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NONEXISTENCE OF GLOBAL SOLUTIONS AND
BIFURCATION ANALYSIS
FOR A BOUNDARY-VALUE PROBLEM OF PARABOLIC TYPE

C. V. PAO

ABSTRACT. The aim of this paper is to present a bifurcation analysis on the
existence of the nonexistence of a global solution for a semilinear parabolic
equation and to characterize the local stability and the instability of the
corresponding steady-state solutions. The bifurcation result can be de-
scribed either by a parameter A for a fixed spatial domain  or by varying @
for a fixed A. The stability analysis gives a result which can be used to
determine the stability or instability problem when the system possesses
nonintersecting multiple steady-state solutions.

1. Introduction. Let £ be a bounded domain in R” and 3§ the boundary of
Q. Consider the following initial boundary-value problem:

(1.1) u = V-(D(x)Vu) =ANe™-b) (+>0,x€Q),
(1.2) B(ou/w)+u=0 (t>0,x €3Q),
(1.3) u0,x) = up(x) (x€Q),

where A, B, a, b are nonnegative constants with 0 < b < 1, D is a positive
function on Q (the closure of ), V is the gradient operator in  and 9/ is
the outward normal derivative on 3. We assume that Q is sufficiently
smooth, D is continuously differentiable in ﬁ, and u is continuous nonnega-
tive on © and satisfies the boundary condition (1.2). The above system arises
in the thermal ignition of mixture of gases and some nonlinear diffusion
problems (cf. [6], [8], [9]). The purpose of this paper is to give a bifurcation
analysis on the existence and nonexistence of a global solution of the system
(1.1)~(1.3), and to characterize the local stability and instability behavior of
steady-state solutions. Our bifurcation results can be described either by
considering A as a parameter with a fixed domain Q or by varying the size of
Q with a fixed A. Specifically, we show for the case of fixed € that as A
increases from zero a unique global solution exists until A = A, for some
A. > 0. As soon as A > A, this solution not only grows unbounded but also
diverges to oo in a finite time 7, which decreases as A increases. In fact, we
obtain an explicit upper bound for the “finite escape time” T,. We also show
that if a steady-state solution u,(x) exists then it is either asymptotically
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stable or unstable depending solely on Aexp(au,(x)) < A, or > A, on . This
result characterizes the local behavior of a steady-state solution which can be
used to determine the stability and instability problem when the system
possesses nonintersecting multiple steady-state solutions.

The nonexistence of global solutions for semilinear parabolic equations was
discussed in [5], [7], [15]. The papers of [7], [15] are concerned with initial-
value problems with € = R” while the work in [5] treats a special form of
(1.1)«(1.3) with D = a =X = 1and B = b = 0. It was announced in [5] that
if the size of Q is sufficiently large then the solution diverges to oo either as
t — oo or in a finite time. In this paper, we obtain a more definite conclusion
for the system (1.1)—(1.3). Specifically, we show that there is a domain &, such
that the solution actually diverges to oo in finite time when the size of Q is
increased beyond the size of §.. On the other hand, the existence of positive
solutions for the corresponding steady-state solution has recently been inves-
tigated in [1], [2], [9], [14]. In particular, the bounds of the steady-state
solution given in [2] coupled with our results can be used to obtain detailed
information about the stability problem such as stability region and rate of
decay of the perturbed solution to the steady-state solution. Our approach to
the stability problem uses a similar technique as that in [3].

2. The main results. By a steady-state solution we mean a time-independent
solution u,(x) of (1.1), (1.2). In view of the maxium principle any steady-state
solution is nonnegative. Notice that if b = 1 the zero function v, =0 is a
steady-state solution. Let p, be the last eigenvalue and y/(x) the corresponding
eigenfunction of the linear eigenvalue problem

V- (D(x)Ve)+ np=0 (x€Q),
B(d¢/v)+¢ =0 (x €0Q).
It is well known that p, is positive and y(x) > 0 in €. In fact, if 8 > 0 then
the maximum principle implies that y(x) > 0 on @ (cf. [12]). We set ¢, =
min Y(x) on & and normalize y(x) so that max y(x) = 1. Notice that y,,, > 0

when B > 0. Our results for the existence and nonexistence of global
solutions are given in the following two theorems.

(2.1)

THEOREM 1. Let B > 0 and let uy(x) > &)(x) for some constant 6 > 0. If
a\ > g then there exists a constant T, < oo such that a unique nonnegative
solution u(t, x) to (1.1)~(1.3) exists on [0, T,) XQ and satisifes
(2.2) lim maxu(¢, x) = oo.

t—T, x€0

In fact, u(t, x) > 8(1 — yt)~ "Y(x), where y = A\8a?),,/2.

THEOREM 2. Let b = 1 and let uy(x) < py(x) for a sufficiently small constant
p > 0. If ak < pg then a unique nonnegative solution u(t, x) to (1.1)~(1.3) exists
on [0, 00) X and satisfies
(2.3) lim maxu(¢, x) = 0.

t—o0 xeq
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Theorem 2 implies that when b = 1 the zero solution is asymptotically
stable. In the case of b < 1, positive steady-state solutions still exist when Aa
is sufficiently small (cf. [2], [12]). Our next theorem is to characterize the local
stability and instability behavior of any nonnegative steady-state solution.

