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Noncquilibriiiin Phase Transitions and Chemical 
Instabilities . 
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T h e c f f c c t of i n l i o i m i g c n c o u s f l u c l u a l i o n s o n ins lab i l i l i e s in v a r i o u s n o n l i n c a r 

C h e m i c a l m m i c i s is s t i id i ed in l e r m s of c o n c e p t s d e v e l o p e d in Ihe l h c o t 7 of 

e q u i l i b r i u m p h a s e t r a n s i t i o n s . 
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1. INTRODUCTION 

T h e similarity b e t w e c n equi l ibrium phase transitions and instabilities in 
Systems drivcn far from equi l ibrium has becn pointed oui by various 
authors . ' '^ ' Great progrcss has becn achicved reccntly in the study of 
cqui l ibrium phase transit ions. F o r instance, the theory of the renormaliza-
l ion group has furnished techniques to assess the ef fect of thc i n h o m o g e -
n e o u s f luctuations. ' -" AIso, thc c o n c e p t of s p o n l a n c o u s symmetry breaking 
has proved a useful lool in the dérivat ion of gênerai relations for the 
corrélat ion func t ions i n d c p e n d e n t l y of any approximation.*'" It is thc main 
purpo.se of this paper to review the possibil ity and the opportunity of 
a p p l y i n g thèse c o n c e p t s to the unders tanding of order and structures in 
nonequi l ibr ium Systems main ly in chemica l modcls . T h c paper is organi/.cd 
as fo l iows. In Sect ion 2. thc modcl is prescntcd. Section 3 is devotcd lo the 
s tudy of nonequi l ibr ium critical p h e n o m e n a in mult iplcsteadys late S y s 

tems. In Sect ion 4 the é m e r g e n c e of spatial periodic patterns is discu.sscd, 
whereas Sect ion 5 s u m m a r i z c s the rôle of the f luctuat ions ncar the Hopf 
b i furcat ion leading to c h e m i c a l osc i l lat ions . 
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2. THE REACTION-DIFFUSION EQUATIONS 

W c cons i i l cr o p c n S y s t e m s in w h i c h a set of c h c m i c a l r é a c t i o n s is 

l . iking place . For thc sakc of brcvity w c s u p p o s e i s o t h c r m a l a n d m c c h a n i c a l 

c( iui l ihrium. T h e p l i e n o m c i i o l o g i c a l rate é q u a t i o n s for thc loca l c o n c e n t r a -

t ions of the i n l c r m c d i a l c s p e c i e s {A",) thcn take thc f o r m 

3 , - V , = / , ( { A ; } . A ) + D . V ^ A - , ( 2 . 1 ) 

( Df] are the d i f f u s i o n c o e f f i c i e n t s , (y j ) l l ie rates of c h a n g e of (AT,} d u e to 

c h c m i c a l react ions , and A s t a n d s for a se l of p a r a m c t e r s d e s c r i b i n g the 

cxtcrnal constra ints . W e a s s u m e natural b o u n d a r y c o n d i t i o n s ( i n f i n i t é 

Sys tems or pcr iod ic c o n d i t i o n s ) . 

Start ing f rom the h o m o g e n c o u s s l e a d y s la te {A*"} c o r r e s p o n d i n g to the 

law of m a s s ac t ion at equ i l ibr ium, thèse Sys tems are a b l e to d i s p l a y a large 

var ic ly of instabi l i t ies w h c n o n e increa.scs thc ex terna l c o n s t r a i n t (A) b e -

v o n d the l inear rég ime a r o u n d thermal e q u i l i b r i u m . In the d c t e r m i n i s t i c 

descr ip t ion the b i furcat ion theory m a y be a p p l i e d to s t u d y thc v i c i n i l y of 

ihc se transit ion points . H o w e v e r , m a n y a u t h o r s h a v e s tressed the n e e d l e 

i n c l u d e the local f l u c t u a t i o n s in the d e s c r i p t i o n of Sys tems in w h i c h a 

c o h é r e n t b c h a v i o r takes p lace o n the m a c r o s c o p i c level.*''^' In c h c m i c a l 

Systems, the f l u c t u a t i o n s h a v e b e e n m a i n l y a n a l y z e d u s i n g thc m a s t e r 

é q u a t i o n a p p r o a c h . In this birth a n d d e a t h d e s c r i p t i o n , the f l u c t u a t i o n s are 

m o d c i c d as M a r k o v proces se s in the a p p r o p r i a t c p h a s e space ."^ In the 

i n h o m o g e n e o u s case , this theory l eads to m u l t i v a r i a t e m a s t e r é q u a t i o n s 

w h o s e c o m p i c x structure is n o w the o b j e c t of in teres t ing studies.*'* W e 

liiivc a d o p t c d a more p h e n o m e n o l o g i c a l a p p r o a c h in w h i c h the i n f l u e n c e of 

(lie f l u c t u a t i o n s is laken i n i o a c c o u n t in a p l a u s i b l e but m o r e or less ad h o c 

n ianner . F o l l o w i n g the L a n d a u - L i f s h i t z theory of f l u c t u a t i n g h y d r o d y n a m -

ics w e a d d a Langev in term i;{r,l) to the r igh t -hand s ide of Eq. (2 .1) . 

Hccause the.se noi.se tcrms descr ibe p r o c e s s e s o n a shortcr r a n g e in s p a c e 

a n d t imc than the coarse -gra ined sca l e of o u r d e s c r i p t i o n , w e assume*''* 

<i{rn^(r\n> = 2 [ r ; ( r ) + V ^ r ; ; ( r ) ] 6 ( r - r')6(t - t') ( 2 . 2 ) 

If w c further a s s u m e that the .System r e m a i n s in a s l a t e o f loca l e q u i l i b r i u m 

throug l iou l the entire transit ion région, the c o e f f i c i e n t s P a n d T'' m a y bc 

de tcr in ined by a local f l u c t u a t i o n - d i s s i p a t i o n thcorem.*^' I n d e e d , the n o n -

equ i l ibr ium p h a s e trans i t ions invo lvc macro . scopic d i s t u r b a n c e s w h i c h d o 

no l m o d i f y the f l u c t u a t i o n s o n a m i c r o s c o p i c s c a l e w h e r e the s h o r l - s c a l e 

cqu i l ibra t ing proces.ses remain e f f i c i e n t in m a i n l a i n i n g loca l e q u i l i b r i u m . 

