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Abstract 

Landslides and avalanches plnnging iuto lak('R or rest'rvoil's !ocatt'd in lllOllllt alll

ous regions can generate large waves which can n'suit in lo~s of lift' and sip;lIitkallt 
property damilge. As is the case with tsunamis p;el1t'ratcd in t IH' OCt'an hy Il Il< h'l WlL

ter seismic activity, landslide illduccd watel' \vav('s n'snlt fwm 1 he IllOt.lOll ur a ~olid 
houndary of the HuiJ. The pn'scnt study dca!s \Vit.h tilt' mat.ht'Illat.ical lllotlt-llill,t!, 
of water wavcs devcloped in a channel by il lllovillg l)('d. A set. of dt'pth-avt'ra.l!,t'd 
governing eqllatiolls is delived 1.0 prcdict t.he t'volntioll of t.ilt' fl't't' slllfan' rcslllt.ill.l!, 
From a preJetermineJ bed motion. Th('s(' <,([natioIls, wl11ch cOllst.i t.nlt' a P,('llt'l all/,a
tioT'l of the Boussinesq ::,ystt'm for \VtWl'S ovcr a Hat l)('d, illc!ude !>ot.h ntllllillt'at alld 
dispersive cffccts. ~llmcrical solutions ,11'e ohtained hy USlII)!, t.ht' fi1l1\t' ditft,!"t'lICt' 
method coup!cd \Vith a Flux COIT(·ct('d Tlansport (FCT) al)!,orit.hm. Th(, l('slllt.lIIp, 
model is used ta prec!ict the waves rcsulting From ~illlpl(' lwd mot.ions, TIlt' III 1I11t '1 -
ical results show an excellent agreement wit.h COlTcsponding ('xp«'l'ill\t·lIt.,d 1(·Sltlt.S 
obtained by J. Sander at ETH, Ztirich. 

Sommaire 

En région montagneuse, les glisf,eIn('nts (l~ terraill l't aVlllilIlclw:, ploIlg('mll, dalls 
les lacs 011 résf'rvoirs pcuvent prnvoqu/'r des olldes d(' fort!' alIlpht.udt' ('OIl:,t.ll,llaIlI, 
une menace pour les populations et les plOpri(~t.t~s avoi..,inHut,ps. Tout ('OIllllH' 1(,:, 

tsunamis provoqués dans l'océan par UIlC activit<~ si~IlLÎqIH' :'()ll:,-mill'ilH', I('s Ol1-
des induit~s dans l'eau par des p,li::'S('mt'Ilts d(' terrain n;~mlt.r'llt, d'llll IllIlIIVI'IIl('II1. 

d'une des frontièles solIdes du fluide La pl(;S('Ilt~ (~tl\d(~ pUI te :'Ul' la l!lod/'li:mt.iIJIl 
mathématiqne d'intllrncscences engendlées dans un callal pal 1111 lllOIlV('lIl('IIt. du 
fond. Des équations intégrées par rapport il la profondt'lIr sou\. (lc"vl'Iopp('/'s ('II VW' 

de prédire l'évolution de la :"urfacc lihre ~llit.c à IlIl d(~pl;t('('Il}(,!Jt rJl·(;d(,t.(~I='!!!\I" du 
lit. Ces équatIons constituent nne généralisation de la formulatiol1 dc' I3()U:'~IIj(':,q 

s'appliquant aux ondes propap;ées sur un fond plat Elle:, iIldlH'ut il la foi:, dt,:, dl'('l.:, 

non-linéaires et de dispersion. Des 'iOlutIOIl:' nllmériqllC's :,out OIJt('1I1H'S h l'ilidc' rII' 
la méthode des différences finies a::,soci(?e h IlIl alp;oritluIlc de 'Flux COf!I'C't.('c! Tr;IIl:'
port' (FeT), Le modi~le ré:-Oldtant est Iltili::,é pom pd'dIIe Icf, olld(',; ('II).!,1'lldd·('" p:ll 

de simples mouvements clu fond. Le:, n:~1l1tat<:, Hllm(!ri(j1w:, !'l'J>l()dlli~('IJt, tI(·f, L/f'll 

des résultats expérimentaux corH'spondant::, Obt(~Illlf> par .1. Silwl('I iL ETH, ZUlich. 
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l 1 INTR.ODUCTION 

1.1 Theoretical background 

In mountainous regions, rockslides, snow or ice avalanches and calving gl,Kit'l's ~OI1lC'

times en ter lakes and water su pply reservoi rs. In doing so they often gCIlt'r at.c· 1.11 !!.(' 

waves which can result in 108s of life and significant property d,tmag<'. OIlt' or tilt' 

greatest disasters of that type occured in the Vaiont Valley, It,tly III U){);~ wllt'n' ,\ W.I\'(· 

generated by a landslide into a reservoir completely dest.roy(·d a tOWIl and cl.lIlIlI'd 

over 2,000 lives. SimIlar events dating to, at least, lï31 ,tlso (Htllred III Ill,lll)' 11\Jld~ 

of Norway and caused hundreds of fatalitles. Among ot.her weil knowlI ('x,lIllplc'''' ,lIC' 

the 1792 catastrophe of Shimbara Bay, Japan; the 1850 ,Uld !()(),5 gl,l«(('r [,dl.., 01 DI.., 

enchantment Bay and the 1958 rockslrde of Lltllya Bay, AlaskeL, ,tBd fill,dly t.hc· !!)71 

landslide in Lake Yan. :lUin, Peru. The cornbined decüh toll flom ail 1, "('S(' d Isa~1I-1 s 

exceeds 20,000 people (Slingcrland & VOIght 1979). Huber (!!)~2) bas gIV('11 .11'1..111 ... 

of five rock avalanches and a bankslide that occured in Swiss 1(1I«'s 1H't.w(·('1l 1 !):!:\ .llId 

1974; aU resulted in serious damage to the sholeline structuJ(·s. 

Landslide generated waves in lakes and rc~ervoirs have much 111 ('01Jl1l101l Wll il 

tsunamis which are oceanic waves resulting from underwat.er seismi(' adivit.y (~('{' 

Voit (1987) for a recent review of tsunamis). Three stages of dcveloPlllcnt. an' 11~lIldl'y 

associated with both of these phenomena: 

1. Generation of an initial wave by a motion of the f1uid\ bOlJnuary 

2. Free propagation 1Il water of approximately constant d('pt.h. 

3. Propagation of the wave in coastal water~ of nonuniforrn d(~pth w!Wf(! titi' ..,h,d 

lowness results in amplification and strong deformation of the WiLV<' profi Ic' pl Il)1 

to the runup on beaches. 

One of the important problems arising in the theoretical trcatm(!nt. of th('''''' 1.hl(·'· 

stages is the choice of dpproximations to obtain appropnatc mathemal,ical rn()d(·I~ 
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Peregrine (1!J72) reviews important water wave equations and their underlying ap

proximations. 

The equations of the linear (or 'small-amplitude') theory are obtained by lin

eétflzation of the free surface boundary conditions; they are only valid for waves 

propdgating in water having a depth of the same order as the wavelength (i.e. deep 

wat(~r waves) and an amplitude negligible compared to the water depth (i.e. small

a.mplitude waves). These waves have a tendency tü spread out as they propagate. 

an effcct known as frequency dispersion. In one spatial dimension, if we denote the 

n'!'>J)e( tive positions of the free ~urface and the bed by T/ and h, we can use the velocity 

potcntlal fjJ tü write : 

v 2
<jJ = 0 

T/t = ~y and <Pt + gTJ = 0 on y = 0 

fjJxhx + fjJy = 0 on y = -h(x) 

( l.Ia) 

(l.Ib) 

( l.Ic) 

If 011 the other halld wc oIlly know that the water depth to wavelength ratio is small 

(i (' :-,hallow-water, or 'long' waves), it can be assumed that the pressure distribution 

IS hydrostatic or eqUivalently that the horizontal velocity is uniform with depth. The 

n's,dting nonlinccLr eqUittions fOfIn the basis of the 'finite-amplitude, shallow-water 

t. heory': 

~t + [(h + T])u]x = 0 ( 1.2a) 

(1.2b) 

\\,!l('!(. Ti l'cpresent.s the uniform horizontal velocity of the fluid. Waves predicted 

hy 1 Il,t!. tllt'ory steepen as they propagate under the influence of nonlinearity~ this 

pht'nolllt'non is ~ometimes called amplitude dispersion. 

If in additioll to the shallow-water aPPlOximation, it is assumed that the amplitude 

10 W,tter depth ratio is of small (but not negligible) order, equations can be derived 

III \\'hirh the !1011linear e1fcct of amplitude dispersion is approximately balanced by 

1 ht-' lillt'ar elfert of fn.>qllt-'l1cy dispersion. The resulting weakly nonlinear. dispersive 

('qu,ttlOns .ln' call1'd tilt' OOllssinesq equatlons. The typicdl solutIOn of these equations 



is the solitary wave whieh is a single wave of ele\'ation propagatiIlg without changt' III 

form. For waves propagatiI1g in w,tter of unit depth, the BOliSsiIlt'sq syst.em (\Vit.h.ull 

1974) is 

1]1 + [(h + TllU]r = 0 

l 
Ut + llU x + 9Tlx = ;;ux.rt 

,) 
( 1 .:lh) 

Finally, the neglect of both the nonlinear and dispersIve terms in tht' d,bOYt· tilt'· 

orie& leads to the 'linearized long-wave theory': 

"lt + (hu)x = 0 ( 1. 1.1) 

Ut + g1]x = o. ( 1.·lh) 

In the following text, the term 'linear theory' will only refer to the lirwanl:('d, ~Ill(dl

amplitude equations and not to the linearizecl long-wave equatiolls. 

Sinee they represent the most direct threat to shorelinc populations and :-.1.1'11('

tures, the shoaling and runup of landsiide gcncra.ted wave~ and tSIlIlillTllS haVt' 1 (,('(.j wei 

much attention This third stage of dcvelopm('nt involves waVt'S in ~h(tll()w will,I'1 

and clearly requires a nonlinear theory. In most cases, the incorning W<l,ve i!> lIIod-

elled as a solitary wave propagatmg over a nonuniform (usually uniforlllly !>1()PIIl/-';) 

bed. Weakly nonlinear, dispersive cquations were derived by PPI't'gI'Îlle (1 !H;7). Tht·!>!· 

depth-averaged equations are a generalizatlOn of the BOIlS1>illcsq sy1ltclll fOI W,lV('" OV/'1' 

a fiat bed. Higher order equations have also been derived (Seabras-SillltO:-', /{(,1l01la/el 

& TempervIlle 1987). 

As it approaches the shoreline, the wave front steepen~ Illlder tJw rrlfll1('/JCf' (,f 

shallowness. The treatment of the actual runup depends on the Wdve chal <1(/,('/ J:-.tio, 

and on the beach geometry. If the wave slope is small-as it is for m01>t tS1I n ,HIll!, 

and landslide generated waves-or if the beach slope is large, the wav(: will Ilot haVI' 

a tendency to break. If the beach slope steepness does not exceed a cert.ain limit, UIf' 

runup can then be desuibed analytically by uniformly valid solutIOns of tJH' fiuit(·

amplitude, shallow-water (Airy) equations (Carrier & Grcenspitn l~)p)fS, Spil'Ivoptl 
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1 ~)7!»). Otherwise, il, can be modelled by numerical solutions of equations of the 

Boussinc:.q type (Pedersen & Gjevik 1983). For steeper wave slopes or for very mild 

b(~ach r,lopes, the incorning wave will break. Peregrine (1983) reviews the case of 

breakmg wavc:.. 

The linear thcory and the Boussinesq system have both been used to mode! the 

fIc(' propagatIOn stage in water of approximately constant depth. The respective 

va!J(hty of the~c rnodels is highly dependent on the characteristics of the initially 

g/'/)('r;t!,eJ WétVCS and 011 the watcr depth of the region in which they subsequently 

(lI 0ptlga Le. 

'1'111' choice of ail appropriate model for the generation stage still remains an open 

qllestion. Until 1 (,CCIltly, before the availability of numerical solutions, the linear 

th('ol y was almost the inevitable choice. Therefore, it had to be assumed that the 

,1I11plItllJe of t1w generated wave was very small relative to both the water depth 

ilnd the wétvelcngth. The gen('ration of the wave was oft.en represented as an init.ial 

ri ist III ballee (dcvatioll or deprcssion) of the free surface imposed at the end of a 

<01I!:>t.ant. dcpth channel (Kranzer & Keller 1959, Wiegel et al. 1970, Noda 1971). 

'l'h,lI, initial <,olldition is equivalent to the vertically falling box model used by Noda 

(1970) to simulatc a vertical rockfall into a channel or to the impulsive upthrust of 

,1 \)('<\'s segmellt used by Hammack (19ï3) in the study of tsunami generation. In aIl 

(<I!-WS, tilt' rcsnlting theoretical problem was similar ta the weil known Cauchy-Poisson 

plOblt'Ill (\Nchausen & Laitonen 1960). l\Ic-e recently, Hunt (1988) used the linear 

t I\('ory to modt'lléllldslicle generated waves by injecting an instantaneous point source 

of l!tllt! through the' bottom of a channel; his results were very close to those of Noda 

(IH70). Solutions of the linear thf'ory ale integrals which are obtained by variou'i 

trdm,[orm rncthods. These integrals are usually very difficult to evaluate numerically 

due to the oscillatory nature of the integrands and the usuai procedure is to apply 

dsymptotic mct.hods (stationary phase and steepest descent) which yield solutions 

which are \'alid only for large time and large distances from the source of generation. 

\Vit'gel ct al. (19iO) compared their solutions with the experiments of Prins (1958) 
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and also performed their own experiments to simulate vert.ical rackfalls by dlOppinp; 

vertically falling boxes at the em! of a channel. Noda (19ïO) compéll't'd his t ht'Ol d i< .t! 

results with these box dlOp experiments. In bath catir's, il. \Vas found t.hat t hl' lillt'.11 

theory was only valid for small height and Irngth of the lIlit.i,,1 distlldMnn' (Wlt'gl'! t't 

al. 19ïO) or equivalently for smaIllellgth and vf'Itical di~pl,LCl'lI1t'IltS of t.11t' f,dlillg l'(J'.; 

(Noda 1970). For larger dimensions, nonlmear effecls bC<.ïU\1t' not.in'ahlt' iI~ :,ollt..uy 

waves and bores started to develop. N oda (19ïO) also simulal.t'd hO! izont.dl I.ultlsiIdt·s 

by the horizontal translation of a vertical wall. The corrcsponding ('xperimt'Ill.s of 

Das & Wiegel (1972) showed the results of the' lincar tlH'ory Lo he olll)' valitl for ~llla1\ 

displacements of the wall. The above conclusions w('re 1.0 1)(' (·xpt'ct.t'd silln' t.ht' IlIlI'éll 

theory is only applicable in the case of smoll-arnplitude' w;wes which in tUI'll can ollly 

be generated by small displacements or dimensions of the moving boundarit·s. 

However, since most of the above theoretical re:mlt.ll wne only vél.lid for l,II ).!,t' 

values of time and distance, it was not possible to det.erminc if t.he liu(',lI t1I<'Oly 

only became invalid in the free propagatIOn st.age or right frol\l tI\t' sLu t. ul t.11f' 

generation. Hammack (1973) looked at thls problcm in t.he context of t.SlIlltI Illis 

generated by a positive or negative vertical displaccment of a segment of 1.\1(' IIt·d. 

He considered separately the ranges of validity of the linear t.heory in th(! gellt'r,t!,loll 

and propagation stages. By scaling the fundamental equatiolls of mot.iou, II(' rOlllld 

that, for impulsive bed motions, the linear theory was only correct. for g(·nerat.ioIJ by 

very small bed displacements. For slow bed motions, he showed the linear tllf'ory tu 

be valid for arbitrary large bed displacements. Using Ursel! Humb('r cOlIsid(·l'ill.iolls, 

he also claimed that the Boussinesq system should be prcferred to the lin(!(tl' t.Ilf'OI y 

for the free propagation stage during which nonlinear cffect.s accuIIlIJ!tt!.l! w,t.h t'"l(' 

The Ursell number IS a dimensionless number measuring the relative IJlIpOI thll( (' (Jl 

nonlinear to linear wave effects (Ursell 1953). 

From the above, it appears that one of the main disadvantages of the liw'ill' t.!WIJly 

is that it only possesses narrow ranges of validity and thus can only de~cli\'t! V(!IY 

limited generating conditions. Under the influence of frcquency di!'per~i(J/I, WaVf!:' 

.) 



generated and propagated using the linear theory eventually become independent of 

tbe gcometry and Lime history of the generating process and only depend on the 

volume of water displaced originally (Hunt 1988). That description may account for 

waves created by rapid rockfalls of small dimensions but certainly does not descnbe 

prOIH!rly lalge progres~ive bankslides in which the generated wave often propagates 

without change in shape, almost as a solitary wave (Huber 1982). Furthermore, 

the cornplexity of the integral solutions even for simple bed motions precludes the 

application of the linear theory to more realistic descriptions of the moving bed. 

S,tbatier (198:3) used the linear theory for waves generated by ground motions on a 

~Iope. 

One of the first attempts to use numerical solutions of nonlinear wave theories 

III t.he description of the generation stage was made by Hwang & Divoky (1970). 

TIH'y used t.he fini te-amplitude, shallow-water equations in two spatial dimensions 

t,ü modcl t.he tsunami which resulted from the Alaskan Good Friday earthquake of 

19(;,1. The effect of the bed motion was incorporated directly in the depth-averaged 

cont.illuityequation. In that respect the numerical treatment of the governing equa

tions possesse:; the advantage of allowing one to treat nonlinearity and more complex 

bed motions \Vith little increase in difficulty over that corresponding to the use of the 

lill(';u \Va.Y(' cqucttions. That. is of considerable importance since, as pointed out by 

I1wa.ng & Divoky (1970), one of the fundamental problems in the generation phase is 

t1H' accul'ate estimation of the bed motion, not only in its permanent displacement 

(,1,8 implied by impulsive linear theories), but also in its complicated time history. 

