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To Ruth, Amos and Naomi






Preface

This monograph develops an algorithmic theory of nonlinear discrete optimization. It in-
troduces a simple and useful setup which enables the polynomial time solution of broad
fundamental classes of nonlinear combinatorial optimization and integer programming
problems in variable dimension. An important part of this theory is enhanced by recent
developments in the algebra of Graver bases. The power of the theory is demonstrated by
deriving the first polynomial time algorithms in a variety of application areas within oper-
ations research and statistics, including vector partitioning, matroid optimization, experi-
mental design, multicommodity flows, multiindex transportation and privacy in statistical
databases.

The monograph is based on twelve lectures which I gave within the Nachdiplom Lec-
tures series at ETH Ziirich in Spring 2009, broadly extending and updating five lectures
on convex discrete optimization which I gave within the Séminaire de Mathématiques
Supérieures series at Université de Montréal in June 2006. I thank the support of the
Israel Science Foundation and the support and hospitality of ETH Ziirich, Université de
Montréal, and Mathematisches Forschungsinstitut Oberwolfach, where parts of the re-
search underlying the monograph took place.

I am indebted to Jesus De Loera, Raymond Hemmecke, Jon Lee, Uriel G. Rothblum
and Robert Weismantel for their collaboration in developing the theory described herein.
I am also indebted to Komei Fukuda for his interest and very helpful suggestions, and to
many other colleagues including my co-authors on articles cited herein and my audience
at the Nachdiplom Lectures at ETH.

Finally, I am especially grateful to my wife Ruth, our son Amos, and our daughter
Naomi, for their support throughout the writing of this monograph.

Haifa, May 2010 Shmuel Onn
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1 Introduction

Discrete optimization problems are fundamental to every area of science and engineering.
The mathematical modeling of a real-life problem as a discrete optimization problem
consists of representing the feasible scenarios by integer points in some high dimensional
space and the cost or utility associated with these scenarios by a real-valued function on
this space. The problem is then to efficiently compute an optimal point which enables to
identify an optimal scenario. The general mathematical nonlinear discrete optimization
problem can be setup as follows.

Nonlinear discrete optimization problem. Given a set S C 7Z" of integer points, an
integer d x n matrix W, and a real-valued function f: 7% — R, find z € S which
minimizes or maximizes the objective function f (W), that is, solve the following:

min {f(Wz):2 €S} or max{f(Wz):z e S}.

Several explanatory notes are in order here. The problem is discrete since the feasible
points are integer. The dimension n is always a variable part of the input. The compos-
ite form f(Wx) of the objective function results in no loss of generality: taking d := n
and W := T, the identity matrix, the objective becomes an arbitrary function f(x) on S.
While discrete optimization problems are typically computationally very hard and often
intractable, this composite form enables a finer classification of efficiently solvable prob-
lems. We determine broad classes of triples S, W, f for which the problem can be solved
in polynomial time (usually deterministically but sometimes randomly or approximately).
The composite form is also natural and useful in modeling: the problem can be interpreted
as multicriterion or multiplayer optimization, where row W; of the matrix gives a linear
function W;x representing the value of feasible point = € S under criterion ¢ or its utility
to player 4, and the objective value f(Wz) = f(Whz,..., Wyz) is the “centralized” or
“social” balancing of the d criteria or d player utilities.

The function f is sometimes the restriction to Z¢ C R? of a function f: R? — R
defined on the entire space. We assume most of the time that f is presented by a compar-
ison oracle that, queried on x,y € Z<, asserts whether or not f(z) < f(y). Therefore,
we do not have a problem with the fact that the actual values of f may be real (possibly
nonrational) numbers. This is a very broad presentation that reveals little information on
the function and makes the problem harder to solve, but is very expressive and allows for
flexibility in using the algorithms that we develop. Often, we assume that the function
possesses some additional structure such as being convex or separable on the variables.

The weight matrix W is typically assumed to have a fixed number d of rows. In par-
ticular, with d := 1, W := w € Z" and f the identity on R, the objective function
f(Wz) = wz = Y1 | w;x; is linear, which is the case considered in most literature
on discrete optimization and is already hard and often intractable. The matrix IV is given
explicitly, and the computational complexity of the problem depends on the encoding of
its entries (binary versus unary).
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The computational complexity of the nonlinear discrete optimization problem most
heavily depends on the presentation of the set S of feasible points. Accordingly, the algo-
rithmic theory splits into two major branches as follows.

The first branch of the theory is nonlinear integer programming, where the feasible
set S consists of the integer points which satisfy a system of linear inequalities given
explicitly by an integer matrix A and a right-hand side vector b:

S:={xeZ": Ax <b}.

The second branch of the theory is nonlinear combinatorial optimization, where the
feasible set S C {0, 1}™ consists of {0, 1}-valued vectors and is often interpreted as the
set S = {1p : F € F} of indicators of a family F C 2V of subsets of a ground set
N :={l,....n} with 1p := 3", 1;, where 1; is the jth standard unit vector in R".
The set S is presented implicitly through some given compact structure or by a suitable
oracle. A typical compact structure is a graph, where S'is defined to be the set of indicators
of subsets of edges that satisfy a given combinatorial property, such as being a matching
or a forest. Typical oracles include a membership oracle, that queried on x € {0,1}",
asserts whether or not « € S, and a linear-optimization oracle, that queried on w € Z"
solves the linear optimization problem max{wz : x € S} over the feasible set S.

We are interested, throughout, in the situation where the feasible set .S is finite. This
holds by definition in combinatorial optimization, where S C {0, 1}". It also holds in
most natural integer programming applications; moreover, typically the feasible set can
be made finite by more careful modeling. As demonstrated in Section 1.3.3, nonlinear
discrete optimization over infinite sets is quite hopeless even in one variable. Nonetheless,
we do allow the input set to be infinite, and our algorithms are required to identify this
situation in polynomial time as well.

Therefore, throughout this monograph, and in all formal statements, an algorithm is
said to solve a nonlinear discrete optimization problem if, for any given S, it either finds
an optimal solution = € S or asserts that .S is infinite or empty.

There is a massive body of knowledge and literature on linear discrete optimization
including linear combinatorial optimization and linear integer programming. But lately,
there has been tremendous progress on nonlinear discrete optimization as well. The pur-
pose of this monograph is to provide a comprehensive, unified treatment of nonlinear dis-
crete optimization that incorporates these new developments. Our goal is twofold: first,
to enable users of discrete optimization to benefit from these new developments and the
recently attained polynomial time solvability of broad fundamental classes of nonlinear
discrete optimization problems; second, to stimulate further research on these fascinating
important classes of problems, their mathematical structure, computational complexity,
and numerous applications.

1.1 Outline of the monograph

The main body of the monograph can be divided into three parts: Chapter 2 on convex
discrete maximization, Chapters 3—5 on nonlinear integer programming, and Chapter 6 on
nonlinear combinatorial optimization. The three parts, and in fact the individual chapters
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as well, can be quite easily read independently of each other, just browsing now and then
for relevant definitions and results as needed.

The monograph can also be divided into theory versus applications. The applications
are discussed in Sections 1.2, 2.5, 4.3, 5.2, and 6.3, which can be read independently of
the theoretical development. All other sections of Chapters 2—6 develop the theory and
can be read independently of the applications sections.

The next introductory, Section 1.2, describes two prototypical examples of classes of
combinatorial optimization and integer programming problems. These and other appli-
cations motivate the theory developed herein and are discussed in more detail and solved
under various assumptions in the later applications sections. We conclude the introduction
in Section 1.3 with some preliminary technical issues.

In Chapter 2, we consider convex discrete maximization, that is, the problem
max{f(Wz) : x € S} with f: Z¢ — R convex. The methods used in this chapter
are mostly geometric. We provide several polynomial time algorithms for convex maxi-
mization in various situations. These results apply to both combinatorial optimization and
integer programming branches of our theory. The main result of this chapter is Theorem
2.16 which enables convex maximization in polynomial time using the edge directions of
the polytope conv(,S). We also discuss various direct applications including matroids and
vector partitioning problems.

In Chapters 3-5, we study nonlinear integer programming, that is, optimizing a
(non)linear function over a set .S given by inequalities, mostly of the form:

S::{xGZ":Am:b,ZSxSu} (1.1

for some integer matrix A, right-hand side b, and [, u € Z" with Z, := Z W {+o0c}. The
methods used here are mostly algebraic. These chapters proceed as follows.

In Chapter 3, we introduce the Graver basis of an integer matrix and show that it can
be used to optimize in polynomial time linear and various nonlinear objective functions
over sets of the form (1.1). The main result of this chapter is Theorem 3.12 which enables
the polynomial time minimization of separable convex functions over sets of form (1.1).
This in particular implies that the Graver basis enables linear integer programming in
variable dimension in polynomial time. Combining this with the results of Chapter 2, we
further show that the Graver basis also enables convex maximization over sets of form
(1.1) in polynomial time.

In Chapter 4, we introduce the theory of n-fold integer programming. This theory,
which incorporates the results of Chapter 3, enables the first polynomial time solution of
very broad fundamental classes of linear and nonlinear integer programming problems
in variable dimension. In particular, Theorems 4.10 and 4.12 enable, respectively, maxi-
mization and minimization of broad classes of convex functions over n-fold programs in
polynomial time. In fact, as shown in Chapter 5, every integer program is an n-fold integer
program. We discuss some of the numerous applications of this powerful theory including
linear and nonlinear multicommodity transportation and transshipment problems. Discus-
sion of further applications to multiway tables is postponed to Chapter 5. We also show
that similar methods enable the first polynomial time solution, in Theorem 4.19, of the
important and extensively studied stochastic integer programming problem.
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In Chapter 6, we discuss multiway tables. Such tables occur naturally in any context
involving multiply-indexed variables and are used extensively in operations research and
statistics. We prove the universality Theorem 5.1 which shows that every integer program
is a program over [ X m x 3 tables and conclude the universality Theorem 5.12 of n-fold
integer programming. These results provide powerful tools for establishing the presum-
able limits of polynomial time solvability of table problems. We discuss applications of
the n-fold integer programming theory of Chapter 4 and the universality theorems to mul-
tiindex transportation problems and privacy in statistical databases. We also introduce
and discuss the Graver complexity of graphs and digraphs, new important and fascinating
invariants.

Finally, in Chapter 6, we discuss nonlinear combinatorial optimization, that is, the
problem min{ f(Wx) : x € S} with f arbitrary and S C {0, 1}" presented compactly or
by an oracle. We solve the problem in polynomial time for several combinatorial struc-
tures S using various methods. In particular, we provide, in Theorems 6.8, 6.12, and
6.23, respectively, a deterministic algorithm for matroids, a randomized algorithm for
two matroid intersections, and an approximative algorithm for independence systems.
This approximation is of an unusual flavor and the quality of the approximative solution
is bounded in terms of certain Frobenius numbers derived from the entries of the weight
matrix W. We also establish an exponential lower bound on the running time needed to
solve the problem to optimality. We conclude with some concrete applications including
experimental design in statistics and universal Grobner bases in computational algebra.

1.2 Two prototypical classes of examples

We now describe one prototypical class of examples of combinatorial optimization prob-
lems and one prototypical class of examples of integer programming problems, discussed
in Sections 1.2.1 and 1.2.2, respectively. The special cases of these problems with lin-
ear objective functions are classical and had been studied extensively in the literature.
The nonlinear optimization extensions are solved under various assumptions later in the
monograph as applications of the theory which we develop.

1.2.1 Nonlinear matroid problems
Matroids and spanning trees

A matroid is a pair M = (N,B), where N is a finite ground set, typically taken to
be N := {1,...,n}, and B is a nonempty family of subsets of N, called bases of the
matroid, such that for every B, B’ € B, and j € B\ B/, there is a j/ € B’ such that
B\ {j} U{j'} € B. All bases turn out to have the same cardinality, called the rank of
M. A subset I C N is called independent in the matroid if I C B for some B € B. The
family of independent sets of M is denoted by J and determines M.

A basic model is the graphic matroid of a graph G = (V, N): its ground set is the set
N of edges of G its independent sets are subsets of edges forming forests; its bases are
inclusion-maximal forests. In particular, if G is connected then its bases are the spanning
trees. A broader model is the vectorial matroid of a matrix A over a field F: its ground
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set is the set N of indices of columns of A; its independent sets are subsets of indices of
columns of A which are linearly independent over [F; its bases are the subsets of indices of
columns of A forming bases of the column space of A. Graphic matroids are very special
vectorial matroids over R: given a graph G = (V, N') with set of edges NV, orient its edges
arbitrarily and let D be the V' x N incidence matrix of the resulting digraph, which is
defined by D,, . := —1if edge e € N leaves vertex v € V, D,, . := 1 if e enters v, and
D, . := 0 otherwise. Then the graphic matroid of G is precisely the vectorial matroid
of D.

A matroid can be presented either through a compact given structure, such as graph or
matrix for graphic or vectorial matroid, or by a suitable oracle. Two natural oracles are a
basis oracle that, queried on B C N, asserts whether or not B € B, and an independence
oracle, that queried on I C N, asserts whether or not I € J. Both oracles are easily
realizable from a graph or matrix presentation.

The classical linear optimization problem over a matroid is the following: given ma-
troid M = (N, B) and weight vector w € Z", find a basis B € B of maximum weight
w(B) ==} ;cpw;. Letting S := {15 : B € B} C {0, 1}" be the set of indicators of
bases, the problem can be written in the form max{wz : z € S}.

This classical problem can be easily solved even when the matroid is presented by
an independence oracle, by the following well-known greedy algorithm that goes back to
[32]: initialize I := (); while possible, pick an element j € N \ I of largest weight w;,
suchthat [ := W {j} € J,set I :== I & {j}, and repeat; output B := I. Further details
on classical matroid theory can be found in [98].

This is a good point to illustrate the sensitivity of the complexity of a problem to the
presentation of the feasible set. A basis oracle presentation of a matroid does not admit a
polynomial time solution even with linear objective w := 0. Indeed, for each B C N let
Mpg := (N, {B}) be the matroid with single basis B. Any algorithm that makes less than
2™ — 1 oracle queries leaves at least two subsets B, B’ C N unqueried, in which case, if
the oracle presents either M p or M p/ then it replies “no” to all queries, and the algorithm
cannot tell whether the oracle presents Mp or Mps and hence cannot tell whether the
optimal basis is B or B’.

We proceed to define the general, nonlinear, optimization problem over a matroid. The
data for the problem consist of a matroid M = (N, B), an integer d x n weight matrix W,
and a function f: Z? — R. Each column W/ of W can be interpreted as vectorial utility
of element j € N in the ground set, and each row W; can be interpreted as a linear form
representing the values of the ground set elements under criterion 7. So W ; is the value
of element j under criterion . The objective value of independent set or basis F' C N is
the balancing f(W (F)) := f(W1p) by f of the utility of F' under the d given criteria.
So the problem is as follows.

Nonlinear matroid optimization. Given a matroid M = (N, B) on ground set N :=
{1,...,n}, an integer d x n matrix W, and a function f: Z% — R, solve

max{f(Wz):z € S}
with S C {0, 1}™ the set of (indicators of) bases or independent sets of M :
S:={1p:Be€B} or S:={1;:1€7}.
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Here is a concrete example of a nonlinear matroid optimization application.

Example 1.1 (maximum norm spanning tree, see Figure 1.1). Let d be a positive integer
and 1 < p < co. Let f: R? — R be the [, norm f := || - [|, on R? given by ||y[? =

Zle |y;|P for 1 < p < co and ||y||sc = maxZ, |y;|. Let G be a connected graph with set
ofedges N := {1,...,n}. Let W be an integer d x n weight matrix with I¥; ; the value of
edge j under criterion . The problem is to find a spanning tree 7" of G with utility vector
of maximum [, norm || >_,c W||, and is the nonlinear matroid optimization problem
over the graphic matroid of G.

Data:
S in {0,1}° consists of spanning trees in graph K,

31 1| 2| 0f-1[-2| Criterion/player 1
21 0(-1] 1| 2| 3| Ciriterion/player 2

W =

f is given by f(y) = |y|* = y,2 + y,? balancing criteria

G-2)

The nonlinear problem is

max {f(Wx) : x in {0,1}° spanning tree}

Solution and Value:
optimal tree is x =(000 11 1)
with Wx = (-3 6) and f(Wx) = 45

Figure 1.1: Maximum norm spanning tree example

The nonlinear matroid optimization problem is solved in Section 2.5.2 for convex f
and under suitable assumptions in Section 6.1.2 for arbitrary f. This in particular applies
to nonlinear spanning tree problems as in Example 1.1. One concrete application area is
in model fitting in experimental design [10] and is discussed in Section 6.3.2. Another
useful application is a polynomial time algorithm for computing the universal Grébner
basis of any system of polynomials with a finite set of common zeros in fixed number of
variables [6], [85] and is discussed in Section 6.3.3.

Matroid intersections and independence systems

We proceed to introduce two broad extensions of nonlinear matroid optimization.
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Nonlinear matroid intersection. Given k& matroids M; = (N, B;) on common n ele-
ment ground set NV, integer d X n matrix W, and function f: 7% — R, solve

max { f(Wz):z € S}
with S C {0, 1}"™ the set of common bases or common independent sets:
S = {13:36310---03k} or S:= {1I:I€fhﬁ~--ﬂ3k}.

For k& > 3, even the linear problem is hard: the NP-hard traveling salesman problem
is reducible to linear three-matroid intersection, see Section 2.5.2.

For k£ = 2, the nonlinear (two) matroid intersection problem is solved under suitable
assumptions in Section 2.5.2 for convex f and in Section 6.1.3 for arbitrary f.

The set of common independent sets of several matroids is a special case of the follow-
ing generic monotonically closed down structure. An independence system (sometimes
termed simplicial complex) is a nonempty set S C {0,1}" such that z € {0,1}" and
z <z € Simply z € S. We also consider the following problem.

Nonlinear independence system optimization. Given independence system S C{0,1}",
integer d x n matrix W, and f : Z¢ — R, solve max{f(Wz) : x € S}.

This is a very broad problem — any reasonable set of {0, 1}-vectors can be closed
down to become an independence system — and so is very hard to solve. In Section 6.2,
we provide, under suitable restrictions, an approximative solution to this problem whose
quality is bounded by certain Frobenius numbers derived from the entries of ¥ and show
that finding a true optimal solution requires exponential time.

1.2.2 Nonlinear multicommodity flows
Multiindex transportation problems

The classical transportation problem concerns the minimum cost routing of a discrete
commodity subject to supply, demand, and channel capacity constraints. The data for the
problem is as follows. There are m suppliers and n consumers. Supplier ¢ supplies s;
units, and consumer j consumes ¢; units. For each supplier ¢ and consumer j, there is a
capacity (upper bound) u; ; on the number of units that can be routed from ¢ to j and a cost
wy,j per unit routed from i to j. A transportation is a nonnegative integer m X n matrix ,
with x; ; the number of units to be routed from ¢ to j, that satisfies the capacity constraints
x; 7 < u; ; and the supply and consumption constraints 2?21 Tij = Si Z:’;l Tij = Cj
for all 7, 5. So the set of feasible transportations is the set of nonnegative integer matrices
with row sums s;, column sums c;, and entry upper bounds u;_;, given by

Si={z € 2" 30 ®ij = Siy Yojoy Tijj = Cjy Tij < Ui} (1.2)

The transportation problem is to find a transportation x of minimum total cost wx :=
m n . . . .
D im1 D=1 Wi,jTij, that s, the linear integer programming problem:

min {’U}(L’ T e ZTxn, Z] T3 = Si, Z,L Tij = Cj, Tij < uzg} (13)
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It is well known [54] that the matrix defining the system of inequalities in (1.3) is fotally
unimodular, implying that the underlying polytope is integer, that is,

conv(S) = conv {x € Z*" : D Tig = Sis D Wiy = Cj, Tij < ui g}

(1.4)
= {z e RY™ Y @i = siy 2y Tig = Cj, Tijj < Uij )

Since the minimum of a linear function over a polytope is attained at a vertex, (1.4) implies
that problem (1.3) can be solved in polynomial time by linear programming [59], [87] (see
Section 2.3.4 for a more detailed discussion of totally unimodular systems).

We proceed to discuss a fundamental and much more difficult extension of the prob-
lem. The multiindex transportation problem, introduced by Motzkin in [75], is the problem
of finding a minimum cost multiindexed nonnegative integer array x = (x;,, . ;,) with
specified sums over some of its lower dimensional subarrays (termed margins in statis-
tics). For simplicity, we discuss now only the case of triple-index problems with line-sum
constraints and postpone discussion of the general case to Section 5.2.1. The data for the
triple-index, line-sum problem of format [ X m X n consists of mn + In + Im line sums,
that is, nonnegative integer numbers:

Vs, 4,k Vi, ks Vi 5,%5 1 S 1 S l7 1 S j S m, 1 S k S n,

replacing the supplies and consumptions of the classical problem, and an integer [ X m xn
cost array w. The problem is the linear integer programming problem:

min {wa: X e mexn7 ZZ Li gk = Vs g,k Zj Li gk = Vixk, Zk Ti gk = 'Ui,j,*}-

The matrix which defines the system of inequalities of the triple-index transportation
problem is not totally unimodular. Therefore, the underlying polytope is typically not
integer, and, as the next example shows, we have strict containment:

conv {& € Z™X, 3T @i = s gk D05 Tigk = Vigeks g, ik = Ve }

C {z e RX™ ™ S 2 5k = Ve jiks D Tigk = Visekr Dok Tijk = Vigx )+

Example 1.2 (real-feasible integer-infeasible tri-index transportation). Consider the 6 x
4 x 3 transportation problem with the following line sums:

('Ui,j,*) = ) (vi,*,k) = s ('U*,j,k) =

O = OO
_ O O = O
O = = OO
_ O = O O =
OO~ —~ =
== O O ==
== == OO
— = =
— ==
e e
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It can be shown that the following fractional point is the unique feasible one:

1 00 1 1 0 0 1
0110 0110
@-):11100 (%):70000
W) =9 lo 0o 1 1| a2 000 0f
00 00 1 010
00 00 010 1

00 00

00 00

@;--)—11100

w3/ 7910 0 1 1

1 01 0

01 0 1

As suggested by Example 1.2 and the preceding discussion, the linear multiindex
problem is NP-hard and hence presumably computationally intractable. In fact, in
Section 5.1 we show that the problem already over [ x m x 3 arrays is universal: ev-
ery integer programming problem is an [ X m x 3 transportation problem.

More generally, we consider the nonlinear multiindex problem stated as follows (with
the precise definition of a list of hierarchical margins postponed to Section 5.2.3).

Nonlinear multiindex transportation problem. Given list v of hierarchical integer mar-
gins for my X - -+ X mg arrays and a function f: Z"1* " *™d — R, solve

min { f(z) : x € ZT***™ z has the given margins v }.

In spite of the hardness of even the linear problem indicated above, we solve the
(non)linear multiindex problem under suitable assumptions in Sections 5.2.1 and 5.2.3.

Multicommodity transshipment problems

Another broad extension of the transportation problem is the multicommodity transship-
ment problem. This is a very general flow problem which seeks minimum cost routing of
several discrete commodities over a digraph subject to vertex demand and edge capacity
constraints. The problem data is as follows (see Figure 1.2 for a trivial example). There
is a digraph G with s vertices and ¢ edges. There are [ types of commodities. Each com-
modity has a demand vector d* € Z* with d”, the demand for commodity k at vertex v
(interpreted as supply when positive and consumption when negative). Each edge e has a
capacity u. (upper bound on the combined flow of all commodities on it). A multicom-
modity transshipment is a vector v = (z', ..., z') with 2% € Z!, for all k and ¥ the flow
of commodity k on edge e, satisfying the capacity constraint 22:1 z% < w, for each
edge e and demand constraint 35 s+ () T — X c5- (o) Te = i for each vertex v and
commodity & (with 67 (v),d~ (v) the sets of edges entering and leaving vertex v).

The cost of transshipment z is defined as follows. There are cost functions f., g¥ :
7, — 7. for each edge and each edge-commodity pair. The transshipment cost on edge e is
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Data:

Two commodities:red and green
Edge capacities u, ulimited
Edgecosts f,(x!,+x2,):=(x',+x2,)* and g!, (x!,):=g2, (x2,):=0
Vertex demands: (3 0)
dl:=3 -1 -2)
d>:=(3 2 1)
Solution:

X!'=(3 2 0)
X2=(0 2 3)

Cost:
(G40)2+(2+2)*+(0+3)*> = 34 @

Figure 1.2: Multicommodity transshipment example

0 3) 2 2

fe(22:1 o) + 22:1 g¥ (x*) with the first term being the value of f. on the combined
flow of all commodities on e, and the second term being the sum of costs that depends on
both the edge and the commodity. The total cost is

S () +kz:gs<m'z>)-

e=1 k=1

The cost can in particular be convex such as | 22:1 xk|Pe + 22:1 'yf\xﬂ‘sf for
some nonnegative integers o, (e, 75, 1) fj, which takes into account the increase in cost due
to channel congestion when subject to heavy traffic or communication load [88] (with the
standard linear special case obtained by 3. = §¥ = 1).

So we have the following very general nonlinear multicommodity flow problem.

Nonlinear multicommodity transshipment problem. Given a digraph G with s vertices
and t edges, | commodity types, demand d* € Z for each commodity k and vertex v, edge
capacities u. € Z, , and cost functions f., g*: Z — 7Z, solve

l

min Y (5 (X et) + oot )

k=1

1
subject to x’g €Zy, Z x’; — Z x’; = dﬁ, Zx’; < Ue.
e€dt(v) ecd— (v) k=1
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This problem, already with linear costs, is very difficult. It is NP-hard for two com-
modities over the bipartite digraphs K, ,, (oriented from one side to the other) and for
variable number [ of commodities over K3 ,,. Nonetheless, we do solve the (non)linear
problem in polynomial time in two broad situations in Sections 4.3.1 and 4.3.2. In partic-
ular, our theory provides the first solution for the linear problem with two commodities
over K3 ,, and with [ commodities over the tiny graph K3 3.

1.3 Notation, complexity, and finiteness

We conclude our introduction with some notation and preliminary technical issues.

1.3.1 Notation

We use R, R, Z, Z, for the reals, nonnegative reals, integers, and nonnegative integers,
respectively. We use Ry := R W {+o0} and Zo, := Z W {£o0} for the extended reals
and integers. The absolute value of a real number 7 is denoted by |r| and its sign by
sign(r) € {—1,0,1}. The ith standard unit vector in R"™ is denoted by 1,. We use 1 :=
>, 1; for the vector with all entries equal to 1. The support of x € R is the index
set supp(z) := {i : x; # 0} of nonzero entries of x. The indicator of subset I C N :=
{1,...,n}is the vector 17 := ;. ; 1;, so supp(1;) = I. Vectors are typically regarded
as columns unless they are rows of a matrix or otherwise specified. When vectors in a
list are indexed by subscripts w; € R", their entries are indicated by pairs of subscripts,
as w; = (w;1,...,w; ). When vectors in a list are indexed by superscripts zJ e R™,
their entries are indicated by subscripts, as 2/ = (x]l, ...,x)). The integer lattice Z"
is naturally embedded in R”. The space R" is endowed with the standard inner product
which, for w,z € R", is given by wz := Y . | w;z;. Vectors w in R™ will also be
regarded as linear functions on R” via the inner product wx. Thus, we refer to elements of
R™ as points, vectors, or linear functions, as is appropriate from the context. The [, norm
on R™ is defined by |[z[|D := Y7 |x4]? for 1 < p < oo and ||z := maxj_, |z;|. The
rows of a matrix VW are denoted by W;, the columns by W3, and the entries by W; ;. The
inner product of matrices lying in the same matrix space is W - X := > . > Wi i X
For matrix W, we use |[|IW|o := max, ;|IW; ;|. Additional, more specific notation is
introduced wherever needed, recalled in later occurrences and appropriately indexed.

1.3.2 Complexity

Explicit numerical data processed by our algorithms is assumed to be rational, and hence
algorithmic time complexity is as in the standard Turing machine model, see, for example
[55], [64]. When numerical data is used implicitly, such as in the case of a function f
presented by a comparison oracle, whose precise values are irrelevant, we can and are
being sloppy about whether these values are rationals or reals.

The input to our algorithms typically consists of integer numbers, vectors, matrices,
and finite sets of such objects. The binary length of an integer z € Z is the number of
bits in its binary encoding, which is (z) := 1 + [log,(|z| + 1)]| with the extra bit for
the sign. The length of a rational number presented as a fraction r = % with p,q € Z is
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(r) :== (p) + (¢). The length of an m x n matrix A, and in particular of a vector, is the
sum (A) 1=}, ;{a; ;) of the lengths of its entries. Note that the length of A is no smaller
than the number of its entries, that is, (A) > mn. Thus, (A) already accounts for mn and
hence we usually do not account for m, n separately. Yet, sometimes, especially in results
related to n-fold integer programming, we do emphasize n as part of the input. Similarly,
the length of a finite set £ of numbers, vectors or matrices, is the sum of lengths of its
elements, and hence, since (E) > |E|, accounts for its cardinality as well.

Sometimes we assume part of the input is encoded in unary. The unary length of an
integer z € Z is the number |z| + 1 of bits in its unary encoding, again, with an extra
bit for the sign. The unary length of rational number, vector, matrix, or finite sets of such
objects is defined again as the sums of lengths of their numerical constituents and is again
no smaller than the number of such constituents.

Both binary and unary lengths of any +o0o entry of any lower or upper bound vector
I, u over the set Zo, = Z W {£00} of extended integers are constant.

An algorithm is polynomial time if its running time is polynomial in the length of
the input. In every formal algorithmic statement, we indicate the length of the input by
explicitly listing every input object and indicating if it affects the running time through
its unary length or binary length. For example, saying that “an algorithm runs in time
polynomial in W and (A, b)”, where W is a weight matrix and A, b define the feasible set
S through an inequality system, means that the time is polynomial in the unary length of
W and the binary length of A, b.

Often, as in [44], [72], parts of the input, such as the feasible set S or the objective
function f, are presented by oracles. The running time then counts also the number of
oracle queries. An oracle algorithm is polynomial time if its running time, including the
number of oracle queries and the length of manipulated numbers including answers to
oracle queries, is polynomial in the input length.

1.3.3 Finiteness

We typically assume that the objective function f in a nonlinear discrete optimization
problem is presented by a mere comparison oracle. Under such broad presentation, if the
feasible set S is infinite then the problem is quite hopeless even in dimension n = 1. To
see this, consider the following family of simple univariate nonlinear integer programs
with convex functions f,, parameterized by 0 < u < oo as follows:

—x if x < u,

max{fu(x) tx € Z+}, fulx) = {

z—2u ifx>u.

Consider any algorithm attempting to solve the problem and let u be the maximum value
of x in all queries made by the algorithm to the oracle of f. Then the algorithm can-
not distinguish between the problem with f, having unbounded objective values and the
problem with f., having optimal objective value 0.

So as already noted, we are interested in the situation where the set .S is finite. We
define the radius p(S) of a set S C Z™ to be its [, radius, which is given by

p(S) =sup{[|z)oc : 2 €S} with |[2]o :=max {|z;|:i=1,... n}.
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So p(S) is the smallest p € Z, for which the box [—p, p]™ contains S. When dealing
with arbitrary, oracle presented, sets S C Z", mostly in Chapter 2, the radius may affect
the running time of some algorithms, but we do not require that it is an explicit part of the
input, and get along without knowing it in advance.

In combinatorial optimization, with S C {0, 1}", we always have p(S) < 1. In integer
programming, with S = {z € Z™ : Az < b} given by inequalities, mostly in standard
form S = {x € Z" : Az = b, | < x < u}, the binary length of p(S) is polynomially
bounded in the binary length (A, b, [, u) of the data by Cramer’s rule, see, for example
[90]. Therefore, in these contexts, the radius is already polynomial in the data and does
not play a significant role in Chapters 3—5 on integer programming and in Chapter 6 on
combinatorial optimization.

Finally, we note again that, throughout, and in all formal statements, an algorithm is
said to solve a nonlinear discrete optimization problem if, for any given .S, it either finds
an optimal solution z € .S, or asserts that S is infinite or empty.

Notes

Background on the classical theory of linear integer programming can be found in the
book [90] by Schrijver. More recent sources on integer programming containing also ma-
terial on nonlinear optimization and on mixed integer programming, where some of the
variables are integer and some are real, are the book [14] by Bertsimas and Weismantel
and survey [49] by Hemmecke, Koppe, Lee, and Weismantel. Development of an algo-
rithmic theory of integer programming in fixed dimension using generating functions can
be found in the book [9] by Barvinok. The algorithmic theory of integer programming
in variable dimension developed here has some of its origins in the work of Sturmfels
described in his book [95]. Among the numerous sources on cutting methods for integer
programming, let us mention the classical paper [18] by Chvdtal on Gomory cuts, the
paper [73] by Lovasz and Schrijver and survey [65] by Laurent and Rendl on more recent
semidefinite cutting methods, and the survey [21] by Cornuéjols on cutting methods for
mixed integer programming. Background on the classical theory of linear combinatorial
optimization can be found in the trilogy [91] by Schrijver. Geometric development of
the algorithmic equivalence of separation and optimization via the ellipsoid method and
its many applications in combinatorial optimization can be found in the books [44] by
Grotschel, Lovasz and Schrijver, and [72] by Lovasz.

Let us note that many of the polynomial time algorithms that result from the theory
developed in this monograph have running times which are polynomials of very large
degree. Therefore, an important role of our theory is to enable to identify that a (non)linear
discrete optimization problem can be at all solved in polynomial time. Then there is hope
that a more efficient, ad-hoc algorithm can be designed for such a problem. In particular,
there is much room for improvements in the polynomial running times for some of the
many applications discussed herein.
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In this chapter, we study the convex discrete maximization problem, namely,
max { f(Wz): 2z € S} (2.1)

with convex function f : 7% - R, integer d X n matrix W, and set S C Z".

While the dimension n is variable as always, the number d of rows of W, which may
represent d criteria or player utilities, is fixed. Note that even for fixed d = 1 the problem
includes linear integer programming which is generally NP-hard.

In most of this chapter, we assume that we can do linear optimization over S to begin
with. So we assume that S C Z" is presented by a linear-optimization oracle that, queried
onw € Z", solves the linear optimization problem max{wx : € S} over S, that is,
either finds an optimal solution or asserts that .S is infinite or empty.

The geometry of the set S in R™ and its image W.S := {Wx : « € S} under the
projection by W in R plays a central role here. In Section 2.1, we discuss this image
and the fibers of points under the projection by W, outline a general strategy for convex
maximization, and demonstrate the difficulties involved. In Section 2.2, we consider the
simpler situation, where the radius p(.S) of the feasible set and the weight matrix W are
unary encoded, and solve the problem using the ellipsoid method. In Section 2.3, we con-
sider the more involved situation, where p(.S) and W are binary encoded. In Section 2.3.1,
we discuss necessary preliminaries on edge directions and zonotopes. We proceed in Sec-
tion 2.3.2 to prove Theorem 2.16 which is the main result of this chapter and uses edge di-
rections of conv(.S) to solve the convex maximization problem over S in polynomial time.
In Section 2.3.3, we reconsider the case of unary-encoded data and provide an alternative
solution, using the algorithm of Theorem 2.16 based on zonotopes, which avoids the el-
lipsoid method. In Section 2.3.4, we apply the algorithm of Theorem 2.16 for efficient
convex maximization over totally unimodular systems using the circuits of the underlying
matrix. In Section 2.4, we focus on combinatorial optimization and use Theorem 2.16
to show that convex maximization over a set S C {0,1}" can be done in polynomial
time even when S is presented by a mere membership oracle. We conclude in Section 2.5
with some direct applications to vector partitioning and nonlinear matroid and matroid
intersection problems. The results of this chapter are incorporated in Chapters 3—5 and
enable efficient convex integer programming with many more applications discussed in
Sections 4.3 and 5.2.

The following table enables quick navigation among some of the theorems in this
chapter that provide polynomial time solution of the convex maximization problem (2.1).
Additional results are in the applications, Section 2.5. The first row indicates assumptions
on the data (S C Z" or S C {0, 1}", linear-optimization oracle or membership oracle,
edge-directions given or not), and the second row indicates the dependency of the running
time on the radius p(.S) and matrix W.
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Sczr sSczr S c{o,1}"
Linear-optimization oracle | Linear-optimization oracle Membership oracle
Edge directions given Edge directions given
Theorem 2.10 Theorem 2.16 Theorem 2.22
Polynomial in p(.S), W Polynomial in (p(S), W) Polynomial in (W)

2.1 Image and fibers

Consider the general nonlinear discrete optimization problem with S C Z" finite, W
integer d x n matrix and f : Z¢ — Z function presented by comparison oracle:

max { f(Wz):x € S}. (2.2)

We can regard W as the linear projection W : R™ — R that maps « to i := Wx. Define
the image of S under the projection W to be the finite set as follows:

WS :={Wz:zecS}cz
Define the fiber of 3y € R? to be its preimage under the projection 1, given by
Wl (y) = {z eR": Wz = y}.
These definitions suggest the following naive strategy for solving our problem (2.2).

Procedure 2.1 (naive strategy for nonlinear discrete optimization).
1. Compute the image WS = {Wz : z € S}.
2. Determine a point y € W .S maximizing f over WS.
3. Find and output a feasible point z € W1 (y) N S in the fiber of y.

Obviously, any point x obtained that way is an optimal solution to problem (2.2).

Unfortunately, steps 1 and 3 are very hard. In particular, the number of image points
may be exponential in the input length, in which case the image cannot be even written
down, let alone computed, efficiently. The problems in steps 1 and 3 are closely related to
the following problem which is of interest in its own right.

Fiber problem. Given set S C 7Z", integer d X n matrix W, and point y € 72, find
r € W(y)N S, thatis, x € S satisfying Wx = y, or assert that none exists.

The fiber problem is generally very difficult. Even deciding if W~1(y) NS # 0 is
often NP-complete for .S presented by inequalities and often requires exponentially many
queries when S is presented by an oracle. The fiber problem for arbitrary f is studied
further and solved in several situations by various ways in Chapter 6.

We now restrict attention to the case of convex f, which is the subject of the present
chapter. Consider the convex hull of .S and that of the image W .S:

P :=conv(S) CR", @ :=conv(WS)=WPcR™%L
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Since S and WS are finite, both P and @ are convex polytopes. Let vert(P) C S and
vert(QQ) C WS be their vertex sets. The next lemma shows that problem (2.2) with convex
f always has an optimal solution in the fiber of some vertex of ).

Lemma 2.2. Suppose v is a vertex of conv(W S) maximizing a convex function f. Then
F:=W=Yv)NS # 0and any x € F is optimal for max{f(Wz) : z € S}.

Proof. Let P := conv(S) and @ := conv(WS) = WP. Since the function f(y) is

convex on R¢ and the composite function f(Wz) is convex on R™, we have
max { f(Wz): 2z € S} =max {f(Wz):z € P}

max {f(y) :y € Q}

=max { f(v) : v € vert(Q) }.

Let v € vert(Q)) be any vertex attaining the maximum on the right-hand side. Since
v € WS, wehave F := W~1(v)NS # (). Moreover, any point # € F satisfies f(Wx) =
f(v) and hence attains the maximum value and is an optimal solution. O

Lemma 2.2 suggests the following strategy for convex discrete maximization.

Procedure 2.3 (strategy for convex discrete maximization).
1. Compute the set V' := vert(conv(W.S)) of vertices of the image.
2. Determine a point v € V maximizing f over V.

3. Find and output a feasible point x € W~1(v) N S in the fiber of v.

In general, steps 1 and 3 of this variant of the naive strategy remain difficult. In partic-
ular, the number of vertices of conv(WWS) may be exponential in the input length even in
dimension d = 2. So again, writing all vertices down, let alone computing them, cannot
usually be done in polynomial time. We remark that for polyhedra it is generally impossi-
ble to compute the vertices even in time polynomial in the output, that is, in the number of
vertices [60]. However, in this chapter we do overcome these difficulties and, following
the general outline of this strategy, solve the problem in polynomial time in two different
broad situations.