THEOREM 3. Let u,(x) be any nonnegative steady-state solution. If

2.9 exp(au,(x)) <(a\) ‘g  (x €Q),

then there exist positive constants p;, o;, i = 1,2, such that a unique solution

u(t, x) to (1.1)~(1.3) exists and satisfies

4 (x) = pre” W (x) < u(t, x)
(2:5) _
< u,(x)+ pe”Y(x) (¢>0,x€Q)

provided that

u,(x) = p¥(x) < uy(x) < u,(x) + p¥(x)  (x €Q).
On the other hand, if

(26) exp(au,(x)) >(al) 'py  (x €Q),
then there exists a; > 0 such that for every positive constant p,,
2.7 u(t, x) > u,(x) + pe®y(x) (1>0,x€Q)

whenever uy(x) > u,(x) + p3¥(x) for x € Q.

REMARKS. (a) The conclusions in Theorems 1, 2 and 3 remain valid when
the operator V-(D (x) Vu) is replaced by a uniformly elliptic operator of the
form

n

Lu= Y a;(x)u,, + > a,(x)u,.
ij=1 i=1
In this situation, p, and ¢ are the least eigenvalue and its corresponding
eigenfunction of L(under the boundary condition in (2.1)). Notice that y, is
real, positive and y(x) is positive in £ or Q according to 8 =0or 8 > 0 (cf.
[12], [13]).

(b) Since gy ! is directly related to the size of  (for certain fixed geometry).
Theorems 1 and 2 imply that for fixed A if we increase the size of § then there
is a critical domain £, such that a global solution exists and converges to zero
(for small 4y and b = 1) when @ is smaller than €, and there exists no global
solution when @ is larger than . This phenomenon also leads to a
bifurcation result in terms of the size of the spatial domain.

3. Proof of the main theorems. The proof of the results in Theorems 1, 2
and 3 is based on the notion of upper and lower solution which has
frequently been used in the treatment of both elliptic and parabolic type
boundary-value problems (cf. [1], [9], [11], [14]). In this paper, by an upper
and lower solution we mean a pair of smooth functions (¢, x) and u(¢, x)
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such that for every finite 7 > 0,4 > » on [0, T] X Q and @ satisfies the
inequalities

i, — V-(D(x) Vi) > Ne® -b) (¢t €(0,T],x €Q),
3.1) B(%i/ov) +a >0 (t €(0,T]x Eaﬂ),
(0, x) > up(x) (x€Q),
while u satisfies all the reversed inequalities in (3.1). Here by a smooth
function is meant a continuous function o on [0, T} X & which is
continuously differentiable in 7 > 0, twice continuously differentiable in
x € Q and dv/dv exists on.(0, T] X 0.

By starting from the initial iterations ¥® =4 and u©® = u we can
construct two sequences from the linear system

— V(D (x) Vu®) = Nexp(au*~V) — b) (1 €(0, T], x €Q),
(3.2) B(au(")/av) +u® =0 (t €(0, T], x Eaﬂ),
u®(0, x) = uy(x) (x€Q), k=12,

Denote these two sequences, respectively, by {#®} and {¥®}. Then by the
property of i and u it is easily seen that {#®)} is monotone nonincreasing
while {¥®} is monotone nondecreasing and u® < a#® for every k =
1,2,.... Thus the pointwise limits of these sequences exist and are denoted
by u and u. A regularity argument shows that # and u are both solutions of
(1.)~«(1.3) "and satisfy the relations

(3.3) ’!<£(l)<£(2)<"'<£<17<"'<l7(2)<17(|)<ﬁ

In fact, u coincides with v and is the unique solution of (1.1)«(1.3). (See
[11], [14] for a detailed discussion. See also [10] for the uniqueness problem.)
Hence the asymptotic behavior of the solution can be determined through the
construction of suitable upper and lower solutions. The proofs of our main
theorems are based on some explicit construction of these functions. Before
doing this, we observed that u = 0 satisfies all the reversed inequalities in
(3.1) and thus the problem has a unique nonnegative solution if there exists a
nonnegative upper solution. On the other hand, if « is a function satisfying
the reversed inequality in (3.1) then the corresponding sequence {u®) is
monotone nondecreasing and thus converges to the unique solution when it is
bounded from above. This approach will be used in the proof of the
nonexistence of a global solution.

