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Non-Selfadjoint Perturbations of
Selfadjoint Operators in 2 Dimensions I

Michael Hitrik and Johannes Sjostrand

Abstract. This is the first in a series of works devoted to small non-selfadjoint
perturbations of selfadjoint h-pseudodifferential operators in dimension 2. In the
present work we treat the case when the classical flow of the unperturbed part is
periodic and the strength e of the perturbation is > h (or sometimes only >> h?) and
bounded from above by h? for some § > 0. We get a complete asymptotic description
of all eigenvalues in certain rectangles [—1/C,1/C] + ie[Fo — 1/C, Fy + 1/C].

1 Introduction

In [20], A. Melin and the second author observed that for a wide and stable class
of non-selfadjoint operators in dimension 2 and in the semi-classical limit (h — 0),
it is possible to describe all eigenvalues individually in an h-independent domain
in C, by means of a Bohr-Sommerfeld quantization condition. This result is quite
remarkable since the corresponding conclusion in the selfadjoint case seems to
be possible only in dimension 1 or under strong (and unstable) assumptions of
complete integrability. The underlying reason for this result is the absence of small
denominators which allows us to avoid the usual trouble with exceptional sets in
the KAM theorem.

As a next step, the second author noticed ([22]) that for non-selfadjoint op-
erators of the form P(z, hD,) + ieQ(x, hD,) it is possible to find a similar result,
when P is selfadjoint, ¢ > 0 small and fixed and the classical bicharacteristic
flow is periodic on each real energy surface. (Again, it is important that we are in
dimension 2.) The method is similar to the one in [20] and uses non-linear Cauchy-
Riemann equations, now in an “e-degenerate” form. (See also [24] for a different
extension.)

It soon became quite clear that we run into a fairly vast program, and that
logically one should start with even smaller perturbations, say € = (’)(h‘s), for
some § > 0. The present work is planned to be the first in a series, devoted
to small perturbations of selfadjoint operators in dimension 2. In addition to the
challenge of doing plenty of things in dimension 2, that can usually only be done in
dimension 1, we have been motivated by recent progress around the damped wave
equation ([19], [2], [25], [14]), as well as the problem of barrier top resonances for
the semi-classical Schrédinger operator ([17]) where more complete results than the
corresponding ones for eigenvalues of potential wells ([26], [3], [21]) seem possible.
One long term goal of this series is to get improved results on the distribution of
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resonances for strictly convex obstacles in R3. See [30] (and references given there)
for a first result on Weyl asymptotics for the real parts inside certain bands. In the
case of analytic obstacles, much more can probably be said, especially in dimension
3 (and 2).
Let M denote R? or a compact real-analytic manifold of dimension 2.
When M = R?, let
P. = P(xz,hDy,€; h) (1.1)

be the Weyl quantization on R? of a symbol P(x, £, €;h) depending smoothly on
e € neigh (0, R) with values in the space of holomorphic functions of (x,&) in a
tubular neighborhood of R* in C%, with

[P(z,&, 6 h)| < Cm(Re (2, ) (1.2)

there. Here m is assumed to be an order function on R?, in the sense that m > 0
and

m(X) < Co(X = Y)YNom(Y), X,Y € R%. (1.3)
We also assume that
m > 1. (1.4)
We further assume that
P(z,&, 6 h) ije . h—0, (1.5)

in the space of such functions. We make the ellipticity assumption

[po.c(x, )| = %m(Re (@,8)), [(z, )] = C, (1.6)

for some C > 0.
When M is a compact manifold, we let

Pe= Y aac(z;h)(hDy)*, (1.7)

la|<m

be a differential operator on M, such that for every choice of local coordinates,
centered at some point of M, a, (z;h) is a smooth function of e with values in
the space of bounded holomorphic functions in a complex neighborhood of z = 0.
We further assume that

Gq,e(z3h) ~ Zaa” , h —0, (1.8)

in the space of such functions. The semi-classical principal symbol in this case is
given by

pOE x f Zaan 7 (19)
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and we make the ellipticity assumption

1

|p0,€(x7§)| > 5<§>m, (1775) € T*Mv |§| > Cv (110)

for some large C' > 0. (Here we assume that M has been equipped with some
Riemannian metric, so that [¢] and (£) = (1 + |£]?)!/? are well defined.)
Sometimes, we write p. for py . and simply p for pg . Assume

P._g is formally selfadjoint. (1.11)

In the case when M is compact, we let the underlying Hilbert space be
L?(M, u(dx)) for some positive real-analytic density u(dz) on M.

Under these assumptions, P. will have discrete spectrum in some fixed neigh-
borhood of 0 € C, when h > 0,e¢ > 0 are sufficiently small, and the spectrum in
this region will be contained in a band |Im z| < O(e). The purpose of this work and
later ones in this series, is to give detailed asymptotic results about the distribution
of individual eigenvalues inside such a band.

Assume for simplicity that (with p = p.—o)

p~1(0) N T*M is connected. (1.12)

Let H) = pj - aa_x —pl - a% be the Hamilton field of p. In this work, we will always
assume that for E € neigh (0, R):

The H-flow is periodic on p~*(E) NT*M with

period T(E) > 0 depending analytically on E. (1.13)

Let g = %<%)e:0p€’ so that
pe = p +ieq + O(?m), (1.14)
in the case M = R? and p. = p + ieq + O(€2(£)™) in the manifold case. Let

1 T(E)/2
(q) = —/ qoexptH,dt on p~'(E)NT*M. (1.15)
T(E) J_rE)/2
Notice that p, {g) are in involution; 0 = H,(q) =: {p, (¢)}. In Section 3, we shall
see how to reduce ourselves to the case when

pe =p +ie(q) + O(e?), (1.16)

near p~1(0)NT*M. An easy consequence of this is that the spectrum of P. in {z €
C;|Rez| < d} is confined to | — 4, 6[+i€](Re ¢)min,0 — 0(1), (Re ¢)max,0 + 0(1)[, when
d,6,h — 0, where (Re q)min,0 = min,—1(g)nr-a(Req) and similarly for (g)max,o-
We will mainly think about the case when (g) is real-valued but we will work
under the more general assumption that

Im (g) is an analytic function of p and Re (q), (1.17)
in the region of T* M, where |p| < 1/|O(1)].
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Let Fy € [(Req)min,0, (R€q)max,0]- The purpose of the present work is to
determine all eigenvalues in a rectangle
1 1 1 1

= emr e T

(1.18)

for
h < e< O, (1.19)

where § > 0 is any fixed number. (When the subprincipal symbol of P is zero, we
can treat even smaller values of e: h? < € < O(h?).) We will achieve this under
the general assumption that

T'(0) is the minimal period of every H)-trajectory in Ao, r,, (1.20)

where

Ao,p, == {p € T"M; p(p) = 0, Re (q)(p) = Fo}, (1.21)
in the following three cases:

I) The first case is when
dp, dRe (q) are linearly independent at every point of Ag g, . (1.22)

This implies that every connected component of Ag g, is a two-dimensional La-
grangian torus. For simplicity, we shall assume that there is only one such compo-
nent. Notice that in view of (1.20), the space of closed orbits in p~*(0) N T*M;

2= (0)NTM)/ ~,

where p ~ p if p = exptHpu for some ¢t € R, becomes a 2-dimensional symplectic
manifold near the image of Ag g,, and (1.22) simply means that Re (g), viewed
as a function on ¥, has non-vanishing differential along the image of Ay r,. The
image of Ag g, is just a closed curve. The main results in this case are Theorems
6.2, 6.4 and they show that the eigenvalues form a distorted lattice.

IT) The second case is when Fy € {(Re ¢)min,0, (R€ ¢)max,0}. In this case, we again
view (Req) as a smooth function on ¥ near the image of Ag g, and assume that

The Hessian of (Req) is non-degenerate (positive

or negative) at every point p € 3, with (Re¢)(p) = Fp. (1.23)

The main results in this case are given by Theorems 6.6, 6.7 which tell us that the
eigenvalues form a distorted half-lattice.

IIT) The third natural case would be when Fy is a critical value of Re (q) corre-
sponding to a saddle point. We hope to study this case in the near future.

The analyticity assumptions are introduced, because the optimal spaces are
deformations of the usual L2-space obtained by adding exponential weights with
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exponents that are O(e), and there are closely related Fourier integral operators
with complex phase some of which have associated complex canonical transforma-
tions that are e-perturbations of the identity. When e ~ h%, 0 < § < 1, appropriate
Gevrey type assumptions would probably suffice, but in the case € ~ h we seem to
need analyticity assumptions at one point, even though standard C'°°-microlocal
analysis would suffice for most of the steps. At the opposite extreme, € small but
independent of h, the analyticity assumptions seem necessary, and in order to avoid
technicalities, we have chosen to assume analyticity independently of the size of .

In the selfadjoint case there have been many works about operators whose
associated classical flow is periodic ([31], [8], [5], [11], [9], [16]), and we follow one
of the main ideas in those works, namely to use some sort of averaging procedure
in order to reduce the dimension by one unit, so that in our case, we come down
to a one-dimensional problem. The implementation of this is more complicated in
our case because of the need to work in modified exponentially weighted spaces
(after suitable FBI-transforms). It should also be pointed out that in the case
when € is small but independent of h ([22]), this does not seem to work and the
problem remains two-dimensional. The same seems to be the case (for the whole
scale of €) in other situations, when the Hp-flow is completely integrable without
being periodic, or more generally when the energy surface p~1(0) N T*M contains
certain invariant Lagrangian tori. We intend to treat such situations later in this
series.

The plan of the paper is the following:

In Section 2, we reexamine the Egorov theorem in a form suitable for us, and
complete some observations of [13] about the two term version of this result.

In Section 3 we perform dimension reduction by averaging.

In Section 4 we make a complete reduction in the torus case (I) and determine the
corresponding quasi-eigenvalues.

In Section 5 we do the analogous work in the extreme case (II).

In Section 6 we justify the earlier computations by treating an auxiliary global
(Grushin) problem, and we obtain the two main results.
In Section 7, we give a first application to barrier top resonances.
In the appendix, we review some standard facts about FBI-transforms on mani-
folds.

The next work(s) in this series (in addition to [22]) will remain in the case

when the classical flow of the unperturbed part is periodic. We intend to study
the saddle point case (III), and the case when (g) vanishes.



6 M. Hitrik and J. Sjostrand Ann. Henri Poincaré

2 Quantization of canonical transformations between non-simply
connected domains in phase space

We first give an affirmative answer to a question asked in Appendix A of [13].
Let x : neigh ((yo,n0), T*R™) — neigh ((xo, &), T*R"™) be an analytic canonical
transformation and consider a corresponding Fourier integral operator

Uu(z) = hE // e @0/ gy 0; h)u(y)dydd, (2.1)

with @ = ag + O(h), a classical symbol in S%° (see the appendix), and ¢ non-
degenerate phase function in the sense of Hérmander [15] (without the homogeneity
requirement in §) which generates the graph of x. (Since we work microlocally, ¢, a
are assumed to be defined near a fixed point (zo,yo,6o) with ¢} (xo, yo,60) = 0,
(20, &0) = (w0, 5 (20,Y0,00)). (Yo.m0) = (Yo, —¢%, (%0, Yo, b)).) We require U to be
unitary:

U*U = 1, microlocally near (yo, 7o), (2.2)

and we are interested in the improved Egorov property:

If PU =UQ, where P = P, Q = Q" are h-pseudodifferential (2.3)
operators of order 0, then P o x = Q + O(h?).

Here and in what follows we use the same letter to denote an operator and a cor-

responding Weyl symbol. In Appendix A of [13], it was shown that such U’s exist

and we shall answer the question raised there, by establishing the following propo-

sition. (We learned from C. Fefferman that Jorge Silva has obtained essentially
the same result in the framework of classical Fourier integral operators.)

Proposition 2.1 Within the class of operators satisfying (2.1) and (2.2), the pro-
perty (2.3) is equivalent to:

ao|, has constant argument. (2.4)

Here ¢ is defined in some open set D(¢) C R*"V and

Cy = {(2,y,0) € D(¢); Pp(x,y,0) = 0}.

Proof. We first consider the special case of pseudodifferential operators, i.e., the
case when k is the identity. Then ag is the principal symbol and (2.2) implies that
|ap] = 1 (after inserting an additional factor (27)~™ in front of the integral and
taking the standard phase ¢ = (v — y) - §). Write

U'PU =P+ U PU].

We see that (2.3) holds iff {p,ag} = 0 for all p, i.e., iff ag = Const. The proposition
follows in the case of pseudodifferential operators since we also know in general
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that the property (2.4) is invariant under changes of (¢, a) in the representation
of the given operator.

When ¢ is quadratic and a is constant, we have a metaplectic operator and
k is linear. In that case, we know that (2.3) holds, and using the special case of
h-pseudodifferential operators, we see that we have equivalence between (2.3) and
(2.4) in the case when & is linear.

Consider a smooth deformation of canonical transformations [0,1] 3 ¢ —
k¢, with a deformation field Hg), so that 0skt(p) = Hy(ke(p)) where a(t) =
a(t,x, &) is smooth and independent of h. Let A(t) = a"(z, hD,) and consider a
corresponding family of Fourier integral operators U (t) associated to s¢:

hD.U (t) + A(t) o U(t) = 0. (2.5)

Since A(t) are selfadjoint, unitarity of U(t) is conserved under the flow of (2.5).
Let U(t) be such a unitary family.

Proposition 2.2 We have (2.3) for one value of t iff we have it for all values of t.

Proof. Suppose we have (2.3) for U(0). From (2.5) we get
hD(U(t)™Y) = U(t) L A(t).
Consider a family P(t) = U(t)PU(t)~!. Then
hD.P(t) + [A(t), P(t)] = 0,
and on the level of Weyl symbols, we get
0P (t) +{a(t), P(t)} = O(h?),

or in other words,

(0y + Hygr)) P(t) = O(h?).
This means that
P(t) o (ri(p)) = P(0) 0 o + O(h?) = P(p) + O(h?),
where we used (2.3) for U(0) in the last step. Then P(t) fulfills (2.3) for all ¢. O

On the other hand, if U(t) fulfills (2.5), we know, using that the subprincipal
symbol of A(t) is 0, that if we represent

n+N

Ut)=h"">

/ / ek @0, (2, y, 0; hyu(y)dyds,

with ¢, a; depending smoothly on ¢, then the argument of at,0) is constant
Pt

along every curve in {(¢,7,0); (z,0) € Cg,} corresponding to a H,)-trajectory:
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t — (ke(p), ko(p)). This can be seen either by a direct computation leading to a
real transport equation for the leading symbol, (using that

e 0@/ o g (2, hDy) 0 @/ = (a(x, ¢’ (x) + hD,))" + O(h?),

see Appendix A in [13]), or by using Hérmander’s definition ([15]) of the principal
symbol of a Fourier integral operator, as well as a result of Duistermaat-Hormander
giving a real transport equation for the principal symbol for the evolution problem
(2.5).

In particular, if ay, co, has constant argument for one value of ¢, the same
holds for all other values.

For a given U associated to s, choose k; and U(t) as in (2.5), so that g is
linear and U(1) = U. (We may assume for simplicity that (yo,m0) = (20,&0) =
(0,0) and take x¢(y,n) = +£(t(y,n)).) Then using Proposition 2.2 and the above
remark, we get the equivalences: [U satisfies (2.3).] < [U(0) satisfies (2.3).] < [The
principal symbol of U(0) has constant argument.] < [The principal symbol of U
has constant argument.|] This gives Proposition 2.1. U

Let X,Y be analytic manifolds of dimension n equipped with analytic inte-
gration densities L(dx) = Lx(dx), L(dy) = Ly (dy). Let

k: Qy — Qx
be a canonical transformation (and diffeomorphism), analytic for simplicity, where
Qy CcCc T, Qx cCc T*X,

are connected, open with smooth boundary. We do not assume Qx,{y to be
simply connected, so we may have finitely many closed cycles v1,...,7nv C Qy
which generate the homotopy group of Qy.

Let S : L%(X) — He(X), T : L2(Y) — Hg(Y) be corresponding FBI-
transforms as in the appendix, where X , Y denote tubular complex neighborhoods
of X,Y and with associated canonical transformations:

ks :T"XN{|¢| < C} = Ag, k7 : T*Y N{|n| < C} — Ay,
where we equip He, Hy with the scalar products that make S, T unitary, and we
can have C' > 0 as large as we like. Choose C' large enough, so that kg, k7 are well
defined on Qx, Qly respectively, and let

(NZX =meksQlxy C )Z, f~2y = myr7lly C Y.

Let K : Ay — Ag be the lift of k, so that kK = kg omon}l. Here Ao,y are restricted
to Qx,y: Aw = {(y,20,¥); y € Oy }, Ao = {(, 20,9); z € Qx}.
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We shall define a multi-valued “Floquet periodic” Fourier integral operator
U: L*(Y) — L?*(X) which is only microlocally defined from Qy to Qx and asso-
ciated to k. Requiring that U be microlocally unitary with the improved Egorov
property, we will see that we can have the Floquet periodicity:

U = ey, (2.6)

where v is a closed loop in )y joining some point p to itself, U denotes the
operator U as it is defined near p and the left-hand side of (2.6) denotes the
operator obtained from U by following the loop . We will then achieve (2.6) with
0(v) = h='S(y) + k(v)m/2, where S(y) = [, &dx — [ ndy is the difference of
the actions of x oy and ~, and k(y) € Z is a “Maslov index”, both quantities
depending only on the homotopy class of . (Requiring only the unitarity of U,
we could take 0(y) = S(v)/h.)

When discussing the improved property (2.3), recall from [13] and [29], that
on a manifold with a preferred positive density, we can define the Weyl symbol of
a 0-th order h-pseudodifferential operator modulo O(h?) by taking the ordinary
Weyl symbol for some system of local coordinates x1, . . ., ,, for which the preferred
density reduces to the Lebesgue measure. Clearly Proposition 2.1 extends to this
situation.

We first notice that if

Vu(x) = [ // e @v /g (g 0; h)u(y)dydd

is an elliptic Fourier integral operator with leading symbol ao(z,y,8) # 0 on Cy,
then we can obtain V*V =1+ O(h) by multiplying ag by a positive real-analytic
function.