We note that for the nonlinear discrete optimization problem with arbitrary, not nec-
essarily convex, function f, the set of vertices of conv(WS) is not enough and the entire
image WS is needed. While the vertex set, which is easier to compute, does give some
information on the image, this information is generally not enough to determine the entire
image, since in general we have a strict containment as follows:

WS C conv(WS)NZ%

Indeed, there may be holes in conv(TV S), that is, integer points whose fibers do not con-
tain any feasible point. So when solving in later chapters nonlinear optimization problems
other than convex maximization, we have to use other methods.

We conclude this section with an example illustrating the notions discussed above.
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Example 2.4. Let S be the set of m x m permutation matrices, which are the feasible
points in the classical assignment problem. It has the inequality description:

S={zez™: Z;’;l zi; =1, 30" =1} (2.3)

The linear optimization problem over S is a special case of the classical transportation
problem (1.2). As explained in Section 1.2.2, it is polynomial time solvable by linear
programming and so a linear-optimization oracle for S is readily available.

We note that even for this simple set S whose convex hull is just the set of bistochastic
matrices, the fiber problem for d = 2 and {0, 1}-valued W includes the so-called exact
bipartite matching problem whose complexity is long open [12], [76].

Consider a specific small example (see Figure 2.1) with m = 3, d = 2, weight

010 110
W= (WF)ez>® whereW':=[1 0 1|, W?:=[1 0 1
110 010

and separable convex function f : R?> — R given by f(y) := (3y1 — 4)? + (3y2 — 4)2.

We write W1, W2 and points 2 € S as 3 x 3 matrices but regard them as vectors in R”.

So the image of z € Sis Wa := (W' -2, W? - ) with W* -z := 3=, . Wz, ;. The

Y2 , , , Maximizer
010 34 1 00
110 . 010
110 10:“-""'5; """"" *?‘é ““““ F 010
w2=1|(101 SR P ox=1(100
010 0 < , i i 001
b A
17 Y1 L
0 1 2 3 Minimizer

fly) = (3y4-4)>+ (3y,-4)

Figure 2.1: Example of the naive strategy for nonlinear discrete optimization
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feasible set S consists of 6 matrices (in general |S| = m! is exponential):

100\ /1 00\ /010\ /0
s={lo10],{o01],[100], (0
001/ \o1o/ \oo1/ \u

o O =

0\ /0 01\ /0 0 1
1,1 00],[o1 0
0/ \o 10/ \100

o

The image consists of 5 points (designated by colored points in Figure 2.1),

WS={(W' 2,W?.z):2eS}={(1,0),(0,1),(2,2),(3,2),(2,3)}. (24

The convex hull conv(W.S) of the image is indicated in Figure 2.1 by a dashed blue
line. It contains 8 integer points - the 5 image points and 3 holes (1, 1), (2,1), (1,2). The
objective function value f(y) = (3y1 — 4)? + (3y2 — 4)? is indicated for each of these
8 integer points. The maximum objective value 29 is attained at the two green vertices
(3,2),(2,3) of conv(WS). Therefore, for instance, the point:

1 0 0
zr=10 0 1
01 0

in the fiber W ~1(2,3) of vertex (2,3) is optimal for max{f(Wz) : € S}. The mini-
mum objective value 2 over the integer points in conv(W.S) is attained at the point (1, 1)
which lies in the interior of the polytope. However, this point is a hole, whose fiber
W=1(1,1) contains no feasible point, as are the points (2, 1), (1,2) attaining the next
smallest value 5. So the minimum value of a point in the image is only 8 and is attained
by the red point (2, 2). Therefore, for instance, the point:

01 0
z=|1 0 0],
0 0 1
which is in the fiber W ~1(2,2) an optimal solution for min{ f(Wz) : x € S}.

2.2 Small radius and weight

In this section, we consider the simpler situation where the radius p(.S) of the set S C Z"
and the integer d x n weight matrix W are assumed to be unary encoded.

The main result here is Theorem 2.10: for every fixed d, we can maximize any convex
composite function f(Wz) over S in time polynomial in p(.S) and .

Here, we solve the problem using the ellipsoid method. In Section 2.3.3, we give an
alternative solution which uses the results of Section 2.3 based on zonotopes instead.

We begin with the following simple useful lemma which shows that a linear-
optimization oracle for S allows to compute the radius p(S). Therefore, in the algorithms
to follow, we do not need p(.S) to be an explicit part of the input.

Lemma 2.5. Using 2n queries of a linear-optimization oracle presenting S C 7", it is
possible to either conclude that S is infinite or empty or find its radius p(S).
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Proof. By querying the oracle on w := 1, fori = 1,...,n, solve the 2n problems:
min/max{:ci::c € S}, i1=1,...,n.

If the oracle returns an optimal solution for each of these problems then the maximum
absolute value among the optimal objective function values of these 2n problems is the
radius p(S) of S. Otherwise, the set S is infinite or empty. O

Let 7 := np(9)||W| s with [|[W| s = max, ; |W; ;|. Define l,u € Z by I; :== —,
u; :=r forall i. Then ! < Wz < y for all x € S so the image WS is contained in

Y = {yEZd:lgygu}.
With d fixed and p(.S) and W unary encoded, the cardinality of Y is polynomial:
V] = @+ 1) = (2np(S)[W]loe +1)".
So computing the image WS reduces to solving polynomially many fiber problems,
WS={yeY : Wiy ns+0}.

But the fiber problem remains hard: its complexity is open even for d = 2, S the set of
permutation matrices (so p(S) = 1), and {0, 1}-valued W; see Example 2.4.

We proceed next to find a way around the integer fiber problem, which makes it pos-
sible to efficiently realize our convex maximization Strategy 2.3.

We begin with the rational fiber problem, of finding a rational point in the intersection
W=Y(y) N conv(S) of the fiber of a given point y with conv(S). If S is finite then this
intersection is a polytope, and we want to determine a vertex of it.

Suppose first that we have an explicit description conv(S) = {z € R™ : Az < b} of
conv(S) by inequalities, we can then solve the rational fiber problem as follows.

Lemma 2.6. There is an algorithm that, given integer m X n matrix A, integer d X n
matrix W, b € Z™, and y € 7%, with P := {x € R" : Az < b} bounded, either obtains
a vertex x of the intersection W~ (y) N P of the fiber of y and P or asserts that this
intersection is empty, in time which is polynomial in (A, b, W, y).

Proof. The intersection is a polytope having the following inequality description:
Wy nP={zeR": Az <b, Wz = y}.
Linear programming [59], [87] enables to either find a vertex or detect that itis empty. O

We proceed to the more general situation where the set S C Z" is presented by a
linear-optimization oracle. To solve the rational fiber problem in this broader situation,
we use the algorithmic equivalence of separation and linear-optimization from [44], [72]
which extends [59] and builds on the ellipsoid method of [101]. This is the only place in
the monograph where we use it; moreover, the main result of this section, Theorem 2.10, is
proved in Section 2.3.3 in an alternative, self-contained way, without the ellipsoid method.
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So we do not go into details of this theory, which can be found in the above references;
see also [79] and references therein. Let us just illustrate the main geometric idea by
giving a brief outline of the method for approximative minimization of a convex function
f over a convex set P. A (strong) separation oracle for closed convex set P C R" is
one that, queried on z € R", either asserts that z € P or returns a separator of z from
P, that is, a vector h € R™ which satisfies h(z — z) < 0 for all x € P. A subgradient
oracle for convex function f : R™ — R is one that, queried on z € R", returns a
subgradient of [ at z, that is, a vector f'(z) € R™ such that f/(2)(x — 2) < f(z) — f(2)
for all z € R™; in particular, f'(z)(z — z) < 0 whenever f(z) < f(z). Note that if
f(z) = wa is linear then f’'(z) = w for all z € R™. An ellipsoid in R™ is a set of the
form E = {x € R" : ||A(z — ¢)||]2 < 1}, where A is a nonsingular n x n matrix and
c € R™ is the ellipsoid center. The method proceeds as follows. Given convex compact
set P C R™ contained in the ball Ey := {z € R" : ||z||2 < p} centered at ¢y := 0,
it produces, starting from Ej, a sequence of ellipsoids F;; with centers c; which contain
a minimizer of f over P, as follows. At iteration k, both oracles are queried on center
ck. If ¢, € P and f'(¢;) = 0O then ¢ is a minimizer of f over P and the method
terminates. Otherwise, a new ellipsoid Ej_; is generated as the one of smallest volume
containing the half ellipsoid {z € Fj : hi(x — ¢) < 0}, with hy, either the separator
of ¢ from P if ¢, ¢ P or hy, := f’(cg) the subgradient of f at ¢ if ¢, € P. It can be
shown that the volumes of the ellipsoids in this sequence decrease by a constant factor, so
after polynomially many iterations, an ellipsoid of sufficiently small volume containing a
minimizer of f over P is obtained.

If P has substantial interior and is presented by an oracle (weakly) separating over its
interior then it can be shown that some center in the sequence is feasible and has function
value which approximates the minimum value of f over P. If P is a rational polytope
and f is linear then it can be shown that the method can be used to provide an exact
optimal vertex or detect that P is empty. So a separation oracle can be converted to a
linear-optimization oracle in polynomial time. Moreover, the method can be reversed to
convert a linear-optimization oracle to a separation oracle for P as well. Further details
are in the above references.

Using this equivalence of separation and linear optimization, we can solve the rational
fiber problem over a set presented by a linear-optimization oracle as well.

Lemma 2.7. There is an algorithm that, given finite set S C 7™ presented by a linear-
optimization oracle, integer d x n matrix W, and y € 7.2, either obtains a vertex = of
the intersection W ~*(y) N conv(S) of the fiber of y and conv(S) or asserts that this
intersection is empty, in time which is polynomial in {p(S), W, y).

Proof. Use the linear-optimization oracle of S to realize, via the ellipsoid method, in
time which is polynomial in the binary length (p(.S)) of the radius, a separation oracle for
P := conv(S). Now, using it, realize a separation oracle for

F=W'yynP={zeR":Wa=y}nP

as follows. Let z € R™ be any query. First check if Wz = y and either conclude = €
W=Y(y) or identify an inequality W;x # y; in which case h := W; or h = —W;
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separates  from W ~!(y) and hence from F. If z € W~1(y) then check if z € P using
the separation oracle of P and either conclude z € P and hence x € F or obtain from
the oracle a vector h separating « from P and hence from F'.

Using this separation oracle for F', realize, via the ellipsoid method again, in time
which is polynomial in (p(S), W, y), a linear-optimization oracle for F, which enables
(see [44], [72]) to either obtain a vertex of F or detect that F' is empty. O

We can now realize step 1 of our Strategy 2.3 and compute vert(conv (W 5)).

Lemma 2.8. For every fixed d there is an algorithm that, given a finite nonempty set S C
Z" presented by a linear-optimization oracle and an integer d X n matrix W, computes
the set vert(conv(WS)) in time which is polynomial in p(S) and W.

Proof. First apply the algorithm of Lemma 2.5 and determine the radius p(S). Next define
P :=conv(S), Q := conv(WS), r := np(9)||W|, and

Y = {yEZdI—TSyiST, i:17-~~»d}~

Since d is fixed, the number of points |Y| = (2r + 1)¢ of Y is polynomial in p(S) and
W. Distill the set U := Y N Q out of Y as follows. For each y € Y, apply the algorithm
of Lemma 2.7; if W~!(y) N P is nonempty then y €  and hence y € U, whereas if it is
empty, y ¢ U. Since WS C U and U C @, we have

Q = conv(W.S) C conv(U) C Q,

so @ = conv(U). Now the vertex set of conv(U) and hence of () can be computed in
polynomial time, either by computing the convex hull of Z in fixed dimension d or by
solving a linear program for each u € U that checks if u ¢ conv(U \ {u}). O

We proceed with step 3 of our convex maximization Strategy 2.3, that of finding a
feasible points in the fiber of an optimal vertex of conv(W.S).

Let P := conv(S) and Q := conv(WS). Consider any point y € Q N Z< and the
intersection F' := W~1(y) N P of the fiber of y with P. The vertices of the polytope F
need not all lie in S' and need not even all be integer. Even worse, y may be a hole, so that
W=Y(y) NS = 0, or F may have only fractional vertices.

Fortunately, fibers of vertices of conv(W.S) are better behaved. We now show that we
can efficiently find a feasible point in the fiber of any vertex of the image.

Lemma 2.9. Let S C 7Z" be a finite nonempty set presented by a linear-optimization
oracle and let W be an integer d x n matrix. Then W~1(v) N conv(S) is a nonempty
integer polytope whose vertices lie in S for every vertex v of conv(WS). Hence, the
algorithm of Lemma 2.7, applied to S, W, and v, returns a feasible x € W~ (v) N S.

Proof. Ttis well known that if () is the image of a polytope P under an affine map w then
the preimage w™*(G) N P = {x € P : w(z) € G} of any face G of @ is a face of P.
In particular, if v is a vertex of ) := W P, where P := conv(S), then its preimage F :=
W ~1(v)N P under the projection W is a face of P, and hence vert(F') = Fvert(P) C S.
Therefore, any vertex of F', and in particular that vertex x returned by the algorithm of
Lemma 2.7, is a feasible point x € S. O
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We are now in position to describe our first convex maximization algorithm, which
provides an efficient realization of our convex maximization Strategy 2.3. The following
result is from [11], extending an earlier result from [12].

Theorem 2.10. For every fixed d there is an algorithm that, given set S C 7' presented
by a linear-optimization oracle, integer d x n matrix W, and convex function f : Z¢ — R
presented by a comparison oracle, solves in time which is polynomial in the radius p(S)
and the weight W, the convex maximization problem:

max { f(Wz): z € S}.

Proof. First, apply the algorithm of Lemma 2.5 and either conclude that S is infinite
or empty and stop or conclude that it is finite and nonempty and continue. Now, use
the algorithm of Lemma 2.8 to compute the set V' := vert(conv(W.S)). Next, use the
comparison oracle of f to find a vertex v € V maximizing f over V. Finally, use the
algorithm of Lemma 2.9 to find a feasible point x € W~=1(v) N S in the fiber of the
vertex v. By Lemma 2.2, this point « is an optimal solution. O

The algorithm of Theorem 2.10 incorporates the computation of the vertices of the
image by the algorithm of Lemma 2.8. This in turn requires repeated use of the algorithm
of Lemma 2.7 which converts linear optimization to separation using the ellipsoid method,
for each point y in the box Y. This is a very time-consuming process. We now describe
a simple faster variant of this procedure which typically inspects only some of the points
of Y. It assumes that S is integer convex, that is, S = conv(S) N Z™. This always holds
in combinatorial optimization, with S C {0,1}", and in integer programming, with S =
{x €eZ™: Ax <b}.

Procedure 2.11 (convex maximization over integer-convex sets).
1. Check by the algorithm of Lemma 2.5 if S is infinite or empty. Suppose not.
2. Letr :=np(9)|Wlleoand Y :={y € Z¢: —r <y; <rji=1,...,d}.
3. Use the oracle of f tolabel Y = {y!,... y*} with f(y*) > f(y**!) for all 4.

4. Test the fibers of the ® in order using the algorithm of Lemma 2.7. Output the first
integer vertex 7 of W~1(y7) N conv(S) returned by the algorithm.

To see that this procedure works as well, let y* be a vertex of conv(WWS) which max-
imizes f. By Lemma 2.9, the vertex =¥ of W ~!(y*) N conv(S) returned by the algorithm
of Lemma 2.7 when testing 4* lies in S and is therefore integer. Furthermore, z* is an
optimal solution of the convex maximization problem by Lemma 2.2. Since x7 is the first
integer vertex returned, we have j < k and, hence, since the yi are ordered by nonin-
creasing value of f, we have f(y’) > (y*). Since y/ = Wa/ and y* = Wz, we obtain
f(Wal) > f(Waz*). Since S is integer convex, we have 27 € conv(S) N Z" = S and
hence 27 is feasible. Therefore, 27 is optimal.
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2.3 Convex maximization with edge directions

We proceed to consider the more involved situation where the radius p(S) and matrix W
are binary encoded. In this situation, the number of points in a minimal box ¥ = {y €
7% : 1 < y < u} containing the image .S may be exponential in the input length. So
methods more sophisticated than those of Section 2.2 are needed.

The main result here is Theorem 2.16: for every fixed d, we can maximize any convex
composite function f(WWx) over S endowed with a set E of edge directions of conv(S),
in time polynomial in the binary encoding (p(.S), W, E) of the data.

This section is organized as follows. In Section 2.3.1, we provide the necessary pre-
liminaries on edge directions and zonotopes. These are used in Section 2.3.2 to establish
Theorem 2.16 providing our main polynomial time convex maximization algorithm. This
algorithm is also used in Section 2.3.3 to provide an alternative procedure, avoiding the
ellipsoid method, for solving the problem in the easier situation of Section 2.2.

2.3.1 Edge directions and zonotopes

A direction of an edge (1-dimensional face) e of a polyhedron P is any nonzero scalar
multiple of u—v, where u, v are any two distinct points in e. A set of all edge directions of
P is a set which contains some direction of each edge of P, see Figure 2.2. We later show
how to exploit a set of all edge directions of the convex hull of a set of integer points .S for
efficient convex maximization over S. The normal cone of a polyhedron P C R™ at its
face I is the relatively open cone C'5 of those linear functions » € R" maximized over P
precisely at points of F'. A polytope Z is a refinement of a polytope P if the normal cone
of every vertex of Z is contained in the normal cone of some vertex of P. If Z refines P
then, moreover, the closure of each normal cone of P is the union of closures of normal
cones of Z. The zonotope generated by a set of vectors E = {ey,..., e, } in R? is the
following polytope, which is the projection by E of the cube [—1,1]™ into R? as follows:

Z :=zone(E) :=conv { }7" Nie; : Ay = 1} C R
The following fact, illustrated in Figure 2.3, goes back to Minkowski, see [45], [103].

Lemma 2.12. Let P be a polytope and let E/ be a finite set of all edge directions of P.
Then the zonotope Z := zone(F) generated by E is a refinement of P.

Proof. Consider any vertex u of Z. Thenu = ) Ace for suitable A, = +1. Thus, the
normal cone C% consists of those h satisfying hA.e > 0 for all e. Pick any h € C' and
let v be a vertex of P at which A is maximized over P. Consider any edge [v, w] of P.
Then v — w = a.e for some scalar . # 0 and some e € E, and 0 < h(v — w) = hace.
This implies that . and A, have the same sign and hence ha.e > 0. Therefore, every
h € C% satisfies h(v —w) > 0 for every edge of P containing v. So h is maximized over
P uniquely at v and hence is in the cone C'p of P at v. This shows that C C C. Since
u was arbitrary, it follows that the normal cone of every vertex of Z is contained in the
normal cone of some vertex of P. O
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Figure 2.2: Edge directions of a convex polytope

The next lemma provides a bound on the number of vertices of any zonotope and
on the complexity of constructing its vertices, each vertex along with a linear function
maximized over the zonotope uniquely at that vertex. The bound on the number of vertices
has been rediscovered many times over the years. An early reference is [47], stated in the
dual form of 2 partitions. Extensions to p-partitions for any p are in [2], [57]. Further
extensions and information on zonotopes and Minkowski sums can be found in [38],
[42], [102]. The algorithmic complexity of the problem is settled in [30], [31]. We state
the precise bounds on the number of vertices, but outline only a proof that, for every fixed
d, the bounds are polynomial, which is all we need in the sequel. Complete details are in
the above references.

Lemma 2.13. The number of vertices of any zonotope Z := zone(E) generated by a set
E of m vectors in R is at most 2 ZZ;(I) (mlzl). For every fixed d, there is an algorithm
that, given E C 79, outputs every vertex v of Z := zone(E) along with some h, € 7%
maximized over Z uniquely at v, in time polynomial in (F).

Proof. We only outline a proof that, for every fixed d, the number of vertices is O(m?~1)
and hence polynomially bounded, and the vertices can be constructed in polynomial time.
We assume that [ linearly spans R? (else the dimension can be reduced) and is generic,
that is, no d points of F lie on a linear hyperplane (one containing the origin). In particular,
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Figure 2.3: A zonotope refining a polytope

0 ¢ E. The same bound for arbitrary E then follows by using a perturbation argument.
More details can be found in [57].

Each oriented linear hyperplane H = {z € R? : hx = 0} with h € R? nonzero
induces a partition of E by E = H-{ HYJ H' with H~ := {e € E : he < 0},
E° .= ENH,and HY := {e € E : he > 0}. The vertices of Z = zone(E) are
in bijection with ordered 2 partitions of F induced by such hyperplanes that avoid E.
Indeed,if E = H W H * then the linear function h,, := h defining H is maximized over
Z uniquely at the vertex v := > {e:e€ H '} — > {e:e€ H }of Z.

We now show how to enumerate all such 2 partitions and hence vertices of Z. Let M
be any of the (™)) subsets of E of cardinality d — 1. Since E is generic, M is linearly

independent and spans a unique linear hyperplane lin(M). Let H = {z € R% : ha = 0}
be one of the two orientations of the hyperplane lin(}M ). Note that H° =M. Finally, let
L be any of the 2¢~! subsets of M. Since M is linearly independent, there is a g € R
which linearly separates L from M \ L, namely, satisfies g < 0 for all x € L and
gr > 0forall x € M\ L. Furthermore, there is a sufficiently small ¢ > 0 such that the
oriented hyperplane H := {x € R? : hx = 0} defined by h := h+ €g avoids F and
the 2-partition induced by H satisfies H~ = H~ )L and H* = H*§(M \ L). The
corresponding vertex of the zonotope Z isv:=) {e:e€ H*} — > {e:e€ H }and
the corresponding linear function which is maximized over Z uniquely at v is hy, := h =
h + eg.
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We claim that any ordered 2-partition arises that way from some such subset M, some
orientation H of lin(M), and some subset L. Indeed, consider any oriented linear hyper-
plane H avoiding . It can be perturbed to a suitable oriented H that touches precisely
d—1 points of E. Put M := HO so that H coincides with one of the two orientations of the
hyperplane lin(M ) spanned by M, and put L := H~ N M. Let H be an oriented hyper-
plane obtained from M, Hand L by the above procedure. Then the ordered 2-partition
E = H~ ¢ H induced by H coincides with the ordered 2-partition £ = H~ | H*
induced by H.

Since there are (") many (d — 1)-subsets M C E, two orientations H of lin(M),
and 297! subsets L C M, and d is fixed, the total number of 2 partitions and hence of
vertices of Z is bounded by 2?(,™",) = O(m?~!). Furthermore, for each choice of M,

H, and L, the linear function & defining H, as well as g, €, h, = h = h + €g, and the
vertex v =Y {e:e€ H'} — Y {e:e € H™} of Z at which h,, is uniquely maximized
over Z, can all be computed in time polynomial in (E). |

We also need the following simple fact about edge directions of projections.

Lemma 2.14. If E is a set of all edge directions of polytope P and w : R* — R% is a
linear map then w(E) is a set of all the edge directions of the polytope Q) := w(P).

Proof. Let f be a direction of an edge [x,y] of Q. Consider the face F' := w™1([z,y])
of P. Let V be the set of vertices of F'and let U = {u € V : w(u) = z}. Then for
some v € U and v € V \ U, there must be an edge [u,v] of F, and hence of P. Then
w(v) € (2, y] hence w(v) = = + af for some a # 0. Therefore, with e := £ (v — u), a

direction of the edge [u, v] of P, we find that f = L (w(v) — w(u)) = w(e) € W(E). O

2.3.2 Efficient convex maximization

We proceed to solve the convex maximization problem when WV is binary encoded. As in
Section 2.2, we follow the general outline of our convex maximization Strategy 2.3. How-
ever, the hard steps 1 and 3 are now done simultaneously, since feasible points in fibers
of vertices are constructed on the fly as part of the construction of the image polytope,
avoiding the use of the time-consuming ellipsoid method. More precisely, we compute a
subset T C S of the feasible set, whose image contains the vertex set of the image of S,
that is, vert(conv(WWS)) CWT = {Wz:z € T}.

Lemma 2.15. For every fixed d there is an algorithm that, given a finite nonempty set
S C Z"™ presented by a linear-optimization oracle, integer d X n weight matrix W, and
set E C Z"™ of all edge directions of conv(S), computes a subset T C S such that
vert(conv(W.S)) C WT, in time which is polynomial in {p(S), W, E).

Proof. Let P := conv(S) C R™ and Q := conv(WS) = WP C R% Since Q is a
projection of P, by Lemma 2.14 the projection D := WE = {We:e € E} of Fisa
set of all edge directions of Q. Let Z := zone(D) C R be the zonotope generated by
D. Since d is fixed, by Lemma 2.13 we can produce in polynomial time all vertices of Z,
every vertex u along with h,, € Z¢ maximized over Z uniquely at u. For each of these
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polynomially many h,,, define g, € Z" by g, := WTh,, query the linear-optimization
oracle of S on g,, and let x,, € S be the optimal solution obtained from the oracle. Let
2y = Wz, € Q be the image of x,. Since P = conv(S), we have that z,, is also a
maximizer of g, over P. Since for every z € P and its image z := Wx € @) we have
hyz = gux, we find that z,, is a maximizer of h,, over (). Now we claim that each vertex
v of @) equals some z,. Indeed, since Z is a refinement of () by Lemma 2.12, there is
some vertex u of Z such that h,, is maximized over ) uniquely at v and hence v = z,. So
the set T := {x,, : u € vert(Z)} C S of points obtained that way is the desired set. O

We are now in position to prove the main result of this chapter. It extends and unifies
earlier results of [83] and [23]. An illustration of the algorithm of Theorem 2.16 below
incorporating the algorithm of Lemma 2.15 is provided in Figure 2.4.

INPUT: - Set S in Z" by linear-optimization oracle
- Set E of all edge directions of conv(S)
- Binary-encoded d x n matrix W

[, o
PR .
' \S \ - Convex f on RY by comparison oracle

PO 2
NS /X<¢ DO: - Find all maximizers h over zone(WE) in RY
W WTh - Pick h and obtain x in S maximizing WTh

=

f - Project x and obtain Wx in WS

- Repeat for all maximizers h and get all
R vertices of conv(WS) and preimages in S

OUTPUT: any preimage x in S maximizing f(\WWx)

Figure 2.4: Convex discrete maximization algorithm

Theorem 2.16. For every fixed d there is an algorithm that, given set S C Z' presented
by a linear-optimization oracle, integer d x n matrix W, set E C Z" of all edge directions
of conv(S), and convex function f : 79 — R presented by a comparison oracle, solves in
time polynomial in (p(S), W, E), the convex problem:

max { f(Wz): z € S}.
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Proof. First, apply the algorithm of Lemma 2.5 and either conclude that S is infinite or
empty and stop, or conclude that it is finite and nonempty and continue. Now, use the
algorithm of Lemma 2.15 to compute a subset T' C S such that vert(conv(WWS)) C WT.
Now, inspecting 7" and using the comparison oracle of f, find point #* € T whose image
Waz* maximizes f over WT'. Then, by Lemma 2.2,

f(Wa*) =max {f(y) :y € WT'}
=max { f(y) : y € vert (conv(WS)) }
=max {f(Wz):z e S}.

Therefore, * is an optimal solution of the given convex maximization problem. O

2.3.3 Small radius and weight revisited

Returning to the situation of Section 2.2, we observe that for unary-encoded data, we can
always produce a set of edge directions of polynomial size. This gives a convex maximiza-
tion algorithm which is different from that given in Section 2.2 and uses the algorithm of
Theorem 2.16 instead of the ellipsoid method. It is not clear ofthand which of the two is
more efficient — this may depend on the specific application of interest. We now describe
this variant, providing a second proof of Theorem 2.10.

Theorem 2.10 (revisited). For every fixed d there is an algorithm that, given set S C 7"
presented by a linear-optimization oracle, integer weight d x n matrix W, and convex
function f : Z% — R presented by a comparison oracle, solves in time polynomial in the
radius p(S) and weight W, the convex maximization problem:

max { f(Wz):x € S}.

Proof. First, apply the algorithm of Lemma 2.5 and either conclude that S is infinite or
empty and stop, or conclude that it is finite and nonempty and obtain its radius p(S). Next,
define P := conv(S), Q := conv(WS), r := np(S)||W ||~ as follows:

Y = {yEZdZ—TSyiST, i:]-v"'7d}7
and
D::{u—v:u,veY}:{zeZd:—QrgziSQT}. (2.5)

Then D is the set of differences of pairs of point of Y and hence a set of all edge directions
of @ since vert(Q)) C WS C Y. Moreover, with d fixed and p(.S) and W unary encoded,
|D| = (4r + 1) is polynomially bounded in the input.

Now, invoke the algorithm of Theorem 2.16 incorporating that of Lemma 2.15, using
the set D of all edge directions of the image (), which here is computed directly via (2.5),
without going through a set E of all edge directions of P. O
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2.3.4 Totally unimodular systems

A matrix A is fotally unimodular if it is integer and the determinant of every square sub-
matrix of A is —1, 0, or 1. Important examples of totally unimodular matrices are vertex-
edge incidence matrices of digraphs and bipartite graphs. The (non)linear optimization
problem over a set S given by inequalities of the following form, with totally unimodular
matrix A, right-hand side b, and bounds [, v € Z7:

S::{mEZ”:Amzb,leSu} (2.6)

is quite useful and includes the classical transportation problem (with A the incidence ma-
trix of a bipartite graph) and the classical single-commodity transshipment problem (with
A the incidence matrix of a digraph) discussed in Section 1.2.2. Note, however, that the
multiindex transportation problems and the multicommodity transshipment problems dis-
cussed in Section 1.2.2 are not totally unimodular and therefore much harder and treated
by more sophisticated methods in Chapter 4.

It is possible to minimize over totally unimodular systems of the form (2.6) linear
functions [54] and separable convex functions [53] in polynomial time. The algorithms
exploit the fundamental result of [54] that any polyhedron defined by a totally unimodular
matrix A is integer, that is, it satisfies the following equality:

conV(S):conv{er”:Ax:b,lgxgu}:{xeR":Ax:b,lgxgu}.

We proceed to describe a certain situation where convex maximization over totally uni-
modular systems of the form (2.6) can also be done in polynomial time.

We need some terminology, and preparatory lemmas also used in later chapters. The
lattice of an integer m x n matrix A is the set L(A) := {x € Z" : Az = 0} of integer
vectors in its kernel. We denote the set of nonzero elements in L(A) by L*(A) := {x €
Z" : Az =0, x # 0}. We use a partial order C on R™ which extends the coordinate wise
partial order < on the nonnegative orthant R} and is defined as follows. For z,y € R", we
write « C y and say that « is conformal to y if x;y; > 0 and |x;| < |y;| fori =1,...,n,
that is, z and y lie in the same orthant of R", and each component of z is bounded by
the corresponding component of y in absolute value. We use z [ ¥ to indicate that x is
strictly smaller than y under C, that is, x C y and x # y. A finite sum u := Zl v; of
vectors in R"™ is called conformal if v; E wu for all ¢ and hence all summands lie in the
same orthant.

A circuit of A is an element ¢ € L*(A) whose support supp(c) is minimal under
inclusion and whose entries are relatively prime. We denote the set of circuits of A by
C(A). The set of circuits is centrally symmetric, that is, ¢ € C(A) if and only if —¢ €
C(A). For instance, the set of circuits of the 1 x 3 matrix A := (1 2 1) is

€(A4) = £{(2,-1,0),(0,-1,2),(1,0,-1)}.
The following property of circuits is well known in one form or another.

Lemma 2.17. Let A be an m X n integer matrix of rank r. Any nonzero rational x € R"
with Ax = 0 is a conformal sum x = Zzzl Aic; involving t < n—r linearly independent
circuits ¢; € C(A) with \; > 0 and supp(c;) € U, supp(c;) for all .
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Proof. First, we show that for any such z, there are ¢ € C(A) and nonnegative \ with
Ac C x. Suppose indirectly that this is false and let x be a counterexample with minimal
support. Then there is an h € C(A) with supp(h) C supp(z) and hence there exists a
with y := 2 — ph C x and supp(y) < supp(z). Since y # 0 and Ay = 0, there are
¢ € C(A) and nonnegative A with Ac C y C z, a contradiction.

We proceed to prove that every such x is a conformal sum involving circuits with
supp(¢;) € U i~ supp(c;) for each 4. This in particular implies that the c; are linearly
independent, and, since all circuits lie in the orthogonal complement of the row space of
A, that at most n — r circuits are involved. Suppose indirectly that this is false and let x
be a counterexample with minimal support. By what we just proved, there are ¢y € C(A)
and \g € Ry with \gcp C x and hence y := 2 — A\gcp T z. Clearly, we can choose
Ao so that y satisfies supp(y) C supp(z). Then y is a conformal sum y = >°7_, A\i¢;
involving circuits ¢; with supp(c;) ¢ U;+, supp(c;) for each . But then x = Agco +
> i=1 Aic; is a conformal sum involving circuits with supp(c;) € U;~.; supp(c;) for each
1, a contradiction. This completes the proof. a

The circuits of a matrix provide edge directions of the polyhedron it defines.

Lemma 2.18. For every integer m x n matrix A, l,u € 77, and b € Z™, the set of

oo

circuits C(A) is a set of all edge-directions of P ={x ¢ R" : Az =b, | <z < u}.

Proof. Consider any edge e of P. Pick two distinct rational points x,y € e and set g :=
y — x. Then a suitable multiple of g is in £*(A) and hence it follows from Lemma 2.17
that g = Zi A;c; is a conformal sum for suitable circuits ¢; € C(A) and \; € R;. We
claim that x + \;¢; € P for all i. Indeed, ¢; being a circuit implies A(z+ \;¢;) = Az = b,
and! < z,z+4+ g <wand \jc; C gimplyl <z + N\jc; < .

Now ,let w € R"™ be uniquely maximized over P at the edge e. Then w\;c; =
w(z + Ai¢;) — wx < 0 for all &. But > wh;¢; = wg = wy — wx = 0, implying
that in fact wA;c; = 0 and hence = + \;c; € e for all <. This implies that each c; is a
direction of e (in fact, all ¢; are the same and g is a multiple of some circuit). O

We now show that Theorem 2.16 enables to maximize convex functions over totally
unimodular systems of the form (2.6) in polynomial time when the set of circuits of the
matrix defining the system is available. The proof given here incorporates linear program-
ming [59]. In Section 3.3.5, we give an alternative proof which uses results of Chapter 3
on Graver bases and avoids the use of linear programming.

Theorem 2.19. For every fixed d there is an algorithm that, given totally unimodular
m X n matrix A, its set of circuits C(A), l,u € Z2, b € Z™, integer d x n matrix W,
and convex f : 7% — R presented by comparison oracle, solves in time polynomial in
(A, W,C(A),l,u,b) the convex integer maximization problem:

max{f(Wx):xEZ", Ax =0, lgmgu}.

Proof. Let S :={x € Z" : Ax = b, | <z < u}. Since A is totally unimodular, we have
conv(S) = {& € R" : Az = b, | < x < u}. Therefore, linear programming enables



2.4 Convex combinatorial maximization 31

to realize in polynomial time a linear-optimization oracle for S. In particular, it allows
to either conclude that S is infinite and stop or that it is finite, in which case the binary
length (p(S)) of its radius is polynomial in (A, u,b), and continue. By Lemma 2.18,
the given set C(A) is a set of all edge directions of conv(S). Hence, the algorithm of
Theorem 2.16 can be applied and provides the polynomial time solution of the convex
integer maximization problem. a

We note that an m x n matrix A has at most 2 ZZL:O ( kil) circuits, a bound depending

only on m and n and independent of the entries of A. So, if m grows slowly in terms of n,
say m = O(logn), then C(A) can be computed in subexponential time. In particular, if m
is fixed then €(A) can be computed in polynomial time by checking all 23", ( kil) =
O(n™*1) potential supports of circuits. This has applications to vector partitioning and
clustering discussed in Section 2.5.3.

2.4 Convex combinatorial maximization

A membership oracle for a set S C Z'™ is one that, queried on = € Z", asserts whether
or not z € S. A membership oracle for S is available in all reasonable applications, but
reveals little information on .S, making it very hard to use. Yet, we now show that convex
combinatorial maximization, that is, convex maximization over S C {0, 1}™, can be done
in polynomial time using but a membership oracle.

The main result here is Theorem 2.22: for every fixed d, we can maximize any convex
composite function f(Wx) over S C {0, 1}"™ presented by a membership oracle, given a
set of edge directions of conv(.S), in time polynomial in (W).

We need to make use of an additional oracle presentation of S, defined as follows. An
augmentation oracle for a set S C 7" is one that, queried on x € S and w € Z", either
asserts that  is optimal for the linear optimization problem max{wz : 2 € S} or returns
a better point & € S, that is, one satisfying wz > wz.

An augmentation oracle for S allows to solve the linear optimization problem
max{wz : x € S} by starting from any feasible x € S and repeatedly augmenting it
until an optimal solution z* € S is reached. The following lemma, which is an adaptation
of a result of [43], [92] making use of bit-scaling ideas going back to [34], shows that this
can be done in time which is polynomial in the binary length of w and the initial point
and in the unary length of the radius p(.S) of the set S. We need it only for S C {0,1}",
but provide the proof for any finite S C Z".

Lemma 2.20. There is an algorithm that, given a finite set S C 7™ presented by an
augmentation oracle, x € S, and w € 7", finds an optimal solution x* € S to the

optimization problem max{wz : z € S}, in time polynomial in p(S) and (x,w).

Proof. Let k := max_, [log,(|w;| + 1)] and note that k < (w). Fori =0, ..., k define

a vector u; = (Ui1,...,Uin) € Z" by u;; = sign(w;)[2"*|w;|| forj = 1,...,n.
Then ug = 0, up = w, and u; — 2u;—1 € {—1,0,1}" foralli =1,... k.
We now describe how to construct a sequence of points yo, y1, - .., yx € S such that

y; is an optimal solution to max{u;y : y € S} for all 4. First, note that all points of S are
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optimal for ug = 0 and hence we can take yo := x to be the point of S given as part of
the input. We now explain how to determine y; from y;_1 fori = 1,... k. Suppose that
y;—1 has been determined. Set ¢ := y;_1. Query the augmentation oracle on y € S and
u;; if the oracle returns a better point ¢ then set y := y and repeat, whereas if it asserts
that there is no better point then the optimal solution for u; is read off to be y; := y. We
now bound the number of calls to the oracle. Each time the oracle is queried on y and u;
and returns a better point ¢, the improvement is by at least one, namely, u;(§ — §) > 1,
since u;, ¥, ¢ are integers. So the number of augmentations from y;_; to y; is at most the
total improvement, which we claim satisfies the following inequality, where p := p(.5):

wi(yi — yio1) = (wi — 2ui—1) (i — Yim1) + 2ui—1 (yi — yi—1) < 2np+0 = 2np.

Indeed, y; 1 optimal for u; 1 gives u;—1(y; — yi—1) < 0;u; —2u;—1 € {—1,0,1}™ and
Yisyi-1 € S C [=p, p|™ imply (u; — 2ui—1)(yi — yi—1) < 2np.

Thus, after a total number of at most 2npk calls to the oracle, we obtain y; which is
optimal for uy. Since w = wuy, we can output x* := y;, as the desired optimal solution
to the linear optimization problem. Clearly, the number 2npk of calls to the oracle, the
number of arithmetic operations, and the binary length of the numbers occurring during
the algorithm are polynomial in p(.5), (z, w). O

In combinatorial optimization, with S C {0, 1}", each edge of conv(S) is the differ-
ence of two {0, 1}-vectors, and hence each edge direction of conv(\S) is, up to a scalar
multiple, a {—1, 0, 1}-vector. Moreover, any set E C Z™ of all edge directions of conv(S)
with S C {0, 1}"™ can be easily converted, by scaling some elements and dropping redun-
dant ones, to one consisting of {—1,0, 1}-vectors only. So, henceforth, when assuming
thataset S C {0, 1}™ is endowed with a set E of all edge directions of conv(S), we may
and do assume that £ C {—1,0,1}".

