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1 Introduction

Fractional differential equations describe many phenomena in various fields of engineer-
ing and scientific disciplines such as physics, biophysics, chemistry, biology (such as blood
flow phenomena), economics, control theory, signal and image processing, aerodynamics,
viscoelasticity, electromagnetics, and so on (see [1-6]). For some recent developments on
the topic, see [7-21] and the references therein. Coupled boundary conditions appear in
the study of reaction-diffusion equations and Sturm-Liouville problems, and they have
applications in many fields of sciences and engineering such as thermal conduction and
mathematical biology (see for example [22-28]).

In this paper, we consider the system of nonlinear fractional differential equations

(®)
(®))

’ [S L)

) :Dggu(t) +Af(t u(t),

4 0
Dg+v(t) + gt u(t),v 0

’ L)

with the coupled integral boundary conditions

(BCO) { u(0) = /(0) =--- = u"2(0) =0, u(l) = fol v(s) dH(s),

v(0) =V (0) = - -- = v"2(0) = 0, v(l) = fol u(s) dK (s),
wheren-l<a<mm-1<p<m,nmeN,n,m=>3,D],,and Dg+ denote the Riemann-
Liouville derivatives of orders « and B, respectively, and the integrals from (BC) are
Riemann-Stieltjes integrals.

We shall give sufficient conditions on A, u, f, and g such that (S)-(BC) has no positive
solutions. By a positive solution of problem (S)-(BC) we mean a pair of functions (,v) €
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C([0,1]) x C([0,1]) satisfying (S) and (BC) with u(¢) > 0, v(¢) > 0 for all £ € [0,1] and
(u,v) #(0,0). The existence of positive solutions for (S)-(BC) has been studied in [29] by
using the Guo-Krasnosel’skii fixed point theorem. The multiplicity of positive solutions of
the system (S) with A = u =1, f(¢, u, v) :f(t, v) and g(¢, u, v) = g(¢, u) (denoted by (S;)), with
the boundary conditions (BC) was investigated in [30], where the nonlinearities f and g
are nonsingular or singular functions. In [30], the authors used some theorems from the
fixed point index theory and the Guo-Krasnosel’skii fixed point theorem. We also mention
[31], where we studied the existence of positive solutions for (S)-(BC) (u(t) > 0, v(t) > 0
for all ¢ € [0,1], and u(¢) > 0, v(¢) > O for all ¢ € (0,1)), where f and g are sign-changing
functions. The systems (S) and (S;) with uncoupled boundary conditions

uw(0) =/ (0) =---=u"2(0) =0, u(l) = fol u(s) dH(s),

(BC) v(0) = v (0) = - -- = v"2(0) = 0, v(1) = fol v(s) dK (s),

were investigated in [32-35].

In Section 2, we present the necessary definitions and properties from the fractional cal-
culus theory and some auxiliary results from [29], which investigates a nonlocal boundary
value problem for fractional differential equations. In Section 3, we prove some nonexis-
tence results for the positive solutions with respect to a cone for our problem (S)-(BC).
Finally, two examples are given to illustrate our main results.

2 Auxiliary results
We present here the definitions, some lemmas from the theory of fractional calculus, and
some auxiliary results from [29] that will be used to prove our main theorems.

Definition 2.1 The (left-sided) fractional integral of order « > 0 of a function f : (0, 00) —
R is given by

(ﬁLfﬂﬂ==F%5¥£Qt—9“%f@ﬁk, £>0,

provided the right-hand side is pointwise defined on (0,00), where I'(«) is the Euler
gamma function defined by I'(«) = [~ t*"'e~" dt, « > 0.

Definition 2.2 The Riemann-Liouville fractional derivative of order o > 0 for a function
f:(0,00) — R is given by

o (4N (peryyo L (AN [ __S©
(D0+f)(t)—(dt) (167 )(t)—r(n_a)( t) /0 sy 120

where 7 = [[«]] + 1, provided that the right-hand side is pointwise defined on (0, 00).

