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Abstract

We construct a model for noncommutative gravity in four dimensions, which
reduces to the Einstein—Hilbert action in the commutative limit. Our proposal
is based on a gauge formulation of gravity with constraints. While the action
is metric independent, the constraints ensure that it is not topological. We
find that the choice of the gauge group and of the constraints is crucial in
recovering a correct deformation of standard gravity. Using the Seiberg—
Witten map the whole theory is described in terms of the vierbeins and of
the Lorentz transformations of its commutative counterpart. We solve the
constraints explicitly and exhibit the first-order noncommutative corrections to
the Einstein—Hilbert action.

PACS numbers: 04.60.—m, 11.10.Mx

Up to now a consistent formulation of four-dimensional noncommutative gravity that reduces
to the standard Einstein—Hilbert theory in the commutative limit has proved quite difficult
to approach [1-6]. Among others there are problems such as finding an invariant measure,
solving the inconsistencies of a complex metric, singling out the correct degrees of freedom.
In two and three dimensions these difficulties can be avoided since a theory of gravity can
be formulated as a gauge theory and we know how to deform gauge transformations in a
noncommutative geometry [7—10].

In this letter, we pursue the idea of searching for a description of four-dimensional
noncommutative gravity as a gauge-invariant theory with constraints. For the standard Einstein
action with a cosmological term [11, 12] this can be easily done using the SO(1, 4) de Sitter
group as a start, and then reducing the symmetry to the SO(1, 3) Lorentz group via the
torsion-free constraint. The constraints play an important role: they allow us to write an
action which, although independent of the metric, is not topological [13]. Moreover, their
solution eliminates the unphysical, dependent degrees of freedom leaving the metric as the
only dynamical field.
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When we consider a noncommutative deformation of the theory introducing the Moyal
*-product [14], we have to face the fact that the only consistent gauge groups are the unitary
groups. Thus we look for the simplest unitary groups which contain SO(1, 4) and SO(1, 3)
with the aim of deforming their algebra with the x-product. The appropriate groups turn out
to be U,(2,2) and U,(1, 1) x U,(1, 1), respectively [2]. In fact, we find that starting from
a gauge theory invariant under U, (2, 2) we can impose constraints that reduce the symmetry
to a subclass contained in U, (1, 1) x U,(1, 1). We name this subalgebra SO, (1, 3) since it
represents the simplest noncommutative deformation of the Lorentz algebra SO(1, 3). We
use the constraints to express the dependent gauge fields in terms of the independent ones
and construct an action invariant under SO, (1, 3). It reduces to the standard action in the
commutative limit. Then we show that via the Seiberg—Witten map [16], gauge transformations
Ain SO (1, 3) turn precisely into SO, (1, 3) transformations %. We define our noncommutative
theory based on this set A of gauge transformations. Thus we are allowed to express the
6-dependence of the fields in the action in terms of the fields in the commutative theory using
the Seiberg—Witten map. In this fashion the whole theory is described in terms of the vierbeins
and the Lorentz transformations. Finally, we solve the constraints explicitly to first order in 6
and exhibit the first-order noncommutative correction to the Einstein—Hilbert action.

We start by studying how the introduction of the x-product leads to a deformation of the
Lorentz group SO(1, 3) that we call SO,(1, 3).

In a noncommutative theory, under an infinitesimal gauge transformation A the gauge
connection A, transforms as follows:

84, =0 h+[h Al =0k +Ax A, — A, * . (1)
Since

[le ’ sz]AU— = S[Xl,le.Al“ ()
in order to have a representation of the Lie algebra of the group [A;, A, ], must be in the algebra.

Under the x-operation the Lorentz algebra does not close. To prove this we consider
the basis of a Clifford algebra {y,, v»} = 214, With y, being4 x 4 matrices and 7, the
flat Minkowski metric. Then we define y,;, = %(ya Vs — VpVa) as the six generators of the
Lorentz group, ys = iyp)y1)2Y3, and construct the Moyal commutator of two local Lorentz
transformations A = A?bya;,, = Agbyab:

