = 2τ(µ

(

∂ν)Φ̂ + 2Φ̂âν)

)

(D.14)

v̂ν∇̄ρh̄µν = 2τµ∂ρΦ̂ + τρ∂µΦ̂ + K̄ρµ − Φ̂τρµ (D.15)

v̂ρv̂ν∇̄ρh̄µν = τµv̂
ρ∂ρΦ̂− ∂µΦ̂− 2Φ̂âµ (D.16)

v̂ρv̂µv̂ν∇̄ρh̄µν = −2v̂ρ∂ρΦ̂ (D.17)

The Riemann tensor R̄µνσ
ρ as defined in (A.4) and Ricci tensor R̄µν = R̄µρν

ρ enjoy a

number of useful properties and identities:

R̄µνρ
ρ = 0 , (D.18)

R̄[µνσ]
ρ = −∇[µT̄

ρ
νσ] + T̄

λ
[µν T̄

ρ
σ]λ , (D.19)

R̄[µν] = −1

2
∇̄ρT̄

ρ
µν − ∇̄[µâν] , (D.20)

R̄µνλ
ρhλσ = −R̄µνλσhρλ , (D.21)

3∇̄[λR̄µν]σ
κ = T̄ ρµνR̄λρσ

κ + T̄ ρλµR̄νρσ
κ + T̄ ρνλR̄µρσ

κ , (D.22)
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with analogous identities for Řµνσ
ρ. If we now contract λ and κ in (D.22) and furthermore

contract that equation with vνhµσ we can derive the following contracted Bianchi identity

e−1∂ρ

(

e

[

hρν v̂µR̄µν −
1

2
v̂ρhµνR̄µν

])

= −hµρhνσK̄ρσR̄µν +
1

2
hρσK̄ρσh

µνR̄µν . (D.23)

This is a bit similar to the divergence of the Einstein tensor in GR except that here we are

considering the hρν v̂µ component of the Ricci tensor. There are similar identities for the

other components.

D.3 Identities for extrinsic curvatures

We have the following useful contractions

v̂µâµ = 0 , (D.24)

âλT̄
λ
µν = 0 , (D.25)

hµρ∇̄ρv̂
ν = −hµρhνσK̄ρσ . (D.26)

Using that the Lie derivative satisfies the Leibniz rule one may derive

hµλâλ = 2Kµλτλ = hµλT̄ ρρλ , (D.27)

K̄µν v̂
ν = −âµΦ̂− τµLv̂Φ̂ , (D.28)

K̄µν v̂
µv̂ν = Lv̂Φ̂ , (D.29)

âµv̂
σ = Lv̂hσλh̄λµ − 2hσλK̄λµ . (D.30)

D.4 Variational calculus

D.4.1 Basic relations

A complete set of type I NC data can be formed from the set of fields hµν , v̂ρ, Φ̂. Hence

when considering variations we can consider the variations of hµν , v̂ρ, Φ̂. This set is con-

venient when working with manifestly boost invariant objects. Alternatively we can work

with the independent set of fields τµ and h̄µν . They are related via

δh̄µν = −2τµτνδΦ̂ +
(

τµh̄νρ + τν h̄µρ
)

δv̂ρ − h̄µρh̄νσδh
ρσ (D.31)

δτµ = τµτνδv̂
ν − h̄µρτνδh

νρ (D.32)

δe = −e
(

1

2
h̄µνδh

µν − τµδv̂
µ

)

, (D.33)

where

τµτνδh
µν = 0 . (D.34)

Conversely we also have the relations (3.78)–(3.81) derived in the main part of the paper.
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D.4.2 Connection and torsion

We find for the variation of Γ̌ρµν :

δΓ̌ρµν = −vρ∇̌µδτν + hρσKµνδτσ −
1

2
vλhρστνσδhµλ −

1

2
vλhρστµσδhνλ

+
1

2
τµνh

ρσvλδhσλ +
1

2
hρσ

(

∇̌µδhνσ + ∇̌νδhµσ − ∇̌σδhµν
)

, (D.35)

while the variation of Γ̄ρµν is given by:

δΓ̄ρµν = −1

2
τµνh

ρσh̄σλδv̂
λ−τσ(τµ∂νΦ̂ + τν∂µΦ̂)δh

ρσ − K̄µντσδh
ρσ + 2hρσâστµτνδΦ̂

+ Φ̂hρσâσ(τµδτν + τνδτµ)−
1

2
hρσâσ(τµh̄νλ + τν h̄µλ)δv̂

λ

−v̂ρ∇µδ̄τν +
1

2
hρσ

(

∇̄µδh̄νσ + ∇̄νδh̄µσ − ∇̄σδh̄µν
)

. (D.36)

Useful contractions and projections are:

hµνδΓ̄ρµν = + [+hρσâστη + hρστησ] δv̂
η +

[

+
1

2
hρσh̄µν − hσλh̄λµδ

ρ
ν

]

∇̄σδh
µν , (D.37)