The notation [[«]] stands for the largest integer not greater than «. If @ = m € N then
D f(t) =f")(¢t) for t > 0, and if « = 0 then DY, f(¢) = f(¢) for £ > 0.
We consider now the fractional differential system

D u(t) +x(t) =0, te(0,1),

Dh v(t) +y(£) =0, te(0,1), 1)
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with the coupled integral boundary conditions (BC), where n —1<a <n,m-1< <m,

n,meN, n,m>3,and H,K : [0,1] — R from (BC) are functions of bounded variation.
Lemma 2.1 ([29]) If H,K : [0,1] — R are functions of bounded variations, A =1 —
(fo1 7ol dK(t))(fO1 8V dH(t)) # 0 and x,y € C(0,1) N L*(0,1), then the solution of prob-
lem (1)-(BC) is given by

ut) = [y Gi(t,5)x(s)ds + [ Ga(t,5)y(s)ds, te[0,1],

ut) = [ Ga(t,s)y(s)ds + [, Galt,s)x(s)ds, t e [0,1], @
where
Gi(t,s) = gl(t s)+ E— fo P 1dH(z fo a(t,8)dK (1)),
Gy(t,s) = gz(r s)dH (1), 3)
Gs(t,s) = gz(t s+ 22 —(fy T K () (fy &2(t,5) dH (7)),
Gal(t,s) A fo gl(r s)dK (1),
forallt,se[0,1] and
. Q-5 - (t—s5)*, 0<s<t<l,
869 = g 211 —s)* L, 0<t<s<l, .
oy PP - -5, 0<s<t<], ()
&(6:5) = () #1(1 = 5)f1, 0<t<s<l.

Lemma 2.2 ([32]) The functions g and g, given by (4) have the properties
(a) g@1,82:10,1] x [0,1] — R, are continuous functions, and gi(t,s) > 0, g(¢,s) > 0 for all
(t,8) € (0,1) x (0,1);
(b) gi(t,5) <&1(6n(s),9), &(t,5) < g2(02(s),5), for all (¢,5) € [0,1] x [0,1];
(c) forany c €(0,1/2), we have

min g(£,5) > y141(61(5), ), min_g(¢,5) > y282(62(s), ),

tele1—c] telc,1—c]

forall s € [0,1], where y; = ¢*7Y, v, = P71,

g s€(0,1],
O1(s) =

ifn-1l<a<nn=>3,and

ﬁ 17 56(0,1],
92(8)2 (1- )7

1-
B= -
E; 5—07

,_.
U

5]

ifm-1<B<m,m=>3.

Lemma 2.3 ([29]) If H,K : [0,1] — R are nondecreasing functions, and A > 0, then G;,
i=1,...,4 given by (3) are continuous functions on [0,1] x [0,1] and satisfy G;(t,s) > 0



Henderson and Luca Boundary Value Problems (2015) 2015:138 Page 4 of 12

for all (t,s) € [0,1] x [0,1],i=1,...,4. Moreover, if x,y € C(0,1) N L}(0,1) satisfy x(t) > 0,
y(¢) = 0 for all t € (0,1), then the unique solution (u,v) of problem (1)-(BC) (given by (2))
satisfies u(t) > 0, v(t) > 0 for all t € [0,1].

Lemma 2.4 ([29]) Assume that H,K : [0,1] — R are nondecreasing functions and A > 0.
Then the functions G;, i =1,...,4, satisfy the inequalities

(a1) Gi(t,s) < Ji(s), V(¢t, ) € [0,1] x [0,1], where

_ 11 4 ! )
11<s)-g1(91<s>,s)+Z< /0 . dH(r))( /0 gl(r,s>d1<(r)),

(ap) foreveryc € (0,1/2), we have

min ]G1(L‘, ) = nh(s) = nGi(¢,s), V&,s€(0,1];

telel-c

(b1) Ga(t,s) <Ja(s), V(t,s) € [0,1] x [0,1], where Ja(s) = + [, ga(t,5) dH(v);
(ba) foreveryc e (0,1/2), we have

min ]Gz(l‘,s) > yih(s) = 1G (t’,S), vt',s € [0,1];

telcl-c

(c1) Gsl(t,s) < J5(s), Y(¢,5) € [0,1] x [0,1], where

1 1
J5(5) = & (6(5),5) + %( fo po-l dK(r)) ( /0 gz(r,smH(r));