[h1s Aol = A9% % A5 YupVea — AST % ASP VeaVan

= )\leb * )\gd[yab’ ycd] + )\leb *q )"Ed{yaba ycd}a (3)
where [2]
1 1 /i) s :
[rs g = E(f*g-'-g*f) = fg+ 5(5) 6Py 040, f0p0sg + even powers in 6
1
f*agEE(f*g—g*f) 4)
i\, LN s po .
=13 00y fOpg + i3 0’ 07°0"° 35,0, 9, f 0p059, g + odd powers in 6.
Since
(Vabs Veal = 2(Maa¥ve + NebVad — NacVbd — NbdVace) )
{Vabs )/cd} = _2i(nacr]bdi“ + Gabcd)/S)v
then
[y Aol = (A8 4 295@) 4oy 3@ @0 oy 1D 130 L 310D g
05D 1250 4 g x5 (6)

where A is of order 6".
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The gauge transformations in (6) are not Lorentz transformations but they have a
special and rather simple f-expansion: the terms which are even powers in 6 are Lorentz
transformations, while those odd in & have non-vanishing components on ill and ys. The
set in (6) forms a subclass of the U,(1,1) x U,(1, 1) algebra which is closed under the
x-product: indeed it is easy to prove that if A; and X, have a #-expansion as the one in (6), then
their Moyal commutator [A1, A2], has again the same kind of 0-expansion, i.e., even powers
are proportional to y,;, odd powers are proportional to ill and ys. We call this subalgebra
S0,(1, 3): it should describe the invariance of our noncommutative theory of gravity.

In order to achieve this goal, we start with a U, (2, 2) gauge theory and break the symmetry
to SO, (1, 3) imposing suitable constraints. The procedure is most easily elucidated for the
commutative theory [2]: in this case one considers a U(2, 2) gauge theory and breaks the
symmetry down to SO (1, 3), obtaining a gauge formulation for standard gravity. U(2,2) is
the Lie group of complex 4 x 4 matrices U such that UTfU = 7 with j = diag(+ + — —). A
basis of the Lie algebra is given by 16 linear independent matrices A satisfying the relation:

A= —qiAt. (7

In the Dirac—Pauli representation with ¥y = 7, we choose the following basis T/

(1]17 VA U/;v i]/a_, J/ab)v (8)

where in addition to the generators of U(1, 1) x U(1, 1) one has y;° = y,(1 £ ys).
The connection A, of the corresponding gauge theory is Lie algebra valued:

Ay =a,il +b,ys + eZJr iy, + ezf iy, + %wﬁbyab. 9)
The field strength is
Fon=0,A+A,A —pn— U=F,i‘,l'1, (10)

with components
I _
F,, =0 —p<v
5 _ 1( a+ — a— +
F,, = 0ub, + E(EM I em) — U<V

Fit = 0,e0" —2buel" + ailel, — < v an
F, = duey” +2byey” + a)zbe;b —pev
Fib = 0,0 + ol o) —4(eftel” +el7el") — < v.
One can show that imposing the constraints
a, =b, =0, e, = ﬂeZ+, F;’: =0, (12)
the gauge group U (2, 2) is broken into SO (1, 3) with an additional U(1) global symmetry.
Now we consider the following SO(1, 3)-invariant action:

S = / d*x €7 Tr(ys Fyyy F oo ). (13)
Using the constraints (12) and the definition

RZ’]’) =90 + wzca)ﬁb — <, (14)
the action (13) becomes

S = —% / d*x e””p“eabcd(RZb 8,Befi+e€+) (R;‘f, — 8,3€;+€g+)- (15)

The case B = 0 gives the topological Gauss—Bonnet term, while 8 # 0 also gives the classical
Einstein action with a cosmological term.
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It is worth noting that the choice of the constant 8 in (12) determines the value of the
cosmological constant of the model. Once the constraints are imposed we are left with
P, =iy} + Biy, and M., = yup, a basis for the de Sitter or anti-de Sitter group depending
on the sign of B. For B = 0 one would obtain the Poincaré group, but in this case the action
(13) becomes topological and it cannot be used to describe four-dimensional gravity.

Now we turn to the noncommutative case. We consider a U, (2, 2) noncommutative gauge
theory (i.e. a U(2, 2) gauge theory in a noncommutative space) and we impose constraints
to reduce the symmetry to SO,(1,3). We want this to be the gauge symmetry of
our noncommutative gravity, since, as emphasized above, SO,(1,3) is the natural
noncommutative deformation of the ordinary SO(1, 3) Lorentz algebra.