W e first inves l igate thc stabi l i ty of thc h o m o g e n c o u s s t e a d y s ta te (A ' ° ) 
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with respect to i n f i n i t é s i m a l per turbat ions . L inear iz ing Eq. (2.1) . w e get 

d,x;{l)= L,j{q\X)xi,{l) ( 2 . 3 ) 

w h e r e 

T h e s t a t i o n a r y s l a t e is a . symptot ica l ly s tab le if ail the c i g e n v a l u e s of the 

malr ix L,y h a v e n é g a t i v e real parts . A m o n g the var ious instabi l i t ies w h i c h 

m a y d e v e l o p w h e n A is v a r i e d , w e c o n s i d e r in this paper the f o l l o w i n g three 

poss ib i l i t i es : 

1. L,̂  has o n e c i g e n v a l u e w^(A) = 0 for ^ = 0 a n d A = A ,̂ c o r r e s p o n d i n g 

to t rans i t ions b e t w c e n h o m o g e n c o u s s t e a d y states . 

2. L,^ h a s o n e c i g e n v a l u e «^(A) = 0 for |^| = {q^ 0 ) and A = A,: this 

.soft m o d e instabi l i ty i n d u c e s the f o r m a t i o n of s ta t ionary per iodic structures 

( T u r i n g instabi l i ty) . 

3. has t w o c o m p l e x c o n j u g a l e c i g e n v a l u e s wi th zéro real part w h e n 

\ = = 0. T h i s hard m o d e instabi l i ty m a y lead to l ime-per iod ic .solu-

t ions of thc l imit c y c l e type . 

3. CRITICAL PHENOMENA IN MULTIPLE-STEADY-

STATE SYSTEMS 

A s a p r o t o t y p e w e c o n s i d e r the S c h l ô g l mode l '* ' 

A + 2 A ' ^ 3 A' 

At, 

B + AT — C 

U s i n g s t a n d a r d n o t a t i o n s , " * the dc termin i s t i c rate e q u a l i o n for the Fouricr 

Iransform x^{\) of the loca l c o n c e n t r a t i o n m a y be written in the case of an 

idéal m i x t u r e : 

9r-JC,(T) = - [ ( 3 ^h)a'^q'D]x^ + L-'"^laY,x^_^x^ 

w h e r e 
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a n d D = Dy/k^, whcrc is Ihc d i f f u s i o n c o e f f i c i e n t of the i n t c r m e d i a t c 

spcc ic s X. 

T h e noncciui i ibr ium crit ical p o i n t is c h a r a c l e r i z e d by 5 = 0, 6 ' = 0, 

Xç = a. T h e f l u c t u a t i o n s j'^ = x^/a — I a r o u n d this p o i n t o b e y the f o l l o w -

ing é q u a t i o n : 

with a \ = T a n d D = D/a^. 

B e c a u s e the d i f f u s i o n - o r i g i n a t e d c o n t r i b u t i o n to the n o i s e in Eq. (2 .1 ) 

is negl ig ib le in the l o n g - w a v e l c n g t h l imit . w e a s s u m e 

< 1 , ( r ) M O > = 2 r 6 , , _ , , 6 ( r - r ' ) (3 . 4 ) 

with r ~ l / f l = cons t . T h e s t a t i o n a r y s o l u t i o n of the F o k k e r - P l a n c k é q u a -

tion c o r r e s p o n d i n g to (3 .3 ) takes the f o r m 

^ , ( { > V ) ) = ' ^ e x p [ - ^ r ( { > ' , ) ) ] (3 .5) 

w h c r e is a normal ixa t ion c o n s t a n t a n d 

+ S / t ) V v , . . ) ' _ , _ * . _ * . l ( 3 . 6 ) 

R c c c n l l y , N i c o l i s and M a i c k - M a n s o u r " ' h a v e a n a l y z e d the mul t i var ia l e 

mas lcr é q u a t i o n for the s a m c m o d c l u s i n g a s ingu lar per turbat ion ap-

proach . T h e y h a v e s h o w n that n c a r the cr i t ical po in t , the System m a y be 

dcscr ibcd by a gcncraliz.cd p o l c n l i a l idcn l i ca l l o (3 .6) . T h e k inc l i c potent ia l 

o b t a i n c d by intcgrat ing the d i f f c r e n l i a l f o r m d^P o c c u r r i n g in the G l a n s -

d o r f f - P r i g o g i i i c " * critcrion r c d u c c s to the f u n c t i o n a l (3 .6 ) s u f f i c i e n t l y c l o s e 

lo Ihe ins labi l i ly fi,ô'-»0. 

The a n a l o g y of the p o l c n l i a l ( 3 .5 ) wi th the G i n z b u r g - L a n d a u M a m i l l o -

nian is s ir iking; ihe a m p l i t u d e of the crit ical m o d e p l a y s here the rôle of the 

order parameler , in a g r e e m e n l wi th the L a n d a u - H o p f p icture . A s a rcsult, 

the r e n o r m a l i z a l i o n - g r o u p m e t h o d s c a n b e a p p l i e d in order to e v a l u a t e the 

nonc iass ica l e x p o n e n t s c h a r a c l c r i z i n g the crit ical p o i n t for d < W e gel , 

for ins tance , a l Ihc order t = 4 — </, 

O V > = ( - ^ ) \ o [ f t - \ - i ^ + 0 ( , ' ) ] if 5 < 0 , 5 = 5 ' ( 3 .7 ) 

< v , > = ( . V ) ' / \ „ [ 5 = 3 4 - ï + C > ( f 2 ) ] for 6 = 0 

Similarly , Ihc corré la t ion f u n c t i o n g = O ' ? / - » ) sa t i s f i e s as «5 ->0 ( 5 = 6 ' ) 
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the s c a l i n g f o r m 

giq) = {\/S^)D{ci'/ô") ( 3 . 8 ) 

w i th Y = 1 + i « + O(e^) a n d »- = ^ y + 0{^^). 

