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Abstract. We consider a time-dependent model that describes a qubit time-

dependently interacts with a cavity containing finite entangled pair coherent parametric

converter fields. The dynamics of some quantum phenomena, as: phase space

information, quantum entanglement and squeezing, are explored by atomic Husimi

function, atomic Wehrl entropy, variance, and entropy squeezing. The influences of the

unitary qubit-cavity interaction, the difference between the two-mode photon numbers,

the initial atomic coherence, and the time-dependent qubit location are investigated.

It is found that the regularity, the amplitudes and the frequency of the quantum

phenomena can be controlled by the physical parameters. For the initial atomic

pure state, the qubit-cavity entanglement, the qubit phase space information, and

atomic squeezing can be generated strongly compared to those of the initial atomic

mixed state. The time-dependent location parameters enhance the generated quantum

phenomena, and its effect can be enhanced by the parameters of the two-mode photon

numbers and the initial atomic coherence.

Keywords: Time-dependent interaction; Two-mode converter; Husimi function;

Squeezing phenomenon.

1. Introduction

Probabilistic phase-space representation is a useful tool for illustrating the quantum

world, it guarantees that simulated the quantum observables by the probabilistic

methods [1]. The positive phase-space distribution or Q-Husimi function was introduced

by Husimi [2], which was used for characterizing an arbitrary system of bosons and

fermions [3, 4]. Generally, the Q-Husimi function has widely successful and blossomed

applications in quantum optics [5, 31, 6] for studying: super fluorescence dynamics [7, 8],

phase properties of finite states [9], and thermalization processes [10].

‡ Corresponding author: abdelbastm@aun.edu.eg
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Based on the atomic Q-Husimi function, the quantum phase transition and the

quantum coherence were analyzed via the Wehrl density and its entropy [11, 12]. For a

single-mode atom-field interaction, the Q-Husimi function and Wehrl entropy are used

as an indicator of the quantum phase space[13]. Moreover, the Wehrl entropy used as

good measure for entanglement generation due to atom-field interactions [14, 15, 16].

The Q-Husimi function and Wehrl entropy can be applied in finding the intermode

correlations in phase space [17, 18].

More quantum information resources were realized form qubit-cavity interaction

(which is described by the popular Jaynes-Cummings model [35]) as: quantum coherence

quantum correlation [19, 20, 21, 22, 23], squeezing [24], and producing quntum states

[25]. Atomic squeezing phenomena of the atomic variance and the entropy squeezing [24]

have more potential applications in the quantum optical measurements [26], quantum

teleportation [27], and restrain the decoherence in quantum systems [28]. Atomic

squeezing phenomena dynamics were investigated under the nonlinear Kerr medium

[29], intrinsic decoherence [30], and parametric amplifier [31]. The generation of the

entanglement was investigated under the two and three-mode Kerr nonlinear [32, 33, 34].

Quantum qubit-cavity system was described by an atomic time dependence and

two-mode type of frequency converter, which can be realized in some physical systems

[36, 37, 38]. Therefore, the aim of the manuscript is to finding an analytical description

for the system of a qubit time-dependently interacts with a cavity contains finite pair

coherent parametric converter fields when the qubit system starts with a pure/mixed

state. Consequently, the dynamics of the phase space information, the quantum

entanglement, and the squeezing are analyzed by the Husimi function, Wehrl entropy,

variance, and entropy squeezing.

The structure of this manuscript is devoted as follows. In the next section, we

describe our physical model and its analytical description. In the third section, we

review the mathematical forms and the dynamics of the Q-Husimi function, Wehrl

entropy, variance squeezing, and entropy squeezing. Finally, we conclude our results in

the forth section.

