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Nonclassical imaging for a quantum search of trapped ions
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We discuss a simple search problem which can be pursued with different methods, either on a classical or on
a quantum basis. The system is represented by a chain of trapped ions. The ion to be searched for is a member
of that chain, consisting, however, of an isotopic species different from the others. It is shown that classical
imaging may lead to the final result as fast as quantum imaging. However, for the discussed case the quantum
method gives more flexibility and higher precision when the number of ions considered in the chain increases.
In addition, interferences are observable even when the distances between the ions are smaller than half a
wavelength of the incident light.

DOI: 10.1103/PhysRevA.70.063816 PACS nuniber42.50.Dv, 03.65.Ta, 03.67a, 42.50.Ar

Quantum search algorithni&] enable us to determine an contributing to these coincidences change with the relative
object from a black box witiN elements by a number of position of the detectors and/or the scatterers, the observed
measurements which is of the order\®. A quantum search interference patterns again allow the positions of the indi-
thus provides a polynomial speedup in comparison with anyidual particles to be retraced. However, owing to the larger
known classical algorithm. Several methods have been prosariability of the parameters involved, a much richer inter-
posed for implementing a quantum seaf2h In this article  ference structure is obtained. To illustrate this in more detail
we discuss a very simple example where the search can lvee consider a particular example, viz., a linear chain of ions
performed in the same system on either a classical or a quaof the same atomic species. In order to set up a search pro-
tum basis. Such a situation is useful for illustrating the parcedure we assume that one of the ions belongs to an isotopic
ticular aspects of a quantum search with respect to a classicgpecies different to the others. By calculating the spatial
search. o photon-photon correlations we then show how the second-

We recall that fluorescence imaging, i.e., measurement Qirder correlations can be used to reveal information on the
the mean intensity of radiation scattered by atoms upon ex5osition of the off-resonant, nonradiating isotope in the
citation, prowdes information about thel density profile. Inchzin. We will also demonstrate why this information is
fact, this is a common method used to image, for exampléy,o e extensive than that obtained from the usual fluores-

trapped ions or a Bose-Einstein condengates]. We could, cence imaging techniques or first-order correlation function.

however, do more than just image the sources of fluoresy," . i iar it will be shown that the second-order correla-
cence, e.g., by determining the spectrum of the scattered

light. In this case, in addition to the position the motional tion function is able to provide data in parameter regions

state of the atoms is accessible. Instead of imaging the pay\_{here th(_a fwst-ort_jer correlation function is not able to pro-
ide any information.

ticles individually on a detector, one could also observe the/ _ . . .
fluorescence in the far field or Fourier plane of a Igis In Let us consider a chain of ions with an energy level

W

this case, the intensity distribution corresponds to the interSCheéme as shown in Fig@. The transitior|g) —|e) is used
ference pattern described by the first-order correlation funcfor €xciting the system, whereas the transitif@— |f)

tion of the fluorescence light. It results from the contributionS€rves for fluorescence detection. The excitation could be
of all particles at once, and their relative positions can be€rformed, by, for example, a short pulse of radiation. The
deduced from the profile of the interference pattern. The in- le> ‘/_

tensity distribution thus contains more information than the - ./ n

direct imaging of the ion§7]. A further step in sophistication g\' 0 y

would be to observe the scattered light using two detectors HJ/ —_— : j—»

and to measure the second-order correlation function. This — > \ -

corresponds to a nonclassical imaging technique where the &8> (a) (b) O\'

associated spatial distribution is determined by the different

paths the photons can take when reaching the two detectors. FIG. 1. (a) Level scheme considered for the trapped ions: the
The corresponding interference pattern again relies on thiens are excited on thég)—|e) transition, whereas thge) — |f)
contribution of all scatterers simultaneously but for certaintransition is used for fluorescence detectiga),an incidentr pulse
excitation angles is purely due to quantum interferencesf a wave with wave vectdk, excites the linearly trapped ions into
[8,9]. In this type of experiment only the coincidence eventstheir upper levele). The fluorescence is then registered in the far
at the two detectors are recorded. As the paths of the photoffield by two detectors at, i=1,2 (|ry =|ry| =r).
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most basic search protocol would consist in resonantly excit- EC(F: DEO(Fo ) ED(Fo ) ED(F, t 3

ing each ion one by one on thg)— |e) transition using a (ET DB DE (R DET (P, ®
focused laser beam and observing the fluorescence scatteretierer,=n,r defines the position of the second detector and
by the ion on thde) — |f) transition. With the isotope being EC)(F;,t) denotes the complex conjugate Bf)(f;,t), i=1,