We proceed to show that an augmentation oracle can be efficiently realized for a set
S C {0,1}™ presented by a membership oracle and endowed with a set of all edge direc-
tions of conv(S). We also need one initial feasible point z € S to start with. Without such
a point, exponential time cannot be generally avoided, as demonstrated in Section 1.2.1
for the set S of bases of an almost trivial matroid.

Lemma 2.21. There is an algorithm that, given set S C {0, 1}™ presented by membership
oracle, point x € S, w € Z™, and set E C {—1,0,1}" of all edge directions of conv(S),
either returns a better point & € S, that is, one satisfying wZ > wx or asserts that none
exists, in time which is polynomial in (w) and |E|.

Proof. Setting e := —e if necessary, we may assume that we > 0 for all e € E. Now,
using the membership oracle, check if there is an e € F such that z + e € S and we > 0.
If there is such an e then output the better point & := x + e, whereas if there is no such e
then terminate asserting that no better point exists.

If the algorithm outputs an Z then it is indeed a better point. Conversely, suppose x is
not a maximizer of w over S. Since S C {0, 1}", x is a vertex of conv(S). Since x is not
a maximizer of w, there is an edge [z, ] of conv(S) with Z a vertex satisfying w@ > wz.
Then e := & — xisa {—1,0, 1} edge direction of [z, ] with we > 0 and hence e € E.
So the algorithm will find a better point & = x + e. O
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We can now prove a result of [83] that a convex function of the form f(Wx) can be
maximized over a set S C {0, 1}" presented by a mere membership oracle in polynomial
time when a set of all edge directions of conv(.S) is available.

Theorem 2.22. For every fixed d there is an algorithm that, given S C {0, 1}" presented
by membership oracle, x € S, integer d x n matrix W, set E C {—1,0,1}" of all edge
directions of conv(S), and convex function f : Z¢ — R presented by comparison oracle,
solves in time polynomial in (W) and |E|, the convex problem:

max { f(Wz) : z € S}.

Proof. First, using the membership oracle of S, an augmentation oracle for S can be
realized by the algorithm of Lemma 2.21. Next, using the realized augmentation oracle
of S and noting that p(S) < 1, a linear-optimization oracle for S can be realized by
the algorithm of Lemma 2.20. Finally, using the realized linear-optimization oracle of S,
we can apply the algorithm of Theorem 2.16 and solve the given convex maximization
problem in polynomial time as claimed. O

2.5 Some applications

We now describe some direct applications which use Theorems 2.10, 2.19, and 2.22. The
algorithm of Theorem 2.16 is incorporated in Chapters 3—5 and enables convex integer
programming with many more applications discussed in Sections 4.3 and 5.2.

2.5.1 Quadratic binary programming

Here, we discuss the following simple immediate application. The quadratic binary pro-
gramming problem asks for x € {0, 1}" maximizing the quadratic form ' Mx with M
a given n x n matrix. Consider the case of positive semidefinite M = W W of rank d,
with W a given integer d x n matrix. If d is variable then already this restricted version
of the problem is NP-hard [46]. Theorem 2.22 implies the following result of [1] that for
fixed d the problem is polynomial time solvable.

Corollary 2.23. For every fixed d there is an algorithm that, given integer d X n matrix
W, solves in time polynomial in (W) the quadratic binary program:

max {[|Wz|3:z € {0,1}"}. (2.7)

Proof. Let S := {0,1}". Then the set E := {1;,...,1,}, of unit vectors in R™ is a
set of all edge directions of conv(S) which is simply the n-cube [0, 1]". The set E is
easily constructible in time polynomial in n, a membership oracle for S is trivially and
efficiently realizable, and 0 € S is a trivial initial feasible point.

Let f : RY — R be the Iy norm squared given by f(y) = [ly||2 = 32, y2. Then
the comparison between f(y) and f(z) can be done for y, z € Z¢ in time polynomial in
(y, z), providing an efficient realization of a comparison oracle for f.

This models (2.7) as a convex maximization problem max{f(Wz) : © € S} which
can be solved in polynomial time by the algorithm of Theorem 2.22. O
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2.5.2 Matroids and matroid intersections

We now revisit the matroid and matroid intersection problems from Section 1.2.1. We
consider convex maximization over bases or independent sets of matroids and two matroid
intersections. The matroids can be presented either by independence oracles or by basis
oracles. We show the following results on maximizing f(Wz) for convex f, with the
dependency of the running time on W indicated. These results are extended in Section 6.1
to matroid optimization with arbitrary nonlinear functions.

Single matroid Two matroid intersections
Corollary 2.25 Corollary 2.26
Polynomial in (1) Polynomial in W

As demonstrated in Section 1.2.1, under a basis oracle presentation, exponentially
many queries may be needed even for linear optimization. So we assume that a basis or-
acle presentation is always endowed with some initial basis to start with. We will use the
following simple lemma which establishes the polynomial time equivalence of indepen-
dence oracle and basis oracle endowed with initial basis.

Lemma 2.24. A basis oracle can be realized and some basis obtained for a matroid on
n elements presented by an independence oracle in time polynomial in n. Conversely, an
independence oracle can be realized for a matroid on n elements presented by a basis
oracle and endowed with some basis in time polynomial in n.

Proof. Let M = (N, B) be a matroid and let J be its family of independent sets.

Suppose M is presented by an independence oracle. A basis oracle is realized as
follows: B C N is a basis if and only if B € Jand BW {i} ¢ Jforall:i € N\ B
which can be checked using the independence oracle. Some basis B can be obtained by
the greedy algorithm: initialize I := {); while possible, pick an element ¢ € N \ I such
that I := T W {i} € J,set I := I W {i}, and repeat; output B := I.

Suppose M 1is presented by a basis oracle and endowed with basis B. An indepen-
dence oracle is realized as follows: given nonempty I = {iy,...,4,.} C N, form a se-
quence of bases B = By, By, ... as follows: having produced B;_;, check if there is
ke B;j_1\ Isuchthat B;_; U{i;}\ {k} € B;ifthereis, set B; := B;_; U{i;}\ {k}
and continue; else stop. It is not hard to show that I is independent in M if and only if the
sequence has been constructed successfully all the way up to B;.. O

Matroids and forests

Theorem 2.22 implies the following result of [48], [81] that maximizing f(WWz) over a
matroid with f convex and W binary encoded can be done in polynomial time.

Corollary 2.25. For every fixed d there is an algorithm that, given n element matroid M
presented by either independence oracle or basis oracle endowed with some basis, integer
d x n matrix W, and convex function f : 7% — R presented by a comparison oracle,
solves in time polynomial in (W), the convex matroid problem:

max { f(Wz): x € 5}, (2.8)
over the bases S := {1p : B € B} or independent sets S := {1; : I € T} of M.
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Proof. Consider first problem (2.8) with S := {15 : B € B} the set of matroid bases.
We claim that £ := {1; — 1, :1<i<j < n} is a set of all edge directions of the
matroid polytope P := conv(.S). Consider any edge e = [y, y'] of P, withy,y' € S, and
let B := supp(y) and B’ := supp(y’) be the corresponding bases. If B\ B’ = {i} isa
singleton then B’ \ B = {j} is a singleton as well in which case y —y’ = 1, — 1; and
we are done. Suppose then, indirectly, that this is not the case. Let h € R™ be uniquely
maximized over P at e, and pick an element ¢ in the symmetric difference BAB' :=
(B\ B')U(B’\ B) of minimum value h;. Without loss of generality assume ¢ € B\ B’'.
Then thereisa j € B’\ B suchthat B” := B\ {i}U{j} is also a basis. Let " € S be the
indicator of B”. Now, |BAB’| > 2 implies that B” is neither B nor B’. By the choice of
i, we have hy”" = hy — h; + h; > hy. So y" is also a maximizer of i over P and hence
y"” € e. But no {0, 1}-vector is a convex combination of others, which is a contradiction.

Clearly, F can be constructed in time polynomial in n. By Lemma 2.24, we may
assume that M is presented by a basis oracle and endowed with some basis B. So we
have a membership oracle for S and initial point 15 € S. Therefore, the algorithm of
Theorem 2.22 can be used to solve the matroid problem in polynomial time.

Consider next problem (2.8) with S := {1; : I € J} the set of independent sets.
Similar arguments show that a set of all edge directions of conv(.S) is provided by the
following:

E:={1,-1;:1<i<j<n}u{l;:1<i<n}.

Clearly, F can be constructed in time polynomial in n. By Lemma 2.24, we may
assume that M is presented by an independence oracle. So we have a membership oracle
for S and initial point 0 € S. Therefore, the algorithm of Theorem 2.22 can be used to
solve the matroid problem in polynomial time in this case as well. O

A concrete application of Corollary 2.25 is for maximum norm forest problems.

Example 1.1 (revisited; maximum norm forest, see Figure 1.1). Let G be graph with n
edges and M its graphic matroid, W integer d x n matrix, and f the [, norm on R
The problem is max{f(Wz) : € S} with S the set of either all forests (independent
sets of M) or inclusion-maximal forests (bases of M). An independence oracle for M
is easily efficiently realizable. The norm f is convex and the comparison of f(y), f(z)
for y, z € WS can be done in time polynomial in (y, z, p), by comparing ||y||sc, || 2|l 0o
for p = oo and [|y[|} and ||z||} for positive integer p. By Corollary 2.25, this problem is
solvable in time polynomial in (W, p).

Matroid intersections and bipartite matchings

A classical result in combinatorial optimization is that linear optimization over two ma-
troid intersections can be done in polynomial time [33]. Theorem 2.10 implies the follow-
ing result of [11] that maximizing f(WWx) over two matroid intersections with f convex
and W unary encoded can be done in polynomial time as well.

Corollary 2.26. For every fixed d there is an algorithm that, given two n element ma-
troids, each presented by either independence oracle or basis oracle endowed with some
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basis, integer d x n matrix W, and convex f : 7% — R presented by comparison oracle,
solves in time polynomial in W the following convex matroid intersection problem over
the set S of common bases or common independent sets:

max{f(Wm):xES}, S = {13:3631ﬁ32} or S:= {1]2[631 032}.

Proof. By Lemma 2.24, we may assume that both matroids are presented by indepen-
dence oracles. As is well known (see [33]), such presentation enables linear optimization
over the set .S of either common bases or common independent sets of two matroids in
polynomial time, providing a realization of a linear-optimization oracle for S. The result
now follows by applying the algorithm of Theorem 2.10. O

A concrete application of Corollary 2.26 is for convex assignment problems [12].

Example 2.27 (convex assignment). Consider again the assignment problem of Exam-
ple 2.4, where the feasible set .S consists of the m X m permutation matrices (also inter-
preted as the perfect matchings in the complete bipartite graph K, ,,,). Let S; be the set
of {0, 1}-valued m x m matrices with one 1 per row and let Sz be the set of {0, 1}-valued
m X m matrices with one 1 per column. Then 57, S are the sets of indicators of bases of
matroids My, My on N := {(i,7) : 1 < 4,5 < m}and S = S; NS, is the set of common
bases. Independence oracles for M, M, are easily efficiently realizable. Corollary 2.26
then implies that the convex assignment problem max{f(Wz) : € S} can be solved
for any given integer d x n matrix W and convex f : Z¢ — R presented by comparison
oracle in time polynomial in W.

Under the hypothesis P # NP, Corollary 2.26 cannot be extended to k£ > 3 matroids,
since already the linear matroid intersection problem for & = 3 includes the traveling
salesman problem as a special case. To see this, consider the related NP-complete problem
of deciding if a given digraph G = (V, N') with two vertices s, ¢ has a Hamiltonian dipath
from s to t. Define three matroids on N as follows: let M; be the graphic matroid of
the undirected graph underlying G; let M, be the matroid with B C N a basis if, in the
subdigraph (V, B), the indegree of s is 0 and the indegree of any v # s is 1; let M3 be
the matroid with B C N a basis if, in (V, B), the outdegree of ¢ is 0 and the outdegree
of any v # t is 1. Then G has a Hamiltonian path if and only if the three matroids have a
common basis.

2.5.3 Vector partitioning and clustering

The vector partitioning problem seeks to partition n items among p players so as to max-
imize social utility (see Figure 2.5 for a small example in the special case of identical
players). Each player i has an integer ¢ x n utility matrix ‘U whose kth column ‘U* is the
utility of item k to player i under g criteria, with entry ‘U s, the utility of item k to player
i under criterion j. The utility matrix of an ordered partition 7 = (71, ..., 7,) of the set
{1,...,n} of items is the ¢ X p matrix:

p

Ur :z(Zl:U’“,...,ZU’“),

kemy kemy,
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whose ith column is the sum ZZ - U* of utility vectors of items assigned to player i
under 7r, which is the total utility to player ¢ under 7. The social utility of 7 is the balancing
of the player utilities by a convex function f : Z7*P =2 7P9 — R:

1 1 p p
FU™) ::f(ZUM,...,ZUJC,...,ZUM,...,ZU,;C).

kemy kem kemy, kem,

In the constrained version, the partition must be of a given shape, that is, the number ||
of items that player 7 gets has to be a given positive integer \; (with >~ A; = n). In the
unconstrained version, the number of items per player is unrestricted. If the number p of

Data: n=6 items evaluated by q=2 criteria

p=3 identical players with the same utility matrix
items

123 4 5 06

14 9 16 25 36

Critera

Each player should receive 2 items

Convex functionon q x p matrices f(X) = Y Xij3

Solution and utility:
Optimd partition is 1 = (34, 56, 12) with utility matrix

players

25 61 5

Optimd social utility is f(U™) = 244432

Figure 2.5: Vector partitioning example

players or the number ¢ of criteria is variable then the problem is NP-hard [57]. We now
use Theorem 2.19 to show that when both p and ¢ are fixed, both constrained and uncon-
strained versions of the partitioning problem are polynomial time solvable. The following
corollary extends results of [39], [57], [83], [84] on identical players to nonidentical play-
ers as well.

Corollary 2.28. For every fixed numbers p of players and q of criteria, there is an algo-
rithm that, given utility matrices ‘U, ... ,PU € 797", 1 < Aq,..., A, < n, and convex
function f : 7ZP1 — R presented by a comparison oracle, solves the constrained or un-
constrained partitioning problem in time polynomial in (*U, ... P U).
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Proof. We demonstrate only the constrained problem, the unconstrained version being
similar and simpler. There is an obvious one-to-one correspondence between partitions
and matrices z € {0,1}"*? satisfying Y .©_, x;;, = 1 for all k, where partition 7 corre-
sponds to matrix x with z,; = 1if k¥ € m; and x; = 0 otherwise. Then the feasible
partitions become the integer points of a transportation problem,

S = {l‘ S Z:L_Xp : ZZ:l Tki = )\,’, Zg):l Tki = 1}. (2.9)

Identify Z"*P = Z"P by the coordinate order & = (L11,.-., 1 ps---»Tn1s---Tnp)-
Let A denote the (p + n) X np matrix defining the system of equations in (2.9). Then A
is the adjacency matrix of the complete bipartite graph K, ,, and is totally unimodular.
Moreover, ¢ € Z™P is a circuit of A if and only if it is supported on the set of edges of a
circuit of K, ,, with values %1 alternating along the circuit. Since p is fixed, the number
of circuits of K, , satisfies >_%_, (?)("})i!(i — 1)! = O(nP), and therefore the set C(A)
of circuits of A can be constructed in polynomial time.

Define an integer pqg X np matrix W by setting W; 5y (r.0) : ik forall i,7, k,
and setting all other entries to zero. Then for any partition 7 and its correspondlng vector
x € {0,1}", we have ZkETr ik = (W) ;) for all 4, j. This models the problems as
a convex program, with W having a fixed number d := pq of rows:

max { f(Wz):x € S}.

Now, apply the algorithm of Theorem 2.19 to data consisting of the matrix A, its set
of circuits C(A) computed as explained above, b := (A1,...,A\p,1,...,1), 1 := 0, and
u := 1, and solve the vector partitioning problem in polynomial time. O

A concrete important application of vector partitioning is for clustering.

Example 2.29 (minimal variance clustering). This problem has numerous applications in
the analysis of statistical data: group n observed points u', ..., u" in R? into p clusters
1, ..., Tp SO as to minimize the sum of cluster variances as follows:

|7| ’ (|w|2“k>

Consider instances where there are n = pc points and the desired clustering is balanced,
that is, the clusters should have equal size c. Assume that the observation points are ratio-
nal, and then suitably scale them to become integer. Suitable manipulation of the sum of
variances expression above shows that the problem is equivalent to a constrained vector
partitioning problem, with p identical players (the clusters) having a common ¢ x n utility
matrix U := (u',...,u") with \; = ¢ for all i and with f : ZP4 — R (to be maximized)
being the [; norm squared as follows:

f(2) = Il = ZZ 25,4l

=1 =1

2

By Corollary 2.28, we can cluster optimally in polynomial time for all fixed p, ¢
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Notes

The ellipsoid method of Yudin and Nemirovskii [101] is a powerful tool which, as is well
known, led to the first polynomial time algorithm for linear programming by Khachiyan
[59] and to the oracle equivalence of separation and linear optimization of Grotschel,
Lovasz, and Schrijver on their many applications in combinatorial optimization in [44],
[72]. As recently shown in [79], without significant increase of computational effort, the
ellipsoid method can also be augmented with the computation of proximity certificates for
a variety of problems with convex structure including convex minimization, variational in-
equalities with monotone operators, and computation of Nash equilibria in convex games.
But in this monograph, we use it only in deriving Theorem 2.10 in Section 2.2, which has
an alternative derivation without the ellipsoid method given in Section 2.3.3. The main
result of this chapter, which is Theorem 2.16 on convex maximization using edge direc-
tions, is from [83]. It extends earlier results of [81], [84] and is further extended in [23].
It exploits efficient vertex enumeration using the nonstandard information coming from
the edge directions. The problem of vertex enumeration of a polyhedron presented by
linear inequalities, which is of different flavor, has been studied extensively in the liter-
ature. An output-sensitive algorithm for vertex enumeration is given in [5] by Avis and
Fukuda, and the hardness of the problem for possibly unbounded polyhedra is shown in
[60]. Theorem 2.19 on convex integer maximization over a system defined by a totally
unimodular matrix given the circuits of the matrix can be extended to other classes of
matrices which define integer polyhedra. Let us mention the important class of balanced
matrices which strictly contains totally unimodular matrices, studied extensively by Con-
forti and Cornuéjols, see [19] and the references therein. The results on efficient convex
maximization over matroids and matroid intersections are from [48], [81], and [11], re-
spectively. The fruitful interplay between convexity and matroids extends more generally
to submodular functions, polymatroids, and beyond; see the books [37] by Fujishige, and
[77] by Murota for further details on this line of research. The applications for vector
partitioning and clustering come from and extend the series of the papers [39], [57], [83],
[84].



3 Nonlinear Integer Programming

In this chapter, we consider nonlinear integer programming, that is, nonlinear optimization
over a set of integer points given by linear inequalities, of the form:

S::{xEZ”:Aw:b,ZSCL‘Su}, 3.1

where A is an integer m x n matrix, b € Z™, and [, u € Z, with Zo, = Z & {£o0}.

A fundamental object in the theory of integer programming is the Graver basis intro-
duced by Graver already back in 1975 [41]. However, only very recently, in the series of
papers [23], [24], [50], [51], it was established that the Graver basis can be used to solve
linear and nonlinear integer programming problems in polynomial time. In this chapter,
we describe these important new developments. In Section 3.1, we define the Graver ba-
sis and describe some of its basic properties. In Section 3.2, we prove the main result
of this chapter, Theorem 3.12, showing that the Graver basis enables to minimize sep-
arable convex functions over sets of the form (3.1) in polynomial time. In Section 3.3,
we discuss several specializations and extensions of this result to other types of objective
functions. We conclude with a short description in Section 3.4 of a simple finite procedure
for computing the Graver basis.

The following table enables quick navigation among some of the theorems in this
chapter providing polynomial time optimization over sets of the form (3.1).

min wz min f(x) max f(Wz) | min f(Wz)+ g(x)
(linear objective) | f separable convex f convex f.g separable convex
Theorem 3.13 Theorem 3.12 Theorem 3.16 Theorem 3.17

3.1 Graver bases

We begin with the definition of the Graver basis and some of its basic properties. Through-
out this section A is an integer m X n matrix. Recall the following terminology from Sec-
tion 2.3.4. The lattice of A is L(A) := {x € Z" : Az = 0}. The set of nonzero elements
in L(A) is denoted by L*(A) := {x € Z™ : Az = 0, x # 0}. We use the partial order
C on R" defined as follows: for x,y € R™, we write x C y and say that x is conformal
to y if 2;y; > 0 (that is,  and y lie in the same orthant) and |z;| < |y;| fori =1,...,n.
A finite sum u := ) v; of vectors in R™ is conformal if v; C w for all ¢ and hence all
summands lie in the same orthant.

A simple extension of a classical lemma of Gordan [40] implies that every subset of
Z" has finitely many C-minimal elements. The following definition is from [41].

Definition 3.1. The Graver basis of an integer matrix A is defined to be the finite set
G(A) C Z"™ of C-minimal elements in L*(A4) = {z € Z" : Az =0, = # 0}.
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Recall also from Section 2.3.4 that a circuit of A is an element ¢ € L*(A) whose
support supp(c) is minimal under inclusion and whose entries are relatively prime. Like
the set C(A) of circuits, the Graver basis §(A) is centrally symmetric, that is, g € G(A)
if and only if —g € G(A). It follows directly from the definitions that for every matrix A,
the set of circuits is contained in the Graver basis, that is, C(A) C G(A). The converse is
typically false. For instance, already for the tiny 1 x 3 matrix A := (1 2 1), the Graver
basis strictly contains the set of circuits:

9("4) = i{(27 7170)7 (07 717 2)7 (17 03 71)7 (17 717 1)} = G(A) © i{(lv 71) 1)}
We have the following fundamental property of the Graver basis.

Lemma 3.2. Every vector v € L*(A) is a conformal sum x = ), g; of Graver basis
elements g; € G(A), with some elements possibly appearing with repetitions.

Proof. By induction on the well partial order C. Consider any 2z € L*(A). If it is C-
minimal in £*(A) then € G(A) by definition of the Graver basis and we are done.
Otherwise, there is an element g € G(A) suchthat g C . Sety := x—g. Theny € L*(A)
and y C z, so by induction there is a conformal sum y = >, g; with g; € G(A) for all <.
Now, z = g + ). g; is a conformal sum of z. O

Recall from Section 2.4 that an augmentation oracle for S C Z™ is one that, queried
onz € S and w € Z", either asserts that = is optimal for the optimization problem
max{wz : x € S} orreturns & € S satisfying wd > wz. Definition 3.1, made by Graver
already back in 1975 [41], is motivated by the following lemma that shows that G(A)
enables to realize an augmentation oracle for a set .S of the form (3.1).

Lemma 3.3. There is an algorithm that, given the Graver basis G(A) of an integer
m X n matrix A, l,u € Z2, and r,w € Z" with | < x < w, in time polynomial

in (G(A),l,u,z,w), either asserts that x is optimal for the linear optimization problem
max{wz : z€Z", Az=b, |<z<u} withb:= Ax or returns a better point %.

Proof. Suppose that = is not optimal. Let x* be any better feasible point and put h :=
x* — x. Then Ah = b—b = 0soh € L*(A) and hence, by Lemma 3.2, there is a
conformal sum h = ), g; with g; € G(A) forall i. Now, | < z,2 + h = * < wand
gi; € himply that [ < x4+ ¢; < u for all i. Also, A(x+ g;) = Ax = b for all i. Therefore,
x + g, is feasible for all 7. Now, 0 < wa* — wzx = wh = ), wg; implies that wg; > 0
for some g; in this sum. Therefore, x + g; is feasible and better.

So the algorithm is very simple: if wg > 0 for some g € G with | < x4 g < w then
Z = x + ¢ is an easily computable better point; otherwise, x is optimal. O

Combining Lemmas 3.3 and 2.20, it is possible to use the Graver basis to solve the
linear optimization problem over S = {z € Z" : Az = b, | < x < u}. However, the
running time of this procedure is polynomial only in the unary length of the radius p(S)
of S. In integer programming, this is unsatisfactory since p(S) is typically exponential
in the natural binary length of the data (A,l, u,b) defining S, and the resulting linear
optimization algorithm is not naturally polynomial.



42 3 Nonlinear Integer Programming

However, in Section 3.2 we describe the recent important developments from [23],
[24], [50], [51], that establish much stronger results, showing that, in fact, the Graver
basis does enable to solve linear and nonlinear optimization problems over sets of the
from (3.1) in time which is genuinely polynomial, in the natural binary length of the data
(A, 1, u,b) which defines the feasible set (along with the binary length of the given Graver
basis).

We need the following stronger form of Lemma 3.2 which basically follows from the
integer analogs of Carathéodory’s theorem established in [20] and [94].

Lemma 3.4. Every = € L*(A) is a conformal sum © = >.'_, N\ig; which involves
t < 2n — 2 nonnegative integer coefficients \; and Graver basis elements g; € G(A).

Proof. We prove the slightly weaker bound ¢ < 2n — 1 from [20]. A proof of the stronger
bound can be found in [94]. Consider any x € L£*(A) and let g1, . .., gs be all elements
of G(A) lying in the same orthant as x. Consider the linear program:

max { Zle N T = Zj:l Aigh A € R+}. 3.2)

By Lemma 3.2, the point = is a nonnegative linear combination of the g; and hence the
program (3.2) is feasible. Since all g; are nonzero and in the same orthant as x, program
(3.2) is also bounded. As is well known, it then has a basic optimal solution, that is, an
optimal solution Ay, ..., A\; with at most n of the \; nonzero. Let

Y= Z (A= [Ai])gi =2 — Z | Xi] i

If y = 0 then x = > | A\;]g; is a conformal sum of at most n of the g; and we are done.
Otherwise, y € L*(A) and y lies in the same orthant as x, and hence, by Lemma 3.2
again, y = Y ;_, p1;9; with all yi; € Z. Then = >~ (p1; + | \;|)g; and hence, since the
A; form an optimal solution to (3.2), we have > (u; + [ Ai]) < > Ai. Therefore, > p; <
> (A — [ Ai]) < n with the last inequality holding since at most n of the \; are nonzero.
Since the p; are integers, at most n — 1 of them are nonzero. So z = > (u; + [A\i])g; is
a conformal sum of z involving at most 2n — 1 of the g;. O

We remark that the smallest possible bound ¢(n) that could possibly replace 2n — 2 in
the statement of Lemma 3.4, sometimes called the integer Carathéodory number, is yet
unknown. While it has been conjectured in [20] that ¢(n) = n, it was eventually shown in
[17] that in fact ¢(n) > | Zn] > n for any dimension n > 6.

The Graver basis also enables to check finiteness of feasible integer programs.

Lemma 3.5. Let G(A) be the Graver basis of matrix A and let |, u € 7. If there is some
g € S(A) satisfying g; < 0 whenever u; < oo and g; > 0 whenever l; > —oo then every
set of the form S .= {x € Z™ : Ax = b, | < & < u} is either empty or infinite, whereas
if there is no such g, then every set S of this form is finite. Clearly, the existence of such g
can be checked in time polynomial in (G(A), 1, u).

Proof. First suppose there exists such g. Consider any such S. Suppose S contains some
point x. Then for all A € Z,, wehave ] < x + A\g < wand A(z + \g) = Az = b
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and hence = + A\g € S, so S is infinite. Next, suppose S is infinite. Then the polyhedron
P:={x eR": Ax = b, | <z < u} is unbounded and hence, as is well known, has
a recession vector, that is, a nonzero h, which we may assume to be integer, such that
x+ ah € Pforall z € Pand o > 0. This implies that h € L*(A) and that h; < 0
whenever u; < oo and h; > 0 whenever [; > —oco. So h is a conformal sum h =} ¢g;
of vectors g; € G(A), each of which also satisfies g; < 0 whenever u; < oo and g; > 0
whenever [; > —oo, providing such g. O

3.2 Efficient separable convex minimization

In this section, we consider the following nonlinear integer minimization problem:
min{f(x):xEZ", Ax:b,lgazgu} 3.3)

with A integer m x n matrix, b € Z™, l,u € Z2,, and f : Z" — Z separable convex
function, thatis, f(x) = Z?’Zl fj(z;) with each f; : Z — Z univariate convex.

The main result here is Theorem 3.12: given the Graver basis G(A) of A, we can solve
problem (3.3) for any separable convex function in polynomial time.

We prove a sequence of six lemmas and then combine them to prove Theorem 3.12.
We start with two simple lemmas about univariate convex functions. The first lemma
establishes a certain supermodularity property of such functions.

Lemma 3.6. Let f : R — R be a univariate convex function, let v be a real number,
and let sy, ..., sy, be real numbers satisfying s;s; > 0 for all i, j. Then we have the
following:

P4 20) 1) = 3 (4 5) - ).

Proof. Define anew function g : R — R by g(z) := f(r+x)— f(r) forall z € R. Then
g is also convex and g(0) = 0. Therefore, forallz € Rand 0 < p < 1:

g(pa) = g((1 = )0+ pa) < (1 - p)g(0) + pg(z) = pg(x).
Now assume that not all s; are zero else the claim of the lemma is trivial. Define

Si
Ai = m o
Zj:l Sj

Then 221 A =1and 0 < \; <1 for all ¢ since all s; have the same sign. Therefore,

1=1,...,m.

m

ZQ(S’) Zin;g(&isj‘) Si/\ig(isj) :g(isj)7

i=1 i j=
and hence, as claimed

m

Z (f(r+si) = f(r) = ig(Si) < g(zm:sj) = f(r—l—isj) — f(r).

i=1 i=1 j=1 j=1 O
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The second lemma shows that univariate convex functions can be minimized effi-
ciently over an interval of integers using repeated bisections.

Lemma 3.7. There is an algorithm that, given any two integer numbers r < s and any
univariate convex function f : Z — R given by a comparison oracle, solves in time
polynomial in (r, s) the following univariate integer minimization problem:

min{f()\):)\eZ, TS)\SS}.
Proof. If r = s then A\ := r is optimal. So assume that » < s — 1. Consider the integers:

r+s r+s
< 1 <s.
T—L2J<{2J+ =5

Use the oracle of f to compare f(|“52]) and f(|“52] + 1). By convexity of f:

P55 ]) = (55 [ +1) = v= | 55 s @ minimum of ;

2 2 2
f(VT—FSD < fq%mJ +1) — the minimum of f is in the interval [n V ; SH;
f(V;rSD > f(V;FSJ +1) = the minimum of f is in the interval HT ;r SJ +1, s] .
Thus, we either obtain the optimal point or bisect the interval [r, s] and repeat. So in
O(log(s — r)) = O({r, s)) bisections, we find an optimal solution A € Z N [r, s]. O

The next two lemmas extend Lemmas 3.6 and 3.7. The first lemma shows the super-
modularity of separable convex functions with respect to conformal sums, see also [78].

Lemma 3.8. Let f : R" — R be any separable convex function, x € R™ any point, and
> gi any conformal sum in R™. Then we have the following inequality:

Fa+0) = 1@ 2 3 (Fle +9) - F@)).

Proof. Let f; be univariate convex functions such that f(z) = Z;L:l fj(z;). Consider
any 1 < j < n. Since >_ g; is a conformal sum, we have 9i,j9k,; = 0forall i,k and so,
setting r := x; and s; := g, ; for all 7, Lemma 3.6 applied to f; implies the following:

Ji (xj + ng) = filwg) 2 D0 (5w +9i5) = fi(25)). G4

3

Summing the equations (3.4) for j = 1, ..., n, we obtain the claimed inequality. O

The second lemma enables to find a best improvement step in a given direction.

Lemma 3.9. There is an algorithm that, given bounds |, v € Z7, direction g € Z", point
x € Z" withl < x < w, and convex function f : Z" — R presented by comparison
oracle, solves in time polynomial in (I, u, g, ), the univariate problem:

min {f(z +Ag) : A € Zy, | <z + Ag < u}. (3.5)
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Proof. Let S :={\ € Z; : 1 < x4+ Ag < u} be the feasible set and let s := sup .S, which
is easy to determine. If s = co then conclude that S is infinite and stop. Otherwise, S =
{0,1,..., s} and the problem can be solved by the algorithm of Lemma 3.7 minimizing
the univariate convex function h(\) := h(z + Ag) over S. O

We can now show that the Graver basis of A allows to solve problem (3.3) in poly-
nomial time, provided we are given an initial feasible point to start with. We later show
how to find such an initial point as well. Below, and throughout this chapter, f denotes
the maximum value of |f(z)| over the feasible set and need not be part of the input. An
outline of the algorithm is provided in Figure 3.1.

INPUT: -Set S={xinZ": Ax=b, Isxsu}

/X§< = - Graver basis G(A)
I
o5

| pY
‘ /\>/ - Initial point x in S

R" ([
: ‘ - Separable convex f on R"
il given by comparison oracle
f
DO: While there are g in G(A) and integer A>0 such

that f(x+Ag)<f(x) and | < x+Ag < u, replace x by
x+Ag that minimizes f(x+Ag), and repeat

R

OUTPUT: The final point x obtained, which is
guaranteed to minimize f over S

Figure 3.1: Separable convex minimization using Graver bases

Lemma 3.10. There is an algorithm that, given integer m x n matrix A, its Graver basis
G(A), vectors l,u € 2 and x € Z" with | < x < u, and separable convex function
[ Z™ — 7 presented by a comparison oracle, solves the integer program:

min{f(z):zeZ”, Az =0, lgzgu}, b:= Az, (3.6)
in time which is polynomial in the binary length (S(A), [, u, x, f) of the data.

Proof. First, apply the algorithm of Lemma 3.5 to §(A) and [, u and either detect that
the feasible set is infinite and stop, or conclude it is finite and continue. Next, produce a
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sequence of feasible points zg, 1, ..., zs with x¢ := = the given input point, as follows.
Having obtained zy, solve the univariate minimization problem:

min{f(xk —|—)\g) ANEZy, g€ G(A), Il <ap+ Mg < u} 3.7

by applying the algorithm of Lemma 3.9 for each g € S(A). If the minimal value in (3.7)
satisfies f(zr + Ag) < f(xy) then set x5 := x + g and repeat, else stop and output
the last point x4 in the sequence. Now, Axi11 = A(xg + Ag) = Axp = b by induction
on k, so each xy, is feasible. Since the feasible set is finite and the x; have decreasing
objective values and hence distinct, the algorithm terminates.

We now show that the point x, output by the algorithm is optimal. Let z* be any
optimal solution to (3.6). Consider any point zj, in the sequence and suppose that it is not
optimal. We claim that a new point x4 will be produced and will satisfy the following:

2n —3
flare) = ') < =

(f (@) = f(27))- (3.8)

By Lemma 3.4, we can write the difference z* — x), = Zle Aig; as conformal sum
involving 1 < ¢ < 2n — 2 elements g; € §(A) withall \; € Z,. By Lemma 3.8:

o+

f(gg*) _ f(ack) = f(:lck; +»jzl)\igi) Z xk + )\zg2 f(xk))

i=1
Adding t(f(xy) — f(z*)) on both sides and rearranging terms, we obtain the following:

t

S (F(on + M) — 7(5%)) < (6 - D(F(ax) — 5(2°)).

i=1
Therefore, there is some summand on the left-hand side satisfying the following:

t—1 2n —3

Floe+Xigi) = f7) < ——=(F(an) = f(27)) < 5 —5 (F(ze) = £(=7)).

So the point 3, + Ag attaining minimum in (3.7) satisfies the following:

< 20 (o) 1)

and so indeed 41 := z + Ag will be produced and will satisfy (3.8). This shows that
the last point z produced and output by the algorithm is indeed optimal.

We proceed to bound the number s of points. Consider any 7 < s and the intermediate
nonoptimal point z; in the sequence produced by the algorithm. Then f(z;) > f(z*)
with both values integer, and so repeated use of (3.8) gives the following:

1< fw) = f(27) = ,}j fﬁ;:)ﬁ—_f{S?

(B2 (@) - 1)),

fzi+Ag) = F(=*) < flan+ Xigi) — f(2¥)

<
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and therefore

i< (log 2n_g)_llog (f(z) = f(z*)).

2n —

Therefore, the number s of points produced by the algorithm is at most one unit larger
than this bound, and using a simple bound on the logarithm, we obtain the following:

s =O0(nlog (f(z)— f(z%))).
Thus, the number of points produced and the total running time are polynomial. |

Next, we show that we can also find an initial feasible point for a given integer pro-
gram or assert that the given set is empty or infinite, in polynomial time.

Lemma 3.11. There is an algorithm that, given integer m X n matrix A, its Graver basis
G(A), l,u € Z", and b € Z™, in time which is polynomial in (A, G(A),l,u,b), either
finds a feasible point x € S or asserts that S is empty or infinite, where

S::{ZGZ":A,Z:I),ZSZSU}.

Proof. Assume that [ < v and that [; < oo and u; > —oo for all j, since otherwise there
is no feasible point. Also assume that there is no g € G(A) satisfying g; < 0 whenever
u; < oo and g; > 0 whenever [; > —oo, since otherwise S is empty or infinite by
Lemma 3.5. Now, either detect there is no integer solution to the system of equations
Ax = b (without the lower and upper bound constraints) and stop or determine some
such solution & € Z™ and continue; it is well known that this can be done in polynomial
time, say, using the Hermite normal form of A, see [90]. Next, define a separable convex
function on Z" by f(z) := 37, f;(x;) with

lj*ZL’j lfCEJ <lj,
fj(l‘j)ﬁz 0 ifljngguj, j=1,...,n,
Tj — Uy ifﬂ?j > uj,
and extended lower and upper bounds:
I;:==min {l;,%;}, a;:=max{uji;}, j=1,...,n
Consider the auxiliary separable convex integer program:

min{f(z):zEZ", Az =0, Zgzgﬂ}. 3.9)

First, note that 2 is feasible in (3.9). Next, note that l} > —oo if and only if I; > —o0
and 4; < oo if and only if u; < co. So there is no g € G(A) satisfying g; < 0 whenever
u; < oo and g; > 0 whenever l} > —oo and hence the feasible set of (3.9) is finite
by Lemma 3.5. Now, apply the algorithm of Lemma 3.10 to (3.9) and obtain an optimal
solution z. This can be done in polynomial time since the binary length of & and therefore
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also of I, @ and of the maximum value f of |f(z)| over the feasible set of (3.9) are
polynomial in the length of the data.

Now, note that every point z € S is feasible in (3.9), and every point z feasible in (3.9)
satisfies f(z) > 0 with equality if and only if z € S. So, if f(x) > 0 then the original set
S is empty, whereas if f(x) = 0 then x € S is a feasible point. O

We are finally in position to prove the important result of [50] that the Graver basis
allows to solve the nonlinear integer program (3.3) in polynomial time. As before, the
bound f on |f(x)| over the feasible set need not be part of the input.

Theorem 3.12. There is an algorithm that, given integer m x n matrix A, its Graver basis
G(A), l,u € Z7, b € Z™, and separable convex f : 7" — 7 presented by comparison
oracle, solves in time polynomial in (A, G(A),l,u,b, f) the problem:

min{f(ac):acEZ"7 Ax =0, lgxgu}.