A s imi lar a n a l y s i s c a n be app l i ed l o o l h e r m u l l i p l e - s t e a d y - s l a l e Sys-

tems , s u c h as, for i n s t a n c e , p h o t o t h e r m a l inslabi l i t ies or the Edcls lc in 

m o d c l , w h c r e a n a d i a b a l i c é l i m i n a t i o n of the s table m o d e s must be per-

f o r m c d in order to d é r i v e the genera l i zcd po lcn l ia l . *" In principle . o n c can 

t r a n s p o s e the c o n c e p t of un ivcrsa l i l y c lass to n o n c q u i l i b r i u m critical phe-

n o m e n a : e a c h s tat ic c lass of un ivcrsa l i ly is d e l c r m i n e d by Ihc space 

d i m e n s i o n a l i t y a n d the n u m b e r n of u n s l a b l e m o d e s al Ihe cri l ical point . 

I l o w e v e r , ail the c h c m i c a l m o d c l s s tud icd up to n o w b e l o n g lo the s a m c 

c la s s n = I i s o m o r p h i c to the Is ing m o d c l . T h e d o m a i n of va l id i ty of Ihe 

m c a n - f i c l d thcory c a n b c c s t i m a t c d by the G i n z b u r g criterion.*^* In the 

n o t a t i o n s of f o r m u l a (3 .6 ) il takes the form 

r / ( / ^ 6 ' / ^ ) < l ( ^ = 3 ) (3 .9 ) 

w h c r e 1^ — D '''^ = (^j^T^hem)'''^ ^chfm '�'̂  ^ charactcr i s l i c c h c m i c a l relax-

a t i o n l ime . 

S i n c c w c h a v e s u p p o s e d in the e s t imat ion of the no i se lhal Ihe 

m i c r o s c o p i c f l u c t u a t i o n s are no t m o d i f i c d by Ihc m a c r o s c o p i c cons lra in l s . 

r is of the s a m c order of m a g n i t u d e as in equi l ibr ium p h a s e transit ions. O n 

the contrary , the corré la t ion Icngth far f rom the cril ical po in l is m u c h 

grca lcr for n o n c q u i l i b r i u m p h a s e transi t ions b e c a u s e of ils m a c r o s c o p i c 

nature . A s a c o n s é q u e n c e , the w i d l h of the nonc iass ica l critical région 

ôçj, ~ is r e d u c e d with respect to the case of equi l ibr ium p h a s e transi-

t ions . O n l y for very fast c h c m i c a l réac t ions and s low d i f f u s i o n w o u l d Ihe 

noncla.ss ical b c h a v i o r bc e x p e r i m e n l a l l y a t ta inable . N c v c r i h c i c s s , d u c lo Ihe 

large var iabi l i ty of the c h c m i c a l rate cons tant s , c h c m i c a l ins labi l i t ies re-

m a i n the best c a n d i d a t e for the o b s e r v a t i o n of noncla.ssical indices . 

O n the o l h c r h a n d , w h e n d i f f u s i o n b e c o m e s m o r e e f f i c i en t than the 

c h c m i c a l reac t ions , /Q is very great a n d f in i le -s ize e f f e c t s rapidiy b c c o m e 

i m p o r t a n t . I n d c c d , w h c n S = ôo = (lo/Lf (L is a charac ler i s l i c lenglh of 

the reactor) , the m a i n c o n t r i b u t i o n in (3 .6) cornes f rom Ihc spal ia l ly 

u n i f o r m f l u c t u a t i o n s ( )',_o)- T h e order p a r a m e l e r Ihen b e h a v e s coherent ly 

o v e r Ihe w h o l e .syslem. U s i n g the s tandard auxi l iary field t echn ique . Ihe 

s tat ic corré la t ion f u n c t i o n m a y b e c a l c u l a t e d exact iy . F r o m (3 .6) w e gel 

w h e n ô = ô' 

^>^' 2 \ a l D . , „ { 8 ( a / 2 r ) ' " ) ' 

w h c r e D_„^j{n) is a p a r a b o l i c c y l i n d e r f u n c t i o n . U s i n g the asymptot i c 
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e x p a n s i o n s of l l iesc f u n c t i o n s b e l o w thrcshokl fi(î2/2r)'/^ > I, w e ge l 

( y ^ y ~ r / 8 i l whereas far a b o v c < 0). \S\(iï/2ry/^ > \. w e o b l a i n 

< A l Ihe ins labi l i ly < v^> remains f in i l e a n d il is g iven by 

/ r \ ' / 2 r { 3 / 4 ) 

o " > - 2 ( s ) ÏW4Ï ( ' -°> � ('�"' 

T h e j , -powcr d e p c n d c n c c in the v o l u m e l ias b e e n dcr ived prev ious iy for 

this m o d e ! us ing a master é q u a t i o n a p p r o a c h . ' A w a y f r o m ihe cri l ical 

point Ihis 7 ,cro-dimensional transit ion looks like m e a n f ield Iheory; h o w -

evcr, il b c c o m e s roundcd wl ien fi~/5, = F / ï ï . S imi lar resul ls h a v e been 

o b l a i n e d in 7,ero d i m e n s i o n for c o m p l e x order p a r a m e l c r s in the c a s e of the 

laser Ihrcshold, smal l s u p e r c o n d u c l i n g part ic les . a n d the B c n a r d ins labi l -

i l y . " " 

For m o s l equi l ibr ium phase transi t ions , o n e has 5 O < 5 G L ̂ '̂̂  ̂ ^^^ 

c f f c c l s m a y be safe ly neg icc l ed , w h e r e a s for m a n y n o n e q u i l i b r i u m instabi l i -

lics fi(�^ <K 5„, wh ich prevcnts the o b s e r v a t i o n of Ihe e f f e c l s d u e lo i n h o m o -

g c n c o u s f luctuat ions . 

