PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: July 31, 2018
REVISED: December 4, 2018
ACCEPTED: January 2, 2019
PUBLISHED: January 9, 2019

Nonlinear chiral transport from holography

Yanyan Bu,® Tuna Demircik’ and Michael Lublinsky®
@ Department of Physics, Harbin Institute of Technology,
Harbin 150001, China

b Department of Physics, Ben-Gurion University of the Negev,
Beer-Sheva 84105, Israel

E-mail: yybu@hit.edu.cn, demircik@post.bgu.ac.il, lublinm@bgu.ac.il

ABSTRACT: Nonlinear transport phenomena induced by the chiral anomaly are explored
within a 4D field theory defined holographically as U(1)y x U(1) 4 Maxwell-Chern-Simons
theory in Schwarzschild-AdSs. First, in presence of external electromagnetic fields, a gen-
eral form of vector and axial currents is derived. Then, within the gradient expansion up
to third order, we analytically compute all (over 50) transport coefficients. A wealth of
higher order (nonlinear) transport phenomena induced by chiral anomaly are found be-
yond the Chiral Magnetic and Chiral Separation Effects. Some of the higher order terms
are relaxation time corrections to the lowest order nonlinear effects. The charge diffusion
constant and dispersion relation of the Chiral Magnetic Wave are found to receive anomaly-
induced non-linear corrections due to e/m background fields. Furthermore, there emerges
a new gapless mode, which we refer to as Chiral Hall Density Wave, propagating along the
background Poynting vector.

KEYwORDS: AdS-CFT Correspondence, Gauge-gravity correspondence, Holography and
quark-gluon plasmas

ARX1v EPRINT: 1807.08467

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP01(2019)078


mailto:yybu@hit.edu.cn
mailto:demircik@post.bgu.ac.il
mailto:lublinm@bgu.ac.il
https://arxiv.org/abs/1807.08467
https://doi.org/10.1007/JHEP01(2019)078

Contents

1 Introduction 1
2 Summary of the results 5
2.1 Generalities )
2.2 Main results 8
2.2.1 General form of the currents 8

2.2.2  Second order results: comparison with the CKT 9

2.2.3  The third order results and collective excitations 12

3 Holographic setup: U(1)y X U(1)4a 14
4 Nonlinear chiral transport 17
5 Conclusion 20
A Supplement for section 4 21

1 Introduction

Hydrodynamics [1, 2| is an effective low energy description of many interacting QFTs
near thermal equilibrium. Historically, hydrodynamics has been always associated with
a long wavelength limit of the underlying microscopic theory, while over the last decade
or so there is an increased number of works addressing “hydronization” relaxing the long
wavelength approximation. Rather, hydrodynamics is defined as an effective theory of
conserved currents, such as stress tensor and/or charge currents, assuming their algebra is
closed on a relevant set of near-equilibrium states.

Dynamics of the theory is governed by conservation equations (continuity equations) of
the currents. The simplest example is Op = v f, which is a time evolution equation for
the charge density p sourced by three-current J. However, this equation cannot be solved
as an initial value problem without additional input, the current J. In hydrodynamics, J
has to be expressed in terms of thermodynamical variables, such as p itself, temperature,
and possibly external fields if present. This is known as constitutive relation. Traditionally,
in the long wavelength limit, constitutive relations are presented as a (truncated) gradient
expansion. At any given order, this expansion is fixed by thermodynamic considerations
and symmetries, up to a finite number of transport coefficients (TCs). The latter should be
either computed from underlying microscopic theory or deduced experimentally. Diffusion
constant, DC conductivity or shear viscosity are examples of the lowest order TCs.

It is well known, however, that in relativistic theory truncation of the gradient expan-
sion at any fixed order leads to serious conceptual problems such as violation of causality.



Beyond conceptual issues, causality violation results in numerical instabilities rendering
the entire framework unreliable. Causality is restored when all order gradient terms are
included, in a way providing a UV completion to the “old” hydrodynamic effective theory.
Below we will refer to such case as all order resummed hydrodynamics [3-8]. The first
completion of the type was originally proposed by Miiller, Israel, and Stewart (MIS) [9-12]
who introduced retardation effects in the constitutive relations for the currents. The MIS
formulation [9-12] is the most popular scheme employed in practical simulations. Recent
ideas on the nature of the hydrodynamic expansion, gradient resummation and attractor
behavior, etc. could be found in [4, 13-23].

In this paper we continue exploring hydrodynamic regime of relativistic plasma with
chiral asymmetries. We closely follow previous works [24, 25] focusing on massless fermion
plasma with two Maxwell gauge fields, U(1)y x U(1)4. As a result of chiral anomaly,
which appears in relativistic QFTs with massless fermions, global U(1)4 current coupled
to external electromagnetic fields is no longer conserved. The continuity equations turn into

A JH =0, d,Jt =12kE - B, (1.1)

where J#/.J' are vector/axial currents and £ is an anomaly coefficient (k = eN,/(247?) for
SU(N,) gauge theory with a massless Dirac fermion in fundamental representation and e is
electric charge, which will be set to unit from now on). E and B are vector electromagnetic
fields. Non-conservation of the axial current in (1.1) receives extra contribution if external
axial electromagnetic fields are turned on. Throughout this work, however, we will not
consider external axial fields (they were considered in ref. [24]). Chiral plasma plays a
major role in a number of fundamental research areas, historically starting from primordial
plasma in the early universe [26-30]. During the last decade, macroscopic effects induced by
the chiral anomaly were found to be of relevance in relativistic heavy ion collisions [31-33],
and have been searched intensively at LHC [34-38]. Finally, (pseudo-)relativistic systems
in condensed matter physics, such as Dirac and Weyl semimetals, display anomaly-induced
phenomena, which were recently observed experimentally [39-45] and can be studied via
similar theoretical methods [46-49].

A hydrodynamic description of (chiral) plasma amounts to solving a set of coupled
equations. As has been mentioned earlier, the continuity equations (1.1) have to be sup-
plemented by constitutive relations describing plasma medium effects. Generically, these
are of the type

J =T p,ps, T, E, BJ; Js = Js[p, p5, T, E, B, (1.2)

where ps is the axial charge density and T stands for the temperature.!

In a sense, the constitutive relations (1.2) are “off-shell” relations, because they treat
the charge density p (ps) as independent of .J (J5). Employing (1.1), the currents (1.2)
are put into “on-shell”. In (1.2), the fields E, B are assumed to be external. However, the
charges and currents induce e/m fields of their own. Thus, the external electromagnetic

We prefer to parameterise the currents (1.2) in terms of the charge densities p, ps because it is more
natural and straightforward within the holographic framework. Yet, we could switch to a more traditional
representation with the chemical potentials u, us as hydrodynamical variables (see section 2.2 for details).



fields E,E have to be promoted into dynamical ones, satisfying Maxwell equations (in
Gaussian units),?

Lo L1 . .

V. E = dnpt, VxB=-= (47rJt°t n 8tE> , (1.3)
C

V-B=0, V x E =—0,B, (1.4)

where p'°t and Jtot are the total charge density and total current, a sum of external
sources (peXt,j ) and induced part (p, J ), which is the one that enters the constitutive
relations (1.2). The external sources could be absent when a fully isolated system is con-
sidered. A typical example would be primordial plasma in the early Universe frequently
studied using magneto-hydrodynamics (MHD). MHD, along with many other effective
theories of the type, also involves neutral flow dynamics. That is, in addition to the charge
current sector discussed above, one has to simultaneously consider energy-momentum con-
servation. Generically, the two dynamical sectors are coupled. However, in the discussion
below, we will consider the probe limit, under which one ignores back-reaction of the charge
sector on the energy-momentum conservation. This implies € + p > up + pusps with €,p
being the fluid’s energy density and pressure.