COlllparison of their Ilumerical results \Vith limited field data showed an encouraging 

agreemellt. 

H,UlCY & But.ler (1976) used a similar procedure to study landslide generated 

waVt's but modified the governing equations to include forcing functions accounting 

for the volume displacement, viscous drag and "form" drag exerted by a landslide 

OB the water. Their numerical solutions were only presumed good for the leading 

W,t\'(' Slllce their governing equations did 110t properly account for wave ruuup and 
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reflection. 

The fini te-amplitude, shallow-water thcory has the advantagt' over th.· lilwar t ht" 

ory of allowing for the propagation oi larger amplitude wavcs. How('ver, it (',Ut h(udly 

be used in the free propagation stage since it ignores frequellcy dispt'rsioll and 111\.1 

mately leads to an infinite 'Nave steepl1css. Therefore, as wit.h the caSt' of tilt' ItIH',lr 

theory, the nonlinear nondispt:rsive theOl'Y suffers from a HatTOW rangl' of i\.pplic,\'blil\.~·. 

The same can a1so he said about the linearized long-wavt' e<!u,üiom; (T\lck .'1 • .

Hwang 1972) which can he used to sorne extcnt in the gCIH.'r,üion st.agt' but. ra pHily 

become invalid. 

The logical alternative to the above theories is to assume that t.h(· éllllpli\.lIdt· 1.0 

depth ratio is small and derive model equations which combine t.he lil\t'ar t'Ift'( \. of 

frequency dispersion and the nonlinear effecl of amplitude dispersion. Wu (1 !)~ 1 ) 

derived weakly nonlinear, dispersive (Boussinesq) equations includiIlg tilt' 1'11'.·( I.s of 

the moving bed. These equations would appear to constitute a very good mod.·) lOI 

the complete description of the generation and propagation stages. U nfort.ulldtt·ly, 

Wu did not present numerical results for actual moving bcd problcrns. 

1.2 Thesis' outline 

The following thesis is concerned with the mathcmatical modelling of wat.·, WtlV('S 

developed by a moving bed. It was performed at Mr.:Gill Ulliversity ill (,(Hlj11 1lct.IOII 

with corresponding experimental work carried out at the Laborat.ory of lIydliudrrs, 

Hydrology and Glaciology directed by Dr. Daniel Vischer and affiliated tn UH' Swi~ . .., 

Federal Institute of Technology in Zi1rich. The experiments were m;vIe by .Joh,t1I1H"'; 

Sander under the direction of Drs. Kolumban Hutter and Daniel Vischer. 

The basic idea was to check the validity of a depth-averaged, weakly f1()/)!IIW,1l 

and dispersive (i.e. Boussinesq) approach to the numerical modelling of wittc'r WiLV('.., 

induced by landslides and avalanches plunging into alpine lakc!j and water !->1Jpply 

reservoirs. The logical starting point was to consider generation and propagati(JlI in 
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olle spatial dirncnllion before studying more realistic problems in two dimensions. 

The pre~ent study deals primarily with waves generated at the upstream· end of 

cl, long channel. The generation of the wave by the incoming material is simulated 

by the motion of an impervious boundary at the end of the channel. The above 

ilchernatizations lead to the development of a model which has the advantage of 

being applicable not only to landslide generated waves but to aIl problems involving 

t.he' generat.ion of water waves under the action of moving solid boundaries. 

The thesis is divided in six sections. In §2, the fundamental equations governing 

the motion of an inviscid, incompressible and irrotational ftuid ;>.~,., integrated over the 

witt.cr depth. The resulting depth-averaged cquations give the free surface disturbance 

l/(X, 1) and the depth-averaged fluid velocity ü(x, t) resulting from a known bed history 

h(.1:, l). These high-ordcr equations are a generalization of those derived by Su & 

GardrH'r (1969) for waves over a steady, uniform bed and by Seabra-Santos, Renouard 

l~: TCIllperville (1987) for waves over a steady, nonuniform bed. The validity of 

t.llt' shallow-water assumption in problems involving a moving bed is discussed in 

APPCIHhx A. 

Scaling parameters pertaining to the wave characte!"~stics are introduced in §2.2 

in order to rl'duce the governing equations to a 'Boussinesq' formulation in which 

Ilonlillear wave effects are approximately balanced by dispersive effects. The result

illg cqud.tions are idcntical to those derived by \Nu (1981). Appendix B outlines a 

d(·riva.t.ion of these equations using a more direct pertubation method. 

Finite diffcrence schemes are developed in §3 to solve the depth-averaged conti

Iluit.y and momentum equations. The basic algorithm consists of a simple three step 

SclH'I11C in which bot.h explicit and implicit finite difference approximations are used. 

The ElIlerian specification of the flow field is used except in problems involving a 

lat.erally moving waterline. These problems are more easily treated with the help of 

t.he Lagr.wgian formulation. 

lnitial conditions and boundary conditions applying to the various types of bed 

motions arc described in §3.3. A Flux Corrected Transport (FCT) algorithm is pre-
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sented in §3.4 in order ta eliminate spurtoUS oscillations from tht' computt'd fl't't' 

surface profiles. 

Five simple moving bed geometries are modellC'd both llulllerically and ('~P('II 

mentally: 

l. Moving vertical wall, 

2. Moving submerged wedge, 

3. Moving shelf, 

4. Rotating plate, 

5. Moving wedge. 

The above bed motions are presented and describcd in §.t.l. A part flOIll t,II(' 'l'oLd i Il).', 

plate' wave generating mechanism, the four remailling bed mot.ions aris!' frolll 1.1)(' 

horizontal translation of a wavcmaker having a variable g(,olT\et.ry. 

The experimental set-up uscd by Sander (l!JSS) is briefly descrihed in !i·1 ~ alld 

corresponding computer models are introduced in §4.3. Appendix C gives 1.111' "still).', 

of the Pascal source codes of the programs. 

Comparisons between the numerical and experirncntal rcsu!t,s are t.n'cLLt!d III li!) III 

every cases, the agreement between comput.cd and m<'itsured w,wc I\(!i~ht.:-, Î:-. ('XI ('1/1'\11. 

and confirms the validit.y of the weakly nOlllinear, dispersive numerÎcal rIlo(kl fI)l 1.111' 

simulation of water waves developed by a moving bcd, 
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2 GOVERNING EQUATIONS 

2.1 Derivation of the governing equations 

We start by considering an incompressible, inviscid and irrotational fluid bounded by 

a free surface y = 1](x,t) and a bed y = -h(x,t) with the position of the free surface 

aL rest being y = o. The total water depth h + 1] is denoted by H (Figure 2.1). 

Our objective in the study of water waves developed by a moving bed consists in 

y 

T}(x.t} 

x 
h(x,t) 

H(x,t) 

Figure 2.1: Definition sketch for waves generated by a moving bed. 

determining the deformation 1](x, t) of the free surface resulting from a prescribed 

motion h( x, t) of the bed. The following non-dimensional variables are used: 

(x, y, 1], h) = h;;l(X', y', Tl, h'), 

p = p' j(pgho), 

1 
t = (gjhopt', 

where the primes denote dimensional (i.e. physical) variables and ho is a characteristic 

value for the \Vater depth. The horizontal and vertical components of the fiuid velocity 
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are respectively u = u(x, y, t) and v = v(x, y, t) The pressurt' at any point. in tilt' 1!t\1t! 

is given by p(x,y, t). The constant fiuid density is p and tlH' gravitatiolla\ ,H'ct'lt'r.III\1I1 

9 acts vertically downward. The fundamental two-dmll'nsioll,tl t'quitt.lons of \Ilot HIll 

are then: 
au au -+- =0, ax ay 

au au au ap 
at + U ax + v 8y = - 8:r ' 

av av av ap 
-+u-+v- = -- -l, at 8:r ay ay 

au av 
--- =0. 
ôy ôx 

(:!. 1 ) 

(:!:2 ) 

(~:n 

(~ 1) 

Equation (2.1) is the continuity equation for an incompressible flllid. Eqllit/.iomi (~ ~) 

and (2.3) are Euler's momentum eql1ations in the x and 'IJ directions f(·sp(·ct.i\'(·ly 

and (2.4) is the irrotat.ionality condition. Equations (2.1)--(2.-1) are slIl>j!'ct, 1.0 t.lle' 

kinematic boundary conditions 

ah ah 
Vb = _. Ft - Ub ax . (~ fi) 

and the stress free surface condition 

Pa = 0 (~.7) 

where the subscripts sand b respectively indicatc quantitie~ evaluat.ed al. t1H' !r,'" 

surface and at the bed. The boundary conditions (2.5) and (2.6) ~tal.(· t.!tat. ct 1\111<\ 

particle located at the free surface (or at the bed) subscqllcntly moves alollg wit.1t tllI' 

free surface (or the bed). The boundary condition (2.7) simply implj(·s that. tl)('J'I' 1'> 

no pressure acting on the free surface. 

Integration of the continllity equation (2.1) in the vertical directiurl, from t.IJI' l".rI 

to the free surface, yields 

aTt 8h fJ]'1 
V 6 - Vb = U s - + Ub-r- - - u dy ax ax ÔX-h 
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in w~lIcb the kinernatic boundary conditIOns (2.5) and (2.6) can he substituted to 

(2.9) 

Whf'f(' 

1 11'/ u(x,t) = H _hu(x,y,t)dy. (2.10) 

Equation (2.9) is the depth-averaged continuity equation. For a known bed history 

h(.r, t), it gi vcs the evolution of the free surface TI, provided we know the depth

,LW! ag(·d velocity u. Note that (2.9) is exact since no approximation was made in its 

deri vation. 

For shallow-water wave propagation, it is usually assumed that the horizontal 

vt'Ioclty of the fluid is approximately uniform with depth: 

u(x, y, t) ~ u(x, t). (2.11 ) 

By ITltf'g!itting the continuity cq1\rltion (2.1) using (2.11) and the kinematic houndary 

condition (2.6), wc can obtain a corresponding approximation for the vertical fluid 

wloClty: 

(2.12) 

III V)CW of dcriving an evolution equation for u, we substitute the approxioma

f.IOI\ (~.ll) in the .r-momentum equation (2.2): 

au _au ap _ 0 
a +u~ +!:l - . t V.L vX 

(2.13) 

Equation (~.13) can be integrated from y = -h to Tl with the boundary conditions 

( ·)r:)(·)~)t . _.<) - _.1 0 glve 
a a 2 ah 
-(Hïi) + -[H(u + p)] = Pb
at ax ax 

wh{,rt, tilt' depth-averaged pressure is 

1 11'/ p(.r, t) = H -h p(X, y, t) dy. 

12 
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It is important to note that the depth-averaging of the complete .r-monwntlllll ('1\11,1-

tion (2.2), without the approximation (2.11), yields 

with 

- 1 111 
2 u2(x, t) = JI -h 11. (x, y, t) dy. (2 17) 

Therefore the validity of the approximation (2.11) which led to cqllation (2.1,') iIllP\w", 

that the term H( U 2-U2 ) is of small order comparcd to the remaining krills of ('(l'l,II 1011 

(2.16). That requirement is always satisfied for a fiat. bcd, but. in tll<' case of ,1 IIII)\'III.!!, 

bed, it imposes certain restraints on the bed slope and velocit.y (Appf'lldlx A) 

An expression for the pressure is obtained by intcgration of 1.11<' Y-1l101ll('1It.1l111 

equation (2.3) with the dynamic boundary condition (2.6): 

r du 
p = (17 - y) + J

y 
dt dy (~ 1~) 

where 

which can be approximated as: 

The second term on the right hand side of (2.18) rcpresenb the corn·ct.ioll 1.0 t III' 

hydrostatic pressure. Using the approximation (2.12) for v, we ca.n W1il,(!: 

or 

where 

du dh t 
dt = - dt 

d( Il u)x dux _ 
- y- - VIL 

dt dt x 

dv - = -13 - ~f - ya 
dt 

dux -2 
cr = dt - Ux' 

13 - d(hu)x - (h-) -
- dt U x1J. x , 

13 
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(2 20b) 



, 
J. 

dh t _ 

~r = dt - htu:z;. (2.20c) 

Sllb:,tltlltioJl of (2.19) III (2.18) glves 

(2.21) 

The pressure at the bed and the depth-averaged pressure are then: 

(
",2 h2) 

Pb = H(1 - j3 -,) - 2 0: (2.22) 

H 1 (",3 ",2h h3
) 

15= 2(1-/3-,)- Il 3+2-"6 a. (2.23) 

FIrlally, substitution of (2.22)-(2.23) in (2.14) gives: 

(2.24 ) 

Eqll<ltlOll (2.2·1) tOgelht!l \Vith the contmulty equatlOn (2.9) constitute a set of depth

<tV<'raged cquations governing the amplitude", and velocity ü of waves developed by 

,t lTIoving bed. 

If t.he !wd is not moving, ht = 0 and (2.24) can be simplified. The term , defined 

hy (2 20c) vanishes and (3 in (2.20b) reduces to: 

Tht' f<'sull.ing cquittion is then: 

-;-(lIli) + -. Hü2 + -(1 - cP) - -0: = - H(1 - 4» - -0: () â [ H2 H
3 1 ah [ HZ 1 

(Ji âx 2 3 ax 2 (2.25) 

where 

EquatIOn (:!.25) is the same as the equation derived by Seabra-Santos, Renouard &: 

'It'lIIpervi lie (19Sï). 
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For waves over a fiat, horizontal bed, , is again Zt~ro and sinct' hr = 0, W(' hav(' 

e = ho:. The governing equation (2. 2·1) becomes 

-(Hïi) + - Ilu2 + - - -0' = 0 
a a ( }{2 1I,j) 
at rh 2 3 

('2 '2(l) 

which is identical to the "correction" equation to the shaIIow-wat,<'f t.ht'ory dt'll\t'd 

by Su & Gardner (1969). 

2.2 Scaling of the governing equations 

Compared with corresponding 'Boussinesq' formulations, tlH' gowrlllng (·qu.ltioll:-' 

(2.24)-(2.26) derived in the prpvious section include extra teI'I1lS which .1IC 01 lti~I\I'1 

order. However, for most practical problems, these terms are so ~lTIall t.h.tI. t.IIt'Y 

can be expected to have little or no effed on the resulllIlg ~ollll,ioll~. If appropllat.t· 

scaling parameters are introduced to represent the rcspect.ive order of lIl.lglllt.Ilc1(· 01 

the problem's variables, these higher order t.errns can be idf'ntifif'fl and ('Iilllill.d,('d 

Such a procedure not only gives insight mto the relal,ive irnporl,;tIIce of tl)(' \'''III)Il~ 

terms in the governing equations but abo facilitates the COlllplltélt,lOlI~ of 1I1I11lt'll( .d 

solutions by greatly reducing the length of the equations that. have t.o I)(! l'rogl tllllllll'I\ 

Two scaling factors are usually associated wlth water wave I,heo!ws. 'l'III' w.tI ('1 

depth to wavelength ratio is represented by Œ while E dClIotes the Wit\'(' .t1llpllt.lld(' t Il 

water depth ratio: 

Œ= 
~' 
a 

E --
- ho' 

The relative size of these parameters is incorporated in the weil kllOWll Ur:-.dlllllllll)l'i 

E a.,\2 
Ur= - =

a2 h3 
o 

which measures the importance of nonlinear to linear effects III wav(~ prop.l~ati(JlI 

(Ursell 19.53). Thus Ur ~ 1 for linear waves, while Ur » 1 for fully nonlin('étr (AIry) 

waves. Our interest lies in weakly nonlinear, dispersive (Boussin~sq) wavps f(JI' whidl 

Ur "V 1. We therefore assume E '" Œ2 in what follows. 
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For ail type1> of long wave1>, sinee the variations of x and tare both small in terms 

of the wavelength, wc can write 

(x,t) = .!..(x*,t*) 
(7 

(2.27a) 

whef(! th(' astcrisks denote non-dimensional, scaled variables. The relation (2.27a) 

Illlpli('~ that the change in the scaled variables is of O( 1) for a significant change in 

t./H! WdV('. Furtherrnore, weakly nonlinear, dispersive, shallow-water waves aiso have 

il smitll ampliturle to depth ratio. The appropriate scaling for TJ and TI' is then 

(TI,U:) = c(TJ*,ïi*) (2.27b) 

which ~tat(!s that a small change in wave amplitude or in depth-averaged velocity 

h('coll\es O( 1) ill the scaled variables. 

111 the case of a moving bed, scaling factors can also be determined for the bed 

v(·loCl!,Y ht and slope hx ' Clearly, sinee TI = O(t) and h = 0(1), we have H = 0(1). 

Eqll.üioll (~,27) can be suhstltuted in the depth-averaged continuity equation (2.9) 

10 glvc' 

Dh ( .Dh Ou.) 2 (.a TJ* .Ou*) - + ( li - + (7h- + <:. 0' II - + TI - = o. al ox ax· ax· ax· 

For tll<' ,lbove equation to be consistent, we will therefore impose 

(2.28) 

(2.29) 

wlllch Icads to the following Ilon-(!Jmensional, scaled depth-averaged continuity equa-

t ion: 

(2.30) 

\Vith the help of the continuity equatlOn (2.9), the momentum equation (2.24) 

l',\Il )(' It'arranged as : 

aH H2 a 
H-( -1 +;3 + '.r) + --(;3 +..,.) ax 2 ax 
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which simplifies to 

8u 8u 8" -+u-+-8t 8x 8x 

[
a (173 1]2h h3) 8h (1]2-112)] +--+----- 0 aI 3 2 6 B.r 2 

(
173 172h h3

) ao Dh + -+--- -+-. [1l(1-8-,)J 
3 2 6 ax aI 

H ~(f3 ) !.. (773 17
2h _ h

3
) On: 

- 2 8:r +, + H 3 + 2 fi â.r 

817 + âx (710 + f3 + 0). 

The terms 0, 13 and J defined by (2.20) can be scaled as follows : 

" ( 2)-- + ( 2 2)(-"-" -*2) o = f(J Ux ' t ' t (J U Ur ' x ' - Ux' 

13* = (f(J2)(hu"L;'t' + (f2(J2)[Ü"(hu")x·.L· - (hu")x· ïi;.] 