2. Physical model and its solution

Here, we introduce the system Hamiltonian that describes a time-dependent two-level

atom (qubit system) interacts with two modes of electromagnetic fields in the frame

converter-type. The qubit-cavity field Hamiltonian is given by,

H = ω1â
†
1â1 + ω2â

†
1â1 +

1

2
ω0Ŝz + Ŝ+â

†
1â2A(t) + â1â

†
2Ŝ−A

∗(t), (1)

âi and â
†
i are annihilation and creation two-mode parametric converter cavity operators,

the mean photon number of i-mode cavity field is denoted by: n̂i = â
†
i âi. ωi and ω0

represent the qubit and cavity frequencies, respectively. But Ŝ+, Ŝ− and Ŝz are the

qubit Pauli matrix, which satisfy the commutations relations [Ŝz, Ŝ±] = ±2Ŝ± and

[Ŝ+, Ŝ−] = Ŝz. A(t) = (cos p(t) + i sin p(t))f(t), f(t) is the qubit-cavity interaction
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coupling constant, and the time-dependent qubit-cavity phase is described by p(t).

The motion constants are calculated by the Heisenberg equation, consequently,

based on the system Hamiltonian of Eq.1, the motion equations of the qubit and cavity

operators are:

d

dt
Ŝz = −2i(Ŝ+â

†
1â2A(t)− â1â

†
2A

∗(t)Ŝ−), (2)

d

dt
n̂j = −i(−1)j+1(Ŝ+â

†
1â2A(t)− â1â

†
2A

∗(t)Ŝ−), j = 1, 2. (3)

Then, the constant-motion operators are given by

Nj = n̂j +
1

2
(−1)jŜz, j = 1, 2.

Q̂ = n̂1 + n̂2.

Therefore, the qubit-cavity Hamiltonian can be rewritten as

Ĥ = ω1N1 + ω2N2 +
∆

2
Ŝz + Ŝ+â

†
1â2A(t) + â1â

†
2Ŝ−A

∗(t) (4)

where δ = (Ω0 − ω1 − ω2)

Here, the dynamical evolution of the qubit-cavity interaction of the wave-function

is governed by the Schrödinger equation,

i
∂

∂t
|ψ(t)〉 = Ĥ|ψ(t)〉 (5)

To find a particular wave function, we assume that the initial state of the qubit is in a

superposition from the upper |1〉 and down |0〉 states as:
|S(0)〉A = cos̟|1〉+ sin̟|0〉. (6)

The two-mode fields are in finite entangled pair coherent states [39],

|S(0)〉f =
q

∑

n=0

Pn(ξ)|q − n, n〉, (7)

Pn(ξ) =
1

√

1F0(−q,−|ξ|2)
ξn

√

n!(q − n)!
=

1
√

∑q
n=0

|ξ|2n

n!(q−n)!

ξn
√

n!(q − n)!
(8)

where 1F0 is a generalized hypergeometric function, and q is the difference between the

two-mode of the photon numbers q = n̂1 − n̂2. Consequently, the dynamics of the wave

function can be formulated as

|ψ(t)〉 =
q

∑

n=0

Pn(ξ){C1|q − n, n, 1〉+ C2|q − n+ 1, n+ 1, 0〉}, (9)

By using Eq.5, the dynamics of the wave-function coefficients Ci are calculated by

i
∂

∂t
C1 =

1

2
δC1 + µnC2A(t),

i
∂

∂t
C2 = − 1

2
δC2 + µnC1A

∗(t), (10)
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where µn =
√

(q − n)(n+ 1). By consider the integrability condition is χ̇(t) = cf(t)

with constant c, the analytical solutions of the coefficients Ci (10) are given by

C1 = {cos̟ − i
1

M̃
(
√
M sin̟ +

1

2
cos̟) tanV (t)M̃}

× cos(V (t)M̃) exp{− i

2
(δt− V (t))}, (11)

and

C2 = {sin̟ + i
1

M̃
(
1

2
sin̟ −

√
M cos̟) tanV (t)M̃}

× cos(V (t)M̃) exp{ i
2
(δt− V (t))}. (12)

Where V (t) = p(t) − δt, M = µ2
n

c2
, M̃ =

√

(M + 1
4
and the time-dependent location of

the qubit in the cavity is controlled by

V (t) =

t
∫

0

cos(αx+ β)dx, (13)

where α and β represent the time-dependent location parameters.