(ca) foreveryc e (0,1/2), we have

min ]Gs(t»s) > 1oJ3(s) = 1»Gs(t,s), Vt,s€[0,1];

telcl-c

(d1) Galt,s) <Jals), V(t,s) € [0,1] x [0,1], where Ju(s) = %folgl(r,s) dK(t);
(dy) forevery c €(0,1/2), we have

r[nin ]G4(t,s) > ¥oJa(s) > Gy (t’,s), vt,se[0,1].
telcl-c

Lemma 2.5 ([29]) Assume that H,K : [0,1] — R are nondecreasing functions, A >0, c €
(0,1/2), and x,y € C(0,1) N L}(0,1), x(¢) > 0, y(t) > O for all t € (0,1). Then the solution
(u(2),v(2)), t € [0,1] of problem (1)-(BC) satisfies the inequalities

min u(t) > y; max u(t), min v(¢) >y, max v(t).
tele,1-c] ® = n t'e[0,1] ( ) telel-c] ® = v2 t'e[0,1] ( )

3 Main results

We present in this section intervals for A and p for which there exists no positive solution
of problem (S)-(BC).
We present the assumptions that we shall use in the sequel.
(H1) H,K :[0,1] — R are nondecreasing functions and
A=1-(f; e dK(D)(f, ¥ dH(x)) > 0.
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(H2) The functions f,g: [0,1] x [0,00) x [0,00) — [0, 00) are continuous.
For ¢ € (0,1/2), we introduce the following extreme limits:

. (t,u,v) . (t,u,v)
f(f:hmsupmaxf ity gg:hmsupmaxg =
wrvs0t tel0d] U+ V wivs0t Lel01] U+ V
.  ftu,v) P, . gt,u,v)
f3=liminf min L, g = liminf min g;’
u+v—0%* telcl-c] U+ V u+v—>0* telcl-c] U+ V
. (t,u,v) . (t,u,v)
5, =limsup maxf A &5, = limsup max ghi ,
u+v—oo t€(01] U+ V u+v—oo t€lO1] U+ V
P . fltu,v) P . gltu,v)
fL =liminf min ACLL , g =liminf min gLmy)
utv—>ootelcl-c] U+ V utv—>ootelel-c] U+ V

In the definitions of the extreme limits above, the variables u and v are nonnegative.
By using the functions G;, i = 1,...,4 from Section 2 (Lemma 2.1), our problem (S)-(BC)
can be written equivalently as the following nonlinear system of integral equations:

ut) = A [y Gult, s)f (s, u(s), v(s)) ds + o [y Ga(t,5)g(s, u(s), v(s))ds, ¢t €[0,1],
We) = w [y Ga(t,5)g(s, u(s), v(s)) ds + i [, Ga(t,s)f (s, u(s), v(s))ds, £ €[0,1].

We consider the Banach space X = C([0,1]) with supremum norm || - ||, and the Banach
space Y = X x X with the norm ||(&, V) |y = ||| + ||v||. We define the cone P C Y by

p- {(u, VeYiult)z 0,020V e01]and inf (ult) +v(t)) = | w ) Y},

where y = min{yy, y»} and y1, y» are defined in Section 2 (Lemma 2.2).
For A, u > 0, we introduce the operators 71, T>: Y — X,and T : Y — Y defined by

1

1
Ty, v)(6) = / Gy, s)f (5, (), W(s)) ds + 1t f Galt, g (s, u(s), ) ds, 0<t<1,
0 0
1 1
To(u,v)(¢) = pc/ Gs(t, s)g(s, u(s), V(s)) ds + A/ G4(t,s)f(s, u(s),v(s)) ds, 0<t<l,
0 0

and 7T (&, v) = (T1(«, v), To(u,v)), (u,v) € Y.

Lemma 3.1 ([29]) If (H1) and (H2) hold, and c € (0,1/2), then T : P — P is a completely
continuous operator.

The positive solutions of our problem (S)-(BC) coincide with the fixed points of the
operator 7.