In the U, (2, 2) gauge theory, we write the connection A u as

Ay = A il +byys + 88ty + 8 iy, + 108 vap, (16)

where all the fields are functions of the spacetime coordinates and of the noncommutative
parameter 6. The corresponding field strength is given by

Fry=0,A,+A, A, —p—v="F 1, (17)

with components
Bl — 5.4 +ia i —ib 3 Liav | s | sa—, =+ i P

v = Oply +1dy, %q Gy — 1by x4 U+§ € *a 8y, 8 *a €y, —g . *a Dvap — <>V
F3 =9,b,+2i *b+1(~”+* A ~+)_i W xy @4 — L

w = 1d,, *4 S (G %5 Bug — 8 *s 8y 8eab6d‘”u a @) — v
For = 9,8 — 2B, 2i AR

= — *5 &) +a) *Seb+ id,, %, 0" +§ebcde *g O — L <V

- 7 b i b d (18)
Fi = 0,8, +2by % &) + & %5 &, + 210y % &) — Ee“bcdélf *q O — L <V

rab ~ab c ~a+ ~b— ~d— ~c— ~d+
szauw +a) o x5 @) —4( *s € +e Tk @ v)+1e (d( *q €, — €, *aev)

+2id,, *4 a)v + i€ Cdbﬂ*a &4 — .

%
Now we want to impose constraints so that the invariance is broken to SO,(1, 3).
Moreover, in order to recover standard gravity in the commutative limit, the fields must
satisfy
lima, =0, limb, =0, lim &~ = B lim &“*. 19
6—0 " 6—0 K 9—>0 M '3(9—>0 ® ( )
To this end it is convenient to write the gauge fields in a #-expanded form:

a, = a(l) + a(z)

b =bD+b2 +

~a+ _ a+(1) , _a+(2)
e, = e * 4 e, te, T+ (20)
e = Pey +e” (1)+e” @ 4.,
G)ab — 0) +wab(l) +wab(2) +.
m

where we have taken into account the conditions in (19).
In order to reduce the gauge symmetry, we impose the following constraints:

For = ot 4 por@ 4o partn o2, (1)

and, at each order in 0, reflecting the different role played in the Moyal product by the even
and the odd powers,

et (n) _( ) IBEM'(”) (22)
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The constraints in (21) and (22) are just sufficient to break U, (2, 2) into SO,(1, 3). Indeed,
F = 0 requires SXFZT, =0,ie.

AR ya+ b 1 ~a+ . ~b ~d+
5Fﬁ: = —2F,, % A +4Ffw *SA +21F;w *q b+ 2iey Foxa b =0, (23)
which leads to the condition 1" = 0. With this restriction we now consider the constraints in

(22) and impose them on the corresponding variations 8;?32* and §;€;". Since under a gauge
transformation the connection transforms as in (1) we have

50t = 277w, 80" — 4% w &, 4 200" x, 80+ 2ief A %, 80
~a— = _ . a wbe  _q_
880 = 9,3" +207 %, 80 — AR wy &y +20% kg 80 — 2ief g g (24)
+ 2By, * AT+ & #g kb +2idly, *q A = 2i€f, B0 *q ild;.
In order to satisfy (22) first we have to impose 2“7 = 0 so that the variations in (24) become
- 5 . zab -
880t = F2h w80 — 4L w &, + 207" g 29% £ 2ie? 3 %, 8 er. (25)
Writing the above relations as G-expansions
~at __ at a+(1) at(2) , ..
5eu = (Seu +5eu +5€u +-e e (26)
we obtain
Se ai(ﬂ) =F Z 2)3(P) *2k eai(q) 4 Z 2ab(p) %ok ei(‘i)
p+2k+q=n p+2k+g=n
+2i Y M P e P 20 Y e AP s efH0, (27
pH2k+1+g=n p+2k+1+g=n

where p,k,q = 0,1,2,... and we use the notation f * g = > ;- f % g. At this point
it is simple to show that the constraints e =" = (—)" e’ " are satisfied if we impose the
additional conditions

)Ll(2n) — )\‘S(Zn) — O, )\‘ab(2n+l) =0. (28)

Therefore, the restricted gauge parameter A belongs to SO, (1, 3) and this completes our proof.
The action [15] which is invariant under an SO, (1, 3) transformation A = Xli]l + 5»5 Vs +

zab .