δΓ̄ρρν = + [−τρâν − τρν ] δv̂
ρ + [−v̂ρ] ∇̄ρδτν +

[

−1

2
h̄ρσ

]

∇̄νδh
ρσ , (D.38)

hρνδΓ̄µµν = + [−hρστηâσ − hρστησ] δv̂
η +

[

−1

2
hρσh̄µν + v̂στνδ

ρ
µ

]

∇̄σδh
µν . (D.39)

From this we can derive the variation of the torsion vector:

δâµ =
[

v̂λτµρ

]

δ (τλv̂
ρ) + [−2v̂ρ] ∇̄[µδτρ] . (D.40)

D.4.3 Ricci tensor

In the conventions introduced in section A.2 the variation of the Ricci tensor is given in

terms of variations of the connection as:

δRµν = ∇ρδΓ
ρ
µν −∇µδΓ

ρ
ρν − 2Γλ[µρ]δΓ

ρ
λν . (D.41)

The (spatial) trace is easier to calculate because of metric compatibility and gives:

hµνδRµν = ∇ρ

(

hµνδΓρµν
)

−∇µ

(

hµνδΓρρν
)

− 2Γλ[µρ]
(

hµνδΓρλν
)

. (D.42)

Assuming that it does not multiply anything except the measure we can calculate hµνδŘµν
as found in (3.24)–(3.25). For hµνδR̄µν we find

hµνδR̄µν = +
[

hρσhκλτλστρκ

]

δΦ̂

+
[

2hµνaµaντρ + 2hµνaµτρν − Φ̂hκσhµντρτµκτνσ + hµν∇̄µaντρ + hµν∇̄µτρν

]

δv̂ρ

+
[

− hρσaρaσh̄µν − hρσ∇̄ρaσh̄µν + aµaν + ∇̄µaν + τµv̂
σ∇̄σaν

− hρσK̄µρτνσ − hρσK̄ρσaµτν + hρσaρτµK̄νσ − Φ̂hρστµρτνσ

+ 3Φ̂hρσaρτµτνσ + 2Φ̂hρστµτνσ + hρστµτνρ∂σΦ̂
]

δhµν . (D.43)
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D.4.4 Extrinsic curvatures

We find for the variation of K̄µν :

δK̄µν = −1

2
Lδv̂h̄µν −

1

2
Lv̂δh̄µν

= + [âµτν + âντµ] δΦ̂ + [τµτν v̂
ρ] ∂ρδΦ̂

+

[

−1

2
âµh̄νρ −

1

2
âν h̄µρ + τµK̄νρ + τνK̄µρ

]

δv̂ρ +

[

−1

2
τµh̄νρ −

1

2
τν h̄µρ

]

Lv̂δv̂ρ

+
[

−K̄µρh̄νσ − h̄µρK̄νσ

]

δhρσ +

[

+
1

2
h̄µρh̄νσ

]

Lv̂δhρσ +
[

−1

2
∇̄ρh̄µν

]

δv̂ρ

+

[

−1

2
h̄ρν

]

∇̄µδv̂
ρ +

[

−1

2
h̄µρ

]

∇̄νδv̂
ρ +

[

Φ̂τρµτν + Φ̂τρντµ

]

δv̂ρ . (D.44)

Useful projections are:

hµνδK̄µν = + [−âρ] δv̂ρ +
[

−δµρ − τρv̂
µ
]

∇̄µδv̂
ρ

+
[

−K̄ρσ + 2Φ̂τρaσ + τρ∂σΦ̂
]

δhρσ +

[

+
1

2
v̂λh̄ρσ

]

∇̄λδh
ρσ , (D.45)

hρµhσνδK̄µν = + [−hρµâµ (δσλ + τλv̂
σ)] δv̂λ + [−hρµ (δσλ + τλv̂

σ)] ∇̄µδv̂
λ

+
[

−2hρµK̄µλ (δ
σ
κ + τκv̂

σ)− v̂ρv̂σâλτκ
]

δhλκ

+

[

+
1

2
δρλδ

σ
κ + τλδ

ρ
κv̂
σ

]

Lv̂δhλκ . (D.46)

E Twistless torsional Newton-Cartan identities

This appendix is very similar to the previous one except that we now assume that τ obeys

the hypersurface orthogonality (or TTNC) condition τ ∧ dτ = 0. All of the identities of

appendix D of course all apply here as well but there are many simplifications when the

TTNC condition is imposed.