A self-consistent evolution of the system is determined by solving together (1.1), (1.2),
(1.3) given some initial conditions. While the equations (1.1), (1.3) are exact, the constitu-
tive relations (1.2) are the ones where various hydrodynamic approximations are applied.
A great deal of modelling normally enters (1.2), such as truncated gradient expansion, weak
field approximation, etc. As a result of a full simulation, one sometimes finds instabilities
leading to exponential growths of some quantities, such as of dynamical magnetic fields. It
thus becomes mandatory to check if the original approximations made for the constitutive
relations are consistent with the solutions found. If not, the hydrodynamical model has to
be revised.

We just outlined a general setup for a hydrodynamical problem, but it is not our goal
here to carry it over for any realistic system. Instead, motivated by the discussion above
we would like to focus on the nature of the constitutive relations (1.2), which are well
known to receive contributions induced by the chiral anomaly. The most familiar example
is the chiral magnetic effect (CME) [50, 51]: a vector current is generated along an external
magnetic field when a chiral imbalance between left- and right-handed fermions is present
(j ~ psB ). There is a vast literature on CME, which we cannot review here in full. The
chiral magnetic conductivity was computed in perturbative QCD in [52-57]. In [58-74]
it was evaluated for the strong coupling regime using AdS/CFT correspondence [75-77].
CME emerged via arguments based on the second law of thermodynamics, that is positivity
of entropy production [78, 79], and also within the chiral kinetic theory (CKT) [80-84].
Finally, numerical evidence based on lattice gauge theory for CME can be found in [85-90].
We would like to comment by passing that CME is believed to be a strict non-equilibrium

2In principle, the axial sources (ps, fg,), through another set of chiral anomaly-modified Maxwell’s equa-
tions, would also generate classical axial e/m fields. In their turn, the axial e/m fields would enter and
modify the constitutive relations (1.2), see e.g. [24].



phenomenon. In other words, different arguments indicate that CME must vanish in equi-
librium [32, 46, 91, 92].3

Another important transport phenomenon induced by the chiral anomaly is the chiral
separation effect (CSE) [93, 94]: left and right charges get separated along applied external
magnetic field (J_:r, ~ E) Combined, CME and CSE lead to a new gapless excitation called
chiral magnetic wave (CMW) [95]. This is a propagating wave along the magnetic field.
While signature of CME/CSE has not yet been confirmed in heavy ion collision exper-
iments [34-37], a large negative longitudinal magneto-resistance observed in Dirac/Weyl
semimetals can be attributed to CME [43-45].

Just like in refs. [24, 25], our playground will be a holographic model, namely U(1)y x
U(1)4 Maxwell-Chern-Simons theory in Schwarzschild-AdSs [59, 64] to be introduced in
detail in section 3. For some sort of universality, we hope to learn from this model about
both generic structures of the currents and relative strengths of various effects.

Recently, transport phenomena nonlinear in external fields were realised [102] to be
of critical importance in having self-consistent evolution of chiral plasma. Combined with
the causality arguments mentioned earlier, the conclusion is that the constitutive rela-
tions (1.2) should contain some “nonlinear” transport coefficients so to guarantee their
applicability in a broader regime. Particularly, traditional MHD is strongly affected by
anomalous transports [97-101], which necessitates a development of a fully self-consistent
chiral MHD. This triggered strong interest in nonlinear chiral transport phenomena within
CKT [103-106], to which we will compare some of our findings below. Previous works on
the subject of nonlinear anomalous transports include [107] based on the entropy current
approach and [108] based on the fluid-gravity correspondence.

The main objective of the series of publications [24, 25, 96] and the present work is to
explore the constitutive relations (1.2) under various approximations, primarily zooming
on transport phenomena induced by the chiral anomaly. In the present publication, the
following new directions are explored. First, we derive general expressions for the vector and
axial currents, see (2.11), (2.12), which do not involve any approximations. This clarifies
the concept of “non-renormalisation” of CME/CSE [24, 25, 109, 110] when electromagnetic
fields can be both strong and inhomogeneous in spacetime. Second,within the holographic
model, we complete the calculation of all second order nonlinear transport coefficients and
compare with those obtained in CKT [104]. Finally, and this is the main novel part in
this publication, all third order transport coefficients are computed analytically, including
relaxation time corrections to some second order transport terms (see section 4). This
paves a way for the gradient resummation project released in [96]: some of the third order
transport coefficients become all order frequency /momentum-dependent functions.

In the next section, we will review our results including connections to the previous
works [24, 25] and the forthcoming publication [96]. The remaining sections present details
of the calculations.

3We thank Mikhail Zubkov for bringing this issue to our attention. We also thank Dmitri Kharzeev,
Shu Lin, Andrey Sadofyev, and Ho-Ung Yee for stimulating discussions about this point.



2 Summary of the results

2.1 Generalities

This subsection briefly summarises the series of works [24, 25, 96, 111] including the present
one, so to help the reader to navigate between various studies and results. We write down
the most comprehensive constitutive relation and indicate specific approximations applied
in each individual work.

Following [24, 25], the charge densities and external fields are split into constant back-
grounds and space-time dependent fluctuations

p(l’a) =p+ edp(xa), P5($a) = p5 + €5P5(xo¢)7

" _ ., _ ~ _ 2.1
E(zo) =E+ e0E(z,), B(zo) =B + €0B(z,), 21)

where p, ps, E and B are the backgrounds, while dp, dps, §E and 0B stand for the
fluctuations. Here € is a formal expansion parameter to be used below. Furthermore, being
unable to perform calculations for arbitrary background fields for most of the time, we
introduce an expansion in the field strengths

— —

E —»aoE, B - aB, (2.2)

where « is a corresponding expansion parameter. Below we will introduce yet another
expansion parameter A, which will correspond to the hydrodynamical gradient expansion.
For the purpose of gradient counting, e/m fields will be frequently considered as O(A!).

The constitutive relations (1.2) can be formally Taylor expanded in all its arguments.
This includes the gradient (\), €, and « expansions. Parametrically, a generic term enter-
ing (1.2) looks like

ok pks Bne Brs gme 3 me (5pl Spls SE = 5B ZB) : (2.3)

which is multiplied by a transport coefficient.* k, ks, ng, ng, ms, mg, 1, ls, lg, lg are
integers. The most general constitutive relations correspond to a sum of all possible terms
like (2.3).°

Obviously, we do not intend to consider all possible terms in (2.3). Instead, most of
the results obtained in the present and early works [24, 25] can be combined in a compact
constitutive relation (focusing on the vector current J ),

J =V p+72V ps+73E+74(p5 B) +75V x B+6(Ex Vp)+77B x (pV p)
+718B % (p5V ps) +78(E x V ps)+79(pE x B)+710V (36,05) +mV (E-ﬁp)
+712(0V BY) +713(pB) +714V (E-Vp) +715(0E) + 716V (E-Vps) + 7 (ps E).  (2.4)

“In fact, each term in (2.3) corresponds to a large number of terms obtained by different actions of the
derivatives and index contractions.

®The asymptotic nature of the gradient expansion and problems related to resummation of the series
have been a hot topic over the last few years, see recent works [13, 14, 112]. In our approach, however, we
never attempt to actually sum the series and thus these discussions are of no relevance to our formalism.



The coefficients 7; are most general O(3) scalars which could be constructed from three
vectors 6, E, and B. That is, v; are scalar functions of E? and B?, and pseudo-scalar
functions of E - B. Furthermore, ~; are scalar functionals of derivative operators 0O, 62,
E- ﬁ, and pseudo-scalar functionals of B- 6,

v = (atﬁ?,ﬁ-ﬁ,é-ﬁ;EQ,BZ,Eé), (2.5)

which correspond to all order gradient resummation, as mentioned in Introduction. -;
themselves are rich in structure and contain information about non-linear corrections in
the fields. Taylor expanding ~; in all their arguments (all the derivatives are assumed to act
on the right of 7;) gives rise to each individual gradient term like (2.3). Admittedly, (2.4)
does not contain all the possible terms like in (2.3). Particularly, while the constitutive
relation (2.4) does contain some nonlinear in p, p5 terms, it excludes most of the nonlinear
terms of the third order, which are collected in (4.6), (4.7). Some of the terms in (2.4) are
well recognisable, such as diffusion (7), electrical conductivity (v3), or CME (74). Some
other terms might be less familiar and we will discuss them below in detail.

