
OAK 
RIDGE 
NATIONAL 
LABORATORY 

OPERATED 8Y 
U N I O N  CARBIDE CORPORATION 
FOR THE UNITED STATES 
DEPARTMENT OF ENERGY 

Nonlinear Coupling of 
Tearing Modes with 

Self-consistent Resistivity 
Evolution in Tokamaks 

B. Carreras 
H. R. Hicks 
J. A. Holmes 
B. V. Waddell 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



Printed in the United States of America. Available from 
National Technical Information Service 

U.S. Department of Commerce 
5285 Port Royal Road, Springfield, Virginia 22161 

NTlS price codes-P rinted Copy: AOS; ,Microfiche A01 

This report was prepared as an account of work sponsored by an agency of the 
United StatesGovernment. NeithertheU nited StatesGovernment nor any agency 
thereof, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process disclosed, or 
represents that its use would not infringe privately owned rights. Reference herein 
to any specificcommercial product, process, or service by trade name. trademark, 
manufacturer, or otherwise, does not necessarily constitute or imply its 
endorsement, recommendation, or favoring by the United States Government or 
any agency thereof. The views and opinions of authors expressed herein do not 
necessarily state or reflect those of the United States Government or any agency 
thereof. 



ORNLITH-7161 

3ist. Category ITC-20 g 

C o n t r a c t  No. M-7405-eng-26 

FUSION RNERGY DIVISION 

NONLINEAR COUPLING OF TEARING MODES WITH SELF-CONSISTENT 

RESISTIVITY EVOLUTION I N  TOKAMAKS 

* 
R. C a r r e r a s ,  H. R. Hicks ,  J. A. Holrnes, and B. V. waddell+ 

Date P u b l i s h e d  - February  1980 
. - -. 

DISCLAIMER 

Tbb mok warprepared oran amunt  of nark sponsored by an a g e w  of  the United Slator Gowrnrnenr 

warraniy. exprns or implied. or a w m e  any legal lisbillly or rsponribility for the swrscy .  ! 
completenes. or ~re lu lnes of any information. apparatus. ~roduci. Or Droces diulosd, or 

rapraanir ~ h n i  i ir u s  u n o a l r (  nnt i n f r i n ~ ~  nrimlelv owned riqhlr. Rcfercnce herein lo any rpxil ic 
mmmercial product, procas. or =rvice by trade nsrne. traderark. manufacturer. or orherwire. d o n  

I MI nezeusrily mnsfi!vie or imply its endorcement. remmmendalion. or fawring by the United 
' 

state  Government or any a~ency thereof. me vieno and opinbnr of auihorr e x p r w  herein do mr 

nocawrilv rrais w roflert thnwnl  the Ilnitmi SlRlelGWernrml Or soy agency therarf. 

* 
I n s t i t u t e  f o r  Advanced Study,  P r i n c e t o n ,  Yew J e r s e y .  

0. 

b e c e a s e d  September 14,  1978. 

Prepared  by t h e  

OAK RIDGE NATIONAL LABORATORY 

Oak Ridge,  Tennessee  37830 

o p e r a t e d  by 

U N I O N .  CARBIDE CORPORATION 

f o r  t h e  

DEPARTMENT OF ENERGY 



THIS PAGE 

W A S  INTENTIONALLY 

L E F T B L A N K  , 



CONTENTS 

ABSTRACT .......................................................... 1 

I . INTRODUCTION ................................................ 2 

I1 . REDUCED SET OF RESISTIVE MAGNETOHYDRODYNAMIC EQUATIONS ...... 6 

I11 . EQUILIBRIUM CHARACTERISTICS ................................. 12 

IV . NONLINEAR INTERACTION OF TEARING MODES: DESTABILIZATION 
DESTABILIZATION OF THE (M = 3;N = 2) TEARING MODE 
BY THE (M = 2;N = 1) MODE ................................... 25 

V . NONLINEAR INTERACTION OF TEARING MODES: 
PROFILE DEPENDENCE .......................................... 43 

.................................. VI . COMPARISON WITH EXPERIMENT 54 

................................................. VII . CONCLUSIONS 57 

ACKNOWLEDGMENTS ................................................... 59 
REFERENCES ........................................................ 63 

iii 



ABSTRACT 

The non l inea r  i n t e r a c t i o n  of t e a r i n g  modes of d i f f e r e n t  h e l i c i t y  

i s  s t u d i e d  f o r  r e a l i s t i c  va lues  of t h e  tokamak parameters  of 

r e s i s t i v i t y  and p a r a l l e l  h e a t  conduction. The s e l f  - cons i s t en t  

evo lu t ion  of t h e  r e s i s t i v i t y  is  taken i n t o  account through t h e  e l e c t r o n  

h e a t  conduction equat ion.  For equ i l i b r ium q  p r o f i l e s  i n f e r r e d  from 

e l e c t r o n  temperature  p r o f i l e s  measured be fo re  a  tokamak d i s r u p t i o n ,  t h e  

e s s e n t i a l  r e s u l t  is t h a t  t h e  (m = 2;n = 1) mode non l inea r ly  

d e s t a b i l i z e s  o t h e r  nodes on a  r ap id  t i m e  s c a l e .  Because of t h e  

development of magnetic i s l a n d s  of d i f f e r e n t  h e l i c i t y ,  t h e  t o r o i d a l  

c u r r e n t  dens i ty  is  seve re ly  deformed. These i s l a n d s  over lap  and f i e l d  

l i n e s  become s t o c h a s t i c  i n  a  s i z a b l e  plasma volume, f l a t t e n i n g  t h e  

temperature  p r o f i l e  i n ,  t h i s  reg ion  through p a r a l l e l  h e a t  t r anspo r t .  

The deformation of t h e  t o r o i d a l  cu r r en t  produces a  r a p i d  decrease  i n  

t h e  se l f - induc tance  of t h e  plasma, and t h e  v o l t a g e  a t  t h e  l i m i t e r  

decreases ,  becoming i n c r e a s i n g l y  negat ive.  An ex tens ive  survey of 

e q u i l i b r i a  and i n i t i a l  cond i t i ons  has  been conducted, and a  s imple 

p r e s c r i p t i o n  f o r  t h e i r  non l inea r  s t a b i l i t y  p r o p e r t i e s  is  given. 



I. INTRODUCTION 

Previous papers1' * have suggested that the nonlinear interaction 

of tearing modes of different helicity could be responsible for some of 

the disruptions observed in present-day tokamaks. This suggestion was 

based on the results of numerical studies of the nonlinear evolution of 

tearing modes in cylindrical geometry. These calculations had some 

limitations, as was duly acknowledged in Ref. 2. The resistivity was 

high compared with that of realtokamaks, the resistivity profile in 

the nonlinear evolution was held independent of time, and only two 

particular equilibrium q profi'les were considered. The present paper 

removes these limitations. Presented here are results for realistic 

values of the resistivity and a study of the effect of its 

self-consistent evolution. Also, the exploration of a wide class of 

equilibria has given more generality to the previous results. 

Understanding the detailed mechanism of tokamak disruptions is 

essential in devising methods to control or avoid them. This is not 

only important in improving tokamak confinement but also in suppressing 

the damaging effects of such disruptions on the device. 

To ctudy thc nonlinear evolution of tearia8 ~uudes, a reduced sec 

of resistive magnetohydrodynamic equations was used, and the 

self-consistent resistivity evolution was incorporated through the 

electron heat conduction equation. The results have been extended to 

more realistic tokamak parameters by the development of a new and more 

efficient three-dimensional code RSF, which uses a Fourier series 

expansion in the toroidal and poloidal angles and finite differences in 

the radial variable. 



3 

0 

For a  c e r t a i n  c l a s s  of s a f e t y  f a c t o r  q p r o f i l e s ,  which w i l l  be 

s p e c i f i e d  i n  Sec. V and which inc ludes  p r o f i l e s  observed b e f o r e  major 

tokamak d i s r u p t i o n s , 4 9 5  t h e  (m = 2;n = 1) and (m = 3;n = 2) t e a r i n g  

modes a r e  l i n e a r l y  uns t ab l e  (he re  m and n  denote  t h e  p o l o i d a l  and 

t o r o i d a l  mode number, r e s p e c t i v e l y ) .  Following t h e  non l inea r  evo lu t ion  

of t h i s  system r e v e a l s  t h a t  t h e  (m = 3;n = 2) mode and o t h e r  modes a r e  

non l inea r ly  d e s t a b i l i z e d  on a  r a p i d  t i m e  s c a l e  by t h e  (m = 2;n = 1) 

mode. The o rde r  of t h e  t ime s c a l e  is  given by t h e  (m = 2;n = 1) l i n e a r  

growth r a t e .  Because of t h i s  d e s t a b i l i z a t i o n ,  i s l a n d s  of d i f f e r e n t  

h e l i c i t y  develop i n  t h e  plasma. This  s eve re ly  deforms . t he  c u r r e n t  

dens i ty  p r o f i l e  i n  such a  way t h a t  t h e  plasma se l f - induc tance  decreases  

and t h e  v o l t a g e  a t  t h e  l i m i t e r  drops,  becoming inc reas ing ly  nega t ive  a t  

t h e  end of t h e  c a l c u l a t i o n s ,  i n  agreement wi th  t h e  "negat ive v o l t a g e  

spikes"  observed experimental ly .  The over lap  of i s l a n d s  l eads  t o  t h e  

s t o c h a s t i z a t i o n  of t h e  magnetic f i e l d  l i n e s  i n  a  s i z a b l e  plasma volume, 

f l a t t e n i n g  t h e  temperature  p r o f i l e  i n  t h i s  r eg ion  through p a r a l l e l  hea t  

t r a n s p o r t .  When t h e  magnetic f i e l d  l i n e s  have become s t o c h a s t i c  i n  a  

f i n i t e  volume, modes having s i n g u l a r  s u r f a c e s  i n  t h i s  reg ion  a r e  

f u r t h e r  d e s t a b i l i z e d  wi th  growth r a t e s  s e v e r a l  t i m e s  b igge r  t han  t h e  

l i n e a r  growth r a t e s .  