J" = (f(J2)(h t );. + (f2(J2)[U"(ht);* - (hd*u;.] 

(') .).) ) 
...... ) ..... c\ 

(') .).) ) 
~ .)_c 

and substitution of (2.27) and (2.32) in cquation (2.:n) giveo.; t.he followiIlI-', ~c .tlc·" 

momentum equation : 

Keeping only the terms larger than O( f2(J3), we obtain 

in which it was assumed that ~ 

non-dimensional variables to get 

h2 • Finally, wc caTI go back to t.}w (H i).!.illill 
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(2.33) 

!':(PI<lf.IOIl (2.:J:3) con~titutes a 'low-order' representation of the 'complete' momentum 

equatioll (224). In fact, (2.33) togcther with the continuity equation (2.9) represent 

t,lw B01lssinesq formulation of the cquations governing waves generated by a moving 

Iwd. The aS~\1mptions made in the derivation of (2.33) imply that the waves of 

intr·/{':-,t. ,u(' nonlinear, dispersive, shallow-water waves. Equation (2.9) and (2.33) 

t.hel cfon' cOllstitutc a generalisation of the well-known Boussinesq system for waves 

oV«'1' d n,tt I)('d. 

lt IS important to note that, since x and tare both assumed to be of the same 

oldr'l', tll<' opcratol' fJ~~t in equation (2.33) can be replaced by 8~;r which gives the 

following ('(jll,üion : 

(2.34) 

Tht' ordel' of appcarancc of the x and t partial derivatives only depends on the 

pUll l'dure lIsed to obtaiu the final governing equation. In the derivation of (2.33), we 

.1S!'!1I11lt'd ll(.r,y, i) ~ u(:r,t) and depth-averaged the resulting x-momentum equation 

(2.1:q. :\11 thcsc terms of equation (2.24) (or equation 2.33) which would not appear 

in t.he st.andard Airy equation and which represent the deviation of the pressure from 

tht' hydlOstatic statr thus came from the depth-integration of the horizontal pressure 

~I,ldi(,I1t ~. 
.... Ql 

IIl)\\'t'\'t'f a different procedure can be used. \oVe can start by stating that, to an 

nl'dt'I o( UT). t.he \'(,l'tiCitl \'elocity t'(I, y, t) is given exactly by the expression on the 
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right hand side of approximation (2,12), i.e, 

ah â _ Ou 2 
v(x, y, t) = --a - -ô (hu) - Y-a + OCt a). t x x 

(
') .) r: ) 
...... l~ l 

Then from the irrotationality condition (~A) (which was not used in the derÎ\',l\.iotl 

of (2.33)) we can deduce (Appendix A): 

Furthermore, the expression (2.21) for the pressure dcrived earlit'r can hl' writ.l.plI ,,~ 

2 

[ 1 
y '1 'l. 

P = (T] - y) + y ht + (hu).r; t + 2 u.r! + O(t"a ). 

Substitution of (2.35)-(2.37) in the x-momcntum eqllation (2.2) giv('s 

which implies that ô~;x = ô~~t and leads to cquation (2.33) or (2.:34). Th(· ,,"uV/' 

procedure is incorporated more systematically in a perturbation approélch of U\(' 

problem in which the basic variables are cxpanded in tcrms of the slllall [>iH,IIIW((01 S 

E and a. Wu (1981) used such a procedure to obtain an cquatioll idt'lltical t.u (~.:i,l) 

Appendix B shows a derivation of (2.:34) using an expan~ion lIwthod. 

Since the dispersive term usually appears as uxx ! in the BOll~~ilJ('sq ~y~t.I·III, WI' 

will henceforth used the formulation (2.34). It is worth noticillg that., altollglt \,('1111'-, 

of O(t2 a3 ) were 1eft out from (2.34), the last term ~htÜxx is abo O(('l.a'l) ;t('C()/r!llJg 1,0 

the scales introduced at the bcginning of this section. That cOlltraùiction 01 igllJ,tf,.'-, 

in the term (hli)xxt which is 0(Ea3
) but gives ri se 1.0 ~htux:r, a term of 0((217.1

), w})('1J 

the partial differentiation is carried out. Thercfore the presen('l! of a t.errri ()f (J( (La s) 

in the final equation is only due to a slight scallflg inconsistency and for tha1, 1('tI~()II, 

the term ~htlixx is not eliminated from the final equation. 

As it was done for the 'high-order' equation (2.24), we can reùuce th(~ gOv(:fIIU1J!, 

equation for the cases of nonuniform and flat heds. If the bed is hloping bllt. f10!. 

19 



Illovillg, cquation (2.;31) reduces to 

(2.38) 

iLS dellved by Peregrine (1967) in the study of long waves on beaches. If we also 

n'strict t1lP. bed to a zero slopc, we obtain the basic Boussinesq equation: 

(2.39) 

III the IWX!. section, equation (2.34) together with the continuity equation (2.9) will 

1)(' lIs('c! ta mode! problems of wavcs generated by a moving bed. 
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3 NUMERICAL SOLUTIONS 

Because of the nonlinear and dispersive tcrms appearing in the govt'rtIing ('<J Il e\! iOIl:

obtained in §2.2, it is extremely difficult (if not impossible) in g<'lleral 10 dt'Ii"t' 

analytical solutions to those equations. For that rcason, wp h,\V{' to ('(':-,tl( 1 10 CI 

numerical method to obtain approximate solutions for the itmplitudt' '1 .Inti Vt,I\)('II) 

TI" appearing in the depth-avcraged continuity (2.9) and monwntlllll (2.:J·I) ('qllcl\.llllI:-

3.1 The finite difference rnethod 

The finite difference method is one of the oldest Ilurn('rical melhods IIwtl 111 t.11t' 

solution of differential equations, Because of its simplicity and rf'liability, il. st.ill 

constitutes a very widespread tool for the numcrical solutioll of nuid f10w probl('IIl"i 

For the sake of completeness, a brief elemcntary revicw of various aSI)('cts of t!H' lillll(' 

Jifference method follows. 

The basis of the finite difference method consists in replcLcing a fUlldioll d(·/illt'd 

over a continuous solution domain by approximations of that f\llldion (·valllal.(·d ,d, 

discrete locations of the solution domain called grid points. Thes(' approxirll,lf,iolls 

may then be used to express the derivatives of the function in terms of algf'!II',\I(' 

equations called finite difference equatlOns. The important con~eqU('llU! of t!1t' lin"," 

difference method is therefore the possi bility to transform on(' or mol'(' ri i Irl'r 1 ·III.I,d 

equations into an equivalent algebraic problem. 

In the present problem, we are concerned with the approxilJld.tioIl of <1('1)/'11<11'/11 

flow variables su ch as Tj, Ü and h which arc functions of spatial position ,r: illld I.illlf' 

t. Thus, we may consider an arbitrary function f(x, t) which is aS~llrn(·d t.o 1)(' 1.1((' 

solution of a boundary value problem definpd over a domain 0 < x ~ XN and fJ :::: 1 :::: 

tp. The starting point of the finite difference method is to replace this cont.irIIlCJ11.., 

solution domain by a discrete set of points denoted by (XI) t}) sllch t.bat 0 :::: XI :::: .lN 

and 0 ~ t1 < tp where i = 0,1, ... , N and j = 0,1, ... , P (Figure 3.1). Th(: "'(Jlllf.IIJII 

domain thus takes the appearance of a grid and for that rea.,on the points (XI) il) aw 
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called grid points. The mesh size in the t-direction is constant and denoted by D.t so 

that tp = PD.t. The spatial mesh size is denoted by D.XIl a distance which may vary 

with time. The finite difference approximation of f(x, t) evaluated at the grid point 

(z,)) is denoted by f;. 

3.1.1 Eulerian description 

Most. of the finite difference models used in fluid mechanics and hydraulics involve 

ail Eulerian description of the flow field. That implies that the fiow variables are 

cakulated at fixed locations in the solution domain and therefore that the grid points 

,>pacing in the x-direction does not change with time. vVe will only consider the case 

where the spatIal mesh size is constant, i. e. D.X, = ~x such that XN = N D.X (Figure 

t 

p 
t • t p 

lef 
fi 

I-f f 1 
le, 

fI 1 f 1 

------
e:.x f 1-1 

1 2 

e:.t 

J • 0 x 
o 
1 • 0 2 N 

Figure 3.1: The Eulerian finite difference problem. 

At any given time, if f(x, t) has continuous spatial derivatives, it can be approx

imatt>d 111 the neighborhood of x = XI by the following Taylor series: 
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i, 

1 

... ------·~_i_' .. _ 

where JI denotes the finite difference approximation of J(.r ll 1). lTsing t.his T'lylu\ 

series, we can write the following approximation for f(.rl+h f) : 

(;~ 1 ) 

:)( 
The series (3.1) directly gives a finite difTcrcnce approximation for ~ (,\,fllU,ll,'" elf. 

af = fl+l - f. + O(.6.x) 
aXa .6. x 

(;~ ~) 

In a similar way, we can approximate f(xl-t, t) by the series 

a f .6..r2 [J2 f .6.x3 iJ1 J 4 
JI-l = JI - .6.x~ + -2-8 2 - -31 !=l 3 + O(~.r ) 

UX , X, . uX I 

from which we obtain 

af = JI - JI-1 + O(.6.x) 
aXI .6. X 

Equations (3.2) and (3.4) are respectively called fOl'ward ellHI backWetrd ddlt'If'lIn' 

equations. In both cases tht" approximatIOll illvolvcs an error term of ()(~./'). 'l'III' 

magnitude of this error term is reduccd if wc subtrad (3.:3) frolll (:J.l) to obt.alll 

which is a central difTerence representation of~. A finite differellCP apploxilll,d.ioli 

for ~ at x = XI can be obtained by addition of (:3.1) and (:LI) : 

8
2 
f = fl+l - 2fl + fl-I + O(.6.x 2 ) 

fJx 2 .6.x2 
1 

(:Ui) 

We follow a similar procedure to derive finite difference approxilIlittiou:-. f(JI Uw 

time derivatives of f(x, t). At any given location in spacc, dpproxillIatlOIl'i fOI 

f(x,t)+d and f(x,t)) in the neighborhood of t = t)+~ ean be written as 

(;~ 7 ) 

and 

(:~ ~) 
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Suhtraction of (3.8) from (3 7) gives an approximation of * evaluated at t = tJ+t: 

(3.9) 

and addition of the two series gives : 

(3.10) 

3.1.2 Lagrangian description 

In the Lagrangian description of the flow field, the flow variables are not evaluated 

in d. fixed refclence frame but rather at the instantaneous locations of the moving 

01lld particles. In the finite difference method, that implies that the grid moves 

wlth the fluid partlcles and therefore that the spatial mesh size varies with time, 

1 c. 6.x, = ~x,(t) = HX'+l - x,-d for i = 1,2) ... , N - 1. Depending on the motion 

of the fluid, the space-time grid can then take the distorted appearance of figure 3.2. 

p 

2 

1 • 0 

o 

t 

1 ·0 2 

t • t ~ 

f .' 1 

f ,• f 1 
1" 

f 1-1 
1 

N 

Figure 3.2: The Lagrangian fini te difference problem. 
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If at in given time we let ~X = X t+l - X t and ~x' = XI - X l -l (Figurt, :t:n. \\"1' 

can approximate f(ft+l, t) and l(x,-l, t) by power series about .r = .r l : 

af ~X2 821 3 
f'+1 = ft + ~x-a + -::) 8 l + O(..\x ) 

X
t 

_ XI 
Pli) 

Subtraction of (3.12) from (3.11) gives 

f f ( A ,\ ') Dl 1 ., '2) cP 1 [ "I 1 
t+l - t-l = uX + bx -8 + :)(.:lX- - 6x D 2 + 0 max(~.r· , ..\.1" ) x, _ X, 

o)A of 1(.-)( )(')\ ) fP l O[ (\ 3.\ Il)J _û.r, ~ + :) _vx _û.r, a ~ + IlMX......l..r, w..r 
vX, W XI 

where bx = ~(6x - .6.x') (Figure 3.3). The central difference formula fOl t.ht' lil')t 

X 1-1 

!:lX' !:lX 
OX 

[j X 1 ~ Xi 

Figure 3.3: The Lagrangian grid. 

order spatial derivative at X = XI is then 

al _ f'+1 - JI-l + O[ (( J\ 2 A '2)] 
a -A max UX,uX ,uX 

XI 2wx I 

The error term in (3.13) is a function of the grid deformation. For a fixed gnd ()f 

uniform mesh size, Sx = 0, 6.x' = 6x and (3.13) is identical to (3.5). HoweW'r a~ tllI~ 

distortion of the grid increases, the approximation (3.13) increasingly loo!'>e~ aCCllritc:y 

(Boris 1981). Addition of (3.11) and (3.12) gives 

fP f J,+! - 2J, + fl-l -- + ... 
ax~ - ~(L\x2 + L\x'2) 

(3.11) 
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whir.h is abo subject to an error term depending on the grid deformation. 

For the time derivatives, a procedure similar to the one used in the Eulerian case is 

followed. The important difference is that the resulting derivatives are not evaluated 

locally but rather following the ftuid. They are total (or material) derivatives and 

are expl'c~~eJ as : 

(3.15) 

alld 

f J+1 ?fJ+t i J 
1 - -, + 1 + O(~t2) 

(~t/2) 
(3.16) 

3.1.3 Explicit and implicit formulations 

Wben the fini te diffcrence rnethod is applied to time-dependent problems, the result

IIIg algebraic equations may etther have an explicit or an implicit solution. Therefore 

a Hui te diffcrence scheme can be classified as explicit or implicit according to the 

algebraic problcm to which it leads. 

The explicit forrn may be represented schematically by figure 3.4 in which the dots 

and crosses indicate grid points needed in the computations of spatial and temporal 

dcnvd.ti ves respectively. In that type of scheme, the calculation of the solution at the 

'ncw' tlIne' is only based on the solution at the previous time. 

J+ 1 

f/ 

1-1 1+1 

Figure 3.4: The explicit form. 

26 



r --" -< ,.~ ........ ~-~---"""""....,..,~~.,...,..,,~------- _________ _ 

In an implicit scheme, the unknown solution at the new time not only dep~nds \)1\ 

the solution at the previous time but also on values of the functioll al thls new t.1I1l(· 

This type of scheme leads to a system of equations which must be solved :>I111\11t .. l1l'

ously. Figure 3.5 represents a fully implicit scheme in which aIl the dt'rlvatiVt's .111' 

j+ 1 

/[\ 

1-1 1+1 

Fîgure 3.5: The fully implicit Corm. 

evaluated at the advanced time. Figure 3.6 shows an implicll SChCIIW !>(opo'>('d Il!' 

Crank and Nicolson in 1947. The derivatives are now evalualeù at the int.er IIlt'di.LI,(' 

time and calculated by averaging values at the previous and advanced times. 

• l' J+1 

1-1 1+1 

Figure 3.6: The Crank-Nicolson form. 

Explicit schemes have the advantage of being simple to formulale but they i1.rf~ 

subject to stability conditions which impose certain limitations on the mcsh :'IZ(!. On 

27 



t.he ot.her hand, irnplicit schemes can be shown to be unconditionally stable but their 

formulation i~ often cornplex and requires longer computation times. 

In the next section the equations derived in §2.2 will be formulated in terms of 

(~xplicit and implicit finite difference methods. 

3.2 Finite difference formulation of the governing equations 

Wc will now use the basic principles developed in §3.1 to obtain finite difference 

formulations for the governing continuity and momentum equations. 

3.2.1 Choice of the flow field description 

l'Ill' first question which must be answered in the application of the finite difference 

IJH't.hod 1.0 the governing equations (2.9) and (2.34) is whether to use the Eulerian or 

Llgrallgl,tIl specification of the flow field. 

Equations (2.9) and (2.34) were derived from the fundamental Eulerian equations 

of motion (2.1 to 2.3). It would therefore appear natura] to use the Eulerian finite 

differcllcc method introduced in §3.1.1. As already pointed out, that method im

plies titat the spatial grid points are not associated with the moving fiuid particles 

(Lagrangia Il specification) but rather with evenly spaced fixed locations in the ftow 

lit'ld. 

lIowever, in sorne moving bed problems, the water surface may intersect the mov

mg st'g,mcnt of the bed at a point of zero depth. In such problems, the upstream 

boundary of the flow field is constituted by a moving waterline. The 'moving wedge' 

prohlcm Illcntioned in §1 and presented in §4.1 is an example of such a case. The 

major disadvélntage implied in the Eulerian treatment of these problems is that the 

Humber of grid points involved in the description of the free surface may constantly 

\'dry. That C1eatcs difficulties in the computer coding of the scheme and almost 

lIl\\trillbly requires interpolat.ion or extrapolation procedures. The above remarks 

muId ,1180 be mdde about the Eulcrian treatment of wave run-up on beaches in which 
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various methods must be used to overcome the difficulties associated \Vith tht' shOlt'· 

line boundary (see for example Hibberd & Peregrine U)i9). 

The obvious alternative III problems involvmg a moving waterline is tn IlSt' ,1 

Lagrangian descriptlOll of the flow field. In that \Vay, the locatIOn of t.hat. point of 

zero depth is easily followed since it always corresponds to one of tIlt' movlIlg gnd 

points. 

'vVe will now describe both the Eulerian and the Lagranglan fillltt' dilrt'II'!lCt' fUI

mulations of the governing equations (2.9) and (2.3--l). 

3.2.2 Eulerian scheme 

The functions 7], u and h are ail specified on t.he same spatial grid points. FlgUf(' :~ 7 

shows the arrangment of the flow field at any given time. Since we are only dt'.llill,L'; 

with equations in one spatial dimension, the gnd points actually correspond to W'l t.ir,LI 

interfaces separating fluid elements bounded by the bed and the frce surfil.n' 

y 

- t.x -

1 

x 

~ , ' . . , 
" 

X o x, X 1-1 XI X 1_' X N-' 1< Il 

Figure 3.7: Eulerian description of the flow field. 

The proposed numerical scheme is divided in three main parts: 

1. Explicit solution of the depth-averaged continuity equation to obtain Hlf! 
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1 
~ 

pT'edzctf:d free surface position. 