As explained in the Introduction, the purpose of [24, 25, 96] and the present work is
to systematically explore (2.3) under different approximations. We first briefly summarise
them using both the notations of (2.3) and (2.4), and then deepen our presentation of the
current study.

e Ref. [24], study 1. No background fields, E = B = 0; all order gradient terms that are
linear in the inhomogeneous fluctuations dp, dps, SE , §B are resummed.5 This corresponds
to calculating currents up to O(e'a?). Using the notations (2.3) and (2.4) this study
corresponds to

24]-1,: np=np=0,l+1ls+Ilp+ip=1, Y(kks), mi+m, <3 = (analytic)

[24]—1 . ngp=ng=0,l+ls+Ilg+Ilg=1, V(k,k5), V(mt,mw) = (numeric)
vi = 7i(01, ¥, 0,0;0,0,0), i=1,3,4,5. (2.6)

The remaining ~y; have not been probed in the study. ~; (0, 6) correspond to the gradient
resummation. Thanks to the linearisation, the constitutive relations could be conveniently
expressed in Fourier space. Then, the functionals of the derivatives are turned into functions
of frequency and space momenta, (9;, V) — (—iw,iq). We refer to v;(—iw,q?) as trans-
port coefficients functions (TCFs) [6]. TCFs contain information about infinitely many
derivatives and associated transport coefficients. In practice, TCF's are not computed as a
series resummation of order-by-order hydrodynamic expansion, and are in fact exact to all
orders. TCFs go beyond the hydrodynamic low frequency/momentum limit and contain
collective effects of non-hydrodynamic modes. Fourier transformed back into real space,
TCFs become memory functions. Diffusion and shear viscosity memory functions were

previously computed in [7, 111].

6In [24] we also considered transports related to axial external electromagnetic fields.



e Ref. [24], study 2. Nonlinear in E and B corrections to the vector /axial currents. The
currents are derived up to O(e%a?).

[24]-2: np+np<3,l=Il5=Ilg=Ig=my=m,; =0, Y(k,k5) = (analytic)
vi =7(0,0,0,0; B2, B E - B),  i=3,4,9. (2.7)

e Ref. [25], study 1. Nonlinear corrections to vector/axial currents due to static but
spatially-inhomogeneous magnetic field.

ng =1Ilp =0, Y(,l5,k, k5), ng +my +my +Ilp <2 = (analytic)

ng =Ilg =0, V(,Il5,k ks), np+my +mz +1p=3, I +Is+k+ks =1

= (analytic)
Y14 = 71,4(0,0,0,0; E2,0,0), 75 = 75(0,0,0,0;0,0,0),
y7,18 = 77,18(0,0,0,0;0,0,0), Y10,11,12 = 710,11,12(0, 0,0, 0;0,0,0).

e Ref. [25], study 2. Dependence of longitudinal electric conductivity on arbitrary strong
constant magnetic field. A time-varying electric field is assumed to be weak.

ng=Ilp=1l=k=ks=m,; =0, ¥Y(ng,l5,lg), mi+np+Ilp <3, = (analytic)

ng=Ilp=l=k=ks=m,; =0, lp+15=1, Vng, Vm; = (numeric).

3 :73(815)67010;07075'5?)7 Y4 :74(81576)()70; E27070) (28)

e In the present work, we relax some of the approximations made in [24, 25] and derive
constitutive relations for the currents, up to third order in the gradient expansion.

ng+ng+Ilg+ilg+mi+m, <3, V(l,lg,, k’,kﬁ5) = (analytic)

M4 = 7148, 0,0,0; E2,0,0), 72 =72(0,0,0, B - V;0,0,0),
v3 = ~3(84, V,0,0;0,0, E - B), V5,89 = Y5.89(8;,0,0,0;0,0,0),
y7,18 = ¥7,18(0%,0,0,0;0,0,0), Y10,11,12 = 710,11,12(0,0,0,0;0,0,0).  (2.9)

e In the forthcoming paper [96], we will primarily focus on those TCFs associated with
nonlinear terms at O(elal).

lp=Ilp=0,ng+np=1,14+15=1, Y(k,ks), mi+m,; <3 = (analytic)

lp=Ilp=0,ng+np=1,1+15 =1, Y(k, ks, my,my) = (numeric) (2.10)
71,2 = 71,2(8157 67 E . 67 E : 6a 0705 0)7
vi = (0, V,0,0;0,0,0), i=4,6-—28,15,17,18.

In the next subsection, we summarise the main results of the present work, leaving all the
technical details in the main text and appendix.



2.2 Main results

This subsection is further split into three parts. The first one contains the general form
of the currents. The second part focuses on the second order nonlinear transport and
comparison with similar results obtained in the CKT. The third order terms constituting
the bulk of our new results are presented towards the end of this subsection.

2.2.1 General form of the currents

A formal expression for the constitutive relations for the vector and axial currents is derived
in section 4, having the following form

Jt=p, J = —Doﬁp + USE + Jgug)é +4J, (2.11)
Jt = ps, Js = —DoVps + oouls + 8.5, (2.12)

where p, ps are generic vector/axial charge densities and pu, us are corresponding chemical
potentials. The external e/m fields E, B are generic as well, that is none of the approxima-
tions introduced in [24, 25] is assumed. The lowest order TCs — charge diffusion constant
Dy, DC electrical conductivity of and DC CME/CSE conductivity 9 are [24, 111]

Dy = % od=1, o) =12x, (2.13)
where from here on we set 77" = 1 for convenience. Proper powers of 7'I" for dimensionfull
quantities could be easily recovered given their physical dimensions.

The Ug—terms in J and j5 are standard CME and CSE, respectively, in agreement
with “non-renormalisability” of CME [95, 109, 110]. The new element here, which we find
important to emphasise, is that (2.11), (2.12) are exact, that is they are derived relaxing all
the approximations undertaken in [24, 25, 109, 110]. Nonlinearity of CME/CSE in external
fields E and B is completely absorbed into the chemical potentials u, 5.

The corrections 6.J and 8.J5 are formally defined in (A.7), which consist of higher
derivative terms starting from the second order only. These terms are built from powers
and derivatives of E,g, woand ps. §J and 5j5 are not known analytically, but could
be worked out perturbatively. §J and 8.J5 introduce new effects, particularly additional
contributions to the currents along the direction of B proportional to derivatives of the
chemical potentials. These effects introduce very important modifications to the original
CME/CSE. As will be clear later, external e/m fields make corrections to Dy and ¢?, and
even generalise them into tensor-type TCs. While in principle an axial analogue of o (i.e.,
a term proportional to E—term) in f5 is also possible, it does not appear in our calculations
due to the probe limit [113].

We have mentioned earlier a discussion about vanishing equilibrium CME, which might
appear in tension with (2.11). In principle, since U(1)4 is not a symmetry, axial gauge
potential A, itself could be regarded as another external field. Our calculations, how-
ever, are performed assuming vanishing .4,,. Had we introduced a non-vanishing constant
background for the time component, A; # 0, CME conductivity ag)( would be shifted

Jome = 12k(jis — Ay B, (2.14)



due to a Chern-Simons contribution [24, 64]. In order to have CME vanish, it suffices to
impose A; = fi5 [46, 64]. In [46] it was indeed argued that the equality A; = fi5 must be
satisfied in equilibrium. While we do not have much to add to this discussion, we notice
that a constant 4; does not lead to any new effect beyond the shift (2.14) in CME. This
is because the bulk dynamics underlying our model is expressed entirely in terms of the
vector and axial field strengths.