4. PHASE TRANSITIONS TO NONUNIFORM STEADY STATES 

W e n o w cons ider Ihc "Brus.selator" réact ion s c h e m c ' " : 

A, 

A - * X 

B + X ^ Y + D 

2 X + Y ^ 3 X 

X - * E 

T h e System is driven by kecp ing A in exces s , w h e r e a s D a n d E are ins tan l ly 

r c m o v c d . T h e c o n c e n t r a t i o n of the injec led B Ihcn p lays the rôle of A, the 

contro l parameter . If w e use the s tandard s c a l e d var iab les , Ihc rate é q u a -

t ions for the local c o n c e n t r a t i o n s are 

^,X^(t) = A - { n + \ - q'D^)X^(()+ L-'-Z^^i^Xk y.-k-k' ( 4 1 ) 
k k' 

; ) , K , ( 0 = flA,(0-'7X^(0 - ^ ' " ' ' S S - ^ ' A ' V > ' , - * - * • 
k k' 

T h e i n h o m o g c n c o u s f luc tuat ions n r o u n d the u n i f o r m s t e a d y s l a t e A'o = À, 

Ko = n/À then sat isfy 
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w h e r e 

a n d 

l B - \ - q ' D ^ A' 

M - B - A ' - q ' D , 

( 4 . 3 ) 

( 4 . 4 ) 

* k' 

W h e n 

s i m p l e l inear stabi l i ty ana lys i s predicts that a sof t transition appcars as the 

f irsl ins labi l i ty . 

I n d e e d , for 

B ^ = {\ + An)\ |q| = ,/, = (/« VDXOY)'^' (4.5) 

the s l o w m o d e 

(4.6) 

( 4 . 7 ) 

I 

with f r e q u e n c y 

B - B. ID. 

B. B. 

b c c o m e s uns tab le . 

In this G a u s s i a n descr ip t ion , the transition behavior is characteris-

t ically s e c o n d order. 

O n Ihe o t h e r h a n d , the rapidiy d e c a y i n g m o d e s 

J - ( I + / « T , ) X , + ; , I 

w i l h f r e q u e n c y 

J 1 - 7 , ^ 

< = ( - 4 / ' ) ) ( » + ' 4 T , ) ( T , ^ - 1) 

( 4 . 8 ) 

(4.9) 

w h i c h c o u p l e to the s l o w m o d e through the nonl inear terms arc takcn carc 

of by a p r o c é d u r e of a d i a b a t i c él imination,'^* valid in the vicinity of the 

ins labi l i ty (COS^WR); to l owes t order 

( 4 . 1 0 ) 
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y ic id ing the f o l l o w i n g l i m e - d c p c n d c n l G i n z b u r g - L a n d a u * ' é q u a t i o n for 

the criticai m o d e written in d i m e n s i o n l c s s var iables : 

I hc c l i a r a c t c r i 7 x i t i o n of the noise has b e e n g i v e n in (2 .2) , atld Ihe Bra-

zovski i"^' "free energy" is 

^ f = ^ 2 [ ' - o + ^ > ( N - ' 7 c ) ' ] K P 

^- k k-

+ L - ' ' ^ ^ ^ ' E w , . . a ^ , ( 4 . 1 2 ) 

k * k" 

with 

D = 4 D x / f l „ r„ = ( B , - B ) / B , , T = y ^ H 

T h e detai led structure of the c o u p l i n g f u n c t i o n s o = u ( / f . i ) , r ) a n d u 

= M(/(.TJ, F) will not be n e e d e d here."^* 

T h e essential fcature of the potent ia l . w h i c h has occurred in a variety 

of s i tuations, lies in its d e g e n c r a c y . T h e r e exis ts an inf in i té n u m b e r of 

équ iva len t ordcr parametcrs c a c h as.sociated wi th the c h o i c e of a set of 

w a v e vcctors of Icngth (f^. Each set is charac ter i zed by the n u m b e r of 

vectors and thcir relative or ientat ion . W e will s h o w that the n o n l i n e a r terms 

prov ide a paltern sé lec t ion m e c h a n i s m a i r e a d y in the m e a n - f i e l d p ic lure . 

W e will then test the i n f l u e n c e of the f l u c t u a t i o n s o n such structures. 

T h e probicm of the nuc lea t ion of thèse s tructures r e m a i n s an o p e n 

p r o b l e m and will not bc c o n s i d e r e d herc. 

4.1. Landau Theory 

In the m c a n f ield a p p r o x i m a t i o n the m o s l p r o b a b l e c o n f i g u r a t i o n s 

(which min imize <J) are such that D ( | q | - q,f = 0. T h e y are therefore 

character ized by an ordcr p a r a m c t e r of the f o r m 

i- I 

rti 
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or 

5 ( r ) = 2 2 « . c o s [ < 7 , ( l , T ) ] 
I - I 

w h e r e w e h a v e c h o s e n m pairs of vectors and — q, to form our pattern. 