off resonant and remaining dark upon excitation, it will take2 As can be seen from Eqdl) and(3), the spatial photon-

at mostN—1 steps to localize the isotope, i.e., in the meanphoton correlations are determined in terms of the atomic/
N/2 trials. One could next observe the fluorescence intensityynic operators through

in the far field or in the Fourier plane of a lens, i.e., without 2e b e
imaging the ions. The corresponding interference pattern— GA(F1,1p) = (AT(F)AT(F)AF)A(TY)). (4)

produced by the simultaneous superposition of the e'eCtFOrn order to demonstrate how the information on the spatial

magnetic fields of all scatterers—can be used to extract iNstructure of the chain is contained in the quant®p

formation about the pqsitiqn of the isotope. To be explici.t, IetX(Fl,Fz), let us first examine the case of two ions. If the ions
us calculate the far-field intensity produced by a chain of,

ions at some distance The positive frequency part of the are initially prepared in the stafe), we find (see[9])
field amplitude can be written gsee[10]) G@(F,,7,) = B{1 + co$k(fi, - fiy) (Ra — Re) I}, (5)

2 ikr ) where B is a constant. Obviously, the information on the
k’e > e kmRig X (A, X 5fe)A(f2, location of the two ions is contained in the nonclassical in-
i terference pattenG?(f;,r,) via the atomic position vari-
1) ablesR, andRg [9]. Let us consider next a chain Bfions of
which one is an off-resonant, nonradiating isotope. The ex-
plicit calculation in case ofr excitation leads to the follow-

é(+)(Flvt) = EE;-)(FLT-) -

wheren; stands for a unit vector in the direction of the de-

. o ~ ()  ing result:
tector position, r;=n;r, and kK=wg/C. g, dre, and A _
=|f);(e| are, respectively, the transition frequency, dipole @ o = L L
matrix element, and dipole operator of ipfor the transition Gpn(rura) = 2> Xy,
|e)—|f) and the sum is over all ion positiof in the chain. _ .
The far-field intensity is thus determined by the first-order =1, =1,
correlation function G(Fy) =(AT(F)A(Fy), where A(Fy) _ .
:EjA?ge“.kﬁl'Ri. In the case of uncorrelated ioni$Agf)A§2> '#p 1#p (6)
=(ANAY)), GY(F}) can be simplified td10] wherep=1,...,N stands for the position of the isotope and

Yim(F1,F2) = o (F) BrolF2) + am(F) BI(F) - with oy (Fp) =e*mR
D7 ) = i) (v g Al kg (R-R)) and By(f,) =€<2Rn(] m=1,...,N). The solution(6) can eas-
S Ej:<Aee>+g<Aef><Afe>e " @ ily be interpreted as the sum of terms associated with all
possible optical path differences between the photons when
N ) L scattered by two different ions and recorded by the two de-
where(A;,) is the population of thgth ion in gtate|e>. AC- tectors, on the assumption that the isotopepadoes not
cording to Eq.(2), the information on the spatial structure of gcatter at all. Equatio6) becomes even more transparent
the ion chain is contained i6V(r) as long aﬁ(Ag'b?EO- If,  for equally spaced ions. In the case of four ions, for example,
however, arr pulse is used for the excitatio(AQ?} vanishes the system after initial excitation by pulse will be in one
and no information can be extracted fro®?(r;). In this  of the pure statesfeee, |efeg, |eefe, or [eeef. In this
case, as will be shown below, an interference pattern is okbcase we  get |yF1,F2)[?=ya3(F1, 1) [*= | ya4(F1.Fo)[*=2
servable if not the first-but the second-order correlation func+2¢,(f1,f) and |y1a(f1,F2)|?=|y24(F1, ) |[?=2+2c,(F1, ),
tion is exgmined, .with a contrast vvhich can be maXima|wherecm(F1,F2):co{k(ﬁl—ﬁz)(lil—limﬂ)], so that
[8,9]. The information about the localization of a nonradiat-
ing particle is also contained it2), as GP(Fy) will look  Gia(F1.i2) = 2(8p 1+ 85,3 + 261(F1,Ty) + Co(F1, P2 ] + 28,2
different for different positions of the isotope. This will be 7z z 2 > 2
discussed in detail bglow. Note, however, pthat—apart from + a3+ ) + &) + M)l (7)
an offset—a result similar t() is obtained also in the case where 8, is the Kronecker symbol. According to E(),
of classical dipoles or classical antennas, i.e., in the case dlfie information about the isotope position can be extracted
classical light sourcefr]. from Gﬁ(ﬂ,r}) due to the unique distribution of prefactors
As mentioned in the Introduction, we could, however, do(or Fourier coefficientsc; for the different isotope localiza-
more than just measure the far-field intensity, e.g., by examtions. From Eq(7) it is seen, however, that the outcome for
ining the quantum features of the emitted radiation. For thathe isotope positionp=1 (2) is identical to the outcome for
purpose let us study the spatial photon-photon correlationp=4 (3). This means that for equally spaced ions an addi-
produced by the chain of ions by using two photodetectorsional measurement would be required to determine whether
[see Fig. 1b)]. The photon-photon correlations are deter-the isotope is on the left or right hand side with respect to the
mined by the expressiofsee[10]) middle of the chain. A similar argument holds for the general
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FIG. 2. (Color) Three-
dimensional plot of the second-
order correlation function
Gﬁ(r‘l,r}) versus the two detec-
tor positions ¢;(1;), i=1,2, for N
=4 ions, with the off-resonant,
nonradiating isotope placed (@)
the first (or fourth) position and
(b) the secondor third) position
of the chain. The distance between
neighboring ions id=5.75, the
wavelength of the incident light is
A=194 nm, and ar pulse is used
for the excitation.