2.2.2 Second order results: comparison with the CKT

At second order, the results read

6.7 = 200, (0* + p3) V x B — Dy B x (pvp+ p5vp5) — 500 E % Vs

(2.15)

—_

L1 L . . .
— TeagatE — 502}[ pB x E — §Txp58tB + 0 Vp + 15 (01p5) B + (9(83),

b= 1 = g ]. = - = 1 — —
80J5 = 5aghbppg)v X B — ZD%B X (prg, + p5V,0> — iangE x Vp (216)
1 — — 1 — — N *
- 5021{,053 x B — §TxP0tB + 10V ps + T(01p) B + O(0°),

where the TCs take the following values

00 =72(2log2 — 1)k, DY, = 72(3log 2 — 2)K?, oo =6log2k,  (2.17)
log 2

UgH = 72log 2 7, Te = 0§ ; Ty = 12log2k, (2.18)
T 3

D = x Ty = — (277 + 3log 2> K. (2.19)

The TCs in (2.15), (2.16) could be related to Taylor expansion of some v;’s in (2.4),
schematically indicated as follows

om €Y, Dy Ew,  Oomw €%, Owm €M1, Te €73 (2.20)

Ty, Tx € V4, ™ € M-

To the best of our knowledge, in a holographic model, UaOX g is computed here for the first
time. The rest of the TCs in (2.15), (2.16) have been previously computed in [24, 25].
While in the constitutive relations these terms were already introduced in [24, 25], they
did not contribute to dynamics (continuity equations) due to the static/homogeneous field
approximations assumed in these earlier publications. For instance, to O(e%) considered
n [24], the currents do not contain any gradient terms, resulting in dynamical instability
(linear growth of ps with time). Inclusion of the external e/m field fluctuations (i.e., 6E
and 0B) and associated gradient terms in (2.15), (2.16) regularizes the instability. Our
results (2.15), (2.16) reveal new dynamical effects and thus are novel in a sense of a much
broader range of applicability. Physical interpretation of the terms in (2.15), (2.16) and
their dissipative properties are discussed below.

Our second order results could be compared with similar results obtained in
CKT [103, 104]. To this goal, we first put the currents on-shell eliminating d;p and 0;ps



using the continuity equations (1.1). Second, we replace the densities by the corresponding
chemical potentials. In the holographic model, the chemical potentials pu, us are computed
analytically in the hydrodynamic limit. At second order in the gradient expansion,

= %p + — (7 —2log2)V?p — z(w —2log 2)k(B - Vps) + 18(1 — 2log 2)x*pB>
— Z(7+21l0g2)(V - E) + O(8°), (2.21)
[i5 = %pg) + 16 (7 — 2log 2)V2ps — 2 (1 — 2log 2)k(B - Vp) + 18(1 — 2log 2)k%ps B2
+ 2(m = 2log 2)k(E - B) + O(8°). (2.22)

Eventually, the on-shell currents are

Jen—shell _ 02u5§—Txu58t§+og(E—ﬁu) —Teagﬁtﬁ+02H nE x B (2.23)
—DYBx (uN p+ 115V pis) — 09, i E x Vs +00, (12 +12) V x B+0(9%),

J_g’nfshen = Ugug—Txu8t§—02§u5+02H pisE x B—DY B x (uN s+ sV 1)

_USXHEX6M+20%NU56X§+0(83)' (2.24)
Now lets discuss the physics of each term in (2.23), (2.24), primarily focusing on J o shell
The first term in (2.23) is CME. The next one introduces relaxation into CME induced by
time variation of the magnetic field, with 7, being a relaxation time originally computed
in [24]. T, was recently re-examined numerically in [114] within a quite similar holographic
model but beyond probe limit. The third and fourth terms are just the classic Ohm’s and
diffusion currents accompanied by another relaxation effect associated with time varying
electric field. The corresponding relaxation time 7, was originally computed in [115]. Note
that in (2.15), (2.16) there are two additional relaxation time terms. The first one with
7p enters the diffusion current [111]. Finally, 7 is yet another relaxation time associated
with generalised CME. Note the difference between 7, and 74: while the former is a TC
responding to time varying external magnetic field, the latter is related to relaxation of the
axial charge density. In (2.23), (2.24) both terms appear as O(93).

02 and 7y are the first two coefficients in the gradient expansion of a resummed TCF
og [96]. Instead of a full resummation, which is a complicated numerical problem, one
could use the relaxation time 7y in order to build a causal model for oy in a spirit of MIS.
In this sense, the relaxation times, such as 7, and 7y, are of special importance.

The E x B-term in (2.23), (2.24) looks very similar to the usual Hall effect, which
is, however, absent in our holographic model because of the probe limit. The term that
we do find is induced by the chiral anomaly. To distinguish it from the normal Hall
effect, it is referred to as chiral Hall effect [116] with U?CH being its TC. Notice that
U?CH x k2. Contrary to purely anomaly-induced effects, which are normally odd in &,
the terms even in k appear as anomaly-induced corrections to normal transports [107].
The D%—term generates current perpendicular to both the magnetic field and gradients

of chemical potentials. In [104] this effect was called Hall diffusion. This term can be
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regarded as an example (we will expand on this below) in which the diffusion constant is
turned into a non-trivial diffusion tensor depending on the magnetic field.

The ang—term in (2.23) induces flow perpendicular to both the electric field and
gradient of the axial chemical potential. It was referred to as anomalous chiral Hall effect
in [104].7

Finally, the last term in (2.23) corresponds to another anomaly-induced correction to a
normal current. Normal transport due to rotor of magnetic field was first analysed in [111].
At second order in the gradient expansion under discussion now, the “normal” transport
coefficient was found to be identically zero. Thus, the entire effect at this order arises from
the anomaly alone.

Dissipative nature of each term entering (2.23), (2.24) is of interest. While we do not
intend to dwell in this question here, we note in passing that the TCs 02,
00 and 7p are all time reversal T-even and thus non-dissipative. The remaining terms
in (2.23), (2.24) are dissipative.

Starting from CSE, the various terms in fgn*SheH could be simply understood as axial

0 0
Te, UXH7 D )

analogues of those in Jon—shell
For the sake of a more detailed comparison of our results with parallel ones in CKT,
we quote here the expression for the vector current as appears in [104]

- 1 T , _ - _ _ -
JokT = 27#/153 — 67762&3 + o¥T(E - V) — 10980, E 4+ oS8T uE x B

(2.25)
— D" (/Nu + M5VM5> x B = ogit E x Vs = DY upsVps,
where
CKT T [1 + 302 + 2)] KT T DCKT 72
o = — ) o = o 2 32
e 9r2 o M 0™ 3y o e (2.26)
CKT __ L DCKT _ 277—
JaxH - 62’ X N 32’

Here 7 is a parameter of dimension of time introduced in relaxation time approximation
(RTA) of CKT. Confronting with (2.23) we notice absence of Vus term in J on—shell,

%O”_She”. All these terms are

Similarly, there are no terms proportional to 6/1, E, 8tE in
expected to arise beyond the probe limit. On the other hand, the magnetic conductivity
term V x B is missing in (2.25). All the remaining terms appear in perfect agreement, at
least as far as general structures are concerned.

Because in principle the two models describe two different regimes (strong vs weak
coupling), the transport coefficients are not expected to agree. It is nevertheless instructive
to pursue such a comparison. For this goal, we need to fix the parameter 7 of the CKT.
Obviously, there is no unique way to fix 7. We chose to set CME as a benchmark. That
is, we equate the CME conductivities and the associated relaxation times in two models.