Proof. First, apply the algorithm of Lemma 3.11 and either conclude that the given integer
program is infeasible or the feasible set is infinite and stop or obtain an initial feasible
point and continue. Next, apply the algorithm of Lemma 3.10 and either conclude that the
feasible set is infinite or obtain an optimal solution. O

3.3 Specializations and extensions

3.3.1 Linear integer programming

Any linear function wz = Y, w;z; is separable convex. Moreover, an upper bound
on |wz| over the feasible set (when finite), which is polynomial in the binary length of
the data, readily follows from Cramer’s rule. So we have, as an immediate special case
of Theorem 3.12, the following important result of [24], that Graver bases enable the
polynomial time solution of linear integer programming.

Theorem 3.13. There is an algorithm that, given an integer m X n matrix A, its Graver
basis G(A), l,u € Z2, b € Z™, and w € Z", solves in time which is polynomial in
(A, G(A), 1, u,b,w) the following linear integer programming problem.:

min{wx:zGZ”, Ax:b,lgzgu}.

3.3.2 Distance minimization

Another useful special case of Theorem 3.12 which is natural in various applications
such as image processing, tomography, communication, and error correcting codes is the
following result of [50], asserting that Graver bases enable to determine a feasible point
which is [,,-closest to a given desired goal point in polynomial time.
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Theorem 3.14. There is an algorithm that, given integer m X n matrix A, its Graver
basis G(A), positive integer p, vectors l,u € Z7, b € Z™, and & € 7", solves in time
polynomial in p and (A, G(A), 1, u,b, ), the closest-point problem:

min {||z — 2|, 1z € Z", Az =b, | <z < u}. (3.10)
For p = oo, the problem (3.10) can be solved in time polynomial in (A, S(A),l,u,b, Z).

Proof. For finite p, apply the algorithm of Theorem 3.12 taking f to be the pth power
|l — :i||g of the 1, distance. If the feasible set is nonempty and finite (else the algorithm
stops) then the maximum value f of | f(z)| over it is polynomial in p and (A, [, u, b, ),
and hence an optimal solution can be found in polynomial time.

Consider p = oo. Using Cramer’s rule, it is easy to compute an integer p with (p)
polynomially bounded in (4,1, u,b) that, if the feasible set is finite, provides an upper
bound on ||x||~ for any feasible x. Let ¢ be a positive integer satisfying the following:

- logn
1 log (1+ (2p)~1)°

Now, apply the algorithm described above for the [, distance. Assuming that the feasible
set is nonempty and finite (else the algorithm stops), let z* be the feasible point minimiz-
ing the [, distance to & obtained by the algorithm. We claim that it also minimizes the [,
distance to & and hence is the desired optimal solution. Consider any feasible point x. By
standard inequalities between the [, and [, norms:

x* = i‘”oo <l - chq <|lz—=2|q < n%”x |
Therefore,

2" =2 _ — & = #lloo < (n7 — 1) |2 — &[0 < (n7 —1)2p < 1,

oo

where the last inequality holds by the choice of ¢. Since ||z* — #||~ and ||x — & are
integers, we find that ||2* — #||oo < || — Z||oo- This establishes the claim. O

In particular, for each p the Graver basis enables to solve the integer program:
min {||z|, : € Z", Az =b, | <z < u},
which for p = oo is equivalent to the min-max integer program:

min{max{|mi|:i:l,...,n}:xEZ", Ax = b, lgxgu}.

3.3.3 Convex integer maximization

We proceed to discuss the maximization of a convex function of the composite form
f(Wz), with f : Z¢ — Z any convex function and W any integer d x n matrix.
Consider the following pair of polyhedra (with the containment typically strict):

conv{xGZ”:Ax:b,lgmgu}Q{xGR":Aa::b,lgxgu}.
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We have shown in Lemma 2.18 that the set of circuits C(A) is a set of all edge directions
of the right-hand side. We now show the analog statement asserting that the Graver basis
G(A) is a set of all edge directions of the left-hand side.

Lemma 3.15. For any integer m x nmatrix A, [, w € 77 and b € Z", the Graver basis
G(A) is a set of all edge directions of P = conv{z € Z" : Ax =b, | <z < u}.

Proof. Consider any edge e of P and pick distinct integer points x,y € e. Then g :=
y — x is in L*(A) and hence Lemma 3.2 implies that g = ), h; is a conformal sum
for suitable h; € G(A). We claim that x + h; € P for all . Indeed, h; € G(A) implies
Alx+h;)) =Az=b,andl < z,x+g <wand h; C gimply l <z + h; < u.

Now, let w € Z" be uniquely maximized over P at the edge e. Then wh; = w(x +
h;) —wzx < 0foralli. But > wh; = wg = wy — wz = 0, implying that in fact wh; = 0
and hence = + h; € e for all 7. This implies that h; is a direction of e (in fact, all h; are
the same and g is a multiple of some Graver basis element). O

Theorems 3.13 and 2.16 with Lemma 3.15 imply the following result of [23].

Theorem 3.16. For every fixed d, there is an algorithm that, given integer m xn matrix A,
its Graver basis G(A), l,u € Z2,, b € Z™, integer d x n matrix W, and convex function
f : Z* — R presented by a comparison oracle, solves in time which is polynomial in
(A, W, G(A),1,u,b), the convex integer maximization problem:

max { f(Wz): 2z €Z", Az =b, 1 <z <u}.

Proof. Let S :={x €Z": Ax = b, | <z < u}. The algorithm of Theorem 3.13 allows
to realize in polynomial time a linear-optimization oracle for .S. In particular, it allows to
either conclude that S is infinite and stop or that it is finite, in which case the binary length
(p(S)) of its radius is polynomial in (A, [, u, b), and continue. By Lemma 3.15, the given
Graver basis is a set of all edge directions of conv(S). Hence, the algorithm of Theorem
2.16 can be applied and provides the polynomial time solution of the given convex integer
maximization program. O

3.3.4 Weighted separable convex minimization

We next establish a broad extension of Theorem 3.12, where the objective function is a
sum f(Wz) + g(z) involving two separable convex functions f : Z¢ — Z, g : Z" — Z,
which includes a composite term f(Wx). Moreover, the number d of rows of W is al-
lowed to be variable. As usual, it suffices to be given a comparison oracle for the objective
function. However, since it is more natural here to have each of f, g given by its own pre-
sentation, we assume that each of f, g is given by an evaluation oracle that, queried on
a vector, returns the value of the function on that vector. As usual, f , g denote the max-
imum values of |f(Wz)|, |g(x)| over the feasible set and need not be part of the input.
We also allow to incorporate inequalities on ¥z in addition to the lower and upper bound
inequalities on z.

To solve this problem, we need the Graver basis of an extended, (m + d) x (n + d)
matrix, composed of A, W, the d x d identity matrix I and the zero m x d matrix.
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Theorem 3.17. There is an algorithm that, given an integer m x n matrix A, an integer
d x nmatrix W, l,u € Z%, |1 € Z%, b € Z™, the Graver basis §(B) of

and separable convex functions f : 7¢ — 7, g : "
oracles, solves in time polynomial in (A, W, S(B),l,u,l,u,b, f,g), the problem:
b

min{f(Wx)Jrg(x):xGZ”, Az =b, [ < Wz <, lgxgu}. (3.11)

Proof. Define h : Z"t9 — Z by h(z,y) := f(—y) + g(z) forall z € Z" and y € Z9.
Clearly, h is separable convex since f, g are. Now, problem (3.11) becomes as follows:

min{h(az,y) H@y) e 2 () (G) = () 1< <u, —a<y< —i},

and the statement follows at once by applying Theorem 3.12 to this problem. O

3.3.5 Totally unimodular systems revisited

Here, we deduce Theorem 2.19 on convex maximization over totally unimodular systems
as a very special case of Theorem 3.16, giving an alternative algorithmic proof incorpo-
rating the algorithm of Theorem 3.12 instead of linear programming.

For a matrix A, let A(A) denote the maximum absolute value of a determinant of a
square submatrix of A. The following bounds are well known; see, for example, [95].

Lemma 3.18. For any circuit ¢ € C(A) with A integer matrix of rank r, we have the
following:

el < A(A) and lef1 < (r + 1)A(A).
Proof. Consider any circuit ¢ of A and let s := |supp(c)| — 1 < r. Letz € Z*T! be the
restriction of ¢ to its nonzero coordinates. Then there is an s X (s 4 1) submatrix B of A
of rank s with columns corresponding to the nonzero coordinates of ¢ such that Bx = 0.
Write = := (20, ...,2s) and B := (B°, ..., B*) and for each j let

by :=det (B%,...,B/"1, BT ... B*).

By Cramer’s rule >-°_(—1)7b; B’ = 0 and hence |z;| divides [b;| < A(A) for all j.
Therefore, ||¢|lcc = ||Z||oo < A(A)and ||c]|1 < (s + 1)||c]jeo < (r+ 1)A(A). O

As noted before, C(A) C G(A) for every matrix A. The next lemma shows that for
totally unimodular matrices equality holds, allowing to specialize results on general ma-
trices and Graver bases to totally unimodular matrices and circuits.

Lemma 3.19. The Graver basis and set of circuits of totally unimodular A satisfy the
following:
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Proof. By Lemma 3.18, any component of any circuit of A satisfies |¢;|] < A(A). For
totally unimodular A, this implies ¢; € {—1,0, 1} for each ¢ € €(A). Now, consider any
g € G(A). Since g € L*(A), Lemma 2.17 implies that g = 22:1 Aic; is a conformal
sum involving circuits ¢; € C(A) that satisfy supp(c;) € U, supp(c;) and A; € R for
each 4. Pick any k € supp(cq) \ Uj>1 supp(c;). Then gr, = Aic1p and ¢; , = £1 and
hence A\; > 1, which implies that ¢c; C g. Since g is a Graver basis element, it must be
that g = ¢; and hence g is a circuit. So §(A) = C(A4). O

Theorem 3.16 and Lemma 3.19 imply at once the following theorem from
Section 2.3.4.

Theorem 2.19 (revisited). For every fixed d there is an algorithm that, given totally uni-
modular m x n matrix A, its set of circuits C(A), l,u € Z%, b € Z™, integer d X n matrix
W, and convex f : 74 — R presented by comparison oracle, solves in time polynomial
in (A, W,C(A),l,u,b) the convex maximization problem:

max {f(Wz): 2z €Z", Az =b, 1 <z <u}.

3.4 Bounds on Graver bases

The Graver basis of an m x n matrix A is typically very large and cannot be written
down, let alone computed, in polynomial time. Moreover, unlike the set of circuits C(A)
whose cardinality satisfies the bound 2>~ (kil) which depends only on m and n, the
cardinality of the Graver basis cannot be bounded in terms of m and n, and generally
depends on the entries of A as well. Yet, as we next show, the binary length of each
element in the Graver basis is polynomially bounded in that of A, implying a simple
finite (though exponential) procedure for computing it. Note, though, that in Chapter 4 we
introduce a very broad fundamental class of integer programs for which we can compute
the Graver basis in polynomial time.

Let again A(A) denote the maximum absolute value of the determinant of a square
submatrix of matrix A. The Hadamard bound gives A(A) < (y/m||A||oo)™ with || Al =
max; ; |A; ;|, and therefore (A(A)) =O(m(log m+log || Al|~)) is polynomially bounded
in (A). We have the following bounds on Graver basis elements in analogy to the bounds
of Lemma 3.18 on circuits, see also [95].

Lemma 3.20. For any g € G(A) with A integer matrix of rank r and n columns:

[9lloe < (n=7)A(A) and |lglly < (n —7)(r + 1)A(A).

Proof. Consider any g € G(A). By Lemma 2.17, g = Zle A;ic; is a conformal sum
involving ¢ < n — r circuits ¢; € C(A) with \; € Ry. Now, each A\; < lelse ¢; C g,
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contradicting g € G(A). By the triangle inequality for any 1 < p < oc:

t
lglly = || 3= Ave:
i=1

The bounds now follow from the analog bounds of Lemma 3.18 for circuits. O

t
) < Z)\iHcin < (n—r)max {[|c[|, : c € C(A)}.
i=1

Lemma 3.20 implies the following simple finite, though exponential, generic algo-
rithm for computing the Graver basis of any matrix A.

Procedure 3.21 (generic algorithm for computing the Graver basis).

1. Construct the following finite subset of L(A):
L:={2z€Z": ||z < (n—1)A(A), |lzlli £ (n—7r)(r+1)A(A), Az = 0}.
2. Distill out the Graver basis G(A) as the set of C-minimal elements in L \ {0}.

The Graver basis can also be constructed by Grobner bases methods [95]. However,
the computational complexity of these methods is exponential as well.

‘We now proceed to Chapter 4, where we introduce the class of n-fold integer programs
for which we can compute the Graver basis in polynomial time.

Notes

Primal methods for integer programming, which iteratively generate a sequence of better
and better feasible points, have been studied in the literature for decades, see, for instance,
the survey [49] and the references therein. In particular, such methods which make use
of the Graver basis introduced in [41] or smaller subsets of the lattice of an integer ma-
trix, which are equivalent to the Grébner bases of the binomial ideal associated with the
matrix, are discussed in the book [95] by Sturmfels. However, the polynomial time solv-
ability of integer programming by such methods, in particular in Theorems 3.12, 3.13,
and 3.16, was established only recently in the series of papers [23], [24], [50]. Very recent
extensions in [66] further show that Graver-based methods also enable the polynomial
time solution of integer minimization problems in variable dimension for broad classes of
nonconvex quadratic functions and higher degree multivariate polynomial functions.
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In this chapter, we continue our investigation of nonlinear integer programming, that is,
nonlinear optimization over sets of integer points given by inequalities:

S::{xEZ":Ax:b,lgxgu}.

It is well known that even linear optimization over such sets is generally NP-hard. Two
fundamental exceptional situations in which linear optimization over such sets can be
solved in polynomial time are the following: first, when the dimension 7 is fixed [69];
second, when the matrix A is totally unimodular [54], [59].

In this chapter, we describe a new important fundamental situation, discovered and
developed in the recent series of papers [23], [24], [50], [51], where the optimization of
linear and several broad classes of nonlinear objectives can be solved in polynomial time.
We now define this class of the so-termed n-fold integer programs.

An (7, s) X t bimatrix is a matrix A consisting of two blocks A1, Ay with Ay itsr x ¢
submatrix consisting of the first » rows and A, its s X ¢ submatrix consisting of the last s
rows. The n-fold product of A is the following (r 4+ ns) X nt matrix:

A A e A
Ay O - 0
A — [0 A 0
0 0 - A

The (nonlinear) n-fold integer programming problem is the optimization problem over a
set presented by inequalities defined by an n-fold product, of the form:

S = {er"t:A(”)x:b, lgxgu} 4.1)

with A an integer (7, s) X t bimatrix, n positive integer, b € Z"t"* and [, u € Z"L.

Some explanatory notes are in order. First, the dimension of an n-fold integer program
is nt and is variable. Second, n-fold products A are highly nontotally unimodular: the
n-fold product of the simple (0,1) x 1 bimatrix with A; empty and As := 2 satisfies
A(") = 2], and has exponential determinant 2”. So this is indeed a class of programs
which cannot be solved by methods of fixed dimension or totally unimodular matrices.
Third, this class of programs turns out to be very natural and extremely important, with
numerous applications, including to integer optimization over multidimensional tables,
discussed in this and the next chapter. In fact, it is universal: the results of [27], described
in Chapter 5, imply that every integer program is an n-fold integer program over some
simple bimatrix A.

In Section 4.1, we study Graver bases of n-fold products of integer bimatrices and
show that they can be computed in polynomial time. In Section 4.2, incorporating the re-
sults of Chapters 2 and 3, we show that linear optimization, (weighted) separable convex
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minimization, distance minimization, and convex maximization over n-fold integer pro-
grams can be done in polynomial time. In Section 4.3, we discuss some of the numerous
applications of this powerful theory including to (non)linear multicommodity transporta-
tion and transshipment problems. Discussion of further applications to multiway tables
and proof of the universality of n-fold integer programming are postponed to Chapter 5.
In Section 4.4, we discuss stochastic integer programming, which turns out to be a cer-
tain dual of n-fold integer programming, and use our theory to solve, in Theorem 4.19,
stochastic integer programming in polynomial time as well. Finally, in Section 4.5, we
discuss a heuristical scheme for approximative optimization over n-fold systems using
approximations of the relevant Graver bases.

The following table enables quick navigation among some of the theorems in this
chapter providing polynomial time optimization over sets of the form (4.1). Other results
include the applications in Section 4.3 and stochastic programming in Section 4.4.

min wx min f(z) max f(Wz) | minf(Wz)+ g(z)
(Linear objective) | f separable convex f convex f.g separable convex
Theorem 4.7 Theorem 4.8 Theorem 4.10 Theorem 4.12

4.1 Graver bases of n-fold products

In this section, we study properties of Graver bases of n-fold products. The main result
here is Theorem 4.4: the Graver basis of A(™) is polynomial time computable.

Let A be a fixed integer (r,s) x ¢ bimatrix with blocks A, As. For each positive
integer n, we index vectors in Z" as v = (2%, ..., 2™) with each brick 2* in Z!. The type
of vector  is the number type(z) := |{k : 2* # 0}| of its nonzero bricks.

The following definition from [89] plays an important role in the sequel.

Definition 4.1. The Graver complexity of an integer bimatrix A is defined as follows:
g(A) :=inf {g € Zy : type(z) < gforall z € G(A™) and all n}.

We proceed to establish a result of [89] and its extension in [56] which show that, in
fact, the Graver complexity of every integer bimatrix A is finite.

Consider n-fold products A(™) of A. By definition of the n-fold product, Az = 0 if
and only if A1 Y, _, xF = 0 and Ayz® = 0 for all k. In particular, a necessary condition
for x to lie in L(A("), and in particular in G(A™)), is that z* € L(A,) for all k. Call a
vector x = (x!, ..., ") full if, in fact, z*¥ € L*(Ajy) for all k, in which case type(z) = n,
and pure if, moreover, ke G(A,) for all k. Full vectors, and in particular pure vectors,
are natural candidates for lying in the Graver basis G(A() of A(™) and indeed play an
important role in its construction.

Consider any full vector y = (y',...,y™). By definition, each brick of y satisfies
ki

y' € L*(Ay) and is therefore a conformal sum y* = >"" | 27 of some elements 2/ €
G(Ay) foralli,j. Letn := k1 + - - - + k,,, > m and let = be the pure vector:

T = (ml,...,x") = (ml’l,...,xl’kl,...,xm’l,...,xm’k’").



56 4 n-Fold Integer Programming

We call the pure vector = an expansion of the full vector y, and the full vector y a com-
pression of the pure vector x. Note that A; 3" 4" = A; 3" 2% and therefore y € L(A™)
if and only if z € L(A(™)). Note also that each full y may have many different expansions
and each pure x may have many different compressions.

Lemma 4.2. Consider any expansion x = (z*,...,z") of any full y = (y*,...,y™). If
y is in the Graver basis G(A™)) then x is in the Graver basis G(A™).

Proof. Let x = (z¥1,...,a™Fn) = (x!,... 2™) be any expansion of any full y =
(yh, ..., y™) with y* = Zle 2% for each i. Suppose indirectly that y € G(A(™)) but
x ¢ G(AM). Since y € L*(A™)), we have x € L*(A™). Since = ¢ G(A™), there
isag = (¢"',...,g™"n) in G(A(™) satisfying g C x. Let h = (h',...,h") be the
compression of g defined by h? := Zf’zl g"7 for each i. Since g € L*(A™), we have
that h € L*(A(™). But h C y, which contradicts y € G(A(™)). O

Lemma 4.3. The Graver complexity g(A) of every integer bimatrix A is finite.

Proof. We need to bound the type of any element in the Graver basis of the [-fold product
of A for any I. Suppose that there is an element z of type m in some G(A("). Then its
restriction y = (y!,...,y™) to its m nonzero bricks is a full vector and is in the Graver
basis G(A(™). Let z = (2, ..., x") be any expansion of y. Then type(z) = m < n =
type(x), and by Lemma 4.2, the pure vector z is in G(A™).

Therefore, it suffices to bound the type of any pure element in the Graver basis of
the n-fold product of A for any n. Suppose that x = (z!,...,2") is a pure element in
G(A™) for some n. Let G(Az) = {g',..., g} be the Graver basis of Ay and let G5 be
the ¢ x p matrix whose columns are the g°. Let v € ZE be the vector with v; := |[{k :
x% = g'}| counting the number of bricks of = which are equal to g for each i. Then
P v = type(x) = n. Now, A1Gov = A1 Y}, ¥ = 0, and hence v € L*(A4,G>).
We claim that, moreover, v is in §(A;G2). Suppose indirectly that it is not. Then there is
ad € G(A1Ge) with 0 C v, and it is easy to obtain a nonzero & C x from z by zeroing
out some bricks so that &; = |{k : &% = ¢'}| for all i. Then 4; >_;_, 2% = A1G29 =0
and hence i € L*(A(™), contradicting 2 € G(A™).

So the type of any pure vector, and hence the Graver complexity of A, is at most the
largest value ) ©_, v; of any nonnegative vector v € G(A1G>). O

We proceed to establish the following result of [24] asserting that Graver bases of
n-fold products can be computed in polynomial time. An n-lifting of a vector y =
(y!,...,y™) consisting of m bricks is any vector z = (2!, ..., 2™) consisting of n bricks
such that for some 1 < ky < - -+ < k,, < n, we have zFi = yi fort =1,...,m, and all
other bricks of z are zero, in particular, n > m and type(z) = type(y).

Theorem 4.4. For every fixed integer bimatrix A, there is an algorithm that, given positive
integer n, computes the Graver basis S(A(”)) of the n-fold product of A, in time which is
polynomial in n. In particular, the cardinality |G(A™)| and the binary length (G(A™))
of the Graver basis of A"™) are polynomial in n.
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Proof. Let g := g(A) be the Graver complexity of A. Since A is fixed, so is g. Therefore,
for every n < g, the Graver basis G(A(™)), and in particular, the Graver basis Q(A(g)) of
the g-fold product of A, can be computed in constant time.

Now, consider any n > g. We claim that S(A(”)) satisfies the following:

S(A(”)) = {z : z is an n-lifting of some y € S(A(g)) }

Consider any n-lifting z of any y € G(A9)). Suppose indirectly that z ¢ G(A™)). Then
there is a 2’ € G(A™) with 2/ C z. But then 2’ is the n-lifting of some 3/ € L*(A9))
with ¢/ C ¥, contradicting y € G(A¥)). So z € G(A™).

Conversely, consider any z € G(A(). Then type(z) < g and hence z is the n-
lifting of some y € L*(A)). Suppose indirectly that y ¢ G(A(9)). Then there exists
y' € G(AWY) with iy T y. But then a suitable n-lifting 2’ of 3/’ satisfies 2’ € L*(A™)
with 2/ C z, contradicting z € G(A(™). Soy € G(A¥)),

Now, the number of n-liftings of each iy € G(A9)) is at most (Z), and hence

54| = () 15(4)] = 0(r%)

So the set of all n-liftings of vectors in G(A9)) and hence the Graver basis G(A™)) of
the n-fold product can be computed in time polynomial in n as claimed. O

Here, is an example of computing G(A (™)) by the algorithm of Theorem 4.4.

Example 4.5. Consider the (2,1) X 2 bimatrix A with A; := I5 the identity matrix and
As := (1 1). Then §(As) = +{(1,—1)} and g := g(A) = 2. The g-fold product of A
and its Graver basis, which consists of two antipodal pure vectors only, are as follows:

1010
A0) — 4@ ‘1) 1 8 (1) G(A@) = G(AD) = £{(1,-1,-1,1)}.
00 1 1

We demonstrate how to compute the Graver basis of A® | which is the 6 x 8 matrix:

10101010
01010101
aw_ |1 1000000
00110000
00001100
00000011

Applying the algorithm of Theorem 4.4, the Graver basis of A is obtained by taking the
6= (;1) many 4 liftings of each of the two elements of G(A(?)) and consists of 12 vectors
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given by the rows of the following matrix and their antipodals:

1 -1 -1 1 0 0 0 0
1 -1 0 0 -1 1 0 0

@wy_ .|t -1 0 0o 0o 0 -1 1
SAT=%*l0 0 1 1 11 0 o0
00 1 -1 0 0 -1 1

00 0 0 1 -1 -1 1

The algorithm of Theorem 4.4 relies on the mere existence of a finite Graver com-
plexity g(A) for every bimatrix A, since g(A) and the constant Graver bases G(A®*)) for
all k < g(A) can be built into the algorithm. Nonetheless, the Graver complexity can
be computed by a simple finite procedure as we now show. For an integer X p matrix
B, let H(B) := §(B) N Z denote its so-called Hilbert basis, which is often easier to
compute than the entire Graver basis (say by a suitable restriction of the simple generic
Algorithm 3.21 to the nonnegative orthant).

Procedure 4.6 (computing the Graver complexity of a bimatrix).
1. Compute the Graver basis §(As) (say using Algorithm 3.21).

2. If §(Az) = 0 then output g(A) := 0. Otherwise form the matrix G2 having as
columns the elements of §(As), compute H(A;G2) or §(A1G3), and output the
following:

g(A) :=max {1v: v € H(A1G2)} = max {||v]ls : v € §(A:1G2) }.

To justify this procedure, first note that if G(Az) is empty, which holds if and only
if Ay has linearly independent columns, then G(A(™)) is also empty for all n and hence
indeed g(A) = 0. Next, note that if G(A2) = {g*,..., "} is nonempty then the proof

of Lemma 4.3 shows that if z = (z',...,z") is a pure vector in G(A(™)) then the vector
v € ZE withv; = [{k : 2% = ¢'}| is an element of H(A;G2) = §(A,G2) N Z% with
1v = 3P v, = n = type(z); but it is also easy to see that, conversely, each vector

v € H(A1Gy) with 1v = n gives rise to a pure element € G(A(™)) and therefore
indeed g(A) = max{1lv : v € H(A;G>)}. Finally, note that a vector g is a column
of G4 if and only if —g is, and so the same property holds for A;G2, implying that
g(A) = max{||v||1 : v € §(A1G2)} as well.

4.2 Efficient n-fold integer programming

Combining Theorem 4.4 with the results of Chapter 3, we now obtain five theorems from
[23], [24], [50], [51] on (non)linear n-fold integer programming polynomial time.

As in Chapter 3, when functions f, g are present, f , g denote the maximum values of
|f(Wz)|, |g(x)| over the feasible set and need not be part of the input.
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Theorem 4.7. For each fixed integer (r,s) x t bimatrix A, there is an algorithm that,
given positive integer n, l,u € Z", b € 7", and w € Z™, solves in time which is
polynomial in n and (1, u, b, w) the following linear n-fold integer program:

min{wx cx e 7", Ay = b, | <z < u}

Proof. First compute the Graver basis G(A() by the algorithm of Theorem 4.4. Next,
apply the algorithm of Theorem 3.13 and solve the given program. O

Theorem 4.8. For each fixed integer (r,s) X t bimatrix A, there is an algorithm that,
given n, l,u € Z’gf), b € Z"t", and separable convex f : Z™ — 7 presented by a
comparison oracle, solves in time polynomial in n and (l,u,b, f) the following problem:

min{f(:z:) cxeZ™ AMg=b 1<z < u}

Proof. First compute the Graver basis 9(A(")) by the algorithm of Theorem 4.4. Next,
apply the algorithm of Theorem 3.12 and solve the given program. O

Theorem 4.9. For each fixed integer (r,s) x t bimatrix A, there is an algorithm that,
given positive integers n.and p, l,u € Z", b € 2", and & € Z™, solves in time which
is polynomial in n, p, and (1, u, b, ) the closest-point problem:

min { ||z — &, : x € Z"™, AWz =b 1 <z <u}. 4.2)
For p = oo, the problem (4.2) can be solved in time polynomial in n and (I, u,b, Z).

Proof. First compute the Graver basis S(A(”)) by the algorithm of Theorem 4.4. Next,
apply the algorithm of Theorem 3.14 and solve the given problem. O

In particular, for each p we can solve the minimum norm n-fold integer program:
min {|[|z]|, : x € Z™, AWz =p 1<z< u},
which for p = oo is equivalent to the min-max n-fold integer program:
min{max{}xi| D= 1,...,nt} sz eZ™ AMg=b 1<z < u}

Theorem 4.10. For each fixed d and (r, s) X t integer bimatrix A, there is an algorithm
that, given n, bounds l,u € Zgg, integer d x nt matrix W, b € Z"T"%, and convex
function f : Z% — R presented by a comparison oracle, solves in time polynomial in n

and (W, 1, u,b) the convex n-fold integer maximization problem:

max { f(Wz) 12 € Z", AWz =b, 1 <z <u}.

Proof. First compute the Graver basis G(A()) by the algorithm of Theorem 4.4. Next,
apply the algorithm of Theorem 3.16 and solve the given program. O
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We proceed to establish a broad extension of Theorem 3.12, where the objective func-
tion is a sum f(Wx)+g(x) involving two separable convex functions f, g, which includes
a composite term f (W z). Moreover, the number d of rows of W is allowed to be variable.
We also allow to incorporate inequalities on Wz in addition to the lower and upper bound
inequalities on x. We need the following lemma.

Lemma 4.11. For every fixed integer (r,s) X t bimatrix A and (p,q) x t bimatrix W,

there is an algorithm that, given n, computes in time polynomial in n the Graver basis
G(B) of the following (r + ns + p + ng) x (nt + p + nq) matrix:

A0
Proof. Let D be the (r + p,s + q) X (t + p + ¢) bimatrix with blocks defined by the

following:
(A 0 0 _(Ay 0 0
D= <W1 I, 0)’ D= <W2 0 Iq>'

Apply the algorithm of Theorem 4.4 and compute in polynomial time the Graver basis
G(D™) of the n-fold product of D, which is the following matrix:

A 0 0 A4 0 0 A, 0 0
Wy I, 0 Wy I, 0 Wy, I, 0
4, 0 0 0 0 0 0 0 0
W, 0 I, 0 0 0 0 0 0
pm_[0 0 0 4 0 o0 0 0 0
0 0 0 W, 0 I 0 0 0
0 0 0 0 0 0 -~ A, 0 0
0 0 0 0 0 0 - W, 0 I

Suitable row and column permutations applied to D(™) give the following matrix:

A A - Ao 0 - 0|lO0 0O - 0

0 Ay -~ 00 0 00 0 0

coo| 0 0 - A0 0 00 0 0
T lwr w1, I, I,| 0 0 0
Wy 0 - 0[]0 0 01, 0 0

0 W 00 0 0|0 I, 0

0 0 Wy |0 0 00 0 I,
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Obtain the Graver basis G(C') in polynomial time from G(D(™)) by permuting the entries
of each element of the latter by the permutation of the columns of G(D (™)) that is used to
get C' (row permutations do not affect the Graver basis).

Now, note that the matrix B can be obtained from C' by dropping all but the first p
columns in the second block. Consider any element in the Graver basis of C, indexed,
according to the block structure, in the following way:

1.2 1,2 1,2
(ac,x,...,x",y,y,...,y”,z,z,...,z”).
Clearly, if /¥ = 0 for k = 2, ..., n then the following restriction of this element:
1,2 1,12
(:ﬂ,x,...,x”,y,z,z,...,z”)

is in the Graver basis of B. On the other hand, if
(zl,x2,...,x”,yl,zl,ZZ,...,z”)
is any element in §(B) then its extension:
(ml,xz,...,x",yl,o,...,O,zl,zQ,...,z")
isin G(C'). So the Graver basis of B can be obtained in polynomial time by the following:
S(B)::{(xl,...,x”,yl,zl,...,z”) : (acl,...,x",yl,O,...,O,zl,...,z”)ES(C)}.

Therefore, the Graver basis of B can indeed be computed in polynomial time. O

We can now prove our next theorem. As usual, it suffices to be given a comparison
oracle for the objective function. However, as with Theorem 3.17, it is more natural here to
have each of the functions f, g involved given by its own presentation, and so we assume
that each of f, g is given by an evaluation oracle.

Theorem 4.12. For every fixed integer (r, s) x t bimatrix A and integer (p, q) X t bimatrix
W, there is an algorithm that, given n, l,u € Z™, .4 € ZPI™, b € Z"™"*, and sepa-
rable convex functions f : ZPt"4 — 7, g : 2™ — Z presented by evaluation oracles,
solves in time which is polynomial inn and (l,u,l,0,b, f, §) the following problem:

min {f(W(")x) +g(x): 2 €™, Ay — b, [<Wmg < u, | <z < u}

Proof. First, use the algorithm of Lemma 4.11 to compute the Graver basis of the follow-

ing:
A0

Next, apply the algorithm of Theorem 3.17 and solve the given problem. O
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4.3 Some applications

The theory of n-fold integer programming has numerous applications in a variety of areas.
Here, we discuss applications to (non)linear multicommodity flow problems. In Chapter 5,
we discuss applications to multiway tables and privacy in databases.

Recall from Section 1.2.2 the following very general nonlinear multicommodity flow
problem (also see Figure 1.2). There is a digraph G with s vertices and ¢ edges. There are
I commodities. Each commodity has a demand vector d* € Z* with d* the demand for
commodity k at vertex v (interpreted as supply when positive and consumption when neg-
ative). Each edge e has a capacity u. (upper bound on the combined flow of all commodi-
ties on it). A multicommodity transshipment is a vector x = (z',...,z') with 2% € Z!
for all k& and z* the flow of commodity % on edge e, satisfying the capacity constraint
Sk, 2% < u, for each edge e and demand constraint D eest(v) Te ~ Dees (o
for each vertex v and commodity k& with §%(v), 5~ (v) the sets of edges entering and
leaving vertex v. There are cost functions f., g : Z — 7 for each edge and each edge-
commodity pair. The cost of transshipment x on edge e is ]‘6(2221 zk) + 22:1 gk (zh),
where the first term is the value of f. on the combined flow of all commodities on e and
the second term the sum of costs for each edge-commodity pair. The cost can in partic-
ular be convex such as a| YL, 2¥|% + 3L 4F|z¥[% for some nonnegative integers
Qe, Be, 7, 0%, accounting for increase in cost due to channel congestion when subject
to heavy traffic or communication load [88]. The linear problem is the special case with
. = 6¥=1. The total cost is the sum of costs over all edges.

The theory of n-fold integer programming provides the first polynomial time algo-
rithms for the problem in two broad situations discussed in Sections 4.3.1 and 4.3.2.

v

4.3.1 Nonlinear many-commodity transshipment

Here, we consider the problem with variable number [ of commodities over a fixed (but
arbitrary) digraph — the so-termed many-commodity transshipment problem. This problem
may seem at first very restricted; however, even deciding if a feasible many-transshipment
exists (regardless of its cost) is NP-complete already over the complete bipartite digraphs
K3, (oriented from one side to the other) with only 3 vertices on one side [51]; moreover,
even over the single tiny digraph K3 3, the only solution available to date is the one given
below via n-fold integer programming.

As usual, f, § denote the maximum values of |f1, lg| over the feasible set and need not
be part of the input. It is usually easy to determine an upper bound on these values from
the problem data. For instance, in the special case of linear cost functions f, g, bounds
which are polynomial in the binary length of the costs a, fyf, capacities u, and demands
d¥, follow easily from Cramer’s rule.

We now obtain a result of [51] on (non)linear many-commodity transshipment.

Corollary 4.13. For every fixed digraph G, there is an algorithm that, given | commodi-
ties, demand d* € 7 for each commodity k and vertex v, edge capacities u. € 7., and
convex costs fo,gF : 7. — 7 presented by evaluation oracles, solves in time polynomial
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inl and (d*, u., f , §) the many-commodity transshipment problem:

min3 (1 (3 +t) + ;g;f(x's))

k=1
!
st xb ez, Z zk — Z ak = av, Zx’éﬁue, zF > 0.
e€dt(v) e€d— (v) k=1

Proof. Assume that G has s vertices and ¢ edges and let D be its s x t vertex-edge

incidence matrix. Let f : Z! — Z and g : Z" — Z be the separable convex functions
. l l

defined by f(y) := 300 fe(ye) withye 1= 3y, @k and g(x) := 3¢, o4, gh ().

Letx = (x',..., 2') be the vector of variables with 2% € Z! the flow of commodity k for

each k. Then the problem can be rewritten as follows:

min{f(Zﬁc:l %) +g(z) 12 € 2!, Dak = d*, Zﬁc:l ¥ <w, x>0}

We can now proceed in two ways.

First way: extend the vector of variables to x = (2°, 2!, ... 2!) with 20 € Z repre-
senting an additional slack commodity. Then the capacity constraints become 22:0 b =
u and the cost function becomes f(u — x¢) + g(z*, ..., ') which is also separable con-
vex. Now, let A be the (¢, s) X ¢ bimatrix with first block A; := I, the ¢ x ¢ identity matrix
and second block Ay := D. Let d° := Du — 22:1 d* and let b := (u,d’,d', ..., d".
Then the problem becomes the (I + 1)-fold integer program:

min {f(u — xo) + g(ml, . ,xl) cx € Z(Hl)t, A g = b, © > O}. 4.3)

By Theorem 4.8, this program can be solved in polynomial time as claimed.

Second way: let A be the (0, s) x ¢ bimatrix with first block A; empty and second
block Ay := D. Let W be the (¢,0) x ¢ bimatrix with first block Wy := I; the t X ¢
identity matrix and second block W, empty. Let b := (d',...,d"). Then the problem is
precisely the following /-fold integer program:

min {f(W(l)a:) +g(z): 2z ez, AWz =p, W <wu, x> 0}.
By Theorem 4.12, this program can be solved in polynomial time as claimed. a

We also point out the following immediate consequence of Corollary 4.13.

Corollary 4.14. For fixed s, the (convex) many-commodity transshipment problem with
variable | commodities on any s-vertex digraph is polynomial time solvable.

4.3.2 Nonlinear multicommodity transportation

Here, we consider the problem with fixed (but arbitrary) number [ of commodities over
any bipartite subdigraph of K,, ,, (oriented from one side to the other) — the so-called
multicommodity transportation problem — with fixed number m of suppliers and variable
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number n of consumers. This is very natural in operations research applications, where
few facilities serve many customers. The problem is difficult even for [ = 2 commodities:
deciding if a feasible 2-commodity transportation exists (regardless of its cost) is NP-
complete already over K, ,, [27]; moreover, even over the bipartite digraphs K3 ,, with
only m = 3 suppliers, the only available solution to date is the one given below via n-fold
integer programming.

This problem seems harder than the one discussed in the previous subsection (with
no seeming analog for non-bipartite digraphs), and the formulation below is more deli-
cate. Therefore, it is convenient to change the labeling of the data a little bit as follows
(see Figure 4.1). We denote edges by pairs (7, ), where 1 < ¢ < m is a supplier and

Find integer | commaoadity transportation x of minimum f,g cost

from m suppliers to n consumers in the bipartite m.n

Also given are supply and consumption vectors s' and clinZ,

edge capacities Ui and volume v, per unit commodity k

Consumers
Suppliers P
s' @
m,n
s"e
® c"

For suitable (ml,l) x ml bimatrix A and (0,m) x ml bimatrix W,
the problem is expressed as the n-fold integer program:

min { f(WVx)+g(x) : xin Z", AVx =(s!, d), WWx<u, x=0}.

Figure 4.1: Multicommodity transportation problem

1 < j < nis aconsumer. The demand vectors are replaced by (nonnegative) supply and
consumption vectors: each supplier ¢ has a supply vector s° € Zl_s_ with s? its supply in
commodity &, and each consumer j has a consumption vector ¢/ € Zl+ with cfc its con-
sumption in commodity k. Each commodity % has its own volume v, € Z . per unit flow.
A multicommodity transportation is indexed as follows, with 2, the flow of commodity
k from supplier ¢ to consumer j: /

v=(z',...,2"), 2/ = (le.l""’le,l7'"7x£n,17""m3n,l>'

The capacity constraint on edge (i,j) is 22:1 vkxg e < w;; and the cost is
! j ! P . j
fig (3hmy vk 1) + 2oy 97 (@7 ) With fi 5, g7 )+ Z — Z convex.
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We assume below that the underlying digraph is K, , (with edges oriented from
suppliers to consumers), since the problem over any subdigraph G of K, ,, reduces to
that over K, ,, by forcing 0 capacity on all edges not present in G.