The same remark applies to

V' Hy®(Qy) — Hy®(Qx),
where we put V=So0oVoT!and represent it as in [20] by

‘N/u(x) =h" / eiw(’”’y)/hb(x, Y; h)u(y)e_N'(y)/hL(dy). (2.7)

Here (z,y) is the multi-valued grad-periodic function near . ,I", with

Ozy =0, 05,0 =0 near 1, ,(T),

00 (2, ) = 20,8(z), g, y) = 205U(y) on 7, (T),

O(2) + W(y) +Im ¢z, y) ~ dist ((2,), 70,y (T)?,

where I" denotes the graph of K. (In [20] the first equation holds only to infinite
order on 7 (') and the present improvement follows from the analyticity of K.)
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Recall that Im ) is single-valued, and that

vt oyt = [ do— [ ndy, (2.8)
Roy v

is the action difference, when + is a closed curve in Ay and (K o v,v) denotes the
curve t — (K(y(t)),v(t)). Here we also identify Ay, Ag with Qy, Qx whenever so
is convenient.

Thus after multiplying b by a positive real-analytic function, we may
z,y

(T)
assume that

V*V =1+ O(h). (2.9)

In order to have the improved Egorov property, we further need that locally on
Ty (D):

argbo(z,y) = K(y) + Const., (notice that z = z(y) on I), (2.10)

where K (y) is a grad-periodic function on 7, ,(T'), that we do not try to compute
here, but whose existence we infer from Proposition 2.1 and the computation of
Vas SoVoT™! with V written microlocally with a real phase as in (2.1).
We can find by satisfying (2.10) everywhere if we accept that bo| . ) is
T,y
multi-valued. More precisely, K is not globally well defined on 7 ,(I') >~ Qy-, but

w = dK is a well defined closed real 1-form on 2y and we can find b0|ﬂ’ ()’
unique up to a constant factor of modulus 1, such that (2.9), (2.10) hold, thbugh

bo will be multi-valued:
~v«bo = exp (i/w)bo, (2.11)
¥

where 7.by denotes the new locally defined symbol obtained by following by around
the closed loop 7 in 7y ,(T') ~ Qy.

Proposition 2.3 We have fv w = k(v)5 for some integer k() € Z, for every closed
loop v C 7y 4(T).

Proof. Let « be a closed loop and cover v by small open topologically trivial sets
Qo, Q1,...,Qn_1 with increasing index corresponding to the orientation of v in
the natural way. Let 0 N = (NZO. Let €; be the corresponding regions in 2y-. In £,
we represent V' by

n

Viu(z) =h™ 72 ’ // '@ v /he (2. y, 0; h)u(y)dyds. (2.12)
9eR™i
For a given point in ©; N €211, we have

(e ST/2
¢; = Gir1,  ajp1 =701, 2a; + O(h), ri11; >0, aji; € Z,
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at the corresponding points in Cy;, Cy,_,, provided that we require all the fiber-
variable dimensions N; to have the same parity. (Cf. [15].) This last property is
easy to achieve since we can always add one fiber-variable. We conclude that

™
/w = §(a1,0 +ag1+ - +ann-1),
Y

and the proposition follows. O
Take V as above with b = by in (2.7), so that (2.9), (2.10) hold. Put
U=V{V*V) =, (2.13)

Then U = SUT ! is of the form (2.7) with b = by + O(h). We have U*U = 1 and
U satisfies (2.3). Since the unitarization is a local operation which commutes with
multiplication by a constant factor of modulus 1, (2.11) becomes valid also for b:

Yeb = e Ep, (2.14)

Here we also used Proposition 2.3.
Summing up, we get

Theorem 2.4 Under the assumptions above on K, we can find a microlocally defined
multz valued Fourier integral operator U associated to k, and a corresponding lift

= SUT' of the form (2.7), such that U is unitary: U*U = 14 O(e~ /(M)
satisﬁes the improved Egorov property (2.3), and

U = e SO/htkm/2 7

for every closed loop in Qy, where k() € Z and

/ £dz —/ndy

3 Reduction by averaging along trajectories

Let P, M be as in the introduction. We work in a neighborhood of p=1(0)NT*M,
and recall that P = P, has the semi-classical principal symbol

= p+ieq + O(e?), (3.1)

in a complex neighborhood of p~(0)NT* M. Let G be an analytic function defined
near p~—1(0) N T*M such that

HpGo = q— (q), (3.2)
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where (q) is the trajectory average, defined in (1.15). We may take

1 T (B) 1w,
W/_T(EW(IR(t)(”T)Hm(t)(t —))q o exp tH,dt, (3.3)

on p~1(E).
We replace R* by the new IR-manifold

Go =

Acg, = exp (ieHg,)(RY), (3.4)

which is defined in a complex neighborhood of p~1(0) N T*M. Writing (z,¢) =
exp (ieHg, )(y,n), and using p = (y,n) as real symplectic coordinates on A.g,, we
get

Peiy.., = pelexp (ieHa,) () (3.5)

>\ (ie k
Z (HT?O)(Z)E) =p+ielq) + O(€?).

k=0

Iterating this procedure, or looking more directly for G(x, &, €) as an asymp-
totic sum

G~ FGilx,€) (3.6)

in some complex neighborhood of p~1(0) N T*M, we see that we can find Gy,
G4 ... such that if
AEG = €xXp (iEHG)(R4), (37)

and we again write A.g 3 (x,&) = exp (ieHg)(y,n) and parametrize by the real
variables (y,n), then

Pejy,, =PHiclg) + a2+ g+, (3.8)

where ¢; = (g;), j > 2. This means that we can transform p, to p. o exp (ieHg) in
such a way that we get a new leading symbol which Poisson commutes with the
unperturbed leading symbol.

As is well known in the selfadjoint case, this construction can be extended to
the level of operators, and we may develop this globally in another paper. In the
present work we will do it only after a reduction to a torus-like situation.

After replacing p. by pe o exp (ieHg,) and correspondingly P., by U=t o P, o
U, where U, is the Fourier integral operator U, = e~ wieGo(@,hDz) — 5, Go(@,hDx)
(defined microlocally near p=1(0) N T*M), we may assume that our operator P. is
microlocally defined near p=1(0) N T*M and has the h-principal symbol

pe = p+ielg) + O(€). (3.9)
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This can be done in such a way that P.—y remains the original unperturbed oper-
ator. We refer to the beginning of Section 6 for the construction of U. by means
of an FBI-transform.

Let 7o C p~1(0) N T*M be a closed H,-trajectory and assume that 7'(0) is
the minimal period of yy. Let g : neigh (0, R) — R be the analytic function defined
by

J(E) = , g(0)=0. (3.10)

Then Hyop = ¢'(p)H, has a 27-periodic flow and the same closed trajectories as
H,,. Clearly 27 is the minimal period of 79 when viewed as a Hyop-trajectory.

Proposition 3.1 There exists an analytic canonical transformation k : neigh ({7 =
x=¢=0},T%(S} x Ry)) — neigh (0, T*M), mapping {T = = = £ = 0} onto o,
such that gopox =1T.

Proof. Fix a point pg € 7o and choose local symplectic coordinates (¢, 7;x, &)
centered at pg, with g o p = 7. This means that

{&zy =1, {t,a} ={t,} =0 (3.11)
Hyt =1, Hoo = H.€ = 0. (3.12)

Now extend the definition of ¢, 7,z,£ to a full neighborhood of vy, by putting
7 = g o p and requiring ¢,z,£ to solve (3.12). Since the H.-flow is 2m-periodic
(with 27 as the minimal period) near 7o, we see that z,& are well defined single-
valued functions, while ¢ becomes multi-valued in such a way that it increases by
27 each time we make a loop in the increasing time direction. (3.11) extends to a
full neighborhood of ~y. This is equivalent to the proposition. O

Notice that
por = f(r), (3.13)
where f := ¢g~!. From (3.9) we infer that

peor = f(r) +iefg)(r,2,€) + O(?), (3.14)

for a new function (g) which is independent of ¢ (and obtained from the earlier
one by composition with &).

If we let the Fourier integral operator U quantize x as in Section 2, we get a
new operator U1 P.U with leading semi-classical symbol p. o x as in (3.14). (Here
P. is the new version of P.; P new = U 1P q1aU.)

Now write simply p, pe, P for the transformed objects. Then

P. = P(t,z,hDy 4, € h)

is the formal Weyl quantization of a symbol P(¢,x, 7, &, €; h) which has an asymp-
totic expansion (1.5) in the space of holomorphic functions in a fixed complex
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neighborhood of {Im t =7 =z = £ = 0} in T*(S! x C), with S! = § + R, and

we will use the same notation as in Section 1. (An exact value of the new sym-

bol P(t,x,7,&, € h) cannot be easily defined, but we know how to define it mod

O(e~1(€h) We shall however avoid using the full power of analytic pseudodiffer-

ential operators, and content ourselves with the knowledge of P mod O(h*).)
Now look for G = Gy (t, 7, x, &) + Ga(t, T,2,£) + - - - such that

peoexpicHga) = f(7) +ielg)(r,,£) + O(€%)

is independent of ¢. Here the left-hand side can be written

>

k=0

ZEHG(1) Pe,

SIS

and we get

pe +ie’Hg, (f(1)) + O(e%) =
£(7) +iela) (. 2.) — i€ (7) 2 G + O() + O(e),

where the O(e?) term is the same as in (3.14). It is clear that we can find G so
that the e2-term in this expression is independent of . Looking at the O(€*)-term
we then determine G and so on. (In this construction, we could have applied & at
the very beginning before replacing ¢ by (¢) by averaging, and then incorporated
Gy into the expression G = Gy + €G; + - - -, and as already indicated, this could
also have been done entirely (and in a full neighborhood of p=1(0) NT™* M), before
applying .)

After replacing p. by pe o expieH gy, we are now reduced to the case when

pe = f(1) +ie(q) (T, 2, &) + O(€?) (3.15)

is independent of ¢, up to O(e>).
Finally we remove the t-dependence from the lower order terms. After conju-
gating P, by a Fourier integral operator V¢, which quantizes expieHqg), we may

assume that p. in (3.15) is the principal symbol of P. (and that it is independent
of t). Look for an h-pseudodifferential operator A(t,x, hD; 5, €; h) with symbol

A(t,z,7,€, €, h) ~ Z ar(t,z,7,€, €)hk, (3.16)
such that the full (Weyl) symbol of

ehAPe 4 = efadap, =% E(%adA)kPe (3.17)
k=0 "
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is independent of ¢. Since A = O(h) we know that fada lowers the order in h by
one (with the convention that a symbol = O(h™7) is of order j), so (3.17) makes

sense asymptotically. The subprincipal symbol of (3.17) is

h(p1,e(2,&) + {pe,a1}) = h(p1,e(z, &) + f’(T)%al(t,T,x,f, €) + O(e)),

and we make this independent of ¢ by successively determining the coefficients in
the asymptotic series

o0
ai(t,7,z,8 €) = Zaw(t,ﬂx,ﬁ)ej.
=0

After that we return to (3.17) and see that the construction of ag, as, ... is
essentially the same.

Actually, we do not have to do this construction in 2 steps, and we can view
¢G™) above as (a constant factor times) the leading symbol ag = O(€?) in

A~ ag(t,x, 7,6 )Rk, (3.18)
k=0

such that if P. denotes the very first operator we get on S x R, then the left-hand
side of (3.17) has a symbol which is well defined as an asymptotic series in (e, h)
and is independent of ¢, up to O(h>). This can be seen by first determining ag from
(3.17) (leading to a repetition of what we already did) and then the other terms.
(When e is small but fixed, the problem becomes more subtle and the break-up
into two steps is more natural, with the first step being the one containing the
new difficulties.)
Summing up the discussion of this section, we have

Proposition 3.2 Let P, M be as in Section 1. Let vo C p~1(0) NT*M be a closed
H,-trajectory where T'(0) is the minimal period and let k be the canonical trans-
formation of Proposition 3.1. Let U be a corresponding elliptic Fourier integral
operator as in Section 2. Then there exist G(x, &, €) (independent of vo, k, U) with
the asymptotic expansion (3.6) in the space of holomorphic functions in some fized
complez neighborhood of p~2(0)NT*M and a symbol A(t,z,7,&, € h) as in (3.16),
where

ay ~ Z ar.(t,z, 7, &) (3.19)
=0

in the space of holomorphic functions in a fived complex neighborhood of Im t =
T=x=¢&=0inT*(S* x C)), such that if G, A also denote the corresponding
Weyl quantizations, the operator

P. =AU e 7 G PR CUe A = Ad <P (3.20)

i €
en AU 1e™h
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has a symbol

ﬁe(vavae; h) ~ Zﬁk(vavae)hk (321)
0

independent of t (up to O(h™)). Here each py, = pi(, 7, &, €) ~ 372 Dr.j(x, T £)el
in the space of holomorphic functions in a fixed complex neighborhood of T,z,& = 0.
Moreover

Po.c = f(1) +ielg)(r, 7, &) + O(?). (3.22)

If (¢) has a non-degenerate extreme value along vy, then the proposition is
directly applicable (see Section 5), while in other situations (such as in Section 4),
it is not global enough.

4 Normal forms and quasi-eigenvalues in the torus case

Let P,M,p,q,{q), Ao ,F, be as in Section 1. After replacing ¢ by ¢ — Fy, we may
assume that Fy = 0, so we consider
Aoo: p=0,Re(q) =0. (4.1)

Notice that Ago is invariant under the H,-flow. We assume that 7°(0) is the min-
imal period for all the closed trajectories in Ag and that

dp, d(Re g) are independent at the points of Ag g, (4.2)

so that Ago is a Lagrangian manifold and also a union of tori. Assume for sim-
plicity that Ay is connected, so that it is equal to one single Lagrangian torus.
In this section we work microlocally near Ag o and proceed somewhat formally. In
Section 6 we follow up with suitable function spaces and see how to justify the
computation of the spectrum via a global Grushin problem. We have seen that we
can reduce ourselves to the case when

pe = p +ielq) + O(e?). (4.3)

Assume from now on that (g) is real-valued or more generally that (g) is a function
of p and Re (g). We can make a real canonical transformation

K : neigh (¢ = 0, 7*T?) — neigh (A0, T*M), T? = (R/27Z)?, (4.4)

such that po k = p(&1), (¢) o k = (g)(€) (with a slight abuse of notation).

Recall that this can be done in the following way: Let Ag r be the Lagrangian
torus given by p = E,Re(q) = F, for (E, F) € neigh (0,R?). Let 71(E, F) be the
cycle in Ag g corresponding to a closed H,-trajectory with minimal period, and
let v2(F, F) be a second cycle so that v1,7v2 form a fundamental system of cycles
on the torus Ag p. Necessarily 72 maps to the simple loop given by Re(¢) = F
in the abstract quotient manifold p~*(E)/RH,. Now it is classical (see [1]) that
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we can find a real analytic canonical transformation x : neigh (np = 0,7*T?) >
(y,m) — (z,§) € neigh (Ag o, T*M), such that

1
m=gel et [ can),
m 'Yj(E’F) 'Yj(O)O)

where E, F' depend on (z,&) and are determined by (z,£) € Ag g, ie., by E =
p(z,£), F = Re(g)(x,&). We also know that here n; = 1 (F) is a function of E
only.

Let us also recall that x can be constructed as follows: We start by taking a
first canonical transformation kg : neigh (¢ = 0, 7*T?) — neigh (Ag o, 7*M) such
that the zero section is mapped to Ago and the lines {xo = Const, £ = 0} are
mapped onto the closed H,-trajectories in Ag . Then using ko, we can consider
p, {q) as living on T*T?. Ag  is then given by

5 = (bim ¢ = (bpcr(va?F) + M1 + n2x2, Wlth det ¢Ix/,(E’F) 7& 07

with n; = n;(E, F) as above (now being the actions/2m with respect to {dzx),
and ¢per being (2mZ)%-periodic. Moreover, ¢/ (z,n) = 0, n = 0 for E = F =
0. Tt is easy to check, using that our functions are real-valued, that (E,F) —
(m(E,F),n(E, F)) is a local diffeomorphism, so we can use 1,72 as new param-
eters replacing F, F', and write ¢ = ¢(z,n). Consider

s (G = (@, 50)

which maps the zero section to itself. Then x := kgok1 has the required properties.

Let U be a corresponding Fourier integral operator, implementing , so that
if we denote by P, also the conjugated operator U ' P.U, we have a new operator
with leading symbol

= p(&1) + ie(q) () + O(€?). (4.5)

For the conjugated operator, we still have the property that P._g is selfadjoint.
From the assumption (4.2) about linear independence, we get

85119(0) # 0, 6€2Re <q>(0) # 0. (46)

As in the preceding section, we can find an h-pseudodifferential operator A with
symbol >°°7  h¥a,(z,€, €), ap = O(€?), such that formally

€%APE€7%A = e%a‘d‘\ Z Z adA E) = ﬁ67 (47)
k=0

§|~

with E (x,&, € h) independent of z1, and leading symbol

pl&1) +ie(q)(€) + O(€?)
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also independent of x1. We recall that the symbol A(x,&, ¢;h) is a formal power
series both in € and h with coefficients all holomorphic in the same complex neigh-
borhood of £ = 0. This construction can be done in such a way that P.—g is
selfadjoint.

We next look for a further conjugation that eliminates the x2-dependence in
the symbol.

a) We start by considering the general case, when the subprincipal symbol of P.—g
is not necessarily 0, so that the complete symbol of P, takes the form

.’L'Q,f h Zh Pv $27§7 ) (48)

with
Po(22,€,€) = pe = p(&1) + ie(q) () + O(e?), (4.9)

and p1(x2,&,0) not necessarily identically equal to 0.
The easiest case is when h/e < O(h°t) for some §; > 0, so that we can
consider h/e as an asymptotically small parameter. Look for

(1'2,6,6 - h Zhu $27§76 ﬁ) (410)

with b, = O(e + h/€), such that on the operator level (with hD, instead of &),

~

e BP.e~wB =i P.(hDy, e ,E,h) (4.11)
€

has a symbol independent of . Notice that B(x2, hD,,€; h) and p(hD,,, ) commute.
On the symbol level we write

=p(&) +e(i{q)(§) + Ole) + %ﬁl(wz,f,e) + hgﬁ2<$27§’6) Fee) (4.12)
=p(&1) + e(ro(z2, &, €, g) + hri(x2,&, €, g) 40,
with

(2,66, 7) = a) (€) + O(e) + =71 = ia)(€) + O0) + O(%),

h
T = EpQ(x27§76)7

Notice that r; = O(h/e) for j > 1. We shall treat h/e as an independent parameter.
We use this and develop (4.11) to get, with adyc denoting the symbol of

adb(w,th)c(xv th‘) = [b(xv hD)7 C(.’,E, hD)]7
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p(€1) —l—ezz ZZh”ﬁ* i 1 (hadb ).( adb p(€1) —|—eZh T,

kO_]lO ]k 0£=0

with 7, being equal to the sum of all coefficients for A™ resulting from all the
expressions

hf+j1+ +Jk 1

7
%l (h —adbjk )’I”g, (413)

adb ) (h
with £+ j1 + -+ + jr < n.