This results in ]

R = 2472, T = 310g 2. (227)
/s

"Indeed, the TX-,agH-terms in (2.23) could be reorganised as —USXH(E X ﬁu5 + u58t§) — USXHM58t§.
More precisely it is (E x Vs + 0;B)-term that was called anomalous chiral Hall effect in [104].
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Then, the transport coefficients in (2.23) are compared to those in (2.25)

g /oK ~ 0(10%), /KT~ 0(107Y), oYy /oGT ~ 0(107Y),
DY /DHET ~ 0(107%), ol /oS ~ O(1). (2:28)

While some of the coefficients came out to be of the same order, the electrical conductivity
UECKT in CKT is strongly suppressed (by order 10~2) compared to the holographic model.
On the other hand, the anomaly-induced coefficients U?(H and D% are highly suppressed
(by order 10~2) in holography.®

A complimentary way of looking at (2.11), (2.12), (2.15), (2.16) is by separately col-
lecting terms proportional to ﬁp and 6/)5. All these terms constitute a diffusive current,

which to the lowest order in the gradients is
Jiie = —DyyVip — (DY) V;ps, (2.29)
where

1 1
Dy = 1 (4Dodi; + DyeinjBrp),  (DY)ij = E(QngHeikjEk + Diyéinj Brps).  (2:30)
Much like in MHD, the diffusion constants are turned into tensors, which in fact depend
non-linearly on the external e/m fields F and B. Furthermore, when higher order gradients
are resummed, these diffusion tensors become momenta dependent tensor functions [96].

2.2.3 The third order results and collective excitations

Third order corrections in §.J and & fg, contain a few dozens of new terms with corresponding
TCs, all of which are computed analytically (see section 4 for more details). Since the
complete set of the results for §J B and (5f5[3] is very large, in this Summary section we
focus only on the most interesting terms, the ones which are linear in p, p5, while the
remaining nonlinear in p, ps corrections are flashed in section 4.

Denoted as 6.J B! and (5f5[3} l, the linear in p, p5 terms at third order are

—

5T B = 102(Vp) + 1oV2(Vp) + 1I2E + 4 V2E + 150:(V x B) + 76(0%ps) B

+ 7'78tp58t§ + Tgpg,@fé + Tg(V2p5)§ + 7'10,0562§ + 711 (6,05 . 6) B

+ T12 (é : 6) 6,05 + ?126 (é : 6) ps + 7136(032) =+ 714E X (E X 6,0)
-+ T158t(E X §p5) + nﬁﬁtﬁ X 6p5 + 7'17pE X 8t§ + Tlgat(pg X E)
+ 1i9ps E x (E % B) + mo0E x 9,(pB), (2.31)

8In the presented comparison, we have expressed the constitutive relations in terms of the chemical
potentials, so to have them in the same form as in [104]. We could have done oppositely and that is to
compare the results expressed in terms of the charge densities. To this goal we could use the relation
between the charge densities and the chemical potentials of [104], which remarkably are quite similar
to (2.21), (2.22). While on both sides of the comparison the TCs get modified, we have checked that the
ratios (2.28) remain intact.
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&];[3” = 1102(Vps) + 12V2(Vps) + 16(02p) B + 70,00, B + 13pd?2 B + 19(V2p) B
+ Tmp§2§ + 7111 (ﬁp . 6) B + T12 (é : 6) ﬁp + ?126 (é : 6) P
+ 713V (psB%) + 114E x (E x Vps) + 1159(E x Vp) + 1160 E x Vp
+ 717psE % 0B + 1189 (ps B x E) + 119pE x (E x B) 4 ma0E x 8y(p5B)
+7191E x (V x B) + moV(B - E), (2.32)

where
Ti2 = T12 + T10 — To- (2.33)

In (2.31), (2.32) we have made use of the Bianchi identity (1.4) and eliminated V x E.
The values of TCs 7j_92 are collected in appendix A, see (A.28)—(A.50). Apart from the
T3, T4, T5, Tol, Tog terms, one can obtain (5f5[3” from &.J B! via exchange of p and ps. It is
important to give physical interpretation for 7; in (2.31), (2.32).

The TCs 71_5 represent the second order gradient expansion of the charge diffusion
function D, electric and magnetic conductivity functions o, 0,,, and were first computed
in [111] by employing weak field approximation. The 7g, T19-terms are second order gra-
dient expansion of CME conductivity o, [24]. The Tig-term was first obtained in [24] for
constant electromagnetic fields, which, once expanded, contains nonlinear corrections to
the original CME/CSE.

The underlined terms 713,714 include anomaly-induced B2-, EZ-corrections to the
charge diffusion constant Dy:

1 3
Do = 5 — 18(2log2 — 1)x2B? — Zw%?E? SEP (2.34)

We note that both corrections are negative, see (2.34). E2-correction is new whereas B2-
correction was first calculated in [25]. Obviously, there will be higher powers in E?, B2
corrections to Dp. In the forthcoming publication [117], we will compute the charge diffu-
sion constant, as a function of constant e/m fields relaxing the weak field approximation.

The transport coefficients 7, 77, 79 are due to spacetime inhomogeneity of p, ps. 74, 79
correspond to second order expansion of the generalised CME/CSE conductivity function
oy to be computed in the forthcoming paper [96].

The terms 711, 712, T12 represent mixing effect between magnetic field and spatial gradi-
ents of p, p5s. They were first considered in [25]. The TCs 71518, 720 have similar structure
as the Hall diffusion and Hall effect, but the former are induced by time-varying densities
and electromagnetic fields. Thus, the m5_13, T00-terms are relaxation times corrections to
the Hall diffusion and Hall effect.

The 791, Too-terms are due to spatial inhomogeneity of electromagnetic fields. Vector
analogs of 791, 792 will emerge as nonlinear in p, p5 terms, see 739, T34-terms in (4.6).

Via the criterion for dissipative/non-dissipative transports based on 7-symmetry ar-
guments, the TCs 74_12, T12, T15, T16,719, To1 and T2 are T-even and thus correspond to
non-dissipative TCs, while the rest of the terms are dissipative.

The third order gradient corrections (2.31), (2.32) contribute to various collective exci-
tations of the holographic chiral medium, particularly they modify the dispersion relation
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of CMW [95]. For constant electromagnetic fields,

372 - . _
w:i]_3aﬂ%2nﬁB2Z;ﬁEﬂﬁagfnimﬁmerﬁaE)
2(~. & 1 op2 3™ arol o
+ (36log 2)k“(q- S) — 3 +18(1 — 2log2)k*B” — - " E?| iq (2.35)

+ glog 26(7- B)g® — éq‘l log2 — i%wznz(q_’- E)? +i(361og 2)k%(7- B)2 4 - - - .
When E = 0, the dispersion relation (2.35) reduces to the one obtained in [25]. The first
term (~ ¢- B) in (2.35) represents nonlinear corrections to the speed of CMW, which are
negative making the wave to propagate slower. The second term (~ ¢- f)) in (2.35) corre-
sponds to a wave mode propagating along the electric field. It is called density wave [33] or
chiral electric wave [116]. Since the chiral electric separation effect vanishes in the probe
limit, here this effect is mimicked by the second term in (2.35) which is induced by the chi-
ral anomaly as a nonlinear correction. Its presence is conditional to E not being orthogonal
to B. We find the third term (~q- §) of special interest because it corresponds to a new
phenomenon. It corresponds to a wave propagating along the direction of the energy flux
S = E x B, which can be referred to as chiral Hall density wave (CHDW). The remaining
terms in (2.35) are decay rates of various wave modes.

The rest of this paper is structured as follows. Section 3 is about the holographic
model. Section 4 is devoted to the main part of our study. Section 5 contains some closing
remarks. Appendix A collects more technical details.