Theorem 3.1 Assume that (H1) and (H2) hold, and c € (0,1/2). If f§, £, 25,85, < 00, then
there exist positive constants ho, (Lo such that, for every : € (0, o) and pu € (0, o), the
boundary value problem (S)-(BC) has no positive solution.

Proof From the definitions of f3, f3 , g, g5, which are finite, we deduce that there exist
M, M5 > 0 such that

f(t,M,V)SMl(u‘f'V), g(t¢M;V)§M2(”+V): Vt e [0)1]) MIVZO‘
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We define Ay = min{m,m}, o = min{m,m}, where A = fol]l(s)ds, B =
folj'z(s) ds, C = foljg(S) ds, D = f01]4(s) ds. We shall show that, for every A € (0,10) and
u € (0, uo), problem (S)-(BC) has no positive solution.

Let A € (0,A0) and u € (0, o). We suppose that (S)-(BC) has a positive solution
(u(t),v(t)), t € [0,1]. Then by using Lemma 2.4, we obtain

1 1
ue) = (T )@ = | Gt (5us) v s+ | Gatt gl s
0 0
1 1
<X / Ji(s)f (s, u(s), v(s)) ds + / J2(s)g (s, u(s), v(s)) ds
0 0
1 1
< AMI/ Ji(s) (u(s) + v(s)) ds + uMy / Ja(s)(u(s) +v(s)) ds
0 0

1 1
EAM1/0 Ju(s)(llu] + ||V||)dS+MM2/O Fa(s)(lluell + [1vIl) ds

= (WMA + uMB)|(w,v)|,, Vee[0,1].
Therefore, we conclude
1
lull < OMA + pMoB) [, W)y < GoMiA + poMoB) [V < S @ W)y 6)

In a similar manner, we obtain
1 1
v(t) = (Ta(u,v))(t) = [Lf G (t,5)g(s, u(s), v(s)) ds + A/ Ga(t, $)f (s, u(s), v(s)) ds
0 0
1 1
< 0 [ Jasdgls o) v ds . [ G5 (o), 09) ds
0 0
1 1
< uMgf J3(s) (uls) + v(s)) ds + AM1/ Ja(s) (u(s) + v(s)) ds
0 0

1 1
SMM2/O Ja(s)(llull + IIVII)dS+>»M1/0 Ja(s)(llull + IvIl) ds

= (uM>C + AM;D)| (u,v)|

, VEe[o,1].

Therefore, we deduce

1
IVl < (uM2C + AMLD) | (,v) |, < (toM2C + AoMiD) | (u, V)|, < 3 [, ®)

Hence, by (5) and (6), we conclude

ol = 191 < 5 Jw )l + 510, = Jwnly,

which is a contradiction. So the boundary value problem (S)-(BC) has no positive solu-
tion. (]

Theorem 3.2 Assume that (H1) and (H2) hold, and c € (0,1/2). If fi,f%, > 0 and f (¢, u,v) >
Oforallt € [c,1-c],u>0,v>0,u+v >0, then there exists a positive constant ):0 such that,
forevery X > Ao and ju > 0, the boundary value problem (S)-(BC) has no positive solution.
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Proof From the assumptions of the theorem, we deduce that there exists m; > 0 such that

PO 1 1
ft,u,v)>m(u+v)forall £ € [c,1-c] and u,v > 0. We define 1o = mm{W, m—mlﬁ}’

where A = B " Ji(s)ds and D = B "¢ J4(s) ds. We shall show that, for every A > Ao and u > 0,
problem (S)-(BC) has no positive solution.

Let A > Ao and p > 0. We suppose that (S)-(BC) has a positive solution (u(¢), v(t)), ¢ €
[0,1].
IfA > D, then Ao =

"t and therefore, we obtain
1

1 1
u(c) = (Th(u,v))(c) = k/ Gi(c,s)f (s, uls), v(s)) ds + u/ Ga(c, s)g(s, u(s), v(s)) ds
0 0
1 1-c
> k/ Gi(c,s)f (s, u(s), v(s)) ds > )»/ Gi(c,s)f (s, u(s), v(s)) ds
0 c
1-c

1-c
> /\m1/ Gi(c,s)(u(s) + v(9)) ds = amyy | L)y (lull + vl) ds

c

= Amlyylz H (w,v) H Y

Then we conclude

lull = u(c) = Aamy A @ v)|, > kormynA|wv)|, = || v)]

Y’

and so ||(z, V)|ly = l#]l + [Vl = ll#|| > ||(&, V) ||y, which is a contradiction.