E.1 Special TTNC identities

The most fundamental identity for TTNC geometry is

∂µτν − ∂ντµ = aµτν − aντµ , (E.1)

where aµ = Lvτµ and âµ = Lv̂τµ. A second useful TTNC identity is the result that

hµρhνσ (∂µaν − ∂νaµ) = 0 . (E.2)

Due to the presence of torsion one can show that, using the Bianchi identity for R̄[µνσ]
ρ,

3R̄[µνσ]
ρ = (∇µv̂

ρ) (∂ντσ − ∂στν) + (∇σv̂
ρ) (∂µτν − ∂ντµ)

+ (∇ν v̂
ρ) (∂στµ − ∂µτσ) . (E.3)

The antisymmetric part of the Ricci tensor is nonzero and equal to

2R̄[µν] = (τµaν − τνaµ)∇̄ρv̂
ρ + v̂ρ(τµ∇̄ν âρ − τν∇̄µâρ) . (E.4)
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If instead of contracting the second Bianchi identity (for κ = λ) with vνhµσ we contract it

with two inverse spatial metrics we obtain (for TTNC),

∇̄µ

(

hµνhρσR̄νρ −
1

2
hµσhνρR̄νρ

)

= 0 . (E.5)

E.2 Variational calculus

E.2.1 Basic identities

For TTNC geometry we only need to calculate some projective variations. The τµ variation

along τµ is best computed by setting

δΩτµ ≡ Ωτµ , (E.6)

for arbitrary Ω. In order to compute the h variation it is sufficient to consider

δPhµν ≡ P ρµP
σ
ν δhρσ (E.7)

where Pµν ≡ hµλhλν . The P variations of the other geometric objects are given by:

δP v
µ = 0 , (E.8)

δP τµ = 0 , (E.9)

δPh
µν = −hµρhνσδPhρσ , (E.10)

δPΦ = 0 . (E.11)

E.2.2 Connections, Ricci tensor Řµν and extrinsic curvatures

It can be shown that for the connection Γ̌ρµν and its associated Ricci tensor we have sim-

plifications compared to the general variations (D.35), (D.36), (3.24)–(3.25) and (D.43):

δP Γ̌
ρ
µν =

1

2
hρσ

(

∇̌µδPhνσ + ∇̌νδP δhµσ − ∇̌σδPhµν
)

, (E.12)

hµρhνσδP Řµν = hµρhνσ
(

∇̌λδP Γ̌
λ
µν − ∇̌µδP Γ̌

λ
λν

)

. (E.13)

We have some relevant variations that are needed in section 3.1.3.

δP (hρνKµν) = −vσδP Γ̌ρµσ , (E.14)

δPaµ = 0 . (E.15)

Furthermore, it can be shown that varying Φ̂ in the connection Γ̄ρµν gives for twistless

torsion

δΦ̂Γ̄
ρ
µν

∣

∣

τ∧dτ=0
= τµτνh

ρσ∂σδΦ̂ + 2τµτνh
ρσâσδΦ̂ . (E.16)

With this result it follows that the variation of v̂µv̂νR̄µν with respect to Φ̂ results in a total

derivative.
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E.2.3 Ricci tensor R̄µν

We will now study various projections of the variations of R̄µν that are needed in sec-

tion 3.2.2. First of all considering the spatial trace multiplied by a scalar function X under

the assumption of hypersurface orthogonality of τµ leads to

X
(

hµνδR̄µν
)

=

[

hµν
(

âµ + ∇̄µ

) [(

âνX + ∇̄µX
)

h̄ρσ
]

− τρ∇̄λ

[

v̂λ
(

âσX + 2∇̄σX
)

]

−
[

âρ + ∇̄ρ

] [

âσX + ∇̄σX
]

+Xhµν âµK̄νρτσ

]

δhρσ . (E.17)

Secondly, we also need the projection hµκhνσδR̄µν , which contracted with a symmetric

tensor Xµν after a bit of work gives

Xρσ

(

hµρhνσδR̄µν
)

=

[

hµν
(

âµ + ∇̄µ

) [(

âνXηρ + ∇̄νXηρ − âρXνη − ∇̄ρXνη

)

τσv̂
η
]

− hµν
(

âµ + ∇̄µ

) [

âρXνσ + ∇̄ρXνσ

]

+
1

2
hµν

(

âµ + ∇̄µ

) [

âνXρσ + ∇̄νXρσ

]

+
1

2
hµν

(

âµ + ∇̄µ

)

[

(

âλXκν + ∇̄λXκν

)

hλκh̄ρσ

]

− hµν∇̄λ

[

v̂λτσ∇̄µXνρ

]

]

δhρσ . (E.18)

E.3 1/c2 expansion formulae

Expanding the measure gives

1

c

√−g = e

(

1 +
1

c2
Φ̂ +

1

2c2
hµνΦ̄µν +O(c−4)

)

= e

(

1 +
1

c2
Φ+

1

2c2
hµνΦµν +O(c−4)

)

. (E.19)

The Levi-Civita connection (2.15) is expanded as

Γρµν = c2Γρ(−2)µν + Γρ(0)µν + c−2Γρ(2)µν +O(c−4) , (E.20)

which can be expressed in terms of Galilean boost invariant objects according to

Γρ(−2)µν = hρλaλτµτν , (E.21)

Γρ(0)µν = Γ̄ρµν − v̂ρτµaν − hρκhληΦ̄κηaλτµτν , (E.22)

hµαhνβτρΓ
ρ
(2)µν = hµαhνβK̄µν . (E.23)

We placed the power of c−1 symbol as a subscript to distinguish it from the expansion in

equation (2.15).
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