The low v a l u e  of t h e  r e s i s t i v i t y  s e p a r a t e s  t h e  t i m e  s c a l e s  

involved i n  t h e  problem. This  a l lows  c l e a r  obse rva t ion  of t h e  

d i f f e r e n t  dynamical regimes p re sen t  i n  t h e  t i m e  evo lu t ion  of t h e  

t e a r i n g  modes. When t h e  c a l c u l a t i o n  i s  i n i t i a l i z e d  wi th  very sma l l  . 

p e r t u r b a t i o n s ,  t h r e e  d i f f e r e n t  regimes succes s ive ly  appear.  F i r s t ,  t h e  

i n i t i a l i z e d  modes t h a t  a r e  u n s t a b l e  grow exponen t i a l l y  wi th  t i m e  i n  

what is p r a c t i c a l l y  a  l i n e a r  regime. Second, when t h e  magnetic i s l a n d s  



have grown beyond t h e  t e a r i n g  l a y e r  width, non l inea r  e f f e c t s  become 

impor tan t ,  with t h e  r e s u l t  t h a t  t h e  i s l a n d s  grow l i n e a r l y  wi th  time a s  

i f  only modes of a  s i n g l e  h e l i c i t y  were present .6  F i n a l l y ,  a f t e r  t h e  

magnetic i s l a n d s  touch, t h e r e  i s  s t r o n g  d e s t a b i l i z a t i o n  of t h e  modes 

involved  and the  growth is  aga in  approximately exponent ia l ,  a s  j u s t  

descr ibed .  In  c a s e s  where the  uns t ab le  modes s a t u r a t e  be fo re  t h e i r  

cor responding  i s l a n d s  touch, t h i s  f i n a l  exponent ia l  phase is  absent .  

In  t h e  h ighly  non l inea r  phase of t h e  c a l c u l a t i o n ,  a f t e r  t h e  s t r o n g  

d e s t a b i l i z a t i o n  of t h e  (m = 3;n = 2) mode, more and more modes wi th  

h igh  m and/or  n  v a l u e s  a r e  non l inea r ly  generated. This  impl ies  t h a t  

i n c r e a s i n g l y  s m a l l  s c a l e  l eng ths  become involved i n  t h i s  process  and 

t h a t  a f l u i d  model can no longer  desc r ibe  i t .  This  d i c t a t e s  t h e  end of 

t h e  c a l c u l a t i o n .  

A wide spectrum of equi l ibr ium q  p r o f i l e s  was s t u d i e d  t o  provide a 

b e t t e r  unders tanding  of t h e  c h a r a c t e r i s t i c s  of t h e  nonl inear  

i n t e r a c t i o n .  However, s i n c e  t h i s  a n a l y s i s  is  f o r  c y l i n d r i c a l  geometry, 

t h e s e  p r o f i l e s  a r e  r e s t r i c t e d  t o  q(0) > 1 because t h e  t o r o i d a l  coupl ing 

between t h e  (m = l ; n  = 1) and (m = 2;n = 1) could be important  i n  cases  

where t h e  s a f e t y  f a c t o r  is  below un i ty .  'l A very  gene ra l  r e s u l t  is t h a t  

t h e  s t r o n g  d e s t a b i l i z a t i o n  of t h e  (m = 3;n = 2) mode occurs  f o r  q  

p r o f i l e s  such t h a t  

where r,, i s  t h e  r a d i a l  p o s i t i o n  of t h e  s i n g u l a r  s u r f a c e  f o r  t h e  (m;n) 

mode and Wmn is  i t s  s i n g l e - h e l i c i t y  s a t u r a t e d  i s l a n d  width. For a l l  

t h e  ca ses  considered here ,  t he  r a p i d  d e s t a b i l i z a t i o n  of t h e  



(m = 3;n = 2) mode by t h e  (m = 2;n = 1) mode s t a r t s  af t e r  t h e  two 

magnetic i s l a n d s  touch. Apparently t h e  u s u a l  r e s i s t i v e  flow e f f e c t s ,  

which reduce t h e  mode growth from exponent ia l  t o  l i n e a r , 6  a r e  not' 

ope ra t i ve  i n  t h i s  explos ive  growth phase because t h e  magnetic f l u x  

s u r f a c e s  a r e  being destroyed. 

The p re sen t  r e s u l t s  confirm those  ob ta ined  when r e s i s t i v i t y  

evo lu t ion  i s  not  taken  i n t o  account, '  except  t h a t  h e r e  t h e  d i s r u p t i o n  

proceeds somewhat f a s t e r .  These low r e s i s t i v i t y  c a l c u l a t i o n s  al low a 

more d i s t i n c t  s e p a r a t i o n  of t i m e  s c a l e s  i n  t h e  d i f f e r e n t  phases of t h e  

non l inea r  evolu t ion .  

The body of t h i s  paper is  organized as fol lows:  I n  Sec. 11, t h e  

reduced set of r e s i s t i v e  magnetohydrodynamic equa t ions  used i n  our  

c a l c u l a t i o n s  is  presented.  I n  Sec. 111, t h e . e q u i l i b r i u m  q p r o f i l e s  and 

t h e i r  s t a b i l i t y  p r o p e r t i e s  from t h e  s t andpo in t  of l i n e a r  and non l inea r  

theory a r e  discussed.  A d e s c r i p t i o n  of t h e  non l inea r  i n t e r a c t i o n  of 

t e a r i n g  modes f o r  an  equ i l i b r ium s t a t e  l i k e  t h e  one be fo re  a  major 

d i s r u p t i o n  i n  t h e  P r ince ton  Large Torus (PLT) tokamak is  presented  i n  

Sec. I V .  I n  Sec. V,  t h e  r e s u l t s  of a  q p r o f i l e  e x p l o r a t i o n  a r e  given 

and compared wi th  a n  analytical modcl. F fna l ly .  i n  Sec. V I ,  t h e  

c h a r a c t e r i s t i c  t i m e  s c a l e  f o r  t h e  non l inea r  process  is  discussed  and 

t h e  r e s u l t s  a r e  compared wi th  experiment. 



11. REDUCED SET OF RESISTIVE MAGNETOHYDRODYNAMIC EQUATIONS 

The resistive magnetohydrodynamic equations are 

and 

+ 
where v is the fluid velocity, pm is che mass density, p is the 

+ + + 
pressure, B is the magnetic field, J is the current density, E is the 

electric field, rl is the resistivity, and po i s  the vacuum magnetic 

permeability. To close this system of equations, it is necessary to 

specify an equation of s t a t e  and equarions for the resistivity and mass 

density. The equation for the resistivity will be discussed later. In 

thS.s paper, the mass density is assumed to be constant in space and 

time. This is consistent with the continuity equation for the mass 

density. The equation of state will be a consequence of the 

simplifying assumptions that will, be used to reduce the system of 

magnetohydrodynamic equations. 



Standard tokamak ordering allows the reduction of the resistive 

magnetohydrodynamic equations to a set of two partial differential 

equations in two unknowns. It is assumed that E a/Ro cc 1, where a 

and Ro are the minor and major radii of the torus, respectively. The 

toroidal field perturbation is given by 

where - and o denote perturbed and unperturbed quantities and 5 is the . , 

toroidal angle. Contributions only to the lowest order in E are 

considered, thereby eliminating the fast magnetohydrodynamic time scale 

associated with the ~ l f v k  waves propagating in the poloidal direction. 

A second assumption is introduced when the calculations are restricted 

2 to low B plasmas (i.e., B - E ). These two hypotheses in cylindrical 

geometry allow the toroidal component of the fluid velocity to be 

neglected and imply that the fluid is incompressible. 

A detailed derivation of the reduced set of resistive 

magnetohydrodynamic equations based on the previously stated hypotheses 

is given,in Ref. 2. These equations in-dimensionless form are 

au ia(au a o i a u  2 ( i a r a J ~  - + - - =  s - - - - - - - -  
at r ae ar ar r ae r ae ar ar r ae as 

u = + ,  

and 



Here r, 8, and 5 are the usual toroidal coordinates (radial, poloidal, 

and toroidal, respectively). Because all -toroidal effects are 

L, 

neglected, 5 = -, where z is the coordinate along the cylinder. All 

Ro 

lengths have been normalized to the minor radius a; the resistivity to 

- - 
some typical value rl [in general, rl is such that ri(o) = 11; and the 

2 - time to the resistive diffusion time T~ = (a uo)/q. The functions Y 

and @ are the poloidal flux and velocity stream f~inctions, normalized 

2 2 
to a By, and a Bc0/rr, respectively. They are related to the magnetic 

field and fluid velocity by 

h 

where 4 is a unit vector in the toroidal direction and the subscript 1 

indicates perpendicularity to 5 .  The toroidal current density is 

and U is the toroidal component of the vorticity. The parameter S is 

the ratio of the two time scales involved in this problem: S = 



Tr/rhp, where T is the poloidal ~1fv;n time, or the time for AlfvEn 
hp 

waves to propagate in the toroidal direction, T = Ro(pgm) 112/~co. 
hp 

This reduced set of three-dimensional equations was first derived 

by H. R. strauss8 for rectangular geometry with the resistivity term 

omitted. He used them to study the nonlinear evolution of ideal 

magnetohydrodynamic modes. Assuming helical symmetry, these equations 

reduce to the ones derived in R e f .  9. These equations, in 

three-dimensional cylindrical form, have been used in Refs. 1, 2, and 

10 to study the nonlinear interaction of tearing modes in cylindrical 

geometry . 
Two different models have been used for the resistivity. The 

simplest assumption is to take TI independent of time throughout the 

whole evolution. In this case, its radial dependence is obtained by 

assuming a constant loop voltage in the equilibrium and not allowing 

the magnetic flux to evolve in the absence of tearing mode activity, 

which imp'lies 

A second possibility is to introduce a self-consistent resistivity 

cvolution through the electron heat. cnnduction equation 

and to use the Spi t z e r  relation between resistivity and electron 

temperature 



In Eq. (14), 

ne is the electron number density, and Kll and Kl are the parallel and 

perpendicular heat conduction coefficients, which are assumed to be 

constant. In dinensionless form, Eq. (14) becomes 

e?= - 
(2rl~~~~~)/(3~n,~~). T has been norma1i.z.d in aoch a way that n = T3l2. 

The reduced set of magnetohydrodynamic equations contains three 

- - 
dimensionless parameters: S, xll, and XI. From the point of view of the 

- 
numerical calculations,  the parametera S and xl1 play a critical rolc. 

- - 
Realistic plasma parameters for a device like PLT are S = lo7 and xll /x1 

= 10'. These values indicate the disparity of time scales that must be 

followed in the calculation. This is. one of the most serious 

difficulties in solving the problem numerically. A three-dimensional 

code, R S F , ~  has been developed to numerically time-advance Eqs . ( 6 ) ,  

(7), and (17). The quantities Y and are expanded in Fourier series 

in the toroidal and poloidal angles to give 



Y = C $,(r) cos (me + n C) 
m,n 

and 

0 = C $,(r) sin (m0 + n ~ )  , 
m,n 

and a finite difference scheme is employed in the radial variable. 