IfA < D, then ho = wzim 5 and therefore, we deduce

1 1
v(c) = (Tz(u, v))(c) = ,u/o Gg(c,s)g(s, u(s),v(s)) ds + }L/.o G4(c,s)f(s, u(s),v(s)) ds
1 1-c
> A/ Ga(c, )f (s, u(s), v(s)) ds > A/ Ga(c, 9)f (s, uls), v(s)) ds
0 c
1-c

1-c
> Amy / Galc,s)(u(s) + v(s)) ds = amyyy | Ja(s)y (lull + IvIl) ds

c

= Amlyy25|| (u,v) || v

Then we conclude

IVl > v(c) > Amyy oDl (u, v) I, > RomiyyaD| (u, Wy = @)

V&

and so [|(z, V) ||y = |l#]l + IVl = VIl > ||(z, V)|l v, which is a contradiction.

Therefore, the boundary value problem (S)-(BC) has no positive solution. O

Theorem 3.3 Assume that (H1) and (H2) hold, and c € (0,1/2).If g}, g’ > 0 and g(t,u,v) >
Oforallt € [c,1-c],u>0,v>0,u+v >0, then there exists a positive constant [Lo such that,
forevery u > fig and A > 0, the boundary value problem (S)-(BC) has no positive solution.

Proof From the assumptions of the theorem, we deduce that there exists 71, > 0 such that

~ . 1 1
g(t,u,v) > my(u+v)forall t € [c,1-c] and u,v > 0. We define iy = min{ 1 W}’
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where B = fcl_cfz(s) dsand C = fcl_c]g,(s) ds. We shall show that, for every p > fip and A > 0,
problem (S)-(BC) has no positive solution.

Let u > 1o and A > 0. We suppose that (S)-(BC) has a positive solution (u(t), v(¢)), t €
[0,1].

If B > 6, then fig = ——, and therefore we obtain
yyimaB

1 1
u(c) = (Tl(u, v))(c) = k/o Gl(c,s)f(s, u(s),v(s)) ds + /Lfo Gy (c, S)g(s,u(s), V(s)) ds

1-c

1
> M/o Go(c, s)g(s, u(s), V(s)) ds > ,u/ Gz(c,s)g(s, u(s), v(s)) ds

c

- 1-c
. MMZ/ Ga(c,8)(u(s) +v(s)) ds > ,anylf L)y (lull + IvIl) ds
= Mmz)/mEH(”' v) ” Y

Then we conclude

lull = u(c) = pmyy B (u,v)|, > omyy yiB| . v)||, = | ()],
and so ||z, V)|ly = l#]l + [Vl = ll#|| > ||(&, V) ||y, which is a contradiction.
IfB< (N,", then [1y = ——, and therefore, we deduce
yyamaC

1

1
v(c) = (Tz(u, v))(c) = ,u/o Gg(c,s)g(s, u(s),v(s)) ds + }L/o G4(c,s)f(s, u(s),v(s)) ds

1-c

1
> M/o Gg(c,s)g(s, u(s),v(s)) ds > u/ Gsl(c, s)g(s, u(s), v(s)) ds

c
1-c

1-c
> iy / Gs(c,s)(u(s) + v(s)) ds = pmyys Js(s)y (lull + IvIl) ds

c

= ,Lu/nz)/)/zau(u’ V) ” Y

Then we conclude

Wl =€) = pmayysCll V)| > omay 1 Cllw, )|, = @) 4

and so [|(z, V)||ly = |l#|l + IVl = VIl > ||(z, V)|l v, which is a contradiction.
Therefore, the boundary value problem (S)-(BC) has no positive solution. a

Theorem 3.4 Assume that (H1) and (H2) hold, and c € (0,1/2). If fi,f%, g6, g%, > 0, and
f(t,u,v)>0,g(t,u,v)>0 forallt € [c,1-c],u>0,v>0,u+v >0, then there exist positive
constants 5»0 and [Ly such that, for every A > )A\o and | > Lo, the boundary value problem
(S)-(BC) has no positive solution.