PROOF OF THEOREM 1. We seek a lower solution in the form of u =
P(D)Y(x) where p(?) is a positive function with p(0) > 8. To insure that u
satisfies the reversed inequalities in (3.1) it suffices to find p such that

P'(D¥(x) + mop () (x) < A exp(ap(1)y(x)) = b]

(3.4)
(te@© 7], x €9Q).
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Since e™ — b > an + a™?/2 for n > 0, where 0 < b < 1, we only need to
find p such that p(0) > & and

(3.5 P'(1) — (ak — po)p(t) < Aap?(t)(x)/2.
In view of the hypothesis a\ > p, the above inequality holds if we choose
(3.6) p(=801-y)",, teg[0,y7"),

where y = A8a?¥,,/2. With this choice of p the function u = p()y¥(x)
becomes a lower solution if there exists an upper solution # satisfying & > u
on [0,y 1) X Q. However, since u is unbounded at every point of Q as
t > v~ ! such a function cannot exist unless the solution is also unbounded at
all points x € @ as r — y . To overcome this difficulty we take a sufficiently
large constant N > uy(x) and define a function f by f(n) = e™ — b for
0< n < N and f(n) =e® — b for n > N. Choose T sufficiently close to
y~! such that u(T’, x) > N for some x’ € Q. Then the sequence {u®)
obtained from (3.2) with exp(au®~V) — b replaced by f(u*~Y) and with
u® = py, T = T’ is monotone nondecreasing. Since f(u*~Y) is uniformly
bounded, the well-known estimate for linear parabolic system insures that
{u®} is bounded (cf. [4, p. 146])). It follows from its nondecreasing property
that {u®) converges pointwise to a function u*(z, x). A regularity argument
shows that u* is a solution of the equation

(3.7 u— V- (D(x)Vu) = M) (t€(0,T]x€Q)

and satisfies conditions (1.2), (1.3). Since u* > u = py on [0, T'] X Q and
u(T’, x") » N there exists T* < T’ such that u*(t, x) < N on [0, T*] X Q
and u*(T*, x,) = N for some x, € Q. By the definition of f, u* is the solution
of (1.1)~(1.3) for at least (¢, x) € [0, T*] X . The above conclusion shows
that for every large constant N there is a number 7* < y~! and a solution
u*(1, x) of (1.1)~(1.3) on [0, T*] X 2 such that max u*(t, x) = N. Hence (2.2)
must hold. For if 4 were bounded on [0, y~') X @, say by K, then by the
choice of N > K there would exist a point x, € Q and T* < y~! such that
u(T*, x;) = N > K which is absurd. This completes the proof of the
theorem.

ProorF oF THEOREM 2. It suffices to find a nonnegative upper solution
which converges to zero as t — oo since u = 0 clearly satisfies the reversed
inequalities in (3.1). We seek an upper solution of the form i = pe ™ *y(x) for
some positive constants p and a. In view of (3.1), i@ is an upper solution if

(3.8) (ko — a)pe™*(x) > A[exp(ape ™y (x)) — 1]
The above inequality holds if

3.9) (o — @)n > A[exp(an) — 1] for0 < 5 < p.
But by the hypothesis Aa < p, there exists p > 0 such that
(3.10) (@) '(e™ = 1) <(\a)"'py for0< n<op.
It follows by letting @ = py — p ~'A(e® — 1) > 0 that
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(Aa) (ko — @) = (ap) " '(e® — 1)

3.11 -
@.11) >(@n)'em-1)  (0<n<p)
which proves (3.9). Hence a unique nonnegative solution u(¢, x) exists and is
bounded by pe ~*y/(x). Relation (2.3) follows immediately.

ProoF oF THEOREM 3. To prove relation (2.5) it suffices to show that
= u,(x)+ pe”*Y(x) and u = u,(x) — p,e”*"Y(x) are upper and lower
solutions, respectively. Clearly, i is an upper solution if

= V(D (x) Vu,) + (po — az)pe ™ *Y(x)
> A[exp(au,(x))exp(apze‘“2’\p(x)) - b]
since both u, and y satisfy the boundary condition (1.2). From —V-(D Vu,)
= A(exp(au,) — b) the above inequality holds if
(.13)  (mo — ay)n > A(exp(au,(x)))[exp(an) — 1] (0 < 9 < py).

But this follows from hypothesis (2.4) for some sufficiently small p, and a,.
The proof of u being a lower solution is similar. To show the relation (2.7) we
observe that the function v = u,(x) + p;e®y(x) satisfies the reversed
inequalities in (3.1) if

(3.12)

(3.19) (mo + az)n < Aexp(au,(x))(e™ — 1) forn > 0.

In view of (2.6) and the nonnegative property of u, this relation is clearly
satisfied by some a; > 0. Using the modified function f(n) and the initial
iteration ¥ = » we conclude from the same argument as in the proof of
Theorem 1 that a solution u(z, x) to (1.1)(1.3) exists and satisfies u(¢, x) >
u(t, x) on [0, T] X Q for every finite 7. This completes the proof of the
theorem.

REMARK. The proofs of Theorems 1, 2 and 3 yield the following additional
information. (i) The finite escape time T, is bounded by 2(Ada%),,) ! which
has a natural physical interpretation. (ii) The constants p, a which give the
extent of stability and the exponential rate of decay can be explicitly
estimated from (py — aA). (i) A stability region of u,(x) is contained
between u,(x) — p;¥(x) and u,(x) + p,y(x) where p,, p, can be estimated
from the bound of u, (e.g., see [2] for such a bound).
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