The first term is
~ 1 .
To = g HHboTO = rg oexp (Hyp,),

where we want 7y to be independent of x5 (in addition to x1). We get with by =
O(e+ h/e):

Fo = ilg)(€) + O + h/e) — ik, (q)Da,bo + O((e, %)2), (4.14)

and using that Jg, (¢) # 0, it is clear how to construct by = O(e + h/€) as a formal
Taylor series in €, h /€, so that 7o = i(¢)(§)+O(e+h/e) is independent of = (modulo
a term O(h™)).

Assume for simplicity that the conjugation by e#to(#2:hDz..h/€) Yhag already
been carried out, so that we are reduced to the case when 1o = i(q)(§)+O(e+h/€) is
independent of z2, and r; = O(e+h/e) for j > 1. Then look for a new conjugation
exp %adB, with B(z2,&, e, h/e;h) =307 | BVby(22,&, €, €) The new expression for
the left-hand side of (4.11) becomes

Fe D S S R (L ) (ady, re=p(E) +ezh

k=0j1=1 jr=10=0
(4.15)

with 7, equal to the sum of all coefficients for A" resulting from the expressions
(4.13) Withf—l—jl—i—---—i—jk <nandj,>1.Then7y =19, 71 =11+ Hp, 70 =71 —
H,.bi, ..., =ryp—Hy by + sy, where s, only depends on by, ...,b,_1 and is the
sum of all coeﬁiments of h™ arising in the expressions (4.13) with +j14+- - -+jr < n,
1y dm b <y gy > 1

It is therefore clear how to find by, by, . .. successively with b; = O(e + h/e),
such that all the 7; are independent of x and = O(e + h/e). This completes the
proof of (4.11).

Summing up the discussion so far, if we do not make any assumption on the
subprincipal symbol of P.—o and restrict the attention to h/e < O(h%) for some
01 > 0, then we can find

By = bo(x2,hDy, €, h/€), bg = O(e + h/e),
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and

By = b,(x2,hDy, e, h/e)h”, b, = O(e + h/e),

v=1

such that

~

P, := en2dmigiadn, p, (4.16)

has a symbol independent of z:

P = (&) + €lro(6, 6, )+ b (€ e, ) +-0), (4.17)

with 7o = i(q)(€) + O(e + h/e), and r, = O(e + h/e) for v > 1.

Remaining in the general case, without any assumption on the lower order
terms, we now assume merely that h/e < §p for some sufficiently small d9 > 0.
This means that we can no longer construct by by a formal Taylor series in h/e,
and we shall replace enbo(#2:hDz.e.h/€)
directly.

Look for ¢ = ¢(x2,&, €, h/€) solving

by a Fourier integral operator, constructed

7“0(562,51,524-512(25,6»%) =<T0('a§»€’g)>» (4.18)

where (-) denotes the average with respect to 2. By the implicit function theorem,
(4.18) has a solution with 9,,¢ single-valued and O(e + h/e). If we Taylor expand
(4.18), we get

(Oearo) (@2, € € 2)ed + (ro(e2, 6,6, 2) = (ro(- €6, 1)) = O((, ),

and using also that

h h
Oe,0(2, €. €, ) = i0e, () (€) + Oe + =),

we get,
¢ = Pper + 222,

with & = G(& 6, 2) = O((e,h/€)?), and ¢per = O((€, h/€)) periodic in zs. Put
n=mn( e hfe) = (&1,8 + (2), and

h
1/)(5577776; z) =x-mn + (bpcrv

where ¢per is viewed as a function of n rather than &.
Consider the canonical transformation

K (1/);;777) = (.’,E,?/Jlx),
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which is (e + h/e)-close to the identity and can be viewed as a family of trans-
forms depending analytically on the parameter &. With £ = £(n), €, —) we have by
construction:

(o0 K, 2) = (ro(- 66, ) = (rol-moe, D) + O + (22, (a19)

and this is a function of (y,7n) which is independent of y. Notice that p(&;) is
unchanged under composition with &.

We can quantize  as a Fourier integral operator U and after conjugation by
this operator, we may assume that we have a new operator P. as in (4.12) with
ro = i(q)(§) + O(e + h/€) independent of x and with r; = O(e + h/e) .

As before, we can then make a further conjugation e#®451 in order to remove
the z-dependence completely and the conclusion is that if we make no assumption
on the subprincipal symbol and restrict the attention to h/e < dg, for 9 > 0 small
enough, then we can find a Fourier integral operator,

U~ u(z; h) G h //eh(w(m M=y a2, n; h)u(y)dydn, (4.20)
™

with ¢(x777) =x-n + ¢pcr(5172»777 € h/E), ¢pcr = O(E + h/e)v and

= E by (x2,hDy, e, —)h", b, = O(e + —),
€ €

such that N _ _
P.:= e Ady P,
has a symbol independent of x as in (4.17), with the same estimates as there.
b) We now assume that in the original problem, P._, has subprincipal symbol 0.

Then after a first time averaging, transportation to the torus, and the elimination
of the z1-dependence, we may assume that

I27£76 h Zh Pv I27£7 ) (421)

with pp independent of 2 mod O(e€?):
Po(w2,€,€) = p(&1) +ie(a)(§) + O(€), (4.22)
p1(22,£,0) =0. (4.23)

(Recall from Section 2 and the references given there, that the canonical trans-
formations can be quantized in such a way that Egorov’s theorem holds modulo
O(h?).) In analogy with (4.12), we have with p (w2, €, €) = €q1 (22, &, €),

&)+ e(ia)(©) + ) + har(e2, €.+ oo 4 4

Pe

h2 h?
= p(&1) +e(ro(ze,§ 6, ?) + hry (22, &€, ?) + hPry 4+ ), (4.24)
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with
h? . h?
TO(I’27£767?) = Z<q>(§)+0(e)+ ?va
h? h? _
Tl(z27£767?) = Q1(I27§76)+ ?pgn
h? h? _
T2<$27§a67_) = —P4,-...
€ €

We first consider the case when

h2
— <R, (4.25)

€

for some fixed §; > 0. A first conjugation by e%bo(mz’h[)w’s’g), with by = O(e +
h?/e), allows us to make 7o independent of xs, and we still have (4.24) with r; =
O(1) for j > 1.

Then we look for a new conjugation exp %ad B, with

h? = h?
B —:h) = h¥b,(z2,&, €, —). 4.26
1(.’[]2,6,6, e’ ) l; ($2§6 6) ( )
The conjugated operator (4.11) can be expanded as in (4.15) and as after that
equation it is clear how to get b, = O(1) for v > 1, such that the resulting 7,, are
independent of x5, with 7o(&, €, h?/€) = i{q)(&) + O(e + h?/e).

Summing up the discussion so far, if we assume that the subprincipal symbol
of P._o vanishes, and restrict the attention to the range (4.25) for some fixed
01 > 0, then we can find By = bo(.ﬁEQ,th,E,h?z) with by = O(e + h?z) and
By (22, hDy, €, 25 h) with symbol (4.26), and b, = O(1), such that

~

i 4 =
ehadBlehadBope = ]3€

has the symbol

h2 h2
(&) +e(ro(§ 6, ) + (&6, =)+ (4.27)
independent of z and with
2
ro = i(g)(€) + O + h?), ry = O(1), v > 1. (4.28)

If we replace (4.25) by the weaker assumption,

h2
— <o, do < 1, (4.29)
€
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then again we have to replace the conjugation by e# 2o by that by a Fourier integral
operator constructed as earlier: We solve (4.18) (with h/e replaced by h?/e) and
get O, ¢ single-valued and O(e + h?/e).
Taylor expanding (4.18) and using that
h? h?
652T0<$27 £ €, ?) = ia&z <Q>(€) + O<€ + ?)7

we get
¢ = ¢pcr + x2€27

with (2 = (2(&, €, h€_2) = O((e, %2)2) and ¢per = O(€ + h?/€) periodic in z2. Again
we put 7 = 77(& €, h2/€) = (51362 + CQ) and

h2
w(xvna €, ?) =x-n + (bper-

The canonical transformation x : (¢7,n) — (2,¢}) is (e + h?/e)-close to the
identity and with £ = £(n, €, h?/€), we have by construction

h? h? h? h?
(TO © H)(yvnv €, ?) = <T0('7£7 €, ?)> = <T0('7T]7 €, ?> + O((Ev ?)2)7 (430)

which is a function independent of y. Let U~ ! be the corresponding Fourier integral
operator as before. Then after replacing P, by Ady P., we still have (4.24), where
now ro = i(q)(£) + O(e + h?/e) is independent of x and r; = O(1) for j > 1.

We can then make a further conjugation by e#B1 as before, and we get
the following conclusion: Assume that the subprincipal symbol of P._q vanishes
and restrict the attention to the range (4.29). Then we can find an elliptic Fourier
integral operator U ! of the form (4.20) with v as above and By (w2, hD., €, h?/e; h)
with symbol (4.26), and b, = O(1), such that

#2481 Ady P, = P.(hD,, €, h?/e; h) (4.31)

has a symbol P.(&, e, h?/e; h) of the form (4.27), such that (4.28) holds.

We finish this section by discussing what spectral results can be expected from
the reductions above. The first reduction (as in Section 3) was to conjugate the
original operator P by a Fourier integral operator ¢C(®:hD:€)/h ith G(z,&,€) ~
e(Go(z,€) + €Gy(x,€) + -+ +), defined in some complex neighborhood of p~1(0) N
T*M, to achieve that the leading symbol of the conjugated operator is of the
form p + ie{q) + O(€?) and Poisson commutes with p. At least formally, the new
operator also acts on L?(M) and we have no Floquet type conditions to worry
about. Geometrically, this corresponds to the fact that a canonical transformation
k = exp Hg with a single-valued generator G = O(e) preserves actions along closed
loops: fm,y &dx = f,y ndy, for every closed loop 7.

The second reduction was to take x in (4.4) and to conjugate by the inverse
of the corresponding Fourier integral operator U. Let aj(=7vp) and s be the
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fundamental cycles in Ag o given by «; = ko 3;, where 31, B2 are the fundamental
cycles in T? ~ {(x,0) € T*T?}, given by x5 = 0 and x; = 0 respectively. Put

S, = / &, (4.32)

so that S; is the difference of actions, fmﬁj &dx — fﬁj ndy, j = 1,2. Since & is a
canonical transformation we know that if 3 is a closed loop homotopic to 3;, then
Jeop §dz — [5ndy = S;.

As in [20] or as in Theorem 2.4, we see (at least formally) that if we want
Uu to be single-valued on M (possibly defined only microlocally near Agg), then
u should not necessarily be periodic on R? (i.e., a function on T?) but a Floquet
periodic function with

iv-S iv-kg
+—

u(zx —v) =e2n u(z), v € (27Z)%, S = (S1,52), ko € Z*. (4.33)

The conjugated operator AdU P. should therefore act on Floquet periodic

—1EC
functions as in (4.33).

The further conjugations are by operators on the torus that conserve the
property (4.33). This is clear from the definitions, and corresponds to the fact that
a canonical transformation: (y,n) — (z,§), generated by ¥(z,n) = -0+ ¢per(x, )
and close to the identity, conserves actions. Indeed, on the graph of the transform,

we have &dx + ydn = di, so
§dr —ndy = d(¢ —y-n) = d((z —y) - 1+ dper(@, 1)),

and (z — y) - 1 + ¢per(x,n) is single-valued on the graph. On the other hand the
space of Floquet periodic functions as in (4.33), equipped with the L2-norm over
a fundamental domain of T2, has the ON basis:

ex(x) = e%x'(h(kf%o)*%), ke Z?, (4.34)

and applying our reductions down to the operator ﬁs in the cases (a) and (b) above,
we get formally (in the sense that we do not define the notion of quasi-eigenvalue):

Proposition 4.1 Recall that we took Fy = 0 and that S, ko are the actions and the
Maslov indices in (4.32), (4.33).

a) In the general case, P. has the quasi-eigenvalues in | — |O%1)|v \O}l)\HiE] —
ﬁ, ﬁ[ f07" € = O(hé), h/E < 1:

ﬁ<h(k@)§,e,ﬁ;h), ke Z? (4.35)
4 2w €

where ]3(5,6, %;h) is holomorphic in & € neigh (0, C?), smooth in %,e € neigh
(0,R) and has the asymptotic expansion (4.17), when h — 0.
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b) If we assume that P.—g has subprincipal symbol 0, then P, has the quasi-eigen-
: 1 1 - 1 1 _ s .
values in | — oM |O(1)|[+ze] ~ oM O] [ for e = O(h%), h?/e < 1:

R 2
P(h(k@)i,e,h—;h>, kEZQ, (4.36)
4 2 €

where P(€, e, h?/e; h) is holomorphic in € € neigh (0, C2), smooth in € and h%/e €
neigh (0, R) and has the asymptotic expansion (4.27), (4.28), when h — 0.

5 Quasi-eigenvalues in the extreme cases

We make the assumptions of the case II in the introduction and assume, in order
to fix the ideas, that
0 = FO = <Re q>min,0~ (51)

Apply Proposition 3.2 and reduce P, near vy to B = 15(:17, hDy 4, €; h) with symbol
described in that proposition. Recall that P. has the leading symbol

Pe = f(T) + i€<Q><7—7$7£) + O<€2)’ (5'2)

where (q)(7, z, £) is equal to the original averaged function {(q), composed with the
canonical transformation x of Proposition 3.1. The assumptions (1.23) and (5.1)
imply that
Re (¢)(0,,€) ~ |(z,)[? (5:3)
on the real domain. Also recall that we have the assumption (1.17) which with
(5.3) implies that
(@) (1,2,8) = g(7,Re (q) (7, 2, £)) (5-4)

on the real domain, for some analytic function g(7,q) with ¢(0,0)=0, Re g(7,q) =q.
We conclude that (z, &) — i(q) (7, z,£) + O(e), appearing in (5.2), has a non-
degenerate critical point (z(7,€),&(7,€)) = O(|7|+¢€) depending analytically on 7, €
and real when 7 € R, € = 0. After composition with the (7, €)-dependent (symplec-
tic) translation (z, &) — (z —z(7,€), £ — &(7, €)) and subtracting the corresponding
critical value, we may assume that the critical point is (0,0) and hence that

pe(r,,§) = f(7) +ieq(r, 2,  €), (5.5)
with
Regq(r, 2, €) ~|(z,&)|? (5.6)
on the real domain, and

q(T,LL',f,O) =g(T,Req(T,x,§,O)), (57)

on the real domain, where g(7,0) = 0, Re g(7,q) = q.
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We shall next construct a (7,€)-dependent canonical transformation in the
x, &-variables, which reduces pe(r,z,€) to a function of 7,¢, 3 (22 + £2). In doing
so, we essentially follow Appendix B of [13], where the model was x£ rather than
po = %(:102 + €2). These two quadratic forms are equivalent up to a constant
factor and composition by a linear complex canonical transformation, so the only
difference is that the real domains are not the same.

Let p(x, &) ~ (x,€)? be real and analytic in a neighborhood of (0,0).

Lemma 5.1 There exists a real and analytic function f(E) defined near E = 0,
with f(0) =0, f(0) > 0, such that the Hamilton flow of f op is 2w-periodic, with
27 as its minimal period except at (0,0).

Proof. Consider, first for 0 < E < 1, the action

18)= [ cdo=E[ iy
p=1(E) ag'(1)
1

where ¢g(y,n) = Ep(\/f(y,n)), so that go is a positive quadratic form (in the
limit £ — 0). Then ¢gg is an analytic function of VE in a neighborhood of 0
and consequently we have the same fact for I(E). If we let E describe a simple
closed loop around 0 in neigh (0, C) \ {0}, then ¢g(y,n) transforms into g (y,n) =
qr(—y,—n) and it follows that I(F) transforms into itself. It follows that I(FE) is
analytic as a function of E. The period T'(E) of the H,-flow is given by T(E) =
I'(E) and the period of the Hyop-flow is T(E)/f'(E). It suffices to choose f with
f(E)=T(E)/2m and f(0) = 0. O

In the following discussion, we replace p by f o p, so that we get a reduction
to the case when the H,-flow is 2m-periodic. After composition with a real linear
canonical transformation, we may assume that p(x, ) = po(z, &)+ O((x, £)?), even
though that is not really needed for the argument to follow. Consider the involution
¢ = exp (TH,) with (> = id. Correspondingly, we have (g = exp (7Hp,), so that
to(p) = —p. Let h(z, &) be a real-valued analytic function defined near (0,0) with
dh(0,0) # 0, and put g = 2(h — h o). Then dg(0) = dh(0,0) # 0, and

gotL=—g. (5.8)

I' ;= g~1(0) is a real curve passing through the origin, invariant under the ac-
tion of ¢. Let T' also denote a corresponding complexification. If gg,I¢ are the
corresponding objects for pg, we may assume (though this is not essential), that
dg(0,0) = dgo(0,0) so that T', T'y are tangent at (0,0).

Since I is a curve, we have p, = ¢? for some analytic function ¢, and similarly
Pojp, = g2. (We may assume that dgo = dq # 0 at 0.) Let a : Ty — T be the
analytic diffeomorphism given by g o a = qg, so that p o a = pg on I'y. For

neigh ((0,0),C?) 3 p = exptH,, (v), v € Ty, t € C, (5.9)
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we put
k(p) = exptHy(a(v)). (5.10)

With the precautions taken above, it is easy to see that the definition of k(p) does
not depend on how we choose v € Ty (unique up to the action of o) and ¢ (unique
mod (27), once v has been chosen.) As in [13], we see that some exceptional points
p € neigh ((0,0), C?) cannot be represented as in (5.9), namely the ones # (0,0)
in the stable outgoing and incoming complex (Lagrangian) curves for the iH, -
flow, and if p converges to one of these lines, then in general |[t| — oo for the ¢ in
(5.9), so a priori it is not clear then that the right-hand side of (5.10) is defined.
These difficulties were analyzed and settled in [13], and at this point there is no
difference with our situation, so we conclude that x is a well-defined analytic map
in a neighborhood of (0, 0):

Lemma 5.2 With f,p as in Lemma 5.1, there exists an analytic canonical trans-

formation k : neigh ((0,0), R?) — neigh ((0,0), R?), with f opok = pg.