3. Quantum effect dynamics

By using the analytical solution that describes the time-dependent evaluation of the

interaction between the qubit and the two-mode cavity field, we investigate the dynamics

of different quantum quantifiers as Q-Husimi function, Wehrl entropy, variance, and

entropy squeezing.

3.1. Q-Husimi function

Atomic coherent states |θ, φ〉 based on the standard angular momentum with spin-j can

be reconstructed as [40, 41],

|θ, φ〉 =
n=j
∑

n=−j

ei(j−n)φ

2j

√

√

√

√

(2j)!

(j − n)!(j + n)!
sinj θ cotn

θ

2
|j, n〉. (14)

For the two-denominational spin-1
2
(qubit), one can immediately get the atomic coherent

state |Λ〉, as follows:

|Λ〉 = cos
θ

2
|1A〉+ sin

θ

2
eiφ|0A〉. (15)

where the distribution angles θ, and φ represent the atomic phase space parameters.

Beyond that, the information loss in the qubit subsystem is obtained via the atomic

family of the Q-Husimi function, which is defined as [2],

Q(Λ, t) =
1

2π
〈Λ|ρA(t)|Λ〉. (16)
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On the other hand, the atomic Q-Husimi function can quantify the evolution of

quantum entanglement by the Wehrl entropy, it is formalized as [42, 43],

S(t) =
∫ 2π

0

∫ π

0
D(Λ, t) dΛ, (17)

where dΛ = sin θ dθ dφ. The function D(Λ, t) is the Wehrl density, it is established in

terms of the Q-Husimi function as,

D(Λ, t) = Q(Λ, t) ln
(

1

Q(Λ, t)

)

. (18)

In the following, we quantify the dynamics of phase space atomic information and

the evolution of mixedness through the Q-Husimi function and the Wehrl entropy,

respectively.

Figure 1. The Q-Husimi function at λt = 0.6π (that corresponds to a WE minimum

value) in (a) and at λt = π (that corresponds to a WE maximum value) in (b) for

ξ = 2, q = 40, and α = β = 0 with ̟ = π. In (c) and (d), we take the same data of

(a,b) but for q = 10.

Fig. (1) display the atomic Q-Husimi function distribution in the chosen phase

space θ ∈ [0, 4π] and φ ∈ [0, 2π] at some specific values of scaled time λt, and the

variables α, β, q, ξ. We assume that the qubit is initially in an pure state, while the

field subsystem is initially in the finite entangled pair coherent states dependent on the
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parameter q. At λt = 0.6π with large values of the parameter q and α = β = 0, the

Q-Husimi function has periodical peaks and bottoms, the peaks occur at the points

(φ, θ) = ( (4n−1)π
2

,
(4n−1)π

2
), while the bottoms occur at (φ, θ) = ( (4n−3)π

2
,
(4n−3)π

2
), where

n is set to be a positive number. By putting λt = π, the peak amplitudes are decreased

slightly and the bottoms are deteriorated. The Q-Husimi function becomes a waveform

propagating in the θ-axis direction. For small values of the parameter q, the amplitude

of the fluctuations of the Husimi distribution are decreased, see Fig.(1.c). At λt = π,

the dependence of the Husimi distribution on the θ parameter is more than on the φ

parameter, see Fig.(1.d).

Fig(2) exhibits the temporal evolution of the Q-Husimi distribution with the initial
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(b)
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α=β=2

Figure 2. Time evolution of Q(π, t) for ξ = 2, ̟ = π and the different values of (α, β)

with q = 40 in (a) and q = 10 in (b).

pure state, where we set q = 40. The oscillations of the Q-Husimi function depend on

the value of the time-dependent parameters, where the phase space information is very

delicate to time-dependent parameters. Also, one can see that the oscillations collapse in

the period corresponding to the bottom of Q(Λ, t), while the oscillations increase in the

period corresponding to the peak compared to the previous Fig.(1,2.a). The behavior

of Q(Λ, t) at a specific small value of q = 10 is displayed in Fig.(2.b). It shows that,

the regular form of the phase space information got random, and the collapse intervals

disappear. Nevertheless, as one increases the time-dependent parameters (α, β), the

phase space information is oscillated between its maximum and zero values.