A Vab 18

Sxe = / d*x €7 Tr(ysF oy % F o). (29)
Indeed, one immediately obtains
8; Snc = / d*x € Tr([ys, Al % F oy % F py) = 0. (30)
More explicitly (29) can be rewritten as
i 4 Voo 1l 75 rab pcd
Sne = 3 / d*x " (16F ) F>, — €aca Fi Fiy) 31

with field strengths as given in (18).
Now we want to use the constraints (21) and (22) in (31) and express the dependent fields
in terms of the independent, dynamical ones. First, we use

FZ: = 0,87 —2b, *; &° +a) b et o+ 21a, % 0T + 2€bcdéb+ f;d —uw<v=0, (32
: ~ab : L ab(n) __ ab(n) ( ,a+ a+(n)
and determine @;’ order by order in 6, thus obtaining w = oy (eﬂ e, ",

(1) (n—1) p(1) (n)
a,’,....a, ’bu""’bu )
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At this level we have obtained a theory in terms of the fields &}, @, and b, invariant
under transformations 1 € SO, (1, 3). It represents a noncommutative deformation of Einstein
gravity which contains the vierbeins plus an infinite number of additional fields which enter
at all orders in the 6-expansion of &;", @, and b,.. Now we attempt to reduce the number of
independent fields employing the Seiberg—Witten map [16].

In general the map allows us to express the gauge connection of a noncommutative theory
A « as a 0-expansion of standard gauge variables A ,. In the present case we want to identify
the fields éff, d, and 79“ with the corresponding ones obtained via the Seiberg—Wittten maps

24+ (e%%), a,(e%*) and by, (e4%). As we will show the procedure is consistent with the choice

of the constraints (21) and (22). The only dynamical fields of the theory turn out to be the
vierbeins e;" in terms of which we can define the spacetime metric

g =€) ey, (33)
In order to implement this procedure consistently it is crucial to prove that the gauge group

SO.(1,3) of the noncommutative theory is related to the SO(1,3) commutative theory

precisely via the Seiberg—Witten map. Then we can determine the functions &;* (el‘f“), a, (eﬁ*)

and b ( ) solving the equations [16]
e () =g (e +8el) — ()
5.1y (e " ) = Zzﬂ(e +8e, ) - du(eff“) 34)
8bu(e’) = buley +8:e5") = bu(ey”),
where A belongs to the Lorentz algebra, i.e. A = A%y, (the SO(1, 3) gauge group of the
commutative limit), while A belongs to the SO, (1, 3) gauge group of the corresponding (via
the Seiberg—Witten map) noncommutative theory.
Thus let us show that if we start from an SO (1, 3) gauge theory and use the Seiberg—Witten
map to construct the corresponding noncommutative one, the gauge group is precisely mapped
into $O,(1, 3). We describe the commutative theory through its connection A, = %wﬁb Vab

and gauge parameters A = A%’y,;, and the corresponding noncommutative one through A(A)
and A (XA, A) defined as [16]

8$A,=A(A+8,A) — A, (A), (35)
where

81 A, = QA+ AA, — A, A, =0 h+hxA, — A, xA. (36)
The solution of (35) is equivalent to
8A,0) = —iaeaﬂ{Aa, (A, + Fg)h 8i(0) = iae“ﬂ{aax, Agls. (37)

Our goal is to prove that the gauge parameter A belongs to SO, (1, 3). We look for a solution
of (37) in a #-expanded form:

~

Ay=A,+ AP+ AP+ A=a+AD 4@ 4o (38)
and we want to prove that

AD(A) = AW (A, A (A) = 1 (At ). (39)
where t;(,) = Y if n is even, while t;(,) € (il, y5) if n is odd. We prove (39) by induction
first for Al(f). We begin with the n = 1 case. As emphasized above in the commutative theory,
we have A, = 308 yap, A = Ay and Fj, = 3 Flyap. Thus inserting §A(D = A ;4366
in the first equation (37) we obtain the result for n = 1:

Apap = —3 AL (0 A5 + F50) Mactipaill + €avcas)- (40)
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Now assuming the result is true for general 1, we prove it for n + 1. We define
1
AL = —Aap 0700, (1)

so that
SAPO) = Apap....a,p,0"" .00 (42)

.....

Inserting the above expressions in the first equation (37), we find

i
BALTD@O) = — 456 > AP s (9pAD + FE ) 1) 1100

p+2k+g=n
i I oY
— 1590('8 Z A((xp) *f+1 (8[514’(:’) + Fﬂ{;i )[l‘](p), tj(q)]. (43)
pH2k+1+g=n

Using the standard commutation relations among the generators we end up with Aff”) =
Aff")"byab and Aff”“) = Aff”*”‘i]l + Aff"“)5y5. This result on the -structure of A, (6), and
the second of the Seiberg and Witten equations (37) lead to the conclusion that the parameter
A(0) belongs to SO, (1, 3).