If p depends smoothly (analytically) on some real parameters, and fulfills the
assumptions above, then f, x can be chosen to depend smoothly (analytically) on
the same parameters. If p = p. = O((z, £)?) is analytic in (z, £), depends smoothly
on € € neigh (0, R) and satisfies the assumptions above for € = 0, then we get
fe(E), ke(x, &), holomorphic in E and z, ¢, depending smoothly on € with f. op. o
Ke = po, but fe, k. are no more necessarily real when € # 0. Clearly Im f.(E) =
O(e), Imke(x,€) = O(e) when E, x, ¢ are real. In our case the parameters are 7, ¢
and the above discussion gives:

Proposition 5.3 For p.(7,x,&) in (5.5), we can find a canonical transformation
(x,8) = Kre(z,§) depending analytically on T and smoothly on € with values in
the holomorphic canonical transformations: neigh ((0,0), C?) — neigh ((0,0), C?),
and an analytic function g.(T,q) depending smoothly on € such that

tire(0,0) = (x(7,€), (7€), (5.11)

el o e(2,)) = F(7) + g, 5 (7 + €2). (512)

Moreover, kr o is real when T is real and

0
— . 1
aqRegE(O,O) >0 (5.13)

As a matter of fact, as in Section 4, we will apply this result to a modification
of pe, containing also the leading lower order symbol. Before doing so, we recall
how to treat lower order symbols in general for operators with leading symbol
modelled on the 1-dimensional harmonic oscillator (similarly to what we did in
Section 3 and as in [26]).



28 M. Hitrik and J. Sjostrand Ann. Henri Poincaré

Consider a formal h-pseudodifferential operator Q(z, hD,; h) with symbol

Q(z,&h) ~ qo(x, &) + haqi(z,8) + -+, (5.14)

defined in a neighborhood of (0,0) € R?. As usual, o, q1, ... are supposed to be
smooth and we assume

q0<$7£) :go(p0<$7§))’ (5'15)

where go € C*(neigh (0, R)) satisfies go(0) = 0, g;(0) # 0. (We do not assume g
to be real-valued.) As in Section 3 we find a smooth function ag(z,§), defined in
a neighborhood of (0, 0), such that

Hy a0 = q1 — <(J1>» (5~16)

where (q1) is the trajectory average 5= fo% q1 o exp (tHp, )dt. Adding lower order
corrections, we see that there exists

Az, & h) ~ ao(x, &) + hay(x,&) + - -+ (5.17)
with all a; smooth in some common neighborhood of (0, 0), such that
@R (g, hD,y; h)e " HA@RD=R) = Q(x, hDy; h) (5.18)
has a symbol @ ~ qo~+ hq + -+, with g = qo and
Hy,q; = 0, Vj. (5.19)

This means that g is a smooth function of po(z, ) and as is well known (and
exploited for instance in [26]), the facts (5.18), (5.19) can be reformulated by
saying that we have found A as in (5.17) such that

AP Q(, hD; ke AP = g(po(a, hD); h),

where g(E;h) ~ > g;(E)h? in C*(neigh (0,R)), with go as before. When go, g;
are holomorphic in fixed neighborhoods of E = 0 and (z,£) = (0,0), we get the
corresponding holomorphy for g, ge.

Now return to the operator P, of the beginning of this section. Write the full
symbol as

ﬁe(Tvxvgve;h) Nﬁe(T,I,f) + hﬁl(Tvxvgve) + h252(7.7$7£76) 4 (520)

a) Consider first the general case without any assumptions on the subprincipal
symbol, and assume that
h<e<h’, (5.21)

for some fixed § > 0. Following the strategy of Section 4, we rewrite (5.20) as

B2, ) = £(7) +€l(6a) (r,2,) + O(0) + 2 (r,,€)) + W+ B2 2 - ]
(5.22)
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As before, we now treat h/e as an additional small parameter. Proposition 5.3
extends to the case when p. is replaced by p. + e%'pvl, so we have a canonical
transformation (,8) — K, 2 ne(x, &) depending analytically on 7 and smoothly

on e, equal to Kr e when 2 = =0, such that

(B + ) (7 i (2, 6) = () g, (2 (0 +62)),

with g0 = ge appearing in Proposition 5.3.

As in Section 4, we therefore obtain an elliptic Fourier integral operator
Uec /e, which is a convolution in ¢, and such that the Fourier transform with
respect to ¢, (A]e n/e(T), is a 1-dimensional Fourier integral operator in z quantizing
Kren/e- After conjugation of P by Ue /e, We get a new operator P6 of the same
type, with symbol

]B(T,x,g,e,h/e;h):f( 7) + elig. n (7' %(I +E) +hpa + A% s+ -], (5.23)

where Da, D3, .. . also depend on h/e.
After a further conjugation by e
h-asymptotic expansion:

iA(hDy,w,h Dy e, ¢5h) , where each term A; in the

Alr2, 6,6, ) ~ Ao(r €6, ) Ay (ry, 6,6, ) +
€ € €

is holomorphic in 7,z,¢ in a fixed neighborhood of (0,0,0) € C? and smooth in
€,h/e, we get a new operator of the form

= f(hDy) + i€G(hDy, %(gﬂ + (hD.)?), €, g; h), (5.24)

where

G<T q,¢€, 7 ZG 7,4, €, , (525)

with G; holomorphic in 7, ¢ in a j-independent neighborhood of (0,0) and smooth
in €, h/e. Moreover Gy is equal to the term g p/c(7,q) in (5.23). Recalling that
(2% + (hD)?) has the eigenvalues k(3 + k2), k2 € N, we get the conclusion:

Proposition 5.4 Make the assumptions of case 11 in the introduction, and assume
that Fy = (Re @) min,0 (the case when Fy is a mazimum being analogous). Then in a
rectangle | — ‘0}1)‘ , ‘0}1)‘ [+i€]Fo — Wll)l’ Fy+ m [, P. has the quasi-eigenvalues:

4 4 2" 2
(kl,kg) c€Z x N. (526)

k S k S, 1 h
f(h(kl—o)ﬁ>+ieG< (kl—o)—l,h(—+k2),e,z;h),
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Here f(7) is real-valued with f(0) =0, f'(0) > 0. The function G has the properties
described in and after (5.25) and Re G((0,0,0,0) = Fp, B%ReGO(O,O,O,O) > 0.
Finally, ko is a fized integer.

b) We next consider the case when the subprincipal symbol of P.—y vanishes, and
assume that
h? < e< b, (5.27)

for some fixed § > 0. According to the improved Egorov theorem of Section 2,
we know that p; in (5.20) vanishes for ¢ = 0, so we can write %ﬁl(T,x,g,e) =
hp1(7,x,€,€) in (5.22) and treat this term as a lower order term, while we now
allow he—zﬁg to be a correction to the leading terms. As in the corresponding case
in Section 4, we get h?/e as an additional small parameter instead of h/e, and the
same procedure as in case a) now leads to (5.24), (5.25) with h/e replaced by h?/e.

Proposition 5.5 Make the assumptions of Proposition 5.4 and assume in addition
that the subprincipal symbol of P.—o vanishes. Then for e in the range (5.27), P.
has the quasi-eigenvalues as described in the preceding proposition, with the only
difference that “h/e” in (5.26) should be replaced by “h?/e”.

6 Global Grushin problem

Let P, be as in Section 1. In Sections 4 and 5 we have constructed microlocal normal
forms for P. near a Lagrangian torus and near a closed Hy,-trajectory, respectively.
The purpose of this section is to justify the preceding microlocal constructions
and computations, and to show that the quasi-eigenvalues of Proposition 4.1 and
Propositions 5.4 and 5.5 give, modulo O(h*), all of the true eigenvalues of P,
in suitable regions of the complex plane. This will be achieved by studying an
auxiliary global Grushin problem, well posed in a certain h-dependent Hilbert
space, and the first and the main step for us will be to define this space globally. The
actual setup of the Grushin problem and some of the details of the computations
will be closely related to the corresponding analysis in [20].

When constructing the Hilbert space, we shall inspect all the steps of the
microlocal reductions of Sections 35, and implement each step of the construction.
In doing so, for simplicity, we shall concentrate on the case when M = R?. In
view of the results of the appendix, it will be clear how to extend the following
discussion to the case of compact real-analytic manifolds. Also, in order to simplify
the presentation, we shall assume throughout the section that the order function
m, introduced in (1.2), is equal to 1. Again, it will be clear that the discussion
below will extend to the case of a general order function. Throughout this section
we shall assume that e = O(h%), for some fixed § > 0.

Let G = G(x,&,¢€) be as in (3.6). We shall introduce an IR-manifold A.g C
C*, which in a complex neighborhood of p~1(0) NR* is equal to exp (ieHg)(R?),
and further away from p~'(0) N R* agrees with the real phase space R*. The
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manifold A will be e-close to R*, and when defining it, it will be convenient to
work on the FBI transform side. We shall use the FBI-Bargmann transform

Tu(z) = Ch73/2/ei"°(x’y)/hu(y) dy, zeC?* C>0, (6.1)

where o(r,y) = i/2(x — y)2. Associated to T there is a complex linear canonical
transformation xp, given by

C' 3 (y, —¢,(x,y)) — (z,¢(x,y)) € C*.

It is well known, see [28], that k7 maps R* onto

o 209 9 _ (Imaz)?
A<I>0 {<$,ZW>,IEC }, q)o(l')— B) .

The IR-manifold A, has already been defined near p~1(0) N R*, and when con-
structing it globally, we require that the IR-manifold k7 (Acg) should agree with
Ag, outside a bounded set and that it is e-close to that manifold everywhere. We
define therefore A.g so that the representation

kr(Aeq) = {(x %%i) , T € CQ} = As (6.2)

holds true. Here the function ® € C°°(C?;R) is uniformly strictly plurisubhar-
monic, and is such that

O(x) = o(x) + eg(x, €),

with g(z,€) € C* in both arguments and with a uniformly compact support with
respect to x.

Associated to A we then introduce the corresponding Hilbert space H(A.g)
which agrees with L?(R?) as a space, and which we equip with the norm || u || :=
| Tu||pz. Here L3 = L?(C% e 2%/h[(dzx)), with L(dx) being the Lebesgue mea-
sure on C2.

Performing a contour deformation in the integral representation of P, on the
FBI-Bargmann transform side, as in [20], [28], we see that

P.=0(1): H(Ag) — H(AG), (6.3)

and the leading symbol on the FBI transform side is then p. o /@}1 . Continuing
Aa
to work on the FBI-Bargmann transform side, as in Section 2 of [20], we introduce

a microlocally unitary semiclassical Fourier integral operator

eC@hDae)/h . [2(R2) , H(A.g), (6.4)
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microlocally defined near p~1(0) N R*, and associated to the complex canonical
transformation exp (ieHg) : R* — A.g. The operator in (6.3) is then microlocally
near p~1(0), unitarily equivalent to the operator

efeG(:v,hDI,e)/hpeeeG(z,hDI,e)/h N AN L2,

with the principal symbol
poexp (ieHg) = p +ie(q) + O(€?). (6.5)

This averaging procedure allows us therefore to reduce the further analysis to an
operator P., microlocally defined near p—'(0)NR*, which has the principal symbol
(6.5), where (q), as well as the O(e?)-term, are in involution with p. As explained in
Section 4, at this stage the operator P, acts on single-valued functions in L2(R2).

In the first part of this section we shall concentrate on the torus case of
Section 4. We assume therefore that dp and dRe (q) are linearly independent on
the set

Aoo: p=0, Re(q) =0. (6.6)

We recall also the assumption that 7°(0) is the minimal period of every closed H,-
trajectory in the Lagrangian torus Ag o, and notice that in a neighborhood of Ag g,
p and Re(q) form a completely integrable system. Introduce a new Lagrangian
torus /~\070 C A defined by

Moo : poexp(—ieHg) =0, Re(q) oexp (—ieHg) = 0. (6.7)

In what follows we shall often identify the tori Ago and /~X0,0 by means of
exp (ieHg), and we shall continue to write Ag o for 7\0,0 when there is no risk of
confusion. Combining exp (ieH¢) with the canonical transformation k, introduced
in (4.4), and given by the action-angle coordinates associated with p, Re (q), we
get a smooth canonical diffeomorphism

Ke : neigh (§ =0, T*TQ) — neigh (Ao 0, Aec) (6.8)

so that k. = exp (ieHg) o k. As in (4.32), we set
5= [ € =12,
ay

where a7 and ag are the fundamental cycles in Ag o, with a; corresponding to
a closed H,-trajectory of the minimal period T'(0). Introduce also the “Maslov
indices” ko(a;) € Z, j = 1,2, of the cycles «;, defined as in Proposition 2.3. Let
L2(T?) be the subspace of L2, (R?) consisting of Floquet periodic functions u(z),
satisfying

S ko

u(x —v) =eVu(z), ve@2rZ)®, where § = + =2 (6.9)
2nh 4



Vol. 5, 2004 Non-selfadjoint Perturbations of Selfadjoint Operators in 2 Dimensions I 33

Here S = (S1,52) and ko = (ko(1), ko(az)) € Z*. An application of Theorem 2.4
allows us to conclude that there exists a microlocally unitary multi-valued Fourier

integral operator
U: L3(T?) — L*(R?), (6.10)

microlocally defined from a neighborhood of ¢ = 0 in T*T? to a neighborhood
of Ago in R*, and associated to s in (4.4). Moreover, U satisfies the improved
Egorov property (2.3). The composition e€G(@:hDx.€)/h o ] is then associated with
ke in (6.8), and we have a Egorov’s theorem, still with the improved property
(2.3). The operator P, acting in H(A.g) is therefore unitarily equivalent to an
h-pseudodifferential operator microlocally defined near £ = 0, acting in LZ(T?),
and which has the leading symbol

p(&r) +ie(a)(€) + O(€?),

independent of z;. We shall continue to write P. for the conjugated operator on T?2.

From Section 4 we next recall that there exists an elliptic pseudodifferential oper-
ator of the form e*4/"  acting on L2(T?), such that after a conjugation by it, the
full symbol of P. becomes independent of x1. Recall also that A is constructed as
a formal power series in € and h, with coefficients holomorphic in a fixed complex
neighborhood of the zero section of T*T?2. These formal power series are then
realized as C>°-symbols, in view of our basic assumption € = O(h?), § > 0.

Summing up the discussion so far, we have now achieved that, microlocally

near Ag o, the operator
P.: HA«g) — H(A)

is equivalent to an operator of the form
Po(w2,&,6h) ~ Y h'Pu(ws, & €) (6.11)
v=0

acting on L%(T?). Here p,(x2,&,€) are holomorphic in a v-independent complex
neighborhood of £ = 0, and

po = p(&) +ielq) (&) + O(e*).

Furthermore, ]5520 is selfadjoint.
Remark. It follows from the construction together with Theorem 2.4 that if the
subprincipal symbol of P.— vanishes, then pj(x2,£,0) = 0.

We must now implement the final conjugation of E, which removes the xo-
dependence in the full symbol. In doing so, we shall first assume that we are in the
general case, so that the subprincipal symbol of P._y does not necessarily vanish.
We shall work under the assumption

b sy <t (6.12)
€
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As in Section 4, we write

ﬁep(§1)+e<r0 <I27£767 %) +h’l”1 <I27§767%> +)7

o (22,602 ) =ila©) + 0O + Hhrlon 6.0

where

and r; = O;(h/e), j > 1. Let us introduce a complexification of the standard

2-torus, T2 = T2 + ¢R?. From the constructions of Section 4 we know that there
exists a holomorphic canonical transformation

R neigh (Tny = = 0,72 x C°) (6.13)
3 (y,m) — (x,€) € neigh (Im:z: =¢= O,r’f\z % Cz)

with the generating function of the form

h h h
¢ <I’,T},€, z) :I'n+¢pcr <I27T]767€> ) ¢pcro<e+ z) ) (614)

and such that
2
(ro o R) (y,m, €6, h/e) = (ro(-,n,€,h/e)) + O ((e, %) ) (6.15)

is independent of y — see (4.19). It follows from (6.14) that & is (e + h/e)-close to
the identity, and has the expression

(Y1, M3 y2,m2) — (@1(y2, 1), m1; 22(Y2, 1), E2(y2,1))-

In particular it is true that
h h
Imz=0(e+—-], Im&=0e+—-], Im& =0,
€ €

on the image of T*T2. We introduce now an IR-manifold A C T2 x C?, which
is equal to T{(T*T2) in a complex neighborhood of the zero section of T*T?2,
and outside another complex fixed neighborhood of § = 0, coincides with T*T2.
In the intermediate region, we shall construct A in such a way that it remains
an (e + h/e)-perturbation of T*T?, and such that everywhere on A we have the
property _

(.%'1,61;,@2,62) eA=Im& =0. (616)

When constructing A and describing the conjugation of P by a Fourier integral
operator associated to K, it is convenient to work on the FBI transform side. As
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in Section 3 of [20], we notice that the FBI-Bargmann transformation introduced
in (6.1) generates an operator from L3(T?) to the space of Floquet periodic holo-
morphic functions on C2. We continue to denote this operator by 7. Then after
the application of the canonical transformatig\rl KT, associated to T', the cotangent

space T*T? becomes an IR-manifold Ag, C T2 x C? given by

209, (Im x)?
Ag, 5§:;W:*Imiﬂ, ‘131(17):7
Since T is a convolution operator acting separately in y; and yo, we see that
~ 209
A=A Ao : &= ——
KT( ) P, P 6 i O )
where ® is an (e + h/e)-perturbation of ®; with the property that & = (2/2')3—51

is real. It follows that ® = ®(Imx1, 22) is independent of Re x;1. Using a standard
cutoff function around Imx = 0, we modify ® away from Imz = 0 to obtain a
strictly plurisubharmonic function ® which coincides with ®; further away from
Imz = 0, in such a way that ® remains an (¢ + h/e)-perturbation of ®; and
is still a function independent of Rez;. We then define the global IR-manifold
A= K;I(Aq>).