This has proved to be more efficient than a previous scheme2 that was 

based on finite differences in the three coordinates. The use of both 

codes has allowed a careful checking of the numerics. More details on 

numerics are given elsewhere. 3 

The results presented here use about 30 Fourier components, 

although some cases include up to 60. The radial grid for high S 

calculations has between 200 and 300 points. In general, a nonuniform 

radial grid has been used to allow the grid points to be concentrated 

where they are needed. For high S values, the typical mesh size in the 

3 region where the grid is concentrated is Ar = 2.5 x 10- . 



111. EQUILIBRIUbI CHARACTERISTICS 

I n  t h e  c y l i n d r i c a l  geometry l i m i t ,  t h e  tokamak equi l ibr ium i s  

s p e c i f i e d  by a  g iven  s a f e t y  f a c t o r  p r o f i l e  q ( r ) .  For Eqs. ( 6 ) - ( 9 ) ,  an 

e x a c t  equ i l i b r ium s o l u t i o n  can be w r i t t e n  a s  

I n  t h e  c a l c u l a t i o n s  p re sen ted  he re ,  t h e  equi l ibr ium has  been def ined  

us ing  e i t h e r  an a n a l y t i c a l  parameter iza t ion  of t h e  q  p r o f i l e  o r  a  

s p l i n e  i n t e r p o l a t i o n  of a few r a d i a l  va lues  of q i n f e r r e d  from 

exper imenta l  va lues  of t h e  e l e c t r o n  temperature.  For d i scuss ing  t h e  

s t a b i l i t y  p r o p e r t i e s  of t h e  e q u i l i b r i a  , it is  u s e f u l  t o  parameter ize 

t h e  q  p r o f i l e s  i n  a  simple way: 

The s a f e t y  f a c t o r  p r o f i l e  is t h e n ' s p e c i f i e d  by t h r e e  parameters:  i t s  

v a l u e  a t  t h e  l i m i t e r  qQ, i t s  value a t  the m g n e t i c  a x i s  q(O), and A .  

For X = 1, 2 ,  and 4, t h i s  parameter iza t ion  corresponds t o  t h e  peaked, 

round, and f l a t  p r o f i l e s  in t roduced  i n  Ref. 11. As  an example, q(0)  = 

1.08 and qQ = 4.2 have been f ixed ,  and t h e  corresponding p r o f i l e s  f o r  X 



= 1, 2 ,  and 4 have been p l o t t e d  i n  Fig. 1. It is c l e a r  from t h i s  

f i g u r e  t h a t  with inc reas ing  A ,  t h e  p r o f i l e s  became f l a t t e r  near  t he  

magnetic ax i s .  

As s t a t e d  i n  t h e  in t roduc t ion ,  t h e  main motivat ion f o r  t h e  study 

of t h e  nonl inear  i n t e r a c t i o n  of t e a r i n g  modes is  t o  understand t h e  

mechanism of a  major d i s r u p t i o n  i n  a  tokamak. It has  a l r eady  been 

found t h a t  f o r  a  l imi t ed  number of e q u i l i b r i a ,  1 * 2  t h e  nonl inear  

i n t e r a c t i o n  of t h e  (m = 2;n = 1) and (m = 3;n = 2) t e a r i n g  modes could 

exp la in  some of t h e  c h a r a c t e r i s t i c s  of a  tokamak d i s rup t ion .  This 

paper w i l l  explore  f u r t h e r  t h e  dynamics of t h i s  i n t e r a c t i o n  by s tudying  

a  wider c l a s s  of e q u i l i b r i a  and us ing  r e a l i s t i c  tokamak parameters. .  

However, because t h e  t o r o i d a l  e f f e c t s  a r e  absent  i n  t h e  equat ions  

employed, t h e  range of q  va lues  w i l l  be r e s t r i c t e d  t o  a  reg ion  where 

t h e s e  e f f e c t s  a r e  not  expected t o  be important.  Therefore,  only q  

p r o f i l e s  wi th  q 2 1  w i l l  be considered,  because f o r  q  < 1  t h e  t o r o i d a l  

coup l ing .  be tween,  t h e  (m = 1;n = 1) and (m = 2;n = 1) modes could 

c e r t a i n l y  be a s  important a s  t h e  nonl inear  coupling. Also, t h e  range 

of q  va lues  corresponds t o  "normal" tokamak opera t ion ,  namely 3  < qQ < 

5 and q(0)  < 1.5. For t h i s  range of parameters,  no more than  two 

l i n e a r l y  uns t ab le  modes i n  c y l i n d r i c a l  geometry have been found, 

namely, t h e  (m = 2;n = 1) and (m = 3;n = 2) modes. This  paper w i l l  be 

mainly concerned with e q u i l i b r i a  i n  which t h e  (m = 2;n = 1) mode has 

high p o t e n t i a l  energy and t h e  nonl inear  i n t e r a c t i o n  of t h i s  mode with 

t h e  (m = 3;n = 2) mode is l i k e l y  t o  be s t rong .  
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F I G .  1 .  Safety factor  q prof i l e  given by Eq. (21) for  X = 1 

(-), X = 2 (-- -- --), and X = 4 (-----). A t  the orig in  q(O) = 1.08 

and a t  the l imiter  q1 = 4.2.  



In  l i n e a r  t e a r i n g  mode theory,  t h e  p o t e n t i a l  energy bW of a  mode 

i s  propor t iona l  t o  A ', l 2  where A '  i s  t h e  d i s c o n t i n u i t y  i n  t h e  r a d i a l  

d e r i v a t i v e  of t h e  f l u x  func t ion  a t  t h e  corresponding s i n g u l a r  sur face .  

For an (m;n) mode, A '  i s  defined1' a s  

where rm i s  t h e  r a d i a l  p o s i t i o n  of t h e  s i n g u l a r  su r f ace ,  q(r,) = m/n, 

and r+ = rmn - 2 6 .  For f i x e d  va lues  of q(O) and qg,  t h e  va lue  of A '  f o r  

t h e  (m = 2;n = 1) mode does not  change much wi th  A ,  as can be seen i n  

Fig. 2. The same f i g u r e  shows t h a t  t h e  A ' f o r  t h e  (m = 3;n = . 2 )  mode 

inc reases  wi th  A ,  making t h i s  mode l i n e a r l y  uns t ab le  f o r  X > 1.5. For 

both modes, A '  i n c r e a s e s  with q(0) and t h e i r  s t a b i l i t y  p r o p e r t i e s  a r e  

very s e n s i t i v e  t o  q(0)  when q(0)  i s  -1 ( s ee  Fig. 3). 

The nonl inear  evo lu t ion  of an (m;n) t e a r i n g  mode wi th  m > 1, i n  

t h e  s i n g l e - h e l i c i t y  approximation, is  no longer  exponent ia l  wi th  t ime 

when t h e  i s l a n d  width of t h e  mode exceeds its t e a r i n g  l a y e r  

width.6 The width of t h e  magnetic i s l a n d  a s s o c i a t e d  wi th  the. mode 

inc reases  l i n e a r l y  wi th  time, and t h e  mode s a t u r a t e s  a t  a  f i n i t e  i s l a n d  

width.13 The s a t u r a t e d  i s l a n d  width is  a  measure of t h e  l e v e l  of t h e  

i n s t a b i l i t y  i n  t h e  nonl inear  regime, and i t s  magnitude can be 

c o r r e l a t e d  wi th  an  experimental ly  measurable quan t i t y ,14  t h e  p o l o i d a l  

f i e l d  f l uc ruae ion  a t  t h e  l i m i t e r .  I n , a d d i t i o n  t o  A ' ,  t h e  s a t u r a t i o n  

i s l a n d  width f o r  t h e  (m = 2;n = 1) and (m = 3;n = 2) modes has  been 

p l o t t e d  a s  a  func t ion  of X i n  Fig. 2. The s a t u r a t e d  i s l a n d  width f o r  

t h e  m - 2 mode inc reases  d rama t i ca l ly  with X,.and t h e  m = 2 magnetic 

i s l a n d  encompasses more than 20% of t h e  plasma r a d i u s  f o r  X = 4. This  
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FIC. 2. A '  ~ n d  the ' s a . t ~ ~ r a t i o n  i s land  width W f o r  the 

( m =  3 ; n =  2) and ( m =  2;n= 1) modes as a function of A .  The 

equilibrium q p r o f i l e s  are given by Eq.  (21) with q(0) = 1.08 and qQ = 
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FIG. 3. A' and the saturation island width W for the 

(m = 2;n = 1) and (m = 3;n = 2) modes as a function of q(0). The 

equilibrium q profilso are given by Eq. (21) with X = 3 * 5  and qQ r 4.2. 



f a c t  ha s  been s t r e s s e d  i n  Ref.  15. The e q u i l i b r i a  cha rac t e r i zed  by q 

p r o f i l e s  wi th  X n e a r  4 have a high l e v e l  of t e a r i n g  mode a c t i v i t y .  

Iforeover,  when X i n c r e a s e s ,  t h e  q p r o f i l e  becomes s t e e p e r  between t h e  q 

= 1.5 and q = 2 s u r f a c e s  ( s e e  Fig.  1 ) .  This  means t h a t  t h e  s u r f a c e s  

g e t  c l o s e r  t o  each o t h e r  and t h e  chance of a s t r o n g  non l inea r  

i n t e r a c t i o n  between t h e  (m = 2;n = 1) and (n = 3;n = 2) modes becomes 

more l i k e l y .  For t h e s e  r ea sons ,  q p r o f i l e s  wi th  X > 2 and p r o f i l e s  

w i t h  analogous p r o p e r t i e s  w i l l  be s t u d i e d  i n  d e t a i l  i n  t h i s  paper.  

P r o f i l e s  of t h i s  t ype  have been exper imenta l ly  measured be fo re  some 

major d i s r u p t i o n s  i n  tokamaks. 4 9 5  These w i l l  be considered 

s p e c i f i c a l l y  i n  for thcoming s e c t i o n s .  

