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Non-triviality of the vacancy phase transition for the
Boolean model
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Abstract
In the spherical Poisson Boolean model, one takes the union of random balls centred
on the points of a Poisson process in Euclidean d-space with d > 2. We prove that
whenever the radius distribution has a finite d-th moment, there exists a strictly
positive value for the intensity such that the vacant region percolates.
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1 Introduction

The Boolean model [6, 8] is a classic model of continuum percolation [11, 3] and
more general stochastic geometry [9, 4, 14, 10]. In the spherical version of this model,
an occupied region in Euclidean d-space is defined as a union of balls (sometimes called
grains) of fixed or random radius centred on the points of a Poisson process of intensity
A. One may define a critical value \. of )\, depending on the radius distribution, above
which the occupied region percolates, and a further critical value A}, below which the
complementary vacant region percolates. It is a fundamental question whether these
critical values are non-trivial, i.e. strictly positive and finite.

For fixed or bounded radii, the non-triviality of A\, and A} for d > 2 is well known and
may be proved using discretization and counting arguments from lattice percolation
theory. For unbounded radii, it took some years to fully characterize those radius
distributions for which ). is non-trivial [8, 7]. In the present work we carry out a similar
task for A}.

We now describe the model in more detail (for yet more details we refer the reader
to [11] or [10]). Let d € IN with d > 2. Let u be a probability measure on [0, c0) with
1({0}) < 1. Let A € (0,00). On a suitable probability space (92, F,P) (with associated
expectation operator ), let Py = {yx : kK € IN} be a homogeneous Poisson point process
in R% of intensity A (here viewed as a random subset of RY enumerated in order of
increasing distance from the origin), and let p, p1, p2, ... be independent nonnegative
random variables with common distribution y, independent of Py. For z € R and r > 0
we let B(x,r) :={y € R%: ||y — z|| < r}, where | - || is the Euclidean norm. The occupied
and vacant regions of the (Poisson, spherical) Boolean model are random sets Z, C R
and Z; C RY, given respectively by

Z)\:UykE’F’AB(ykapk); Z;:Rd\Z)\.
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Boolean model vacancy phase transition

Let Uy be the event that Z, percolates, i.e. has an unbounded connected component,
and let U5 be the event that Z} percolates. By an ergodicity argument (see [11], or [10],
Exercise 10.1), P[U,] € {0,1} and P[U] € {0,1}. Also P[U,] is increasing in A, while
P[Uf] is decreasing in A. Define the critical values

Ac i=1inf{A: P[U\] =1}; AL :=inf{\: P[Uy] = 0}.

It is well known that ). and )} are finite, and that if E [p?] = co then Z) = R¢ almost
surely, for any A > 0 (see [8], [11] or [10]), so that A. = A} = 0. Hence E [p¢] < 0o is a
necessary condition for A. or A} to be strictly positive. In the case of A\., Gouéré [7] has
shown that this condition is also sufficient:

Theorem 1. [7] If E [p?] < oo then \. > 0.
We here present a similar result for A\}:
Theorem 2. If E [p?] < oo then A} > 0.

Theorem 2 says that for the spherical Poisson Boolean model with E [p?] < oo, there
exists a non-zero value of the intensity A for which the vacant region percolates. In fact
we can say more:

Theorem 3. For any p, if d = 2 then A} = A.. If d > 3 then A} > A..

Sarkar [13] has proved the strict inequality A} > A. for d > 3 when p is deterministic,
i.e. when p is a Dirac measure.

Theorem 2 could be seen as a trivial corollary of Theorems 1 and 3. However, we
would like to prove Theorems 2 and 3 separately, to emphasise that our proof of Theorem
2 is self-contained (and quite short), whereas our proof of Theorem 3 is not, as we now
discuss.

In parallel and independent work, Ahlberg, Tassion and Teixeira [2] prove a similar
set of results to our Theorems 2 and 3; their proof seems to be completely different from
ours. Earlier, in [1] they proved for d = 2 that (among other things) A} = A\, whenever
E [p?log p] < oo.

We prove Theorem 2 in the next two sections. The proof of Theorem 3 is given by
adapting our proof of Theorem 2 using results in [1], and is therefore heavily reliant on
[1]; we give this argument in Section 4.