Fig. (3) esteems the degree of entanglement between the qubit subsystem and the

nonlinear cavity filed by using the atomic Wehrl entropy. Initially, we assume that the

initial qubit subsystem in the pure state ̟ = π, with large values of q. In the absence of

the qubit time-dependent location, the quantum entanglement is generated between the

two-mode field and the qubit subsystem. Where, a weak entanglement is generated at

the collapse intervals of the Q-Husimi function, and a strong entanglement is generated

at revival periods of the Q-Husimi function. Hence, there is a strong relation between

the information of the phase space and the entanglement. Moreover, the strength of
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Figure 3. Dynamics of entropy S(t) for ξ = 2, q = 40 and the different values of

(α, β) with ̟ = π in (a) and ̟ = π

4
in (b).

the time-dependent parameters leads to generate an entanglement suffers from sudden

death and sudden birth [44, 45], this entanglement decreases as the time-dependent

parameters increase. For the initial mixed state (̟ = π
4
), Fig. (3.b) shows that a

quantum entanglement is generated between the two subsystem. This entanglement

reaches to its maximum value at λt = π, followed by oscillations with a decrease in the

amplitude of the oscillations. However, the time-dependent location parameters (α, β)

led to the death of the entanglement at some intervals.

On the other hand, by regulate the system in the excited pure state, with q = 40,

Fig.(4.a) shows that a partial entanglement is generated with a lower intensity of

oscillations. Meanwhile, the time-dependent parameters may play as a control parameter

to restrain the separability behaviour of the system, and keep the survival of the

entanglement. By setting up the qubit system with a mixed state (̟ = π
4
), the minimum

bounds of the function S(t) are increased. Therefore, a strong partial entanglement is

generated, it increases as the strength of time-dependent location increase.
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2.5

λ t/π

S
(t

)

(b)

α=β=0

α=β=1

α=β=2

Figure 4. The same as in Fig.3 but for q = 10.
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3.2. Atomic squeezing

The atomic variance is a good quantifier that takes our attention for studying the qubit

squeezing dynamics, it can be formulated based on the Heisenberg uncertainty relation

via the Pauli spin operators as follows,

Vl =
1

2
[
√

1− 〈σ̂l〉2 −
√

|〈σ̂z〉|]; l = x , y, (19)

where, we predict that the system is squeezed if Vl < 0. Fig.(5) displays the function

Vy for a pure qubit system. For large values of q, the squeezing interval is achieved at

the onset qubit-cavity interaction for a short period of the time. By appending the time

dependence of the qubit location, the squeezing periods are repeated periodically each

π. These squeezing periods have more pronounced by increasing the coefficients (α, β).

The intensity of oscillations of the function Vy(t) decreases and the periods of squeezing

increase after considering the small values of the parameter q. We can deduce that the

atomic squeezing can be increased due to the time-dependent qubit location.

0 0.5 1 1.5 2 2.5 3 3.5 4
−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

λ t/π
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(a)
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α=β=2

0 0.5 1 1.5 2 2.5 3 3.5 4
−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

λ t/π

V
y(t

)

(b)

α=β=0

α=β=1

α=β=2

Figure 5. The variance squeezing Vy(t) for ξ = 2, ̟ = π and the different values of

(α, β) with q = 40 in (a) and q = 10 in (b).

3.3. Entropy Squeezing:

Finally,discuss the information of the atomic system via the entropy squeezing. By

employing the Pauli spin measurements σl in the discrete entropic uncertainty inequality,

one can obtain the entropy squeezing as [24],

El = δH(σl)−
2

√

δH(σz)
< 0, l ≡ x or y. (20)

where δH(σα) ≡ exp[H(σα)], and it immediately satisfies the inequality

δH(σx)δH(σy)δH(σz) ≥ 4, (21)

With the discrete Shannon entropy,

H(σl) = −1

2

∑

i=1,2

[1 + (−1)i〈σl〉] ln
1

2
[1 + (−1)i〈σl〉]. (22)
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Figure 6. Dynamics of the entropy squeezing Ey(t) for ξ = 2, ̟ = π and the different

values of (α, β) with q = 40 in (a) and q = 10 in (b).