T h e n the f u n c t i o n a l (4 .12 ) b e c o m e s in this a p p r o x i m a t i o n 

*� k k' 

* *� k" 

+ ^L-"'/''Z 2 2 2 5 * â , . S , - â , . . . 6 , , , . , , . . , , . . , o (4 .14) 
^- k k' k~ k-

W e first c o n s i d e r s i tua t ions w h e r e the m pairs are " i n d e p e n d c n t . " By this 

w e m e a n that 

a n d 

Sk" + k''^�k'' + k'.0 ~ ^k' + k'.O^k-' + k'.O 

or p e r m u t a t i o n s ihereof . T h e n , put t ing (4 .13) in lo (4 .14) a n d co l l ec l ing ail 

terms, w e g e l 

m m m 

^^. = ^ o 2 « - ' + 7 2 « r + " 2 2 « / « , ' (4 ' 5 ) 
/ - I ^ I - I i- \ J<i 

T h e n s t ra ight forward ly w e o b l a i n the équat ion of s ta le 

( w h e r e the /i, are f i c t i t ious s y m m e t r y - b r e a k i n g f ie lds) a n d the c l éments of 

ihe inverse suscep l ib i l i t y matrix 

™ < ^ " ' 

2 = ''J = 

F o r ail /i, = 0 , the a m p l i t u d e s are ail equal to 

[ 0 , B < B, 

[ - 2 r o / ( 2 w - l ) . / ] ' ^ \ 

w h i c h is aga in character i s t i c of a s e c o n d - o r d e r transition, as indced the 

Oi = a 
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susccplibil i ly diverges al /? = /?^: 

r „ ^ - r J { l m - \ ) (4 .19) 

The rcialivc slabilily of the varions phases may bc calculatcd by compari-

son of ihe corrcsponding generaiizcd thermodynamic potentiais (4.14) (in 

(his scale, ihc uniform phase wilh = 0 has K„ = 0): 

= - [ m / { 2 m - \ ) ] r l / u < 

and 

Thcrefore (he stables! phase (with " independent vectors") corresponds to 

»i = 1. In this case thc concentration varies periodically in the direction 

conjugale to and 

S , ( r ) = [ 8 ( / ? - / ? , ) / / ? , u ] ' / ' c o s ( < 7 , ^ ) (4 .20) 

This situation présents great analogies wilh the roi! pattern of the convec-

live instability. 

When m = 4, a new possibility arises. as Ihe four pairs may, for 

instance, be along the diagonals of a cube, in which case we have non-

coplanar wave vcclors sal isfying Ihe quadrangular relation 5^| + , , + , , + ,,.o 

giving extra contributions lo Ihe polcntial: 

K,„ = + 2ufl,rtjfl,fl , (4 .21) 

There is Ihcn a transition of sccond-ordcr type lo a structure where the 

concentration maxima have fcc periodicily. However , > K,. 

On thc olhcr hanti, when we have sets of vectors arranged lo form 

eciiiilaleral irianglcs, we gel contributions from Ihe cubic Icrms. T h e sim-

plcsl ca.se occurs for m = 3, Ihc triangle ilself. Then 

V„ = K, + ixi^a^ay (4 .22) 

and the corrcsponding équation of stale in zéro fields is 

a (ro + ufl + = 0 (4 .23) 

leading to a firsl-order subcritical transition giving rise to rod-like structures 

wilh 2d hexagonal periodicily 

ô u C ) = 2a jcos(9,Ar) + c o s [ ^^.(jc + v'3 / ) ] 

+ c o s [ | < 7 , ( x - y 3 / ) ] ) (4 .24) 

W e expecl on the basis of .symmetry arguments due lo Landau thaï there 

will be no crilical point. T h e new phase appears for ''o �=''i, = O^/10M; 
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however, the slabil i ly exchange wilh ihe uniform pha.se lakcs place al 

= = 4 o ^ / 4 5 i / . T h e pallern is immediale ly reminiscent of Ihc Bcnard 

hexagonal cell slruclure. This analogy may bc carricd evcn furthcr. I)c-

pending on the sign of o, the maxima of concentration dcfine, respcclivcly, 

a Iriangular (v < 0) or a h o n e y c o m b ( o > 0) latlice corrcsponding in the 

c o n v c c l i o n probiem respectively lo /- and ^-hexagons as dcfincd by 

Bu.sse.' 

For «I = 6, the triangles can be cho.scn lo form an oclahedron. Thc 

équation stale is then 

a ( r o + 2 m + Y ' w ' ) = 0 (4.25) 

W e thus obla in , again subcrilically, structures with 3d cubical symmclry, 

cos[^q,'/2x)cos[\q,^^2 y) 

+ cos(^(7^>/2 x)cos(^^^>/2 z ) 

+ cos ( | 9 , 7 2 v ) c o s ( i < 7 , y 2 z ) ] (4.26) 

T h e corrcsponding parameters are 

r^, = ( 2 / l l ) o V « , r;^, = ( 1 6 / 9 V / M 

W h e n o < 0 Ihc pallern of the concentration maxima forms a bec lallicc, 

whereas u > 0 Icads to f i lamenlal structures with cubic .symmetry. Thcsc 

structures arc ihe firsl to appear, a situation which prcsenls analogies wilh 

the theory of Ihe freezing transition."''' '' 

Us ing mean field theory, we have predicled thc occurrence of a great 

variety of patlerns. The slabili ly analysis shows thaï a sélection among 

thèse émerges. Il shows thaï when v¥'0 various structures may appear 

through success ive firsl-order transitions, from palterns having cubic . s y m -

m e t r y lo thc f o r m a t i o n of rolls (.see Fig. 1). Many analogous analy.ses f o r 

various S y s t e m s have bcen carried oui, a m o n g which we m e n t i o n , bccau.se 

of their c lose relation to this work, the Bénard probiem"* '*' and morpho-

genesis.'^' 

' In /-hcxagons {v < 0). oflen realized in liquids. (hc fluid rises near the cenicr of ihe cclls. 