• 
2. Irnplicit (Crank-Nicolson) solution of the momentum equation (2.34) to obtain 

the depth-averaged velocity. 

:3. Explicit solution of the depth-averaged continuity equation to ohtain the cor

rccted Cree surface position. 

A~ a prercquisite to the application of the ahove scheme, we assume that initial 

rOll<htlons at t = 0 and boundary conditions at x = Xo and x = XN are known for 

t!w frpe surface position 11 and the depth-averaged fluid velocity u. Furthermore, wc 

a:,sUTllC that the' bed valÎation h(x,t) is known everywhere in the solution domain. 

Wp now look more closely into each of the above 3 steps : 

• Exphczl calcltlalzon of the predlcled free surface position ig+1. 

Th(· depth-avcraged contmuity equation (2.9) can be written as 

8TJ Ou 87] 8h ah 
- = -( h + TJ) - - u- - ü-- - -
81 ax 8x 8x at (3.17) 

Using tilt' finite-differellce formulae developed in §3.1.1, wc approximate (3.17) as 

(3.18) 

For known values of 17 and ü at time t = t), equation (3.18) can he used to calculate 

explicitly predicted values of the free surface position at time t = t l +! denoted by 

,;{+1 whcre l = 1,2, ... , N - 1. 
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• lmplicit calculatlOn of the depth-al'fraged vclocity rr:+\. 

With the help of the finite-difference formulae introduced in §:1.1.1 and t.llt' CI,lllk

Nicolson scheme described in §3.1.3, the depth-averaged momentum t'quctt.ioll (~.:I·I) 

can be written as : 

where 

vI, -
-l hl+1 hltl hl+1 
U, A + B + 'C 1 -J Jtl 'F ---- -- - --lt rH - --, 

4.6.x 4~x 2~x2" 4~.Z;2 

v2, -
1 D hJ+\ hJ+ I J J+l 

?A ' E '-J J+\ ~, (;' -+- -----/t--um t--{/ 
~t Clt 4: Clx2 '1 2~X2 

v3, -
-J 1 J+l hl rI hJ+\ 
~ - A - B - _L,_C - -'-üJmJ +\ - -1_[1' 
4.6. x 4~x 2Clx2 l' 4~.r2 

and 

( 

-J hJ hJ / J ) U I 1 l '1 1 J LI, --AtB---C+--u1lt +--1/ 
4~x 4llx 2llx2' 1 4~.c2 

Also 

A ~[( h;)2 + (h;+1 )2)] 

B - 1 [hJ(hJ hJ ) h J+l(I Jt1 /Jt 1
)] 4~x 1 1+1 - 1-1 + 1 L'+1 - t l _ 1 

C 1 (1 JtI hJtl hl hJ) 
2~x.6.t LltI - 1-1 - Itl + 1-1 

D - 4~X2 [h;(h:+l - 2h~ + h;_d + h;tl(h::1
1 

- 2!t~tl t h:~:)] 

E 1 [(hJtI _ 2hJtI + hJtl) _ (hJ _ 2hJ + hJ )] 
llx2~t ,+1 , 1-1 'tl l ,-1 

F 1 (1tl 1+1 J J) 
4~x 7]'tl - TlI-1 + Tlltl - TlI-1 

ml 
1 2~x(h;+1 - h;_I) 

Tl -, 1 (hJtl _ 21 J+~ + / J) 
(~t/2)2 1 LI L, 
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'J'/f(! only unknown in (3.ID) is the velocity field ü;+l for i = 1,2, ... , N - 1 which 

ol)vi()ll~ly cannat be calculated explicitly. By rewriting (3.19) in matrix form as 

01 

o 
[) 

o o 

o 

V!N-2 V2N_2 v3N _2 

o VlN-l V2N-l 

-)+1 
UN_2 

-)+1 
uN_1 

h 1 -)+1 r SI - V lUO 

rhsN _ 2 

h 3 -)+1 
r SN-l - V N-IUN 

W(' ~('C t.hat this velocity field is the solution of a system of linear non-homogeneous 

('(Jllntions having a tridiagonal coefficient matrix. That type of system can be solved 

by il straightforw.ud elimination procedure . 

• e.rpl!n/ ("(llcllla/lOn of Ihe corree/ed Jree surface poszt20n rd+1
. 

III thls Idst step, wc calculate a corrected value ry;+l for the free surface position 

by lISillg t,)1(' vclocity field U~+l calculated in the second step. Equation (2.9) is solved 

('X plrcr tly <lS • 

(3.20 ) 

:J.2.3 Lagrangian seheme 

FI!!,Ilf'(' (:l. i) shows a Lagrangian configuration of the flow field. The important dif

ft,!t'Ilce with respect ta the Eulerian representation of Figure (3.6) is that the fluid 

mlt'rfaces on which 'I.Ti and h are specified are now allowed to move. 
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x X 
N-1 N 

Figure 3.8: Lagrangian description of the flow field. 

As mentioned before, the depth-averaged continuity and momentum eqllat.Il)[lS 

(2.9) and (2.34) constitute Eulerian formulations. By introducing the material d('( iv.t

tive (or 'derivative following the fluid') 

d â â 
-= - +ü
dt ât ôx 

and applying it to the free surface position ry 

dry âry _ôry 
-=-+u
dt ât ôx 

and to the depth-averaged velocity u 

dU Ou Ou 
dt = ât + ü ôx' 

we can rewrite (2.9) and (2.34) as : 

au 
dt 

= 

dry dh 
dt = - (h + ry )11x - dt 
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EqUéttiofl (3.22) is exact while (3.23) is vahd up to order O(f2a 3
). For waves over a 

fiat bed, equation (:3.22) and (3.23) reduce to : 

dTJ di = - (h + TJ)ux 

du h2 dUxx 
dt - - 1Jx + 3" Tt 

Taking thc rnatcrial derivative of x, we also obtain 

dx _ 
-=u 
dt 

(3.24) 

(3.2.5) 

(3.26) 

whidl C,L/1 be uscd to define the position interfaces x, (i = 0,1, ... , N) arising from 

t1H' Llglangian finite difference description of the ftow field. 

For the finite difference approximation of (3.22) to (3.25), a three step procedure 

w'ry silllilar to the one described in §3.2.2 is used. The only modifications introduced 

by the use of a moving grid are the replacement of the constant !::"x by a variable 

IIH'sh slze !::,..1: 1 and the displacement of the computation grid calculated from the 

lilllt!' dilrerellcc approximation of (3.26): 

(3.27) 

wh('re () S 0 ~ 1. 

3.3 Initial and boundary conditions 

As I1lclltioned before, the numerical solution of the governing equations requires the 

knowkdge of initial and boundary conditions for TJ and U. Sorne of these conditions 

<lll' obvions ,Uld ,\1 isc directly from the physics of the problem while others must be 

dl'!ïwd indirectly by using the governing equations. 

3.3.1 Initial conditions 

III ,111 the problcms ta be trcated in §4, the initial conditions correspond to still water. 

Thus 

77(·1',0)=0 (3.28) 
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.1. 

and 

u(x,O) = 0 

for aIl x. In finite difference form, the condit.ions (3.28) und (:1.29) ht'wlll(' 

(:~ :Hl) 

if = 0 
1 

for i = O,1,2, ... ,N. 

3.3.2 Boundary conditions 

In problems whe~e the flow field is bounded by a vert.ical wall at .r = J'u, W(' havI' t.l\l' 

following boundary condition for the depth-averaged fluid velocity 

where uw(t) is the horizontal velocity of the wall. In finite diffcl('IH'(', W(' h<lv(' 

(:~ :~:I) 

If the wall is not moving, Uw = 0 and 

u~ = O. 

In aIl the cases to be treated in §4, the flow field is bounded at ail times by il fix(·d 

vertical wall at the downstream end x = XN sllch that 

u~ = a 

for) =O,1,2, ... ,P. 

The free surface position Tt at x = Xo and x = XN is unknown for l > O. TIJf'lI'

fore, unlike the case of the velocity, simple Dirichlet boundary conditions ca.nnot, \)1' 

deduced directly. However, by combining the velocity boundary condition:-. with Uw 

depth-averaged momentum equation (2.34), we can derive boundary c{)[)ditlon:-. (Jf 
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the Neumann type for "'. For example if u(xo, t) = 0, equation (2.34) evaluated at 

x = Xo becomes 

qx(xo,t) = [hhx'Üx + ~h,üxx + ~h<xl=xo (3.36) 

Eqlln,ti(Jn (:3 3G) can he further simplified in cases where the bed acceleration at x = Xo 

IS equal t.o zero: 

qx( Xo, t) = [hhx' Ux + i h'Ux{=xo 

Furthermore, if the bcd slope is constant at x = Xo, we have 

"IICI flllally, for a nOIl rnoving bec! at x = xo: 

(3.37) 

(3.38) 

(3.39) 

If howcver, u(xo, 1) = uw(t), for the case of the non moving bed at x = Xo, we can 

writ(, : 

(3.40) 

At the downstream end x = XN, we will always have: 

(3.41) 

'1'1)(' finit.e differcllee approximations of equations (3.36)-(3.41) will be used to

g<'l,ll('1' \Vith the other initial and boundary conditions in the numerical solution of 

tlH' various problems present.ee! in §.t, 

3.4 The Flux Corrected Transport (FCT) method 

ln §,I, specifie mo\ing bed problems will be solved with the help of the fini te difference 

approximaI ions derived in §3.2 for the governing equations. In most cases, these bed 

mot.ions will be such that strong deformations of the free surface position will occur 

on'I' rdat.ively short distances. In other words, considerable variations in 1/ (and 

consequentl)' on 17) will tale place over a very sm aIl number of grid points. 

36 



It is a :well known fact that in fini te düt'erenCl' llH't ho<\s the t l't'a t llH'nt. of :-olul iOlls 

with sharp gradIents may lead to accnracy and/or ~tahility J1wblt'lI\s. SI alJ(l.lld 

techniques available to circul11vent thl'se diffin1!til'::; illdlldl' p,llt! rdinll\('ut l\l t Ill' 

regions of sharp gradients and the introduction of artitkial vi:-.cosit.y. HO"'!"'!'I, Olll' 

of the most effective tcchmql1c IS CCI taillly 1 h(' ~()-calk<l Flux ('ollt'ctt'cl Tran:-.pot 1 

(FCT) method which was initially devcloppt'<l hy Doris & Dook (lDï3, IDï5, 19ïG) for 

the numerical t.l'eatment. of shock waves in cOlllpresslhlt- flows. III VIt'W of apl'lyill.l'. 

il. 1.0 the treatment of the prohkms pn'sPllt.ed in §.t, wC' llOW giVI' a hril'f sltllltllélry 

of that method. 

The first important thing to notC' is that the FeT mt'(,l!()(l IH ilOt. a 1111111<'11-

cal scheme in itsclf but l'ather a procedure for hancllin)!; ~h't'p /!,radil'nt.:-. :-.()lut I()ll:-' 

calculated by means of standard IlllHH'Iicnl teclUliq1t('~ ~1tdl éI~, tht' HIlIt.t' dllr('lt'lU'(' 

method, \Ve here follow the p,ellcral ddl111t.ioll of FeT p,iv('1l I>y Z"It':-'ilk ( 19ï!)). 

vVe start by considcring the followinp; ("Ow,rI vatioll ('(pwt.io\l 

I/'t + Ir = () 

where w and f arc bath fuuctions of t.he indt~p(,lld{'Ilt. val 1iI1/I('s .1' alld t. A fillitl' 

difference approximation to Il! is "'eucl to he in ('Oll:-'l'rvlltiv(' ClI '!Iux" fOi III if il. <"illl 

be written as : 

;+1 ; ,\ -I[F. }' l w. = w. - u.r:, ,+(1/<) - ',-(I/l) 

where w and f are defined on spatial g,rid pOlllt:-. ,l', emd t.t'lllpOlld ,Q,IH[ poillt'-i 1) Tlw 

spatial mesh size is given by tu:, = i(.r,+1 - /,,-1) TIJ(' t('lIll'" r; HI/l) IIIH[ l'~ -11/2) 

are called transportive fluxes and tht!ll fll11ctlOllal clqH'lld(·w·{' 0[1 f i.., Il'lat.l"d t.u t,Ill' 

specifie fini te difference schcme which i-. ll':>cd to apPlOxirWd(' (:~ ,12). FOI l'XIllllpl(', 

in the case of an Eulerian (fixC'd g;nd) Crank-~IC()b()Il -.1'11("1111', WI' wOllld bave 

It can be ~hown (Boris & Book 1Q73) that iu the lt'g;iOIl-' of !ote'I'!> g;!ilcli<'Ilt.-. III 

w, finite difference approximations to (:3.42) may :-.uffer fWIIl two I)()..,~,ibl<: prqbl<'[fl<, 
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Fm,t, if the particular integration seheme which is used is of high order (order 2 

or above, e.g. leapfrog, Crank-Nicolson, ... ), the solution w will show dispersive 

'rippl~'. On the other hand, if a low order seheme (e.g. Lax-Friedriehs, donor 

cell, .) is used, the solution will not be affected by ripples but will suffer from 

excessIve nurncrical diffusion. A similar result is also obtained if a zeroth order 

.trtifiual viscosity is added to a high order scheme. 

The basit, idea behind FCT is the cornbination of the best aspects of the above two 

S( hemc~: the accuracy of a high or der scheme cou pied with the diffusive properties 

of a low order scheme. The originality of the method is that it construets a net 

trétll~portive flux point by point as a weighted average of a flux computed by a 

low orcier seheme and a flux eomputed by a high order scheme. This weighting 

procedure [avors the use of the high order flux except in regions of steep gradients 

whcI(> the arising dispersive 'npples' are attenuated by lllereasing the contnbution 

of t.he low order flux. Therefore FCT can be thought of as a selective application of 

IlIlIlH'rical diffusion which is limited to steep regions of the solution domain in which 

that. diffusion is most needed. That eonstitute a major advantage over most artificial 

vlscosity mcthods in WhICh the solution is usually diffused uniformly over the whole 

domaill. 

The fOI mal FCT procedure can be defined as follows (Zalesak 19ï9) 

1. Compute F.~(l/2)' the transportive flux as given by a high order seheme . 

. ) Compute F.~(1/2)' the transportive flux as given by a low order seheme guaran

t('ed to give monotonie (ripple-free) solutions. 

~L Defille the "antidiffusive flux" : 

A,+(1/2) == F.~(1/2) - F:~(1/2)' 

.1. Comput.e the' updated low order ("transported and diffused") solution: 

td _ .. J i\ -l[FL FL] 
toI - lUi - .I...lI, 1+(1/2) - 1-(1/2)' 
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5. Limit the antidiffusive flux by using 

in a manner sueh that teJ+1 as eomputcd in (6) is frcc of extrellld, IlOt. roulld ill 

w td or w. 

6. Compute the final solution by using the limitcd antiddfusivt' Ilux('s calrlll.lt.t·d 

in (5) : 

J+l td A -1 [ te le] w, = lU, - uX, j- ,+(1/2) - j 1-(1/2) . 

The crucial part of the FCT method is obviously the choice of an appropriaIt' :wlt'( t 1011 

mie for limiting the antidiffusive fluxes in (5). This important flux limit.at.ioll 01 "1111'\ 

correction" step determines the respective contribution of the dispcrsiv(' (bigh <mlt'I) 

and diffusive (low order) effects in the final solution. 

For the problems of §4, the simple FeT algoritbm proposcd by Peyrd t'v, 'L,y 101' 

(1983) will be used to improve the numerical solution of the depth-étvC'raged collt.lIIllity 

equation: 

1. Compute 7];+1 by the high order method described in §~$.2. 

2. Compute a low arder (transported and diffllscd) estimatioIl r;;+1 of tll<' !>olllt.iofl 

by using 

T,J+l = 11)+1 + fJ[11 J + 1 _ 211J+1 + ~/}+I] 
, '/1 '/1+1 '/1 1-1 . 

where 0' is an artificial viscosity coefficient. 

3. Compute the limited antidiffusive flux A~+(l/2) by using the followillg s"If'( t.iolJ 

rule: 

with 

1 (J+1 3+1) '8 T/'+I - TI, 

5' sign( ~,+(1/2») 

~1+(1/2) 
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4 Compute the final flolution 

)+1 -)+1 (AC AC) 
TIl = TlI - 1+(1/2) - 1-(1/2)' 

All,hollgh il, rnay not be obvious at first sight, the above algorithm constitutes a 

~pecific cxamplc of the application of the formai procedure described previously. 
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4 COMPUTATIONS AND EXPERIMENTS 

As pointed out in §1, there are numerous instances in which watcr wa\'t's C,U1 Ill' 

generated in a water body by the motion of the underlying bt'd. N at.ura\ ph l'I Jl)1l lt'Il ,1 

such as landslides, rockfalls and submarine earthquakes as well as 1II1dc'rw,ttt'l vol\ ,lIltt' 

eruptions or explosions are a few examplcs of the mauy possible sourcl'S of such Wcl\«' 

formation. One of the important questions arising in the motlellillg (physlcal 0\ 

numerical) of these problems lies in the proper choire of a wcwe gt'I\crat.iol\ IlWCh.llll:-'11I 

which must be as close as possible to reality. 

In problems of water waves generated in a channel by undt'rwct!.el' ('c1rt.hqll.lk('~ 

(tsunamis) or explosions, the wave generation mechanism usually COllsists in t.ht' 

sudden vertical upthrust of a segment of the bed (Kranzer & Keller I!J5!J; IIw,lIIg S,: 

Divoky 1970; Harnmack 1973). This disturbcd segment rcmains under water ,d, ,dl 

times. 

Waves generated by landslides or other types of sliding mat.erial al'<' oft.('11 :-.irllll

lated by two distinct wave generation mechanisms: the horizontal mot.ion of il. V('r t.u ,,1 

wall and the vertical fall of a box (Wiegel et al. 1970; Noda 1970; Das & Wi('g(,1 I!)ï:!). 

