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Abstract—In this paper we introduce the constellation al- I T .

phabets suitable for bidirectional relaying in parametric wire- : @ "
less channels. Based on the analysis of hierarchical minimum @ @ ®
distance, we present a simple design algorithm for thenon- c-sl c-sl SRR S

uniform 2-slot constellation alphabets. These novel constellation ) ]

alphabets outperform traditional linear modulation schemes Figure 1. HDF/DNF signal flow in 2-WRC. The relay decodes otfig
in Hierarchical-Decode-and-Forward and Denoise-and-Foward ~ Superimposed herarchical) symbol in the Multiple-Access (MAC) phase

. - ; - . e s of the communication (instead of a joint decoding of the twepasate data
L?J:?’éﬂgsysg{:rtsgtﬁzughéi?'ng channels without sacrificingthe streams). In the following Broadcast phase (BC) the hibieat symbol is

broadcasted to both destinations, which are then able todeéethe desired
Index Terms—Bidirectional relaying, hierarchical-decode-and- information by using the Complementary Side InformatiorSI¢ about their
forward, wireless network coding. own (previously sent) data [2], [3]

processing) but still preserving th€! (per symbol slot)
dimensionality constraint (to avoid the throughput reéduot
Based on the analysis of the hierarchical (Euclidean) wiigta
IDIRECTIONAL relaying strategies based on a wirelesgg), we introduce the non-uniform 2-slot constellationsdan
domain extension of the traditional Network Coding (NC¢ompare their Symbol Error Rate (SER) performance to that

[1] principles offer a great potential to improve communiGa  of the traditional linear modulation constellations.
in 2-Way Relay Channels (2-WRC). Significant performance

benefits were observed mainly for the Denoise and Forward
(DNF) [2] and Hierarchical Decode and Forward (HDF) [3] 'l 2-WRC wiTH HDF STRATEGY
strategies (Fig. 1). A parametric wireless 2-WRC system (Fig. 1) with 3 phys-
While the HDF/DNF strategies are mature in the traditionifally separated nodes (sourded and relayR) is considered
AWGN channel, their performance in fading channels couif this paper. Dat& source is co-located with the destination
be seriously degraded due to the inherent wireless chanf@|dataB (and vice versa). A signal space representation (with
parameterization (e.g. complex channel gain) [2], [3]. This@n orthonormal basis) of the transmitted channel symbols is
performance degradation could be avoided by phase pPe{Ca). Ss(Cs) (SaSe € % C CV, | o%| = M), whereca, cg
rotation of both source node transmissions [2], [4] or b§reé source node code symbolss(.) is a channel symbol
adapting the relay eXclusive output symbol mapping [3] ® tHfnemoryless mapper arid is the alphabet cardinality.
actual channel conditions [2]. However, both these apiremc  1he constellation space signal received at the relay in MAC
have several drawbacks, including a practical infeagjpof Phase is
(synchronized) multi-node transmission phase pre-g(in X=hasa+hgsg +Ww (1)
fading Channels) ora sensitivity to channel .estimatiprmrerr wherew is the circularly symmetric complex Gaussian noise
of adaptive solutions (inaccurate channel estimate i8uklin

i 2 ; .
. . varianceoy, per complex dimension) anlda, hg are scalar
improper choice of relay output symbol mapper). Although thcomplex cr\;vannel coefficients (constant during the obsiervat
novel C? constellation alphabets (introduced in [5]) are quit

&nd known at the relay). The useful signbhga + hgss) can
robust to channel parameterization, this robustness eeradd ; ' ;
by a reduction of the potential throughput. be equivalently expressed (after a rescaling Ba) as

In this paper we target a constellation alphabet parametric u(sa,S8) =sa+hss (2)
design problem from a different way. The scope is to design 1 . o
hg/ha, ha,hg,h € C* [5]. As shown in [7], it is

the alphabet robust to channel parameterization effectlewHNhe_r?h = ) ! i
avoiding the requirement of phase pre-rotation (or adeptigufficient to consider onlyh| <1 for further analysis, since
the problem is symmetrical arouridl = 1 (for |hg| > |ha| the
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I. INTRODUCTION
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Figure 2.~ Set}, of min-distance parabolas for the QPSK alphabet (dashgggure 4. Hierarchical min-distana, , (|h|) and the set#, of min-distance
lines) and the non-uniform 2-slot alphabet witlj= QPSK ands; = 1 (dotted  parabolas for the non-uniform 2-slot alphabet with= QPSK ands; = 0.25
lines). The hierarchical min-distana,;, (|h|) of both alphabets coincides. (compare to Fig. 2 and distribution di| in Fig. 3).