Proof From the assumptions of the theorem, we deduce that there exist m1;,m, > 0 such
that f(¢,u,v) > my(u +v), g(t,u,v) > my(u +v), forall ¢ € [c,1 - c] and u,v > 0.
Ay = 1 Ao 1 ~ _ [l ~
We define Aq = B and fip = e where A = [ Ji(s)ds and C = [~ J5(s) dis.
Then, for every A > Ag and p > fig, problem (S)-(BC) has no positive solution. Indeed, let
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A > ko and > flg. We suppose that (S)-(BC) has a positive solution (u(t), v(¢)), t € [0,1].
In a similar manner to that used in the proofs of Theorems 3.2 and 3.3, we obtain

lull = u(c) = AmynA | (u,v)|

v VI =v0) = pmay s Cll v,

and so

||, = el + 1V = 2mynA] )], + pmay nCllw v,

> homy Al V)| , +Romy v Clwv)|,

1 1
=5l + Sl = @yl

2 Y

which is a contradiction. Therefore, the boundary value problem (S)-(BC) has no positive
solution.

o 1 AL 1 S _ [l N _

We can also define Aj = W and fig = T where B = fc Jo(s)ds and D =

fcl_c Ja(s) ds. Then, for every A > A and u > 13, problem (S)-(BC) has no positive solution.

Indeed, let A > % and p > fiy. We suppose that (S)-(BC) has a positive solution (u(t), v(t)),

t € [0,1]. In a similar manner to that used in the proofs of Theorems 3.2 and 3.3, we obtain

VIl > v(c) = Amiy oD (u,v)|

p lull = ue) > pmeynB|wv)|,,

and so

[@w)ly = lull + Wl = wmoy B[ @), + miy D] @),

> figmay B[ @) + Agmy yaDl @ ),

1

1
= E”(M,V)HY+ EH(M,V)HY: H(uyv)’

y?

which is a contradiction. Therefore, the boundary value problem (S)-(BC) has no positive
solution. O

Remark 3.1 Under the assumptions of Theorem 3.4, we have the following observations.
(a) Inthe case A > Dand B < 6, Theorem 3.4 gives some supplementary information
for the domain of A and u for which there is no positive solution of (S)-(BC), in
comparison to Theorems 3.2 and 3.3, because ):0 = ’\70 and fig = %
(b) In the case A < Dand B > 6, Theorem 3.4 gives some supplementary information
for the domain of A and u for which there is no positive solution of (5)-(BC), in

. 2 X N il
comparison to Theorems 3.2 and 3.3, because Aj = % and i = 5.

4 Examples
Leta=7/3(n=3),8=>5/2(m=3), H{t) =t

0, t€[0,1/3),
Kit)=31 tel[1/3,2/3),
3/2, tel[2/3,1],

forall £ € [0,1]. Then [ v(s) dH(s) = 2 f, sv(s)ds and [, u(s) dK(s) = u(3) + Lu(2).
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We consider the system of fractional differential equations

(So) Dg/fu(t) +Af (6, u(t),v(t) =0, te(0,1),
O DE2u(e) + pglt, u(), v(e) =0, te(0,1),

with the boundary conditions

(BCo) u(©0)=u'(0)=0,  u(l)=2 [ sv(s)ds,
V0 =v©=0, v =u)+ Lud).

Then we deduce A ~ 0.70153491 > 0, 6;(s) = m, 05(s) = —— for all s € [0,1]
(see also [29]). For the functions J;, i = 1,...,4, we obtain

1 (1-5)*/3 2 4/3 4/3

T73) { @ 6SS+432_33)1/3 + RN [2(1-5)*° -2(1-3s)
+(2 =253 — (2 - 35)43]}, 0<s<1/3,

_ 1 s(1-5)*/3 2 4/3 4/3
]l (S) = r(7/3) { (4— 6S+4z _53)1/3 + 21 «/§A [2(1 - S) + (2 - 28)