outcome(6): for arbitrarily spaced ions there is a unique laxed in comparison with that needed téﬁpﬂ(r*l) [Fig. ).
interference pattern for each isotope positpaince they;; The spatial second-order correlation function also allows
will in general be different for differenit,j, so that there is a  the isotope position to be determined in cases where the ions
unique combination ofy; for each isotope positiop. By  are separated by only/2 so that they cannot be individually
measuring the spatial dependence of the photon-photon cofesolved. This can be demonstrated by analyzia),
relation fl_mction one could thus cIe_quy distinguish the iSO'x(Fl,FZ) for equally spaced ions with ion separatiah
tope positionp from any other positiorp’. Note that the =) /2 (Fig. 4. If the detector positions are chosen such that

additional degree of freedom given by due to the use of 4 (7,)= ¢,(F,)—corresponding in thée,(Fy), d,(7») plane
two detectors increases the parameter space available. Thisjs o straight line with slope 1—we resolve f@@(ﬂ P, a
1,4\ 1>

exce(Iadt{ngl); use;f “gﬁ}ei‘ theér.]f];(.)m:f‘ ttlon ftromt tr_:_i.ﬁr.St't?]rdercentral maximum plus two side maxima in the central region
correfation functio p,N(rl) IS difficult to extract. Thisisthe = _ 4 ¢1(f) < /4, whereas forG(llyz(Fl) only the central

G(pl,r)v(rl) contains no information at all, as is the case, foriqn ahout the isotope positiqmis derived, whereas the cen-
example, for am-pulse excitation. In Fig. 2, we show the 5| maximum in this regard contains no information at all.
behavior in case of four equally spaced ions Géﬂ(rl,rz) Let us finally consider nine equally spaced ions in the
for p=1 (or 4 and p=2 (or 3) as a function of(f)  trap, one of which is an isotope. There are five different
=arctardr; /1), i=1,2. For the same excitation angle aspositions for the isotope which can be distinguished from
used in this figurgi.e., m-pulse excitation G(ll(r]) would
correspond to a constant, independentlyggfr;) and inde- 124
pendent of the isotope positign For a(7/2)-pulse excita-
tion on the|f)—|e) transition G(pli(r]) would, however—
apart from a prefactor—show an interference pattern simila<
to Gﬁ(r},r}) for m-pulse excitation anab,(r,) =0 (see hori-
zontal lines in Fig. 2 More precisely, we obtain