Finally, we consider the relation between )} and a different percolation threshold,
defined in terms of expected diameter. For non-empty B C R?, let D(B) := sup,, ,c5(||lz—
y||), the Euclidean diameter of B, and set D({)) = 0. Let W, be the connected component
of Z, containing the origin, and set

Ap = inf{A: E[D(W))] = oo}.
It is easy to see that that A\p < A.. Therefore by Theorem 3, for any p we have
Ab > Ap. (1.1)

In Section 5 we present an alternative, rather simple, direct proof of (1.1) (not reliant on
any other results, either here orin [1]).

A further result in [7] says that Ap > 0, if and only if E [p?*!] < co. Therefore
(1.1) provides an alternative proof that A} > 0 under this stronger moment condition.
Moreover, it is known in many cases that A\p = A, (see e.g. [11, 15, 5]), and in all such
cases our proof of (1.1) provides another way to show that A% > A..

Our proof of Theorems 2 and 3 for d = 2 uses a form of multiscale methodology,
inspired by [7], which may be of use in other settings. We conclude this section with
an outline of the method. At length-scale r, we define functions f(r) and g(r). Up to
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a constant multiple, f(r) is the probability of a ‘local’ event (defined in terms of a
box-crossing, using only grains centred near the box) while g(r) is the probability of an
‘outside influence’ event that is still determined at length-scale r.

We show that g(10") is summable in n (see Lemma 2 below), and also that f(10"*1) <
f(10™)2 + g(10™*1) (see (2.2) and (2.6) below). From this we can deduce that there exists
no such that >, -, (f(10") +¢(10")) < 1, if only we can get started by showing f(no) is
sufficiently small. This can be done either by taking )\ small (in the proof of Theorem
2) or for general A < )., by taking n large and using a result from [1] (in the proof of
Theorem 3). Finally, we can take a sequence of boxes of length 10"t "0, such that if none
of these is crossed then Z3 percolates.

We let o denote the origin in R?, and for » > 0 put B(r) := B(o,r).

2 Preparation for the proof

Throughout this section we assume that d = 2. We give some definitions and lemmas
required for our proof of Theorem 2.
Given \ > 0, for each Borel set A C R? we define the random set

Z3 = Ufkeyrerrna) Bk, pr)-

Also, for r > 0 set A, := UzecaB(z, ), the (deterministic) r-neighbourhood of A.

Given r > 0, let S(r) := [—5r, 5r] X [-r/2,7/2], the closed 10r x r horizontal rectangle
(or ‘strip’) centred at o. Note that S(r),. is a 12r x 3r rectangle with its corners smoothed
(this smoothing is not important to us).

Let F)\(r) be the event that there is a short-way crossing of S(r) by Zf(r)T (that is, by
grains centred within the r-neighbourhood of S(r)). Also define the event

6
Ga(r) = {ZPUO NS0 A g () £ ). 2.1)
Lemma 1. There is a constant C; > 1 such that forall A > 0 and r > 0,
P[F\(10r)] < Cl(IP[FA(r)]2 + P[GA(r))). (2.2)

Proof. Fix (A,r). Set S := S(10r) = [-50r,50r] x [=5r,5r]. Let T := [—50r,50r] x
[~4.57, —3.57] and T := [—50r, 507] x [3.5r,4.57], so that T and T are horizontal 1007 x r
thin strips along S near the bottom and top of S, respectively.

We shall now define a collection R, ..., R37; of horizontal 107 x r and vertical r x 10r
rectangles that knit together in such a way that if there is a long-way vacant crossing of
each of Ry, ..., R37 then there is a long-way vacant crossing of 7' (this is a well known
technique in these kinds of proof). We shall arrange that they are all contained within
the band R x [—12r, —2r] and their r-neighbourhoods (R;),, ..., (Rs7),) all lie within the
lower half of the region Sio, := (S(107))10y-

Here are the details. Let Ri, Rs, ..., R19 be horizontal 10r x r rectangles centred on
(—45r, —4r), (—40r, —4r), ..., (45r, —4r) respectively. Let Ry, ..., R37 be vertical r x 10r
rectangles centred at (—42.5r, —7r), (=37.5r,—7r), ..., (42.5, —7r) respectively.

Similarly, we define a collection Rss, ..., R74 of 10r x r and r x 10r rectangles, such
that if each of these has a long-way vacant crossing then there is a long-way vacant
crossing of T. Each rectangle R3744, 1 <1 < 37, is defined simply as the reflection of R;
in the z-axis.