ael [11. N ON-UNIFORM 2-SLOT ALPHABETS
E 2 As proved in [6], the parabolic behaviour of hierarchical
w15 min-distance cannot be fully avoided for traditional linea
10;: modulation constellations it (excepting the binary alpha-
0 ‘ ‘ ‘ bets). However, as we will show in the following section, in
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 L. . .. . .
Ihi case ofRician fading channels it is possible to suppress this
) o - _ harmful behaviour by a suitable design of 2-slot constelhat
Figure 3. Probability distribution of channel parameter< 1 (Rician fading IphabetsaA. o7B
channelslha|,|hg| with a Rician factork = 10dB). alphabetsas™, o

Cag = 2 (c'A,cé). The eXclusive mapping operato?’(.) A. Parabolic Behaviour Analysis

guarantees a fulfillment of the eXclusive law [3], i.e. the |t can be shown that for Rician source-relay channels

invertibility of the eXclusive mapping at the destinationgjh,|, |hg|), the probability distribution of channel parameter

(provided the C-Sl is known). In the rest of the paper Wg| — |ns|/|n,) is diminishing agh| — O (see Fig. 3). Considering

will use a slightly relaxed notation?” (i, j) = 2~ (C'A,CJB). the hierarchical min-distana, . (|h|) of QPSK (Fig. 2) along

with the probability distribution ofh| (Fig. 3) it is obvious that

A. Hierarchical Minimum Distance Analysis the performance of HDF/DNF system with QPSK alphabets
The (squaredhierarchical minimum distance represents Will be poor. Fortunately, it is possible to decrease theatieg

an approximation of the hierarchical decoder exact metif@Pact of this parabolic min-distance behaviour by shiftine

(12], [5]). The analysis of the constellation space (Euedid) Min-distance parabolas (5) towards the less probable vaitie

distance properties of alphabets in the 2-WRC with HDI- N ) o

strategy was presented in [6]. The (squared) Euclidean dis/ Position of each particular min-distance parabola (5)

tance 2 ., (h)) of a general pair of compound symbolgrertex (minimumj is given by
i ’ j i iy i ) . As, ;ASB
(U =s,+hsg andu") =s, + hsg) is defined therein as |hinin| = argwnpm,i,’j, (Ih)) = w, )
djj)ui',j' (h) = [[8sa|®+ [ |Asg|*+20 {h*z}  (3)

_ 3 _ y which can be (in case of the constellation alphabet&h
where z = (Asp;Asg), Asp =S —s, Asg =8 —s' and further simplified to

i,i/,j,j’€{1,2,...M}. JA A A
As shown in [6], the hierarchical minimum distance |hiin| = H Sﬁi ||ZSB| = HA:/;H, 8
S :]
d2i (h) = min dz; vy (h 4
min () (3002 ()2 () v e ") )

since any pair of vectors iff! is always linearly dependent,
is (for the worst case phaseh) lower bounded by aet of Which gives us the equality in the genet@uchy-Schwartz
parabolas.p = {piviai/vi/},?f(i,j)yé%(i',j’)’ where each particular inequality.

parabola is given by
. B. Alphabet Design Algorithm
Py (IR =mind2 s (h) praoe ean e N -
Zh : As it is obvious from (8), a position of the minimum of
= |h[?||ass||®— 2|h| |z + [|Asall>.  (5) each particular min-distance parabgg i ;: (|h|) is given by

The lower bound defined by, is always achieved for somethe ratio OfHAgAi H and HASJBJ H i.e. by the corresponding
specificZh [6] and hence min-distances of individual source alphabet§,.</8. Now
d2. (Ih) = min o (hD 6 it seems quite straightforward that it is possible to sHif t
min () 2, (1D ©) particular min-distance parabola minimum towaritis — O

This parabolic behaviour of the hierarchical min-distance (seedy increasingHAs'A'/H relatively to HASJB’J,H, which can be

an example in Fig. 2) results necessarily in eXclusive lalv faachieved by a suitable allocation of output power at both
ures (:Irzmn(h) — 0), and consequently in destination decodingources.

errors, since the relay cannot unambiguously determine theSince the average power constraint must be taken into
output symbol [6]. account, it is not feasible to purely increase the outputgrow