We employ the entropy squeezing Ey(t) to analyze the generated atomic squeezing

due the qubit-cavity interaction (1). Fig.(6) displays the function Ey(t) with the large

values of q and the initial qubit pure state (̟ = π). The squeezing periods only

appear after the onset of interaction, then they disappear with the the increase of

the time. After adding the time-dependent location parameters, the minima of the

squeezing amplitudes are increased with more oscillations. Fig.(6.b) shows that, for the

small values of q, the squeezing periods are very sensitive for the qubit time-dependent

location. The squeezing periods may be appeared again during other time intervals in

the absence of the time-dependent parameters. Different behavior is shown in Fig.(7)

when the qubit system starts with a mixed state, where the large values of q decrease

the periods of squeezing as well as the minima of the function Ey(t). These periods

increase by taking the time dependence into account. On the other hand, for a small

value of q, the squeezing periods are vanished with different time-dependent parameters.
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Figure 7. The same as in Fig.3 but for ̟ = π

4
.
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4. Conclusions

In this paper, we have obtained an analytical solution for a time-dependent qubit that

interacts with a nonlinear two-mode parametric converter cavity when the field is ini-

tially in finite entangled pair coherent states. We have investigated the dynamics of

the atomic phase space non-classicality of the Q-Husimi distribution, the Wehrl en-

tropy entanglement as well as the atomic squeezing of the variance and the entropy

squeezing. The regularity and the amplitudes of the atomic phase space non-classicality

oscillations depend on the diffidence between the two-mode photon numbers and the

time-dependent qubit location. For the initial pure atomic state and large diffidence

between the two-mode photon numbers, a strong irregular entanglement between the

qubit of the two-mode cavity fields is generated, due to their interactions, with high

oscillations. The period and the intensity of the generated regular oscillatory behaviour

(due to the time-dependent location) of the entanglement con be controlled by the time-

dependent qubit location parameters. For the initially mixed state, the ability of the

qubit-cavity interaction on the generation of the entanglement is lower than that of

the initial pure state. The results depicted a strong relationship between the entan-

glement and the Q-Husimi function. Moreover, the squeezing periods are displayed by

the variance and the entropy squeezing. For large values of the difference between the

two-mode field and the initial pure state, the minima of atomic squeezing periods are

stronger than those of the initial mixed state. The squeezing periods are very sensitive

to the time-dependent location, where the increase of the time-dependent parameters

enhances the generated squeezing periods. Compliance with ethical standards

Disclosures: The authors declare no conflicts of interest.

Funding: This research received no external funding.
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Figures

Figure 1

The Q-Husimi function at λt = 0:6π (that corresponds to a WE minimum value) in (a) and at λt = π (that
corresponds to a WE maximum value) in (b) for ξ = 2, q = 40, and α = β = 0 with $ = π. In (c) and (d), we
take the same data of (a,b) but for q = 10.



Figure 2

Time evolution of Q(π; t) for ξ = 2, $ = π and the different values of (α; β) with q = 40 in (a) and q = 10 in
(b).

Figure 3

Dynamics of entropy S(t) for ξ = 2, q = 40 and the different values of (α; β) with $ = π in (a) and $ = π/4 in
(b).



Figure 4

The same as in Fig.3 but for q = 10.

Figure 5

The variance squeezing Vy(t) for ξ = 2, $ = π and the different values of (α; β) with q = 40 in (a) and q = 10
in (b).



Figure 6

Dynamics of the entropy squeezing Ey(t) for ξ = 2, $ = π and the different values of (α; β) with q = 40 in
(a) and q = 10 in (b).

Figure 7

The same as in Fig.3 but for $ = π/4.