In both cases, the disturbed segment is located at the end of a chanrlt'l and 1II!.('I'-,(·( I.s 

the water surface. The logic behind this t.ype of modclling is thitt Uw actuid WdV(' 

generation mechanism probably consists of a mixed horizontal-vertical t.yP(· of IIIO!.IOII 

which lies somwhere between the fully horizontal and vertical gcncrat.ioll lIlod('~. 

In this section, we present five cases of wave gcneration by a rnovlIlg lH'd itlld 

describe their corresponding experimental and numcrical models. 

4.1 Types of bed motion considered 

The present study was made in collaboration with workers at the Labora!.()1 y (Jf 

Hydraulics, Hydrology and Glaciology (VAW) of the Swiss Federal In~tit1Jl,(! of '/'1'1.11-

nology (ETH) in Zurich. 

The five following numerical simulations were conceivcd in conjunction with idl'll-
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tical laboratory experiments in order to permit a direct comparison of computational 

and experirnental rcsults. The experiments were performed at VAW in 1987-88 by 

Johanncf, Sander under the direction of Drs. K.Hutter and D.Vischer. 

4.1.1 Moving wall 

FOrTllil.lly speaking, the horizontal motion of a vertical wall at the end of a long 

dldnnel does not constitute an ex ample of wave generation by a moving bed. lndeed, 

t.IH! Illodelling of that problem by the Boussinesq theory does not require the use 

of t1w gcneral equation (2.34) but can rather be handled by the simple Boussinesq 

eqllation (2.39) for wavcs over a fiat bcd with appropriate boundary conditions to 

llIode! the rnoving wall. 

IJowever, wc wIll still treat this case for two important l'casons. Firstly, it con

stitllt('s an obviolls starting point in the modelling of landslide generated waves. 

S('condly, that reprcsentation not only gives a rough simulation of the actual problem 

bllt. it ,lbo can bc ea.sily implemented in an experimental or numerical mode!. 

Figure 4.1a shows that arrangement which from now on will be referred to as the 

'1lI0vlllg wall'. The wavc generation simply arises from the displacement of the wall 

o\'('r ,t distance li with a velocity uw(t) during a time interval 0 ~ t < tf. 

4.1.2 Submerged wedge 

TIlt' :>('colld wavc gf'llcrator which will be considered consists of the horizontal dis

pl.1Cl'I1I(·n!. of ail inclined plate of constant slope m at the end of a channel (Figure 

·1. lb) At t = 0, the channel dcpth is constant. This wedge shape then moves over 

il dIS!.,lIlC(, d il1t.o the channel with an horizontal velocity uw(t). The total duration 

t f of tIlt' displacement is always chosen such that the resulting bed deformation does 

Ilot l'ca rh the level of the undisturbed free surface. For that reason, we will refer to 

titis wave generating device as the 'submerged wedge'. The fact that the moving bed 

Ilt'n'r inkrsccts the undisturbed free surface greatly simplifies the numerical solution 

of tht' problclll by avoiding the treatment of a moving waterline. 
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Figure 4.1: Types of bed motIOn considered. 
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Cmnpared to the moving wall, the submerged wedge certainly constitutes a better 

repf(~sentation of the entry of a landslide in water. The model was inspired by the 

probable configuration of a mass of granular material which is inclined at its angle of 

repose after entering the water. 

4.1.3 Moving shelf 

TllI~ wave generating device constitutes an extension of the previous case, the only 

diffcrences being that the wedge now posseses a predefined height less than the undis

turhed witter depth and that its motion takes place sorne distance away from the 

lIp~tream end of the channel (Figure 4.1c). The depth above the shelf is denoted by 

hl' The resulting arrangment is referred to as the 'moving shelf'. This model can 

probably simulate the advance of a long strip of material along the bed of the chan

npl. Contrary to the two previous wave generating devices, the rnoving shelf could 

plobitbly be usef1l1 in the modelling of tsunamis. 

The model was conceived as an extension of the shelf topography which was often 

IIS('<.1 in the study of solitary wave propagation (Madsen & Mei 1969; Johnson 1972; 

1If'lfrich & Melville 1986). 

4.1.4 Rotating plate 

The 'rotat.ing plate' wave generating device consists of a plate which is rotated about 

a fixed location .r = 1 at the bottorn of thf' channel (Figure 4.1d). The plate initially 

cOIllcides with the bcd of the channel and is then lifted with a constant vertical 

velocity V at x = 0 until the slope reaches a maximum value mmax at t = t J which is 

always chosrll such that. t.he deforrned bed do~s not go beyond the undisturbed free 

:illl·fau" le\'t'1. U nlike the previous wave generators, the rotating plate does not involve 

<1 latt'rcll translat.ion of the wave generating device in the x-direction. Furthermore, 

Ils lesultlllg motion implies a strong vertical component. 

The rotating plate could weIl represent the accumulation at the bottom of the 

channel of a granular mass which doe~ not travel laterally but rather builds up into 



1 

a sloping heap. 

4.1.5 Moving wedge 

Compared to the four other wave generating deviccs, the 'moving Wt'd~t" (FI).',IlI't' 

4.1e) probably constitllt.es the best. mode! for landslide gencrat.cd ...... lVt·S. II. I1Ivol\'t'!-

the motion of an inclined wall spanning accross the whole waLcr dt'pt.h. TIlt' h011 

zontal bed velocity IS denoted by utu(t) anù its consta.nt slop(' h)' 111. TIlt' rt·slIltlll).', 

bed deformation is similar tü t.he case of the submerged wedgt' exu'pt t.h.d. Il \lO\\' 

intersects the free surface. As poinLed in §3.2.2, the l110ving wcùge rl10del 1111.10<11\( ('!-

the difficulty associated with the numerical tleatll1Cnt of ~he COIlS\,.LIlt.ly 1II0vill~ p01l11. 

of intersection between the bed and the free slllface. 

4.2 Experimental set-up 

As mentioned earlier, the five wave generating deviccs dcscribcd aboVC' \WH' IlIoc!l'lIt'd 

experimentally at the Laboratory of Hydraulics, lIydrology and G laclolo,!!,y (VA \V) 

in Zurich, Switzerland (Sander 1988). 

The channel used for the experiments was 16 m long and had a crm,:-; S(·('t,joll 

of 0,3 m x 0.3 m. The bot tom and back walls were made of 1 cm thick dal k gl t·v 

PVC sheets while the front was made of a 1 cm t1l1ck plexiglass wall 1.0 peJ'llll1. dll('( t 

observation of the propagated waves. Two types of wave gCllcrat.lflg mechdlli:-'III!-- W('\(' 

used. 

4.2.1 Rotating plate 

For the rotating plate generator, a fiat plate 30 to .50 cm long locatcd at the Il pSt.1 (';UlI 

end of the channel was hinged to a cylindrical bearing at the bed. The pl.t.l.r' W(l~ 

rotated around that hinge by the vertical traction of an electrical rnotor. A t, x == 0, 

the water was boundtd by a vertical plate which was free to rnove in lhr· vr"t if ill 

direction as the rotating plate was set in motion. 



4.2.2 Lateral displacernents 

For aIl the rcmaiIling wave generating devices, a cornmcTI basic mechanism was used. 

A piflton drIven by an electrical stepping motor was installed at the upstream end of 

t.he ch,wnel. A gearing with cross-like slot guides was used to transform the rotation 

(Jf t Ill! lIlotor juto the horizontal translation of two straight parallei bars. Different 

piflt<m gf:ornetrjes were attachcd to the extrernity of these bars to make up the various 

WdVI: gCJwrating devices. 

FOI th(~ rnoving wall, a simple vertical plate was used. In the case of the moving 

wI·dgl·, il, \Vile; replaccd by inclincd plates with slopes of 15, 30 or 45°. The submerged 

wI'dge g<'IH'I atm was obtainecl. by placing a moveable vertical partition above the 

IIlclllll'cl plate dt x = O. For the moving shelf, a long, shaIlow rectangular box was 

iw.,t.dl('(J in front of the vertical wall piston. Again the water was bounded at x = 0 

by ,l vertic,t! part.ition 

Th(, e1<'ctl ical stepplllg lIlotor turns at a constant frequency. By neglecting its 

initi,d acœleration and final deceleration, it can be shûwn that 'the rotation of the 

Illut.or gives ritlc to an horizontal piston velocity which has a sinusoidal variation in 

tilllc (Sander )9SS). The piston velocity can be expressed as : 

_ ( ) •. {[ (72 - Id ]} 
Hw t = V SlIl 7r I} + t f t (.t.l ) 

Wl\('[l' t [t'P[CSl'JIts the Ilon-dimensional time and tf is the total duration ot the bec! 

!1Iot WIl. Tht' IlIclximu!l\ piston velocity is den0ted by v·. The parametcrs Tl and 

T'2 dl'P('lld on th/' specifie wave generating device which is used. In aIl experiments, 

û".U) \:- IlOn-[wgdtlve at ail times (i.e. no pulsating motion of the piston). For the 

Il!l)\'illg wall. moving shelf and 1110ving wedge, we always have Tl = 0 and 72 = 1. For 

tlt" sub\1lt'rged \\'pdge, valucs of 71 = ~,~ and 1'2 = ~, ~ are also used. 

TI\(' lesulting horizontal displacement d of the wave generating device was always 

prt'dt'lint'd in carh experinwnt. By integration of (4.1), 



from which we can dedllce the following expressIOn for the tot,,1 dlllat.ion of tht' hed 

motion: 
t _ iT(r.z-rdd _ 
f - v· (cos iTTl - COS iTTz) 

( I.:.!) 

Equation (4.2) will be useful in the developrnent of the computer lllodt'Is ",hil h 

will be presented in the next slIbsection. 

4.3 Computer models 

Five computer progr.1,ms were developcd in ordcr to mode! t.JH~ Vcll'iOllS cast'~ of w.1\ c· ... 

mduced by a moving bèd described in §4.1. vVe now give ail ow('vit'W of t.h(,~t· plll 

grams' general charaC'teristics and a description of thcir source <.'odt·. 

4.3.1 General description 

Ali the computations were performcd 011 1I3;'>.1 PC or compat.lhl(·s ('Oll1plltt'l~ (lI tilt' 

XT and AT type. 

The programs were edited, compiled and run with the Iwlp of t!IP TtJHBO PAS 

CAL package (versions 3.0 and 4.0). The graphical output. was prodll( (·d by PLOT

CALL 1.0. 

Depending on the extent of the solution dornain, the total COll1plltcLl,ioll 1.1111(' lOI 

each problerYl r:"llgtd from 3 to 10 hours, 

The source codes of the five programs étre li::,ted 111 Appelldix C alollg Witli t.11t' 

definition of the variables and of the constan ts used to specify t. he lIIit.lal pM.IIIII·t f'l'" (JI 

the problems. Table 4.1. gives the namc of thc::,e progralIIs and tl\f~ wav(' gelll'I ,,1 Ill)!. 

mechanisms to which they correspond. Ail thc::,c programs h,tw' t1l1' ~;t.II)f' III"ill 

structure, which can be divided in 3 basic parts. 

A first set of procedures specifies the initial and boulldary condit.ioll!'> ff)1 t.I.,. 

dependent variables Tf and u. The mitlal C(H1dlti()lI~ alwily'> uirrf''''pIJlld I.IJ d '11.111 

water surface and are given by equation,> (:~ :30) rilld (:t:! 1), The IJlilllldary IIJlldl1.IfJII'> 

depend on the geometry and the type of dl..,plaCf~m(!nt of e;tch partlcular proli!f'III (,>t'I' 
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Type of wave genemtion Narne of program 

Moving wall WALL 

Submcrged wedge SUBWED 

Moving shelf SHELF 

Rotating plate ROPLATE 

Moving wedge WEDGE 

Tri 1>1<> '1.1. Types of ocd motion considered and corresponding computer programf> 

A s(,colld group of procedures insures the proper mathematical modelling of the 

('vollltionlt(.J:, t) of the movillg bed. That part of the program is very important since 

1.11«' Iwcl displdc<:'ment history directly influences the characteristics of the resulting 

Wd\(' profil(' 

The co\'(' of t.he prograrns involves the application of the numerical methods of §3 

t 0 t I\(~ ~ollltion of th(' govcrning equatlons. This segment of the programs therefore 

pt'l f()rlll~ the actllé\l calculcttion of 11 and u resulting from a known bed motion with 

dppWpl iak initi,l.l élnd boundctry conditions 

For t.llt' rt'{lSOllS alrcady pointed out in §3.2.1, both the Eulerian and the La

gr,tllgl<lll filllt(' diffclcnce schemes are used. The Lagrangian scheme is applied to the 

lll(}\'ing wall (progldIl1 \\'ALL) and the moving wedge problems (program \VEDGE), 

wlllch (l!(' t.he two cases ill\'ol\'lI1g a point of intersection between the water surface 

,Il1d t hl' w,n'(' gencrating device. The treatment of the three other cases (programs 

SllB\VED, SIIELF, HOPLATE) relies on Eulerian schemes. 

ln t ht' ca~c of Lagranglan computations, a fourth set of procedures was developcd 

1'01 11lt' la:;k of r(',dlocating the moving spatial grid points to their new location at 

('Vt'l y Illll!' :;1 t'p. 

ln Ord('l Il> d\'oid possible accuracy or stability problems, the FeT scheme de-
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scribed in §3,4 was implemented in t'ach program to eliminate non-physical ri pplt'S 

in the calculated wave profiles. The schcme proved to be nccessary in ail tht' proh 

lems treated except for the moving wall wherc é\ satIsfact.ory soll1ti~)\l was oht..\Il1t·d 

whithout the use of FCT. 

We now proceed to a separate description of each program. 

4.3.2 Program \VALL 

The \VALL program models the movmg wall problclll. It is listt'<I in Appt·III!J:-. (' 

on pages C-2 to C-Î The main program is n'Iat.ively short. ,wd 1'('IIt,s 01\ t.hl· 11'01' 01 

various proced ures. 

The procedure 'InitiaLCond' creatcs an initial sIlttl.lal g1'id havillg a rOIl:-.LtIIt 11\1· ... 11 

size 'dx'. It also specifies on each g1'id points (l = 0,1,2, ... ,11) init.ial v,llut's 't,tll,11 [Ir 

and 'u1[il' for the free surface positIOn and the depth-avcraged v('!ont.y whi<1I 1(\111' 

spond to equations (3.30) and (3.31), i.e. fluid at lest. 

The velocity boundary conditiolls arc implemcllted by t.he PIOI'('<lIIII' 'lUII ' wltllli 

uses equations (3.33) and (3.3,5). The frce slIIfacc boulldary cOlldltions al'(' b,l!'>l'd 011 

equations (3.40) and (3.41) and calculatcd by the plOccdure 'EthéLlh' 

The horizontal motion of the wall is modclled by the fUIlctioIls 'V pi:-.f.\JII' ,Ule! 

'Accpiston' which respectively give the vclocity and acceleratioll of Ut(' w.dl ,do .11Iy 

given time. The function 'Vpiston' is ba!:>cd on equation (1.1) with TI = 0 alld Tl -=- 1 

To obtain the numerical soIution~ of the govcming eqllilt.ioIlS, t111' 1.1111'(' '-,1.I'p 

scheme proposed in §3.2 is incol porat.l'd III Ullef' di~tiJl('t T)J (JU·dll J(''-,. 

The procedure 'Conti nuit y _Predictor' calclllat('') a pn'dicter! valul' ·l'l.h,l~[I]' (1 

1,2, ... , n-l) for the free surface posit.ion ll!:>ing equation (:3 2~) with!.lll' '(Jld' V,dUI", 

'u1[z]' of the velocity field. The procedure '~I()rnenturn' !:>olvcs equd.tloll (:L2!)) Ily 

using an implicit (Crank-Nicolson) finite diffelcnce scheme. 

The updated veloeity field 'u2[z]' (l = 0,1,2, ... ,n-l) i!:> obtained it.'> tlJ(! ~()IIIt.I(j11 

of a tridiagonal matrix system by the proc.edure 'Tridiag'. 

Finally, the procedure 'Continuity_Correct()r' al"(J ,>olves (3 2~) but Il~{:~ tbe Vél.llJf'~ 



'1J~[ll' of the llpdated velocity field. 

At ('<tch tirne str!P, the updated location 'x2[i]' of the rnoving grid points is deter

Illilled IJy nw;tn~ of two procedures: 'Approx_Interfaces' and 'Interfaces'. The first 

{JI\(! giV(!~ t.he app/Oxirnate location of the grid points (or fluid interfaces) as given by 

eqll,ülon (:327) with 0 = O. The procedure 'Interfaces' is m:ed after the 'Momentum' 

plOcedllrc and solves cqllation (3.24) with 0 == 1/2. 

4.3.3 Program SUBWED 

Thi~ prograrn uses .ln Eulerian finitc-difference scheme to mode! the waves gencrated 

by il lIlovmg, ~ubmcrgcù wedge. It is listed on pages C-8 to C-17 of Appendix C. 

The main program begins by the imposition of initial conditions and velocity 

bOUfld,tJ'y conditions via the procedures 'InitiaLCond' and 'lL13c'. The velocity 

l>ouJldal y ('()I\(IIt.ion~ (:3.:J.1) and (3.:35) are used. 

'l'hl' fl(>(' surfac/' bOlllldary conditions are handled by the procedures 'Etha_Bc 

Plcd' "lId 'Etha_BcCorr' III accord an ce with equations (3.38) and (3.41). 

'1'1)(' evolutioJl of the llloving bed is treated by the procedures 'Bedjs_~loving' 

,1IId 'l\lovc_13ed' which are ba~ed on eqllation (-1.1). The procedure 'Stationary_Bed' 

1::' 11::.('d t.o spccify the topography of the bed once its motion has stop. 

TIl<' lOlltllllllt.y equatioll is again solved in two steps by the procedure 'Conti

llllltyJ>IC'Ji<. tOI" which u~cs the finite-diffcrenl'e expression (3.18) and by'Continu

It.y _( '01 [t'ctur' which uses (3.20). 