GE)],-ZI(Fl) = %(5p,1 + 8543+ 2¢,(ry) + Cp(Fy) ] + %(5,3,2 + 853

X[3+cy(My) + o) + Ca(M)], (8) e

where ¢ (f;) =cogkiy; - (R;—Ry1)] and p=1,2,3,4. The re- &° 6f
sult (up to a prefactoris shown in Fig. 8). Yet, it is here
that the additional degree of freedom@ﬁ(r},r}) with re-
spect toG:ﬂ(ﬂ) becomes important; the additional param-
eterr, increases the availgble paramet_er space and in _this FIG. 3. (Colon Interference patterns fok=4 ions. Blue and
manner allows a more erXIbIe_ ant_j preCIS(e2)8§al;ch of the ISogjreen curves correspond to the fifst fourth) and secondor third)

tope. To show that, we plot in F'g-(@ Gp,4(£1’r2) for P jon being the isotope, respectively. Parameters are the same as in
=1 (or 4) and p=2 (or 3), and withr; andr; such that rig 2 (a) Classical interference patte@iﬂ(r’l) [or second-order
||#2()[=[¢2()[|=1/7. The latter condition stands for a corelation functionG:ﬂ(Fl,Fz) where the second detector is at
fixed distance between the two detectors and corresponds i) (,)=0; see horizontal lines in Figs(& and 2b)]. (b) Nonclas-

Fig. 2 to a straight line in th€®.(ry), ¢.(r)) plane(see  sical interference patter@:f’(r*l,r}); the two detectors are slightly

3 ) i z :
—Tt/4 —T/8 0 /8 /4
0,(r))

. . . . . . 4
tilted lines in Fig. 3. As is seen from Fig. @), the con-  separated with|¢;|—|¢||=1/7 [see tilted lines in Figs. (@) and

straints for the angular resolving power are much more re2(b)].
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FIG. 4. (Color) Interference patterns foN=4 ions with ion
distance\/2. (a) Red curve, nonclassical interference patt@‘ﬁ
X (F7,T2) With ¢1(F7) = ¢bo(F,) [see red line irfb)]; black curve, clas-
sical interference patterG(ll’L(Fl) [G(fi(r],r}) with ¢,(r5)=0; see
black line in(b)].

FIG. 5. (Color) Interference patterns fdd=9 ions. Black, yel-

2> > . . —_ low, green, blue, and red curves correspond to fwstinth), sec-
G(p,;(rl'rz.) (se_e abovg These five dlfferent pOSSIb"meﬁS are ond (%r eighth, third (or sevent, fourthpzor sixth() and fif)th ion
p'oue‘j' in Fig. %a) on the. assumption Fha.t|¢1(r1)| being the isotope, respectively. Parameters are the same as in Fig. 2.
=|#2(F2)||=1/7 and am pulse is used for excitation. It can (a) Nonclassical interference pattei’y(f;,>); the two detectors
be clearly seen from the figure that the requirement for th@ave a constant separatidlay| | 4,]|= 1/m. Dashed lines corre-
angular resolving power is far less demanding in comparisoBpond to detectors’ positions being chosen in such a way that
with Fig. ¥b), where G:;,%(Fl) (apart from a prefactgris  |sin|¢;|-sin|¢,||=0.378.(b) Classical interference pattefﬁfjl)g(r’l).
plotted for a(7r/2)-pulse excitation on théf)— |e) transi- . '
tion. For a relative position of the two detectors such thalf:rigcggo;gsdsug?ju'tt)? f[rc:;n Iggﬁtf?)(f:t;naér:;t?irlmr(j;teigﬁ;eggeth%at-

. >N e N . 2
|>|<S'Q ¢3(r1)| |st|n ¢t>2(le)||—0-31ﬁ, onel_te\(/jen O?]t.a'r?z @ ’9d chain at once so that there is a simultaneous contribution of

(rl.’r’l) constant vajues, with amplitudes which depend ony; scatterers to the signal. This superposition of the signal is
the isotope positiom, but are independent @f,(r;). These

X el ) apparently sufficient for the speedup and no entanglement
values are depicted in Fig(® by dashed lines. However, peyeen the ions nor other quantum phenomena are required

due to the nonlinear dependence of the two detector posj7; However, quantum interferences allow one to increase
tions, this situation might be more difficult to implement o harameter space available and in particular improve the
experimentally. Nevertheless, such a special angular indesrecision when a larger number of ions is involved, since

pendent case could play an important role when one Wag,ey relax the demands for the spatial resolving power of the
interested in normalizing the correlation function, e.g., foryetectors. Moreover, in the case of quantum interferences an

the purpose of a better comparison between the different isqaerference pattern is obtained even at ion distances smaller

tope positions. . than\/2 which is the ultimate limit for a classical interfer-
In conclusion, it has been shown in a simple search probgce experiment.

lem using a chain of trapped ions that the search process can
be strongly improved when interferences are observed rather One of the author§G.0.A.) gratefully acknowledges the
than employing a one-by-one search. The speedup of theupport of the Alexander von Humboldt Foundation.
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