For t h e  r e s u l t s  shown i n  F igs .  2-3, t h e  r e s i s t i v i t y  was kept  

c o n s t a n t  i n  t i m e .  I n  t h i s  case ,  f o r  t h e  parameter iza t ion  of q given i n  

Eq. (21 ) ,  t h e  r e s i s t i v i t y  p r o f i l e  normalized t o  1 a t  t h e  magnetic a x i s  

is  

The r e s i s t i v i t y  a t  t h e  s i n g u l a r  s u r f a c e  f o r  t h e  (m;n) mode i n c r e a s e s  

exponen t i a l l y  w i t h  X : TI (rmn) = [m/nq(0) lAC1. Theref o r e ,  t h e  l i n e a r  

growth r a t e  f o r  t h e  ' (m = 2;n = 1) and (m = 3;n = 2) modes 1nsrease.s 

w i t h  X no t  only because A '  i n c r e a s e s ,  b u t  a l s o  because t h e  r e s i s t i v i t y  

i n c r e a s e s .  The l i n e a r  growth r a t e s  f o r  both modes have been p l o t t e d  i n  

Fig.  4.  
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FIG. 4 .  Linear growth rates for the ( m = 2 ; n =  1)  and 

(m = 3;n = 2) modes as a function of A for the same q pl-ol l le  as 

Fig. 2. The value of S a t  the magnetic ax i s  is 2 x lo4 for  a l l  cases 

considered. 



When the self-consistent evolution of the resistivity is taken 

into account, there is no qualitative change in previous results for 

realistic tokamak parameters. In this case, the parallel transport 

- 
term should dominate in Eq. (17), which requires xIl to be greater than 

lo6. The linear growth rates are above the values obtained when the 

resistivity is kept constant in time. In Fig. 5, the (m = 2;n = 1) 

- 
growth rate is plotted as a function of xlI for a typical equilibrium at 

S = lo6. The broken line in Fig. 5 is the value of the grui tb  rate 

when the resistivity does not evolve in time. 

The nonlinear regime is not substantially modified by the 

d 

resistivity evolution if XI, > lo6. In Fig. 6, the (m = 2;n = 1) island 

- 
width evolution is shown for different values of xII and compared with 

the case in which the resistivity is constant in time (broken line). 

- 
For increasing xIl, the continuous lines tend toward the broken line. 

- 
There apparently is a change of regime when xII is too small. In sucl~ 

cases, the convective term dominates the electron heat conduction 

equation [Eq. ( I T ) ] ,  the 211 magnetlc island grown f a s t ,  and dries not 

saturate. Also, modes with large m that otherwise are stable become 

linearly unstable. This change of regime is also apparent when L l l e  

teqprati~te contours are compared with the (m = 2;n = 1)helical flux 

r.rintours. In the single-heliciry approximation, the helical flux 

function )* can be wilttcn i n  rcrw oT the pnlntdal flux fvncti.nn Y as 
P 

* 
$p = -p [$,, + I ), cos (me + nc) 

m/n=i) 

* 2 
where p = m/n and $ has been normalized to a Bo . Plotted in Fig. 7 

P 
* - 

are the J12 contours and the temperature contours for two different xII 
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FIG. 5 .  Linear growth ra te  f o r  the (m = .  2;n = 1) mode as a 

- 
function of (continuous' l i n e )  compared with its value when the 

r e s i s t i v i t y  i s  kept constarit i n  time (broken l i n e ) .  The q p r o f i l e  i s  

6 
the one considered i n  Sec. I V ,  and S = 10 a t  r = 0. 
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FIG. 6 .  'i'he 2 / 1  i s l a n d  width a s  h f u n c t i o n  o t  t i m e  f o r  d i f f e r e n t  

- a - - 
v a l u e s  of xll w i t h  x1 = 0.1 ( t o p )  and f o r  d i f f e r e n t  va lues  of x1 w i t h  xll 

= 3 x lo6 (bottom). The broken l i n e  corresponds t o  t h e  ca se  wi th  no 

r e s i s t i v i t y  evolu t ion .  The equ i l i b r ium q p r o f i l e  and S v a l u e  a r e  t h e  

same as i n  Fig. 5. 



24 HELICAL FLUX 
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TEMPERATURE 

FIG. 7 .  Comparison between the 2/1 he l ica l  f lux contours and 

- - 
temperature contours for XI = 0 (top) and XI - lo7 (bottom) i n  a 

single-helicity calculation. In the second case, the temperature has 

become a function of the he l i ca l  f lux function. 



- 
values. It should be noted t ha t  f o r  the  larger  value of x,,, the  

* 
temperature becomes a function of $2 only. 

The e f f ec t  of perpendicular t ransport  on the  nonlinear evolution 

of t he  (m = 2;n = 1) mode is  t o  reduce the  growth r a t e  of the  magnetic 

island.  For c l a s s i c a l  values of the  perpendicular transport  

- - 
coef f i e i e n t  (x1 - 3 x the ef f e c t  is very small, but when i s  

- 
c lose  t o  i t s  estimated anomalous value (x1 = 0 .5 ) ,  the  sa tura t ion  

i s l and  width reduces t o  approximately the  value i t  has when the  

- 
r e s i s t i v i t y  is held independent of time (Fig. 6). I f  the  value of x1 

i s  increased fwrther, the  reduction i n  t he  aaturat ion is land width is 

substant ia l .  These r e s u l t s  agree with previous s tudies  by 

D. Biskamp. 16 

The sel f -consis tent  r e s i s t i v i t y  evolution modifies the  time scales  

involved i n  the  tea r ing  mode evolution, but f o r  r e a l i s t i c  tokamak 

parameters, there  a r e  no qua l i t a t i ve  changes i n  the  s t a b i l i t y  

proper t ies  of the equilibrium, Therefore, t h e  main cnnclusion s t i l l  

holds: f a r  f l a t  q p ro f i l e s  near the  magnetic axis (large A ) ,  a strong 

nonlinear coupling between tear ing modes is l ikely .  



I V *  NONLINEAR INTERACTION OF TEARING MODES: DESTABILIZATION OF THE 

(m = 3;n = 2) TEARING MODE BY THE (m = 2;n = 1) MODE 

This  s e c t i o n  desc r ibes  a  t y p i c a l  c a s e  i n  which t h e  (m = 2;n = 1) 

and (m = 3;n = 2) non l inea r  i n t e r a c t i o n  l eads  t o  exp los ive  growth and 

t o  s t o c h a s t i z a t i o n  of f i e l d  l i n e s .  A s  an example, cons ider  an 

equi l ib r ium cha rac t e r i zed  by a  q  p r o f i l e  ob ta ined  from f i t t i n g  t h e  

e l e c t r o n  temperature  p r o f i l e  measured i n  t h e  PLT tokamak be fo re  a  major 

d i s rup t ion .4  This  p r o f i l e  i s  w e l l  descr ibed  by Eq. (21) t a k i n g  q(0)  = 

1.34, q~  = 4.2, and X = 3.24, which is very s i m i l a r  t o  t h e  p r o f i l e  

s t u d i e d  i n  Refs.  1  and 2. 

The non l inea r  evo lu t ion  of t h e  system w i l l  be considered w i t h  t h e  

assumption t h a t  t h e  (m = 2;n = 1) and (m = 3;n = 2) modes have been 

i n i t i a l l y  per turbed.  The r e s u l t s  a r e  summarized i n  Fig.  6 ,  where, t o  

s imp l i fy  t h e  drawing, t h e  time evo lu t ion  of only t h r e e  magnetic i s l a n d s  

is p lo t t ed .  For each h e l i c i t y ,  t h e  magnetic i s l a n d  width is c a l c u l a t e d  

a s  i f  only t h i s  h e l i c i t y  were presen t  i n  t h e  plasma. Each i s l a n d  width 

is p l o t t e d  i n  i t s  proper  r a d i a l  l o c a t i o n  ( s e e  Fig.  8).  For t < 1.4 

x r r ,  t h e  evo lu t ion  of t h e  (rn = 2;n = 1) and (m = 3;n = 2)  modes 

proceeds a s  i f  t h e  o t h e r  modes were not  p resen t .  Theli island widths 

grow l i n e a r l y  wi th  time, a s  i n  t h e  s i n g l e - h e l i c i t y  approximation. But 

when two magnetic i s l a n d s  begin t o  over lap ,  t h e  modes s t a r t  growing on 

a  faster  ~ i m e  sea1.c. In  p a r t i c u l a r ,  when t h e  211 and 312 magnetic 

i s l a a d s  ove r l ap  a t  t = 1.7 x r r ,  t h e  (m = 3;n = 2) mode is  

s t r o n g l y  d e s t a b i l i z e d .  Its non l inea r  growth r a t e  i n c r e a s e s  ( s e e  

Fig.  9)  and, i n  a  very  s h o r t  t i m e ,  A t  = 0.20 x r r  [of t h e  order  of 

t h e  i n v e r s e  of t h e  (m = 2;n = 1) l i n e a r  growth r a t e ]  , i t s  magnetic 

i s l a n d  wid th  becomes >O.la. During t h i s  i n t e r v a l ,  many modes are 
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FIG. 8. Time evolution of the magnetic island width for the 

(m = 2;n = l ) ,  (m = 3;n = 21, and (m = 5:n = 3) modes in a 

multiple-helicity calculation- Th'e q profile is the one considered in 
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F I C . 9 .  Nonlinear magnetic encrgy grnwth rate of the 

(m = 2;n = 1) -mode (continuous l i n e )  and (m = 3;n = 2)  mode (broken 

l ine )  for the same case as Fig. 8. The (m = 3;n = 2)  growth rate is 

compared wi th  i ts  value i n  the single 312 h e l i c i t y  evolution. 



non l inea r ly  genera ted ,  and about ha l f  of t h e  plasma r ad ius  is covered 

by over lapping  magnetic i s l a n d s ,  a l l  growing s i g n i f i c a n t l y  f a s t e r  than  

t h e  o r i g i n a l  l i n e a r  (m = 2;n = 1) mode. The cu r ren t  dens i ty  p r o f i l e  

becomes seve re ly  deformed. This can be seen  i n  Fig. 10, where t h e  

t o r o i d a l  c u r r e n t  d e n s i t y  p r o f i l e  is  p l o t t e d  a t  t h e  t imes marked by t h e  

arrows i n  Fig. 8. Near t h e  end of t h e  c a l c u l a t i o n ,  because of t h e  

gene ra t ion  of many modes, t h e  cu r r en t  p r o f i l e  d i sp l ays  smal l  s c a l e  

l eng th  f l u c t u a t i o n e .  These f l u c t u a t i o n s  a r e  not  due t o  numerical 

e f f e c t s .  Each s p i k e  i n  t h e  cu r r en t  covers  a t  l e a s t  t e n  r a d i a l  g r i d  

p o i n t s  w i th  no s h a r p  d i s c o n t i n u i t i e s ,  a s  is  shown i n  Fig. 11. There i s  

a c o r r e l a t k o n  between t h e  s t r u c t u r e  i n  t h e  cu r r en t  p r o f i l e  and t h e  

l o c a t i o n  of t h e  mode-rational sur faces .  That t h e  f l u c t u a t i o n s  a r e  not  

numerical  has  been confirmed by redoing t h e  c a l c u l a t i o n  with d i f f e r e n t  

t i m e  s t e p  s i z e s  and d i f f e r e n t  d e n s i t i e s  of r a d i a l  g r i d  poin ts .  