For 1 < i < 74, let D; be the disk of radius 10% with the same centre as R;. Let A;
denote the event that there exists a grain of the Boolean model that intersects R; and
has its centre in the region D; \ (R;),. Let B; denote the event that the rectangle R; can
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be crossed the short way in the union of grains that are centred inside (R;),. If R; is
crossed the short way in the union of grains centred in D;, then A; U B; must occur.

Suppose F(10r) occurs, i.e. there is a short-way occupied crossing of S, using grains
centred in Syg,. Then there is no long-way vacant crossing of .S, and hence no long-way
vacant crossing either of 7" or of T. Hence

Fx(10r)  C Ugjeqr,...arp2 (A UB;) N (As74 U Barij))

C (U2,4:) U (Ugjeqa,...smp2 (Bi N Bsryj)) - (2.3)
Fori,j € {1,...,37}, since (R;), N (R;), = 0 the events B; and Bs7; are independent.
Hence by (2.3) and the union bound we have (2.2), taking C; = 372, O

Lemma 2. Suppose [ [p?] < oco. Let A\g € (0,00). Then

sup P[G(10™)] < oo. (2.4)
71 A0

Proof. Given \,r > 0, if G5 (r) occurs then there exists a point y; € Py N B(10%7) \ S(r),
with associated radius p, > r. Therefore by Markov’s inequality P[G(r)] is bounded
above by the expected number of such points y,. Therefore

PG (r)] < An(1057)?P[p > 7] = 102 A7r?P[p* > r?].

Hence,
sup  P[GA(10™)] < 102\ Z 100" P[p* > 100"]
n>1 AE(0,0] n=1
which is finite because we assume E [p?] < oco. O

Lemma 3. Suppose E [p?] < co. Then there exist b > 0 and A > 0 such that
Z [Fx(10™D)] + P[GA(10")]) < 1/2. (2.5)

Proof. Let Cy > 1 be as in Lemma 1. Given \,r > 0 we define

f)\(r> = CllP[F,\(r)]; gA(r) = C%]P[G,\(T‘/l())}
Then by (2.2) we have

Iar) CL(P[FA(r/10)]* + P[GA(r/10)])

(1 /10)% + ga(r). (2.6)

Let Cy = 9. Using (2.4), we can choose b to be a big enough power of 10 so that for all
A € (0,1], we have

IN

> ga(10mh) < G52 (2.7)

n=1

Now fix this b. Choose A < 1 to be small enough so that f\(b) < C{l. Using (2.6)
repeatedly, we have f,(10"b) < Cy ! for all n. Then using (2.6) repeatedly again, we have
for n € IN that

10"1b
paotey < DD Lo o) <
2
—n— 10b) gk(loob) gA(IO”b)
< Coon 1 gk( L.
= g g T A
ECP 23 (2018), paper 49. http://www.imstat.org/ecp/
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and therefore
> A(10"0) < (C5 % + ga(10D) + g (100b) + gx(1000D) + - - - )

n>1

x(1+Cy ' +C3%+--)

so by (2.7) and the fact that Zzozo Cg’“ < 2, we have

D (PIFA(10"D)] + PIGA(107D)]) < (£2(10"D) + g(10"D))
. 252—2 +3> ga(10mb) <505,

n>1

IN

and hence (2.5). O

3 Proof of Theorem 2

We can now complete the proof of Theorem 2. We assume from now on that
E[p?) < co. (3.1)

Consider first the case with d = 2. Let b and A be as given in Lemma 3.

Let 51,59, 53, ... be a sequence of ‘strips’, i.e. closed rectangles of aspect ratio 10,
with successive lengths (the short way) 10b, 1006, 1000, . . . alternating between horizontal
and vertical strips with each strip S,, centred at the origin. Then each strip S,, crosses
the next one S,,; the short way.

For each n € N, define the events

H, := {85, is crossed by Zf"*"’ the short way};

Jp = {25\ g £ )

Lemma 4. If none of the events Hy, J;, Ha, Jo,... occurs then Z3} percolates.