As anticipated above now we can safely determine the independent fields of our
noncommutative theory through the Seiberg—Witten map. We apply this procedure and
explicitly compute the first-order noncommutative correction to the standard gravity action.
The action is expanded in powers of 6:

i
2
=S+SV+5@ ..., (44)

Sne = p

/dzlxe/wpa (16F~'1 Fid _eabcdﬁ‘il:)ﬁ;(é)

a+

and the first noncommutative correction SV is evaluated in terms of the dynamical fields e M

as follows: from (19) and (18) we find that F}, = F, = 0. Thus S is simply given by

7y

SO =i / d*x € €gpeq Fy D FSE. (45)
Inserting the constraints
- —(1 1
a, =b, =0, el = el et™ M = —Best V) (46)

in the expression (18) for F4%, we obtain

ab ab a .ch a+ b+
F, =00, + o, 0 —8Be, e, —n v

(47)

ab(l) __ ab(1) a(l) cb a ch(l) _
FiW =00, 0, o) + o), o), w < v.

Now solving the constraints F/y = 0 in % and F{;" = 0 in "V, we determine the spin

connections in terms of the vierbein eﬁ*.
At zeroth order in 6 we have

a+ __ a+ a+ ab + ab + __
F ., =0ue,” —ove, +w, ey, — e, =0. (48)
It is solved by
ab __ 1 _pa+ _vb+ k+ + k+ + k+ +
) = =3 (e, en — Dveen + Dpeen) (49)

+ . . . .
where €7 is the inverse vierbein

at v+ __ ga at v+ __ gV
ete)t =8¢, ertert =50 (50)
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In the same way, at first order we have

Firt) = 9,60 —2pMett + 02" Ver, +a)l‘ibe:l§1) — 30 ¢f y0ael Bp0! — v =0.
(51
With the definition
1 — +(1) (1) a+ b +(1) 1 b+ -d
AL = 0uel™ =2b el e, — ZH“ﬁegch)aeM dpw;’, (52)
we rewrite (51) as
wzb(l)e;’b — wﬁb(l)e;b = —AZ(UI) + Aﬁf}). (53)
Therefore, we obtain
b(1 1 b+ ( k(1 k(1 k(1
PV = —Jer e (Al Det — A Vel + AN Del ). (54)

At this stage we have a)ﬁb (eﬁ*) from (49) and a)ﬁb M (eﬁ*, efi*(l), bl(})) from (54).
We still have to evaluate b{") and ¢4"") in terms of ¢/". We do this via the Seiberg—Witten

"
map: in addition to the relations in (36) and (37) we have correspondingly

Srel, = hel, —elh, S8y =hweh —eh %1, (55)
and [17]

8é;(9) = —%590‘13 ({Aa’ aﬁé:‘:}* + %{[é;’ Aa]*’ Aﬂ}*) : (56)

From (37) we have to ﬁrs} order
1 «Q,
Al(j) = —ZG P{Aq, (0gAL + Fgu)}. 57

S.ubsti.tuting in the abpve equation A, = %a)ﬁbyab, A=Ay, Fyy = iF,fﬁ)/ab, with a)ﬁb as
given in (49) we obtain

i
A = =0 ! (Bpy! + Fi) (Vav. Vea)

i . . . . .
= ——G“ﬁwgb(aﬂw;‘l + FEZ)(_zlnacnbdlﬂ — 2i€4pea¥s)

16
=alil +bys. (58)

In this way

a'’ = =10 i’ (dpwpap + Fppuap). b)) = =20 eupeqay (dpe + F5o) (59)

are determined as functions of el‘f“.
In the same way, from (56) we obtain

i 1
e::(l)(e, A) = _%eaﬁ({Aa, e} +={[eh. Aal. Aﬁ})

2
_ —%Qaﬂ(%wzcaﬁel‘f{iy;, Voc) + %{ela;r%wzc[iy;, oc]. %w;fm}), (60)
Using
[iv.", voe] = 2napivd = 2acivy {ivs voe} = 2i€ancalivi), (61)
finally we obtain
e:’f“) = %Q“ﬁezcd (aﬁeﬁ+a)§d — %a)zkefa)gd) . (62)

Using the expressions given in (62) and in (59) we can reconstruct the first-order correction
of the spin connection (54) which finally allows us to obtain F ﬁf M in (47). In this way one
can re-express the first-order correction (45) in terms of the vierbeins eﬁ*.

The complete result requires straightforward but quite lengthy algebra. It would be
interesting to proceed further and write the action explicitly in terms of the metric. Then
one could evaluate the corrected propagator and investigate how 6-dependent terms affect the
renormalization properties of the theory.
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