Thc t c q r r a t u r e  p r o f i l e  i s  a l s o  c r i t i c a l l y  changed by t h e  

non l inea r  i n t e r a c t i o n  of t h e  t e a r i n g  modes. This p r o f i l e  becomes 

f l a t t e r  i n  t h e  r eg ion  of i s l a n d  overlap, where Lhe magnetic f i e l d  l i n e s  

have become s t o c h a s t i c .  This  can be seen  i n  Fig. 12, where t h e  

e l e c t r o n  temperature p r o f i l e  i s  shown a t  t h e  same times a s  t h e  cu r r en t  

d e n s i t y  p r o f i l e .  The e x t e n t  of t h e  s t o c h a s t i c  f i e l d  l i n e  reg ion  a t  

d i f f e r e n t  t imes can be seen  i n  Fig. 13. To genera te  t h i s  f i g c ~ r c ,  t h e  

magnetic f i e l d  is  t aken  a t  thc r ~ q u i r u d  time, a s l n g l e  magnetic f i e l d  

l i n e  is fol lowed . s e v e r a l  thousand t imes around t h e  t o r u s ,  and t h e  

i n t e r s e c t i o n  of t h i s  f i e l d  l i n e  wi th  t h e  p o l o i d a l  p lane  5 = O 1s 

p l o t t e d .  These i n t e r s e c t i o n s  a r e  shown by d o t s  i n  Fig. 13. Before t h e  

magnetic i s l a n d s  over lap ,  t h e r e  a r e  well-formed magnetic sur faces .  I n  

t h i s  case ,  a l l  t h e  i n t e r s e c t i o n  p o i n t s  l i e  on a  c losed  l i n e  on t h e  
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FTG. 10. Toroidal current density prof i l e  for different times 

during the nonlinear evol.ntion. The time t i s  l o 3  times i t s  value i n  

r e s i s t i v e  units .  The same case i s  considered i n  Fig. 8.  
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FIG. 1 1 .  Detai l  of the current density prof i l e  a t  

t = 2.06 x r r  i n  a radial  interval  0.48 < r  < 0.68 t o  show the 

radial  grid resolution.  Each dot corresponds t o  a  value of the current 

density a t  a  grid point. 
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PIG. 12. Temperature prof i le  at  the times a h m  In Fig. 10. 
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FIG. 13. Intersection of a single magnetic f i e l d  l ine  with the 

poloidal plane c = 0. The f i e l d  l ine goea through the point r = 0.54a, 

9 = 0,' and 5 = 0. The times are the same as i n  Fig. 10. 



po lo ida l  plane. When magnetlc s u r f a c e s  a r e  broken, t h e  d o t s  a r e  

s c a t t e r e d  w i t h i n  a  f i n i t e  a r e a ,  which r ep re sen t s  t h e  region of 

s t o c h a s t i c  f i e l d  l i n e s .  

When a cons tan t  cu r r en t  boundary condi t ion  is  used during the  

evolu t ion ,  a  nega t ive  vo l t age  s p i k e  a t  t h e  wa l l  i s  observed a f t e r  t h e  

s t r o n g  nonl inear  i n t e r a c t i o n  of t h e  (m = 2;n = 1) and (m = 3;n = 2) 

t e a r i n g  modes begins.  The seve re  deformation of t h e  cu r r en t  dens i ty  

( s e e  Fig. 9)  causes a  d e c r e a 9 s e , i n  t h e  se l f - inductance  of t h e  plasma. 

This  is  t h e  main reason f o r  t h e  nega t ive  vo l t age  a t  t h e  l i m i t e r .  This  

change of vo l tage  when t h e  cons tan t  cu r r en t  boundary condi t ion  i s  used 

can be e a s i l y  ca l cu la t ed  from t h e  conserva t ion  of energy, and i t  is  

given by 

where Em and Ek a r e  t h e  inagnetic and k i n e t i c  energy, r e s p e c t i v e l y ;  I is  

." 

t h e  t o t a l  cu r r en t  (nega t ive  i n  our normal iza t ion) ;  WJ i s  the change i n  

t h e  r a t e  of energy d i s s i p a t i o n  due t o  Jou le  h e a ~ l u g ;  and A V  i s  the 

- 
change i n  t h e  vol tage.  The vo l t age  is  normalized t o  T - I B ~ ~ / L I ~ , .  The 

dominant term i n  t h e  right-hand s i d e  of Eq. (25) i s  t h e  f i r s t  one, 

which g ives  a  very f a s t  change i n  vo l t age  a t  t h e  w a l l  [ s ee  Fig. 14 (a ) ] .  

This vo l t age  change i s  oppos i t e  i n  s i g n  from t h e  equi l ibr ium vo l t age  

(Veq = 9.35 f o r  t h e  p re sen t  equi l ibr ium)  and can be i n t e r p r e t e d  a s  t h e  

change i n  vo l t age  generated by t h e  change of t h e  plasma 

self- inductance.  When a cons tan t  vo l t age  boundary cond i t i on  i s  used, 
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FIG. 14. Time evolution of the voltage at the limiter. The 

contribution from each term in Eq. (25) is indicated in the top figure. 

The bottom figure shows the time evolution of the voltage when the 

(m = 3;n = 2) mode is perturbed after the 2/1 magnetic island is 

saturated. 



t h i s  e f f e c t  must be . i n f e r r e d  from t h e  change i n  se l f - induc tance  i n  

o rde r  t o  compare wi th  experiment. 

A c a s e  which al lows a  b e t t e r  comparison wi th  experiment h a s  a l s o  

been numerically simulated. The only d i f f e r e n c e  between t h e s e  ca se s  i s  

t h a t  f o r  t h i s  ca se  only t h e  (m = 2;n = 1) mode is i n i t i a l l y  per turbed.  

Because t h e  evo lu t ion  i s  i n  c y l i n d r i c a l  geometry, t h i s  mode evolves  a s  

i n  t h e  s i n g l e - h e l i c i t y  approximation, s a t u r a t i n g  wi th  an i s l a n d  width 

W21 = 0.32a. After i t  is  s a t u r a t e d ,  t h e  (m = 3;n = 2) mode i s  

per turbed  and t h e  whole nonl inear  evo lu t ion  t a k e s  p l a c e  a s  before .  The 

f i n a l  r e s u l t s  a r e  p r a c t i c a l l y  t he  same a s  before ,  bu t  i n  t h i s  case  t h e  

slow change i n  v o l t a g e  a t  t h e  l i m i t e r  due t o  t h e  (m = 2;n = 1) 

s i n g l e - h e l i c i t y  evo lu t ion  can be c o n t r a s t e d  t o  t h e  nega t ive  v o l t a g e  

s p i k e  produced a f t e r  t h e  non l inea r  i n t e r a c t i o n  of t h e  (m = 2;n = 1) and 

(m = 3;n = 2) modes [Fig. 14 (b ) ] .  The (m = 2;n = 1) mode was per turbed  

a t  t = 0, and t h e  (m = 3;n = 2) mode was per turbed  a t  t = 0.97 

x 10-2 r;. 

Af te r  t he  211 and 312 i s l a n d s  over lap ,  t h e  number of modes 

generated non l inea r ly  i n c r e a s e s  r ap id ly .  Also, t h e  magnetic energy of 

t h e  h ighe r  m and n  modes i n c r e a s e s ,  which l eads  tu s h o r t e r  ocale 

l engths .  When t h e s e  become comparable t o  t h e  i o n  Larmor r a d i u s ,  t h e  

v a l i d i t y  of a  f l u i d  p i c t u r e  i s  doubt fu l ,  and t h e  c a l c u l a t i o n  is  

stopped. The p r o l i f e r a t i o n  of h ighe r  m modes can be  seen  by comparing 

the spectrum of magnetic I s l a n d s  be fo re  t h e  211 and 312 i s l a n d s  over lap  

t o  t h e  spectrum a t  t h e  end of t h e  c a l c u l a t i o n  ( s ee  Fig.  15).  
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FIG. 15. I s l a n d  width of t h e  modes involved i n  t h e  i n t e r a c t i o n  a t  

two d i f f e r e n t  t i m e s  when t h e  312 and 211  i s l a n d s  over lap  ( top )  and a t  

t h e  end of t h e  c a l c u l a t i o n  (bottom). The i s l a n d  widths i n  both cases  

have been normalized t o  t h e  211  i s l a n d  width. This  is f o r  t h e  same 

c a l c u l a t i o n  a s  p re sen ted  i n  Fig. 8. 



The non l inea r  process  j u s t  descr ibed  does no t  change much when t h e  

r e s i s t i v i t y  i s  kept  cons tan t  i n  t i m e  i n s t e a d  of being pe rmi t t ed  t o  

evolve. There is  a  s l i g h t l y  f a s t e r  development of t h e  non l inea r  

i n t e r a c t i o n  when t h e  r e s i s t i v i t y  i s  allowed t o  change i n  t i m e ,  wi th  

- - 
va lues  of x, ,  and x1 c l o s e  t o  t h e  experimental  va lues .  This  e f f e c t  can 

be c l e a r l y  seen  i n  Fig.  16, which shows t h e  p l o t  of t h e  t ime evo lu t ion  

of t h e  211, 312,. and 513 i s l a n d  wid ths  taken from two numerical  

c a l c u l a t i o n s  d i f f e r i n g  only. i n  t h e  way t h e  r e s i s t i v i t y  evolves.  The 

observed i n c r e a s e  i n  speed is  of t h e  same o rde r  a s  t h e  i n c r e a s e  i n  

l i n e a r  growth r a t e s  a l ready  mentioned i n  Sec. 111 ( s e e  Fig.  5 ) .  

. - 
The perpendicu la r  e l e c t r o n  thermal  conduc t iv i t y  x1 does no t  have 

much in f luence  on t h e  non l inea r  process  when t h e  c l a s s i c a l  va lue  f o r  

t h e  perpendicu la r  t r a n s p o r t  c o e f f i c i e n t  is  used. l7  Using an  anomalous 

- 
va lue  f o r  X I ,  smoother temperature  p r o f i l e s  can be ob ta ined  dur ing  t h e  

c a l c u l a t i o n .  F igure  17 compares f o r  a  f i x e d  t i m e  t h e  c u r r e n t  dens i ty  

- - 
and temperature  p r o f i l e s  f o r  two d i f f e r e n t  va lues  of x1 (x1 = 0.05 and 

- - 
= 5.0, r e s p e c t i v e l y ) .  The e f f e c t  of x1 on t h e  c u r r e n t  p r o f i l e  i s  

not  a s  n o t i c e a b l e  a s  i t  i s  on t h e  temperature  p r o f i l e ,  bu t  t h e r e  i s  a  

c l e a r  tendency f o r  t h e  s m a l l e s t  s c a l e  l eng th  f l u c r u a ~ l o u s  i n  t h e  

- 
c u r r e n t  dens i ty  p r o f i l e  t o  d i sappear  a s  x1 i s  increased.  