C o n v c r s e l y , in ^ -hexagon .^ ( c > 0 ) i l ri.ses a l o n g Ihe b o u n d a r i e s of the cells , as h a p p c n s 

typically in gases. The dominant cause for the existence of u 0 in the convcclive instability 

is the température dependence of the viscosity. 

* There. il has been observed experimentally lhat almost ail metals on Ihe lefl-hand siile<if the 

periodic table are known lo be bec near the melling line al lôw pre.ssure. 

ô o c t ( ' - ) = 2 f l 

http://pha.se
http://bccau.se
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4.2. Effects o( Fluctuations 

As shown by Brazovskii."^' Ihe f luctuat ions decply aller thc mcan 

ficld picturc. W c firsl analyzc thc situation in thc light of gênerai symmctry 

arguments. In thc ordcrcd phase thc W a r d - T a k a h a s h i idcntities lhat rcsull 

from the brcakdown of translational symmctry lead lo the fo l lowing rela-

tions betwccn thc é léments of the inverse corrélation malrix r^j = (g)^ ' : 

S - ' - , - , ) « , / = ^ - ^ ' £ { 1 ^ ) (4 .27) 

wherc h is a fictitious symmetry-brcaking ficld, the a,y are factors which 

dépend on Ihe structure considcred, and 

In particular, for structures charactcrized by m independent pairs of wave 

vcctors, thc relations (4.27) rcducc to 

' � / , - r , - , = V « , (4 .28) 

^ . - ' � / - * = 0 . V / , / c G { l m) 

from which it is casily found lhat the corresponding corrélation funclions;ç„ 

and gi_j diverge as /i "' for small ficids. This is a conséquence of thc high 

degrce of degcncracy of the ordcr paramclcr. As a rcsull, long-rangc 

fluctuations may dcvc lop in ail the ordcrcd phases. T h c response of the 
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System to a long-wavelength déformation of thc structure 

o'(r) = a ( r - ^cosA: � r) (4.29) 

may be c o m p u t e d (|^| infinitésimal and |k|/^^<*: I). 

In zéro ficld, thc incrément to the funclional (4.12) is 

-io,^, + o^_,)a_^] (4.30) 

T h e fo l lowing Schwarz inequality has lo bc salisfied: 

< a , , . , a _ , , _ , > < ô ? F , ô ^ 7 , * > > | < a _ , , _ , ô ' . î ; > | ^ (4.31) 

and may bc evaluatçd, s incc for any operalor K, we have 

(KS<^:y = (K%-iKy^^,^^ (4.32) 

Furthermore, using thc conséquences of Ihe Ward-Takahash i idcntities 

lhat rcsull from the breakdown of rotational symmctry, wc gel thc follow-

ing Bogo l iubov incqualities'*': 

wherc 

/C/ , = (|q, ± k| - q,)' 

Thèse formulas imply ihe destruction of any long-rangc ordcr by 

f luctuat ions for </ < 2 infinité Systems. For structures characlerized by m 

independent pairs of wave vcctors, thc rotational symmctry argument leads 

lo Ihe more stringenl incqualities 

g,.^k.,.^k > l / ( 4 [ 4 ( q , - k ) ^ - ( - A - * ] ) (4.34) 

As a conséquence , ail of thèse structures are also destroyed by the fluctua-

l ions in infinité = 3 Systems (for m = I, this resuit is analogous to the 

impossibil ity of one-d imens ional crystals existing in thrce-dimcnsional sy.s-

tcms as argued by Landau and Pcierls), and only the structures characler-

ized by wave vectors lhat satisfy definite angular relations (i.c., bec, 

hexagonal prisms, fcc, etc.) remain. In contrast, the firsl-ordcr transitions 

induced by the cubic ternis (u ^ 0) are only slightly affectcd by fluctuations 

(as long as v^/u<^\r\), whereas thc sccond-order transition to a fcc struc-

ture is Iransformcd into a firsl-ordcr transition as shown below. 

T h e mcan ficld picturc is Ihus qualitalively modificd, I lowever, finile 

d imens ions may slabilizc some structures by inhibiting thc long-rangc 

f luc tua t ions . T h i s h a p p c n s , for instance , in three d imens ions when 

2 2 ( ' ^ A + ^ / - ) ( q j - i ) V 
y - ' 

(4.33) 
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r ' ^ ' r / / ' In <?: I {L is thc l incar d i m e n s i o n of Ihe System) . In this rég ime, 

Brazovski i ' s a p p r o x i m a t i o n Icads l o thc f o l l o w i n g é q u a t i o n for thc inverse 

susccpt ib i l i ty a s s o c i a l e d with a p a t l e r n of m i n d e p c n d e n t m o d e s (r ,̂ = r; 

{ 2 w - l)/- + rtuD-'''V-'/' + /-o = 0 V, ( 4 . 3 5 ) 

T h e é q u a t i o n of state in the a b s e n c e of a n ex terna l f ic ld m a y then be 

writ lcn as ({a^) = o) 

m - i i / a ' = 0 ( 4 . 3 6 ) 

T h e r c f o r e thc c o r r c s p o n d i n g n o n u n i f o r m s ta te m a y ar isc wi th a f in i l e 

a m p l i t u d e n„ = (2A,„/M)'''^ w h c n 

-ro> = 3(2/M - \ y / \ a u / 2 D ' / ' f ( 4 . 3 7 ) 

T h i s s tructure b e c o m e s m o r e s tab le than the u n i f o r m s tate for r,„ < 

r'„ <^r„, w h e r c r'„, d e f i n e s the f irs t -order trans i t ion t e m p é r a t u r e . T h e 

stabi l i ty of thc s tructure incrcascs wi th d c c r e a s i n g m a n d thc pat tcrns wi th 

smal l m arc the first to appcar , contrary to thc c o n c l u s i o n s r c a c h c d by 

B r a z o v s k i i . " ' ' H o w e v c r , for f in i tc d i m e n s i o n s thc System c v c n l u a l l y d e v c l -

o p s fluctuation.s, thc corré la t ion Icngth of w h i c h b e c o m e s larger than the 

s i / x of thc System itscif. Indccd . w h e n 

r ^ ^ D / Û ^ \ / Û q ] = r ^ ( 4 . 3 8 ) 

the p r o b i e m b e c o m e s z e r o - d i m c n s i o n a l wi th ail the c o n s é q u e n c e s di .scusscd 

in S e c t i o n 3. 