'l'hl' Upddtt>d vdocity field 'u2[zJ' is calculatcd by the procedure 'l\lomentum' in 

.1< cord.IIH (' with the illlphcit. (Crélllk-Nlcolson) scheme presented in §3.2.1). To reduce 

t hl' cUlllplltation tllne, t\\'o distinct procedure!'\ are used separately for calculations 

dllllllg tIlt' lwd mot.ion (procedllle 'l\Iomentum-Fxt') and after the bed has come to 

lt'~t (pIOCt'Jl1I'C' 'l\lomcntuIlLFx'). Both procedures use the 'Tridiag' matrix sol ver. 

Tht' pron'(ltllc FeT corrects the updated free surface position 'etha2[l]' by using 

t ht' Flllx Con t'ctt'd Transport (FCT) algorithm presented in §3.4. 
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4.3.4 Program SHELF 

This program modelling the generation of a wa\"e by the motioll of il shelf IS Jt __ !t'd III 

Appendix C, pages C-18 to C-2ï. 

The source code is almost identical to SllU\VED. The only dilf(\\'('IlCt's ,11(' III 1 lit' 

specIfication of the bed motion and in the [l'ce surface boundary colldit.ions c,dntl.llt·d 

by the procedure 'Etha_Bc'. The upstream and doww;tream bOlllld.trit's 1I0\\' ho", 

consists of fixed vertic~l walls over a non-moving bed and th(~ condit.ions (:J.:~~» ,Illd 

(3.41) are used. 

4.3.5 Progra'll ROPLATE 

This program mode! .. the rotating plate probl(,In descrihed in 3'1.1 -1. TIH' 11~t.ill).', 01 

ROPLATE can he found on pp. C-28 to C-37. Again, this program clo~('ly n'~(,lnblt'" 

the other two ( SUBWED and SIIELF) using an Eulerian sc!H'rne. 

The main difference is now in the specification of the Iwo motion which dtH''' Ilot 

implyan horizontal sin1\soidal veloCJty as glV('J) by ('1.1) bllt r,tllll'r il Vf', t.H al I>ldl 01 

constant velocity (Figure 4.2a). 

The up~tream frce SUI face hOllIldary condItion at 18 now giv('11 by ('ql\.d,IOII (:~ :n) 

4.3.6 Program WEDGE 

This program (pp. C-38 to C-47) treats the moving wedge probl('/Il of !j-I.I.;' A.., 

mentioned before, it uses a Lagrangian fiuite diffcrencc schcllIt!. Il colI~ti 1.11t.t·" <1 ).',"11 

eralisation of the program \VALL in whlcb the complete governing <'ljual.lolI!> (:L~~) 

(3.23) are used instead of (:3.24)-(:3.2.5). 

The upstream boundary condition, now con~i~b Hl a latf'rally movlIIg IHJllIf. III 

zero depth. Instead of using the equations dcri vcd in §~L3.2, wc silllply exp[(''''~ t.11I' 

free surface boundary condition at this point by the equatioll 

ry(xo, t) = -- h(.co, t) 

which IS used in procedure 'Etba_Bc'. 
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FUftberrnorc, the upstream velocity boundary condition is now calculated by a 

simple extrapolation (procedure 'U_BcCorr') of the values of the velocity field at the 

gnd points z = 1 and 2. 

The modelling of the moving bed IS now done by the procedure 'Find_Depth'. 

IJnlik(· the prcvious CMes, that procedure allows the use of an interpolating polyno

l/Iled III OHI('f to ~inooth off the transi tion betwecn the sloping segment and the fiat 

p.1! t of the !wd (Figure 4.1c). The interpolating polynomial is given Ly (Pedersen & 

(;jevik 1 !)~:3) : 
1 

/1(8) = 32(S6 - .55" + I.5s 2 -16s + 5) ( 4.3) 

wlwl (' 

S== 

.rb posItion of the foot of the wedge, 

ln slope of the wedge, 

II rcqlllff'd lcngth of the smoothed transition. 

Tl\l~ [(',tt,UI(' wa~ add('d in order to im'estigate the effect of the slope discontinuity on 

t 1)(' (·\,t!II.I1,!o[\ of tilt' fi!:,!' orde! spatial dCIÎ\'ative ~~ al. x = Ib' 



5 COMPARISON OF RESULTS 

Graphical outputs obtained from the five computer models described t'.I.rl\l'r willllll\\' 

be presented and compared with corresponding experimental result.s. 

5.1 Moving wall 

Figure 5.la gives a representat:on in the x-t plane of a wave generat.ed by t.lH' l.tt.t'r.t! 

motion of a vertical wall. The wave profiles were computed with the progra.m W.\ 1. L 

based on the Lagrangian scheme described in ~3.2.3. The init.ial sp.tti.t! Il1(H,lt ,,"',' 

was set to ~x = 0.25 and the temporal mesh size t.o ~t = 0.25. The FCT (\.l~lll'll hlll 

was not used in the numerical solution. For the case shown, the mot.101l of t.llt' \V.dl 

was governed by equation (4.1) with Tl = 0, T2 = 1 and v· = 0.2. The willlll1ll\'t·d 

from x = 0 to x = 1.67 in a time t f = 13.12 as calculated from equatioll (-1.2). '1'1\1' 

instantaneous position of the wall is indicated by a line which bt>COIIl('S ~Mr.dl<'i \.() t.!w 

time axis for t > 13.12. 
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Figure 5.1a: Wave generated by a movm~ wall. 
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A~ de~crlbed in §2.1, ail the variables were non-dimensionalized according to a 

cbaracteri:,tic depth ho which was cRosen to correspond to the free surface level at 

f(~~l 

Figure 5.1 b shows a comparison of the above numerical output with results ob

t.aiucd from a channel experirnent at VA\V-ETH. The channel had an initial depth 

w,der dl~pth of ho = 1.5 cm. The parameters governing the motion of the wall were aU 

id('ntical 1,0 th<> ones used in the computation. Results are presented as wave height 

("('COI ding!> rnea<;ured at eight locations along the channel. The experimental results 

ill(' f('IJlI'sented by a solid line and the computational ones by a dashed line. 

II, appealS théLt the gcneral agreement between computed and measured wave 

profiles i~ <(ulte good. The free surface disturbance initially takes the form of a single 

hllmp As it tlaveh, down the channel, the initial wave splits into a large leading wave 

fol!()\Vcd by ét train of srnallcr, disper:,ivc oscIllations of decreasing amplitude. It can 

1)(' sllOwn (Sallder 1 U88) that the leading wave matches almost exactly the sohtary 

\\',l\"(' ~()IIIt.IOII of the Boussinesq equatioll.1l is worthwile noticing that the numerical 

1I10del Ilot oIlly predicts the shape of that leading wave but it also gives a very good 

rq>r<'M'nt.dtion of the t.railing dispersive waves. 

llowpv<,r, t!wre is a slight difference between computed and observed peak ampli

t.lldes Alt.hough the calculated peak of the initial disturbance (gauge 1) is very close 

10 t.ht' 1IJ(',t!->ured Vd"H:', il, appedrs that further dowIlstream, the calculated amplitude 

I!-> ~Iight\y larg('r. Th,ü small diffcrence coulJ probably be attributed to the neglect in 

1 ht' 1I1,üht'llIatlc,t! model of the dissipation effects associated with the water viscosity 

,11lt! t.1lt' wall friction in the channel. 

Tht' ap;rt't'l11t'llt bctwt'cn computed and measured values indicates that our mode! 

C,lII at ('oUlll propt'rly for wave amplitudes in the order of 25% of the undisturbed 

\\"ller dt'pth. Surh \'alllt,s of the relatIve wave amplitude could probably not he treated 

lI~lIIg the ':;m,t11 alllplitude' 1 heory. Figure 0.1 in Appendix D shows a comparisoll 

hd Wt'l'Il pxpt'rilllt'ntal and computational results for which a reasonable agreement 

\\',,:; oblailll'd t'\'ell for a leaJmg wa\'e amplitude of more than 0.5. 
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5.2 Submerged wedge 

The c:;o-caUeJ 'submclged wedge' problem was the first moving bed problem to be 

treatcd in this ~tIlJy. For that reason, numerous computations were performed and 

,>upplernentary results are presented in Appendix D. 

Figure .5.2a represents the propagation of a wave generated by a moving submerged 

wedgc havmg a !llope of 0.268 (15°) and a sinusoïdal velocity described byequation 

(Ill) with TI = 0 , Tl. = land u· = 0.2. The foot of the wedge moves from x = 0 to 

.r = 1.m in a timf! lf of 13.12. The wave generation and propagation \Vere computed 

J)y th!' program SU13\VED. The EuJerian scheme of §3.2.2 was used with a con5tant 

'>p,l!.lal lTH'sh SIZC of 0.~5 and a temporal mesh size of 0.25. 

ao 

OM 

0.011 

Figure 5.2.1: \V.1ve generated by a submerged wedge. 

80 

tJnlike the case of the moving wall which we just described, the submerged wedge 

problem u~l's the FCT algorithm of §3.4. As already mentioned, the necessity of FCT 

III the submelged wedge problem (as \vell as in the three remaining cases involving 

ct motiOn of the bed) Cdn be explained by the fact that sharp variations in the bed 

t+vatinll (and consequently on 1] and 'U) occur over only a few spatial grid points 
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during the generation phase. That explains why FCT \Vas Ilot net.'ded in tht' Illovillg 

wall problem which was simply modelled by the BOllssilH'Sq sy.-tt'Ill fnr WtlVt~ o\t'r d 

fiat bed with appropriate bounda,ry conditions to hall tHe t.he !l1o\'illg w,tll. 

Figure D.2b in Apppendix D shows computational rcsult:; obt,tincd wlt.hollt t Ill' 

use of FCT for the bed motion conditions stated carlier. \Vhen compa\'t'd to t ht' :-ooh,1 

!ine of figure 5.2b which was obtained from measureInents in a ('halllit'l t'XPt'i iJllC'lIt, 

we see that the computed wave profiles of flgure D.2b arc unsat.isfartnry. A tralll ni 

non-physical oscillations is trailing the lcading wave. These 'wigglt'~' ,lit' t·~p('('i.dh 

important in wave profiles computed during the PPII('ratioll ph'ls(,. 

The results of a computation using tbe FCT algorithm with a dill'Ilsion ('Olht.ldt /T 

of 0.2 are shown if, figure 5.2a and represented by a dashed tillc III figu!'(' 5.:!h (t1lt'~t' 

results are also shown on figure D.2a but with a different scalc). 

The agreement betwee'1 computed and measured wave wave }\('ight.s (Figul't· [j.~h) 

IS even better than in the case of the moving wall. The calculated I)("LI\ cllllpli

tudes now closely match the experimcntal v~dlles. Althüugh the dis~ip,tI,ivt' t':I'('( h 

associated with the experirnent are still probi',bly plesent, it wou Id S('('III tlt.d, cl ( 01 

responding diffusion is introduced in the computed profiles hy the IISI' of Fe'!' 

Again, we observe that our model permits appropriate repre:,entatioll of hoUI tilt' 

leading wave and the trailing sequence of srnaller dispersive wa,ws. '1'0 f(~illrOI ,'1' 1.11.11, 

statement, computations were carried out using the linealized lOllg-wavl' ('qll;lI,ilJlI~ 

(1.4) and the shallow-water, finite-amplitude eqllat.iolls (1.2) in I1011-dillJ(~llsi{JlI(t1 fOI III 

(i.e. 9 replaced by 1). The rt::,ults are shown in Appendix D in fig\Jf(~:' D.~( illld /).~d 

We observe that both theories ale unable to predict the occurenœ of titi' 1.1 ,1I1 i III-'; 

dispersive waves. Furthermore, in both cases, the calculated leadillg WiLVf~ i:, V,tllt! 

only for a short time. As it travels downstredm, its amplitude becomes OVf:If·:,1,illla!.f·t! 

and, in the case of the finite-amplitude equations (Figure D.2d), it ~Ilfr(!rs froln <Ill 

excessive steepening. 

.57 



J 

0.06 
0.04-
0.02

1 
0.06r 
0.04[ 
o 02 

0.06 

0.04-[ 
0.02 

0.06 

0.04 -
0.02 

20.0 

= 

1 1 

40.0 60.0 
t 

1 Gcuçe 1 1-
x = 4.5 i-

l 

1 =-

- ~ Gouge 7 ~ 

X = 66.5 ~ 
1 

Gouge 8 

80.0 

Figure 5.~b: Wave generated by a submerged wedge. Slope m = 0.268; maximum 
horizontal velocity of the wedge v· = 0.2; total displacement d = 1.67; duration of 
the bet! motion lf = 1:3.1~. Experiment -,computation - - -. 

58 



In order to confirm the validity of our weakly nonllllea.r. dispersive appllhlch. tilt' 

results of two other simulatio1ls are rresrlltcd. Figures 0.2<.' and D ~f Lot.h in\'o!w t hl' 

same displaced bed volume as the cas(' we plreéldy dcscribed (FIglll'f' D :.la), l'lu' wa\!' 

profiles of figure D.2e w~re vbtained by rcduring the amplit.ude 1'* of tht' sillll!'oid.d 

wedge velocity from 0.2 to 0.1 and by increasing the duratioIl tj of the bt'd l1!otlon 

from 13.12 to 26.23 in ordèr tù obtain the sam(' displaccd volull1t.'. Simdarly, in ligllH' 

D.2f, v* was kept at 0.2 but the slope was inneébcd [wm O.:2()S (t5°) 1.0 O . .'Hï (:HlO) 

thus reducmg the motion ~if1le t'rom 13.12 to 8.!H. The conclllsip!l which (',III h(, 

drawn flOm c0Inparison of figure,> D. 2a, D.~e and D.2f IS that the far lield l)t'h.l\'lolI! 

of the wave depe!1ds on tbe bf'd motion hlstory and IlOt. ollly on It.S fina.l displan'll}('!I\.. 

Th\s fact contradicts t.he conclusion which can be derived from the ~l!lall-.\.Illplit.lld(, 

theory (Hunt 1983) r.llld which l'tates that? undcr the influence of di!:>pcrsloll, ail W,LV{'S 

created by the same result<,.nt becl displacerncnt should ultirnatC'ly b,,'collH' id.'nt.!<.d 

Supplementary results are presentcd on figures D.2g, 0.211 and D ~J to (\)rdiJ'!i1 

the validity of the mode!. 

5.3 Moving shelf 

As mentioned in §4.1.3, the 'moving shelf' wave gcnerator is similar t,o the Ccth{' of tif(' 

submerged wedge. The interest of this wa\"C gcnerator lies in tlH' fclct t.hat t1l!' illi1.i,d 

free surface disturbance is induced sorne distance away from the origin 'IïWI('fo(I' 

the moving shelf could probably be uscful in the 'itudy of wilve~) gcrlf'rat.(~d éLW,'y f!/)rll 

the shoreline such as tsunamis. 

Computations and corrcsponding expenrnents Wérc pel for flH'd to II\o(kl t/lI' P! (JjJ

agation of a wave generated by the motion of a shelf Iraving t.he followl/Ig ('hi, (,II I.('! 

istics: 

• depth of water above the shdf hl = ~ho with ho = 1.) cm in t.he CX(Wftrllellt., 

• slope of the depth transition m == 0 .. 577, 

• initial position of the top of the transition = .5, 
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• dl.,tan( e travelled by the shelf d = 1.6ï, 

• dUfatioJ] of mutJOlI if = 1~3.12. 

'l'Ill' 1 e:'1JltlIlg wave profile is shown in the x-t plane in figure 5.3a. The n umerical 

rl,,>\I!l:-, .1re compared with experimental values in figure 5.3b. The computations \Vere 

p('rform(!d \Vlt.h the program SHELF. The spatial and temporal mesh size \\'ere again 

,>pt tu 0 ~,'5. Flux Corrected Transport was used with a = 0.2. 

70 

1] 
0.011 

0011 

0.D4 

Figure 5.3a. 'Nave generated by a moving shdf. 

vo 

'l'Ill' mIl lill disturbance is split up into a right running and a left running wave. 

\:-. Il 1t';)Chl'S th(' ongin, the left running wave is reftected and starts tJ trail the right 

1 \11111111).'; W;1\,(' Figure 5.3b mdicates a very good agreement between oJ.'1puted and 

l'XjH'r1IlIcntal \ .. tlucs. 

'l'Ill' (Hlly observable ditference is in the amplitude of the trough which fo11ows the 

rdl(>ctt'd \\ ave The ca\culated amplitude is slightly higher than the observed one. 

Il,l\\t'\('r, .t:, tlIllt' InCl'{';)ses, the numencal and experimental wave heights become 
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5.4 Rotating plate 

TI\(' 'rot iüing plate' problem IS the only one WhlCh does Dot involve a slnusoidal 

I(lCJtlOII of tlw WiL\'C w'n('rator. The motIOn here simply consists of the rotation of a 

Il.lt pl<tl!~ r'!~lt1ting from a pull of constant velocity applied d.t x == O. 

'l'II!: rrr)~r(uTl nOPLATE was used to calculate a numerical solution for the wave 

}wl!!;ht ri 1 )I{' f/~!>ults arc ~hO\vn in figure .5Aa and compared with experimental data 

III li/!,lIn' 0.lb In buth ca!'>!?'i, the plate had a length l == 3.33 and was rotated for 

l f :::: X \VIth a vel tlcal vdocity V == 0.1 at l ::::: 0 

0.3 

02 

80 

70 

Flgml' 5.-1a. \Vase generated by a rotating plate. 

ln ~plt(' ut' tilt' appMent simplicity of the Wéwe generating device, the agreement 

Ilt't\\t'('ll computed ,tnt! observcd wa,\'e helghts is not as good as in the previous cases. 

FI!.!,lllt' 3 ·lh !>hù\\'s that the' computed wave amplitude (dashed line) is always slightly 

Lu!!;('r t han the cxpcrimentill values (solid !ine) even in the initial generation stage. 

l'ht'lt'flHt'. tllllIke the case of the mO\'1I1g wall. the difference in amplitude cannat be 

!'>lllIply attllhlltt'd tn dissipdtl\e effects 1Il the wave channel. 