Algorithm 1 Non-uniform 2-slot constellation alphabet.
1) Pick a linear modulation constellatios.
2) Choose a power scaling factsr €(0,2). 10
3) SourceA alphabet.#/* = [, /5t \/2 — St ).
4) SourceB alphabet.@® = [,/2— s;., \/5T.4).
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Figure 6. H-SER of the QPSK and the non-uniform 2-slot algf&twith
s = QPSK (with variousst). The decoder of the 2-slot alphabets decodes
the compound symbols on a per-slot basis (for a better casgpamwith
traditional linear modulation constellations). Riciardifegy channelsha,hg
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Y 075 -05 -0.25 Gy 0% 05 078 1 075 05 025 9y 0% 08 075 1 with a Rician factorK = 10dB are assumed. The average SNR is defined as
BT | BT | 5[+ |hef]. For simplicity reasons we do not use error-correcting
W, . . . .
0 05 o 15 0 o1 02 03 04 codes at the relay. It is obvious that a crucial part of théhaliet design

(Algorithm 1) is a choice of the scaling facter (for a given.e%). A suitable
Figure 5. Hierarchical min-distance2,,(h) of the QPSK and the 2-slot selection ofs; allows to trade-off the vulnerability to eXclusive law faies
alphabet withezs = QPSK, st = 0.25 as a function of channel paramelier C.  with the alphabet distance properties, resulting in an awgd performance
In case of the 2-slot alphabet the events correspondinget@Xtlusive law in the medium to high SNR region.
failures @2, (h) — 0) are shifted towards the less probable values of channel

teth Fig. 3).
parametemh (see Fig. 3) the 2-slot alphabet i$a2| = | 2| = M? for || =M (see
Algorithm 1) and hence the promising parametric perforneanc

g]]: ?]ge;O;_r;itrilatr']V;&t? thﬁ;?zrazﬂe'z_\{v;mz?pcﬁsof _ge3| he proposed 2-slot alphabets is not redeemed by a reducti
v P » W V IS_ of the potential throughput (as in [5]).

formed by pairing of wo subsequent source symbols. Th'SThe non-uniform 2-slot constellation alphabet design doul

gives us an additional degree of freedom, since it is passib| : . .
o S . e generally characterized as an alphabet-diversity tqabn
to arbitrarily re-distribute the available power among tive . ; . s : )
. regarding the hierarchical min-distance. A suitable ga&lac
slots of the super-symbol. If we denote this powePag: = of the scaling factoss; (in Algorithm 1) is evidently critical
2Pyqqi, it is Obvious that the only restriction is that the powe g f 9 y

: o ; for alphabet performance. As it is obvious from Fig. 6, it is
scaling coefficients for both slots in the super-symbol mus . .
. . not appropriate to purely allocate most of the available@®u
sum up to 2, which gives UBsior= StPisiot + (2 — St ) Pigars

wheres; € (0,2) defines thepower scaling factor power to a one slot of the 2-slot alphabst « 0.1 for o7 =

. . , . PSK), since the H-SER performance of such an alphabet
Based on this observation we propose a design algorithm

1 . .
. . - ill be poor (even for a reasonably high SNR). A suitable
the non—uqurm 2-dot constellatlc_)n alphabets (Algorithm 1)'selection of the scaling facta; (for particular constellation
The power is re-allocatedon-uniformly among the 2-slots

. alphabets) along with an analysis of general non-uniform N-
accord_mg tost. No_t_e that_ forsg = 1 we get a pure .ZTSIOt slot constellation alphabets are scope of the future work.
extension of a traditional linear modulation constellatigith

identical hierarchical min-distance properties (see EjgThe
hierarchical min-distance of a 2-slot alphabet wéth= 0.25 _ _ _
is in Fig. 4. A comparison of the overall hierarchical minfll R. W. Yeung, S.-¥. R. Li, N. Cai, and Z. Zhanbetwork Coding Theory.

. 2 . . . now Publishers, 2006.
CIIStanCeCImin (h) properties (i.e. as a function dfc C) of the [2] T. Koike-Akino, P. Popovski, and V. Tarokh, “Optimizedrmstellations

QPSK and the 2-slot alphabet withi; = QPSK,s; = 0.25 is for two-way wireless relaying with physical network codihgEEE J.
in Fig. 5. Sd. Areas Commun., vol. 27, pp. 773-787, June 2009.
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