Associated to %, there is a Fourier integral operator U ~! introduced in (4.20),

U-'=0(1): L*(T?) — H(A),

such that the action of ﬁs on H (/~X) is microlocally near £ = 0 unitarily equivalent
to the operator _

UP.U™': L*(T?) — L*(T?),
whose Weyl symbol has the form

p(é-l) +e (T’O (6767 g) + th (1'2,676, %) + - ) . (617)

=il ©) +0 e+ 1)

Here

is independent of x, and

h
Tjo<€+z), ]21

The corresponding statement is also true when considering the action on L3(T?),
since U~! preserves the Floquet property (6.9).

Associated to the IR-deformation A on the torus side, there is an IR-manifold
A. C C* which is an (e+h/e)-perturbation of A.g near Ao 0, obtained by replacing
exp (ieHg) o k(T*T?) there by

exp (ieHg) o ko R(T*T?) = exp (ieHg) o £(A).
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In such a way we get a globally defined IR-manifold A., which is (e + h/¢)-close to
A.c and agrees with R* outside a neighborhood of p~'(0) N R*. Associated with
A. we then have a Hilbert space H(A.), defined similarly to H(A.¢), and obtained
by modifying the standard weight ®¢(x) on the FBI- Bargmann transform side.
We also get a correspondmg new Lagrangian torus Ao 0o C AE, with the property
that microlocally near A070, the original operator

H(A) — H(A,)

is equivalent to an operator on L3(T?), whose complete symbol has the form (6.17).
Taking into account the conjugation by an elliptic operator e?51/" on the torus
side, which was constructed in Section 4 and which eliminates the z2-dependence
also in the terms r; with j > 1, we get the following result.

Proposition 6.1 We make all the assumptions of case 1 in the introduction, and
recall that we also take Fy = 0. Assume that € = (9( %), 6 > 0 is such that h/e < &,

0 < do < 1. There exists an IR-manifold Accct , and a smooth Lagrangian torus
AO 0o C AE, such that when p € A is away from a small neighborhood of AO 0 in
Ae, we have

1 €
or |ImP.(p,h)| > .

The manifold Ke s an (6 + %)-perturbation of R* in the natural sense, and it is
equal to R* outside a neighborhood of p~10) N R*. We have

[Re Pe(p, h)| =

= 1000 (6:18)

P.=0(1): HA.) — H(A.).
There exists a smooth canonical transformation
Ke : neigh (KO,O,KE) — neigh (¢ = 0, T*T?),
such that k. (/A\O,O) = T?x{0}. Associated to k., there is a Fourier integral operator
U =o0(): HR.) - L3(T?),

which has the following properties:

1) U is concentrated to the graph of k. in the sense that if x1 € Cgo(/A\E), X2 €
Cs°(T*T?), are such that

(suppxa X suppx1) N {(ke(y,m), v, n); (y,n) € neigh(Ag 0, A)} = @

then
X2(2,hDy) o U o x1(x, hDy) = O(h™) : H(Ac) — L3(T?).
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2) The operator U is microlocally invertible: there exists an operator V = 0Q):
L3(T?) — H(Ac) such that for every x1 € Cg°(neigh(Ao,o, Ae)), we have
(VU = 1) x1(z, hDy) = O(h™®) : H(A.) — H(A,).
For every x2 € C§°(neigh(§ = 0,7*T?)), we have
(UV —1) xa(x, hDy) = O(h*) : Lj(T?) — Lj(T?).

3) We have Egorov’s theorem: Acting on L3(T?), there exists P (th,e, %; h)
with the symbol

(. h S b h -
P (f,e,;;h) ~p(&) +€j§h]’°ﬂ’ (5’6’2) - = temr
with h
= il©+0 (e+ 1),

and

r; = 0, <e+%>, j>1,
such that PU = U P, microlocally, i.e.,
(PU~UP) xa(e.hDs) = O(h), xalw,hD,) (PU~UP.) = O(h™),
for every x1, x2 as in 2).

Remark. The estimate (6.18) holds true thanks to the property (6.16) of the final
deformation, since then the term p(&1) does not contribute to the imaginary part
of the symbol on the torus side. The bound (6.18) will allow us to reduce the
spectral analysis of P, to a small neighborhood of the Lagrangian torus /A\O,O.

Using Proposition 6.1, we shall now proceed to describe the spectrum of P, in a
rectangle of the form

1
Re. = {ZEC; [Rez| < =, [Imz| < %} (6.19)
for a sufficiently large constant C' > 0. We shall show that the eigenvalues in (6.19)
are given by the quasi-eigenvalues of Proposition 4.1, modulo O(h*°). In doing so,
let us consider the set of the quasi-eigenvalues, introduced in (4.35),

~ h k
%(e,h) = {P (h(kﬂ),e,z;h> RS ZQ}ﬂRC,a 0= %+IO'
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Then the distance between 2 elements of X (e, h) corresponding to k,1 € Z*, k # 1,
is > eh |k — 1] /|O(1)]. Introduce

a:1mggm%g%mkfaygﬁm%ﬁmafaygﬁm»>o,
€ €

and consider the family of open discs

Q(h) = {Z € Ree;

zﬁmweygﬁm4<5} ke 72
€

The sets Qi (h) are then disjoint, and dist (Qx(h), Q(h)) > eh |k —1|/|O(1)]. As a
warm-up exercise, we shall first show that Spec (P;) in the set (6.19) is contained
in the union of the Q(h).

When z € C is in the rectangle (6.19), let us consider the equation

o~

(Pe—2z)u=wv, wueHA). (6.20)
We notice here that the symbol of

P.
ImP, = <,
m 57

taken in the operator sense in H(A.), is O(e), and from Proposition 6.1 we know
that away from any fixed neighborhood of /A\070 in A, it is true that [Im P(p, h)| >
¢/C, provided that |[Re P.(p, h)| < 1/C, where C > 0 is sufficiently large. Here we
are using the same letters for the operators and the corresponding (Weyl) symbols,
and

Re P, =

Pl n@o - HA).

We shall also write p to denote the leading symbol of P._j, acting on H (Ke)
Let us introduce a smooth partition of unity on the manifold A,

Il=x+vY14+v1,- +924 +92 .

Here x € C§° (Ke) is such that x = 1 near /AXO,O, and supp x is contained in a small
neighborhood of Ag o where UP, = PU. The functions ¢ + € C§°(A) are sup-
ported in regions, invariant under the Hy,-flow, where +Im P, > ¢/C, respectively.

~

Finally 12 + € C5°(Ac) are such that
suppthz,+ C {p; +Re P.(p, h) > 1/0}.

Moreover, we arrange so that the functions v¢; + Poisson commute with p on /A\E.
We shall prove that

Ia=ull <0 (2) o]+ 0w ull (6:21)

where we let || - || stand for the norm in H(A.). In doing so, we shall first derive
a priori estimates for 1 4 u.
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When N € N, let

Yo <Y1 <o <Un, Yo =Yg,

be cutoff functions in C§° (Ac;[0,1]), supported in an H,-flow invariant region
where Im P. ~ ¢, and which are in involution with p. Here standard notation
f < g means that supp f is contained in the interior of the set where g = 1. It is
then true that in the operator norm,

[P, 1] = [Peco, ¥j] + O(eh) = O(h?) + O(eh) = O(eh), 0<j <N, (6.22)

since € > h. For future reference we notice that in the case when the subprincipal
symbol of P._o vanishes, the Weyl calculus shows that [P.—g,v;] = O(h?®), and
since € > h?, we still get (6.22). Here we have also used that the subprincipal
symbol of ¢; is 0, 0 < 7 < N.

Near the support of t; it is true that Im P, ~ €, and an application of the
semiclassical Garding inequality allows us therefore to conclude that

€

o(1)

(Tm (Pe — 2)tjulpju) > 5l — O] ull*.

Here the inner product is taken in H(A.). On the other hand, we have

(Im (P. — 2)byulyu) = Im ((%—(Pe ~ Zulbyu) + <[Pe,wj1u|wju>),

and since in the operator sense 1;(1 — t;41) = O(h™), we see that the absolute
value of this expression does not exceed

OM)|| (Pe = 2)ul[[yull + O(eh)l| ¥yprul* + O(h™)||u|l*.
We get

%II%UII2 < O (Pe = 2)ull 1]l + O] tjru [ + O(R>)]u|*

€ o1 o
< sl + 2B 2yul + Otm)ll v | + OB ul P,

and hence,

O(1
1gull? < Q2B = 2l + OBl + 00l

Combining these estimates for j = 0,1,..., N, we get

O
oul? < E0 (B — 2|2 + O RN || v |2 + OB u] 2,
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and therefore o)

1¥14ull < ——llvl+O0®)[ul.
The same estimate can be obtained for 11, _u, microlocally concentrated in a flow
invariant region where Im P, ~ —e¢, and a fortiori such estimates also hold in
regions where Re P, ~ 1 and Re P. ~ —1. The bound (6.21) follows.

Write next
(P, — z) xu = xv +w, w= [P, x]u, (6.23)

where w satisfies

luli<0 (L) o)+ 0wyl

Here we have used (6.21) with a cutoff closer to ZA\O,O. Applying the operator U of
Proposition 6.1 to (6.23), we get

(ﬁfz) Uxu=Uxv+Uw+ Txu,

where

Tso = O(h™) : H(A,) — L3(T?).

Using an expansion in Fourier series (6.25) below, we see that the operator P—z:
L3(T?) — L3(T?) is invertible, microlocally in |¢| < 1/|O(1)], with a microlocal
inverse of the norm O(1/¢eh), provided that z € R¢ . avoids the discs (k). Using
also the uniform boundedness of the microlocal inverse V' of U, we get

o) o0
Ixull = —=llvll+OhR=)[ull (6.24)
Combining (6.21) and (6.24), we see that when z € R is in the complement of
the union of the Qg (h), the operator

P.—z: H(A) — H(A,)

is injective. Since the ellipticity assumption (1.6) implies that it is a Fredholm

A~ ~

operator of index zero, we know that P, — z : H(A.) — H(A.) is bijective.

We shall now let z vary in the disc Q(h) C Rc., for some k € 72. We shall
show that z € Q(h) is an cigenvalue of P. if and only if z = P(h(k—6), e, hih)+r,
where r = O(h*°). In doing so, we shall study a globally well-posed Grushin
problem for the operator P. — z in the space H(Ke)

As a preparation for that, we shall introduce an auxiliary Grushin problem
for the operator P — z, defined microlocally near & = 0 in T*T?2. From (4.34), let
us recall the functions

e(z) = L o _ L p(n(-R) -2 )e
2 2

)



Vol. 5, 2004 Non-selfadjoint Perturbations of Selfadjoint Operators in 2 Dimensions I 41

which form an ON basis for the space L3(T?), so that when u € L2(T?), we have
a Fourier series expansion,

u(z) = Z u(l — 0)e(x). (6.25)

lez?
We also remark that e;(z) are microlocally concentrated to the region of the phase
space where  ~ h (I — %0) —S/2x.
Introduce rank one operators R : L2(T2) — C and R_ : C — L2(T2), given
by Ryu = (uleg) and R_u_ = u_ey. Here the inner product in the definition

of Ry is taken in the space LZ(T?). Using (6.25), it is then easy to see that the
operator

P = ( P-z R ) : L2(T?) x C — L3(T?) x C, (6.26)
Ry 0
defined microlocally near £ = 0, has a microlocal inverse there, which has the form

s [ Bk _Ey
(70 5) o

The following localization properties can be inferred from the construction of &
if ¢ € Cp°(T*T?) has its support disjoint from € = 0, then it is true that Yy £, =
O(h>®):C— L2, and E_1 = O(h™) : L7 — C. We also find that

E_((z)=z-P (h(k —0),e, g; h) . (6.28)

Using (6.25), we furthermore see that the following estimates hold true,

5= pre) - ryr),
€

E, =0(1):C— L3(T?), E_=0(1):L}{T?) — C,
E_, =0O(ch): C — C,

so that
ehllull +[[u—|[ <OQ) ([[v]| + ehl[v+]), (6.29)

P)=(0)

In (6.29), the norms of u and v are taken in L3(T?) and those of u_ and v, in C.

when

Passing to the case of P,, we define Ry : H(A.) — C and R_ : C — H(A,) by

Ryu=R,Uxu= (Uxuler), R_u_=VR_u_=u_Ve. (6.30)
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It is then true that

—

XR_-=R_+0O(h™):C— H(A,), (6.31)

decreasing the support of x if necessary. We now claim that for z € Q(h), the
Grushin problem

{(PE —z)u+R_u_ =, (6.52)

Riu=wvy

has a unique solution (u,u_) € H(A.) x C for every (v,v,) € H(A) x C, with an
a priori estimate,

ehllull +[[u- || <OQ) ([v]| + ehl|vi]). (6.33)

o~

Here the norms of u and v are taken in H(A.), and those of u_ and vy in C. To
verify the claim, we first see that as in (6.21), we have

la=ull <0 () lloll+ Ow=) lull +llu-lD-  (631)

Here we have also used (6.31).
Applying x to the first equation in (6.32) we get

{(Pe—z)xu—l—R_u_:XU—i—w—l—R_oou_, (6.35)

Riu=wvy,

where w = [P, x]u satisfies
h oo
ol <0 (£ ) 101+ 00) (lall+ 1u- 1.

and R_o, = O(h™) in the operator norm. Applying U to the first equation in
(6.35) and using (6.30), we get

{(ﬁz)Uqurfiu =Uxv+Uw+w_ (6.36)

]§+Uxu = V4.

where the L2(T?)-norm of w_ is O(h*) (||u|| + || u—||). We therefore get a mi-

crolocally well-posed Grushin problem for P in (6.26), and in view of (6.29) we
obtain,

ehl[ xull +[lu—[| <O@) ([[v]| + el vy () + OGBZ) (Jull + [lu-]l).  (6.37)

Combining (6.34) and (6.37), we get (6.33). We have thus also proved that the
operator

P = ( P}{Z R ):H(f\e) x C— H(A) x C (6.38)
L0
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is injective, for z € Qi (h). Now P is a finite rank perturbation of

P.—z 0
0 0 )’

which is a Fredholm operator of index zero. It follows that P is also Fredholm of
index 0 and hence bijective, since we already know that it is injective. The inverse

of P has the form »
_ E z E.;,_
E= ( B E_.() ) , (6.39)

and we recall that the spectrum of P, in Q(h) will be the set of values z for which
E,+(Z) =0.

We finally claim that the components F; and E_(z) in (6.39) are given by
E,=VE_ and E_ (z)=FE__(2)=2—P (h(k — 6),€, 25 h), modulo terms that
are O(h®). Indeed, we need only to check that

R,.VE,.=1, (P.—2)VE,+R_E_, =0, (6.40)

modulo O(h*), and at this stage the verification of (6.40) is identical to the
corresponding computation from Section 6 of [20]. In particular, we get

E_(2)=z-P <h(k —0), e, %; h) + O(h*™), (6.41)

and we have now proved the first of our two main results.

Theorem 6.2 Let Fyy be a reqular value of Re (q) viewed as a function on p~*(0) N
R*. Assume that the Lagrangian manifold

A0>F0 p:07R6<Q> :FO

is connected, and that T(0) is the minimal period of every closed Hp-trajectory
in No,r,. When aq and ao are the fundamental cycles in Ao p, with oy corre-
sponding to a closed Hp-trajectory of minimal period, we write S = (S1,S2) and
ko = (ko(a1), ko(az)) for the actions and Maslov indices of the cycles, respectively.
Assume furthermore that € = O(h%), § > 0, is such that hje < 1. Let C > 0 be
sufficiently large. Then the eigenvalues of P. in the rectangle
€

1
[Rez| < =, |Imz—eFp| < c

C?

. k h
=P(h(k-=2 fﬁ,e,—;h . keZ?
4 2 €

modulo O(h>°). Here P (5,6, %,h) is holomorphic in & € neigh(0,C?), smooth in
€, % € neigh(0,R) and has an asymptotic expansion in the space of such functions,

ﬁ<£767%7h> Np(£1)+e<’r0 (57@%) +h’l”1 <§7 7%) +)7 hHOv

(6.42)

are given by
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with

ro = i(g) + O(e + h/e),
and r, = O(e+ h/e), v > 1. We have exactly one eigenvalue for each k € Z* such
that the corresponding z, falls into the region (6.42).

Keeping all the general assumptions of the torus case and still taking Fy = 0,
we shall next consider the case when the subprincipal symbol of the unperturbed
operator P._g vanishes. It follows then from the previous arguments, now making
use of the full strength of Theorem 2.4, that in this case, microlocally near Ag o,

P.: H(Aw) — H(Awc) (6.43)

is equivalent to an operator of the form

$27§76 h Zh Pv $27£7 ) (644)

acting on LZ(T?), with
Po(@2,6,€) = p(€r) +ie(@)(§) + O(?),  Pi(2,€,€) = equ(w2, €, €).
In what follows we shall discuss the range
Mh? <e=0(MR’) M>1,4§>0. (6.45)

Recalling the operators e¢G(@P=)/h and U from (6.4) and (6.10), respectively,
we see, as in the general case, that the symbol of Im P, on H(A.q) is O(e), and
away from any fixed neighborhood of Ay in A.g, we have |Im P.(p, h)| ~ ¢, if
[Re Pe(p,h)| < 1/]0(1)].