F i n a l l y ,  another  p o i n t  t o  cons ider  i s  t h e  e f f e c t  of t h e  i n i t i a l  

cutidit ions on the non3,inear evo lu t ion ,  i .e . ,  t h e  e f f e c t  of changing t h e  

211 and w:I2 f o r  t h e  (m = 2;n = 1) and i n i t i a l  i s l a n d  widths  WI 

(m = 3;n = 2) modes, r e s p e c t i v e l y .  This  is  i l l u s t r a t e d  i n  F igs .  18(a)  

and 18(b) ,  where t h e  non l inea r  growth r a t e s  of two modes a r e  p l o t t e d  as 

f u n ~ . t i o n s  of t i m e  f o r  d i f f e r e n t  i n i t i a l  condi t ions .  The non l inea r  

growth r a t e  f o r  a n  m/n mode i s  def ined  as 



ORNL-DWG 7 9 - 2 0 4 2 R  FED 

FIG. 1G.  Time evolution a£ the (m = 2;n = l ) ,  (m = 3;n = 2 ) .  and 

(m = 5;n = 3) ioland wldths for the case considered in Fig. R 

(continuous line) compared with their evolution for time-independent 

resistivity (broken line) . 
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FIG. 1 7 .  Comparison of the temperature profi.l..c? ( tog)  and current 

density p r o f i l e  (bottom) between the case presented i n  Fig.  8 ( l e f t )  

- 
and the same case  with XI = 5 .0  ( r i g h t ) .  



FIG. 18. Nonlinear  growth r a t e  of t h e  (m-= 2;n = 1) and 

(m = 3:n = 2) m n d ~ s  f o r  d i f f e r e n e  i n i t l a 1  ' va lues  of t h e s e  

p e r t u r b a t i o n s :  ( a )  t h e  (m = 3;n = 2) i n i t i a l  p e r t u r b a t i o n  i s  f i x e d  w i , t h  

wI3I2 = 0.01a; (b)  t h e  (m = 2;n = 1) i n i t i a l  p e r t u r b a t i o n  i s  f i x e d  with 
, 

wI2I1 = 0.01a. The q p r o f i l e  i s  t h e  one considered i n  Sec. I" with  S  = 

6 10 . The r e s i s t i v i t y  is  kep t  cons tan t  i n  time. I n  both p a r t s  of t h e  

f i g u r e ,  t h e  312 s i n g l e - h e l i e i t y  r e s u l t  (w:" = 0) i s  also  ahown. 



1 I "mn 
y (t) =-- -  mn 2%n dt ' 

where xn is the magnetic energy of this mode, which in terms of the 

dimensionless quantities is 

When the 211 and 312 islands overlap and the (m = 3;n = 2) mode, is 

strongly destabilized, ~ ~ ~ ( t )  increases and exhibits a definite peak. 

This diagnostic was used to detect destabilization in previous work 

(see Refs. 1 and 2). In Figure 18(a), y 21(t) and Y 32(t) for three 

312 = different initial values of w:" have been plotted, keeping WI 

0.01a Decreasing w:/' delays the destabilization of the 

(m = 3;n = 2). This results from the fact .that the acceleration of 

this mode takes place when the islands overlap, and it takes longer for . 

the 211 island to grow to the size (about 0.20a) at which this overlap 

can occur. The analytic model presented in Ref. 2 LO interpret the low 

S results predicts,such a delay, and it is given by 

2/ l) ' and w:/ ' where Y!~ is the (m = 2;n = 1) linear growth rate and (WI 

are the initial (m = 2;n = 1) island widths for two of the cases 

considered. For the case shown in Fig. 18(a), Eq. (28) predicts A c = 



1.023 T,  f o r  t h e  t ime i n t e r v a l  between two consecut ive (m = 3;n = 2) 

growth r a t e  peaks. This  ag rees  very w e l l  w i th  t h e  numerical r e s u l t s  

shown i n  t h e  f i g u r e .  It is  a l s o  important t o  n o t i c e  t h a t  t h e  magnetic 

energy of t h e  (m = 3;n = 2) mode a f t e r  t h e  peak i n  t h e  growth r a t e  is  

t h e  same r e g a r d l e s s  of t h e  va lue  of w:". Therefore,  t h e  degree and 

s i z e  of t h e  f i e l d  l i n e  s t o c h a s t i c i t y  reg ion  a t  t h i s  t i n e  a r e  a l s o  t h e  

same. 

I n  Fig. 18(b), ~ ~ ~ ( t )  and ~ ~ ~ ' ( t )  a r e  p l o t t e d  f o r  s e v e r a l  va lues  of 

w:I2 w i t h  w:" = 0.01a f ixed .  A s  pred ic t ed  by t h e  a n a l y t i c a l  model, 

t h e  p o s i t i o n  of t h e  (m = 3;n = 2) peak i s  p r a c t i c a l l y  t h e  same i n  a l l  

c a s e s ,  and YZl ( t )  i s  t o t a l l y  rlnaffected.  Thc d i f f t r a u ~  values o t  t h e  

h e i g h t  of t h e  y32  peak r e s u l t  i n  t h e  same f i n a l  magnetic energy of t h e  

(m = 3;n = 2) mode i n  a l l  cases .  It is s i g n i f i c a n t  a l s o  t h a t  t h e  width 

of t h e  y32  peak is  unchanged. Thus, t h e  r e s u l t s  presented  i n  t h i s  

s e c t i o n  f o r  a  f i x e d  equ i l i b r ium a r e  independent of how t h e  

p e r t u r b a t i o n s  a r e  i n i t i a l i z e d .  T " ~ P  e f f e c t  of changing Clle equilibrium 

q p r o f i l e  w i l l  be considered'  in t h e  next  s ec t ion .  



V *  NONLINEAR INTERACTION OF TEARING MODES: PROFILE DEPENDENCE 

The previous s e c t i o n  concerned t h e  non l inea r  i n t e r a c t i o n  of 

t e a r i n g  modes f o r  a  p a r t i c u l a r  choice  of equi l ib r ium.  This  i n t e r a c t i o n  

was p a r t i c u l a r l y  v i o l e n t ,  and i t  l e d  t o  rnagnetic f i e l d  l i n e  

s t o c h a s t i z a t i o n  i n  a  s i z a b l e  volume of t h e  plasma. This  is  not  

genera l ly  t rue .  This  s e c t i o n  ana lyzes  how t h e  i n t e r a c t i o n  of t e a r i n g  

modes depends on t h e  q  p r o f i l e .  

For t h e  p re sen t  d i s cus s ion ,  it  is  u s e f u l  t o  u se  t h e  

parameter iza t ion  of t h e  q  p r o f i l e  given by Eq. (21) .  The r e s u l t s  of 

t h e  nonl inear  evo lu t ion  of t e a r i n g  modes w i l l  be descr ibed  a s  a  

func t ion  of q(0) and t h e  parameter A .  Throughout t h i s  section.,  qQ = 

4.1 u n l e s s  o therwise  s t a t e d .  \ h e n  q(o)  , i s  between 1  and 1.5,  only t h e  

(n = 2;n = 1) and (m = 3;n = 2) t e a r i n g  modes can be l i n e a r l y  uns tab le .  

Thus, only t h e s e  two modes a r e  i n i t i a l l y  per turbed  i n  our c a l c u l a t i o n s .  

The r e s u l t s  of t h e  non l inea r  evo lu t ion  do not  depend on t h e  s i z e  of 

t he se  i n i t i a l  p e r t u r b a t i o n s ,  a s  has  been seen  i n  Sec. I V .  Therefore ,  

a l l  t h e  c a l c u l a t i o n s  presen ted  i n  t h i s  s e c t i o n  a r e  based on t h e  same 

i n i t i a l  magnetic i s l a n d  widths  of t h e s e  p e r t u r b a t i o n s  (w:I2 = \I:'' = 

The e q u i l i b r i a  considered can be c l a s s i f i e d  i n  t h r e e  groups. The 

c r i t e r i o n  f o r  t h i s  c l a s s i f i c a t i o n  i s  t h e  non l inea r  behavior  of t h e  

(m = 3;n = 2) mode. The f i r s t  group inc ludes  equ i l i b r ium p r o f i l e s  f o r  

which t h e  (m = 3;n = 2) mode is  e i t h e r  s t a b l e  o r  has  non l inea r  growth 

which is  not  a f f e c t e d  by t h e  evo lu t ion  of t h e  (m = 2;n = 1) mode. For 

such ca se s ,  t h e  (m = 3;n = 2) mode s a t u r a t e s  a t  very low l e v e l ,  
'32 < 

0.05a. and i n  p r a c t i c e  only t h e  211 magnetic i s l a n d  i s  de tec t ab l e .  

That happens i n  gene ra l  f o r  1  < X < 2 ( r eg ion  I i n  Fig. 1 9 ) .  I f  X i s  
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FIG. 19.  Nonlinear s t a b i l i t y  regions i n  the X - q(0) plane: 

I - t h e  (m = 3;rl = 2)  mode i s  s tab le ;  I1 - t h e  (m 3 2;n - 1) i n t e r a c t s  

s trongly  wit11 the  (m = 3;n = 2), mode coupling being the dominant 

mechanism; I11 - the  (m = 3;n = 2) i s  mainly d e s t a b i l i z e d  by the 

(m = 2;n = 1) through the  modif icat ion of the equilibrium current 

p r o f i l e .  



c l o s e  t o  1  and q(0)  i s  a l s o  near  1, t h e  (m = 2;n = 1) mode i s  a l s o  

s t a b l e .  

The second group of p r o f i l e s  is  cha rac t e r i zed  by t h e  ( m  = 3;n =. 2) 

mode being s t rong ly  d e s t a b i l i z e d  dur ing  i t s  evo lu t ion -  by t h e  

(m = 2;n = 1) on a  very.  s h o r t  tine sca l e .  A t y p i c a l  example i s  t h e  

ca se  descr ibed  i n  t h e  previous s ec t i on .  The equ i l i b r ium q  p r o f i l e s  f o r  

.I 
t h e s e  ca se s  a r e  cha rac t e r i zed  by X > 2.5 and q(0)  > 1 ( r eg ion  I1 i n  

Fig.  19) .  The d e s t a b i l i z a t i o n  of t h e  (m = 3;n = 2)  mode w i l l  be shown 

t o  be  mainly due t o  t h e  coupl ing t o  t h e  (m = 2;n = 1) mode through t h e  

(m = 5;n = 3) and (m = 1;n = 1) modes, r a t h e r  than  through t h e  

(m = 0;n = 0) mode. 