Proof. Suppose none of the events Hi, Jy, Ho, Js, ... occurs.
2 2
We claim for each n € N that Z} \Snt2 g = (). Indeed, if zZy \Int2 0 5, £ () then

for some integer m > n + 2 with m — n even we have Zf’"“\s’” NS, # 0, and then since

mt2\Sm g # (), contradicting the assumed

n < m we also have S,, C S,, so that Zf
non-occurrence of J,,_s.

For each n, by the assumed non-occurrence of H, along with the preceding claim
there is no short-way crossing of S,, by Z) so there is a long-way crossing of S,, by 23,
i.e. a path v, C S, N Z; that crosses 5,, the long way.

Then for each n we have v, N v,4+1 # 0, so U,7y, is an unbounded connected set

contained in Z3. Therefore Z3 percolates. O

Proof of Theorem 2. Suppose d = 2. Let A and b be as given in Lemma 3. Recall the
definition of events F)(r) and G, (r) at (2.1). We claim now for each n that

P[H, U J,] < P[F)(10"b)] + P[G(10"D)). (3.2)

Indeed, suppose the parity of n is such that S, is horizontal. Then, in terms of earlier
notation, S, = S(10"b). Since S, .4 C B(107"b) we have J, C G,(10"b) and H,, C
F,(10™b) U GA(10™D). Then (3.2) follows from the union bound.
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Using first Lemma 4, then (3.2), and finally (2.5), we have

1- IP[U;:] < ]P[Ufle(Hn U Jn)]
i(]P[FA(lonb)] + P[GA(10"D)]) < 1/2.

n=1

IN

Therefore by ergodicity P[U}] =1 so A < A%. Hence we have \} > 0 as required.

Now suppose d > 3. Let Z, be the intersection of Z, with the two-dimensional
subspace R? x {0”} of R¢, where o” denotes the origin in R92.

Let wy_o denote the volume of the unit ball in R%"2. It can be seen that Z,\ is a
two-dimensional Boolean model with intensity

Awg—2(d — 2) / Plp > rri=3dr = Awg_oF [p?7%] = X,
0

which is finite by our assumption (3.1). Moreover if 0 denotes a random variable with
the radius distribution in this planar Boolean model we claim that I [0?] < co. This can
be demonstrated by a computation, but it is more quickly seen using the fact that, since
Plo € Z,] < 1 for the original Boolean model by (3.1), also P[o € ZA] < 1, which would
not be the case if IE [0?] were infinite.

Therefore by the two-dimensional case already considered, for small enough A > 0 we
have )\’ small enough so that the complement (in the space R? x {0”}) of Z, percolates.
Hence Z3 percolates for small enough A > 0, so A} > 0. O

4 Proof of Theorem 3

As mentioned in Section 1, if E [p?] = co then \. = \* = 0, so without loss of generality
we assume (3.1).

First suppose d = 2. We need to prove that A} = A..

Suppose A > A.. Let V" be the event that there is an unbounded component of Z3
intersecting with B(1). For n € N, set Q(n) := [-n, n]?. Let E(n) be the event that there
exists a path in Z5 from Q(n) to R? \ Q(3n).

The annulus Q(3n) \ Q(n) can be written as the union of two 3n x n and two n x 3n
rectangles, and if Z, crosses each of these four rectangles the long way then Q(n) is
surrounded by an occupied circuit contained in Q(3n) so E(n) does not occur. Hence by
Theorem 1.1 (i) of [1] and the union bound, P[E(n)] — 0 as n — oco. Since V;¥ C N2, E(n),
we therefore have P[V)"] = 0 and hence P[U;] = 0. Hence A > X! so A} < A..

Now suppose A < A.. Then by Theorem 1.1(iii) of [1], in the proof of our Lemma 3 we
can choose b large enough so that we have both (2.7), and the inequality f(b) < C5 L
Then the rest of the proof of Lemma 3 carries through for this (b, \), so the conclusion of
Lemma 3 holds for this (b, A). Then the proof (for d = 2) in Section 3 works for this (b, A),
showing that A < A for any A < A, and hence that A} > A.. Thus A} = A, ford = 2.