Il l.ll! abl) lw l)b~el \'t'd that at gauge l (x == 10.3), the observed dismtegration 
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(Jf dl(' irlltidl dl~turbi1llœ into ~horter humps is not clearly defined in the computed 

!f'!->Idts 

'11)(' aboVf' C{JlllrrH'llts ran abo be applied to the results shown on figures D.3a and 

IJ 'H) {Jf A p!wndlx D 

Two rt·i,.,O/l:-' I/lcly ('xplain these small discrepancies. First, it is possible that 

(1)(' 1I1l/l0'>lt IUIl of a COIl1>tant and impulsive pull velocity at the end of the plate 

'.Ill""" .,Iig,ht IIJ.,t"t1>1l!tH'S in the numerica! mode!. Secondly, it appears that in al! the 

"IIIJldrtff'd rofrtf.JIIg p!,tlc problems, the final slope was rather low (;::::: 0.2), Thus the 

II!I ,If 1011 f)f 1111' pl.JI f' !llill/liy Illduees a vertical motion component to the water layer 

,iI"'\I' Il 1" 1111''''' ((JlldlllOIl~. tll(' d('pth-avC'ragcd \clocity assumption made in the 

I!t/\ ('1 :JlIIl!, "fjlJ.LlWll'" I~ Pf'l hap,> in(tpplopnate. ~('\'ertheless. apart from these minol 

d dkl ('II' ('''', 1 II<' (U! 1 t'''/J()JJc!''lIc{' Iwt \W't'Il !lurnellcal and experimental results remam:-, 

'Plll(' .,.dl"f.1f 100y :\:-, :-,('('n in figtlle ,1..tll, the 1I1odei gives a good representatlon of 

Illlt li tlll' ll'ildlllg .llid Ilrllllllg \\rt\c:-. 

5.5 Moving wcdge 

l'Ill' 1.1:-.1 lI\u\ 11l~ IH'd ploblcIII that was con!:>idered invol\'es the generation of a wa\'e 

1,\ tIlt' I.lkr.tl <l1:-.pl.l< ('!lH'llt of an inclincd wall intersecting the water surface . 

. \:-. III1'nt Il)I\I'd t'rt! lit'\", t.he tI(',Ü\l1ent of this problem is complicated by the presence 

\II .t 11It>\ III~ WtI!('rlIIlt' The plograTl1 \\'EDGE was used to compute the resulting 

\\,1\(' plulilt'''' Tl\(' FC'!' algollthm \Vas again used in this case. Without FCT, the 

(o!llpllft>d ..,0/111 iUlb ~lllr('rt'd from tlCVCIC !Il::.tabtlities. 

Ft~lllt'''' :i ."id <\lId !) ;lb g,1 \'t' the èvolut Ion of a wave created by the motion of d 

\\l'dge of ~l~)p(' 1/1 = O,2tiS WlllCh mo\'cs \VIth a sinusoldal velocity from :r = 0 to 

r = 1 tiï 11\ Cl tlll1t' nf I:3,1~. In figule 5.Sb, the instantaneous position of the moving 

\\",I! l'dînt' IS illdlratt'd by a cm\'e !Il the .T-t plane. 

It ,Ippt'.trs th<lt, during the initic'J rise of water, the x-coordinate of the waterline 

l('I\l.tIl1~ <lt .r = O. :\s soon as the wave leaves the origin, the water depth cornes 

64 



back to its undisturbed levcl as indicated by the positIOn of the watl'rlint' whirh ~t .IV" 

constant at x :::::: 1.6ï. 

03 

• ~II 

x 

70 

Figure .5.5a: Wave g~nerated by a lllcving w(·dgp 

As befon~, the I1llmclical outpllt of ngl1rp .5 . .),1 i~ cOIll!>,t!t·d \VIth (·qIIIV.II/llt /'\111'1 

imental results in figure 55b. The agreement I~ excellent TIlt' (Ompll 1.(.<1 Illlipi rllld/· 

and wavelength of both the lcading and trad111g wav('_" Ill<tl.ch aIIllo,>!. 1)('1 fI'l LI}' 1.111' 

experimental values 

The effect of the bed sIope c1bwntil1lllty on the evaluation of th(~ d('nv,L!,lvl''' J1' \\'.1:, 

studied by replacmg that dl~contlIluity by a ~mooth trdW>ltl()ll il!> givell by l·qll,t!.IIJII 

(4.3). No improvement \Vas observcd ln the computed solution. 

Another simulation was made to in\'e~tigate the validity of tlJ(' modl'J III (,l,/", 

mvolving a steeper wedge sIope. Figure DA shows calcllJdted and 1Il('d .. .,llIl'd \'I.tVI' 

heights for a moving wedge of slope m = 1. As ln the prevlOuc., C:;1!>1~, thl~ (OlllplJt.ÜIIJII', 

dosely match the experiment. 

The above results show thctt the Lagranglan treatJTH!nt. (Jf tlH! rnl)VIfI~ w,tI l'r 1 Il If' 

gives unexpectedly good rcsults in !>pite of its relatlw! !>llnplJuty Fllrt.lH'rlllofl". 1 Jwy 

confirm the valJdlty of the proposed model for the i!.c:cur,ile de:,cnplt(Hl ur W,t',I', 

generated by moving boundanes 
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6 CONCLUSIONS 

Natural phenomena involving the generation and propclgation of W(\!.t'!' W(\\'t'~ dt'\ ('1 

oped by moving boundaries sometimes can cOllstitute a seriolls 1 hr('(11 ln hotl! t'tw .. I.\ 1 . 
populations and man-made structures, Landshdt-- inducl'd w(\lt'I' \\'.t"t'S III J.\h.I'~ ,\lld 

tsunamis are weIl documented examples of tills t.ype of ploblenl. 

In the preceding sections, a mathemdtlcall1lodl'l was dt'v(,lop('d fOI II\(, II\1Hlc·lIllll~ 

of water waves generated by ét movlIIg bed As a st.al'tlllg pO\llt. t.u nH)I'C' II'.dl"\ 1\ 

representations, only one-dimensiollal, frictionlt'ss problellls W('It' ({)II~idt'n'd 

The model relies on a set of dcplh-a veu\ged COll t.illlll ty ail d 111011 \t'III Il III t'q Il.d 11111'" 

which constiLte a genel'alization of the Boussinesq l'quatlons itCCOIlII\.illg fOI Ilw 1111 

steady and nonuniform bed topography This theory i~ 111111\.1'<1 t 0 "'<lV(' proP'\.L'..tI 1011 

in shallow watel' but it presPI1ts the advclllt.<1ge of (,o/Ilbinillg in.UI appltJ\IIII.t!f· 

balance-the bvo fundamental ef[cds of IlonlilJ('étl'lty (or iunpllt.udc· dl~pt'I:-'I()II) .llIcI 

di:,pcrsion (or frequency dIspersion), TIll" ft'iltlllc (·Iillllll.tt.c·~ «(IlC'st 1011'> (11)(,111 t 1)(' 

l'ange of applicability of the theory and ln that resp('( t. ('oll:-,t.it.II\,(' .t III'Llor ,1<1\'01111 dL'," 

over small-amplitude and finite-amplItude (Arry) thl'()fJ(~,>, 

A simple numerical solution ta the goV<'rning eqll.d,IO!l~ Wtt:, O\)LIIIH,d 1»)" Illf'oIlI" 

of filllte dlffeteIH.e apprOXtflliÜlon:, In orclel 1.0 Ill( \C''''>(' t Ilf' .t( c tlril( y, t.!w c (l11'!)!11 f'f 1 

wave profiles \Vere tleatcd \VIth a ~illlpl(' flux COII('(j,l'd T!dll..,,,ol! (j'("I) ,11).',1111111111 

That scheme was not oIlly useful III IIpgradlllg tht' a«'lIr,H.y of t.lw ~()IIlt,I()II"" JI ,al "" 

lead to accurate ~olutlOn~ in ca!'>e<; wlwre a. .,t.lble ~()llltion ('(mld Ilot ('V('11 IH' o!,I,IJIWcI 

without FCT, 

The numerical results ple:,cnted in ~j.) ~llO\Ved an excclbJl, rtgn'C'I!J('llt wilir IfJ! 

respond1I1g expenrncntal re"lIlt~, The arnphtlld(~, wave IClIgth ,wc! wlu( It.y {Jf 111,111 

the leading wave and di~perslve trailing waves wCle vely wdl pwdldl't! I)y tlw IIllJdl·1 

(except perhaps in the ca~c of the rutdting plate for wllicb the ..,hallnw·w,t\I'1 'ljljlll,,{ 

Imation u(x,y, t) ~ u(x, l) wa!> f1laybe lIl;tpplupflat.e), 

Therefore, we conclllde that the n()T1!J!}(~rl.r. di"'fJI'r"'Iv(~, .,il,dll)w W,ll , W,LVI' III,JI" 
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PIrlcttlf al mCJdel pre~ented he[(~in cOTlstitutes a very good representation for the gen

prc:ttIOIl and propagation of wavcs developed by a moving bed. 

Further ~tudie~ could be dlfccted towards the treatment of problems in two spatial 

djrlJ('l1!'i()lI~ and on a more rcal![,tic representation of the moving bed in which the 

IlIOVlllg ~olid bOllndafles muid be replaced by a sliding granular material. 
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APPENDIX A 

\lalidity of the shallow-water 
approximation 



As pointed ont in §2.1, the depth-a\'eraging of tbe x-momentum ('qu,lt iOIl 

shows that the 'shallow-water' approximation-which merdy con:,ists in replanll)!, 

u(x, y, t) by «(x, t)-is only valid if H(~7ï - u2
) is small colllpared tn t.he n'lIldinin)!, 

terms of the eq nation 

lA 1) 

In other words, for u2 - ü2 to be negligible, we must show that it is of higlH'r O! dt'! 

than the expressions developed for Pb and p. From (2.22) and (2.23). w(' s('(' t.h,lI. tilt' 

order of Pb and Ji is determined by th(> orcier of the factors a, (J and f (cqllat.ioll 2.2ll) 

In terms of which they are expte~sed [n the scakd equ,üiolls (2 :tn fOI n" ,rI· "lit! 

,*, we saw that the higher order terms wele O( t: 2
(

2
). Wc there[ol'e IIHIS!. d,·t(·llnill'· 

under what conditions the difference u2 - u2 becomcs sma.lIcr thall 0(2(72). 

vVe first rewrite the approximation (2.12) for the vertical wlo( ity as : 

11\2) 

Combining (A2) with the irrotationallty condition 

au Dv 
-=-, oy ax ( 1\:1) 

we obtain 
au 

- (y+ h)«rx - D (A·! ) oy 
where 

Integration of (A4) from y to Tl gives: 

_ [112 (y + h)2] 
U = u" + U xx 2 - 2 + D(r, - y) ( 1\ :; ) 

and fl'om the definition (2.10) of the depth-averagcd velocity, we ha.ve! : 

1 jry H 2 li u= -;- udy = u" + «xx- + D-. 
H -h 3 2 

A-2 



(:\ i) 

\',)11' th,t!, (A i) Ulll IJI' redllu~J 1,0 

( h) [ (y2 h2) 2 2 
1t = U - y + 2" ht + (hu)xJ.c - '2 + '6 Urx + O( (. CT ) 

tI:-, III f'qlldtlOIl (2.:H5). SqllEll ing u in equation (A 7) gives 

[
IP (y + h)2] [H ] 

Il2=u
2 + 2ïiTi:rx 6- 2 +2u:D 2-(y+h) 

+ 
U2 [fil _1I2(y+h)2 (Y+h)4] 
II :36 6 + 4 

(:\8 ) 

+ '2ïi D [JI 3 
_ H (y + h) 2 

_ H 2 
(y + h) (y + h) 3] 

.cx 12 4 6 + 2 

., [1/ 2 2] + D" -.1 )v + h) + (y + h) 

tille! dpplylll,l!, tl)(· ddillll.loll ('2 li) of 11 2 to (A8), we finally obtain 

(AV) 

FUI \\'d\l":' ovel a fiel! hOllzonlcd bcd, D = 0 and (Ag) reduces to 

- :2 -2 H.J. 
lt 2 - ïi = LL -

~x 45 (AlO) 

,,~ d"[I\'('d h~ Su S.: C,lIdner (19G!)) The difference u2 - ïl2 as glven by (AlO) is 

O(t 2(7
1

) ,lIld I~ i1h\<lyS lI('glrglble (elclti\e 1,0 the 0((.20'2) pressure terms. Thercfore. 

\\1' (Ulllllld!' tlr,lI tl\('((· i~ nu (('strictlOII \)!l the applicability of the 'shallo\\'-\\ater' 

"""lllllpthlll lit /" . .1/. t) ::: ïi( r. 1) for IOllg waves over a flat bed. 

II\l\\\'\ t'l, If th!' h,·d 1" III llIotlon. f) is non-zero and depends on the slope anJ 

\ (·1\)( 1 t.\ of t h" I)('d \ "llll1lllg the orders of magni t ude of the slope ~; and veloel ty 

.':; tu \)(' UII"I1()\\'Il~, \\',' \ an u:,c tire scallIlg factors defined by (2,2i) to write 

(A11 ) 



where it is assumed that IL and Il respecti\'dy [('present tilt' Oldt'I llf 111.1/-',l\lllldt' III 

the slope and vclocity of the bed\ i. e. 

ah 
~ .= O(JL), 
u.r 

ah 
-=()(l') al 

As mentionned before, the first term on the right. h(tlId !'>J(!c of (A!)) wIll .d\\ d'''' IH' 

smaller than O(t 2
(72). TIl<'wfOI('\ for the ddf('["clIce 11 2 -li~ 10 be IH'I-',Iigdllt'. \\1' 11('('" 

and 

- III '2 'l 
llJl D-· < 0(( (J ) 

1:2 

1 lJ2 ) 2 
D~ - < O( ( ~ (J ). 

12 

( \ I~) 

(.\I:q 

Using the sca\es clefilwd in (~n) and (Ail), W(' !'>('(' 1 !t,II. lllt' (olldlllulI ... (.\ I~) ,lIld 

(A 1:3) le~pecti\'ely irnply . 

and 

( (a \ )11 

((.!r;l)p 

((2(72)'12 

(ca 2 )'l/I 

'1 1 < t "(J" 

In the abo\(~ lllequalitlcs, If wc éL~';lInW Ill,t!. t}w UI,,(,IIIlIlIIlI)('I i.., ,tPPIOXIIfltll,·ly "!jll.1i 

to 1, I.e. t: "" a2
, the most. strIllgl'llt r(-'"tn( 11()IlS (JlI tlH' I)(,r!'s :-,luJlI' ,tIld VdUlll\ dll' 

fOUlld to be: 

IL < l an d Il < ( 

The ::,lope of the bed rnu~t thcn he 

dud Its veloclty 

oh 
-r <0(1) 
(J.r 

Oh 
- < O(() 
{Ji 

(A l 'i) 



\VI' 1 (JIll Illdl' t h,lI for IcHlg W,lve~ gCJJerated by a movmg bed, the approximatIOn 

u( r,,Ii,I) '::::' ïi(I, l) i!-l ol1!y vahd if the condJtions (AI4) and (Al,)) are satisfied. :\ev

l'I! Iwl l ...,.." t III' w'ry wldl' rallg{' Il reali~tlc bed motIOns that can be described within 

tlJl' IllIllh of (AllI) rtIld (Al.')) justifies the elirnination of the term H(u 2 - u2 ) From 

! 1 If' gOVI'lllllIg lll(mwIJlIIJfI cqlliltioll (2 ::;'1). 

FIII,t1ly, Wf' (Jb"('1 V(~ th,tt t11('~(~ conditlOIls ale ~atlsfied by the scales 

~h = 0((7) 
o.r 

iJh 
- = O(UJ) 
DI 

(:\ Hi) 

( \ 1 ï) 

\\ hl< Il \\,('J (' d~,>t1IIj(·d III tilt' If·dllct IUII of t Il(' govClllIllg cqudtiollS to a . Bou.,,>lI1l'~q· 

dlld hl)111 (:\!J) \VI' tlwldoll' Oht.llIl 

fi '> III \VII (I!)~ 1 ) 

--; -2 
Il ~ - Il 

;\-5 



APPENDIX B 

Derivation of the goverrliIlg cqllati()llS 
using an expansion llletho(1 



'l'Ill' mOTTlf'ntllfJl cq lIatlOTl (2,a'1) of 'Bou~sIne~q' order was obtained by scalmg 

.md.. el IIlIlllatIJ1g the higher-order tcrms from the 'complete' depth-averaged equation 

Ali altl'lllatlve proceclurf' can be used ta derive equation (.2.34) directly from the 

flllld,tTlleIlt ,d ('(l'ldtJon,> of motion The method basically consists in expanding the 

dqwlldellt variil ble,> of the problcm in terms of the small parameters (j and t definecl 

III f~2 ~ TIH''''(' {'xpcln~IOllS are tJwn sllb~t,it1lted in the equations of motion anu tlw 

!JolJlldilly {,()C1dit,IOIl~, and coefficient,; of like pO\\lers of (j and f. are equateu. Thf' 

ollglll,t! pJ()!)lelll 1 ... then effcdively split IIlto simpler sub-problems each a~soClat('d 

w JIll .l .., (W( di ( ()J d"l of lIla gm t 1Iele indl catf'd by the power of the ~mall factor~ cr and 

The !->Ollltioll to the exact hydroclynamic problem can then be approximatpd bJ 

t 1)(' "'11111 of the ~olllti()n:-, to th('~e ~1Ib-problems, from order Zero up to the rcqulrf'd 

01<1('1 

'l'II{' .dlU\(· (>1 ()('cd, II', wlllch is hil,>pd on 1 he introduction of 011f' or mOIC' ~l1lall 

pdldll)('ter( ... ) III \)('\\' of .... IlIlplIfYIIlg the-' !'l011ltloIl of a complex problern. i~ c:tllcd <l 

/ltllu"JIlIIO/l /lIt/hot! '1'1)(' fOI mal applIcation of perturbation methods III the thCOI: 

01 .... ltallow-w,\tl'I \\'.l\'('~ hels be('n describcu by Friednchs (1~).l8) and Keller (19-18) \\'e 

11('1(' ('\I<-Ild t.!w I)IOL('c!t1IC dl'~cribed by Pelegrille (196ï) to account for the cfTccts of 

Ill\)\ ill,!!, I)('d Th{· followillg dellvatioll i.., limitcd to t\\O spatial dimensions. ,dt hOIIgh 

t 1)(' t 1 (·"tllH'llt of th 1 ('(' dil1ll'n!:->loll'; c!üC''i not pl esent further difficultics 

\\'(' l't'(,tll frolll ~i~,l tIlt' flllldéllllcntcll cquatlons of motion in dimcnsionless fOlm 

(:.! 1) (~ 1), 
Du du 
DI + ay = 0, (BI) 

iJu au au op 
- + u- + v- = --, 
Dt rh ôy ÔI 

( 82) 

Dt, Dl' Du ap 
-+u-+v-=---l al rÎ:c Dy al} , (8:3) 

Du Dl' 
-ay a.r 

8-2 



and \\'rJte the boundclry conditIons (~ . .'j)--(:.? ï) dS . 