F i n a l l y ,  t h e  t h i r d  group inc ludes  ca se s  t h a t  a r e  between t h e  o t h e r  

two groups. The (m = 3;n = 2) i s  d e s t a b i l i z e d  on a  slow time s c a l e ,  

t he  d e s t a b i l i z a t i o n  e s s e n t i a l l y  r e s u l t i n g  from t h e  deformation of t h e  

equ i l i b r ium c u r r e n t  by t h e  (m = 2;n = 1) mode. This  corresponds t o  a  

narrow range of va lues  f o r  t h e  parameter  A ,  a s  can be seen  i n  Fig.  19, 

r eg ion  111. There i s  not  a  wel l -def ined boundary between t h e  t h r e e  

regions.  

In  c l a s s i f y i n g  t h e  r e s u l t s  of t h e  c a l c u l a t i o a s ,  i t  is r l rcessaly t o  

ana lyze  them c a r e f u l l y .  A s  a  d i a g n o s t i c  f o r  t h e  d e s t a b i l i z a t i o n  of t h e  

(m = 3;n = 2) mode, t h e  non l inea r  growth r a t e  of t h e  magnetic energy of 

t h i s  mode, y 3 2 ( t )  i s  used. Using Y ? ? ( t )  . - a l lows  a  simple a n a l y s i s  of 

t h e  r e s u l t s  and makes comparison wi th  t h e  a n a l y t i c  model p r e sen t ed  i n  

Refs.  1 and 2  easy. The p re sen t  a n a l y s i s  w i l l  be l i m i t e d  t o  t h e  f i r s t  

phase of d e s t a b i l i z a t i o n ,  l a s t i n g  up t o  t h e  peak of t h e  (m'= 3;n = 2) 

n o n l i n e a r  growth r a t e .  The reason  is  t h a t  only a  few modes . a r e  

involved a t  t h i s  t ime, which a l lows  t h e  a n a l y t i c  model le2  t o  be  used t o '  
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i n t e r p r e t  t h e  r e s u l t s .  A f t e r  t h a t ,  when t h e  growth r a t e s  i n c r e a s e  very 

r a p i d l y  ( s e e  Fig. 9 ) ,  many modes a r e  involved and t h e  model is no 

longe r  v a l i d .  

To d i s t i n g u i s h  t h e  cases  i n  which t h e  dominant d e s t a b i l i z a t i o n  

mechanism is  mode coupl ing  from t h e  cases  i n  which t h e  d e s t a b i l i z a t i o n  

i s  mainly due t o  t h e  deformatfon of t h e  cu r r en t  p r o f i l e  (quas i - l inear  

e f f e c t ) ,  t h e  RSF code h a s  been a  u s e f u l  too l .  This  code permits  

i n c l u s i o n  o r  suppress ion ,  a t  w i l l ,  of i n d i v i d u a l  modes i n  t h e  nonl inear  

evolu t ion .  A quas i - l i nea r  case  can be run;  i t  is  analogous t o  t h e  one 

d i scussed  i n  Sec. I V  b u t  i nc ludes  only t h e  m/n = 2 and m/n = 312 

h e l i c i t i e s .  I n  t h i s  way, t h e r e  i s  no p o s s i b i l i t y  of a d i r e c t  coupl ing 

between t h e  two h e l i c i t i e s ,  and each i s  aware of t h e  o t h e r  only through 

t h e  deformation of t h e  equi l ibr ium p r o f i l e .  Figure 20(a) shows t h a t  i n  

r e g i o n  11, the deformation of t h e  equ i l i b r ium cu r ren t  does not  exp la in  

t h e  (m = 3;n = 2) d e s t a b i l i z a t i o n .  However, t h e  oppos i te  r e s u l t  is  

ob ta ined  i f  t h e  egui l ibr i l im q p r o f i l e  belongs t o  reg ion  111, as shown 

i n  Fig. 20(b) .  

Such cases  can be f u r t h e r  analyzed by s u b t r a c t i n g  t h e  quas i - l inear  

c o n t r i b u t i o n  [ t h e  broken l i n e  i n  Fig. 20(a) ]  from t h e  f u l l  nonl inear  

growth r a t e  of t h e  (n = 3;n = 7) mnrle [ t h e  eonfinuouo l i n t  i u  

i 

Fig.  2 0 ( a ) l ;  t h e  r e s u l t i n g  f u n c t i o n  y3*( t )   give^ a measure of t h c  

d c a r a b i l i z a t i o i ~  due t o  made coupling. I n  Fig. 21, ~ . , ~ ( t )  i s  p l o t t e d  

f o r  f o u r  d i f f e r e n t  p r o f i l e s ,  wi th  q(0)  = 1.08; qg = 4.1, and X = 2.25, 

2.5, 3, and 3.5, r e spec t ive ly .  To show t h e  c o r r e l a t i n n  between t h e  

ove r l ap  of t h e  211 and 312 magnetic i s l a n d s  and t h e  beginning of t h e  

d e s t a b i l i z a t i o n  of t h e  (m = 3;n = 2) mode, t h e  t ime when t h e  i s l a n d s  

touch i n  each case  i s  marked wi th  a n  arrow i n  Fig. 21. For X > 3.0, 
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PIG. 20. T i m e  evo lu t ion  of t h e  nonl inear  growth r a t e  of t h e  

(m = 3;n = 2) mode e x h i b i t i n g  t h e  peak due t o  t h e  d e s t a b i l i z a t i o n  by 

t h e  (m = 2;n = 1) mode (cont inuous l i n e ) .  The case  i n  which only t h e  

211 and 312 h e l i c i t i e s  a r e  included i n  t h e  c a l c u l a t i o n  corresponds t o  

t h e  broken l i n e .  The equ i l i b r ium p r o f i l e s  a r e  given by Eq. (21 ) ,  wi th  

q(O) = 1.08, q2 = 4.2, and X = 3.5(a) and 2.5(b),  r e s p e c t i v e l y .  
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FIG. 21. The contribution to the peak of the (m = 3;n = 2) 

nonlinear growth rate due to mode coupling. The equilibrium q profiles 

are given by Eq. (21), with q(0) = 1.08, qfi = 4 .  
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., 

t h e r e  i s  a  c l e a r  d e s t a b i l i z i n g  e f f e c t  due t o  mode coupling. This  is  

cha rac t e r i zed  by t h e  q u a n t i t y  

being p o s i t i v e .  The ca se  wi th  X = 2.5 i s  borde r l i ne ,  where g  E 0. For 

t h i s  case,  t h e  quas i - l i nea r  a e s t a b i l i z a t i o n  dominates. F i n a l l y ,  f o r  X 

= 2.25 t h e  mode coupl ing has ,  i f  anything,  a  s t a b i l i z i n g  e f f e c t ,  bu t  i n  

p r a c t i c e  t h e  (m = 3;n = 2) mode is  not  s i g n i f i c a n t l y  a f f e c t e d  by t h e  

evo lu t ion  of t h e  (m = 2;n = 1) mode. 

I n  Ref. 4,  an a n a l y t i c  model was developed t o  c l a r i f y  t h e  main 

f e a t u r e s  of t h e  s t r o n g  d e s t a b i l i z a t i o n  of t h e  (m = 3;n = 2 )  mode by t h e  .. 

(m = 2;n = 1) mode. The main assumption of t h e  model is  t h a t  only t h e  

nonl inear  coupl ing of f i v e  t e a r i n g  modes (m = 2;n = I ) ,  (m = 3;n = 2) ,  

(m = 5;n = 3) ,  (m = 1;n = l ) ,  and (m = O;n = 0) i s  requi red .  This  

assumption has  been f u l l y  t e s t e d  wi th  t h e  RSF code. I n  Fig.  22, 

i s  compared f o r  t h r e e  cases:  one wi th  f i v e  modes, one wi th  29 modes, 

and t h e  s i n g l e - h e l i c i t y  case.  The main f e a t u r e s  of t h e  (m = 3;n = 2) 

d e s ~ a L l l l z a t i o n  a r e  p re sen t  even i n  t h e  f i v e  mode run. H o w ~ v ~ t ,  t h i s  

run f a i l s  t o  g ive  an  a c c u r a t e  d e s c r i p t i o n  of t h e  l a s t  p a r t  of t h e  

evolu t ion ,  i n  which a  s t o c h a s t i c  r eg ion  has  been generated.  A s  i s  

shown i n  Fig.  15, t h e s e  f i n a l  s t a g e s  of t h e  c a l c u l a t i o n  r e q u i r e  a  l a r g e  

number of modes. The r e s u l t s  i n  Fig.  22 a r e  f o r  t h e  q p r o f i l e  and 

parameters  d i scussed  i n  Sec. I V ,  except  t h a t  t h e  evo lu t ion  of t h e  

r e a i a t i v i t y  i o  no t  included. 
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FIG. 2 2 .  Nonlinear growth rate  of the (m = 3;n = 2) mode f o r  a 

c a l c u l a t i o n  i n  which 5 modes were included (---- ) compared with the 

same case with 29 modes inr lvded  ( ) Fina l ly ,  i t  i s  also 

compared with the  case i n  which only the 3 / 2  h e l i c i t y  i s  included i n  

the  ca l cu la t ion  (-- -- --). 



One of t h e  p r e d i c t i o n s  of t h e  a n a l y t i c  model i s  t h a t  t h e  width r 

of t h e  peak of t h e  (m = 3;n = 2) non l inea r  growth r a t e  is  

0  where Y~~ i s  t h e  l i n e a r  growth r a t e  of t h e  (m = 2;n = 1) mode. . For S  = 

2  x lo4 ,  13 d i f f e r e n t  q p r o f i l e s  f o r  which t h e  (m = 3;n = 2) i s  

s t r o n g l y  d e s t a b i l i z e d  have been s tud i ed .  For each case ,  r was 

c a l c u l a t e d  a s  t h e  width of t h e  y 3 2 ( t )  peak a t  h a l f  of i t s  maximum 

0  value. The mean va lue  of r y21 f o r  a l l  t h e s e  cases  is  1.44, t h e  

s t anda rd  d e v i a t i o n  being 0.16. Although t h i s  model was der ived  f o r  low 

S, t h e  numerical r e s u l t s  i n d i c a t e  t h a t  t h e  r e l a t i o n  i n  Eq. (29) ho lds  

f o r  h ighe r  va lues  of S ,  a s  can be seen  i n  Fig.  23.  