3 Holographic setup: U(1)y x U(1)4

The holographic model is Maxwell-Chern-Simons theory in the Schwarzschild- AdSs. The
bulk action is

S:/fm#ﬂ+&m (3.1)

where

1 1 HﬁMNPQR
L= Z(FV)MN(FV)MN _ *(Fa)MN(Fa)MN +

4 C2y/=g (3.2)
x [3Am(FY)Np(FY)or + Am(F*)Np(F“)gR]

and the counter-term action S.¢. is
1 v a a 4
Set = 1 logr/d‘lx\/—’y [(FV)W(FV)“ + (F) p (F)F ] . (3.3)

The gauge Chern-Simons terms (~ k) in the bulk action mimic the chiral anomaly of
the boundary field theory. Note eMNPQE ig the Levi-Civita symbol with the convention
€Y% = 11, while the Levi-Civita tensor is e NP@E /, /=g The counter-term action (3.3) is
specified based on minimal subtraction, which excludes finite contribution to the boundary
currents from the counter-term.
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In the ingoing Eddington-Finkelstein coordinate, the Schwarzschild- Ad.Ss is
ds? = g, ydxMdz™ = 2dtdr — r? f(r)dt* + r?8;;dz'da? (3.4)

where f(r) =1 —1/r* Thus, the Hawking temperature (identified as temperature of the
boundary theory) is normalised to 77 = 1. On the hypersurface ¥ of constant r, the
induced metric v, is

ds?|s = yudatde” = —r? f(r)dt? + r?6;da’da’. (3.5)

It is convenient to split the bulk equations into dynamical and constraint components,

dynamical equations:  EV# =EA! =0, (3.6)

constraint equations : EV'=EA" =0,

where
3keMNPQR
EVY = Vy(FY)YM 4+ == (F)np(FY ), 3.8
(F") Ner (F)np(EF7 ) (3.8)
M a\NM e VPR 1% 1% a a

EA™ = Vy(#*)" + [(FY)np(F")gr + (F)np(F*)qR] - (3.9)

2/

The boundary currents are defined as
J* = lim o5 JE = lim 05 (3.10)

which, in terms of the bulk fields, are

6recMINGR

JH = lim /—y { FV My 4 2
lim =5 (P, + 2

MuNQR .
Ny AN(F®)or — Vo (F)"H logr} ,

nMAN(FV)QR — 6V(FV)”“ logr} ,

3.11
2Ke ( )

V=9

where n,, is the outpointing unit normal vector with respect to the slice X, and V is

r—00

JE = lim /—v {(F“)“MnM +

compatible with the induced metric 7, .

The radial gauge V, = A, = 0 will be assumed throughout this work. As a result, in
order to determine the boundary currents (3.11) it is sufficient to solve dynamical equa-
tions (3.6) only, leaving the constraints aside. Indeed, the constraint equations (3.7) give
rise to continuity equations (1.1)

A" =0, 9, J! = 12kE - B. (3.12)

In this way, the currents’ constitutive relations to be derived below are off-shell.
Practically, it is more instructive to relate the currents (3.11) to the coefficients of near
boundary asymptotic expansion of the bulk gauge fields. Near r = oo,

(1) (2) L (2)
Vi Vi 2V, logr Ay, log r
V=V, + " + 2 2 logr + O R A, = 2 +0 R (3.13)
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where
1 % L 1%
v =FY avk=0"F), (3.14)
A possible constant term for A, in (3.13) has been set to zero, in accordance with the fact
that no axial external fields is assumed to be present in the current study. V), is the gauge

potential of external electromagnetic fields E and é,

1
Ei = ]:Z‘{ = ant - 8,5Vi, Bl = §€Uk‘7:]‘?€ == Eijkaij. (315)

Dynamical equations (3.6) are sufficient to derive (3.13), (3.14), where the near-boundary
data Vu(2) and Af?) have to be determined by completely solving (3.6) from the horizon to
the boundary. The currents (3.11) become

JH = g (2VV<2) oV g n“tagfg) , JE =24, (3.16)

As the remainder of this section, we outline the strategy for deriving the constitutive
relations for J# and J£. To this end, we turn on finite vector/axial charge densities for the
dual field theory, which are also exposed to external electromagnetic fields. Holographically,
the charge densities and external fields are encoded in asymptotic behaviors of the bulk
gauge fields. In the bulk, we will solve the dynamical equations (3.6) assuming the charge
densities and external fields as given, but without specifying them explicitly.

Following [111] we start with the most general static and homogeneous profiles for the
bulk gauge fields satisfying the dynamical equations (3.6),

p p

where V,;, p, p; are all constants for the moment. Regularity at 7 = 1 has been used to fix
one integration constant for each V; and A;. As explained below (3.14), the constant term
in A, is set to zero. Through (3.16), the boundary currents are

Ji=p, J =0; JE=p., JT=0. (3.18)

Hence, p and p, are identified as the vector/axial charge densities.
Next, following the idea of fluid/gravity correspondence [118], we promote V,, p, p;
into arbitrary functions of the boundary coordinates

Vi = Vu(za), p— p(ra), ps = P5(Ta)- (3.19)

As a result, (3.17) ceases to solve the dynamical equations (3.6). To have them satisfied,
suitable corrections in V,, and A, have to be introduced:

p(Ta)

Viu(r,za) = Vu(za) — o2

Lo
dut + VY (r, 20), Au(r,zq) = —p52(r2 )5ut + A, (r,zq),
(3.20)

where V,,, A, will be determined by solving (3.6). Appropriate boundary conditions are
classified into three types. First, V,, and A, are regular over the domain r € [1,00). Second,
at the conformal boundary r = co, we require

V., —0, A,—0 as r — 00, (3.21)

~16 —



which amounts to fixing external gauge potentials to be V,, and zero (for the axial
fields). Additional integration constants will be fixed by the Landau frame convention
for the currents,

Jt = p(za), Jt = p,(za). (3.22)

The Landau frame convention corresponds to a residual gauge fixing for the bulk fields.
The vector/axial chemical potentials are defined as

p="Vi(r=o00)=Vi(r=1)=p—Vi(r=1),
(3.23)
ps = Ag(r =00) = Ag(r =1) = 5p; — Ag(r =1).

Generically, p, i, are nonlinear functionals of densities and external fields.
In terms of V,, and A, the dynamical equations (3.6) are

0 = 1302V, + 3r20,V, + r0,0p Vi, + 126697 [0,A; (9;V1, + 0; Vi) + 0, Vi0;AL],  (3.24)
0= (" —r)02V; + (3rt + 1)0,V; + 2r°0,0,V; — r30,0,V; + 12 (0, V; — 8, V)
1
+ T‘(@QVi — aiakw) 35 ip + r? (atvi — OM) +7r (821& — &akvk)

(1 1
+ 12672k <r3p58jvk + 5003 Vi + 0p A0V + 5rAt3ij) (3.25)

- 1
_ 12%:7“251]]“387,,&]' [(@Vk — 8kVt) + (8th — akVt) + wakp]
g 1 1
— 12672697 3 0,V | (0Ag — Ophy) + = 0kps | — 0k (O Vi 4+ =p ) ¢,
2r2 73
0 = r302A; + 3r20, Ay + 10 Op Ay, + 126697 [0,V; (0;V1, + 0; Vi) + 0, A:0;A1],  (3.26)
0= (r° —r)d?A; + (3r* + 1)0,A; + 230,0,A; — r30,0iA + 12 (O1A; — DiA)

1 i 1
+ r(82A,~ - 3,8kAk) - 581-% + 12/4;7’26ij (@Vk + (%Vk) <876Vt + T‘3p>

o X (3.27)
— 12k7r°e J aer (8th — 8]th) + (8th - akVt) + ﬁakp

— 12/67"26wk {8TAJ' |:(8tAk — 8kAt) + Wakp5] — 8]Ak <87~At + 73p5> } .

In the next section we will present solutions to (3.24)—(3.27) under approximation discussed
in the Introduction.