We now obtain a result of [51] on (non)linear multicommodity transportation.

Corollary 4.15. For fixed | commodities, m suppliers, and volumes vy, there is an algo-
rithm that, given n customers, supplies and demands s*, ¢’ € Zl+, U j € Zy, and convex

costs fi,j792]‘, x - L — Z presented by evaluation oracles, solves in time polynomial in n

and (s, 7 u, f , §) the multicommodity transportation problem:
l
: J J J
min Z (fu ( Z U’fxi,k) + Z 9ik (%k))
@, k k=1
l
J J oo i Jj o J J J
st xj, €7, in,k = s}, in,k =, kaxiyk <wij, x>0
j i

Proof. Construct bimatrices A and T as follows. Let D be the (/,0) x [ bimatrix with
first block Dy := I; and second block Dy empty. Let V be the (0, 1) x [ bimatrix with first
block V; empty and second block V5 := (v1,...,v;). Let A be the (ml, 1) x ml bimatrix
with first block A; := I,,,; and second block Ay := D™ Let W be the (0,m) x ml
bimatrix with first block 1¥; empty and second block W5 := V(™). Let b be the (mi+nl)-
vector b := (st ..., s™, ct ... ).

Let f : Z" — Zand g : Z"™ — Z be the separable convex functions defined by
fly) = ZLJ’ fij(yig) with y; j := Zﬁle kaz,k and g(x) := Zi,j 22:1 gik(xik)'

Now, note that Az is an (ml + nl)-vector, whose first ml entries are the flows
from each supplier of each commodity to all consumers, and whose last nl entries are
the flows to each consumer of each commodity from all suppliers. So the supply and
consumption equations are encoded by Az = b. Next, note that the nm-vector y =
(Y115 Ymas-- > Yins- - Ym,n) satisfies y = W™z, So the capacity constraints
become W™z < w and the cost function becomes f(W (™ z) 4 g(x). Therefore, the
problem is precisely the following n-fold integer program:

min{f(W(")w) +g(z) : x € Z"™, AMg =b WM <y, z > 0}.

By Theorem 4.12, this program can be solved in polynomial time as claimed. O

4.4 Stochastic integer programming

Stochastic integer programming arises in decision making under uncertainty and is an
important and extensively studied area with a variety of applications, see, for instance,
[70] and the references therein. We now show that suitable adjustments of the methods of
n-fold integer programming enable to solve, for the first time, stochastic integer program-
ming problems in polynomial time as well.

In a stochastic integer program, part of the data is random, and decisions are made in
two stages — before and after the realizations of the random data occur. The data for the
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program is as follows. There are r first-stage decision variables arranged in a vector y° =
(v9,...,yY) and s second-stage decision variables arranged in a vector y = (y1,...,ys).
There are deterministic lower and upper bounds [°,u® € Z”_ and cost w° € Z" for the
first-stage decision vector, and random lower and upper bounds 1, u € Z3_ and cost w €
77 for the second-stage decision vector. The first-stage and second-stage decision vectors
are tied together by a common system of linear equations defined by fixed r x ¢ integer
matrix A1, fixed s x ¢ integer matrix A, and random right-hand side vector b € Z!. The
objective is to minimize the sum of direct costs of first-stage decisions and expected costs
of second-stage decisions. So the stochastic integer programming problem is as follows:

min {woyo + E[c(yo)] ez 1<y’ < uo}, 4.4)
where
c(yo) := min {wy cy € Z8, P Al +yAy =b, 1<y < u}.
In this section, vectors are interpreted as either rows or columns, as is clear from the

context; in particular, in the equation system above, 4", , and b are rows.

It is a common practice to assume that the sample space is finite (possibly the result
of discretization of an originally infinite space). So we assume that there are n possible

sample points, the so-termed scenarios, where, for k = 1, ..., n, scenario k occurs with
probability pj, with corresponding realizations I*, u*, w"*, b* of the random part of the
data. Introducing, for each k = 1,...,n, a copy y* := (y¥,...,9") of the second-stage

decision vector for scenario k, the stochastic integer program (4.4) can be replaced by its
following equivalent deterministic counterpart:

min {w%y® + Y7 prwFyF s yf € Z, 0 Ay +yF Ay = b8, 1P <yF <uF @45)
As is common, we refer to program (4.5) simply also as a stochastic integer program.

Note that the number n of scenarios, which is possibly the result of discretization of an
infinite space, is typically very large and hence is assumed to be variable.

Now, arrange the variables in an (7 + ns)-vector y := (y°,%,...,y™) consisting of
n + 1 bricks, and likewise, the costs as w := (w°, pyw?!, ... p,w™) € Z™ ", the lower
and upper bounds as [ := (1°,1%,...,1"), u := (u°,u!,... ,u"™) € Z"T"*, and the right-

hand sides as b := (b',...,b") € Z"'. Let A be the (r,s) x t bimatrix with blocks A;
and A,. Then the program (4.5) can be rewritten in the form:

min {wy Ly e yAM = 1<y < u} 4.6)

The system of equations in this program involves the n-fold product A" of A. However,
(4.6) is not quite an n-fold program but rather a certain dual of it, since the row vector
y of variables multiplies A from the left. Therefore, in order to apply Graver bases
methods to program (4.6), the relevant Graver basis is the Graver basis G((A))7) of the
transpose of A™) rather than of A™) itself, that is, the set of C-minimal elements among
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the nonzero integer solutions of the system:

A A A
Ay 0 - 0

(yo gty yn) 0 14%2 0 :(0 0 --- ())_
0 0 - A

While G(A(™) can be computed in time polynomial in n by Theorem 4.4, the Graver
basis G((A))T) of the transpose cannot be computed in polynomial time, since, as the
next example shows, even its cardinality can be exponential in n.

Example 4.16 (exponential Graver basis of stochastic integer program). Let A be the
(1,2) x 1 matrix with first block 4; = 1 and second block A; := (1 1)¥. Then
A™) is totally unimodular and G(A(™) = €(A™)) = { is empty. But the Graver ba-
sis G((AM)T) = €((A™)T) of its totally unimodular transpose:

11 1({0 Of---]0 O
0 0|1 1}---/0 O

(AT =
110 00 Of---]1 1

consists of 27! 4 2n elements, 2n with 4 = 0 and 2"! with 4° = £1 of the form:
£(Ly' .. y"), ¥ e{(-1,0),0,-1)}, k=1,...,n

We proceed to derive the recent result of [50] building on [52], showing that, nonethe-
less, stochastic integer programming can be solved in polynomial time. We use the fol-
lowing weaker but useful property of Graver bases of n-fold products which does hold
for Graver bases of transposes of n-fold products as well. We give below only the proof
for n-fold products. The proof for their transposes can be found in [52] which builds on
an extension in [74] of the Gordan lemma [40].

Lemma 4.17. For every fixed bimatrix A, there are finite sets G and H such that:
1. forallnand g = (g*,...,g") € G(A™), we have g* € G for all k;
2. forallnand h = (h°,h',... h"™) € G((AU)T), we have h* € H for all k.

Proof. We provide the proof of part 1 only. The proof of part 2 can be found in [52].
Let g(A) be the Graver complexity of A. By the results of Section 4.1 (see proof of
Theorem 4.4), any element g = (g',...,¢") € G(A™) is the n-lifting of some z =
(z1,...,29(4)) € G(AWA)), So each brick of g is equal to some brick of 2. Therefore,
G can be taken to be the set of all bricks appearing in some element of the constant basis
G(AWA)). So G depends only on A and is independent of 7. O

We need one more lemma, which replaces Lemmas 3.5 and 3.9 and provides the
engine needed for an iterative greedy augmentation process analog to that of Lemma 3.10,
without requiring the entire Graver basis to be given explicitly.
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Lemma 4.18. For every fixed integer (r,s) x t bimatrix A, there is an algorithm that,
given n and vectors l,u € Z'7" and w,y € Z" " with | <y < u, and letting

S = {z ezt 2AM =p | < 2 < u}, b:= yA("),
either asserts that S is infinite or concludes that it is finite and finds y € S with
wj < min{w(y + k) : AN €Zy, h e 9((A("))T), I <y+Ah<ul, 4.7)
in time which is polynomial in n and (1, u, w, y).

Proof. Let H be the fixed set of bricks for A guaranteed to exist by Lemma 4.17. Adding
0 € Z" and 0 € Z° to H if necessary, we assume that these bricks are in H. Define the
following:

Li={hezZ ™ e HNZ", h* e HNZ*, (h°,hF)A=0, k=1,...,n}.

Since H contains every brick of every element of the Graver basis of (A(™)7, and h €
7+ satisfies hA(™ = 0 if and only if (h%, h*)A = 0 for k = 1,...,n, we have the
following:

S((A™)T) c L CL(Am)T). (4.8)
For each k and each brick k¥ € H (in Z" for k = 0 and in Z* for other k), determine
/\(k:, hk) = sup {)\ eZy 1P <yF+ ARk < uk} € Z4 W {0} 4.9)

Note that there are at most |H N Z"| 4+ n|H N Z*| = O(n) such that A(k, h*) and each
can be easily computed by inspection, so all can be computed in polynomial time.

First, we claim that S is infinite if and only if there is a nonzero element h =
(R°,...,h™) € L such that A(k,h*) = oo for k = 0,...,n. Indeed, if such an h ex-
ists then y + Ak € S for all A € Z, so S is infinite; if S is infinite then, by Lemma 3.5,
there is such an € G((A™)T) C L. To check this infiniteness criterion in polyno-
mial time, for each h® € H N Z" with A\(0,h°) = oo, try to extend h° to an element
h = (RO h',... h") € L as follows: for k = 1,...,n search for a brick h* € H N Z?*,
nonzero if possible, satisfying A(k, h*) = oo and (h°, h¥)A = 0. Then S is infinite if and
only if this process constructs some such nonzero h.

Second, assuming that S is finite, we show how to find § € S satisfying (4.7). By
(4.8), we can take § := y + A\h, where (A, h) is any optimal pair for the problem:

min{w)\h:)\EZ+Ed{oo}, heL,l§y+)\h§u} (4.10)

with the convention Ah := 0 € Z"T"* for the pair A = co and h = 0. Since 0 € L and S
is finite, this pair is the only feasible one with A = co. Since |L| may be exponential (see
Example 4.16), we proceed to solve (4.10) indirectly as follows.

Let A C Z, W{oo} be the set of A\(k, h¥) obtained in (4.9) for all k and h*. Produce a
set T' C A x L of pairs (), h) by applying the following process: for each A € A and each
brick h° € H NZ" satisfying A(0, h°) > X, try to extend h® to h = (h°, ht,... ,h") € L
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as follows: for k = 1,...,n search for a brick h* € H N Z* satisfying A(k, h*) > X and
(ho7 hk)A = 0, and if there are any, pick one with minimum wkhk: if h was completed
successfully then add the pair (X, k) to T. Note that || < [A|-|[HNZ"| = O(n) and can
be constructed in polynomial time.

We now claim that an optimal pair (A, k) for (4.10) can be taken as any optimal pair
for the following problem, which can be solved immediately by inspecting 7" as follows:

min{w)\h: (A, h) ET}. 4.11)

First, note that any (A, h) € T satisfies | < y + Ah < u so is feasible in (4.10). Second,
consider any pair (A, h) which is optimal for the problem (4.10). Let

;\::min{)\(k,ﬁk) :k=0,...,n} € A.

Then, in the process which generates the set 7', when considering A and h°, the vector
h is a feasible extension; let i be the optimal extension chosen in the process. Then
(A, h) € T.Now, (\, h), (0,0) feasible in (4.10) imply A > A\, wh < 0, and so

wAh = )\Zw’“h’“</\2wkhk \wh < Mwh = wh.
k k

Therefore, (5\7 fz) is also optimal for (4.10) as claimed. This completes the proof. O

We are now in position to prove the following important result of [50] which shows
that stochastic integer programming can be solved in polynomial time.

Theorem 4.19. For each fixed integer (r,s) X t bimatrix A, there is an algorithm that,
given positive integer n, l,u € ZL1"5, b € Z™, and w € Z"T"%, solves in time which is
polynomial in n and (1, u, b, w) the following stochastic integer program:

min {wy Ly e yAM = 1<y < u} (4.12)

Proof. First, we show the following analogs of Lemmas 3.10 and 3.11 for stochastic
integer programming (restricted to optimization of linear objective functions).

Claim 1 (analog of Lemma 3.10). Given an initial feasible point y to the stochastic integer
program (4.12), we can solve the program in polynomial time.

Proof of Claim 1. First, apply the algorithm of Lemma 4.18 and either detect that the
feasible set is infinite and stop, or conclude it is finite and continue. Next, produce a
sequence of feasible points y°, ', ..., y* with 4° := y the given input point, as follows.
Having obtained 4/*, obtain a new feasible point 4/* ! satisfying the following:

wyFT <min {w(yF + Ah) : X € Zy, he G((A)T), I <yF + A <u}, (@.13)

by applying again the algorithm of Lemma 4.18. If wy**! < wy” then repeat, else stop

and output the last point y*. The proof now proceeds like that of Lemma 3.10, noting
that a linear function wy is separable convex, and that inequality (4.13) assures that the
sequence of feasible points converges to an optimal point at least as fast as in the algorithm
of Lemma 3.10 and hence in polynomial time. O
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Claim 2 (analog of Lemma 3.11). We can either find a point feasible in (4.12) or detect
the program is infeasible or the feasible set is infinite in polynomial time.

Proof of Claim 2. Assume that | < wu and that [; < oo and u; > —oo for all j, else
there is no feasible point. Now, either detect that there is no integer solution to the system
of equations yA™) = b (without the lower and upper bound constraints) and stop, or
determine some such solution y € Z"™"* and continue (in polynomial time, using the
Hermite normal form of (A))7, see [90]). Let

];:{j:zjgngqu}g{l,...,r+nS}

be the set of indices of entries of y which satisfy their lower and upper bounds. While
I C{1,...,r + ns}, repeat the following procedure. Pick any index ¢ ¢ I. Then either
y; <l or y; > u;. We describe the procedure only in the former case, the latter being
symmetric. Update the lower and upper bounds by setting the following:

l} ‘= min {lj,yj}, 1 := max {uj,yj}, j=1,...,7r+ns.
Solve in polynomial time the following linear integer program, in which y is feasible:

max{zi tz € LTS ZzA™M =, ZSzSﬂ, Zi gui}, (4.14)

by applying the algorithm of Claim 1 above. Now, for all j, we have that ) j > —ooif and
only if [; > —oo and @; < oo if and only if u; < oo. Therefore, if the algorithm asserts
that the feasible set of (4.14) is infinite, then the original program (4.12) either has an
infinite feasible set or is infeasible. So assume that the algorithm finds an optimal solution
z.If z; < l; then (4.12) is infeasible. Otherwise, set y := 2, [ := {j : [; < y; < wu;}, and
repeat. Note that in each iteration, the cardinality of I increases by at least one. Therefore,
after at most r + ns iterations, either the algorithm detects that the original program is
infeasible or has an infinite feasible set, or I = {1,...,r+ns} is obtained, in which case
the current point y is feasible. O

To complete the proof of the theorem: first, apply the algorithm of Claim 2 and either
conclude the program is infeasible or the feasible set is infinite and stop, or obtain some
feasible point and continue. Next, apply the algorithm of Claim 1 and either conclude the
feasible set is infinite or obtain an optimal solution. O

As for n-fold integer programming, a natural extension of (4.12) is the following
nonlinear stochastic integer programming problem with objective f : Z"™"* — 7Z:

min {f(y) 1y € Z""°, yA"™ =b, 1 <y <u}.

In [50], this more general problem is solved for splittable convex functions presented by
suitable oracles. Moreover, using an extension of the finiteness Lemma 4.17 from [4], the
polynomial time solvability of convex stochastic integer programming can be extended
to the so-called multistage stochastic integer programming problems, where a multistage
process of alternating decisions and observations takes place.
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4.5 Graver approximation scheme

Consider again the linear or separable convex n-fold integer programming problem:
min{f(x) cx e ™, A(")xzb, leSu}. (4.15)

The solution of problem (4.15) by the algorithm of Theorem 4.8 involves two major
tasks: first, the construction of the Graver basis G (A(")) by the algorithm of Theorem 4.4;
second, the iterative greedy augmentation of an initial point to an optimal one using the
Graver basis G(A(™)) by the algorithm of Lemma 3.10.

As shown in the proof of Theorem 4.4, the cardinality of G(A(™) is O(n9) with
g := g(A) the Graver complexity of A. So the time needed for constructing G(A(™), as
well as for its examination in finding a greedy augmentation in each iteration, involves an
O(n9) term. While this is polynomial since g is fixed, it may be very large even for small
A. We therefore proceed to suggest a scheme, parameterized by an integer k < g(A),
which constructs an approximating subset G} of the Graver basis G(A™) and uses it for
augmentation, resulting in approximative solutions at lower complexity. We define this
approximating set by the following:

we={ze S(A(")) : type(z) < k}. (4.16)

The next lemma bounds the size of G} and suggests an efficient procedure for computing
it. It refines Theorem 4.4 which gives the special case of G} = G(A™M).

Lemma 4.20. For any integer bimatrix A and pair of integers 1 < k < n, we have the
following:

wi={z € S(A(”)) s type(z) < k} = {« : @ is an n-lifting of some y € S(A(k))}.
For fixed Ak, the cardinality of G} and the time needed to compute it are O(nk).

Proof. Consider any n-lifting = of any y € G(A®*)). Suppose indirectly that = ¢ G7.
Since type(z) = type(y) < k this implies that = ¢ G(A(™)). Therefore, there exists some
x' € G(AM™) with 2/ T z. But then 2’ is the n-lifting of some 3’ € L*(A®)) with
y' C y, which contradicts y € G(A®)). So z € G.

Conversely, consider any = € G7. Then z is the n-lifting of some y € L*(A().
Suppose indirectly that yy ¢ G(A®*)). Then there exists some 3/ € G(A®)) with 3/ C
y. But then a suitable n-lifting 2’ of 3/ satisfies 2/ € L*(A™) with 2/ C x, which
contradicts = € G(A™). Soy € G(AR)).

Now, the number of n-liftings of each y € G(A®*)) is at most (7), and hence

611 < ()54

If A and k are fixed then the Graver basis G(A(*)) is constant and hence the cardinality
of G¥ and the time needed to compute it are O(n*) as claimed. O
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We proceed to outline our Graver approximation scheme for the n-fold integer pro-
gramming problem (4.15), parameterized by 1 < k < g := g(A). For simplicity, we
assume that the input includes an initial feasible point zy and that the feasible set is finite
(which can be checked by linear programming). We also assume that g(A) > 1. The case
g(A) = 0 occurs if and only if the columns of A, are linearly independent, in which
case the same holds for A(™ for all n, and the given initial point is the only feasible
one and hence already the optimal solution. Our scheme uses the following sequence of
increasingly better approximations of G(A™)):

0=GpCGyC---Cam=5(AM). (4.17)

The containment relations in this sequence follow directly from the definition of the G
in (4.16), and the equality G = G(A™) follows from the definition of the Graver com-
plexity. For each parameter value 1 < k£ < g, the scheme obtains recursively an initial
feasible point x;_1, computes G7, and uses it for repeated greedy augmentations as long
as possible, terminating with a new, typically better, feasible point x. Thus, the scheme
produces a sequence of points satisfying the following:

F(wo) = fl21) =+ > f(wg) = 1,

where the last point x4, obtained from the scheme with parameter k¥ = g which uses the
full Graver basis Gy = G(A(™), is guaranteed by Lemma 3.10 to be an optimal solution
attaining the optimal objective function value f*.

Procedure 4.21 (Graver scheme for n-fold integer programming).
1. Obtain an initial feasible point z;_; by applying the scheme recursively.
2. Compute the approximation G} of G(A™) by the algorithm of Lemma 4.20.

3. Use the algorithm of Lemma 3.10 with G% instead of G(A(™) to iteratively greedily
augment x_1 to the best attainable point z; and output this point.

The time taken by step 2 is O(n*) by Lemma 4.20 and hence polynomial in n. The
running time of the iterative step 3 is harder to estimate and depends on the quality of the
approximation of G(A(™)) by G} and on the type of function f.

So the suggested Graver approximation scheme allows to tradeoff precision for com-
plexity, where increased parameter value k typically results in improved approximation
xy, with better objective value f(zy) but increased running time, with the highest param-
eter value k = g = g(A) resulting in a true optimal solution x, with f(z,) = f* and
running time O(n?), which, nonetheless, is polynomial.

To estimate the quality of an approximating point x; and decide whether to settle for
it or to increment k£ and apply the scheme for the next parameter value and hence for a
longer time, it is possible to approximate in polynomial time the optimal objective value
f of the continuous relaxation of the problem (4.15):

fr=min{f(z):2 e R, AWz =b, 1<z <u}<fr, (4.18)

by efficiently minimizing a convex function over a polytope, see, for instance, [80].
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The mere existence of a finite Graver complexity g := g(A) for every A suffices to
realize Scheme 4.21, since g and the constant Graver bases G(A*)) for k& < g can be
built into the algorithm. In particular, the value g allows to identify the highest parameter
k = g, for which the scheme outputs a point x;, = x, which is a true optimal solution.
Note that the relaxation (4.18) cannot be used to compute f* and identify optimality via
f(xx) = f* since there is typically a gap f < f*.

In practice, preparatory preprocessing is useful, where the Graver complexity g(A)
and each of the Graver bases G(A*)) for k < g are actually computed in constant time
once and for all (say, by Algorithms 4.6 and 3.21). Then, given any n, Scheme 4.21 with
any parameter £ < g can be quickly applied.

Notes

The core of the theory of n-fold integer programming is developed in the series of papers
[23], [24], [50]. An important component in this theory is the notion of Graver complexity
introduced in [89] which extends [3] and is extended in [56]. The applications to multi-
commodity flows are from [51]. Multicommodity flows have been studied extensively
in the literature with different emphases. Let us mention the paper [68], which investi-
gates max-flow min-cut properties and their use in approximation algorithms for multi-
commodity flow problems, and the references therein. Stochastic integer programming
is an important and extensively studied area with a variety of applications, see [70] and
the references therein. Part 2 of the finiteness Lemma 4.17 has been established in [52].
Theorem 4.19 providing the polynomial time solution of stochastic integer programming
is from [50].
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Multiway tables occur naturally in any context involving multiply-indexed variables. They
have been studied extensively for decades, in operations research in the context of high
dimensional transportation problems, and in statistics in the context of privacy in statis-
tical databases and disclosure control, see [3], [7], [8], [22], [29], [36], [58], [62], [63],
[75], [97], [100], and the references therein. In this chapter, we study multiway tables
in depth, completely settle the algorithmic complexity of multiway table problems, and
discuss some of their important applications in these areas.

A d-way table is an mq X --- X mg array © = (x;,,. ;,) of nonnegative integers.
We say that multiway table x has format m; x --- X mg and call mq, ..., mg the sides
of x. Following statistical terminology, a margin of table x is the sum of entries in some
lower dimensional subarray of x and can be a line-sum, plane-sum, hyperplane-sum, and
so on. Table problems involve the set of multiway tables with some of their margins
specified. For clarity, through most of this chapter we discuss line-sum constraints, which
are the most difficult and already illustrate the main ideas developed herein. But all of our
algorithmic results hold much more generally for any hierarchical margins, as discussed
later in Section 5.2.3.

The set of multiway tables with some of their margins specified is the set of non-
negative integer arrays satisfying a system of linear equations, and therefore is the set
of feasible points in a suitable integer program. For instance, the set of 3-way tables of
format [ x m x n with all line-sums specified is as follows:

L IxXmxn _ _ _
S:={zeZy PYiTigk = Vagks 205 Tigk = Vigeks 2ok Tigk = Vigx s
where the specified line-sums are mn + In + l'm given nonnegative integer numbers:
Vijks Vipsks Vije, 100, 1<5<m, 1<k<n.

The set of margin-constrained multiway tables of format mq X - - - X mg X n is shown
later in this chapter to form an n-fold system (see Figure 5.1). Therefore, the theory of
n-fold integer programming developed in Chapter 4 applies and provides the first poly-
nomial time algorithms for treating such tables with m, ..., my fixed and n variable —
the so-termed long tables. In contrast, we show that margin-constrained multiway tables
with two variable sides, in fact, already 3-way tables of format [ x m x 3 — the so-termed
short tables — are universal for integer programming. This universality theorem provides
a powerful tool in establishing the presumable limits of polynomial time solvability of
multiway table problems and is used in the applications Section 5.2 to contrast the poly-
nomial time solvability over long multiway tables which is attainable by n-fold integer
programming.

In Section 5.1, we prove the universality Theorem 5.1 showing that every integer pro-
gram is one over [ X m X 3 line-sum constrained tables. In Section 5.2, we discuss impor-
tant applications of the n-fold integer programming theory from Chapter 4 and the univer-
sality theorem to multiindex transportation problems and privacy in statistical databases.



Consider m; x- - -xmyxn tables with given margins such as line-sums:

A A A
A4 0 - 0
n AN=|[ 0 A 0
0 0 Ay
Y
n

Such tables form an n-fold system {x : ANy = b, x=0, xinteger} for
suitable bimatrix A determined by my, ..., m,, where A, controls equations
of margins which involve summation over layers, whereas A, controls

equations of margins involving summation within a single layer at a time.

Figure 5.1: Multiway tables

75

In Section 5.3, we prove that n-fold integer programming is universal in Theorem 5.12
and use it to suggest a heuristical scheme for arbitrary (non)linear integer programming
that builds on the Graver approximation scheme of Section 4.5. Finally, in Section 5.4
we discuss the Graver complexity of (di)graphs, new fascinating invariants that control
the complexity of multiway table and multicommodity flow problems. We establish an
exponential lower bound in Theorem 5.19 providing unusual type of evidence supporting

the P # NP hypothesis.

The table below enables quick navigation among most results of this chapter.

Polynomial time
solvability

Universality
and intractability

n-fold integer programming

n-folds of bimatrices
(Theorems of Chapter 4)

n-folds of m-folds
Theorem 5.12

Multiindex transportation

Long, my X -+ XmgXn
Corollaries 5.3 and 5.4

Short, [ x m x 3
Theorem 5.1
Corollary 5.2

Privacy in databases

Long, my X --- X mg X n
Corollary 5.8

Short, [ x m x 3
Corollary 5.5
Corollary 5.7

Hierarchical margins

Long, m; X -+ X mg X n
Corollaries 5.10 and 5.11

Short, [ x m x 3
Theorem 5.1
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5.1 The universality theorem

A d-way polytope is the set of mq X - - - X mg4 nonnegative real arrays x = (x;,,.._;,) sat-
isfying given margin constraints. So the integer points in such a polytope are precisely the
d-way tables of the same format which satisfy the same margin constraints. For instance,
the 3-way line-sum polytope of format | X m X n is as follows:

T = {z € RY™ " 3 2 j 5 = Vs jibes D2 Tk = Vipks Dop ik = Vi }s

and the corresponding set of line-sum constrained 3-way tables is S = 7' N Z!*™*™,

We now establish the universality theorem of [27] which shows that, quite remarkably,
any rational polytope is a 3-way [ x m x 3 line-sum polytope. A polytope P C RP? is
representable as a polytope ) C RY if there is an injection o : {1,...,p} — {1,...,q}
such that the coordinate-erasing projection:

Ty :RT — RP . x = (xl,...,xq) — oy = (yl,...,yp) = (zg(l),...,za(p))

provides a bijection between () and P and between () N Z? and P N ZP. If P is rep-
resentable as () then the two are structurally isomorphic in any reasonable sense. If
moreover the injection o and the corresponding projection 7, are polynomial time com-
putable, then P and () are also algorithmically isomorphic in any reasonable sense. The
two are linearly equivalent and hence all (non)linear programming problems over the two
are polynomial time equivalent; they are combinatorially equivalent and hence they have
the same face numbers and facial structure; they are integrally equivalent and hence all
(non)linear integer programming and integer counting problems over the two are polyno-
mial time equivalent.

We now provide an outline of the proof of the universality theorem. Complete details
and more consequences of this theorem can be found in [26], [27], [28]. In the statement
and proof below, we use an abbreviated notation for the line-sums.

Theorem 5.1. Every rational polytope P = {y € ]Rf,l_ : Ay = b} is in polynomial time
computable integer preserving bijection with some | X m X 3 line-sum polytope:

Ti={w e RY™D 30 @k = 2j ks 25 Tijk = Viks Dog Tik = Ui ). (5.1)

More precisely, there is an algorithm that, given integer A and b with P bounded, pro-
duces 1, m and integer line-sums w = (u; ;), v = (v, ) and z = (2; ), in time polyno-
mial in (A, b), such that the polytope P is representable as the polytope T.

Proof. The proof consists of three polynomial time constructive steps, each representing
a polytope of a given format as a polytope of another given format.

First step. We show thatany P := {y > 0 : Ay = b} with A, b integer can be represented
in polynomial time as @Q := {z > 0 : Cax = d} with C matrix all entries of which
are in {—1,0, 1, 2}. This reduction of coefficients enables the rest of the steps to run in
polynomial time. For each variable y;, let k; be the maximum number of bits in the binary
representation of the absolute value of any coefficient of y; in the system Ay = b, that
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is, k;j := max;|log, |a; ;|]. Now introduce variables x;, ...,z , and relate them by
the equations 2x;; — 2,41 = 0 for all ¢. The representing injection o is defined by
o(j) == (4,0), embedding y, as z, . Consider any term a; ; y; of the original system.

Using the binary expansion |a; ;| = Zﬁio ts2° with all t; € {0,1}, we rewrite this
term as + Zg;o tsxj . It is not hard to verify that this represents P as () with defining
{-1,0,1, 2}-matrix.

Second step. We show that any Q := {y > 0 : Ay = b} with A,b integer can be
represented as a face I of a 3-way plane-sum polytope of the form:

{z € RPN S0, mije = 20, 245 Tigik = Vg D Tijk = Ui}

Note that a face of such a polytope is the set of all x = (x; ;) with some entries forced
to zero; these entries are termed “forbidden”, and the other entries are termed “enabled”.
Since () is a polytope and hence bounded, we can compute by Cramer’s rule an integer
upper bound U on the value of any coordinate y; of any y € (). For each j, let r; be the
maximum between the sum of positive coefficients of y; and sum of absolute values of
negative coefficients of y; in the system Ay = b:

7 := max (Z {a;w- Dag,; > O}, Z {|ak7j‘ Dag,; < 0})
k k

Assume that A is a ¢ x d matrix. Let r := Z;l:l ri, R:=={1,...,r},h == c+ 1 and
H :={1,...,h}. We now describe how to construct vectors u,v € Z", z € Z", and a set
E C R x R x H of triples — the enabled, non-forbidden, entries — such that the polytope
@ is represented as the face F' of the corresponding 3-way polytope of » x r X h arrays
with plane-sums u, v, z and only entries indexed by E enabled as follows:

Fi={z e R 2, =0forall (i,j,k) ¢ E,
and Zi,j Tig,k = Zks Zi,k Lijk = Vg, Zj,k Ligk = Ui}-

We also indicate the injection o : {1,...,d} — R x R x H giving the desired embedding
of coordinates y; as coordinates x; ;1 and the representation of the polytope () as I

Roughly, each equation & = 1,...,cis encoded in a “horizontal plane” R x R x {k}
(the last plane R x R x {h} is included for consistency with its entries being “slacks”);
and each variable y;, 7 = 1,...,d is encoded in a “vertical box” R; x R; x H, where

R = E’J;l=1 R; is the natural partition of R with |R;| = rj forall j = 1,...,d, that is,
with Ry = {1+ 30,5 r - D5

Now, all “vertical” plane-sums are defined to have the same value U, that is, u; :=
v; :=Ufor j =1,...,r. All entries not in the union Lﬂ?:l R; x R; x H of the variable
boxes are forbidden. We now describe the enabled entries in the boxes; for simplicity, we
discuss the box Ry x Ry x H, the others being similar. We distinguish between the two
casesr; = land g > 2.

In the case 71 = 1, we have R; = {1}; the box, which is just the single line {1} x
{1} x H, has exactly two enabled entries (1,1,%7), (1,1,k™) for suitable k¥, k™ to
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be defined later. We set (1) := (1,1, k"), namely, embed y; = 1 1 +. We define the
complement of the variable y; to be y; := U — y; (and likewise for other variables). The
vertical sums u, v then force 1 = U —y1 = U — o1 1 p+ = %11 -, 50 the complement
of g1 is also embedded.

Consider next the case 1 > 2. Foreachs = 1,..., 71, theline {s} x {s} x H contains
one enabled entry (s, s, k™ (s)), and the line {s} x {1+ (s mod 1)} x H contains one
enabled entry (s, 1+(s mod 71), k™ (s)). All other entries of Ry x Ry x H are forbidden.
Again, we set (1) := (1,1,k7 (1)), namely, embed y; = 1 1 g+ (1) it is then not hard
to see that, again, the vertical sums u, v force the following:

Tss,k+(s) = L1,1,k+(1) = Y1 and Ts 14 (smodry),k=(s) = U-— T1,1,k+(1) = y

foreach s = 1,...,7r1. So both y; and 7; are each embedded in 7 distinct entries.

To clarify the above description, it is helpful to visualize the R x R matrix (z; ;4 )
whose entries are the vertical line-sums x; ; 1 = 2221 Z; 5% For instance, if we have
three variables with 1 = 3, 79 = 1, r3 = 2 then we get Ry = {1,2,3}, Ry = {4},
R3 = {5,6}, and the line-sums matrix = = (x; ; +) is as follows:

Ti14+  Ti2.+ 0 0 0 0 vi ¢ 0 0 0 O
0 w24 @234 0 0 0 0O vn 5w 0 0 O
314 0 w33y 0 0 O |_[»m 0 » 0 0 0
0 0 0 Ty 4+ 0 0 10 0o 0 U 0 0
0 0 0 0 T55+ L56+ 0 0 0 0 wys ¥s
0 0 0 0  Zes+ P66+ 0 0 0 0 93 wys

We now encode the equations by defining the horizontal plane-sums z and the indices
k" (s), k™ (s) above as follows. For k = 1,..., ¢, consider the kth equation > a jy; =
by.. Define the index sets as follows:

Jt = {jZak,j>O}7 J = {j:ak,j<0},

and set z, := by + U - 3. ;- |ak, ;|- The last coordinate of z is set for consistency with
u,vtobe zp = 241 :=1-U — > 1 _; 2. Now, with §; := U — y; the complement of
variable y; as above, the kth equation can be rewritten as follows:

Z ak,]yJJrZ |ak 4|95 = ZakijJrU Z |ak,;| =bx +U - Z |ak.;| = 2.

jeJt jeJ— jeJ— jeJ—

To encode this equation, we simply “pull down” to the corresponding kth horizontal plane
as many copies of each variable y; or y; by suitably setting k™ (s) := k or k™ (s) := k.
By the choice of r;, there are sufficiently many, possibly with a few redundant copies
which are absorbed in the last hyperplane by setting k™ (s) := c+ 1or k™ (s) := ¢+ 1.

For instance, if ¢ = 8, the first variable 1, has vy = 3, its coefficient a4,; = 3 in the
fourth equation is positive, its coefficient a7 ; = —2 in the seventh equation is negative,
and ay,; = Ofork # 4,7, thenweset k* (1) = k*(2) = k*(3) := 4 (soo(1) := (1,1,4)
embedding y1 as x11,4), k~ (1) = k7 (2) := 7, and k™ (3) := h = 9. This completes the
encoding and provides the desired representation.
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Third step. We show that any 3-way plane-sum polytope, with possibly additional upper
bound inequalities on the entries, of the form:

o rxsxh _ _ _
Fo={y€RY N 030, i Wighe = Chy D Yisik = Ojs D051 Yisjk = Qis Yijik <€ijk }

can be represented as a 3-way line-sum polytope (with no entry upper bounds):

T:= {»T € Rfmxg : ZI TrJK = 2K, ZJ XTr.JK = VI,K, ZK TrJK = uI,J}~

In particular, this implies that any face F’ of a 3-way plane-sum polytope, prescribed by a
set I of enabled entries, can be represented as a 3-way line-sum polytope 7', by setting an
upper-bound e; ; . := 0 on each forbidden entry (¢, j, k) ¢ E and redundant upper-bound
eijx = U on each enabled entry (7,7, k) € E. We describe the presentation, but omit
the proof that it is indeed valid; further details on this step can be found in [26], [27]. We
give explicit formulas for uy, 7, v i, 2 Kk in terms of a;, bj, ¢, and e; ; . as follows. Put
l:=r-sand m := h 4+ r + s. The first index I of each entry x; j i is a pair I = (1, 5)
in the [-set:

{(1,1),...,(1,5),(2,1),...,(2,3),...,(7’,1),...,(r,s)}.

The second index J of each entry 1 j x is a pair J = (s, t) in the m-set:

{(1,1),...,(1,h),(2,1),...,(2,7r),(3,1),...,(3,5)}.

The last index K simply ranges in the set {1,2,3}. We represent F as 7' via the in-
jection o given explicitly by o(i,j,k) := ((4,7),(1,k),1), embedding each variable
Yi gk as the entry x(; 5y (1,x),1- Let U now denote the minimal between the two values

max{ai,...,a,} and max{by,...,bs}. The line-sums are set to be as follows:
U(4,5 = Cijq  U(i,j = . i,j = .
(4,3),(1,9) 34 (4,9),(2,9) 0 otherwise, (1,7),(3,q) 0 otherwise,

v ifp=1, ¢ ifp=1,

U(i,j),p = Zk: Cigh 1P =2, Zpg)1 =48 U—a, ifp=2,
U ifp =3, 0 ifp=3,
(ZeiijI) — Cq lfp: 17 0 lfp: 17

z 5 = Z’] . z 3=<a ifp=2,

(p,9), 0 ifp=2, (p,2), q

b, ifp=3, r-U—b, ifp=3.

Finally, applying the first step to the given polytope P, applying the second step to the
resulting @, and applying the third step to the resulting F', we obtain in polynomial time
the desired [ x m x 3 line-sum polytope 7" representing P. O
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5.2 Some applications

We now discuss some of the applications of the n-fold integer programming theory of
Chapter 4 and the universality Theorem 5.1 to multiway table problems, including multi-
index transportation, privacy in statistical databases, and extensions.

5.2.1 Multiindex transportation problems

Recall from Section 1.2.2 that the multiindex transportation problem of [75] is the prob-
lem of finding a minimum cost multiway table with specified margins. So it is the most
fundamental linear optimization problem over multiway tables.

Here, we discuss line-sums only. The extension to the much broader setting of hierar-
chical margin constraints is postponed to Section 5.2.3. So we consider the problem

. . mi X XMmgq _ .
min {wx . x€Z+1 ) Zil Liy,.iqg = Usin,igs s Zid Liy,..., id*vil,»---,idfl,*}?
. . d . . .
where the specified line-sums are >, _; [], kM, given nonnegative integers:
Vssig,oigr o3 Vinseoiag 1,00 L <01 <, ..., 1 <idg <mg.

For d = 2, this program is totally unimodular and can be solved in polynomial time.
However, already for d = 3 it is generally not, and the problem is much harder. Consider
the problem over [ x m X n tables. If [, m,n are all fixed then the problem is solvable
in polynomial time (in the natural binary length of the line-sums), but even in this very
restricted situation one needs off-hand the algorithm of [69] for integer programming in
fixed dimension [mn. If [, m,n are all variable then the problem is NP-hard [58]. The
in-between cases are much more delicate and were resolved only recently. If two sides are
variable and one is fixed then the problem is still NP-hard, even over short [ x m x 3 tables
with fixed n = 3 [26], [27], as is implied by the universality Theorem 5.1. If two sides are
fixed and one is variable, then the problem can be solved in polynomial time by n-fold
integer programming. We proceed to discuss in more detail these in-between cases.
We start with the case of short, [ x m x 3 tables, with two variable sides.