We write, as in Section 4,

~ n2 B2
P($27£76>h) (51) ( <$2,£,6 —) +hT1 <$27£’67?) + ) ,

where
h? ) h? _
To <$2a§7 €, ?) = Z<q> + 0(6) + ?pz(ﬁﬂz,f, E)a

h? h?
N6 = nla €0+ a6 o, nengd=0(L). iz

€

Using the canonical transformation s, generated by the function

h? h?
’l/)<$,7’], 7?) =T n+¢pcr <$2,T], 7?)7
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with ¢per = O(e + h;), constructed in Section 4, we then argue similarly to the

general torus case. We thus introduce an IR-manifold A C T2 x C? which is an
(€ + h?/e)-perturbation of T*T?, which agrees with x(T*T?) near ¢ = 0, and
further away from this set coincides with 7*T2. When constructing ZN\, we first
notice that x(T*T?) has the form

Imz = Gé(Re (2,8)), Imé&=—-G,(Re(z,¢)),

where G = G(x2,€, ¢, @) is such that
h2
0¢G, 0;,G =0 (e + —) .
€

As was observed in Section 4, the transformation x conserves actions, and therefore
the smooth function G is single-valued. We may assume that

h2
G—O<e+—).
€

If we let x(€) € C§°(R?;[0,1]) be a cutoff function with a small support and such
that x = 1 in a small neighborhood of 0, we define A by

Imz = éé(Re (xvg))v Im¢ = 76;(1{6 (xvg))v é(Re (xvg)) - X(RGﬁ)G(Re (xvg))

We then obtain the desired globally defined IR-manifold A such that Im & =0on
A. When acting on H (A) P, is microlocally near £ = 0 unitarily equivalent to an
operator on L?(T?), which has the form

2 2
p(€1)+€(7'0 (5767 h?) +hT1 (1'235767 h?) +)7

h? h?
To (5767 _> —Z<q>+(’)<e+—>
€ €
is independent of x.

It follows, as in the general torus case, that on the Bargmann transform
side, A can be described by an FBI-weight ® = ®(Imx;,z2) which does not
depend on Rez;. Repeating the previous arguments, we obtain therefore a new
globally defined Hilbert space H (A), associated to an IR-manifold A ¢ C*, and a
Lagrangian torus Ao o C A such that microlocally near AO 0, P.: H(A) — H(A) is
equivalent to an operator on L3(T?), described in (4.27), (4.28).

where

Proposition 6.3 Assume that the subprincipal symbol of P.—y vanishes, and con-
sider the range Mh? < e = O(h%) for M > 1, § > 0. There exists an IR- mamfold
A c C* and a smooth Lagrangian torus Ao o C A such that when pE A is away
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from a small neighborhood of /A\O,O in A and |[Re P.(p,h)| < 1/C, for a sufficiently
large C > 0, it is true that
I P (p, 1) ~ .

The manifold A is (e + h?/€)-close to R* and it coincides with R* outside a neigh-
borhood of p~1(0) N R*. There exists a canonical transformation

Ke neigh(/A\Qo,K) — neigh(¢ = 0, T*T?),

mapping /A\070 onto T2, and an elliptic Fourier integral operator U : H(K) —
L2(T?) associated to k., such that, microlocally near Ao o, UP. = PU. Here

~ ~ h?
P =P(hD,,e,—;h)
€

has the Weyl symbol, depending smoothly on €, h? /e € neigh(0,R),

~ h2 < h2
P (5767 ?7h) Np<§1) + EZh‘]T‘j (5767 ?) .
=0
We have
ro = i{g)(€) + O()(e + h*/e), ;= O(1), j > 1.

Repeating the arguments, leading to Theorem 6.2, and using Proposition 6.3
instead of Proposition 6.1, we then find first that the spectrum of P, in a region of
the form (6.19) is contained in the union of disjoint discs of radii eh/|O(1)| around
the quasi-eigenvalues P (h(k —0),¢e,h%/¢; h). Furthermore, when z varies in such
a disc corresponding to k € Z?, such that the corresponding quasi-eigenvalue falls
into the region (6.19), an inspection of the previous arguments shows that the
Grushin operator

P.—z R_ ) ~ . ~
( R, 0 ).H(A)XC H(A) x C

is bijective with the inverse of the norm O((eh)~!) — see (6.33) for the precise a
priori estimate. Here R_ : C — H(A) and Ry : H(A) — C are defined as in (6.30).
This leads to the following result.

Theorem 6.4 Keep all the assumptions and notation of Theorem 6.2, and in ad-
dition assume that the subprincipal symbol of P—o vanishes. Let e = O(1)h% for
some fized § > 0 be such that h?> < e. Then the eigenvalues of P. in the rectangle

11 . 1 1
(6,5) + 1€ (FO — 5’FO+ 5)
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are given by

_’\ ko S h2. Jo%) 2

Here C > 0 is large enough, ﬁ(f,e,h2/e;h) is holomorphic in & € neigh(0, C?),
smooth in € and h? /e € neigh(0,R), and as h — 0, there is an asymptotic expansion

~ 2 2 2
P(f»e,h?;h) Np(fl)-f—e(?‘o (f,e,h?) + hry (g,e,h?) _|_)

We have
2 2 2
nleet) —itw©+0(c+ ). 1 (aat)-om. 21

We shall now turn to the case II from the introduction. Let us recall from
Section 1, that if z € Spec P, is such that |[Rez| < § — 0, then

Imz e e[i%f Re {q) — 0(1)’8;1) Re (g) + o(1)], h — 0. (6.46)

Here, as in Section 1, we write ¥ = p~'(0) N R*/exp (RH,). Our purpose here is
to show that the quasi-eigenvalues of Propositions 5.4 and 5.5 give, up to O(h*°),
the actual eigenvalues in a set of the form

1
Rez| < ——, [Imz—eFp| <

o)’ o)’

when Fy € {infy Re(q),supsy;Re{(q)}. As we shall see, the analysis here will be
parallel to the torus case just treated, so that in what follows we shall concen-
trate on the new features of the problem, and some of the computations that are
essentially identical to the ones already performed, will not be repeated.

In order to fix the ideas, we shall discuss the case when

Fy = irzlf Re (q),

and we shall take Fy = 0.

Recall from the beginning of this section that the original operator P. acting
on H(A.g), is microlocally unitarily equivalent to the operator

Pe ~ Z hjpj (LE, 57 6)7 (647)
j=0

acting on L? and defined microlocally near p~1(0) N R*, with

po =p+ielq) + (’)(62),
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and the functions (q) and O(e?)-term are in involution with p. Let v1,...,7n C
p~1(0) NR* be the finitely many trajectories such that Re (q) = 0 along 75, 1 <
j < N. We know that T'(0) is the minimal period of each ~;, and if p; € X
is the corresponding point, then the Hessian of Re(q) at p; is positive definite,
1 < j < N. Associated to 7;, we have the quantities S = S(v;) and ko = ko(%;),
the action along 7; and the Maslov index, respectively, defined as in Section 2,
and we recall from [11] that these quantities do not depend on j.

In what follows we shall work microlocally near a fixed critical trajectory, say
v1. We let L%(S* x R) be the space of locally square integrable functions u(t, x)

on R x R such that )
// lu(t, z)|* dzdt < oco.
0

u(t — 2m, ) = e/ hFikom /2yt 7).

Applying Theorem 2.4 to the canonical transformation x of Proposition 3.1, we
see that there exists an analytic microlocally unitary Fourier integral operator

U : L%(S* x R) — L*(R?),

and

associated to , and defined microlocally from a neighborhood of {r = 2 = £ = 0}
in T" (81 X R) to a neighborhood of 7; in R*, so that we have the two-term
Egorov property (2.3). Combining exp (ieHg) with &, we get a smooth canonical
transformation

ke tneigh (1 =2 =¢=0,T* (S" x R)) — neigh(y1, Aec), (6.48)

where abusing the notation slightly, we write here 73 C A.g also for the im-
age of 71 under the complex canonical transformation exp (ieHg). The opera-
tor ecG(@hDe€)/h o 17y is then associated with k. in (6.48), and an application of
Egorov’s theorem shows that, microlocally near v;, we get a unitary equivalence
between the operator P. acting on H(A.g) and an h-pseudodifferential operator
microlocally defined near r=x =¢=0in T* (S b R), with the leading symbol

ﬁO(Tvxvgv 6) = f(T) + i€<q>(7.7:177€) + 0(62)7

independent of ¢. Taking into account an additional conjugation by the elliptic
operator €4/ acting on L%(S' x R), with

A~ Z ak(thvxvé-’ E)hkv

k=1

constructed as a formal power series in €, h in Proposition 3.2, we see that microlo-
cally near 71, the operator P. : H(A.g) — H(A.g) is equivalent to an operator of
the form

P5<T7$7§ae) ~ thﬁk(Taxa§7€)a (649)
k=0
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acting on L%(S! x R), whose full symbol is independent of t. We have

Po = f(7) +ie(g)(r,z,€) + O(e?), (6.50)
and
Re (¢)(0,2,8) ~ 2* + &

on the real domain.

We shall first consider the general case when the subprincipal symbol of the
unperturbed operator P.—y does not necessarily vanish, and in doing so, it will be
assumed that

h<e=0()R°, §>0. (6.51)

As in Section 5, we write

P.=f(r)+e (i<q>(7,x,§) +O®e) + gﬁl +hgﬁz +) _

According to Proposition 5.3, there exists a holomorphic canonical transformation

K, . » : neigh(0, C?) — neigh(0, C?),

U)E)

depending analytically on o € neigh(0,C) and smoothly on e,% € neigh(0,R),
such that

h
Imsk_ . a(y,n) =0 (e—l——),
c

when o, y,n are real, and such that

y2+n2>

-~ h_ '
<po +€gp1) (02#0.c2(0:1) = £(0) + iege (U’ 2

Here g, » (0,q) is an analytic function, depending smoothly on €, h/e, for which

0
8—qReg€,0(o,0) > 0.

We now lift the family of locally defined canonical transformations x,  » to a
canonical transformation

= +neigh (Ims = 0,0 = y =y = 0,7° (§1x €) ) 5 (s,0:0.)
= (t,7;2,§) € neigh (Imt:O,q—:x:g:()?T* (SN'l « C))
given by

En(s,oiy,m) = (6,732,8) = (s + h(y,0,m), 036 1 (y,7))- (6.52)
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Here h(y,o,n) is uniquely determined up to a function ¢ = g¢g(o), and if

®g.c.n(x,y,0) is an analytic family of non-degenerate phase functions (in the sense
of Hormander) locally generating the family Ky,

e, s then

S n(t,z,s,y,0,0) :=¢, n(r,y,0)+ (t—s)o
is a non-degenerate phase function with 6,0 as fiber variables, such that ®_»
generates the graph of = ».

€

Associated to EQ%, we introduce an IR-manifold A C T* (gi X C), which in
a complex neighborhood of 7 =2 = § = 0, is equal to Z_» (T* (Sl X R)), and
further away from this set agrees with 7 (S b x R). In the inéermediate region, we
construct A in such a way that it remains an (e + %)—perturbation of T (S bx R),
and so that everywhere on /~X, it is true that

(t,7;2,6) € A =1 €R. (6.53)

If we now use the standard FBI-Bargmann transformation, viewed as a mapping
on L%(S' x R), so that under the associated canonical transformation, 7*(S* x R)
is mapped to {(¢,7;2,&) € T*(S! x C); (1,€) = —Im (¢, 2)}, then as before we see
that after an application of such a transformation, the manifold A is described by
a weight function ® = ®(Imt,x) which does not depend on Ret. At this stage,
the situation is similar to the previously analyzed torus case, and, in particular,
we see again that the form of the weight ®(Im¢,x) implies that the term f(7) in
(6.50) gives no contribution to the imaginary part of the operator. Summing up
the discussion so far, we arrive to the following result.

Proposition 6.5 Make the assumptions of case 11 in the introduction, and assume
that
F = irzlf Re{q) = 0.

Assume that € = O(h?), for some 6 > 0, is such that h < e. There exists a closed
IR-manifold A C C* and finitely many simple closed disjoint curves vy1,..., YN C
A, which are (¢ + h/e)-close to the closed H,-trajectories C p~'(0) N R*, along
which Re (q) = 0, such that when p is outside a small neighborhood of U;-V:l'yj m
A, then .
€

|R6P5(p,h)| > |O(1)| or |ImPe(pah)| > |O(1)|
This estimate is true away from an arbitrarily small neighborhood of Uj-vzlfyj, pro-
vided that the implicit constant in (6.54) is chosen sufficiently large. The manifold
A coincides with R* away from a neighborhood of p~*(0) NR* and is (e + h/e)-
close to R* everywhere. For each j with 1 < j < N, there exists a canonical
transformation

(6.54)

Ke,; : neigh (7, A) — neigh (1 = 2 = £ = 0,T*(S' xR)),
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whose domain of definition does not intersect the closure of the union of the do-
mains of the ke i for k # j, and an elliptic Fourier integral operator

Uj=0(): H(A) — L%(S* x R),
associated to k. j;, such that, microlocally near y;,
U;P. = P;U;.
Here ﬁ ﬁ (hDy, (1/2)(2? + (hD3)?), €, 25 h) has the Weyl symbol

. 2
By (ragetin) = 1) +iec; (55 L)

2
h
'<T q, €, 7h) ZhG], (T q, €, )a h—>0,

and G;,; holomorphic in (1,q) € nelgh(O C?), smooth in €,h/e € neigh(0,R).
Furthermore, Re G;,(0,0,0,0) =0 and

with

oS

%m&mw@m>a

Take now small open sets €; C A, 1 < j < N, such that v; C Q; and
QN =0, j#k
Let x; € C5°(225), 0 < x; < 1, be such that x; = 1 near v;, 1 < j < N. When
z € C satisfies

1
|m4g5,um4§g

and (P, — z)u = v, it follows from (6.54) by repeating the arguments of the torus
case, that

(6.55)

I 1—ng u||<0( )||v||+0<h°°>||u|| (6.56)

We shall now discuss the setup of the global Grushin problem. Associated with each
normal form P;, 1 < j < N, we have the quasi-eigenvalues given in Proposition
5.4,

Z(.]vk) _f< (kl%)§)+ZEG ( (kl%)%,h(k@ﬁ“%),@%,fl),

when 1 < j < N and k = (k1,k2) € Z x N. We also introduce an ON system of
eigenfunctions of the (formally) commuting operators P;,

1
cult, ) = S=eF OO E e 0), k= (b k) €2,

27

which forms an ON basis in L%(S! x R). Here ey, (z), k2 € N, are the normalized
eigenfunctions of 1/2(x? 4+ (hD,)?) with eigenvalues (ks + 1/2)h.
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When 1 <5 < N, let

M, = #{zu,k),mez(j,kn < ltm =, k)| <

1 €
o)’ IO(l)I}'

Then M; = O(h=2) and we let k(j,1),...,k(j, M;) € Z x N be the corresponding
half-lattice points. We introduce the auxiliary operator

Ry : H(A) — CM ... 5 M,

given by
Ryu(j)(1) = (Ujxjuleryy), 1<j< N, 1<1< M.

Here the inner product in the right-hand side is taken in L%(S' x R). Define also
_CMuxox CMY S H(N),

by

£

N
=> > u-()O)Vierg-

j=11=1

Here Vj is a microlocal inverse of U;. We then claim that for z € C satisfying
(6.55), with a sufficiently large C' > 0, the Grushin operator

_ P.—z R_ . My Mn
P—( R, 0 ).H(A)x(C X -+ xC )%

H(A) x (CMl X% CMN) (6.57)
is bijective. Indeed, when v € H(A) and vy € CM x ... x CM¥  let us consider

{(P€ —z)Ju+R_u_ =, (6.58)

Riu=mwvy.

As in (6.56), we get

I 1—ng u||<0( )||v||+0<h°°><||u||+||u_||>.

Applying x; and then Uj;, 1 < j < N, to the first equation in (6.58), we get

D M; .
(P = 2)Usxgu+ 3221 u—(5) (Dewgp =
Uj (xjv + [Pe, xj]u) + Roou + R— oo (§)u—, (6.59)
(Ujxjulenn) = ve()(1), 1<1< M,
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and here Ry = Roo(j) = O(h™) and R_ »(j) = O(h*>) in the corresponding
operator norms. For each j, 1 < j < N, we get a microlocally well-posed Grushin
problem for P; — z in L%(S! x R), with inverse of the norm O(1/¢), and the global
well-posedness of (6.58) follows. The inverse £ of P in (6.57) has the form

£= ( %(f) E,E:(z) ) , (6.60)

and a straightforward computation shows that
E, :CM x...x CMNY 5 H(A)
modulo O(h*°), is given by

N M]
Byop =Y Y v () D)Vieray) = R-vy,

j=11=1
and F_,(z) e L (CM1 X ooox CMN CMr o x CMN> is a block diagonal matrix
with the blocks E_(2)(j) € £(C™,C™), 1 < j < N, of the form
E—+<Z)(])<m7n) = (Z - Z(]ak(]vm)))ém’ﬂ7 1 S m S n S Mj’

modulo O(h*°). The computation of eigenvalues near the boundary of the band
has therefore been justified, and we get the second of our two main results.

Theorem 6.6 Assume that
F, = ilzlf Re (q)

is achieved along finitely many closed Hy-trajectories v1,...,yn C p~H(0) N R* of
minimal period T(0), and that the Hessian of Re{q) at the corresponding points
pj €%, 5 =1,...,N, is positive definite. Let us write S and ko to denote the
common values of the action and the Maslov index of v;, j = 1,..., N, respectively.
Assume that € = O(h?) for a fived § > 0, is such that h < e. Let C > 0 be
sufficiently large. Then the eigenvalues of P, in the set

LAY e(m - LR L (6.61)
cc) o etot e :

are given by

wo=s(o(e)-2)
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modulo O(h™), when 1 < j < N and (k1,k2) € ZxN. Here f(7) is real-valued with
£(0) =0 and f'(0) > 0. The function G;(7,q,€,h/e;h), 1 < j < N, is analytic in
7 and q in a neighborhood of (0,0) € C%, and smooth in €, h/e € neigh(0,R), and
has an asymptotic expansion in the space of such functions, as h — 0,

h - h
G] (T,q,é, Evh) ~ ;Gj,l <T7Qa67 ga) hl'

We have Re G,0(0,0,0,0) = Fy and

B}
8—qReGj,0(o,o,o,0) >0, 1<j<N.

Remark. With obvious modifications, Theorem 6.6 describes the eigenvalues in

the region (6.61), when Fj = supy, Re (q), if we assume that Fj is attained along
finitely many trajectories of minimal period 7'(0), such that the transversal Hessian
of Re(q) along the trajectories is negative definite.

The treatment of the remaining case of the eigenvalues near the boundary of
the band (6.61), when the subprincipal symbol of P._y vanishes proceeds in full
analogy with the previously analyzed torus case. Thus, restricting attention to the
region

Mh? <e=0(’), M>1,

we find that the symbol of Im P., acting on H(A.g) is O(e), and away from an
arbitrarily small but fixed neighborhood of U}_,~; we have that [Im P(p)| > ¢/C
when we restrict the attention to the region |Re P.(p)| < 1/C.