Now suppose that d > 3 and A < \.. Then as discussed in Section 3, Z, N(R¥2 x {0"})
is a two-dimensional Boolean model possessing no infinite component, so the radius
distribution for this two-dimensional Boolean model has finite second moment and
the intensity A’ of this two-dimensional Boolean model is subcritical (in fact, strictly
subcritical since we can repeat the argument for any Ay € (A, \.)). Therefore by the
argument just given for d = 2, the complement (in R?~2 x {0"}) of this Boolean model
percolates, and therefore the original Z3 also percolates so A < A\%. Hence A} > )., and
the proof is complete.
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5 Alternative proof of (1.1)

We divide the nonnegative z-axis into unit intervals Iy, I, I, ... where I}, = [k, k +
1) x {0’} (here o' is the origin in R?~!). For each k € IN let W},  be the union of I; and
all components of Z, which intersect Ij.

Lemma 5. If 0 < A < Ap, then E[D(Wj ))] < o0

Proof. Fix A € (0,A\p). Then E[D(W,)] < co. Let F be the event that Iy C Z), and set
F¢:=Q\ F. Then 0 < P[F] < 1. If F occurs then W, » = W,. Hence by the Harris-FKG
inequality (see [11] or [10]),

E[D(Wo\)] < E[D(Wo)|F] = E[D(Wy)|F] < oo
as required. O
Given X\ > 0, define the event
Ey = (NZADWi ) <Ek/2}H)N{ZxN(IpUly) =0}
Lemma 6. If 0 < A < Ap, then P[E,] > 0.

Proof. Fix A € (0, A\p). Then by Lemma 5.

> PD(Wi) > k/2] =Y P[D(Wo) > k/2] <E[2D(Wp,»)] <
k>1 k>1

Choose ko € N with ko > 2, such that } ;- P[D(Wj ) > k/2] < 1/2. Then by the union

bound and complementation, P[Np2, {D(Wi ) < k/2}] > 1/2. Moreover ]P[ﬂ’,zO:O{ZA N
x = 0}] > 0. Hence by the Harris-FKG inequality,

P[E,] > P [(mziko{D(Wk,A) < k/2}) N (mﬁgo{zA NI, = @})] > 0. O

Lemma 7. Suppose that A C R? is closed, connected and unbounded, and that R? \ A
has an unbounded connected component. Then JA, the boundary of A, has an unbounded
connected component.

Proof. Let B be an unbounded component of R? \ A. Denote the closure of B by B. Then
both B and R¢\ B are closed and connected. By the unicoherence of R [12], the set
BN A=Bn(RY\ B) is connected. Moreover it is unbounded, and contained in JA. O

Given ¢ > 0, let Zy. := U, >0B(yx,epx) and let Z:“\)E = R\ Z,.. Let Z) :=
Ufk:re=0}{¥x }, the union of balls of radius zero contributing to our Boolean model (Z)\,E
is the union of all the other balls, scaled by ¢). If P[p = 0] > 0 then Zf\’ is (almost surely)
non-empty but locally finite.

Lemma 8. Let ¢ € (0,1). If E\ occurs then Z;,s U ZY percolates.

Proof. Suppose E, occurs. Let A be the union of the half-line [1,00) x {0}, with all
components of Z, intersecting this half-line. Then A is connected, unbounded, and
contained in the half-space [1,00) x R¢~! so o lies in an unbounded component of R? \ A.
Therefore by Lemma 7, 0A has an unbounded connected component.

No point of 9A lies in the interior of any of the balls B(yx, px). Therefore dA C
Z3 .U Z3. Thus Z} _ U Z3 has an unbounded connected subset. O

ECP 23 (2018), paper 49. http://www.imstat.org/ecp/
Page 7/8


http://dx.doi.org/10.1214/18-ECP153
http://www.imstat.org/ecp/

Boolean model vacancy phase transition

Proof of (1.1). Assume \p > 0 (else there is nothing to prove). Suppose A € (~O, Ap) and
e € (0,1). By the last two lemmas, with strictly positive probability the set Z} , _ U Z3
percolates. Almost surely, Z;lfg is open, ZY is locally finite and all points of ZY lie
either in Z§,1—5 or in the interior of Z ;_.. Therefore if the set Zil_g U Z9 percolates,
so does Z5,_., and so does Z5,__ \ Z3. Thus the set Z;,__\ Z%, which is equal
to R%\ UpB(yx, (1 — €)pi), percolates with strictly positive probability, and hence by

*

ergodicity, with probability 1. Hence by scaling (see [11]) the set Z(lfs)d)\ also percolates
almost surely, so that A\ > (1 — ¢)?), and therefore \} > Ap. O
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