4 Nonlinear chiral transport

In this section, we initially explore generic structure of the vector and axial currents (1.2) as
emerges within the holographic model of section 3. No assumptions will be made regarding
the charge densities p, ps and external fields E, B. While we are not able to solve the dy-
namical equations (3.24)—(3.27) analytically, we can advance by rewriting them in integral
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forms and extract near-boundary asymptotic expansion for the corrections V,, and A,. The
procedure is rather tedious. Hence all the details are moved to appendix A. Via (3.16), the
near-boundary asymptotic behaviors (A.1)-(A.4) yield the results (2.11), (2.12) with 6.J
and 6.J5 formally given by (A.7). As is clear from (A.5), (A.6), 6.J and 8.J5 are composed
of higher derivative terms involving E,B and P P5-

Now we continue with the gradient expansion of & J and § f5 Within the hydrodynamic
limit, the dynamical equations (3.24)—(3.27) are solved perturbatively. Let us introduce a
formal expansion parameter A by 9,, — Ad,,, which counts order of the gradient expansion.
Then, V,, and A, could be expanded in powers of A,

V= anvi Ay =) AmAll (4.1)
n=1 n=1

We remind the reader that for this study, E and B are considered to be of O(A'). At each
order in A, V,[f] and ALTL} obey a system of ODEs, which could be analytically solved via
direct integration over r. We list the results for VE?] and ABL] up to n =2 in (A.8)—(A.16).

Inserting the first order results (A.8)—(A.10) into (A.5)—(A.7) produces the second order
results for 0. and §.J5, as summarised in (2.15), (2.16). The results (A.8), (A.13), (A.14)
also lead to the expressions for the chemical potentials, as summarised in (2.21), (2.22).

With the second order corrections VE] and AE ] (A.13)—(A.16), we obtain the third order
results 6. B3 and 5(f5[3]. However, nonlinearity makes such calculations rather involved and
the number of various terms is very large. For the sake of presentation, we have split the
third order corrections into terms that are linear in either p or ps, and the rest.

The linear in the charge densities parts of § JBland & fg)[3], denoted as 8.J B! and § j5[3] l,
are already presented through (2.31), (2.32). These terms are the ones that contribute to
the gapless waves propagating in the chiral medium. We focus on the case with constant
external fields only. Consider a plane wave ansatz for the charge densities

§p = e W=D 55 Sps = e HW=GD) 55, (4.2)

Then, the continuity equations (1.1) with the constitutive relations (2.11), (2.12), (2.15),
(2.16), (2.31), (2.32) turn into

adp + bdps = 0, bdj + adps = 12k(E - B). (4.3)

The explicit expressions for a and b are

1 372 -
a=—iw+ §q2 +18(1 — 2log 2)k?¢°B? — %/ﬁ;quEZ + 9(m — 2log 2)k*(7 - B)?

3m2 9Lz M o5 T og 5 1 4 20~ &
+ —k(7-E) +i-wq” — —w?q® — —(m —2log2)q” +i36log2k*(7-S)  (4.4)
4 8 48 16
2172 <
- <1sc+ u >f£2w((j'- S),

. 3 . .,
b=i6r(q-B) —i7(r — 2log 2)kg?(7- B) +i216(1 — 2log 2)x>B%(7- B)

3 — 1 "
- 5(77 +2log2)kw(q- B) — i§(24C + 7% 4 6log? 2)kw?(7- B

~—

(4.5)

—i%(r — 2108 2wg’(q - B) + 197°*((B - B)(q - B) - BX(q- B)),
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where the Poynting vector S = E x B. For w,q < 1, the dispersion equation (4.3) can be
solved perturbatively, leading to the B/E-corrected dispersion relation (2.35).

Finally, we turn to terms that are nonlinear in the charge densities in the third order
results 6.J 3 and 5j5[3]. We denote them as 6.J 3™ and 5%[3] n

3T I = 13(p® +p2) 0V X B+7o4p5(pa+3p?) V> B+ 1250, H+726(0epsV p5+0epV p) x B
+727(p50eV p5 + BV p) X B+Tog(psdyps +pdip)V x B+Ta9(psV ps+pV p) x 9 B
+730241pp5V X S+731(ps NV p+pV ps) X S+732(V ps x 8,V p+V px 9,V ps)
+7'332pp5§ X 8t§+7342pp5ﬁ X (6 X §)+Tg5 [,056 X (E X 6p5)+ (ps — p)]
+736[Vpx (ExVp)+(p— ps)|+737[20p5V p+ (> + p3) V ps] x (V x B)
+7'38(p56 X ﬁ—I—pﬁ X ﬁa)+7'39(ﬁp5 X I;H—ﬁp X ﬁa) +140E x ﬁa, (4.6)

5*f5[3] ™ = 79320050,V X B+1o4p(p*+3p2) V2 B+ 1050, Ha+726(0upV p5 +04psV p) x B
+797(p0sV ps+ p50:NV p) X B+Tas(pdyps+p50ep)V x B+Tag(pV p5+psVp) x 9 B
+730126(p? +p2)V x S+ 731 (0¥ p+p5V ps) x S+732(Vpx 4V p+V p5 x 9,V ps )
+733(p>+p2) Bx 8 B+734(p° 4 p2) E x (V x B) +735[pV x (E X Vps)+(p5 < p)]
+736[V ps X (Ex YV p)+(p ¢ ps)|+757120p5V ps+(p° +p3) Vo x (V x B)

+7'38(,0§ X ﬁ+p5ﬁ X ﬁa)+7-39(ﬁp X ﬁ+§p5 X Fla) +r0ExH, (4.7)
where
S=ExB, H=Bx(psVps+pVp), Hy=DBx(pVps+p;Vp).  (48)

All 7;’sin (4.6), (4.7) are computed analytically and the results are deposited in appendix A,
see (A.51)—(A.68). Below we give simple explanation for each term in (4.6), (4.7).

The TC 793 corresponds to anomalous corrections to the relaxation term in the mag-
netic conductivity o, of [24, 111]. The analytical result for 753 was unknown in [24]. The
Tog-term is a nonlinear correction to the magnetic current (op,-term of [111]), and relies
on time-varying densities. 737 corresponds to a mixing effect between the charge diffusion
and magnetic current. The TC 730 is due to spatial inhomogeneity of e/m energy flux and
is an analog of the magnetic conductivity.

The T94-term stands for second order expansion of the CME conductivity o, of [24]
and was first computed there. 7o5 is the relaxation term for the second order Hall diffusion
current (see the DY-term in (2.23), (2.24)). The 7o, 27, Tao-terms rely on the time inho-
mogeneity of charge densities or magnetic field and could be thought of as extension of the
Hall diffusion current. The TC 73; is related to the e/m energy flux and also generalises
the Hall diffusion current.

T390 is composed of spatial gradient of charge densities and corresponds to nonlinear
charge diffusion process. The 736, T39-terms are e/m field corrections to the nonlinear charge
diffusions. The last TC 749 is a nonlinear in E, B correction to the charge diffusions. The
terms 733, T34 are nonlinear in densities corrections to 7o1, T92.
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in (2.23), (2.24). In [96], we will perform a systematic resummation for certain transports

735 is the third order extension of the anomalous chiral Hall effect, i.e., o -term
and the term 735 will be generalised into a TCF. Similarly, m3g can be simply taken as the
magnetic analogue of 735 and will be extended to a TCF in [96].

Finally, let us mention the dissipative nature for each term in the third order re-
sults (4.6), (4.7). Via the criterion of T-symmetry, the TCs 794, 73034, T37—40 are 7T -even
and are thus non-dissipative. The remaining terms are all dissipative.