Corollary 5.2. It is NP-complete to decide, given |, m, and binary-encoded integer line-
SUINS Vj j «, Vi 5 k> Ux 5.k If the following set of | x m x 3 tables is nonempty:

Si={a € ZY™ P Y mi gk = Vegiks 05 ik = Viseks g Tik = Vi }-

Proof. The problem is obviously in NP. To illustrate the power of the universality theorem
we give two reductions. First, we reduce to it directly the integer programming feasibility
problem of deciding, given integer A, b, if Q := {y € R} : Ay = b} has an integer point,
which is well known to be NP-complete. It is well known (see for instance [90]) that )
has an integer point if and only if the following polytope:

P::{(y,z)ERiﬂ:Ay:b, yi +2; = U, i:1,...7n}
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has an integer point, where U is a suitable positive integer upper bound which can be
efficiently computed from A, b by Cramer’s rule. We can then apply the polynomial time
algorithm of Theorem 5.1 to P and produce /, m and line-sums as above such that P and
hence () have integer points if and only if S is nonempty.

Second, we reduce to it the subset-sum problem, well known to be NP-complete, of
deciding, given positive integers ag, a1, . .., ay, if thereisan I C {1,...,n} with ag =
> _ic1 @i, which holds if and only if there is an integer point in the polytope:

P = {(y,z)ERi":Z?:laiyi:ao, yi—i—zi:li:l...,n}.

Now apply the polynomial time algorithm of Theorem 5.1 to P and produce [, m and
line-sums as above such that P has an integer point if only if .S is nonempty. o

The above NP-completeness statement indicates that multiway tables, already of for-
mat [ X m x 3, are wildly behaved. The universality Theorem 5.1 provides a powerful tool
in demonstrating such behavior, as the next example shows.

Example 1.2 (revisited; real-feasible integer-infeasible transportation). Using universal-
ity, we automatically recover the smallest known example, first discovered in [97], of
a rational-nonempty, integer-empty, triple-index transportation polytope, as follows. We
start with the polytope P = {y > 0 : 2y = 1} in one variable, containing a single
rational point but no integer point. The algorithm of Theorem 5.1 then represents it as a
6 x 4 x 3 line-sum polytope 7" with line-sums given by the following three matrices (the
verification of this is left to the reader):

(Ui,j,*) = ) (Ui,*,k) = s (U*,j,k) =

O = O = O
— OO R R~k O
O = = OO
= O = O O =
OO~ ~ = =
— =0 O
=== = OO
— ==
— ==
e

By the universality Theorem 5.1, the polytope 7' is integer-equivalent to P and hence also
contains a single rational point (see Example 1.2) but no integer point.

We proceed to show that the important result, first discovered in [24], that the multi-
index transportation problem with two sides fixed and one side variable, can be solved in
polynomial time by n-fold integer programming. In fact, this result holds more generally
for long, my X --- X mg X n multiway tables, of any dimension, with my, ..., mg fixed
and n variable. Here, we give the proof for line-sum constraints and in Section 5.2.3 ex-
tend it to any hierarchical margin constraints. We note that even over 3 x 3 X n tables with
line-sum constraints, the only solution of the problem available to date is the one below
using n-fold integer programming.

Corollary 5.3. Forevery fixed d, my, ..., my, there is an algorithm that, given n, integer
my X -+ X mg X n cost w and line-sums v = ((Vsiy,....iq1)s -+ (Viy,....iq,%))> SOIVES in

.....
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time polynomial in n and (w,v) the multiindex transportation problem:

mmnuwr = E Wiy, igp1 it iat
015 td41
mi1X---XMgXn . . _ X . . X . .
S.1. $€Z+ ) E '7“‘11,‘..’1{14-1 _U*,l2,~~~,ld+1ﬂ ety E xl1,m,ld+1 _vllsm’"d’*‘
i1 Td+1
Proof. Re-index all arrays as « = (z',...,2™) with each 2'*' = (2, j,is.,) @

suitably indexed mms - - - my vector representing the ¢4 1th layer of z. Define

d
t:=r:=mimg---mg, S§:= ZHmZ
k=1i#k
Letb:= (b°,b',...,b") € Z'", where b° := (vj,,. i, ) and forigi1 =1,...,n,
bt = ((v*1i21~»-»id~,id+1)’ (RS (vilv--~7id—1w*»id+1))'
Let A be the (¢, s) xt bimatrix with first block A := I; the ¢ x ¢ identity matrix and second
block A a matrix defining the line-sum equations on my X --- X mg arrays. Then the
equations A1 (3, x'*) = bY represent the line-sum equations D ias Tityoiaps =

Vi, ... iq,%> Where summations over layers occur, whereas the equations Azttt = pla+
foriq+1 = 1,...,n represent all other line-sum equations, where summations are within
a single layer at a time (see Figure 5.1). So the multiindex transportation problem is
encoded as the n-fold integer program:

min {wz : v € Z", Ay =b, x> 0}.

Using the algorithm of Theorem 4.7, this n-fold integer program, and hence the given
multiindex transportation problem, can be solved in polynomial time. |

Corollary 5.3 extends immediately to nonlinear objective functions of the forms in
Theorems 4.8—4.10. So we have the following solution of the nonlinear multiindex trans-
portation problem of Section 1.2.2 for long tables, stated here for line-sums and extended
in Section 5.2.3 to hierarchical margins. As usual, the function f is given by a comparison
oracle and f is the maximum value of | f(z)| over the feasible set.

Corollary 5.4. For any fixed d, m1, ..., mg, there are algorithms that, given n and inte-
y y 8 8
ger line-sums v, solve the following over my x --- X mg X n tables satisfying v:

1. min f(z) with f given separable convex, in time polynomial in n and (v, f )y

2. min ||z — Z||, with & given goal table, in time polynomial in n, p and (v, Z);

k

3. max f(w'x, ..., wkz) with fixed number k of given integer my X --+ X mgq X n
1

weights w' and given convex f, in time polynomial in n and (v,w?, ... w").
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5.2.2 Privacy in statistical databases

A common practice in the disclosure of sensitive data contained in a multiway table is to
release some of the table margins rather than the entries of the table. Once the margins
are released, the security of any specific entry of the table is related to the set of possible
values that can occur in that entry in all tables having the same margins as those of the
source table in the database. In particular, if this set consists of a unique value, that of the
source table, then this entry can be exposed and privacy violated. This raises the following
fundamental problem.

Entry uniqueness problem. Given a list of margin values and entry index, is the value
which can occur in that entry in all tables with these margins unique?

The complexity of this problem turns out to behave in analogy to the complexity of
the multiindex transportation problem discussed in Section 5.2.1. Consider the problem
for d = 3 over [ x m X n tables. It is polynomial time decidable when [, m,n are all
fixed, and coNP-complete when [, m,n are all variable [58]. The in-between cases are
much more delicate and were resolved only recently. If two sides are variable and one is
fixed then the problem is still coNP-complete, even over short [ x m x 3 tables with fixed
n = 3 [82]. If two sides are fixed and one is variable, then the problem can be solved
in polynomial time by n-fold integer programming. We proceed to discuss in more detail
these in-between cases.

We start with the case of short, [ x m x 3 tables with two variable sides. Not only is
the problem coNP-complete in this case, but also is much stronger; using Theorem 5.1,
we can now obtain a result of [28] that any set of nonnegative integers is the set of values
of an entry of some [ X m x 3 tables with some specified line-sums.

Corollary 5.5. For every finite set S C 7., of nonnegative integers, there exist [, m, and
line-sums for | x m x 3 tables, such that the set of values occurring in a given entry T, s +
inalll x m x 3 tables x having these line-sums, is precisely S.

Proof. Consider any finite set S = {s1,...,s,} C Z4. Consider the polytope:
h h h
P = {y € R;rl SYo — ijl s;y; =0, ijl yj = 1}.
By Theorem 5.1, there are (polynomial time computable) [, m and line-sums:
v*,j,]ﬁ Ui,*,]ﬁ Ui,j,*a 1 S Z S l7 1 S .7 S m, 1 S k S 37

defining a 3-way polytope 7" which represents P. Permuting the indices of arrays if nec-
essary, we may assume that the coordinate ¥, is embedded in the entry z, ,; under this
presentation. Since P and 7T’ are integer-equivalent, the set of values attained by the entry
Ty, in all tables with these line-sums is, as desired, as follows:

{xr,s,t RS Tﬂlemxg} = {yO 1y € PmZthl} -9
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Using the construction of Corollary 5.5 incorporating that of Theorem 5.1, we obtain
the following (probably smallest possible) example of line-sums for 6 x 4 x 3 tables,
where some specific entry attains the set of values {0, 2} which has a gap.

Example 5.6 (gap in the set of values of a table entry, see Figure 5.2). Applying our
construction to the polytope P = {y > 0 : yo —2y1 = 0, y1 +y2 = 1} in three variables,
we obtain line-sums for 16 x 11 X 3 tables such that the set of values of a specific entry in
all tables with these line-sums is precisely {0, 2} and has a gap. These can be reduced to
line-sums for 6 x 4 x 3 tables, given below and in Figure 5.2, where the designated entry
also attains the values 0, 2 only:

01 1 2 2 2 0

1 0 0 1 1 1 0 2 1 2
o) =l5 5 o o Cues)=|3 o 1| Cu=|5 1 3

0 2 0 2 0 2 2 2 3 2

2 0 2 0 0 1 3

The only values occurring in the designated entry in all
6 X 4 X 3 tables with the specified line-sums are 0, 2.

Figure 5.2: Set of entry values with a gap

The universality Theorem 5.1 also implies the following result of [82] on the com-
plexity of entry uniqueness over [ X m x 3 tables with two variable sides.
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Corollary 5.7. It is coNP-complete to decide, given |, m, and binary-encoded integer
line-sums v;_j «, Vi x ks Vs j.k» if 1,1,1 attains a unique value in all tables in the following
set:

S i={x € ZY™ P 3 ik = Ve ks D5 Tijk = Vieks Dog Tiik = Vi }-

Proof. The problem is obviously in coNP. We reduce to it the complement of the subset-
sum problem of deciding, given positive integers ag,ay, ..., ay,, if there is no I C
{1,...,n} withag = ), a;, which is coNP-complete. Consider the polytope:

P:={(y,2) € Ri(nﬂ) taoyo — Yo aiyi =0, yi+ 2z =1,1=0,1,...,n}.

First, note that it always has one integer point with yo = 0, given by y; = O and z; = 1
for all 7. Second, note that it has an integer point with ¢y # 0 if and only if there is an
I C{1,...,n} withag = >, a givenby yo = 1,y; = 1fori € I, y; = 0 for
ie€{l,...,n}\ I, and z; = 1 — y; for all i. Now, apply the polynomial time algorithm
of Theorem 5.1 and produce [, m and line-sums for [ X m X 3 tables defining a 3-way
polytope 7" which represents P. Permuting the indices of arrays if necessary, we may
assume that the coordinate yo is embedded in the entry x; ; under this presentation.
Since P and T are integer-equivalent, we find that 7" has a table with z1 ; 1 = 0, and this
value is unique among the tables in 7" if and only if there is no subset I C {1,...,n}
which satisfies ag = ), ; a;. O

We proceed to show the result of [82] that entry uniqueness over tables with two
sides fixed and one side variable can be decided in polynomial time by n-fold integer
programming. In fact, this result holds more generally for long, mq X - - - X mg4 X n tables,
of any dimension, with m, ..., my fixed and n variable. Here, we give the proof for line-
sums and in Section 5.2.3 extend it to any hierarchical margin constraints. We note that
even over 3 X 3 X n tables with line-sum constraints, the only solution of the problem
available to date is the one below using n-fold integer programming.

Corollary 5.8. Forevery fixed d, my, ..., my, there is an algorithm that, given n, integer
line-sums v = (Vs iy,...cig41)s -+ s (Viy,....ig,x)), and index (ky, ..., kqy1), solves in time
polynomial in n and (v), the entry uniqueness problem of deciding if xy, ...y, , attains a
unique value in all multiway tables in the following set S':

My X XmgXxXn . . — . . . . =V; 9
{J)EZ+ . Zil xll,A..,lLHJ _v*,zz,...,szrla M) Eid+1 xll,..A,’L(HJ _Uzl,...,ld,*}~

Proof. By Corollary 5.3, we can solve in polynomial time both n-fold programs as fol-
lows:

[ := min {(Ekh_“’k(ﬂ_l 1 xr e S},
% 1= max {mkl,...,kd“ tx € S}.

Clearly, entry @y, ... k,,, attains a unique value in all tables with the given line-sums if
and only if [ = u, which can therefore be tested in polynomial time. O



86 5 Multiway Tables and Universality

The algorithm of Corollary 5.8 and its extension to any hierarchical margins which is
described in Section 5.2.3 allow statistical agencies to efficiently check possible margins
before disclosure; if an entry value is not unique then disclosure may be assumed secure,
whereas if the value is unique then disclosure may compromise privacy and hence fewer
margins should be released.

We note that long tables, with one side much larger than the others, often arise in
practical applications. For instance, in health statistical tables, the long factor may be the
age of an individual, whereas other factors may be binary (yes-no) or ternary (subnormal,
normal, and supnormal). Moreover, it is always possible to merge categories of factors,
with the resulting coarser tables approximating the original ones, making the algorithm
of Corollary 5.8 applicable.

Finally, we describe a procedure based on a suitable adaptation of the algorithm of
Corollary 5.8, that constructs the entire set of values that can occur in a specified entry,
rather than just deciding its uniqueness. Here, S' is the set of tables satisfying the given
line-sums, and the running time is output-efficient, that is, polynomial in the input length
plus the number of elements in the output set.

Procedure 5.9 (constructing the set of values in an entry).
1. Initialize | := —o0, u := 00, and E := 0;
2. solve in polynomial time the following linear n-fold integer programs:

i=min{@p, .k, 1< gy <u, z €S},

U := max {xk17,,,7kd+1 < wpy kg, Su, € S};

ka1

3. if the Problems in step 2 are feasible then update [ := I +1lLu=u-1F =
E W {l, 4}, and repeat step 2, else stop and output the set of values E.

5.2.3 Extensions to hierarchical margins

We now extend the results of Sections 5.2.1 and 5.2.2 to sets of multiway tables satisfying
a much broader class of margin constraints. Consider any m; X --- X mgq table x. For
any tuple (i1,...,iq) with ¢; € {1,...,m;} & {x}, the corresponding margin x;, . ;
of z is defined to be the sum of entries of 2 over all coordinates j for which i; = *. The
support of the tuple (i1, . ..,1q) and of the margin x;, __;, is the set supp(i1,...,iq) :=
{Jj : ij # *} of nonsummed coordinates. For instance, if x isa 9 x 5 x 7 x 8 table then it
has 63 = 9 - 7 margins with support F' = {1, 3} such as the following:

5 8
T6,%,7,% — g E L6,ig,7,i4-

ia=11i4=1

A list of margins is hierarchical if, for some family F of subsets of {1, ..., d}, it consists
of all margins with support in F. Given a family F of subsets of {1,...,d} and a list
v = (v;,...5,) of integer values for all margins supported on F, the set of multiway tables
satisfying the corresponding hierarchical margin constraints is as follows:

Sgi={x e ZM "™ sy iy =iy, SUPP (i1, ..., iq) € F}. (5.2)
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In particular, for any 0 < k < d, the margins supported on the family F of all k-subsets of
{1,...,d} are precisely all margins which are sums of entries over (d — k)-dimensional
subtables of x. In particular, for the family JF of all (d — 1)-subsets of {1,...,d} (re-
spectively, all (d — 2)-subsets, or all 1-subsets), the set Sy of multiway tables in (5.2) is
precisely the set of m; X --- X my tables with all line-sums (respectively, all plan-sums,
or all hyperplane-sums) specified.

The following important outcome of n-fold integer programming extends Corollar-
ies 5.3 and 5.4 and provides the solution of the nonlinear multiindex transportation prob-
lem of Section 1.2.2 for long tables with any hierarchical margin constraints and broad
classes of (non)linear objective functions. The function f is given by a comparison oracle
and f is the maximum value of | f(z)| over the feasible set.

Corollary 5.10. For every fixed d, family F of subsets of {1,...,d + 1}, and sides
ma, ..., Mg, there are algorithms that, given n and list v = (Uil,...,id+1) of integer values
for all margins supported on F, solve the following (non)linear multiindex transportation
problems over the set S5 of mq X -+ - X mg X n tables satisfying v:

1. minwa with given my X - -+ X mg X n cost w, in time polynomial in n, (v,w);
2. min f(z) with f given separable convex, in time polynomial in n and (v, f);

3. min ||z — Z||, with & given goal table, in time polynomial in n, p, and (v, &);

4. max f(w'a,. .., wFx) with fixed number k of given integer my X -+ X mg X n
weights w' and given convex f, in time polynomial in n and (v, w', ... w").
Proof. Re-index the arrays as = (x',...,2") with each 27 = (=, ;, ;) a suitably

indexed mims - - - mg vector representing the jth layer of x. Then each of the above
problems can be encoded as one over a suitable n-fold system:

Sy ={x ezt : AWz =1b}

with A an (r,s) x ¢ bimatrix with ¢ := mymg---mq and r, s, A; and A determined
by 7, and with right-hand side b := (b°,b',...,b") € Z"T"* determined by the margins
v = (Viy,....izs, )» SUch that the equations A1(2?21 27) = b° represent the constraints
of all margins z;, . ;, . (Where summation over layers occurs), whereas the equations
Azl =b forj=1,...,n represent the constraints of all margins x;, .. ;, ; With j # *
(where summations are within a single layer at a time).

The algorithms of Theorems 4.7—4.10 now enable to solve these n-fold programs and
hence the given multiindex transportation problems in polynomial time. O

A similar extension of Corollary 5.8 allows statistical agencies to efficiently make
learned decisions about secure disclosure of hierarchical lists of margins.

Corollary 5.11. For every fixed d, family F of subsets of {1,...,d + 1}, and sides
mi,..., mgq, there is an algorithm that, given n, list v = (v;, .. id+1) of integer val-
ues for all margins supported on F, and index (k1, ..., kqy1), solves in time polynomial
inn and (v) the entry uniqueness problem of deciding if vy, ... k., attains a unique value
over the set Sy of m1 X - -+ X mg X n tables satisfying v.
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Proof. By Corollary 5.10, we can solve in polynomial time both n-fold programs:
l:=min{zp,, . k., i@ € S5},
U 1= max {xk17~--,kd+1 S S;}.

Clearly, entry y, . k,,, attains a unique value in all tables with the given margins if and

only if | = u, which can therefore be tested in polynomial time. O

Finally, as for the special case of line-sums in Section 5.2.2, we have an output-
efficient algorithm for constructing the entire set of values that can occur in a specified
entry over the set S of tables satisfying given hierarchical margin constraints.

Procedure 5.9 (revisited; constructing the set of values in an entry).
1. Initialize | := —o00, u := 00, and E := 0;

2. solve in polynomial time the following linear n-fold integer programs:

[ := min {xkl,wkdﬂ < Ly

= yeesKd41 <u, x € S?}y

% := max {xkhm,kdﬂ < Thyyokars S U TE Sg};
3. if the Problems in step 2 are feasible then update [ := [ +1lLu=u—1F =
E W {l, 4}, and repeat step 2, else stop and output the set of values E.
5.3 Universality of n-fold integer programming

Let us introduce the following notation. For an integer s x ¢ matrix D, let HD be the
(t,s) x t bimatrix with first block the ¢ x ¢ identity and second block D:

o= (1),

Now, introduce a special form of the n-fold product, defined for a matrix D, by the fol-
lowing:

I, I, - I
D[n] — (ElD)(n) — 0 D 0

We consider such n-fold products of such m-fold products of the tiny fixed 1 x 3 matrix
(111). Note that (1 1 1)/ is precisely the (3-+m) x 3m incidence matrix of the complete
bipartite graph K3 ,,,. For instance, for m = 2, it is the matrix:

100100
010010
11 ¥=foo0o 1001
111000
000111
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We can now rewrite Theorem 5.1 in the following compact and elegant form.

Theorem 5.12. Every rational polytope {y € Ri : Ay = b} stands in polynomial time
computable integer preserving bijection with some polytope of the special form:

3 [m][n]
{feerRY™: (1 1 1) r=a}. (5.3)
Proof. Identify the space R™*™*3 of arrays with R3™" by the coordinate ordering:
&= (T1,0,0, 81,02, T1,1,3, -+ T, 1 T1m,20 TLm,3s -+ o5 Tl 1y - Trm,3) -

Then the line-sum equations on arrays become the equations (1 1 1)[’"] ["lz = @ on vec-
tors. Therefore, the polytope (5.3) becomes the 3-way line-sum polytope (5.1) and the
statement follows from the universality Theorem 5.1 for 3-way tables. O

Theorem 5.12 shows the universality of n-fold integer programming: every
(non)linear integer program can be lifted in polynomial time to an equivalent n-fold pro-
gram over a simple {0, 1}-valued bimatrix 5(1 1 1)[™l completely determined by a single
parameter m. Indeed, consider any (bounded) integer program:

min{f(y) :yGZi, Ay:b}. (5.4)

Construct in polynomial time an injection o : {1,...,d} — {1,...,3mn} embedding
each coordinate y; as some coordinate x, ;) and representing the polytope {y € Ri :
Ay = b} as a polytope (5.3). Then the problem (5.4) lifts to the following n-fold integer
programming problem over the bimatrix B(1 1 1)I™!:

min {f(x,,(l), e ma(d)) ix € Zim", (EI (11 1)[’”])(”)3: = a}. (5.5)

Moreover, for every fixed m, the program (5.5) can be solved in polynomial time for
linear and a variety of nonlinear functions f by Theorems 4.7-4.10 and 4.12.

Let g(m) := g(B(1 1 1)[™]) be the Graver complexity of the bimatrix defining the
universal program (5.5). When solving this n-fold program for any fixed m, the time
needed for constructing the relevant Graver basis G((1 1 1)™["]) and repeatedly using
it in the iterative augmentation process involves an O(n9("™)) term. While this is polyno-
mial for each fixed m, it may be quite large even for small values of m. So we suggest
to apply to (5.5) the approximation Scheme 4.21. This scheme, combined with universal-
ity, gives the following universal approximation scheme parameterized by k for arbitrary
(non)linear integer programming.

Procedure 5.13 (universal scheme for (non)linear integer programming).

Input: Arbitrary nonlinear integer program (5.4) given by integer matrix A and vector b,
function f presented by comparison oracle, and feasible point yg:

1. check by linear programming if program (5.4) is unbounded. Suppose not;

2. use the algorithm of Theorem 5.12 to lift (5.4) to equivalent program (5.5);
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3. obtain an initial feasible point x;_; by applying the scheme recursively, with xg
the point in program (5.5) corresponding to the point g in program (5.4);

4. compute the Graver basis G((1 1 1)I™I[F);
5. compute the following approximation of G((1 1 1)™Il]):

G = {xES((lll)[ m]ln ]) type(z) < k}
= {a : xis an n-lifting of some z € G((1 1 1))}

6. use the algorithm of Lemma 3.10 with G}"" instead of G((1 1 1)™))) o itera-
tively augment xj_; to the best attainable point xj, and output it.

Several remarks about the complexity of this universal approximation scheme are
in order. The time taken by step 2 is polynomial in (A,b) by Theorem 5.12. It can be
shown that the Graver basis G((1 1 1)[™/*]) can be obtained by a suitable permutation
of coordinates from the Graver basis G((1 1 1)I*I["™]). Therefore, by Theorem 4.4, for
fixed k and variable m, the computation of G((1 1 1)[™/*]) in step 4 and its cardinality
are O(m9")) with g(k) = g(3(1 1 1)[¥]) and hence polynomial in mn. In particular, for
k = 2 they are O(m?). The time for computing G} in step 5 and its cardinality for
fixed k and variable m and n are as follows:

(7)Is(@ 1)) = 0futmat),

and so are polynomial in m and n; for k = 2 they are O(n?m?). The time taken by the
iterative step 6 is harder to estimate and depends on the quality of the approximation of
S((1 1 1)tmlin]) provided by G}""™ and the type of function f.

5.4 Graver complexity of graphs and digraphs

Recall that the incidence matrix of a graph or a digraph G = (V, E) is the V' x E matrix
D defined as follows: for a graph, D, . = 1 if edge e contains vertex v and D, . = 0
if not; for a digraph, D,, . = —1 if edge e leaves vertex v, D, . = 1 if e enters v, and
D, . = 0 otherwise. Recall also that for an integer s x ¢t matrix D, we denote by HD the
(t,s) x t bimatrix with first block I; and second block D.

In this section, we study the following new graph and digraph invariant, the signifi-
cance of which in nonlinear integer programming is explained below.

Definition 5.14. The Graver complexity of a graph or a digraph G is the Graver complex-
ity g(G) := g(BD) of the bimatrix HD with D the incidence matrix of G.

Unfortunately, our understanding of this invariant is very limited. While it can be
computed by the finite Algorithm 4.6, this computation is out of reach even for very
small graphs. For instance, already the Graver complexity g(/K3 4) of the small complete
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bipartite graph K3 4 on 7 vertices is unknown. Nonetheless, in this section we do estab-
lish some bounds on the Graver complexity of the graphs K3 ,,. The main result here is
Theorem 5.19: the complexity g(K ,,,) is exponential.

Here is a small example where we can compute the Graver complexity precisely.

Example 5.15 (the bipartite graph K3 ). Let A := (HD) be the (6, 5) x 6 bimatrix with
A; = Is and Ay = D the incidence matrix of the graph K3 o:

100100
010010
p=0 1 1H)%=]0o 010 01
11100 0
000111

We compute the Graver complexity g(Ks2) = g(BD) = g(A) by Algorithm 4.6. Since
As = D is totally unimodular, we have §(Az) = §(D) = C(D) by Lemma 3.19. Let G4
be the matrix having as columns the elements of the Graver basis G(As):

1 -1 1 -1 0 O

Gy :=G(A2) =S(D)=€(D) =

The Graver basis of A1Gy = IgG2 = G5 (computed, say, by Algorithm 3.21) has 22
elements which are the columns of the following matrix and their antipodals:

100 1 1 1 1 0 0 0 0
1 o0 0 OO0 0 -1 -1 -1 -1
010 -1 -10 0 -1 -1 0 0
§(MiG2)=5(A)=%10 1 5 o o 1 1 0 o0 1 1
o001 1 0 1 0 1 0 1 0
001 0 -10 -1 0 -1 0 -1

Using Algorithm 4.6, we obtain the Graver complexity of the bipartite graph K3 :
g(K372) = max{HUHl TV € 9(A1G2)} = 3.

The time taken by our algorithms for (non)linear n-fold integer programming over a
bimatrix A involves an O(n?4)) term needed for constructing the relevant Graver basis
G(A(™) and repeatedly using it in the iterative augmentation process.

Consider the many-commodity transshipment problem over a digraph G solved in
Section 4.3.1. The bimatrix underlying the n-fold integer program (4.3) in the proof of
Corollary 4.13 is precisely HD with D the incidence matrix of GG. So the time needed to
solve the nonlinear many-commodity transshipment problem by the algorithm of Corol-
lary 4.13 involves an O(n9(%)) term whose exponent g(G) is the Graver complexity of
G. This explains the significance of this digraph invariant.
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Likewise, it can be shown that the many-commodity b-matching problem over an undi-
rected graph G, the precise definition of which is omitted, can be solved by an n-fold
program similar to (4.3), whose solution time involves an O(n?(%)) term with ¢(G) the
Graver complexity of the graph G, explaining its significance.

Finally, consider the universal n-fold integer program (5.5) discussed in Section 5.3
as follows:

min { f(z) :z € Z3™", (B(11 1)[’”])(”):6 =a}.

The bimatrix defining this universal program is B(1 1 1)I™ with (1 1 1)) the incidence
matrix of the complete bipartite graph K3 ,,. Therefore, the time needed to solve this
universal program for any fixed m involves an O(n9(™)) term, where

g(m) == g(BA1)™) = g(Ksm).

So the Graver complexity g(m) of the complete bipartite graph K3 ,,, controls the solution
time of the universal integer program, explaining its special importance. In particular,
since integer programming feasibility is NP-complete, g(m) must grow as a function of
m under the hypothesis P # NP. We show below that, in fact, it grows exponentially fast,
as g(m) = (2™). This provides a new type of evidence of unusual flavor supporting
the P # NP hypothesis. An exponential upper bound g(m) = O(m?*6™) holds as well
and can be easily derived from Cramer’s rule and Hadamard’s bound. Narrowing the
gap between these bounds remains a challenging and important problem. While g(1) =
9(K31) = 0,9(2) = g(Ks2) = 3, and g(3) = g(K3z3) = 9, the value of g(m) =
g(K3 ) is unknown for all m > 4.

We proceed to establish the claimed exponential lower bound on g(m). Throughout,
let A := B(1 1 1) be the bimatrix with first block A, = I3, and second block
Ay = (11 1)l the incidence matrix of K3 ,,,. So g(m) = g(K3.,,) = g(A). Now, A, is
totally unimodular, so by Lemma 3.19, its Graver basis equals its set of circuits. Let Go
denote the matrix having as columns the elements of G(A45) = C(As).

Our starting point is the following lemma.

Lemma 5.16. Any circuit h € C(G3) of Gy gives a lower bound g(m) > ||h]|1.

Proof. First, our data satisfies A1Goy = I3,,G2 = Ga2. Second, C(G2) C G(G=2) holds.
Therefore, computing the Graver complexity by Algorithm 4.6, we obtain the following:

g(m) = g(A) = max {||v|[y : v € §(G2)} = max {||h[|; : h € C(G2)}. 0

We use the following notation with m any integer clear from the context. Let
B:={a,b,c}, U:={uy,...,un}, V:=BWU, E:=BxU.

Then V and E are, respectively, the set of vertices and set of edges of the complete bi-
partite graph K3 ,,,, and index, respectively, the rows and columns of its incidence matrix
Ay = (11 1)I™, It is convenient to interpret each vector z € Z* also as (1) an integer-
valued function on the set of edges £ = B x U; (2) a 3 X m matrix with rows and columns
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indexed, respectively, by B and U. With these interpretations, x is in C(A4z) = G(4s) if
and only if (1) as a function on E, its support is a circuit of K3 ,,, along which it alter-
nates in values +1 and can be indicated by the sequence (v, vs,...,v;) of vertices of
the circuit of K3 ,, on which it is supported, with the convention that its value is +1 on
the first edge (v1,v2) in that sequence; (2) as a matrix, it is nonzero, has 0, £1 entries,
has zero row and column sums, and has inclusion-minimal support with respect to these
properties.

We also use the following terminology. Suppose that x!,... 2% € C(Ay) = G(As)
are circuits satisfying a relation Zle hiz? = 0 with all h; positive. We call it a primitive-
relation if (hq, ..., hy) is the restriction of a circuit h € C(G2) C G(G3) to the columns
of G5 corresponding to the z*, in which case g(m) > Zf:l hi.

Here is an example that demonstrates this notation and also plays a role below.

Example 5.17 (m = 4: lower bound on the Graver complexity of K3 4). Consider the
following seven circuits of (1 1 1) and K3 4:

Uy Us us3 Uy
0 0 —1 1 a

2l = (a,uq, c,uz, byuz) = 0 -1 1 0 b
0 1 0 —1 c

-1 0 0 a

22 = (a,uz, c,uz, b,uy) = 1 0 -1 0 b
-1 1 0 c

—1 0 1 a

23 = (a,uq,b,u1,c,up) = 1 0 0 -1 b
-1 0 0 c

-1 0 0 1 a

vt = (a,uq,b,uz, c,u1) = 0 1 0 -1 b
-1 0 0 c

1 0 —1 0 a

20 = (a,uy,b,us,c,uz) = | —1 1 0 0 b
0 -1 1 0 c

0 -1 1 0 a

2% = (a,us, b, uq, c,u) = 0 0 -1 1 b
0 1 0 —1 c

0 1 0 —1 a

27 = (a,u, b,uz, c,uy) = 0 -1 1 0 b
0 0 -1 c
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Then the following linear dependency on zt, .. 2 isa primitive-relation:
7
Z hix' =zt + 222 + 323 + 32* + 52° + 62° + 72" = 0,
i=1

which demonstrates the bound g(4) > 2321 hi=1424+34+3+5+6+7=2T7.
We proceed with the general lower bound. We have the following lemma.

Lemma 5.18. Suppose there are k circuits z* of (1 1 1)[m] which admit a primitive-
relation ), h;x" = 0 with 2% = (a,Upm_2,b, U1, ¢, up,) and hy, odd. Then there are
also k + 2 circuits 7 of (1 1 1)Im+1 which admit a primitive-relation ), h;t* = 0

with T8%2 = (a,Up_1,b, U, C, Ums1) and hyyo odd, where the h; are given by the
following:
hi =2h;, i=1,...,k—1, hpyo=hpy1 = hp = hy. (5.6)
Proof. Using the natural embedding of the complete bipartite graph K3 ;,, in K3m41,
we can interpret circuits of the former also as circuits of the latter. Put ' := z* for
i =1,...,k — 1 and define the following circuits:
Uy Um—2 Um—1 Uy  Uptl
0 1 0 0 -1 a
y* = (a, Um—2, b, U1, C,Umy1) = | O -1 1 0 0 b
0 0 -1 0 ¢
0 1 0 — 0 a
Yyt = (@, U2, b, Um i1, CUm) = | O -1 0 0 1 b
0 0 0 -1 c
0 0 0 — 1 a
Y2 = (@, Upt1, b, Um—1,CUy) = | O 0 1 0 -1 b
0 0 -1 0 ¢

Note that these circuits satisfy y* + y*+! 4 y*+2 = 22*. Suppose that ), hiy’ = 0
is a nontrivial relation on the y’. Without loss of generality, we may assume that the h;
are relatively prime integers, at least one of which is positive. Since the edges (a, um+1),
(b, Um+1), (€, um1) Of K3mi1 are not in Ks ,, and hence in no circuit y* for i < k,
the restrictions of the relation ), hiy' = 0 to these edges (or to the corresponding matrix
entries) force the equalities hy o = hp1 = hy. Therefore,

k42 k—1

0= hy' = hy' +he(y" +y"" +4"%)
i=1 i=1
k—1 k—1

hix' + hy, (2:3’“) = Z hix' + 2Bkazk,
1 i=1

.
Il
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which is a nontrivial integer relation on the z*. So there must exist an integer « so that,
for all 7, the coefficient of x* in that relation is « times the coefficient of x* in the relation
A 3
S hixt=0:
i=1"'"

hi=ah;,i=1,....,k—1, 2h; = ahy.

Since all the h; and at least one of the h; are positive, these equations imply that « is
positive. Therefore, all h; are positive, implying that > i hiy* = 0 is a primitive-relation
on the 7. Since hy, is odd, the equation 2h;, = ahy, implies that « is even and therefore
a = 2u for some positive integer i, implying hy, = phy. Then u divides each of the h;,
which are relatively prime, and therefore ;z = 1 and a = 2. Therefore, the h; satisfy (5.6),
and in particular, hj o = hy, is odd.

Now, apply to the vertices of K3 ,,41 a permutation that maps w11, Um—1, Um O
U —1, Um,, Um+1 1N that order and fixes the rest of the vertices. Foreachi =1,...,k+2,
let ' be the circuit of K3 ,,11 which is the image of y* under this permutation. Then
the Z* also satisfy the primitive-relation Do h;z" = 0 with the same coefficients /; and
T2 = (a, U1, b, Up, €, U1 1), as claimed. O

We are now in position to prove the following exponential bound from [13].
Theorem 5.19. For every m > 4, we have g(m) = g(K3 ) > 17-2m73 — 7.

Proof. We prove by induction on m that, for all m > 4, there are 2m — 1 circuits xt
of (11 1) with 22™~! = (a,Upm—2,b, Um—_1, ¢, Uy, ), satisfying a primitive-relation
> hizt = 0 with hoy—q = 7and Y, h; = 17 - 2™73 — 7, which implies the bound.

The induction basis at m = 4 is provided by the circuits in Example 5.17.

Suppose that the hypothesis holds for some m > 4 and let 2 be 2m — 1 circuits with
corresponding coefficients h* verifying the hypothesis. Lemma 5.18 applied to this data
with &k = 2m — 1 then guarantees the existence of k +2 = 2m+1 =2(m+1) — 1
circuits 7' with corresponding coefficients A* which satisfy the following:

=2 1)—1 A 7 7
X (m+1) = (aaumflybv U s C, um+1)v h2(m+1)—1 - h2m - h2m71 = h2m71 = 73

and, moreover,

2m—+1 2m—2 2m—1
> hi= Y 2hi+3hym 1 =2 Y hi+hom
i=1 i=1 i=1

— gm=3 _ —17.90m+)=3 _
=2(17-2 +T7=17-2 7. -

Example 5.20 (m = 5: lower bound on the Graver complexity of K3 5). Using our
construction, we obtain the following nine circuits of (11 1) and K3 5:

xl = (G,U{),C, U/Q,b, U4), 1'2 = (G,UQ,C, u47ba U’l)7 x3 = (CL,’LL5,b, uy, ¢, u2)7
1'4 = (a7u57bvu27caul)a I5 = (a7ulvb7u27cvu4)7 ‘TG = (CL,U4,b,U5,C,U2),

1'7 = (G,UQ,b, Ug, C, ’U,3), x8 = (G,UQ,ZL uz, C, u5)7 xg = (CL,Ug,b, Uy, C, U5),
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which satisfy the primitive-relation:
22t + 42% + 623 4 62* + 102 + 122 + 727 + 728 + 72 = 0,

providing the lower bound g(K3 5) = g(5) > 61 on the Graver complexity of K3 5.

Notes

Multiindex transportation problems and polytopes have been studied for decades, starting
with the classical 1952 paper [75] by Motzkin. Theorem 5.1 shows that, remarkably, ev-
ery rational polytope is an [ X m X 3 line-sum transportation polytope. This enables to
reduce the study of any algorithmic or structural property of rational convex polytopes to
such triple-index polytopes, whose defining matrix is much more structured and depends
on two parameters [ and m only. A particularly important question, triggered by a letter
of M. Hirsch to G. Dantzig in 1957, and open to date, is whether the diameter of the graph
of every polytope is polynomially bounded in its dimension and number of facets; see
[61] for an up-to-date survey. The universality theorem reduces this question to [ x m x 3
line-sum polytopes. Motivated by their universality, some bounds on the diameter of such
multiindex polytopes were recently established in [25]. Let us also mention a universality
theorem for {0, 1}-polytopes in [15] by Billera and Sarangarajan, which asserts that every
polytope all of whose vertices are {0, 1}-valued, is the face of some traveling salesman
polytope. Privacy in databases is an area which is becoming increasingly important in the
Internet era and is studied extensively by computer scientists, public data agencies, and
statisticians. Let us mention the papers [8], [22], and [36], and the references therein, as
informative sources corresponding to these three lines of investigation. Corollaries 5.8
and 5.11 provide the first polynomial time solutions of some of the most fundamental
problems that occur in this area. It should be noted, though, that the running time of n-
fold integer programming algorithms is typically a polynomial of very large degree. It is
therefore of interest to study approximations of the Graver basis as in Sections 4.5 and
5.3. Initial experimentations for 3 x 3 x n multiway tables show very promising results,
but much more study is needed. The Graver complexity of a graph and a digraph was
introduced in [13]. The importance of these invariants stems from the fact that they form
the degree of the polynomial time complexity of solving multiway table and multicom-
modity flow problems. Unfortunately, they seem to be very hard to compute, and even the
complexity g(K 4) of the 7-vertex bipartite graph K3 4 is unknown, coincidentally rem-
iniscent of the hardness of the Shannon capacity invariant of a graph which is unknown
even for the 7-vertex circuit C7.