O n thc o ther h a n d , thc f l u c t u a t i o n s i n v a l i d a t e the L a n d a u m e a n - f i e l d 

Iheory w h c n 

rçs-r„^{q]uf^ ( 4 . 3 9 ) 

For cqui l ibr ium pha.se transi t ions , it is wcl l k n o w n that < r„,. O n ihe 

o ther hand , for m o s l instabi l i t ics far f r o m c q u i l i b r i u m r̂ ^ > r,„ a n d the 

transit ion takcs p l a c e in thc z e r o - d i m c n s i o n a l rég ime . B e c a u s e of their 

f lexibi l i ty , c h e m i c a l instabi l i t ics m i g h l , h o w e v c r , be an e x c e p t i o n . W e thus 

sec that Ihere a p p c a r t w o c las ses of d i s s i p a t i v e s tructures . In the first, 

b e c a u s e they must be s tabi l izcd by thc f in i tc d i m e n s i o n s of the S y s t e m s , the 

gcncral t h c o r c m s r c s d t i n g f r o m Ihc b r e a k d o w n of the trans lat ion a n d 

rotat ion s y m m c t r y are n o l a p p l i c a b l e . O n thc c o n t r a r y , in thc .second c lass 

the instabi l i ly is a n a l o g o u s wi th c q u i l i b r i u m f irs l -order trans i t ions , s u c h as 

crystall izj it ion. 
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5 . H A R D M O D E T R A N S I T I O N T O C H E M I C A L O S C I L L A T I O N S 

A hard m o d e trans i t ion lo c h e m i c a l osc i l la t ions o c c u r s in thc Brus-

sc la tor a l fl = 5 ; = I + a n d ^ = 0 w h e n T ) > ( 1 / / 1 ) [ ( I + / ( ' ) ' ' ' ^ - l). 

s ince in this c a s e 5 / < B^. A r o u n d this instabi l i ly po int the l inear stability 

a n a l y s i s g i v e s as charac ter i s l i c c i g e n f r e q u e n c i e s 

= - - q\Dy, + Dy) ± 2iA ( 1 + {[q\D^ - D,.)] 

- { \ / 4 A ' ) [ B - B ; - q \ D ^ - D y f ] ] ) (5 .1) 

T h c c o r r c s p o n d i n g e i g e n v c c l o r s (a l Ihe l owes t order in B - /?/ and q^) arc 

T h e as .sociale n o n l i n e a r L a n g e v i n é q u a t i o n s m a y eas i ly be writ lcn in the 

r o l a l i n g w a v e a p p r o x i m a t i o n (val id in the v ic ini ty of the instabi l i ly whcre 

/< » 5 - s ; ) as 

9 r > n = - [r+ck']W,-uj''dk'j''dk"lV,_,.,,.W:W,.+ ^, (5 .3) 

with 

}V, = R,e''\ <n,7,;.> = 2r5(T - T')S{k - k') 

r = r^ + /'r^, c = I + /Cj, u = w, + /'"^ 

_ B ; - B I { B - H : y _ 2A(D^-Dy) 

(A^ + 2)B"''^ ( 4 - 7 / 1 ^ + 4 / 1 ' ' ) 5 ' ^ - ' 

2A \ D x + Dy)'' 3A \ D x + Dy) 

, ( D x + O v ) 
T = 2B;t, k' = ^ ""g, 

H e r c a i s o Ihe n o i s e Icrm h a s becn takcn c o n s t a n t . T h c s e é q u a t i o n s admit 

n o potcnt ia l a n d the crit ical b e h a v i o r is o b l a i n c d through the direct 

a p p l i c a t i o n of thc d y n a m i c a l renormal i za t ion g r o u p o n ihe.se kinet ic équa-

t ions . Le l us n o l that w h e n r , C M are rcal the System is an n - 2 . timc-

d c p c n d e n l G i n z b u r g - L a n d a u m o d e l . T h c gcncral case ( r . r , w c o m p i c x ) has 

b e c n c x t c n s i v e l y s t u d i c d b y H e n t s c h c l ' " ' a n d w e revicw his results as 

a p p l i e d to Ihe s p é c i f i e c a s e of thc Brus.sclator. T h e m e a n f icld behavior of 

Ihc System d e d u c e d f r o m (5 .3 ) is g iven by 

< H / , ( T ) > - W ^ ( r ) 5 , . o = | l ^ ( r ) | e - " - 5 , . o (5 .5) 
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with 

\lV{rf 

I/, - (M, + r , | I F ( 0 ) | ~ ^ ) c x p ( 2 r , T ) ' 
r, 7*=0 

I + 2 f / , | J f ( 0 ) | V 

0 ) = r j + ( / j | H ^ ( T ) | ' 

< i n * {T) IV,(0)> = ^ 1 — e x p ( - [ r, + Ar̂  + / ( r j + cj/c^) ] r ) 

T h c S y s t e m c o n s c q u c n t l y e x h i b i t s a t r , = 0 a s e c o n d - o r d e r - l i k e t r a n s i t i o n t o 

c h e m i c a l o s c i l l a t i o n s , s i n c e i n t h e l i m i t T - > O O , E q . ( 5 . 5 ) g i v e s 