—(2-35)*3]}, 1/3 <s<2/3,
1 s(1-s)*/3 4/3 4/3

I'(7/3) { (4— 6S+4j2—53)1/3 + 21 J—A [2(1 ) + (2 - 23) ]}! 2/3 E N E 1;

J2(s) = 3;767A {;(1 _s)2 ;(1 )72 és(l _S)s/z}’ se0,1],
J3() = 3\/—{ (3 (3;?;:1/2 4(31\:/-;25) I:l(l -5)*% - ;(1 i és(l - 5)5/2] },
se[0,1],
m[2(1 3 _2(1-35)*3 +(2-25)*3 - (2-35)*3], 0<s<1/3,
1) = | sTmargs 20 -9+ 2-29"° - (2397, 1/3 <5<2/3,
Taaro A9+ 2-29"7), 23 <s<1.

For ¢ = 1/4, we deduce y; = 473 ~ 015749013, y; = 3, ¥ = y». After some compu-
tations, we conclude A = fol Ji(s)ds ~ 0.15972386, A = [} Ji(s)ds ~ 0.11335535, B =
fo J2(s)ds ~ 0.05446581, B = [ J»(s)ds ~ 0.03892266, C = [, J5(s)ds ~ 0.09198682,

=[O s(s)ds ~ 0.06559293, D = [, Ju(s)ds ~ 0.12885992, D = [>)'Ju(s)ds ~

0.09158825.
Example 1 We consider the functions

Jtlp1(u+v) +1](u + v)(q + sinv)

tr ) = ,
Jeuy) u+v+1

(tu,v) = V1= tlpa(u+v) + 1)(u+v)(g +Cosu)
g ¥ u+V+1

for t € [0,1], u,v > 0, where p;,p> >0 and ¢1,42 > 1.

We obtain f§ = q1, g = g2 + 1, £, = pi(q1 + 1), g5 = p2(q2 + 1), and then we can apply
Theorem 3.1. So we conclude that there exist Aq, (o > 0 such that, for every A € (0,10)
and p € (0, o), the boundary value problem (Sy)-(BCy) has no positive solution. By The-
and

orem 3.1, the positive constants 1o and 1o are given by Ao = min{ 4M1A, 4M1D} = 4M1A
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o = min{m, m} = m. For example, if p; = 356, py = 482, q1 =2, q» = 3, then we
obtain M; = 1,068, M, = 1,928, 1o ~ 146554 - 1073, and o ~ 1.40964 - 1073,
Because fi = %ql and fL = %pl(ql — 1), we can apply Theorem 3.2. Then there

exists g > O such that, for every A > Xo and > 0, problem (Sp)-(BCp) has no posi-

tive solution. From the proof of Theorem 3.2, the positive constant i is given by Ao =
1 1
yyimA’ yyamD

o ~ 355.67332.
1

Because g} = %(qz +1) and g’ = 3P2(q2 — 1), we can also apply Theorem 3.3. Then

there exists iy > 0 such that, for every u > jip and A > 0, problem (Sy)-(BCyp) has no

min( }. For example, if p; = 356 and g; = 2, then we deduce m; = /2 and

positive solution. From the proof of Theorem 3.3, the positive constant fi¢ is given by

~ . 1 1
=min{———=, ——
Mo {J/nrnzB’ yyamyC

fio ~ 487.85746.

}. For example, if p; = 482 and ¢, = 3, then we obtain m; = 2 and

Example 2 We consider the functions
f(t,u,v) :‘1911,‘;’(1,12 +v?), glt,u,v) =po(1 - t)i’(e”*" -1), t€[0,1], u,v=>0,

where &, b, p1, p; > 0.

Because g} = 2‘21;192 and g’ = 00, we can apply Theorem 3.3. Then there exists jiy such
that, for every > fip and A > 0, problem (Sp)-(BCy) has no positive solution. For example,
if py = b =1, then we deduce m, = % and [ig ~ 3,902.85965.

5 Conclusions

In this paper, we give sufficient conditions on A, u, f, and g such that the system of non-
linear Riemann-Liouville fractional differential equations (S) with the coupled integral
boundary conditions (BC) has no positive solutions. Some examples which illustrate the
obtained results are also presented.
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