When working microlocally near 7 = z = £ = 0 in 7*(S! x R) and simplifying
the operator (6.49) further, we use Proposition 5.3 to find a holomorphic canonical
transformation

Kyon? neigh(0, C*) — neigh(0, C?)

depending analytically on o € neigh(0, C) and smoothly on €, h?/e € neigh(0,R),
such that

IO e ' o
<p0+67p2) (0482 ) = £(0) + g 2 (U’ =h ) |

As before, associated to k__ .2, we construct an IR-submanifold of 7™ (S~’1 x C)

which is (e + h?/e)-close to T*(S! x R), and which has the property that 7 is real
along this submanifold. This leads to a new IR-manifold A ¢ C* such that on A,
Im P. has a symbol of modulus ~ € in the region |Re P.| < 1/C, when away from
the union of small neighborhoods §2; of v; C A, 1 < j < N. In §;, P, is equivalent
to an operator constructed in Section 5, which has the form

z? + (hDg)*  h* h)



Vol. 5, 2004 Non-selfadjoint Perturbations of Selfadjoint Operators in 2 Dimensions I 55

G’(Tqva 7) ZG], (TQ7ah)hl

Again we see that we have a globally well-posed Grushin problem for P, — z in the
h-dependent Hilbert space H(A). The following result complements Theorem 6.6.

with

Theorem 6.7 Make the assumptions of Theorem 6.6, and assume in addition that
the subprincipal symbol of P.—o vanishes. Then for e in the range

W2 <e<h®, §>0,

the eigenvalues of P. in the set of the form

11 1 1
< C C) +'L€ <F 6,F0+6), O>>1,

are given by

ko S | . ko S (1 h?
P (=) =) e (n (=) = pn (o) o).

modulo O(h™), when 1 < j < N and (k1,k2) € ZxN. Here f() is real-valued with
f(0) =0 and f'(0) > 0. The function G;(7,q,€,h?/e;h) for 1 < j < N, is analytic
in T and q in a neighborhood of (0,0) € C?, and smooth in e, h?/e € neigh(0,R),
and has an asymptotic expansion in the space of such functions, as h — 0,

G’(Tqva 7) ZG], (TQ7ah)hl

where Re G;,(0,0,0,0) = Fy and

%Re Gj70(0, 0,0, 0) > 0.

7 Barrier top resonances in the resonant case

Consider
P=—-hmA+V(z), pxé)=E+V(x), z,£ €R?, (7.1)

and let us assume that V() is real-valued, and that it extends holomorphically to
aset {z € C?;|[Imz| < (Rex)/C}, for some C' > 0, and tends to 0 when 2 — oo in
that set. The resonances of P can be defined in an angle {z € C; —260y < argz < 0}

for some fixed small 0y > 0, as the eigenvalues of P in the same region.
100 R2
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We shall assume that V(0) = Ey > 0, VV(0) = 0, and V”(0) is a negative
definite quadratic form. Assume also that the union of trapped H),-trajectories in
p~1(Eo) NR* is reduced to (0,0) € R*. (We recall that a trapped trajectory is a
maximal integral curve of the Hamilton vector field H,,, contained in a bounded
set.) We are then interested in resonances of P near Ey, created by the critical
point of V. After a linear symplectic change of coordinates, and a conjugation of
P by means of the corresponding metaplectic operator, we may assume that as

(x,6) =0,

2
p(x,§) — Eo = Z >\2—] (& = 27) +pa(x) +pa(@) +---, A >0. (7.2)
1

Jj=

Here p;(x) is a homogeneous polynomial of degree j > 3.

For future reference we recall that according to the theory of resonances developed

n [12], the resonances of P in a fixed h-independent neighborhood of Ej can also
be viewed as the eigenvalues of P : H(Aig,1) — H(Awq,1), equipped with the
domain H(A:q, (€)?). Here G € C=(R?;R) is an escape function in the sense of
[12], ¢ > 0 is sufficiently small and fixed, and A:g is a suitable IR-deformation
of R*, associated with the function G. The Hilbert space H(Ayq,1) consists of
all tempered distributions u such that a suitable FBI transform 7T'u belongs to a
certain exponentially weighted L?-space. We refer to [12] for the original presen-
tation of the microlocal theory of resonances, and to [18] for a simplified version
of the theory, which is applicable in the present setting of operators with globally
analytic coeflicients, converging to the Laplacian at infinity. Here we shall only
remark that as in [17], the escape function G can be chosen such that G = z- ¢ in
a neighborhood of (0,0), and such that H,G > 0 on p~*(Ep) \ {(0,0)}.

Under the assumptions above, but without any restriction on the dimension
and without any assumption on the signature of V”(0), all resonances in a disc
around Ey of radius Ch were determined in [23]. Here C' > 0 is arbitrarily large
and fixed. (See also [7].) Specializing the result of [23] to the present barrier top
case, we may recall that in this disc, the resonances are of the form

1 1
EOi<k1+§)Aﬂ1i(bkE)AﬂL+OUﬁm% h—0, k= (ki ko) e N>

(7.3)
Furthermore, in the non-resonant case, i.e., when

N-k#£0, 0#4kelZ? (7.4)

a result of Kaidi and Kerdelhué [17] extended [23] to obtain all resonances in a disc
around Ey of radius h%, for each fixed 6 > 0 and h > 0 small enough depending
on J. In this case, the resonances are given by asymptotic expansions in integer
powers of h, with the leading term as in (7.3).
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Throughout this section we shall work under the following resonant assump-
tion,

M-k =0, for some 0 # k € Z*. (7.5)

In this case we shall show how to obtain a description of all the resonances in an
energy shell of the form

W5 < |E — Byl < O()R®, 6> 0,

provided that we avoid an arbitrarily small half-cubic neighborhood of Ey—i[0, 00).

The starting point is a reduction to an eigenvalue problem for a scaled operator,
as in [17], [20], [24]. In these works it was shown how to adapt the theory of [12]
so that P can be realized as an operator acting on a suitable H(A)-space, where
A c C* is an IR-manifold which coincides with T* (ei”/4R2) near (0,0), and
further away from a neighborhood of this point, it agrees with A;g. Furthermore,
A has the property that on this manifold, p — Ej is elliptic away from a small
neighborhood of (0,0), and this neighborhood can be chosen arbitrarily small,
provided that the constant in the elliptic estimate is taken sufficiently large. Using
a Grushin reduction exactly as in [20], we may and will therefore reduce the study
of resonances of P near Ey to an eigenvalue problem for P after the complex
scaling, which near (0,0) is given by x = e'™/4Z, £ = e "/4¢, T, € R.

Using (7.2) and dropping the tildes from the notation, we see that the prin-
cipal symbol of the scaled operator has the form

Eo—i (pz(w,f) + i€ Apy () + i () + - ) , (2,8 =0,  (7.6)

where

2
ZEJ € +27) (7.7)

j=1

is the harmonic oscillator. In what follows we shall therefore consider an h-pseudo-
differential operator P on R?, microlocally defined near (0,0), with the leading
symbol

p(fl?,f) = p2(x7§) + Z-637m'/4p3(x) ey (:17,5) — 0, (78)

and with the vanishing subprincipal symbol. We extend P to be globally defined
as a symbol of class S°(R*) = C°(R?), with the asymptotic expansion

P(xvg; h) ~ p(xvg) + h2p(2)($,§) +eee

in this space, and so that

C >0,

() > =

outside a small neighborhood of (0, 0).
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We shall be interested in eigenvalues E of P with |E| ~ €2, 0 < € < 1.
It follows from [26] that the corresponding eigenfunctions are concentrated in a

region where |(z,€)| ~ €, and so we introduce the change of variables x = ey,
h® <e<1,0<6<1/2. Then

1 1 ~ ~ h
6—2P(x,th;h) = 6—2P(e(y,hDy);h), h = = < 1.

The corresponding new symbol is

Py m)s ) ~ (el m) + RO ely,m) + -

to be considered in the region where |(y,n)| ~ 1. The leading symbol becomes

1 - T
—p(e(y:m) = paly,n) + iee’® ps(y) + O(?),

for (y,n) in a fixed neighborhood of (0,0).

Now the resonant assumption (7.5) implies that the H,,-flow is periodic on
py H(E), for E € neigh(1,R), with period 7 > 0 which does not depend on E. For
z € neigh(1, C), we shall then discuss the invertibility of

1/€*P(x,hDy; h) — 2

in the range of ¢, dictated by Theorem 6.4, and using I as the new semiclassical
parameter. Indeed, all the assumptions of that theorem are satisfied in a fixed
neighborhood of (0, 0), and outside such a neighborhood, we have ellipticity which
guarantees the invertibility there.

Proposition 7.1 Assume that (7.5) holds. When ps is a homogeneous polynomial
of degree 3 on R?, we let (p3) denote the average of p3 along the trajectories of the
Hamilton vector field of pa in (7.7), and assume that (ps) is not identically zero.
Let Fy € R be a regular value of cos(3m/4)(p3) restricted to py (1), and assume
that T is the minimal period of the Hp,-trajectories in the manifold A1 r, given by

Ay F, i p2=1,cos (%Tﬂ-) (ps) = Fyp.
Assume that Ay g, is connected. Let € satisfy
RS < e=0O1)h, §>0. (7.9)
Then for z in the set

L
loml]”

Fo+ (7.10)

1 . 1
“omrtt |0<1>|] e [F ~ oM
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the operator e 2P (x,hDy;h) —z : L? — L? is non-invertible precisely when z = 2,
for some k € Z2, where the numbers z;, satisfy

~ [~ a. S Rh%~ -+ h
(h(k—)—,e,—;h>+(’)(h ) h=

4 2 €

Here P (5, €, 71?2,71) has an expansion as h— 0,

p e S
P 5767?7 Np2(€1)+ez Ty 5767? )

j=0
where
» 72
ro = ie" ™ (ps)() + O | e+ — |

The coordinates & = &1(F) and & = &(E, F) are the normalized actions of

3
Ap r :p2 = E, cos (I) (p3) = F,

for E € neigh(1,R), F € neigh(Fy,R), given by

1 ,
€j=2—</ ndy—/ ndy>, j=12, (7.11)
7T v (E,F) v (1,Fo)

J

with v;(E, F) being fundamental cycles in Ag r, such that v1(E,F) corresponds
to a closed Hy,-trajectory of minimal period T'. Furthermore,

SJ = / T]dy, ] = 172, S - (51752)7 (712)
75 (1,Fo)

and o € Z? is fized.

Remark. In the case when the compact manifold A; g, has finitely many connected
components Aj, 1 < j < M, with each A; being diffeomorphic to a torus, the set
of z in (7.10) for which the operator e 2P(z, hD,;h) — z is non-invertible agrees
with the union of the quasi-eigenvalues constructed for each component, up to an
error which is O(h*°). In the following discussion, for simplicity it will be tacitly
assumed that A p, is connected.

The reduction by complex scaling together with the scaling argument above
and Proposition 7.1 allows us to describe the resonances E of the operator (7.1)

in the set
W5 < |E — Eo| = O(1)R, §>0, (7.13)
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by

~ ~ ~2 ~

E = Ey—i®P (h (k:fg) i,e,h—;h> + O™, (7.14)
4 27 €

where we choose € > 0 with |E — Fy| /e> ~ 1. The description (7.14) is valid
provided that we exclude sets of the form

EeC, Im E)*/? (7.15)

F |ImE|3/2’ < )|

from the domain (7.13). Here F} varies over the set of critical values of cos(37/4)
(p3) restricted to p, '(1). Indeed, writing F = Ey — ie?z, we see that the set (7.15)
in the E-plane corresponds to the set [Imz — eFpy| < €/|O(1)] in the z-plane. It
is also clear that when Fj € {infpgl(l) cos(37r/4)<p3>,supp;1(1) cos(3m/4)(ps3)}, an
application of Theorem 6.7 will allow us to extend a description of the resonances
to a set of the form (7.15), provided that the assumptions of that theorem are
satisfied. In what follows, we shall content ourselves by discussing an explicit ex-
ample.

Our starting point will be deriving an expression for (ps). Consider

A
2731']4—5 A >0,
j=1

where the \; satisfy (7.5). In order to describe the H,,-flow, it is convenient to
introduce the action-angle variables I; > 0, 7; € R/27Z for ps, given by

IJ:\/QIJ'COST]‘, fjify/QIjSinTj. (716)

Then ps = > A;I; and the Hamilton flow is given by R 3 ¢t — (I(¢), 7(t)), with
I(t) = I(0), 7(t) = 7(0) + tA, A = (A1, A2). In the original coordinates, this gives

{xj(t) = /21;(0) cos(7;(0) + ;i) (7.17)

&(t) —v/21 5(0)sin(7;(0) + Azt),

and we get a combination of two rotations in (z,,§;), j = 1,2, with minimal
periods 2m/\; (except in the degenerate cases when one of the (x;,&;) vanishes).
Avoiding the totally degenerate case when I = 0, we get trajectories with

e minimal period 27/As when I (0) = 0,
e minimal period 27/A; when I5(0) = 0,

e minimal period T = —kJ27/\; = k927 /)3, when both I;(0) and I5(0) are
20,
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Here we let k° = (k?,kS) be the point satisfying (7.5), which has minimal norm
and positive first component. The integers k in (7.5) are equally spaced on the
straight line A*, and it will be convenient to represent them in the form nk?,
n € Z\ {0}.

We shall now compute the averages (z®) along the H,,-trajectories of a

monomial z* = z{*z52. Using (7.17), we get

el 1 (T
(x) = 1(0)52‘2_‘ T/ (cos(71(0) 4+ A1t))** (cos(72(0) + Aat))*2dt (7.18)
0
a2 T
B I((‘))‘z l/ (TN | o=ilm O M0 o1 (i(ra(0)+X2t) o o =i(r2(0)+Xa) Yo gy
27 T

Here the integrand can be developed with the binomial theorem,

(e 5] (e 5]

Z Z a1 (6] ei((zkl70‘1)T1(0)+(2k270‘2)7—2(0))61;((2]617a1)>\1+(2k27a2))\2)t
k1 ko ’
k1=0ko=0

and only the terms with (2k; — 1)\ + (2k2 — a2) A2 = 0 can give a non-vanishing
contribution to the integral. This means that 2k — a = nk® for some n € Z, i.e.,
a+nkd =2k with0 <k <« componentwise. We get

/2 ap (€5)]
(x) = % Z <k1) (kQ) cos((2k1 — a1)711(0) + (2ke — a2)12(0)),

a+nko=2k
0<k<a

(7.19)
where it is understood that n € Z, k € N2, and where we notice that if a+nko =
2k, 0 <k < q, then k := a — k also participates in the sum, since 0 < k < o and
a — nky = 2k. Also notice that the cosine in (7.19) can be written in the form
cos(nkg - 7(0)). In order to find the non-vanishing terms in (7.19), we consider
the “line” Z > n — o« + nkg € Z2%. The points on this line in the rectangle
([0, 2c1] x [0,20a]) N N? with even coordinates correspond to the terms in (7.19).

Example 1. Let k° = (1, —1), corresponding for instance to A = (1,1). In this case
the two components of @ must have the same parity.

For a = (2,0) we have only one term with n =0, k = (1,0), and (z?) = I,(0).
For a = (0,2) we get similarly (3) = I5(0).

For o« = (1,1) we get two terms with n = 1,k = (1,0) and n = —1,k = (0,1)
respectively, and (z122) = \/11(0)I2(0) cos(11(0) — 72(0)).

For |a| = 3 we get no non-vanishing terms.

For a = (4,0) we have one term with n =0, k = (2,0) and we get (z) = 31;(0)2.
For a = (0,4) we get similarly, (z3) = $1,(0)%.

For a = (2,2) we get one term with n = 2,k
(0,2), We also have a term with n = 0,k =
L(0)12(0)(1 + 3 cos2(71(0) — 72(0))).

= (2,0) and one with n = -2,k =
(1,1), and this leads to (z%x3) =
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It follows from Example 1 that Proposition 7.1 does not apply when A = Const.
(1,1), since in this case (ps) = 0. We shall therefore consider a different choice of
the resonant frequencies.

Example 2. Let us take kK = (2, —1), corresponding for instance to A = (1,2), and
let |a] = 3. For a = (3,0),(0,3),(1,2) it follows from (7.19) that (z*) = 0. For
a = (2,1) we get two terms, one with n =1,k = (2,0) and one with n = -1,k =
(0,1). It follows that

(2229) = 271/21,(0)15(0)2 cos(271 (0) — 72(0)). (7.20)

For future reference, we shall also describe how the averages (z*) can be com-
puted after a suitable complex linear change of symplectic coordinates. Introduce

{y— 5 (x — i) {x 5 (y + i)
n= \/—(*T'i'zf) 7 5—\/5(9_”7)

Sl

In these coordinates p = 2?21 iA\jy;m;, and

exp (tHP)(yv 77) = (eit)\1 Y1, eii»Q Y2, eiitkl m, eiit)g 772)7

so that
1/t Bif A (a—B)=0
a, By zA(a ﬁ)tdt yn )
(") T/o g {0 otherwise.
We apply this to
T 2|a\/2 ( ) ’
0<k<a
and get
o —la a . Ce\a—
(@) =271 %" (k) (z —i&)F (@ +i&)**. (7.21)
ke

As before we check that for each term present there is also the complex conjugate.
The computations of Examples 1 and 2 can be written like (7.21). We shall
only do it for the last example with k% = (2, —1),a = (2,1):

1 . . 1
(afas) = gRe (@ + i€1)? (w2 — i) = Z(mffﬂz +221606 —w267). (7.22)
We may assume that A = (1,2), so that

L ey r@iv ) (7.23)

P2=2(

and we may then check directly that Hp,(zfz2) = 0.
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From (7.22) and (7.23) it is clear that dpy and d(z%xs) are linearly inde-
pendent except on some set of measure 0. When computing the critical points of
(x325) on py *(1), we shall first make use of the (I, 7)-coordinates. From (7.20) we
recall that .

pe =11 + 215, \/§<$%$2> = 11[25 COS(2T1 — Tg). (7.24)

It follows from the Hamilton equations that 6 := 277 — 75 is invariant under the
H,,-flow, and we can therefore work in the coordinates Iy, I, 6. We have

1 1 _1 1
dp2 = dIl + 2d]2,\/§d<17%$2> = (122 COS H)dll + 5[1[2 2 (COS G)dIQ — 11[22 (81n9)d9
(7.25)
If0 & nZ, I, I # 0, we have dp(z3x5) # 0, and hence the differentials are linearly

independent. Still with 17,15 # 0, let § € wZ, so that cosf = +1. Then the
differentials are linearly dependent iff

1 2
0 = det _1 |, ie., iff I, =415.
<121/2 %11]2 2) 1 2

This gives two closed trajectories inside the energy surface po = 1 and the corre-
sponding values for (x3z5):

2 1 1
L==,1=—- 21 —1m=0 = — 7.26
1= 2= T — T2 ; (r172) 3\/57 ( )
and
h=2h=1 9 n-m <x$>—_—1 (7.27)
1 33 2_67 1 2 — 1 142 _3\/§ .