6 Nonlinear Combinatorial Optimization

In this chapter, we discuss the nonlinear combinatorial optimization problem, namely,
min{f(Wz) : 2z € S} 6.1)

with S C {0,1}" presented compactly or by an oracle, integer d x n matrix W, and
arbitrary function f : Z? — Z. We consider the minimization form, but our results hold
for any function f and hence apply for the maximization form as well.

We assume as usual that the function f is presented by a mere comparison oracle. But
unlike previous chapters, were we have assumed and exploited some structure on f, such
as being convex, here we allow the function f to be arbitrary, making the problem much
harder. In fact, any algorithm that solves problem (6.1) for arbitrary function f, must,
whenever the image WS = {Wx : © € S} of S under W contains at least two points,
include every image point in some query to the comparison oracle of f and hence must
compute the entire image. Indeed, if some point § € WS is not included in any query
then the algorithm cannot tell between the possible situations where either f(9) is strictly
smaller or strictly larger than f(y) for every y € WS\ {§}, and hence cannot tell if the
optimal solution is in the fiber of ¢ or not and cannot solve the problem correctly.

Note that this is in contrast with the special case of maximizing convex functions (or
minimizing concave functions) considered in Chapter 2, where it suffices to compute the
typically smaller subset vert(conv(WW.S)) of vertices of the image.

So the time taken by any algorithm for solving problem (6.1) is at least the cardinality
|W S| of the image. Therefore, when W is binary encoded, the problem is intractable and
hopeless even in fixed dimension d = 1, for instance, the image in Z of S := {0,1}"
under w := (1,2,4,...,2""1) has |wS| = 2" points, since

wS = {37 2wy e e {0,1}"} = {0,1,...,2" — 1}.

Therefore, in this chapter we assume that the weight matrix W is unary encoded. We
follow the general outline of the Naive Strategy 2.1 of Section 2.1, consisting of three
steps: computing the image WS, finding a point y € W.S minimizing f(y) over WS,
and finding a feasible point z € W~ (y) NS in the fiber of y. The key problem is the first
step of the strategy, that of computing the image WS

We solve (6.1) in polynomial time for several types of combinatorial families S, using
different implementations of Strategy 2.1 involving a variety of methods. For matroids, in
Section 6.1.2, we compute the image exactly, leading to deterministic algorithm in The-
orem 6.8. For matroid intersections, in Section 6.1.3, we compute a random subset of
the image, leading to randomized algorithm in Theorem 6.12. Finally, for arbitrary inde-
pendence systems, in Section 6.2.1, we compute an approximating subset of the image,
leading to approximative algorithm in Theorem 6.23. This approximation has unusual fla-
vor, and its quality is bounded by certain Frobenius numbers derived from the entries of
W. We also establish an exponential lower bound in Theorem 6.24 on the time needed to
solve the problem to optimality.
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We conclude with some concrete applications including experimental design in statis-
tics and universal Grobner bases in computational algebra.

The table below enables quick navigation among theorems in this chapter providing
polynomial time solution of problem (6.1). Additional results are in the applications Sec-
tion 6.3. The first row indicates assumptions on the data (combinatorial structure of S,
assumptions on d, assumptions on W), and the second row indicates the type of polyno-
mial time algorithm established herein. Our results for matroids and matroid intersections
apply to bases and independent sets. Restricting attention to independent sets, all systems
considered in the table are independence systems, of generality and difficulty increasing
from left to right.

Single matroid Two matroid intersections Any independence system
d arbitrary d arbitrary d=1
W unary encoded W unary encoded W has entries in {a1,...,a,}
Theorem 6.8 Theorem 6.12 Theorem 6.23
deterministic randomized r(a1,...,ap)-approximative

6.1 Nonlinear matroid optimization

In this section, we solve the nonlinear combinatorial optimization problem (6.1) over
matroids and two matroid intersections for arbitrary function f and unary-encoded W.
The following table summarizes the time complexities of all our algorithmic results for
matroids and matroid intersections, including the results of this section and the results of
Section 2.5.2 on the maximization of convex functions.

H H Single matroid ‘ Two matroid intersections H
Maximizing convex f Corollary 2.25 Corollary 2.26
polynomial in (W) polynomial in W

Optimizing any f

Theorem 6.8
polynomial in W

Theorem 6.12
randomized polynomial in W

6.1.1 Preparation

As noted, our solution of problem (6.1) follows the outline of Strategy 2.1, consisting of
three steps: computing the image WS, finding a point y € WS minimizing f(y) over
WS, and finding a feasible point z € W ~1(y) N S in the fiber of y.

We begin with some preparatory lemmas which are used in the sequel. As usual
[W|le = max, ; |W; ;|. Also, for any 0 < r < n, let {0, 1} be the set of all vectors
x € {0, 1}™ with precisely 7 entries equal to 1, that is, with | supp(x)| = r.

The first lemma enables to restrict attention to nonnegative weight matrices.
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Lemma 6.1. The image of S C {0, 1} under an integer d x n matrix W is obtainable
as the translation WS = WS — v of the image of S under the nonnegative integer matrix
W defined by W; j := W, ;j + ||W || for all i, j with v := r||W||»1 € Z%.

Proof. The proof follows at once since Wx = Wz + v for every = € {0,1}". O

The restriction of S C {0,1}" to a subset J C N := {1,...,n} of the ground set
is the set S’ := {z € S : supp(z) C J} C {0,1}" of all points in S supported on .J.
Recall the fiber problem from Section 2.1: given S C 7", integer d X n matrix W, and
point y € Z%, find x € W~1(y) N S, that is, z € S with Wa = y, or assert that none
exists. The next lemma shows that the fiber problem for S C {0,1}" can be solved by
deciding if y € WS7 = {Wx : € S/} for n + 1 restrictions of S.

Lemma 6.2. The fiber problem of finding x € W ~'(y) N S or asserting that none exists
can be solved by deciding if y € WS’ for n + 1 restrictions S’ of S C {0,1}™.

Proof. If y ¢ WS™ then assert that there is no feasible point in the fiber of y. Otherwise,
set Jo := N and for j = 1,2,...,n repeat the following iteration: set J := J;_1 \ {j};
if y € WS then set J; := J, else set .J; := J;_1. Output the indicator = := 1, of the
final set J,, obtained that way. Then x € W~1(y) N S. O

We conclude our preparation with some properties of multivariate polynomials. Let
x = (x1,...,24) be a vector of d variables. Each u € Zi serves as an exponent of
a corresponding monomial " := Hle x;" in z. A (multivariate) polynomial in z is a
linear combination g = g(z) := > g, " of finitely many monomials with coefficients g,
in a suitable field. A polynomial is integer (rational, real, complex) if all its coefficients
are integer (rational, real, complex). We mostly restrict attention to integer or rational
polynomials, whose coefficients can be processed by our algorithms. The support of g
is the finite set supp(g) := {u € Z% : g, # 0} of exponents of all monomials z*
having nonzero coefficients g,,. We denote by ||g[|oc = [|(gu : u € Z%)||o the maximum
absolute value of any coefficient of g. The degree of g is deg(g) := max{||ul/; : v €
supp(g)}, that is, the maximum value |Jul|; = Zle u; of an exponent of a monomial z*
having a nonzero coefficient g,,. As usual, an evaluation oracle for g is one that, queried
on z € Z4, returns g(x).

We need two lemmas about polynomials. The first one concerns interpolation.

Lemma 6.3. For any fixed d, there is an algorithm that, given s € Z. and d-variate in-
teger polynomial g presented by evaluation oracle, with supp(g) C {0,1,...,s}%, com-
putes supp(g) and all g,, u € supp(g), in time polynomial in s and (||g) o)-

Proof. LetU :={0,1,...,s}¢sothat g(z) = > wev Jur®. For each of the polynomially
many integers t = 1,2,..., (s + 1), let 2(t) be the vector in Z¢ obtained by substituting
z; =t fori = 1,...,d, and use the evaluation oracle of g to compute g(z(1)).
We then obtain a system of (s+1)? linear equations in (s + 1)? indeterminates g,,, u € U,
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where, fort = 1,2, ..., (s + 1)%, the tth equation is as follows:
d i—1 d i—1
Z gu(z(t))" = Z Ju H (et Ty < Z H i it — g (a(h)).
uelU uelU i=1 uelU
As u = (u,...,uq) runs through U, the sum Zle ui(s + 1)*~1 attains precisely all

|U| = (s + 1)? distinct values 0,1,..., (s + 1)¢ — 1. This implies that, under the total
order of the points » in U by increasing value of Z?:l ui(s + 1)1, the vector of coef-
ficients of the g, in the tth equation is precisely the point (t°,¢!,. .., ¢(s+D"=1) on the

so-called moment curve in RV 2 R(s+1)" Therefore, the equations are linearly indepen-
dent. Moreover, each coefficient and each right-hand side of each equation in this system

have a polynomially bounded binary length, since

(z(®)" < (s + O lg(x())| < (s + D)((s + 1)d)<8+1>d‘1||g||oo.

Therefore, the system of equations can be solved in polynomial time, and the coefficients
gy, and the support supp(g) = {u € U : g, # 0} be obtained as claimed. O

The second lemma, from [93], bounds the number of zeros of a polynomial.

Lemma 6.4. Let g be a nonzero n-variate complex polynomial with deg(g) < r and q a
positive integer. Then g(x) = 0 for at most o of the vectors x € {1,2,...,q}™

Proof. We show by induction on n that g(z) = 0 for at most gq” = r¢" ! such vectors.
For n = 1, this holds since any nonzero univariate polynomial of degree at most r has
at most r complex roots. Now, suppose that n > 2 and ¢ is nonzero. Then for some
0 < k < r and some (n — 1)-variate polynomials gy, . . ., gx With g; # 0:

k

9@ wn) = gi(wr,. . )l

=0

For each vector (vy,...,v,-1) € {1,...,¢}""! which is not a zero of gi, we have
that g(v1,...,vn—1,2y) iS @ nonzero univariate polynomial in z, of degree at most
k and hence is zero for at most k values of z,. So ¢ has at most kg™~ ! such zeros.
For each vector (vq,...,v,_1) € {1,...,q}" ! which is a zero of g it may be that
g(v1,...,Vn—1,x,) is zero for all g values of z,, in {1,...,¢}. Since deg(gx) < r — k,
by induction gj has at most (r — k)q" 2 zeros (v,...,v,-1) € {1,...,¢}" 1. So g
has at most ¢(r — k)g™ 2 such zeros. Therefore, the total number of zeros of g at most
kg™t + q(r — k)q" =2 = rq" ! and the induction step follows. O

6.1.2 Matroids

The main result of this subsection is Theorem 6.8: for every fixed d, we can minimize
any nonlinear composite function f(Wx) with W presented in unary, over the bases or
independent sets of a vectorial matroid, in polynomial time.
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Let M be the vectorial matroid of an integer r x n matrix A of rank r and let S :=
{1p : B € B} beits set of bases. Let W be a nonnegative integer d x n weight matrix.
Foreach z € {0,1}" let A® := [A7 : j € supp(z)] be the r x r submatrix of A consisting
of the columns corresponding to nonzero entries of x.

Foreachy € Z‘i define the following:

gy =D {det?(A%) :z e Wl(y) N S}

Letb = (by,...,by) be a vector of variables. Define the following polynomial in b:

d
=> gt => g, [0V (6.2)
Y Y i=1

The following lemma bounds the support and norm of ¢ and shows that the image WS
of bases coincides with the support of g. As usual, A(A) denotes the maximum absolute
value of a determinant of a square submatrix of A.

Lemma 6.5. For every integer r X n matrix A of rank r and nonnegative integer d X n
matrix W, with S the bases of the matroid of A, the polynomial g satisfies the following:

d n
supp(a) = WS € 0.1, W1} gl = (1) %)

Proof. We have det(A”) # 0 if and only if # € S. Therefore, g, # 0 if and only if
W=Y(y) NS # 0, that is, if and only if y € WS. The first claim then follows by the
following:

supp(g) = {y: g9y # 0} = WS CW{0,137 C {0, 1,...,7[|W ] }".

The second claim, bounding ||g||o, follows by noting that for all y € Z¢ we have the
following:

lg,| < 1S1A%(4) < |{0,1}7]A%(A <:>A2(A).

Let A(b) be the r x n matrix obtained from A by multiplying, for j = 1,...,n,

column A’ by monomial YW = Hj 1 bl “J having as exponent column W/ of W

AT (b) =" AT = Hb YA j=1,...,n.

The next lemma provides an efficient evaluation oracle for the polynomial g.

Lemma 6.6. For every integer r X n matrix A of rank r and nonnegative integer d X n
matrix W, the following identity of polynomials in variables b, which enables to evaluate
g(b) for any given b € 7% in time polynomial in W and (A, b), holds:

g(b) = det (A(b)AT).
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Proof. The classical Binet—Cauchy identity for two r x n matrices B and C'is as follows:
det (BCT) = > det(B")det(C*). (6.3)
ze{0,1}7

Applying the Binet-Cauchy identity to B := A(b) and C' := A, we obtain the claimed
identity, with S C {0, 1} the set of bases of the vectorial matroid of A:

det (A(D)AT) = > det (A"(b)) det(A") = f[ BW')" det® (A”)

ze{0,1}n ze{0,1}7 j=1
= Z pE T W) ger? (Az) = Z bV det? (A””)
zeS z€eS

= Z bY Z det Zgyby =g(b
y

zeW—1(y)NS

Now, given any b € Z<, we can clearly evaluate g(b) = det(A(b)AT) in time which
polynomial in W, (A, b), by computing the determinant of an integer matrix. O

We can now compute the image of the bases or independent sets of a matroid.

Lemma 6.7. For every fixed d, there is an algorithm that, given vectorial matroid M
which is presented by integer r X n matrix A, and integer d x n matrix W, in time which
is polynomial in (A) and W, computes the image WS of the set S := {1p : B € B} of
bases or set S := {1y : I € I} of independent sets of M.

Proof. We begin with the statement for bases. Removing some rows of A if necessary,
we may assume that A has rank r and therefore S = {15 : B € B} C {0,1}. By
Lemma 6.1, we may then assume that W is nonnegative. Define the polynomial g as in
(6.2). By Lemma 6.5, we have supp(g) C {0,1...,s}¢ with s := r||IW||s and ||g|ec <
(")A?(A). By Lemma 6.6, we can realize in polynomial time an evaluation oracle for
the polynomial g. So we can apply the algorithm of Lemma 6.3 and compute supp(g),
which by Lemma 6.5 provides the image as W.S := supp(g), in time polynomial in s and
(llg]lso) and hence polynomial in W and (A).

We continue with the statement for S = {1; : I € J} the independent sets. Let
W := [W 0] be the d x (n -+ ) matrix obtained by appending to W the d x r zero matrix
and let A := [A I,] be the » x (n + r) matrix obtained by appending to A the r x r
identity matrix. Let S := {15 : B € B} be the set of bases of the vectorial matroid M of
A. Then it is not hard to verify that WS = WS, which can be computed in polynomial
time by the above algorithm for bases of M. g

We can now obtain a result of [10] about nonlinear matroid optimization.

Theorem 6.8. For every fixed d, there is an algorithm that, given vectorial matroid M of
integer v x m matrix A, integer d x n matrix W, and function f : 74 — R presented by
comparison oracle, solves in time polynomial in (A), W, the problem:

min { f(Wz) : z € S} (6.4)
over the bases S := {1p : B € B} or independent sets S := {1; : I € T} of M.
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Proof. Use the algorithm of Lemma 6.7 and compute the image W .S. Then use the com-
parison oracle of f and obtain a point y € WS minimizing f over W S.

We proceed to show how to implement the algorithm of Lemma 6.2 to obtain a point
x € W~(y) N S. For this, we need to show how to decide if y € W.S” for the restriction
S7 = {x €S :supp(z) C J} of S to any subset J C {1,...,n}.

Consider any such restriction. Let A be the 7 x n matrix obtained from A by replacing
each column A7, j ¢ J, by the zero vector 0 € Z". If S is the set of bases and rank(A4) <
rank(A) then S7 = () so y ¢ WSY. Otherwise, namely, if S is the set of bases and
rank(A) = rank(A), or S is the set of independent sets, then S” is precisely the set of
bases or independent sets, respectively, of the matroid M of A. Now, compute .S by
the algorithm of Lemma 6.7 for M and check if y € WS,

Using this decision procedure for restrictions, we can indeed use the algorithm of
Lemma 6.2 and obtain € W~1(y) N S which is an optimal solution. O

6.1.3 Matroid intersections

We proceed to solve the nonlinear optimization problem over two matroid intersections.
The general outline of the solution method is similar to the one over matroids, but the
problem is harder and we need to incorporate randomization.

The main result here is Theorem 6.12: for every fixed d, we can minimize any nonlin-
ear composite function f(Wz) with W in unary, over the common bases or independent
sets of two vectorial matroids, in randomized polynomial time.

Let My, M5 be vectorial matroids of integer r x n matrices Ay, As of rank r and let
S :={1p: B € By N By} be the set of common bases. Let 1/ be a nonnegative integer
d x n weight matrix. As before, for each z € {0,1}} let A7 := [A] : j € supp(x)] be
the corresponding r X r submatrix of Ay for k =1, 2.

Leta = (a,...,a,) and b = (by, ..., by) be vectors of n variables and d variables,
respectively. For each y € Zi, define the following polynomial in a:

Z { det det (A””) TrxeW H(y)N S} a® = H a;c”. (6.5)
j=1

Now, define the following polynomial in both vectors of variables a and b:

d

g9=2g(ab): Zgy w, o= (6.6)

i=1

We now consider numerical substitutions of vectors a € Z" into g = g(a, b), turning
¢ into a polynomial in b only. In what follows, we often make random substitutions for a,
in which case g becomes a random polynomial in b with random support supp(g) = {y €
Z% : gy(a) # 0}. The following lemma bounds the norm and support of g under such
substitutions and shows that any point in the image WS of common bases appears in the
random support of g with high probability.
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Lemma 6.9. Let Ay, As be integer r X n matrices of rank r, S the set of common bases of

their vectorial matroids, and W nonnegative integer d X n matrix. Let g be the polynomial
in b obtained by substituting a € {1,2,...,q}" into g(a,b). Then

d ny\ .,
suppla) € WS € (0L rWl s ol < (1) (4)A ().
If a is randomly uniformly sampled from {1,2, ..., q}" then, for every y € WS,
r
Ply € supp(g)] > 1 - 7

Proof. We begin with the claims on the support and norm. For the support, note that if
y ¢ WS then W~ (y) NS = 0 and hence g, (a) = 0 for any a. Therefore,

supp(g) = {y : gy(a) #0} CWS C W{0,1}7 C {0, 1,...,7[| W }".

For the bound on the norm ||g||«, note that for all y € Z%, we have the following:
n
@] < ISIA(A)A(2)a" < 01125 () A(e)a" = ()" A(41) A ().
For the claim on random substitutions, consider any point y € W.S. Consider

gy(a) = Z { det (A7) det (A3)a” 1z € W(y) N S}

as a polynomial in a. Since distinct € {0, 1}" give distinct monomial a”, no cancela-
tions occur among terms in the sum defining g, (a). Since y is in the image, there is some
x € W~1(y) N S and hence the monomial a® appears with coefficient det(A?) det(A3%)
which is nonzero since x is a common basis. Therefore, g,,(a) is a nonzero polynomial in
a of degree r. The claim now follows from Lemma 6.4 which bounds the probability of

gy(a) = 0 which is equivalent to y ¢ supp(g). O
Let A1 (a,b) be the r x n matrix obtained from the matrix A; by multiplying, for
j =1,...,n, the column A} by the monomial a;b""" = a; H?Zl szM , that is,

d
Al(a.b) == a0V Al = a; T 017 A, j=1.....n.

i=1

The next lemma provides an efficient evaluation oracle for the polynomial g.

Lemma 6.10. For every integer r X n matrices Ay, As of rank v and nonnegative integer
d x n matrix W, the following identity, which enables to evaluate g(a,b) for any given
a € Z" and b € 7% in time polynomial in W and (Ay, Az, a,b), holds:

g(a,b) = det (A;(a,b)AT).
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Proof. The Binet-Cauchy identity (6.3) with B := A;(a,b) and C' := A, gives the
claimed identity, with S C {0, 1} the common bases of the matroids of Ay, As:

3" det (Af(a,b)) det (A3)

det (A1 (a,b)A7)

z€{0,1}n

= > H ) det (A7) det (A3)
z€{0,1}7 j=1

= > a"b"" det (A7) det (A3)
€S

_ Z by Z a” det (A7) det (A3)

zeW—1(y)NS

—Zgy WY = g(a,b).

Given a € Z", b € Z%, we can evaluate g(a, b) = det(A;(a,b)AT) in time polynomial in
W, (A, As, a, by, by computing the determinant of an integer matrix. O

We can now show how to compute a random subset of the set of common bases or
common independent sets of two matroids, which contains every point of the image with
high probability. A randomized algorithm is an algorithm that has access to a random bit
generator. Its running time then counts also the number of random bits used. A random-
ized algorithm is polynomial time if its running time, including the number of random bits
used, is polynomial in the input length.

Lemma 6.11. For every fixed d, there is a randomized algorithm that, given two vectorial
matroids, with M), presented by integer 1, X n matrix Ay, and integer d x n matrix W,
in time polynomial in (A1, As), W, computes a random subset Y C WS of the image
of S := {1p : B € By N By} common bases or S := {1; : I € J; N Tz} common
independent sets of My and M, such that for every pointy € W S':

1
PyeYlzl-57"75
Proof. We begin with the statement for common bases. Removing some rows of Ay if
necessary, we may assume that the rank of Ay, is ry for k = 1, 2. If r; # 75 then there is
no common basis so the image is empty. So assume r := 1y = 79 and therefore S = {15 :
B € By N By} C {0,1}". By Lemma 6.1, we may then assume that W is nonnegative.
Define the polynomial g as in (6.6). Let g := 2r(n + 1). Consider any a € {1,2,...,q}"
and let g = g(a, b) be the polynomial in b obtained by substituting a. By Lemma 6.9, we
have supp(g) € {0,1,..., s} with s := 7[|[W||o and [|g[loc < (7)q"A(A1)A(Az). By
Lemma 6.10, we can realize in polynomial time an evaluation oracle for the polynomial
g. So we can apply the algorithm of Lemma 6.3 and compute supp(g) in time polynomial
in s and (||¢g||~) and hence polynomial in W and (A;, A2). Now, let a be randomly
uniformly sampled from {1,2,...,4}", let ¢ = g(a,b) be the random polynomial in b
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obtained by substituting a, and let Y := supp(g) = {y € Z< : g,(a) # 0} be the random
support of g. We claim that this Y satisfies the claim of the lemma. Indeed, as just shown,
Y can be computed in polynomial time for any realization of the random vector a, and by
Lemma 6.9, for every point y € W S of the image:

1

T
PlycY]>1—C=1———~
yeyl> p 20n + 1)

We continue with the statement for S = {1; : I € J; NJy} the common independent
sets. Let r := max{ry,m2}. Let W := [W 0] be the d x (n + r?) matrix obtained by
appending to W the d x r? zero matrix. For k = 1, 2, let Ay, be the r x n matrix obtained
by appending » — rj, zero rows to Ay. Let C7, Cs be the r x 72 matrices consisting of
the first » rows and last  rows, respectively, of the (r + r) X r2 incidence matrix of the
complete bipartite graph K. ,.. For k = 1,2, let A, := [Ak Cj] be the 7 x (n+17?) matrix
obtained by appending C to Ay, and let M;, be the vectorial matroid of Aj. Finally, let
S :={1p: B € B; N By} be the set of common bases of M, M,. Then it is not hard
to verify that WS = WS, and the claim follows from the above statement for common
bases of My, M. O

We can now obtain a result of [11], providing a randomized polynomial time algo-
rithm for solving the nonlinear matroid intersection problem. By this, we mean that the
algorithm either asserts that the problem is infeasible or outputs a point € {0,1}"
which is an optimal solution with probability at least a half. By repeatedly applying the
algorithm several times and picking the best solution if any, the probability of success
can be increased at will. In particular, repeating it n times increases the probability of
obtaining a true optimal solution to at least 1 — 27" while increasing the running time by
a linear factor only.

Theorem 6.12. For every fixed d, there is a randomized algorithm that, given two vecto-
rial matroids, with My, presented by integer T, X n matrix Ay, integer d X n matrix W,
and function f : Z¢ — R presented by comparison oracle, solves over the set of common
bases S := {1p : B € By N Ba} or common independent sets S := {1; : I € J; NIy}
of My, My, in time polynomial in (A1, As), W, the following problem:

min { f(Wz) : z € S}.

Proof. First, either detect that S' is empty or obtain some point Z € S as follows: for
common independent sets take £ := 0 € Z" which is always feasible; for common
bases apply the deterministic matroid intersection algorithm of [33]. So from here on, we
assume that .S is nonempty and some = € S has been obtained.

We begin by describing the polynomial time randomized algorithm, and then prove
that it outputs an optimal solution with probability at least a half.

Use the algorithm of Lemma 6.11 and compute a random subset Y C WS of the
image. Set y := Wz and Y := Y U {y} C WS making sure Y is nonempty. Use the
comparison oracle of f to obtain a point §y € Y minimizing f over Y.

We proceed to show how to implement a randomized counterpart of the algorithm of
Lemma 6.2 which outputs a random candidate & for being in W~1(§) N S. For this, we
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need to describe a randomized procedure for deciding if § € WS” for the restriction
S7 = {x € S :supp(z) C J} of Stoany subset J C {1,...,n}.

Consider any such restriction. For k = 1,2, let A, be the 7 x n matrix obtained from
Ay, by replacing each column A7, j ¢ J, by 0 € Z"*. If S is the set of common bases and
rank(A;) < rank(A;) or rank(Ay) < rank(As) then SY = () so § ¢ W.S’. Otherwise,
namely, if S is the set of common bases and rank(Ay) = rank(Ay) for k = 1,2, or
S is the set of common independent sets, then S” is precisely the set of common bases
or common independent sets, respectively, of the vectorial matroids M, M, of Ay, A,.
Now, compute a random subset Y (J) C WS J by the algorithm of Lemma 6.11 for M,
M, check if §j € Y (J) and decide accordingly.

Incorporating this randomized decision procedure for restrictions into the algorithm
of Lemma 6.2, we obtain a randomized algorithm which outputs the random indicator
Z := 1, of the set .J,, obtained in the final iteration of that algorithm.

We now show that & is an optimal solution with probability at least a half. Consider
the following random events:

Ey: the minimizer g of f over Y further satisfies f(§) = min{f(y) : y € WS}.

E;: the algorithm of Lemma 6.2 decides correctly in iteration j whether § € W57,

If all events Eg, Eq, ..., E, hold then the algorithm clearly outputs a point x which is an
optimal solution. We proceed to bound the probabilities of these events.

First, let y* € WS be any minimizer of f over WS.If y* € Y then f(§) = f(y*) by
choice of ¢ and hence g is also a minimizer of f over W.S. So, by Lemma 6.11,

1

P(Eo) >P[y* eY] >1— CTCESE

Next, consider the decision whether § € W.S” in iteration j of the algorithm of
Lemma 6.2, based on computing a random subset Y'(.JJ) € WS” by the algorithm of
Lemma 6.11 and checking if § € Y (J). Then again by Lemma 6.11, we have the follow-
ing:

PE;|§¢WS!)=P(¢Y(J))[g¢WS’) =1,

and
1
PE; [§eWS))=P(geY(J)|geWs’)>1—- —.
Therefore, we obtain the following:

P(E;) =P(E; | § ¢ WS')P[j ¢ WS'] + P(E; | § € WS')P[j e WS’]
b
2(n+1)

So the probability that the algorithm outputs an optimal solution Z is at least as follows:

>

> (1- ﬁ)(ﬂv[g ¢Ws!| +P[jews’]) =1-

n n

P(ﬁEa‘)ﬂ—P(UE;)21—2P(E§)21—22(n11)=;

=0 =0 =0

This completes the proof, solving the nonlinear matroid intersection problem. O
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6.2 Optimization over independence systems

In this section, we study the nonlinear combinatorial optimization problem (6.1) over an
arbitrary independence system introduced in Section 1.2.1, that is, over a nonempty set
S C {0,1}™ such that z € {0,1}" and z < = € S imply z € S. This is a very broad
problem and hence very difficult. In particular, the set of common independent sets of
any number k of matroids is an independence system, so, as explained in Section 2.5.2,
already for d = 1 includes the traveling salesman problem and is hard.

Therefore, we consider the problem under the following quite restrictive assumptions.
First, as in Chapter 2, we assume that we can do linear optimization over .S to begin
with, that is, we assume that S is presented by a linear-optimization oracle that, queried
on w € Z", solves the problem max{wz : € S}. Second, we assume that d = 1
so that the weight matrix W becomes simply a weight vector w € Z™ and the function
f is univariate. Finally, we restrict the entries of w to take on values from a fixed p-

tuple ¢ = (a1,...,a,) of positive integers, so that w € {ai,...,a,}". Without loss
of generality, we assume that a = (ay,..., ap) is primitive, that is, the a; are distinct
positive integers having greatest common divisor ged(a) := ged(az, ..., a,) = 1. But, as

elsewhere in this chapter, we do allow the function f : Z — R, presented by comparison
oracle, to be arbitrary.

It turns out, as we show later, that even under these restrictions, the solution of the
nonlinear problem (6.1) to optimality may require exponential time. Nonetheless, we are
able to find in polynomial time a solution which is approximative in the following unusual
and interesting sense. For a nonnegative integer r, we say that x* € S is an r-best solution
to the minimization problem over S, if there are at most r better objective function values
attainable by feasible points, that is,

[{f(wa) : fwe) < f(wa®), z €S} <r.

In particular, a O-best solution is optimal. Recall that the Frobenius number of a primitive
tuple a = (aq,...,a,) is the largest integer F(a) that is not expressible as a nonnegative
integer combination of the a; (see more details in Section 6.2.1). It turns out that we can
obtain an r(a)-best solution with 7 (a) depending on a only and bounded by the Frobenius
numbers derived from subtuples of a. In particular, for p = 2 and any pair a = (a1, az),
we have (a) < F(a) the Frobenius number. So, for a = (2, 3), that is, for weight vectors
w € {2,3}", since F(2,3) = 1, our algorithm obtains a 1-best solution in polynomial
time. Quite amazingly, it turns out that finding a 0-best (namely, optimal) solution for w €
{2, 3}" requires exponential time. The following table emphasizes the contrast between
these results.

w e {ar,...,ap}" w € {2,3}" w e {2,3}"
r(a1,...,ap)-best solution 1-best solution 0-best (optimal) solution
Theorem 6.23 Theorem 6.23 Theorem 6.24
time polynomial in n time polynomial in n time exponential in n
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We now proceed to derive these results. In Section 6.2.1, we provide the approximative
solution, and in Section 6.2.2, we prove that exponential time is needed for exact solution.

6.2.1 Approximative nonlinear optimization

The main result in this subsection is Theorem 6.23: for every tuple a = (a1,...,ap),
there exists a constant r(a), such that we can find an r(a)-best solution for the problem
of minimizing any nonlinear composite function f(wz) with any weight vector w €
{a1,...,a,}"™ over any independence system .S, in polynomial time.

As the derivation of this is quite long, we split this subsection into two parts.

Monoids and the Frobenius numbers

We begin with some properties of monoids and the Frobenius numbers needed in the
sequel. The key result here is Lemma 6.16 which is of interest in its own right.

Throughout, @ = (ai,...,a,) is a primitive tuple, that is, the a, are distinct positive
integers having greatest common divisor gcd(a) = ged(aq, ..., a,) = 1. For p = 1, the
only primitive a = (aq) is the one with a; = 1. The monoid of a = (as, ..., a,) is the

set of nonnegative integer combinations of its entries:

M(a) == {pa =", pa; - p € Z8 }.

The gap set of a is the set G(a) := Z, \ M(a) and is well known to be finite [16]. If
all a; > 2, then G(a) is nonempty, and its maximum element is known as the Frobenius
number of a and will be denoted by F(a) := max G(a). If some a; = 1 then G(a) = 0, in
which case we define F(a) := 0 by convention. We also define G(a) := () and F(a) := 0
by convention for the empty p-tuple a = () with p = 0.

Example 6.13. The gap set and the Frobenius number of the pair a = (3,5) are as
follows:

Ga) = {1,2,4,7}, Fla)="T.

Classical results of Schur and Sylvester assert that forall p>2 and all a= (a1, ..., ap)
with each a; > 2, the Frobenius number obeys the upper bound:
Fla)+1<min{(a; —1)(a; —1):1<i<j <p} (6.7)

with equality F(a) + 1 = (a1 — 1)(a2 — 1) holding for p = 2, see [16] for details.
For monoid M (a) and A € ZE , we frequently use the following subset of M (a):

M(a,\) == {pa:pecZi, n <A} C M(a).
Such subsets satisfy the following simple lemma. Here and later on, for integers z,s € Z
and set of integers Z C Z, welet z + sZ :={z + sz : x € Z}.
Lemma 6.14. For every primitive p-tuple a and X\ € 7 the set M (a, \) satisfies the
following:

M(a,\) C{0,1,...,ax}\ (G(a) U (aX — G(a))). (6.8)
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Proof. Note that M (a, A) is symmetric on {0,1,...,a\}, that is, for any integer g we
have that ¢ € M (a, ) if and only if it aX — g € M (a, \); indeed, g = ap with 0 <
u < Aif and only if aX — g = a(A — p) with 0 < X\ — p < A Clearly, M(a,\) C
{0,1,...,a\} \ G(a). The claim now follows from the symmetry. O

The following definition plays an important role in the sequel.
Definition 6.15. Call A € Zﬁ saturated for primitive p-tuple a if we have equality:
M(a,\) ={0,1,...,aA}\ (G(a) U (aX — G(a))).
In particular, if some a; = 1 then A saturated for a implies M (a, \) = {0,1,...,a\}.

Example 6.13 (continued). Let ¢ = (3,5) and A = (3,4). Then aA = 29, and the
two values 12 = 4-3 +0-5and 17 = 4 -3 + 1 -5 are not in M (a, \) but are in
{0,1,...,a\}\ (G(a) U (aX — G(a))). Therefore, this A is not saturated for this a.

Let as usual ||a]|« = max{ai,...,a,}. Calla = (a1,...,a,) divisible if a; divides
a;+1 fori = 1,...,p — 1. The following key lemma asserts that, for every primitive a,
every componentwise sufficiently large A € Z7, is saturated.

Lemma 6.16. Leta = (a1, ..., ap) be any primitive p-tuple. Then we have the following:
1. every )\ € Zﬂ with \; > ||al|eo for 1 < i < pis saturated for a;
2. every X € ZE with \; > % — 1 for1 <1 < pis saturated for divisible a.

Proof. We begin with part 1. We prove that X is saturated if all A; > 2||a||oo. The proof
of the stronger statement is quite technical and can be found in [67].

Fix any A = (Aq,...,\p) satisfying \; > 2|jal|« for all ¢. Consider any integer
ve{0,1,...,ar} \ (G(a) U (aX — G(a))). We show that v € M (a, \) as well.

Suppose first that v < JAa. Assume indirectly that v ¢ M (a, \) and choose p € Z.
such that v = pa and p has smallest possible violation > {u; — A; : p; > \;}. Let j be
an index such that 1; > ;. Now, v = pa < 2Xa and 3); > ||a||« for all i imply the
following:

i (N = llallo) = pa)ai > i (%)\z — ui>ai > 0.

i=1

So some index k satisfies (A — ||a|loo) — 11 > 0 and therefore iy, < A\ — ||a] o-
Now, define a new tuple v by the following:

Vi =l —ag, Vg:=pE+a;, and v :=p; foralli # j k.

Then v; > \j —ag > 0and v, < (A, — ||al|s) +a; < M. So v is nonnegative, satisfies
va = pa = v, and has smaller violation than p, which is a contradiction to the choice of
i Therefore, indeed v € M (a, \).

Next, suppose that v > 2Aa. Put w := Aa — v. Then v ¢ (G(a) U (aX — G(a)))
implies u ¢ ((aX — G(a)) UG(a)). Since u < 3 Aa, by what we just proved applied to v,
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we conclude that u € M (a, \), and hence u = pa for some pr < A. Then v = (A — p)a
and hence v € M (a, \) as well. This completes the proof of part 1.

We proceed with part 2. We use induction on p. For p = 1, we have a; = 1 and hence
G(a) = (. Therefore, it is easy to verify that every A = (1) is saturated.

Next, consider p > 1. We now use induction on A,. Suppose first that A\, = 0. Let
a = (a1,...,ap—1) and A" := (Aq,...,Ap_1). Consider any 0 < v < da = Nd'.
Since ) is saturated by induction on p, there exists u' < N with v = p/a’. Then p :=
(#/,0) < XAand v = pa. So A is also saturated. Suppose next that A\, > 0. Let 7 :=
(A, -5 Ap—1,Ap — 1). Consider any value 0 < v < Ta = Aa — a,. Since 7 is saturated
by induction on A, thereis a pt < 7 < A with v = pa and sov € M(a,7) C M(a,\).
Moreover, v + a, = fia with i 1= (g1, ..., tp—1,p +1) < Asov+a, € M(a,\) as
well. Therefore,

{O,l,...,Ta}U{ap,ap+1,...,a)\}QM(a,)\). (6.9)
Now,
P p—1 p—1 a p—1
re=3 ez 3oha 23 (2 - 1ai= 3 (e —a) =4 -1,
i=1 i=1 i=1 g i=1

implying that the left-hand side of (6.9) is in fact equal to {0,1,...,Aa}. So X is indeed
saturated. This completes the double induction and the proof of part 2. O

Efficient approximation

We proceed to solve the nonlinear optimization problem min{ f(wz) : € S} with S C
{0,1}" an independence system presented by a linear-optimization oracle, weight vector
w € {a1,...,a,}" taking values in a primitive tuple a« = (a1,...,q,), and arbitrary
univariate function f : Z — R presented by a comparison oracle.

The outline of our approach is the following variant of Strategy 2.1. The key step is
that of computing a subset 7' C S of the feasible set, whose image w1 C wS contains
most image points and hence provides a good approximation of the true image wS. Note
that here wS = {wx : © € S} C Z is a set of integer numbers. Then, by inspecting 7'
and using the comparison oracle of f, we determine a point x € 7" C S whose image
y = wx minimizes f over w1 C wS, and output x, which is in the fiber W‘l(y) NnNT C
W=Y(y) N S, as the approximative solution.

For any point « € {0, 1}", define the independence system generated by x to be as
follows:

S(z):={z€{0,1}" : z < z}.

For any independence system S and any = € S, we have S(z) C S and hence wS(z) C
wS, so the image of S(x) provides an approximation of the image of .S.

The set S(x) has 2¥ points, where k := | supp(z)| and hence its cardinality is typically
exponential. Nonetheless, as the next lemma shows, for w taking values in a we can
compute in polynomial time a subset 7' C S(z) such that wS(z) = wT.
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Here and later on, for a = (ai,...,a,) € Z8 and w € {a1,...,a,}", we use the
following notation. Let N := {1, ..., n}and N; :={j € N :w; = q;} fori =1,...,p,
giving a partition N = Y_, N; of the ground set according to weights of elements.
Also, for z € {0,1}" and i = 1,...,p, let o;(z) := |supp(z) N N;| and o(x) :=
(o1(x),...,0p(x)), so that the weight of 2 under w satisfies wx = ao(z).