E q u i l i b r i a  t h a t  cannot be cha rac t e r i zed  by t h e  s imple 

parameter iza t ion  given by Eq. (21) have a l s o  been s tud i ed .  The main 

problem w i t h  t h e  parameter iza t ion  of Eq. (21) i s  t h a t  a  s i n g l e  

parameter X c o n t r o l s  t h e  f l a t t e n i n g  of t h e  p r o f i l e  near  t h e  magnetic 

a x i s ,  t h e  s l o p e  of t h e  equ i l i b r ium c u r r e n t  near  t h e  s i n g u l a r  su r f ace ,  

and t h e  va lue  of t he  r e s i ~ t i v i t y  a t  t h j s  pn in t .  To decouple t h e  

shaping of t h e  p r o f i l e  near  t h e  s i n g u l a r  s u r f a c e  from t h e  behavior  near  

t h e  magnetic a x i s ,  X can be made f u n c t i o n a l l y  dependent on r. This  

a l lows  more f l e x i b i l i t y  but .makes a  paramet r ic  s tudy of t h e  s t a b i l i t y  

p r o p e r t i e s  more d i f f i c u l t .  The r e s u l t  is  t h a t  t h e  high g r a d i e n t s  near  

t h e  s i n g u l a r  s u r f a c e s  of t h e  (m = 2;n = 1) and (m = 3;n = 2) modes, 

more than  t h e  f l a t t e n i n g  nea r  t h e  magnetic a x i s ,  makes t h e  i n t e r a c t i o n  

s t r o n g  between t h e s e  two modes. I n  gene ra l ,  i t  can be  concluded t h a t  

t h e  i n t e r a c t i o n  between t h e  two modes w i l l  be  very  s t r o n g  i f ,  i n  t h e  
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FIG. 23.  The width of the peak of the (m = 3;n = 2)  nonlinear 

growth rate for di f ferent  values of S .  This i s  compared with the 

inverse of the (m = 2;n - 1)  l inear  growth rate. The calculations were 

done for  the q p r o f i l e  discussed i n  Sec. I V .  



nonlinear evolution, the magnetic islands associated with them can 

overlap, that is, if 

where rmn is the position of the singular surface for the (m;n)  mode 

and Wmn is its saturated island width in the single-helicity 

approximation. 



V I .  COMPARISON WITH EXPERIMENT 

Many of t h e  f e a t u r e s  of t h e  s t r o n g  non l inea r  i n t e r a c t i o n  of 

t e a r i n g  modes desc r ibed  i n  preceding s e c t i o n s  a r e  s i m i l a r  t o  t h e  

c h a r a c t e r i s t i c  f e a t u r e s  of a  tokamak d i s rup t ion .  The d e t a i l e d  

c a l c u l a t i o n s  p re sen t ed  i n  t h i s  paper g ive  s t r o n g e r  suppor t  t o  t h e  

sugges t ion1  t h a t  t h i s  i n t e r a c t i o n  i s  t h e  dynamical mechanism 

r e s p o n s i b l e  f o r  some tokamak d i s r u p t i o n s .  I f  t h e  width of t h e  peak of 

t h e  (m = 3;n = 2) growth r a t e  I' is i d e n t i f i e d  w i th  t h e  c h a r a c t e r i s t i c  

t i m e  s c a l e  f o r  t h e  non l inea r  process ,  t hen  I' can be  compared wi th  t h e  

expe r imen ta l  d i s r u p t i o n  t i m e ,  t aken  t o  be t h e  width of t h e  v o l t a g e  

sp ike .  A s  p r ev ious ly  r epo r t ed ,  t h i s  comparison was f avo rab l e  when 

e x t r a p o l a t e d  from low S r e s u l t s .  The p re sen t  r e s u l t s  confirm t h a t  even 

a t  l a r g e  S ,  r is of t h e  o rde r  of t h e  i n v e r s e  of t h e  (m = 2;n = 1) 

l i n e a r  growth r a t e  (Fig.  23) .  This  type  of s c a l i n g  ag rees  wi th  t h e  

exper imenta l  d i s r u p t i o n  t i m e  f o r  present-day 'tokamaks. 18 

A more d e t a i l e d  comparison of t he  p re sen t  r e s u l t s  w i th  experiment 

would require lcnowlcdgc of tho  oxporimental  eu r ron t  donc i ty  p r o f i l s  

p r i o r  t o  a  major d i s r u p t i o n  and of t h e  mode s t r u c t u r e  be fo re  and dur ing  

a major tokamak d i s r u p t i o n .  I n  a  few cases ,  some i n d i r e c t  knowledge of 

t h e  c u r r e n t  d e n s i t y  p r o f i l e  can be gained through t h e  measurement of 

t h e  e l e c t r o n  temperature  prof  i ~ e . ~ . '  Also, t h e r e  i s  ample experimental  

evidsnee s f  ehc prcocncc of n (m - 24n = 1) mode be fo re  major 

d i s r u p t i o n s .  However, no d e t a i l s  are known about t h e  modes involved 

du r ing  t h e  d i s rup t ion .  Thus, only a  p a r t i a l  comparison can be  made 

w i t h  experiment.  



Two cases  i n  which t h e r e  is  detai led,measurement  of t h e  e l e c t r o n  

temperature  p r o f i l e  before  a  major d i s r u p t i o n  w i l l  be considered. The 

f i r s t  c a se  corresponds t o  a  major d i s r u p t i o n  i n  t h e  PLT tokamak.4 The 

equ i l i b r ium q p r o f i l e  considered i n  Sec. I V  was obta ined  from t h e  

e l e c t r o n  temperature  p ro f i l e 'measu red  i n  t h i s  case.  The va lues  of t h e  

- - 
parameters  S = lo6, xI I  = lo7,  and xI = 0.05 a r e  c l o s e  t o  t h e  va lues  f o r  

- - 
t h i s  experiment (S = lo7,  xI l  = lo8, and xI = 0.005). The r e s u l t s  of 

t h e  c a l c u l a t i o n  show agreement wi th  t h e  experimental  

observa t ions : -  p o l o i d a l  asymmetry due t o  t h e  presence  of t h e  odd m 

modes and t h e  r i g h t  o rde r  of magnitude f o r  t h e  t i m e  s c a l e  of t h e  

process  (r  = 200 T ) However, no experimental  in format ion  e x i s t s  on 
hp 

t h e  mode number of t h e  odd component observed during t h e  d i s r u p t i o n ,  

making a  complete comparison impossible.  The second c a s e  considered i s  

a major d i s r u p t i o n  produced' i n  t h e  Impuri ty  Study Experiment (ISX-A) 

tokamak by a  d e l i b e r a t e  tungs ten  i n j e c t i o n .  Here, an e l e c t r o n  

temperature  p r o f i l e  measurement was obta ined  p r i o r  t o  t h e  major 

d i s rup t ion .  This  e l e c t r o n  ' temperature  p r o f i l e  [ a s  w e l l  a s  the' 

t o r o i d a l  c u r r e n t ,  s e e  Fig.  (24) ]  i s  s l i g h t l y  hollow, bu t  t h i s  

hollowness is not  e s s e n t i a l  f o r  t h e  r e s u l t s  obtained.  The 

(m = 2;n = 1) and (m = 3;n = 2) modes a r e  l i n e a r l y  uns t ab l e ,  and t h e i r  

non l inea r  evo lu t ion  i s  s i m i l a r  t o  t h a t  of t h e  prev ious  case.  The 

reslilts f o r  t h i s  case  have been summarized i n  Fig.  24, which shows t h e  

t i m e  evo lu t ion  of t h e  ma.gnetic i s l a n d s  and the voltage a t  t h e  limiter. 

I n  t h i s  case ,  experimental  in format ion  on {he magnetohydrodynamic modes 

dur ing  t h e  d i s r u p t i o n  is  a l s o  lacking.  
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FIG. 24. Nonlinear  e v o l u t i o n  of t h e  211 a n d  3 / 2  maanetic i ~ l n n d o  

( t o p )  and change of t h e  v o l t a g e  a t  t h e  l i m i t e r  (bottom) f o r  a  c u r r e n t  

d e n s i t y  p r o f i l e  ( i n s e r t )  p r i o r  t o  a  major d i s r u p t i o n  i n  t h e  ISX-A 

tokamak. 



VII. CONCLUSIONS 

The r e s u l t s  p resen ted  h e r e  i n d i c a t e  t h e  fol lowing:  

( i )  The non l inea r  d e s t a b i l i z a t i o n  of t h e  (m = 3;n = 2) mode by t h e  

(m = 2;n = 1) mode has  been confirmed f o r  a  wide s e t  of e q u i l i b r i a .  

There is  now c l e a r  evidence of t h i s  e f f e c t  a l d  of i t s  consequences 

(gene ra t i on  of many i s l a n d s  of d i f f e r e n t  h e l i c i t i e s ,  f i e l d  l i n e  

s t o c h a s t i z a t i o n  i n  a  s i z a b l e  plasma volume, and nega t ive  v o l t a g e  s p i k e  

a t  t h e  l i m i t e r ) .  

( i i )  The time s c a l e  f o r  t h i s  p rocess  i s  of t h e  o rde r  of ( ~ 0 2 ~  )-I ,  but  

i t s  p r e c i s e  va lue  depends on d e t a i l s  of t h e  dynamics such a s  

6 
temperature  e f f e c t s .  This  t i m e  s c a l e  ho lds  even a t  l a r g e  S (10 ). 

( i i i )  Th i s  mechanism could be  r e spons ib l e  f o r  major d i s r u p t i o n s  i n  

tokamaks. It appears  t o  be c o n s i s t e n t  wi th  p re sen t  experimental  da ta .  

However, t o  confirm t h i s  mechanism t o  t h e  exc lus ion  of o t h e r s ,  more 

experimental  in format ion  is  necessary ,  p a r t i c u l a r l y  on t h e  

magnetohydrodynamic modes involved i n  t h e  d i s rup t ion .  

F i n a l l y ,  it  should be noted t h a t  f o r  a  more complete understanding 

of t h e  non l inea r  i n t e r a c t i o n  of t e a r i n g  modes i n  tokamaks, i t  is 

necessary t o  i nco rpo ra t e  t o r o i d a l  and f l u i t e  B  effect^. This  e f f o r t  is 

c u r r e n t l y  under way. 
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