5 Conclusion

In this work, we have continued exploration of nonlinear chiral anomaly-induced transport
phenomena based on a holographic model with two U(1) fields interacting via a Chern-
Simons term. For a finite temperature system, we constructed off-shell constitutive rela-
tions for the vector/axial currents. A detailed report on our new results could be found in
the Summary section. Here they are in brief:

e We demonstrated that both CME and CSE get corrected by higher derivative terms,
see (2.11), (2.12). In the hydrodynamic limit, we analytically calculated those gra-
dient corrections up to third order. Comparison with the CKT was presented. New
third order results, particularly (2.31), (2.32), extend those that were initially con-
sidered in [24, 25] and reveal novel effects associated with time-dependence or inho-
mogeneities of the charge densities and external fields.

e Among new results worth highlighting, in weak field approximation the charge dif-
fusion constant Dy was found to receive negative anomaly-induced E?- and B2-
corrections (2.34). It is very interesting to explore the dependence of Dy on the
e/m fields beyond the weak field approximation, that is non-perturbatively. Of par-
ticular interest would be a strong field limit. We are pursuing this line of study in the
forthcoming paper [117] (see also [95] for similar study but in a different holographic
model®).

e Another result we found to be of interest is that the chiral medium is shown to support
three types of collective modes: CMW (propagating along ]§), CEW propagating
along E, and a new one, chiral Hall density wave, propagating orthogonal to the
other two, that is, along the energy flux E x B.

The follow up paper [96] focuses on another set of approximations. Instead of con-
sidering a fixed order gradient expansion adopted here, we compute some TCFs in non-
linear chiral transport phenomena. More specifically, the external electromagnetic fields
are assumed to be constant and weak, while the charge densities are split into constant
backgrounds and small inhomogeneous fluctuations. The setup is similar to that of [24],
but in [96] as opposed to [24], gradient resummation is performed for terms that are linear
both in the charge density fluctuations and external fields.

°In [95] the effect of non-perturbative magnetic field on the speed of CMW and diffusion constant was
induced by nonlinear DBI action, which is quite different from the model in [117].
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We have found a wealth of non-linear phenomena all induced entirely by the chiral
anomaly. An important next step in deriving a full chiral MHD would be to abandon the
probe limit adopted in this paper and include the dynamics of a neutral flow as well. This
will bring into the picture additional effects such as thermoelectric conductivities, normal
Hall current, the chiral vortical effect [119, 120], and some nonlinear effects discussed
in [103]. We plan to address these in the future.

A Supplement for section 4

In this appendix, we collect all calculational details omitted in section 4. Regarding the
general structure of the constitutive relations of the vector/axial currents, we present the in-
tegral versions of the bulk dynamical equations and explore near boundary asymptotics. We
further derive the gradient expansion, and compute analytically all TCs, up to third order.

The dynamical equations (3.24)—(3.27) can be directly integrated over r, resulting in
the following integral forms

V= —/ xg/ dy {yﬁyﬁk <Vk+yk> +12/€6”k8yAi (8]-Vk+8ij)

o logr 1
ijk
+12K€eY 8yVi8jAk}+8kEk <27“2+4’l“2> (Al)
00 logr 1 logr
—— O | —+—
Ok k<27“2 +4T2>+O< 3 ,

© zd 1 y
vV, = —/ xﬁ —xl {—@Ei log z+ %in+(x—l)Ei+e’]k8jBk logz—12xB;
T

x [,ug,—l—Ai(x) ﬁ} +Gi(:p)}

222
r—00 ogr 1 L N L L . K5 Dj
Gi(z =00) logr
B 272 +O< r3 >’
Tdr [ ijk ijk
Ap=— el {yayakAk(y)‘FlQ/‘éﬁ 0yV; (0;Vi+0;V)+12ke %AiajAk}
N (A.3)
T—00
==o()
r
> zd -1
Aj=— / e 0= 126 By Vi) - o |+ Hi(e)
r =1 2z 27 A4

r—00 1 6KBZ,U, 1 1

where 1 and ps are the chemical potentials defined in (3.23). We have also provided
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asymptotic expansions near the boundary r = co. The functions G;(x) and H;(x) are

z FE; FE;
Gx@=>1[fw{zm%@[vxw+-y]+@<vxw+-y>—y@amn—@vt

1 a1
+§(82Vi—aiakvk)+12mwk [yg%ajvkquaymajw}

. 1
—12H€l]kaij [(@Vk—akvt)JrQyQ@kp—Ek} (A5)

- 1
+12k€" (g/:,)pc{?jAk-l-({)th(‘)jAk) } ,
Hi(z)=— /1 dy {QyﬁyatAi —y0y O A+ (OpA; — i Ay) + ;@mi — 030, Ay)+12k€F

) )
X |:p33ij+8thaij:| —IQI{Gkaaij [(atvk—(?kVt)+l’“§_Ek:|
Y . X 2 (A.6)
—12/%”]“3ij [(8tAk—8kAt)+2y23kp5] +12k€k <y3058gAk

+8yAt8jAk> } .

In deriving (A.1)—(A.4), all three types of the boundary conditions, as summarized in
section 3, were used to fix the integration constants. The formal solutions (A.1)—(A.4) give
rise to the general results (2.11), (2.12) with §.J° and §.J; given as

§J" = O E; — Gi(x = 00), 8J3 = —Hi(x = 00). (A7)

For generic profiles of p, ps, E, B, we are not able to compute Gi(x = 00) and H;(x =
o0) analytically. So, we employ the standard hydrodynamic limit and evaluate them up
to third order in the gradient expansion (4.1). Perturbative solutions for V,, and A, are
collected below. At first order, n = 1,

Vz[tl] AE} =0, A8
Vi = f1(N0ip + f3(r)Ei + for)psBi, (A-9)
Azm = f1(r)0ips + f2(r)pBs, (A.10)
where
A = L log S L sctan(r) — 7|, far) = 3mlog S5, (A1)
lr_8 og 42 arctan(r |, 2(1r) = oK log 2 .
1 1472
f3(r) = 1 [log A+ + 2arctan(r) — 77} . (A.12)
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At second order, n = 2,
1
V?] =aoO,ErL+aq (—282p+6/<;Bk8kp5> +a72k*B?p,

1 -
N (282p5+6ﬂBk8kp12mE-B) +a272k2 B ps,

V?} = boﬁijkajBk+b18taip+b28tEi+b36l€8t(p5Bi) +b43/€p56ijk8jEk+b536/€26ijk
x [— (p*+p2) 9 B+ ps BjOwps+ pBjOxp) +bs6re* B0k ps+12kpB; Ey]

—b736,‘£2 ijk (ijakp+p5Bjakp5) ,

A?} =010:0;p5+b36K0; (pBZ) +b43/€p6ijk(9jEk+b536/€26ijk (—2,0p58jBk +ijakp5

(A.13)

(A.14)

(A.15)

+,05Bj8kp)+b661€6ijk (Ejakp—f- 12I£p5BjEk) —b736/€26ijk [p5Bjakp+ija]€p5] 5

where

- — 1+210g7'+/ / v +y+1
T a2 Y1) (y+1)

a1—/ / ydy
. (y —H y+1)

[10 (1+y)?

2arct —
g T2 +2arctan(y) 7T:|},

1+y2

{

xdy{‘wﬁijzym 1 {10 4y
\
{

(o 2arctan(y) -7 }.

1
[log (115)2 +2arctan(y) —7T:| } ,

b __/°° xdx /’” dy
) 1) PO

(A.16)

(A.17)
(A.18)
(A.19)
(A.20)
(A.21)
(A.22)
(A.23)
(A.24)
(A.25)
(A.26)

(A.27)

Substituting the first order solutions (A.8), (A.9), (A.10) into (A.5), (A.6) generates
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the second order results (2.15), (2.16). The chemical potentials (2.21), (2.22) are obtained
similarly by substituting the results (A.8), (A.13), (A.14) into (3.23).
tions (A.8)—(A.16) give rise to the third order corrections (2.31), (2.32) with the transport

Finally, the solu-



coeflicients 71_49 as

7T2

ri= [ dyl2i0h () +ha ()] =~ (4.28)
r= [ g By )+ ()] =~ (r—210g2), (4.29)
o0 71-2
T3 = /1 dy[2ydyba(y) +b2(y)] = — 5. (A.30)
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1
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1

where the Catalan’s constant C ~ 0.915966.
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