Lemma 6.17. For every fixed p, there is an algorithm that, given x € {0,1}", a € 7,
andw € {a1,...,a,}", in time polynomial in (w), obtains T C S(z) with the following:

wS(z) ={wz:z€ S(x)} ={wz:2€T}=wT.
Proof. Using the notation introduced above, let 0 := o(z) = (o1(2),...,0p(z)). For
each p € 7Y satisfying 1 < o determine some x,, < x with o(x,) = u by zeroing out

suitable entries of . Then T := {x,, : p € Z, p < o} is computable in polynomial
time since there are Hle(cri +1) < (n+1)?such u < o, and

wS(z) = {wz=ao(2): 2€{0,1}", z2<a} ={ap:peZt, n<o}
={ao(z,) =wz,:peZh, p<o}={wz:zeT}=uwl. O

A particularly appealing approximation wS (x) of the image wS is given by any point
Z € S maximizing the linear function wx over S, since for any such point:

{0,wz} CwS(%) CwS C{0,1,...,wi}. (6.10)

Moreover, such an approximation w.S(%) can be easily computed as follows: first query
the linear-optimization oracle of S about w and obtain & € S attaining wi = max{wx :
x € S}; next compute wS(Z) by the algorithm of Lemma 6.17.

Unfortunately, as the following example shows, the number of points of w.S which
are missing from w.S() cannot generally be bounded by any constant.

Example 6.18 (unbounded gap). Let a := (1,2) and n := 4m. Define three vectors in
Z" by z! = Z?Zl 1, 2% = Z4m 1;, and w := ' + 222, namely,

j=2m+1
ot = (1,...,1,0,...,0), 2?:=(0,...,0,1,...,1), w=(1,...,1,2,...,2).
Let S be the following independence system:
S:=8(2"YuS(z®) ={z€{0,1}" :z <2'}Uu{z €{0,1}": 2 <2?}.
Then the unique maximizer of wz over S'is & := 22, with wi = 4m, and hence

wS(2)={2i:i=0,1,...,2m}
Cliti=01,....2m}U{2i:i=0,1,...,2m} = wS,

and

S\ wS(@)] = {1,3,....2m = 1}| =m = 7.
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This example shows that approximating the image using a single system which is
generated by a point is not satisfactory. We proceed to refine the above approach by parti-
tioning S into many pieces, approximating the image of each individually and combining
these approximations to get a good overall approximation.

Let S C {0,1}" beaset, a = (ai,...,a,) € Z atuple,and w € {a1,...,a,}" a
weight vector. Fix any A € Z% . For any ;1 € 7" satisfying o < X, define the following:

() = i i < Ay,
)= {CCES: oil@) = pi ity } 6.11)
oi(x) > ifp=XN

Then each z € S is in precisely one S;, the one with y; = min{c;(x), \;} for all 4.
Therefore, the S ;} with A fixed and g < A form a partition of .S, that is, we have the
following:

S = @S,j.

H<A

We can now outline our approach for approximating the image. We choose A satu-
rated for a. For each S, we compute a point z), € S} maximizing w over S;,. We then

compute T C S(m,’))l such that w1} = wS(x;,) approximates wS;,. Finally, we take
T:=U L<A T:‘ and show that w71 is a good approximation of wS.

We proceed to develop the details of this outlined approach. We need two lemmas to
show that we can maximize the linear function wx over each S 3 For any set S C {0,1}"
and any two subsets ) C T C J C N ={1,...,n} let

S :={xeS:ICsupp(z)C J}

The restriction of S to J in Section 6.1.1 is the special case S’ = S@] . Our first simple
lemma reduces linear optimization over such sets to linear optimization over S.

Lemma 6.19. There is an algorithm that, given any set S C {0, 1}" presented by linear-
optimization oracle, w € Z", and I C J C N = {1,...,n}, solves the linear optimiza-
tion problem max{wzx : & € S{} in time which is polynomial in (w).

Proof. Given such S, w, I and J, let @ := n|jw| + 1 and define v € Z" by the
following:

wj +ao, jel,
uj 1= L wj, jedJ\I, j=1,...,n
Wi — &, ]¢J7

Using the linear-optimization oracle of S, solve the linear optimization problem:

max {ux tx € S}.
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If the oracle asserts that S is empty then so is S{. Otherwise, let 2* € S be the optimal
solution returned by the oracle. Now, note that for all z € S{ and all z € S\ S7, if any,
we have uzr = wz + |I|aand uz < wz + (]I| — 1)« and therefore,

ur —uz > a+w(x —z) > a—nl|w|eo =1.

This implies that if * ¢ S/ then Sy is empty, whereas if z* € S then for all z € S{
we have wz* — wz = ux* — uz > 0 and therefore 2* maximizes w over S7 . O

Lemma 6.20. For every fixed p and A\ € 7, there is an algorithm that, given set S C
{0,1}™ presented by linear-optimization oracle, a € ZX, w € {ay,...,a,}", and p €
ZE with pu < X, solves max{wz : x € S}} in time polynomial in (w).

Proof. Let K :={i: pi; < A\;}. Asusual,let N; := {j : wj = a;} fori =1,...,p. Itis
clear that if ;1; > | V;| for some ¢ then S;‘ is empty. Otherwise, for every choice of subsets
S; C N; satisfying |S;| = u; fori = 1,...,p, do the following: let

p

I::USi, J = USZ‘UUNM

i=1 ieK i¢K

and use the algorithm of Lemma 6.19 to either detect that S is empty or obtain a point

x(S1,...,S,) € S{ which attains max{wz : x € S7}.

It is clear that S;)) is the union of the S'I] over all choices S1,. .., S, as above. So if
all S7 are empty then so is Sﬁ. Otherwise, the point z* among the (S, ...,.S,), which
attains the maximum value wz, is a point S;} which maximizes w over S ;}

Now, when p; < |N;| for all 4, the number of possible choices S, ..., Sp is as fol-
lows:

p

| Vi o TT o
IT(") <TI0 < T
v i=1 i=1

i=1
which is polynomial since A is fixed, and so we can indeed either conclude that S;‘ is

empty or find 2* € S; which maximizes w over S;, in polynomial time. O

For each primitive p-tuple a« = (as,...,a;), define a constant r(a) as follows. Let
A= (A1,..., Ap) with \; := ||a||o for all i. For each p € Z with po < X let

I, = {z D = )\i}, gu = ged (ai 11 € Iﬂ), a, = gi(ai 11 € Iﬂ). (6.12)
i

Finally, let r(a) be the sum of cardinalities of gap sets of a,, for all 4 € Z% with 1 < A,
which is bounded by the sum of corresponding Frobenius numbers, that is,

r(a) := Z |G (au)] < Z F(a,). (6.13)

A BEX

We can now approximate the image by a subset missing at most 7(a) points.
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Lemma 6.21. For every fixed primitive a = (a1, ...,a,), there is an algorithm that,
given independence system S C {0,1}" presented by linear-optimization oracle and
w € {a1,...,ap}", computes, in time polynomial in n, a subset T C S satisfying the
following:

|[wS\ wT| < r(a).

Proof. We begin by describing the polynomial time algorithm, and then prove that the
image wT of its output 7' C S misses at most 7(a) points from wS.

Define A := (A1,...,\p) by \; := [|a||« for every i. For every p € ZE with i < A
do the following: use the algorithm of Lemma 6.20 to either detect that S 2 is empty or
obtain a point 2, € S, which attains max{wz : z € S} };if S} = () then define T} := 0),
else compute by the algorithm of Lemma 6.17 a subset T:‘ C S(mﬁ) of the system S(:r;})
generated by xl); such that wS (a:f;) = wTj‘ Finally, let

:UTA

P

Note that the number of tuples 1 < A and hence of applications of the polynomial time
algorithms of Lemma 6.17 and Lemma 6.20 is [[?_, (A; + 1) = (1 + ||al|o)? which is
constant since a is fixed. Therefore, the algorithm is polynomial time.

We proceed to bound the number of missing image points. Consider any p < A with
S} # 0 and let x;, be the maximizer of w over S obtained by the algorithm. Let I,,,
gu» and a, be as in (6.12), and let by, := > {a;u; : i ¢ I,}. For every € {0,1} let
o,(z) == (0i(x) : i € I,) where, as usual, o;(z) = | supp(z) N N;|. Then for every point
NS ﬁ‘, we have the following:

wr = Z aio'i(x) + Z aio'z Z aifi + g Z azaz h + guauau(x)
i, i€l, i¢l, i€l,
and hence wx € hy, + g, M(a,) and wa < wxf; =h,+ g,iauau(xf;). Therefore,

wS[) Chy, +9u(M(au) N {0, 1,.. ~7au‘7u(x;\t>})'

Let S(z),) = {x : # < x)} be the system generated by x;,. For any v < 7, (z7,), there
isanz € S (:rf;) obtained by zeroing out suitable entries of mf; such that o, (z) = v and
oi(x) =0 (xf;) = u; for i ¢ I,,, and hence wx = h,, + g,a,v. Therefore,

h#+gﬂM(a#,U#( ))CwS( )

A A

is in S)), for each i € I,,, we have oy(xz7)) > i = Ai = [lallse > llay|so.
Therefore by Lemma 6.16, we find that Uu( ) is saturated for a,,, and hence,

M (s 0(wp)) = (M(aw) 0 {0, 1. a0 (@) }) \ (a0 (2) — Glap)).

Since Ty,
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This implies that
wSy \ w8 (23) € by + gu(au0u (2) — G(an))-

Since T} C S(x;,) computed by the algorithm satisfies w1, = wS(x;,

%), we obtain the
following:

oS \wTp| = [wSp \ wS(z3)| < G (ay)]

Since the set 7" C S computed by the algorithm satisfies the following:

wS\szw( U S;})\w( U T[L\) - U (WS,/)\U’T[L\)a
p<x

HEA < HEA

it therefore finally follows that:

|wS\ wT| < Z |wSﬁ‘\wT2‘| < Z |(G(an)| =r(a).

u<A u<A d

The next lemma provides some estimates on the constant r(a) controlling the approx-
imation quality. Recall our notation in (6.12) and (6.13) for primitive tuple a € Z, : define
A € ZE by \; := ||a]|o for all i and for each p € ZE with pn < A let

1
1, = {z D= )\i}, gu = ged (ai (i€ Iu)a ay = ;(ai 11 € IH),
o

and
r(a) := Z |G (a,)| < ZF(&H).
<A <A
Lemma 6.22. For every primitive p-tuple a = (a1, . . . , a,) the following hold:
1. an upper bound on r(a) is given by r(a) < 2P| a|%,;
2. for divisible a we have r(a) = 0;

3. forp =2, that is, for a = (a1, a2), we have r(a) = |G(a)| < F(a).

Proof. Define A € Z¥_ by \; := ||a||« for all i and I,,, a,,, r(a) as above. Note that if I,
is empty or a singleton then a,, = () or a,, = 1 so G(a,) = () and F(a,) = 0.

Part 1. First, as noted, for each tuple 1 < X with |I,,| < 1, we have F(a,) = 0. Second,
there are at most 27 ||al|%52 tuple 1 < X with |1,,| > 2, and for each, the bound of (6.7)
implies F(a,) < ||a||% . So we obtain, as claimed the following:

r(a) < 3 F(a,) < 2l[al52all? = 27|lall2.
n<A

Part 2. 1f a is divisible, then the least entry of every nonempty tuple a,, is 1 and hence
G(ay,) = 0 for every p < A. Therefore, r(a) = 0.
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Part 3. As noted, G(a,) = 0 for each p < X with [I,| < 1. For p = 2, the only p1 < A
A

with |I,,| = 2is p = A. Since a3} = a, we obtain r(a) = |G(a)| < F(a). O

We can finally obtain a result of [67], providing an approximative polynomial time
algorithm for nonlinear optimization over independence systems. Recall that x* € S is
an r-best solution of the minimization problem (6.1) if there are at most r better objective
function values attainable by feasible points, that is,

[{f(wz) : fwz) < f(wz*), € S} <r

Theorem 6.23. For every primitive p-tuple a = (a1, . .., a,), there is a constant r(a) and
an algorithm that, given any independence system S C {0,1}" presented by a linear-
optimization oracle, weight vector w € {a1,...,a,}", and function f : Z — R pre-

sented by a comparison oracle, determines an r(a)-best solution of the nonlinear problem
min{ f(wx) : © € S}, in time polynomial in n. Furthermore:

1. the quality of the approximation obtained satisfies the bound r(a) < 2P||a|Z,;

2. if a; divides a; 11 for 1 < i < p then the algorithm finds an optimal solution;

3. forp =2, that is, for a = (a1, a2), the algorithm finds an F(a)-best solution.

Proof. Define r(a) as in (6.13). Compute T C S such that |wS \ wT| < r(a) by the
algorithm of Lemma 6.21. Now, inspecting 7" and using the comparison oracle of f, find
apoint & € T whose image § := w attains f(§) = min{f( ) :y € wT}. Then

{f(wz): flwz) < fwd), v S} =|{fW): fly) < f@), y € wS}|

= [{f®): £(y) < (@), y € wS\wT}|
< |wS\wT| Sr(a).

Therefore, Z is an r(a)-best solution of the given problem. The additional claims 1, 2, and
3 now follow at once from the corresponding claims of Lemma 6.22. O

6.2.2 Exponential time to exact optimization

We now demonstrate that Theorem 6.23 is best possible in the following sense. Con-
sider a := (2, 3) which is the simplest primitive tuple with nonzero Frobenius number
F(2,3) = 1. Consider weight vectors w € {2,3}", that is, where each ground set element
has weight either 2 or 3. Then part 3 of Theorem 6.23 assures that we can produce a 1-best
solution, that is, either an optimal or a second best solution, in polynomial time. We now
show that, in contrast, a 0-best, that is, an optimal, solution for such weight vectors cannot
be computed in polynomial time.

Theorem 6.24. There is no polynomial time algorithm for solving the problem
min{f(wz) : x € S} with S C {0,1}" independence system presented by linear-
optimization oracle, | : Z — R presented by comparison oracle, and w € {2,3}™.

In fact, the following stronger statement holds. Let n := 4m with m > 2. Define
w € {2,3}" by w; = 2 for j < 2m and wj := 3 for j > 2m. Define f on Z by
f(bm — 1) :== —1 and f(z) := 0 for all = # 5m — 1. Then at least 2™ queries of the
oracle presenting S are needed to determine the optimal objective function value.
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Proof. Letn :=4mwithm > 2,1 :={1,....2m}and J := {2m+1,...,4m}. Define
weight w € {2,3}" by w; := 2 for j € I and w; := 3 for j € J, and function f on Z
by f(5m — 1) := —1and f(z) := O forall z # 5m — 1. For E C {1,...,n} and any
nonnegative integer k, let (f ) be the set of all k-element subsets of E. Fori = 0, 1, 2, let

Ti={z=14+15:A€c (), Be(, )} c{o.1}
Let S be the independence system generated by Ty U T5, that is,
S:={z€{0,1}": z < zforsome z € Ty UT>}.

Then the image of S under w and the minimum value of f(wx) over S satisfy the follow-
ing:

wS ={0,...,5m} \ {1,5m — 1}, min{f(wz):z€ S} =0.

Foreach y € Ty let S, :== SU{y}. Note that S, is also an independence system. Further,
the image of .S, under w and the minimum value of f(wz) over S, satisfy the following:

wSy ={0,...,5m}\ {1}, min{f(wz):z€S,}=-1.
Finally, for each vector ¢ € Z", let

Y(c):={y €Ti:cy>max{cz:z € S}}.

First, we claim that [Y'(c)| < (,>™,) for every ¢ € Z". Consider two elements y, z €
Y(c) if any. Then y = 14 + 1p and z = 1y + 1y for some A, U € (mil) and

B,V € (7). Suppose, indirectly, that A # U and B # V. Pick a € A\ U and
v € V'\ B. Consider the following vectors:

xo::yflaJrlU e Ty,
2?i=z+4+1,—-1, € Ty.

Now y, z € Y(c) and 2°, 22 € S imply the contradiction:

ca—cvzcy—cgco>07
Co — Cq = 2 — cx® > 0.
So all vectors in Y (c) are of the form 14 + 1, with either A € (mi_l) fixed, giving
[Y(e)| < (ni’fl), orB e (m“il) fixed, giving |Y (c)| < (nz’fl) = (7721'_”1), as claimed.
Now, consider any algorithm, and let ¢',...,c? € Z" be the sequence of oracle
queries made by the algorithm. Suppose that p < 2™ < (WZLTI) Then

‘gy(ci) < iyY(Ci){ Sp(m%_n1> < <mQT1) <m2T1) = |-

i=1
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So there is some y € T; which is not an element of any Y (¢), that is, satisfies cly <
max{c'z : © € S} for each i = 1,...,p. So whether the linear-optimization oracle
presents S or .Sy, on each query ¢’ it can reply with some ' € S attaining the following:

cdz' =max {c'z:x €S} =max{c'z:z € S,}.

Therefore, the algorithm cannot tell whether the oracle is presenting .S or S, and therefore
cannot tell whether the optimal objective function value is 0 or —1. O

6.3 Some applications

6.3.1 Nonlinear bipartite matching

We begin with a simple immediate application of Theorem 6.12. Consider once again
the classical assignment problem discussed in Examples 2.4 and 2.27. The feasible set
S consists of the m x m permutation matrices, which are also interpreted as the perfect
matchings in the complete bipartite graph K, ,,,. Nonlinear assignment problems have
applications in operations research and scheduling concerning the optimal assignment of
jobs to processors; see, for instance, [12] for a concrete application to find the minimum
so-called make-span scheduling.

In Chapter 2, we have demonstrated, in Example 2.27, that the assignment problem is
polynomial time solvable for convex objectives. We now obtain a result of [12], solving
the problem for arbitrary objectives in randomized polynomial time.

Corollary 6.25. For every fixed d, there is a randomized algorithm, that, given m, integer
d x N matrix W with columns indexed by N := {(i,j) : 1 <4,j < m}, and arbitrary
function f : Z? — R presented by comparison oracle, and letting S C {0,1}~ be the
set of m X m permutation matrices, solves in time which is polynomial in m and W, the
nonlinear assignment (or bipartite matching) problem:

min { f(Wz) : z € S}.

Proof. We use the obvious identification R™*™ = RN As in Example 2.27, let 51 C
{0,1}" be the set of m x m matrices with one 1 per row and let S; C {0, 1} be the
set of m x m matrices with one 1 per column. Then Sy, S are the sets of indicators
of bases of matroids M7, My on N := {(¢,5) : 1 < 4,57 < m},and S = S; NSy is
the set of common bases. Moreover, M;, My are the vectorial matroids of the m x N
matrices A, Ao which consist of the first m rows and last m rows, respectively, of the
(m+m) x N incidence matrix of the complete bipartite graph K, ,,. The corollary now
follows at once from Theorem 6.12. O

As noted in Example 2.4, the fiber problem for S the permutation matrices, d = 2,
and {0, 1}-valued W, includes the so-called exact bipartite matching problem, whose
complexity is long open [12], [76]. So, an important, more general open problem is to de-
termine conditions under which Corollary 6.25 and Theorem 6.12 could be strengthened
to provide deterministic rather than randomized algorithms for the nonlinear assignment
problem and nonlinear matroid intersection problem.
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6.3.2 Experimental design

We now discuss an application of nonlinear matroid optimization to the area of exper-
imental design. It concerns the choice of a model that can best describe an unknown
system which is learned by experimentation, see [86] for more details. Here, we consider
the commonly used class of multivariate polynomial models. So the unknown system
is assumed to be a real polynomial function y = g(z) = >, guaz* of real variables
x = (x1,...,x). (See Section 6.1.1 for terminology on polynomials.)

Each finite subset U C Z’i provides a model for the system: under such model, the
system is assumed to be a polynomial y = g(z) = <1y guz" Whose support supp(g) =
{u € Zﬁ_ : gu # 0} is contained in U. Assuming model U for the system, the user
conducts experiments in order to learn the system. Each experiment consists of feeding the
system with some input point 2 € R* and measuring the corresponding output y = g(z).
We assume that admissible experiments are limited to points which lie in a prescribed
finite set P C R*, called the design. Indeed, in practice, experiments at arbitrary points
may be impossible or costly. Once all experiments are made, that is, each point p € P is
input to the system and the corresponding output y = g(p) is measured, the user tries to
fit the model, that is, use the information to try and determine the coefficients g,, u € U.

Amodel U = {u,...,u,} CZ% is identifiable by design P = {p1,...,p,} C R*

if for all possible experiment outcomes y1, .. ., y, at design points p1,...,p,, there is a
unique polynomial g(z) = >, . gux™ with support in U which is consistent with all
experiments, that is, satisfies g(p;) = y; fori = 1,...,r. It is not hard to verify that U is

identifiable by P if and only if the  x r matrix PU defined by the following:
k
"), = =1Ipis, 1<ig<r
t=1

is invertible. If U is identifiable by P then fitting the model, that is, finding the vector g =
(Guys - - -+ gu, ) of coefficients of the polynomial model given any vector of experiment
outcomes y := (y1, - - ., yr), is done by computing g := (PY)"1y.

The problem we consider here is that of choosing the best identifiable model, de-
fined as follows. Given design P = {pi,...,p,} C RF, set of potential exponents
V=Av,...,u,} C VAN objective function A on models, the so-termed aberration
in the statistics literature (see, e.g., [99]), the problem is to determine a model U C V
which is identifiable by design P and has minimum aberration A(U).

Broadly speaking, preferred polynomial models are those in which variables do not
occur with high degrees, and the aberration is chosen accordingly.

The following example illustrates some useful aberrations.

Example 6.26. We describe two classes of aberrations A(U) on models U C Zi. Let
deg;(z*) := u; denote the degree of variable x; in monomial z* = [, z;".
1. Average degree
For each model U, consider the following vector, whose ¢th component is the aver-
age degree of x; over all monomials of the model polynomial ) _, _;; g,o":

a(U) := (ﬁ > deg, (2),..., ﬁ Z;Jdegk(x“)).

uelU
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Define the aberration by A(U) := f(a(U)) for some function f : Z*¥ — R.In
particular, with f the [,,-norm for some p, this aberration is A(U) = |la(U)||,. For
p = 00, this aberration is the maximum over variables of average degree:

A(U) = max {ﬁ Z;Jdeg1 (x“),...,ﬁ Z;Jdegk (33“)}
ue ue

2. Excess degree

Let A be a positive integer serving as desired upper bound on variable degree. For
each model U, consider the following vector, whose ¢th component is the number
of monomials of ) _;; g,x" in which x; has degree exceeding A:

e(U) := ([{u € U : degy (z*) > A}],..., |{u € U : deg,, (z*) > A}]).

Define the aberration by A(U) := f(e(U)) for some function f : Z*¥ — R. In
particular, with f the [,,-norm for some p, this aberration is A(U) = ||e(U)||,. For
p = o0, this aberration is the maximum number of excesses over variables:

A(U) =max {|{u € U : deg, (z") > A}

s |[{u €Ut deg, (¢*) > A}[}
with A(U) = 0 if and only if deg,(z*) < A holds for all i and all u € U.

We proceed to define a broad class of abberations which includes as special cases the
average degree and excess degree functions of Example 6.26 with any f.

Given design P={p1,...,p,} C R¥ andset V={v1,...,v,} CZE, let S(P,V) C
{0, 1}"™ be the set of (indicators of) models U C V identifiable by P:

S(P,V):={1,:JC{1,...,n}, U={v;:j € J} isidentifiable by P}.

Now, consider aberrations defined for z € S(P, V) C {0,1}" by A(z) := f(Wz) where,
as usual, W is an integer d x n weight matrix and f : Z¢ — R any function.

Example 6.26 (revisited). We now show that, given design P = {p1,...,p,} C R¥ and
setV ={vy,...,v,} C Zﬁ of potential exponents, the average degree and excess degree
aberrations over S(P, V) can be expressed as suitable A(z) = f(Wz).

1. Average degree

Letd :=kandlet W := L[v;, ..., v,] be L times the k x n matrix whose columns
are the potential exponents in V. Then it is easy to verify that, for any model z €
S(P,V), the average degree vector is precisely a(U) = Wz, and hence the average

degree aberration for any f is precisely A(z) = f(Wz).
2. Excess degree

Given A, let d := k and let W be the k x n matrix defined by W; ; := 1 if
deg;(«"7) > A and W; ; := 0 otherwise. Then it is easy to verify that, for any
model z € S(P, V), the excess degree vector is precisely e(U) = Wz, and hence
the excess degree aberration for any f is precisely A(z) = f(Wz).
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As a corollary of Theorem 6.8 and Corollary 2.25, we obtain a result of [10] showing
that a minimum aberration model can be efficiently found. We restrict attention to designs
of rational points, which are processable on a Turing machine.

Corollary 6.27. For every fixed d, there is an algorithm that, given rational design P =
{p1,....pr} CRY set V = {uv1,...,v,} C Z of potential exponents, integer d x n
matrix W, and function f : 74 — R presented by comparison oracle, solves, in time
polynomial in'V, (P), and W, the minimum aberration model problem:

min {A(z2) := f(Wz): 2z € S(P,V)}.
Moreover, if [ is concave then the running time is polynomial in V and (P, W).

Proof. Define an r x n matrix PV by the following:
k
PY),, =p =1]p%, 1<i<r, 1<j<n
t=1

Clearly, PV can be computed in polynomial time. Now, if the rank of PV is less than
r then the set S(P,V) C {0,1}" of models U which are identifiable by P is empty.
Otherwise, S(P, V) is precisely the set of bases of the vectorial matroid of PV. The
corollary now follows at once from Theorem 6.8 and Corollary 2.25. O

6.3.3 Universal Grobner bases

We conclude with an application to computational algebra. Let C|x] denote the algebra of
multivariate complex polynomials in variables © = (x1, ..., x4). The ideal generated by
a finite system of polynomials p1, ..., p,, is the set I(py, ..., ps) of all linear combina-
tions >, ¢;p; of the p; with polynomial coefficients ¢; € Cz]. An ideal is any subset
I C CJz] of polynomials generated in such a way by some finite system. Every ideal has
a finite number of special generating sets termed reduced Grobner bases. The universal
Grobner basis of ideal [ is the union U(7) of all its reduced Grobner bases, and in a sense
is the ultimate finite generating set of I for computational purposes. Below, we show how
to compute all reduced Grobner bases and the universal Grobner basis efficiently, and
define them in a nonstandard way on the fly. For standard definitions and further details
see [95].

We restrict attention to systems of polynomials which have a finite set of common
zeros, that is, vectors z € C? satisfying p;(xz) = 0 fori = 1,...,m. For such systems,
the universal Grobner basis contains a univariate polynomial in each of the variables,
thereby reducing the problem of computing the set of common zeros to that of finding
roots of d univariate polynomials. Here is an example.

Example 6.28. Consider the system of m = 3 polynomials in d = 2 variables:

p1 = m% — o, p3i= :r% — Txo + 611, p3:=x129 — 32 + 227.
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The universal Grobner basis of the ideal I of this system is a set UW(I) = {p1,...,pr7}
consisting of the three given polynomials along with four additional ones given by the
following:

pa =25 — 327+ 221,  ps = a3 — 5a3 + dao,

- Lo 7 — 2
Pe =1 + 6952 — 63@2, p7 = X2 — 7.
Consider any common zero x = (x1,x2) of the system. Then x; must be a root of the
univariate polynomial ps = p4(z1) and hence must satisfy x; € {0,1,2}; likewise,
a2 must be a root of the univariate polynomial ps = ps(z2) and hence must satisfy
x9 € {0,1,4}. Checking the 9 = 3 x 3 potential zeros, we find that the set of common
zeros of U(I) and hence of the original system p1, p2, p3 is {(0,0), (1,1), (2,4)}, thereby
solving the given system of polynomial equations.

A subset V' C Z% is basic for ideal I if for every polynomial f € C[xz] there is
a unique polynomial fi, € C[x] with support satisfying supp(fy) € V such that f —
fv € I. The polynomial fy is called the normal form of f under V. The normal form
satisfiles f —h € Iifand only if fyy = hy; f € I'ifandonly if fyy = 0; f = fy if
and only if supp(f) C Vi (f + h)v = fv + hyvs (fh)v = (fvhy)y. All basic sets
have the same cardinality which is called the length of the ideal I, and is finite if and
only if the set of common zeros of I is finite. If I has finite length n then n equals the
number of common zeros with suitable multiplicities, and in particular is an upper bound
on the number of distinct common zeros of /. The set of ideals of length 7 in d variables
is denoted Hilb‘i and referred to as the Hilbert scheme, admitting an embedding into a
suitable Grassmanian, see [6].

Example 6.28 (continued). The ideal I = I(p1,p2,ps3) in d = 2 variables of Example
6.28 has length n = 3 and 3 common zeros. The set V' := {00, 10, 20} is basic for 1. We
use here abridged notation such as 00 := (0,0) for vectors in Zi. The following table
shows a few monomials f with their normal forms under V.

fl1|a | 22 x3 To 6.14
2 2 2 (6.14)
fv |l x| 2y | 327 — 221 | 27
f 1T 2219 3 123 x5

fv || 323 — 221 | 723 — 621 | 723 — 621 | 1523 — 142y | 3123 — 3024

From here on, we restrict attention to ideals of finite length only. Let
d
ij = {veZ‘i:H(vi—i—l) gn}.
i=1

For any finite subset V' C Z%, let ).V := > _wcy  be the sum of the vectors in V. The
following fundamental definition from [6] plays a central role in the sequel.
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Definition 6.29. The basis polytope of an ideal I of length n in d variables is as follows:
P(I) = conv { N ViV C VY, Vs basic for I} c RY

We now explain the role of the polytope P(I) in constructing the universal Grobner
basis U(T). Let vert(P(I)) be the set of vertices on the lower envelope of P(7), namely,
those v for which there exists some h € Ri with strictly positive entries which is min-
imized over P(I) uniquely at v. For V' C Z4, let min(V) C V := Z% \ V be the set
of <-minimal vectors not in V', namely, those u € Zi \ V for which there is no other
v € 24 \ 'V with v < u. Note that min(V') is always finite by the lemma of Gordan
[40]. The following facts about any ideal of length n in d variables were established in [6]
(extending results of [85] on generic radical ideals):

1. every v € vert(P(I)) satisfies v = >_ V for a unique V C V.2 basic for I;

2. the reduced Grobner bases of I are in bijection with vert(P(I)). Moreover, the
reduced Grobner basis corresponding to v = » . V' is given by the following:

G, =Gy = {x“ —zyiu € min(V)}.

We proceed to exploit these facts for constructing the universal Grobner basis. Let
Ud=viu{v+1,:veVd 1<i<d} CVi.

This set is sufficiently large so that min(V') C UZ for every n-element V C V9. Yet, it is
known that for any fixed d, the cardinality of V¢ and hence also of U¢ are O(n(logn)?¢~1),
and so are polynomial in n, see [6], [85] and references therein.

A basic presentation of ideal I of length n in d variables consists of V' C V,¢ which
is basic for 7, along with the set {z% : u € UZ}. It is known that such a presentation can
be computed efficiently from any given generating set of I by computing the so-called
degree reverse lexicographic Grobner basis of I, see [35] and the references therein. So
we assume that the ideal is presented in this way. We also assume that the polynomials
in {z% : u € UZ} have rational coefficients and so are processable by a Turing machine.
The binary length of such a presentation is the sum of binary lengths (||z{, o) of the
given polynomials over all u € U2 (where, as in Section 6.1.1, the l.-norm ||g| of a
polynomial g is the maximum absolute value of any coefficient of g).

Example 6.28 (continued). Consider again the ideal I = I(py, p2, p3) of length n = 3 in
d = 2 variables of Example 6.28. Then V2 = {00, 10, 20,01, 02} and

U2 = {00, 10,20, 30,01, 11, 21,02, 12,03}.

Therefore, Table (6.14) provides precisely all normal forms 2§, under the basic set V' =
{00, 10,20} for all w € UZ. So V and this table is a basic presentation of I.

Our results on matroids imply the following result of [6] which extends [85].
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Corollary 6.30. For every fixed d, there is an algorithm that, given rational basic pre-
sented ideal I C C[z] of length n in d variables, computes the universal Grobner basis
U(TI) of I in time polynomial in the binary length of the presentation of I.

Proof. Given the presentation of I constructa V' x U, ,‘f matrix B, that is, with rows indexed
by the given basic set V and columns indexed by U¢, by letting, for u € U¢ and v € V,
the entry B, ,, be the coefficient of x¥ in the polynomial z7,. So the polynomial z7; is
encoded by column u as 2, = Y i, B,,z". Let A be the V x V¢ submatrix of B
consisting of the columns corresponding to V¢ C U<,

Now, a subset U C U¢ is basic for I if and only if the corresponding V x U submatrix
of B is invertible. Let N := |V,4| = O(n(logn)9~1) and choose some total order V,¢ =
{v1,...,un} of the points of V4. Let S C {0,1}V be the set of bases of the vectorial
matroid of A. Let W := [vq, ..., vn] be the d x N matrix whose columns are the vectors
in V.. Then the basis polytope of I satisfies the following:

P(I)=conv{ Y U:UCVy, Uisbasic for I'} = conv(W5}.

Now, compute Y := vert(P(I)) = vert(conv(WS)) and Z C S such that Y = WZ,
in one of several ways using the results of this chapter or Chapter 2, as follows. One
possibility is to compute the entire image W.S C Z‘i by the algorithm of Lemma 6.7
or the set vert(conv(W.S)) by the algorithm of Lemma 2.8 (with the greedy algorithm
providing a linear-optimization oracle for S, see Section 1.2.1), identify its subset Y by
solving a suitable linear program for each of its points, and then obtain Z by finding a
feasible point z € W ~1(y) N S in the fiber of each y € Y using the algorithm of Lemma
2.9. This can all be done in time polynomial in (A) and W and hence polynomial in the
binary length of the presentation of I. Another, faster, possibility, in time polynomial in
(A) and (W), is as follows. Let

E={W -W/:1<i<j<N}=W{1,-1;:1<i<j<N}CZ.

Then E is a set of all edge directions of conv(WWS) (see proof of Corollary 2.25 and
Lemma 2.14). Now, apply the algorithm of Lemma 2.15 and compute a set 7' C S’ with
vert(conv(W.S)) € WT. During the algorithm (see proof of Lemma 2.15), each point
t € T comes with h € Z® maximized over WS at Wt: inspection of these ¢ and h then
allows to directly distill Z C T with vert(conv(WS)) = WZ.

Let Z C S be the set with vert(P(I)) = W Z computed as above. For each z € Z, do
the following. Let U := {v; : 2; = 1} and v := Y U = Wz be the basic subset of V2
and vertex in vert(P(I)) corresponding to basis z. Now, apply suitable row operations to
the matrix B so as to make U the new basis, that is, transform B into a U x Uff matrix By
whose rows are indexed by U and whose submatrix consisting of columns corresponding
to U is the identity. Then, for each u € UZ, the normal form x{; can be read off directly
from the column u of By by the following:

{E%] = Z (BU)w,uxw'

welU
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Since min(U) C U4, we can read off from By the corresponding reduced Grobner basis
Gy = {z" — z}; : v € min(U)}. Repeating this for every z € Z, we obtain all reduced

Grobner bases. Their union is the universal Grobner basis U(T) of I. a
1 7
Gy, = {rm1+ gfz% —&%2 Qg — 5;1?% + 4o}
Y2 .
3 ‘-;---"---453"-----"*EJ--""----[;"""'
Vg | e ! '
UI) = Gy, UG, UG, AP
V2 i i " i
0 & . v +
0 1 2 13 Y1
Gy, = {;13% —@o,w1m0 — 3r9 4 217, ;13% —Tao+ 621}
Ty, = {23 — 323 + 221,20 — 23}

Figure 6.1: Universal Grobner basis example

Example 6.28 (continued). We now illustrate the algorithm of Corollary 6.30 on the
ideal I of length n = 3 in d = 2 variables in our running Example 6.28 given by the
basic presentation with basic set V; := V = {00,10,20} and set {z% : u € U3} of
polynomials in table (6.14). Given the presentation, we construct the matrix By, :
00 10 20 30 01 11 21 02 12 03
cof1 o o O O O O O 0 O
By,:=100 1 0-2 0 -2 -6 —6 —14-30
200 0 1 3 1 3 7 7 15 31

The matrices A and W having columns indexed by the N :
follows:

5 elements in Vi are as

00 10 20 01 02
00 10 20 01 02
1 0 0 0 O

0 1 2 0 0
A= 0100—67W2=< )
0 0 0 1 2
o o 1 1 7
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In this small example, we can write explicitly the set S of bases of the vectorial matroid
of A, the corresponding subsets of V22 basic for I, and the image WS as follows:

S = {11100,11010, 11001, 10101, 10011}  {0,1}°
{00, 10,20}, {00, 10,01}, {00,10,02}, {00,20,02}, {00,01,02} C Vi
WS ={30,11,12,22,03} C Z3.

The polytope P(I) = conv(W.S) is shown in Figure 6.1. The set Z C S, corresponding
subsets of V22 basic for I, and lower vertex set vert(P(I)) = W Z are as follows:

Z =4{11100,11010,10011}
V1 ={00,10,20}, V,={00,10,01}, V3 ={00,01,02}
vert(P(1)) = vert(conv(WS)) = WZ = {30,11,03}.
We now compute the three corresponding reduced Grobner bases. For the given basic set

Vi, we have min(V;) = {30,01} and the reduced Grobner basis is part of the presentation
of I and is read off from columns 30 and 01 of By, to be as follows:

Gy, = {x‘;’ - Sx% + 2wy, 20 — x%} = {p4,p7}.
For V5, = {00, 10, 01}, we make the basis change to obtain the matrix By;,:
00 10 20 30 01 11 21 02 12 03

pof/1 0o O O O O O O O O
By,=10]0 1 0-2 0 -2 -6 —6 —14-30
ortNo0O0 o 1 3 1 3 7 7 15 31
The matrix happens here to remain unchanged expect that its rows are now indexed by
Va. For V,, we have min(V32) = {20,11,02} and the reduced Grobner basis is read off
from columns 20, 11, and 02 of By, to be as follows:
Gy, = {xf — X, T1Ty — 3o + 221,75 — TTo + 6x1} = {p1,p2,p3}-
Finally, for V3 = {00, 01, 02}, we make the basis change to obtain the matrix Bys:
00 10 20 30 01 11 21 02 12 03
00 /1 0 o o0 o o o o o0 o0
By,=0110 7/6 1 2/3 1 2/3 0 0-4/3 —4
02\0 -1/6 0o 1/3 0o 1/3 1 1 7/3 5

For V3, we have min(V3) = {10,03} and the reduced Grobner basis is read off from
columns 10 and 03 of By to be as follows:

1 7
so8 = <2l — 5+ oo} = {ps.ps ).

The universal Grobner basis of I is now obtained as the union of all reduced Grobner
bases and is found to be the one provided in the beginning of this section:

u(I) = GVl UGVz UGV3 = {pla"'vp'?}'

GV3 = {l’l +
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Notes

The algorithm for nonlinear matroid optimization and the applications to experimental
design in Section 6.3.2 are from [10]; more information on experimental design and on
the emerging area of algebraic statistics can be found in [86]. The randomized algorithm
for nonlinear matroid intersections in Section 6.1.3 is from [11] extending [12] and has
some of its origins in [71]. The understanding of the deterministic time complexity of the
fiber problem and the nonlinear optimization problem over various combinatorial families
is very limited yet. Of particular interest is the deterministic time complexity of nonlinear
matroid intersections, which includes the long-open exact matching problem of [76] as a
special case. The approximation providing an 7-best solution for nonlinear optimization
over independence systems in Section 6.2.1 is from [67] and is of an unusual character.
The vast literature on approximation algorithms usually seeks feasible solutions whose
objective value is bounded by a constant multiple of the optimal objective function value;
more information on this line of study can be found in [96]. It is also unusual and quite
remarkable that, as shown in Theorem 6.24, the running time needed to solve the problem
to optimality is actually exponential. The results in Section 6.3.3 on universal Grobner
bases of zero dimensional ideals are from [6], extending results of [85] on generic radical
ideals. More information on this can be found in these papers, the related paper [35], the
book [95] by Sturmfels, and the references therein.
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