0, r, > 0 

,{k.l/">)'^'. <o 
\fV{r)\-

r, > 0 

''2 + " 2 k i l / " i . ' � | < 0 

T h e e f fec t of thc f luc tua t ions o n this ins labi l i ty m a y b e c o m p u t c d with the 

use of Ihe d y n a m i c a l renormal i / .a t ion group . Let us recall thaï it is d e f i n e d 

by ihe fo l l owing c h a n g e of sca lc : 

k-*k' = sk 

A - » A ' = .TA 

IV-^ W = s^W 

the f requcncy sca l ing w - > w ' = .T'w, a n d the o p é r a t i o n c o n s i s t i n g in the 

é l iminat ion of thc w a v e vec tors in the d o m a i n A/x < k < A. T h i s procé-

dure m a y be p c r f o r m e d o n the d i a g r a m m a t i c e x p a n s i o n in u of a n y 

quanl i ty a n d leads for / ? - > f l / to the f o l l o w i n g W i l s o n - F i s h e r recurs ion 

relations for V,u.r at thc lowcst ordcr in £ = 4 — [the s ca l ing e x p o n c n t of 

thc ordcr paramcler a has bccn c h o s e n a s usual by requiring that c , = i 

rcmain u n c h a n g c d , o = (</ - 2 ) / 2 + o ( c ' ) ) : 

r,V, = .v^-nV '[i + r , ( c ' ) ] 

r,<K 1 

s a : . -; : 1- 4 M , M , , 

I + fC, ' " 
In j 

T h c ex i s t ence of a n o n v a n i s h i n g f ixed po int v a l u e for F requircs 2 = 2 + 

o ( c ' ) . O n e c o n s e q u e n t l y f inds t w o f ixed po int s : thc G a u s s i a n o n c , r* = u* 
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= 0 s table for </ > 4 ; a n d the nontrivial o n e : 

r* = - e / 5 . = € /5A'4 

r* = - < ^ 2 « / 5 , "2* = f 2 « / 5 ' ' ' 4 

H e r e a i so the fac t that r* a n d M* are of ordcr t just i f ies the expans ion 

p r o c é d u r e used to dér ive the recursion relations. T h e critical bchavior of 

the System in Ihcn g iven Ihrough the l inearized recursion relat ions around 

Ihe f i xed po int , Icading to thc f o l l o w i n g sca l ing f ie lds: 

For > 4 w e h a v e 

In this c a s e the critical ind ices are c lass icai , s ince 

W ' ^ ( T ; r , , r j , M , , H 2 ) - * J ^ K , 4 ( T 5 " ^ . v V , . , î V 2 , j ' H , , . v ' U 2 ) , € < 0 

N a m e l y the corré la t ion f u n c t i o n < H7(T )^F^(0)> b e h a v e s as 

2 r ( A : ) e x p [ - r T / T { / c ) ] 

w h e r e 

r{k) = r/{k' + ^r')-i<''fiki,) 

the Iwo corré la t ion l engths are d e f i n e d as 

«1 — ' I � ^2 '̂ 2 

a n d the c o r r e s p o n d i n g critical ind ices are 

r ( 0 ) ~ R e T - ' ( 0 ) ~ r , - " , I m T - ' ( 0 ) ~ r ; ' 

wi th Y) = Y2 = ' 3"'^ ""i = ''2 2-

F o r (/ < 4 the s ca l ing f ie lds are 

g^ = r^ + K^u^, J?2 = ('�2 " C2''i) + ' ^ 4 ( " 2 - C2W1) 

^ 3 = 1 / 2 - 0 2 » , , g 4 = " | - " * 

a n d 

^ki''-^ g2< gi' g*) 

W e h a v e in this c a s e 

rik)^v/{k' + ir')-i<-'fi'<iô 

r-\k) = k' + i,-' + i[c,{k' + ic') + = l<'Wi<''<i2) 
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and 

witli 

2-2t/5 ' ''' " i 

whilc y, = 2l'^ and = 2-yj. 

The conc lus ion of Ihis analys is is lhal in thc disordered phase the 

f luctual ions m o d i f y the critical bchavior for < 4 in the fo l l owing w a y : 

1. Thc critical point is shifted, s ince it is n o w d e f i n e d by g , = + K^u^ 

= 0 or = /?/(! + ^ " 4 1 / , ) , where is thc true critical va lue of B. 

2. T h e scal ing bchavior of thc corrélat ion f u n c l i o n s is g ivcn with 

nonciassicnl cxponcnts associatcd to two corrélat ion lengths. 

D u c to the similaritics be tween this mode l and thc G i n z b u r g - L a n d a u 

modcl , the study of the ordered phase wou ld be of particular interest, s ince 

o n c expccts the exis tence of G o l d s i o n e m o d e s in this régime. T h c e f f ec t s of 

thcsc m o d e s may dceply af fcct thc d y n a m i c s of the s y s l e m and we h o p e to 

c o m e back to this probicni in the future. 

6. CONCLUSIONS 

W e have illustratcd the appl icat ion of the m e t h o d s of equi l ibrium 

phase transitions to nonl incar chemica l m o d c i s in the vicinity of instabil i ly 

points. W e have shown thaï thc sys tcm can in principle display departures 

from thc mean field prédict ions cven qual i lat ively . In mos l h y d r o d y n a m i c 

instabilities and in the case of the laser threshold thèse dév ia t ions from the 

classical thcory are hidden by finite-size e f fects , which dé termine the 

bchavior ncar transitions. D u e to the large variabil i ty of chemica l rate 

constants , chemical Systems remain g o o d c a n d i d a t e s for the ob.scrvation of 

noncla.ssical bchavior despite the great expér imenta l d i f f icul l ies . O n the 

othcr hand, in certain drivcn c o n d c n s c d matter Systems, the var ious recom-

binat ion proccsscs may bc dcscribed in ternis of a p h e n o m e n o l o g i c a l 

r cac t ion -d i f fus ion équat ion similar to (2.1) and thc c o n c l u s i o n s of this 

papcr might be of .some rclcvance in such a context . 
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