When I; = 0 or I, = 0, the question of linear independence of the differentials
should be analyzed directly in the (z,&)-coordinates (or (y,n)-coordinates), and
here we shall use (7.22). On the plane I; = 0, corresponding to z; = & = 0,
we have d(z3x3) = 0, so here we have linear dependence, with the corresponding
critical value (z2292) = 0. On the plane Iy = 0, corresponding to z = & = 0, we
have

d{zizs) = §(a1 — &)das + F11&1dEs,
dp2 = w1dxy + §1dE7,
and these differentials are independent, since we avoid the point z = & = 0.

We shall now look at the nature of the critical points of (z?z2), when viewed as
a function on ¥ := p; '(1)/exp (RH,). For the trajectories found in (7.26) and
(7.27), we use 0 and I as local coordinates on %, and using (7.24) together with
I =1—2I, we get for @ = km, k =0,1, I, = 1/6 and f = v/2(2x}x»),

1 1 -3 3 _1
0n.] =0, 04 =~ -2 (-1F 01 = (-1 (357 + 31 ).

For k = 0 we therefore have a non-degenerate maximum and for £k = 1 we get a
non-degenerate minimum.
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For the third trajectory, given by
we use that (x2x1) vanishes to the second order there, and hence that the transver-

sal Hessian in p2_1(1) can be identified with the free Hessian with respect to z1, &1,
which is given by the matrix

1z &

2\& —x2)

The eigenvalues are % and f%. Thus we have a non-degenerate saddle point.

We summarize the discussion above in the following proposition.

Proposition 7.2 Let
1
pa(x,€) = 5 (271 + &) + (23 + &)-

Then the H,,-flow is periodic in py L(E), for E € neigh(1,R), with period T = 2x.
If

ps3(x) = asoa} + a1 0m123 + iws + ag 373,
then we have

(p3)(x, &) = % (2322 4 221618 — 2267) .

The differential of (ps), restricted to py'(1), vanishes along three closed H,,-
trajectories, given by (7.26), (7.27), and (7.28). These critical trajectories are non-
degenerate in the sense that the transversal Hessian of (ps) is non-degenerate. The
set of the critical values of (p3) is {+(3v/3)~1,0}, and the maximum and the mini-
mum of (ps) are attained along the trajectories (7.26) and (7.27), respectively. The
transversal Hessian of (ps) along (7.28) has the signature (1,—1). The minimal
period of the trajectories in (7.26) and (7.27) is equal to T = 27, and the minimal
period in (7.28) is . Let finally Fy be a regular value of (p3) restricted to py *(1).
Then the minimal period of every closed Hp,-trajectory in the Lagrangian manifold

Ay ry ip2=1,(p3) = Fo
s equal to T = 2.

We now return to the operator P with principal symbol p in (7.1). Under the
general assumptions from the beginning of this section, we shall assume that as
(x,€) — 0, we have

P, &) — By = (& —a3) + (& — a3) + pole) + O(),

where
p3(x) = ag,ox‘rl)’ + al,gxlxg + x%xg + ao,gxg’.
Let us write A; = —(3v/6)7!, 42 = (3v/6)7!, and A3 = 0.
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Proposition 7.3 The resonances of P in the domain

3
{z €C; RS < |z — Ey| = O(l)h‘s} \ U{z, Rez — Ey — A, |Irnz|3/2

j=1

<nImz*?}, (7.29)

where §, n > 0 are arbitrary but fized, are given by
e h @ S h?
. 3 Z —2
NEO—Z h(kl—a1/4)+€ jzohje ]Tj (6—2 (k—z) _5’676_5) 5 (730)

with

2 2
o (5 h—5) — T ) (€) + O ( ; h—5) ,
€ €

h? h? .
T (5,6,6—5) 20(6—1—6—5), j>1

analytic in & € neigh(0,C?), and smooth in €, h?/e € neigh(0,R). We have k =
(k1, ko) € Z%, S = (S1,S82) with Sy = 27, and o = (a1, ) € Z? is fived, and we
choose € > 0 with |E — Eg| ~ €2. The resonances in the set

{ZGC,

Rez— Ey — Ay |Imz|3/2‘ < |Imz|3/2} and h*° < |z — Eo| = O(1)h°,
(7.31)
are given by Eqy plus

1 a1 _300 P o h (5] h 1 h2
Z h(kl*I>+Z€ jZOhJE ‘]Gj (6—2(1451?)1,6—2 k2+§ 76,6—5 y

(7.32)
with (k1,k2) € ZxN, a1 € Z, and |E — Ey| ~ €2. The function Go(r,q, €, h?/€ed) is
such that Re G(0,0,0,0) = A; and (%Re G0(0,0,0,0) > 0. An analogous descrip-
tion of resonances is valid in the domain (7.31) with A; replaced by As.

Here in (7.30) we have also used that when expressed in terms of the action
coordinates from (7.11), it is true that p2(&) = & + 1.

Remark. If we replace r;(¢, e, h?/€%) in (7.30) by r;(§ + S/2m, €, h?/€°), then we
get

~Eo—i | hik fa/4)+63ihj672jr- ﬁ(kfg) M
0 1 1 = J 62 4 ) 765

Now let us notice that the choice of € is not unique, and replacing € by Ae, with
A ~ 1, does not affect the resonances. It follows therefore that

ri(E, 6, 7) = X2, (%,)\e, %) . (7.33)
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Using this, we define
wy § T
Tj(gvlvT)zeg 2J’rj <6_276’€_5 )

when |¢| ~ €2 and |7| < O(€%). Then (7.30) becomes

~Eo—i | hik —a1/4)+j;0hj7“j (h (kf %) ,1,h2>

A Function spaces and FBI-transforms on manifolds

Let X be a compact analytic manifold of dimension n. In this section we first review
some parts of Section 1 in [27] about how to define global FBI-transforms on X, and
function spaces associated to certain IR-deformations of the real cotangent space.
After that we shall perform Bargmann type transforms which allow us to view the
above-mentioned function spaces, microlocally in a bounded frequency region, as
weighted spaces of holomorphic functions. The theory in [27] is an adaptation to
the case of compact manifolds of the one in [12] and this as well as the Bargmann
transform below are closely related to similar ideas and techniques, developed in
(6], [4], [28], [32], [10].

We equip X with some analytic Riemannian metric so that we have a distance
d and a volume density dy. Let ¢(a, y) be an analytic function on {(«,y) € T*X X
X; d(ag,y) < 1/C} (using the notation o = (ag, a¢), ap € X, ag € T X) with
the following two properties (A) and (B): '

(A) ¢ has a holomorphic extension to a domain of the form

~ ~ 1 1 1
{(a,y) € T" X x X; [Im |, [Imy| < rok [Rea, — Rey| < rok [Im ae| < 6|<a5)|}
(A1)
and satisfies |¢| < O(1)[(ae)| there.

Here X is some complexification of X and T*X denotes the cotangent space
in the sense of complex manifolds with pointwise fiber spanned by the pointwise
(1,0)-forms. We write (ag) = |/1+af with af defined by means of the dual
metric, and as below, we shall often give statements in local coordinates whenever
convenient and leave to the reader to check that the statements make sense globally.
Notice that by the Cauchy inequalities,

0%, 06,056 = Ope.m (1) {ag) "1, (A.2)

z Qe Y

in a set of the form (A.1), with a slightly increased constant C'.
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The second assumption is

(B) ¢(av, az) = 0, (9y9) (v, ) = —arg, Im (9¢)(cv, az) ~ |(Re ag)|I.

By Taylor’s formula, we have
Pla,y) = ag - (az —y) + O(1){ag)|as -y, (A.3)
and on the real domain, for d(ay,y) < 1/C, with C sufficiently large, we have:
Im ¢(a, y) ~ {ag)(aw —y)*. (A.4)

The following example was found in a joint discussion with M. Zworski: Let
exp , : Ty X — X be the geodesic exponential map. Then we can take

Blavy) = —ae x5 (1) + Slaghd(aa,v)” (4.5)

Let A C T*X be a closed I-Lagrangian manifold which is close to T*X in
the C'°°-sense and which coincides with this set outside a compact set. Recall
that “I-Lagrangian” means Lagrangian for the real symplectic form —Im o, where
o =) dag; Ndoy, is the standard complex symplectic form. This means that if we
choose (analytic) coordinates y in X and let (y,7n) be the corresponding canonical
coordinates on T*X and T*X, then A is of the form {(y,n) + iHa(y,n); (y,n) €
T*X} for some real-valued smooth function G(y,n) which is close to 0 in the C'*°-
sense and has compact support in 7. Here Hg denotes the Hamilton field of G.
Since A is close to T* X, it is also R-symplectic in the sense that the restriction to
A of Re o is non-degenerate. (We say that A is an IR-manifold.) It follows that

10"

doz|A:dole/\'~/\dozxn/\da§1/\~~/\doz§n‘A:—' IA
n!

is a real non-vanishing 2n-form on A, that we view as a positive density.
We also need some symbol classes. A smooth function a(z,&;h), defined on
A or on a suitable neighborhood of T*X in T*X is said to be of class S™F, if

O20%a = O(1)h~™(€)F . (A.6)

A formal classical symbol a € S:f’k is of the form a ~ h™™(ag + ha; + -+ )
where a; € S9k=7 is independent of h. Here and in the following, we let 0 < h < hq
for some sufficiently small Ay > 0. When the domain of definition is real or equal
to A, we can find a realization of @ in S™* (denoted by the same letter a) so that

N
a—h-m Z hjaj c S*(N+1)+m,k7(N+l)'
0



68 M. Hitrik and J. Sjostrand Ann. Henri Poincaré

When the domain of definition is a complex domain, we say that a € S:f’k is a

formal classical analytic symbol (a € S:ﬁ;k) if a; are holomorphic and satisfy

laj] < CoC? (51 [(€)1F. (A.7)

It is then standard, that we can find a realization a € S™* (denoted by the same
letter a) such that

Ok 0fDsca = Opy(1)e O1/CR (A.8)

la—h™™ Z hia;| < O(1)e~ (€D /Cih,
0<5<[(€)1/Coh

where in the last estimate Cy > 0 is sufficiently large and C,C; > 0 depend on
Cy. We will denote by S’Z’f’k and S:f;k also the classes of realizations of classical
symbols. We say that a classical (analytic) symbol a ~ h™™(ag + hay + ---) is

3n n
‘\S"Cﬁi7 *

elliptic, if ag is elliptic, so that aal € S%~*. Take such an elliptic a(a, y; h) €
and put

Tufo; h) = / eFD) 0,y ) x (s y)u(y)dy, (A.9)

where x is smooth with support close to the diagonal and equal to 1 in a neigh-
borhood of the same set. an
According to [27] there exists b(a, z;h) € S %, such that if

cla
Sv(x) = / e~ 1" @O, 2 h) (0, )0 (a)dar, (A.10)
=X

then
STu = u+ Ru, (A.11)

where R has a distribution kernel R(z,y;h) satisfying
02DLR| < Cype” @07 (A.12)

Here we denote in general by f*, the holomorphic extension of the complex con-
jugate of f.
With A as above, we put

Tau=Tuy,, (A.13)
and define Sav by (A.10), but with T*X replaced by A. Then,
SaTau = u + Rpu, (A.14)

where Ry satisfies (A.12) (with a slightly larger Cy and under the assumption that
A is sufficiently close to T*X). In fact, using Stokes’ formula and the exponen-
tial decrease of 0 of the symbols involved, we see that SyTx coincides up to an
exponentially small error with ST
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Since A is I-Lagrangian, we can find locally a real-valued smooth function
H(«) on A, such that
dH = —Im (ag - dog)) - (A.15)

Indeed, —Im (a¢ - dor) is a primitive of —Im o and the latter vanishes on A, so the
right-hand side of (A.15) is closed.
We assume:

The equation (A.15) has a global solution H € C*°(A; R). (A.16)

Notice that this property is equivalent to

Im /(ag -da,) =0, for all closed curves v C A. (A.17)
v

When (A.16) is fulfilled, H is well defined up to a constant, and we shall always
choose H to be zero for large .

As in [27] we notice that (A.16) is fulfilled in the case of IR-manifolds gen-
erated by a weight G € C°(T*X;R) in the following way: Let Hg = H};m"
be the Hamilton field of G with respect to Im o, and assume that G = 0 in the
region where |ag| is large. Then for ¢ real with |¢| small enough, we can consider
the IR-manifold A; = exp (tHg)(Ag), where Ag = T*X. Then we get (A.16) with
H = H; given by

H;, = / (exp (s —t)Ha)* (G + (Hg,w))ds, (A.18)
0

where w = —Im (o - day)
The function H appears naturally in connection with Th. We have dy¢ =
ag - doy + O(lag — yl), so (dad)(a, az) = a¢ - day and

—Im (da¢) (e, az )|, = da H. (A.19)
Definition. For m € R, put

H(A; (ag)™) = {u € D'(X); Tau € L2(A; e~/ (ag)Pmda)}.  (A.20)

When A = T*X we get the usual h-Sobolev spaces, and in particular the case

m = 0 just gives L?(X). For general A we get the same spaces, but the equivalence
of the norm

[l (A (ae)ym) = ITAull L2 (Ase—25/n | (ag) 12 da) (A.21)

with the h-m-Sobolev norm [|u|| (7« x, (a¢)m) is no longer uniform with respect to
h, in general. B

Recall from [27] that if we choose another FBI-transform T of the same type
as T but with different phase 5 and amplitude a, then for A close enough to T* X,
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the definition (A.20) does not change if we replace T by T, and we get a new norm
which is equivalent to the previous one, uniformly with respect to h. This follows
from a fairly explicit description of TAT) L

We also know that Tu = T+ xu and Thu satisfy compatibility conditions
similar to the Cauchy-Riemann equations for holomorphic functions. For the anal-
ysis in the most interesting region where £ is bounded, it will be convenient to
work with transforms which are holomorphic up to exponentially small errors, and
for that we make a different choice of T', and take an FBI-transform as in [28],
now with a global choice of phase (cf [4], [10], [32]).

The function d(z,y)? is analytic in a neighborhood of the diagonal in X x X,
so we can consider it as a holomorphic function in a region

- o 1 1
{(z,y) € X x X; dist (2,y) < 7, [Imz], [Imy| < Z}.

Put
o(x,y) = ird(z,y)*, (A.22)
where A > 0 is a constant that we choose large enough, depending on the size of

the neighborhood of the zero section in 7" X, that we wish to cover.
For z € X, |Imz| < 1/C, put

Tu(z;h) =h™ % /eiﬂ‘ﬁ(ay)x(x,y)u(y)dy, u € D'(X), (A.23)

where y is a smooth cut-off function with support in {(z,y) € X x X; [Imz| <
1/C, d(y,y(z)) < 1/C}. Here y(z) € X is the point close to x, where X 3 y —
—Im¢(z,y) attains its non-degenerate maximum. We have the following facts
([28)):

The function ®y(z) = —Ime(z,y(z)), © € X, [Imz| < 1/C, is strictly
plurisubharmonic and is of the order of magnitude ~ |Im z|?.

Ao, = {(z,20%0) € T*X} is an IR-manifold given by Ag, = w7 (T*X),
where k7 is the complex canonical transform associated to 7, given by
(y, =y (z,y)) = (z, ¢, (7, y)). Here and in the following, we identify X with its
intersection with a tubular neighborhood of X which is independent of the choice
of A in (A.22).

If L3, = L2(X; e 2%/h[(dz)), for L(dz) denoting a choice of Lebesgue mea-
sure (up to a non-vanishing continuous factor), then 7 = O(1) : L*(X) — L3,
0,T = O(e~1/Ch) : L?(X) — L3, . This means that up to an exponentially small
error 7u is holomorphic for v € L*(X) (and even for u € D'(X)). A natural
choice of Lebesgue measure might be (n!)~!|r, (U‘A% )*|, where 7 : Ag, — X is
the natural projection.

Let Hg,(X) C L3, (X) be the subspace of holomorphic functions. Assuming,
as we may, that X is a Stein (“pseudoconvex”) domain, we can apply the well-

known L? results of Hormander for the d-operator and replace 7 by T=T+K ,
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where K = O(e~"/(CM) : L*(X) — L3 (X), so that 7 : L*(X) — Hg,(X). In the
main text we do not distinguish between 7 and T.

Unitarity: Modulo exponentially small errors and microlocally, 7 is unitary
L?*(X) — L*(X;ape2%/"(dx)), where L(dx) is chosen as indicated above, and
ap(x; h) is a positive elliptic analytic symbol of order 0.

Let A C T* X be an IR-manifold as before, satisfying (A.16) (or the equivalent

condition (A.17)). Then x7(A) = Ag, where ® = ®,, can be normalized by the
requirement that ® = &, near the boundary of X. (Here is where we have to
choose A large enough, depending on A. In the applications, for a given elliptic
operator, A and T*X will coincide outside a fixed compact neighborhood of the
zero section, and the whole study will be carried out with a fixed \.)
_ Let Q C T*X be the open neighborhood of the 0-section, given by 7,k =
X and view also 2 as a subset of A in the natural sense, assuming that 7% X and A
coincide in a neighborhood of the closure of the complement of Q. If x € C§°(2),
then the norm [[ul| (A, (ac)m) 18 equivalent to the norm

HTUHL;; +11(1 - X)TAU’”LQ(A;e*2H/h|<a§>|2mda)

uniformly with respect to h.
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