D( J( . 
[' = Dl -+ Il B.r ,tt y = ~(J', 0, 

âh ùh 
- - - 1L -_ - ,tt 11 = - Il ( .r , t), 

Dt G.r . ( Bh) u= 

p=-o at. li = ((.r, t) ( B ï) 

where the wa\e amplitude IS no\\' d(·Ilot(·d by ( (.l~ Oppo~(·d ln '/ 111 ~i:!). l' ... lllg tll«' 

kinematic bOllndclry cond 1 t InllS (B,)) .\Il d (Bi>). Wt' lllkgJ.tft> tilt' (011 11111111 y", l'l,II 1011 

(B 1) 0\'('1 the depth to obt.lin 

where 

iJ( ()(J 
-+-= DI ü r 

J'I 
(j = Il dy 

-h 

iJh 
UI 

( BK) 

( Il Ill) 

wherE' the scaled variablc~ are !lI'J(' dl'[lolt'd by tlte !>llh~C'llpt 1 ("Il d,~t('II""'" \Vd:-- 11~1·r1 

1I1 §~.2), vVe aIso a~"ll111C th(lt 

dit _ (iJh) (iJh) 2 (iJh) -- - -+( - -+t -
dl al 1) i)t 1 iJl ~ 

IHI J) 

The depcndeIlt vari,l.ble,> (. Il, P dlle! q éll(' (,X!>dll<!"c! cl ..... 

( 

Il. 

p 2 Po + {PI + ( Pl. -+ ... (B I~, ) 

Q 

and for (BI) tü be cün~l~tent, we writr! 

v = l1(vo -+ (l)1 -+ ... ). 



Ât ordl'I l('/f) (1 e f7 == ( = 0). the solutIon wIll be taken to be stlll water, so that 

po = - y 

1 1 · 1 t } t - ( fjh ) d Q Il 1 W IIC 1 Ilnp J(':, ,lit ~u, 110, Vu, dt 0 an 0 are a equa tü zero. The still water 

"IJ]IILlOll Wil" iInphutely includeu In the derivation used in §2.2 when we wrote Li = 

()(), '1 = O(() and ht = O(uJ') Note that If (1311) and the expansions (B12) are 

,H tll,lIly '>Ilb:-.Iltllted in the ('quatlOlIs (B 1)- (B9) the zClO-order equations turn out to 

!H' 

D(o iJ _ (fJh) 
()t 1 + rh 1 [( h + ~o) ILo] = - Dt 0' 

j) /lo ;) Il 0 rJ(o 
- +110- +- =0 
Dtl (J.LI DXI 

wIJ)(IJ <ll(' t.he \\,(·11· k ll()\\, Il :\11)' (finiU'-c\lllphtude, shallow-water) equatiolls. 

'l'Ill' liI:-.t 01<1('1 <'IJIIJtI()11 1" df'riH'd a:, i()II()\\<, At O(f) = 0(0"2), the lIrotatiullélllty 

('olldltll)ll (Hl) !)l'(()lllf'<' 

"Ill( (' /'0 = O. 1I('lIn" 

.Jllel tlll')('ful", flOIll (B!!) 

Th(' Olt) Y-III<JIIl('1111I1ll e<!"alioll i:, 

() Il 1 
==0 

j}y 

apI = 0 
D!J 

.\!JeI IIOIlI t he ~Irt':-':-' fI(·{' bOlllldc\ry CO!l(!JtlOl1 (Di) 

B--1 

(BU) 

(B l,)) 

(B16) 



Substitution of (Bl·~)-(B16) in (B~) and (B~) gl\(,~ the fl)llowill)!; ti\st-()\dt'\ t'qU.\lllIlI'" 

OCI + a(,11 Iid = _ (Oh) , 
rJl l Ô,t'I dt 1 

àu\ a(\ 
-+-=0 
ail Ù.rI 

(B l ,) 

(Bl~) 

WhICh are the linearizcd long-wave cquations. TI\(, first.-ord('r \'('rl.lc,tl \'t,lo( Ily (UIlIPO 

nent lI\ is df'duced b) lI1tegl atlllg tl\(' lil~t-ordt'r «)J\t.iIluity ('«u,1I iOIl (B 1) \\'11 il 1 ('''111'( 1 

to y: 
OILI , 

1'1 = - Y-,)- + \I(.r., id 
( .rI 

whelt' v~(.rhld is an arbItIaly fUIIctlOll (\Iï~illg fWIll tll(' IIlt q.!,1 ,II 1011. {1'llIg tIlt' 111,,1 

order kinematic bouncLtry conditlOll al the l)('d 

/'1 = - ( iJh) -Ill ~~h cil, y=-- h, 
i.Jt 1 uJ'1 

W(' deduce 

\ = _ ((JI!) iJh _ li i}lI~ 
111-

1 (JI 1 rJ 1 1 iJJ'1 

alld can thell wnte 

(dh) iJ( Il Ill) Dili 
VI = - -1/--

Dt 1 ;h l . ih 1 
(B I!J) 

The abüve pme dure is lepec.d,ed ill Oldc'I lo dt~lïv(, tl1(' :'('( ollel'Ul d('l (''111 • .1 H)II', 

(Jil2 DIJ, 
Dy [Je 1 

in which (Blg) can be sub~tituted tü ülJtcun 

;P(hud iPlLt 
fJxi -!I axr ' 

Integration \"ith respect tü y Icads tü 

B-·,j 



Wl'l'If' (!2( fI, 1]) 1'> an arbltrclly fllnction of integration. The 0(f2 ) y-momentum 

rJP2 UVI ---
Dy Oll 

IIOW I]l( lud/'<., Ut(' df{'ct of thc local vertIcal accelcration of the fluit!. Hence, from 

(H 1 !J), w{' hdve . 

dlld llll f'gl.\I IUII wlth II''->p/'( t to y givcs 

) =/. ,~(ah) , (Y(hll l ) y2 ()
2U

I 
1 2 1. + .'J ')1 'Ji +.ï 'Jl ')- + ') ~11 ~ 

(1 ( 1 (I( Il - {J I(J·fl 
(13:21 ) 

III whl( Il t Il(' l}()lllld.ll)' uJ/ldltion (Bi) 

2 0 .• 2 • 
JI = Po + (PI + ( P2 = at y = ~o + f~l + t ~2 

hd" 1 )l'{']] [(!-.(,d to c!l'lI'rmllH' tl\(' éll bitrary fUIlction arislIlg from the integration From 

t IJ(' de'fillltlOll (B!)) of (J, \V(' a!:-.o !J,t\'C' 

'-.0 t !J.d" [/(JIll (B~()) 

( 13:22) 

Sllh"tltlltlllll ()f (B~()) (B~~) III (11~) clIld (88) gives the following second older cqua-

t Illllo., 

d(2 ûq 2 (Ôh) 
âf] + DII = - at 2' 

(823) 

j)[T2 DUI a(2 - + UI- + - = O. ot l OXI aXI (824) 

:\s pOlllkd out. by Peleglinc (1967), the fir,t-order linearized Iong-wave equations 

(Bli) <l/ld (BI8) art' only \alid for small values of il' After only a short propagation 

t III\(', the !-.('lOIHI order cfTecb of ampli t ude and frequency dispersion included in (823) 

,\IIt! (B:! 1) t'ffet t l\dy bccolllt' fllst-order efft~cts. The final governing equations must 
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therefore include "!lIst-order variablc, incorpmatiug sl'nmd-Ùldl'r It'I'l1lS". Fnl tht' 

wave amplitude, \\'e let 

For the hOflzontal nuit! veloClty, we illtroduce the dt'I't.h <ln'l'dg,cd wlocîty ",hit il \\C' 

define as 

1 2 
-, -(dJI + t (h) 
~ + 7] 

" { Il ô [( DI!) iUI+t:: U2 +;:;-. - -.-
- â·1'1 âl 1 

0!ote that the (hoice of ïi to Il]('üIlH!l,ltt' s('col1d-ol dt'I ('Irl'( h I~ IInl tI\l' ollly .dl(·III.I 

ti vc. The findl govelll i ng eC[l\d t IUIl'> C,1\1 il \:"0 1)(· fOI ITlld,tI (·tI III 11'1111'-, ur tllC' vt'Iu( 11\' dl 

the beJ (l\I.H.lsen &: ~\,}Pi l!JG~) or hy lIWcW:-, of thl' wlocit.y a.1. li = () . 

Combining (BI7) and (Bl~) wllh (B~:q (H~(i), .llid gOIll,!!, \',II\( to tilt' OII,l!,III.ti 

variables, we finally ohtain 

D7] () iJh 
at + D,r[(h + 7])Ü:] = - Dt' (B:!-7) 

aïi + üOu + a" = ~~ [Oh + Ü(hïi)]_ h
2 
}/ii . 

at ax ax 2 aiax Dt (J.r; () üUh'2 

Equations (B27) and (B28) are re~pectively iJentical 1.0 ('qlliÜioll:-' (~!)) "llel (~ :~ 1) 

derived in §2. The dept.h-averageJ contil1l11ty cqllation (B~7) is (!x"d whil(' tllf' dl'j)III

averaged momenturn equdtiofl (I32;)) IléI:-' an ('flOI" tellll of old(·! O((2(T1) 
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APPENDIX C 

Computer programs 



Program WALL 

Purpose of the program 

Modelling of nonllnear, dispersive, shallow-water waves generated 111 

a channel by a movlng vertlcal wall. 

Definition of the constants 

n 
dx 
dt 

totald 
hax 

vstar 
1 astT 
1 astX 

gl, ••• ,g8 

Tot a l n u m ber 0 f spa t 1 a 1 gr 1 d pOl n t 5 \ 1 = t) 1.... n ) • 
InltIal spatial mesh Sl:e at t = o. 
Temporal mesh SI:e. 
Total 1 ength of the channel. 
Total duratl0n of the simulation. 
Amplitude of the slnusoldaJ wall veloClty. 
TlmE' at whlch the motion of the wall stops. 
Fln al:: - c 00 rd 1 n a t e 0 f the m a vin 9 wa lI. 
Locatl on of the p.lght gauges measur 1 ng l'lave ampli tude. 

DefiniUon of the global variables 

ethal 

etha2 

HCIght of the free surface above 1 ts undl sturbed 1 e'/el '" t 
tlme t. 
Helght of the free surface above Its undlsturbed le'lEd dt 

t lme t + dt. 
ul Depth-averaged veloClty' at tlme t. 
u2 Depth-averaged veloClty at time t + dt. 
xl PosItion ot the spatlal gnd pOints at hme t. 
x2 POSlhon of the spatial gnd pOints at hme l t dt. 

t T lme. 
1 

iter 
gauqel ... 

gauge8 
dlsk 

Loop counter. 
Number of tIme steps Invol'/ed ln the computation. 

Grld pOints correspondlng ta the gauges locatIon. 
Tpd flle used to store the results. 
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Program listing 

Prograrô HALL \lnput,autput)j 

uses crt,graph3; 

{ff.f ••••••••• Experl.ental condl ti ons. 

CONST 
n ':: 500; 

dx '" 0.25; 
dt :: 0.25; 

totald = 125; 
t.ax :: 125; 

vs tar :: 0.2j 
1 astT :: 13.12; 
1 as tx :: 1. 67; 

g1 :: 3.7; 
92 :: 14. i; 
g3 :: 24.4; 
g4 = 34.7; 
g5 = 45.1; 
g6 :: 55.4; 
g7 :: b5. 1 i 
g8 :: 7 b. 1; 

TYPE 

VAR 

vedar:: array [O •• n] of real; 

ethal,etha1,ul,u2 
xl,x2 

t 
1,1 t er 

gaugel,gauge2,gauge3,gauge4 
gauge5,gauge6,gauge7,gauge8 

dlSk 

Functlon VPISTON<t:reall:real; 

begl n 
if t <= lastT 

TtiEN 

vertor; 
vectar; 
real; 
Integer; 
Integer; 
Integer; 
telttj 

vplston::: vstar 1 Sln(plft/lastTl 
ELSE 

vplston:= 0.0; 
end; 
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Functlon ACCPISTON(t:real):real; 

begln 
If t <= lastT 

TUEN 
aCCpl~ton:~ (vpiston(t+dtl-vpiston(t-dtII/2/dt 

ELSE 
aCCplston:= 0.0; 

end; 

Procedure INITIAL_CONDITIONS; 

begln 
for 

for 

for 

end; 

1 • -.- o ta n do ethal[l]:= 0.0; 

1 .-.- o ta n do uHiJ:= 0.0; 

1 ,-.- o to n do xHil:= i*dx; 

Procedure CONTINUITY_PREDICTOR; 

beg 1 n 
for i:= 1 to 0-1 do 

etha2[1]:= etha1[l] - dtl-(1+etha1[1])*(ul[l+1]-U![1-1]) 
1 (x 1[ 1 + 1 ] -x 1 [ 1 -1] ) ; 

end; 

Procedure CONTINUITY_CORRECTOR; 

begln 
for 1: = 1 ton -1 do 

etha2[i]:= ethaHi] - dt*(1+0.5*etha1[1]+O.5*etha2[1]) 

end; 

Procedure ETHA_BC; 

beg 1 n 

*0.5* ( (u 1[ 1 + 1 ] -u 1 Cl-l ] 1 Il x 1 [ 1 + 1]-x 1 ft -1 ] ) 
+(U2[1+1l-u2[1-1l1/(x2[i+!]-x2[l-I]) ); 

etha2rO):= etha2[11 + dx*ACCPISTON<tl; 
etha2[n):= etha2[n-lJ; 

end; 
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Procedure TRIDIA6(a,b,c:vector; var x:vector; rhs:vector; first,lastnnteger): 

var 
.ult 

1 

begl n 

realj 
Integerj 

for 1:= hrst+l te last do 
begln 

.ull:= a[ll/b[l-llj 
HIl:= b(ll - ult *' cCl-1Jj 
rhs[il:= rhs[ll - ault * rhs[l-ll; 

end, 
x[lastl:= rhs[lastl/b[lastlj 
for 1:= last-l downto flrst do )C[i]:= ( rhs[}] - C[}llX[I+l] ) / bel); 

endj 

Procedure MOMENTUMj 

var dlagl,diag2,diay3,rhs vectorj 

begl n 
for i:= 1 to n-l do 

begln 
diagl[}]:= -2/3/(sqr(x2[1+1]-x2[i ])+sqr(x2[1]-x2[1-1))) j 
dlag2[1]:= 1 + 4/3/(sqr(x2[1+1l-x2[1])+sqr(x2(ll-x2[l-1]»; 
dlag3[1]:= -2/3/(sqr(x2[1+ll-x2[1])+sqr(x2[}]-x2[1-1]»j 

If 1 = 1 THEN 
rhs[l]:= u1[ll - 2/3/(sqr(x1[1+1l-Xt[1 ])+sqr(xl[l]-xl[}-l]» 

*(ul[l+1]-2*u1[l ]+u1(l-l]) 

ELSE 

- dttO.5 
*< (etha2[1+1]-etha2[1-ll)/(x2[1+1]-x2h-!]) 

+ (e t h al [ 1 + 1] - eth a 1[ 1 -1 ] ) / (x 1 [ 1 + 1 ] - x 1 [ 1 -1 ] ) 
- dlagl[il*VPISTON(t) 

rhS[IJ:= u1[i] - 2/3/(sqr(x1[1+ll-x1[1 ])+sqr (xl[}]-xiCl-l]» 
*(Ul[1+1]-2*ul[l]+ul(1-ll) 

- dttO.5 
*( (etha2[1+1]-etha2[1-1])/(x2[1+IJ-x2[1-1]) 

+ (et h al [ 1 + 1] - eth al[ 1 -1 ] ) / (x 1 [ 1 + 1 ] -x 1 [ 1 -1 ] 1 ); 

end; 
TRIDIA6(dlagl,dlag2,dlag3,u2,rhs,1,n-llj 

endj 

Procedure APPROX_INTERFACESj 

begln 
for i:= 0 to n do X2[1]:= X1[ll + dt*ul[llj 

endj 
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Procedure U_BC; 

begln 
u2[OJ:= VPISTON(t); 
u2[nJ:= 0.0; 

end; 

Procedure INTERFACES; 

begln 
x2[OJ:= x HOJ + 0"Sfdt+(u1[01+u2[0]) ; 

for 1: = 1 to n do 
begln 

x2[tJ:= x 1[11 + O. 5fd t .. (u 1 h l +u2( 1] ) ; 

If (X2[1-1J<=gl) and (X2[lJ>gl> 

then If (gl-x2h-1] ) <= (x2Cll-gl) 

If (x2[1-1J<=g2) and (X2[1])g2) 

then If (g2-x2[1-1]) <= (X2(1]-g2) 

If (x2[1-ll<=g3) and (X2[1J>g3) 

then 1 f (g3-x2h -1]) <= (x2[il-g3) 

if ( le 2 [ 1 - 1 ] < =g 4 ) and (x2(I])g4) 

then If (g4-x2[1-1]) <= (X2[1]-g4) 

1 t (x2[1-11(=g5) and (X2[lJ)gS) 

then 1 f (g5-x2[1-11 ) <= (X2[1 ]-g5) 

if (X2[1-1J<=gb) and (X2[1])g6) 

then if (gb-x 2b -1]) <= (x2[i ]-g6) 

1 f (x2[i -11(=g]) and (X2[1])g71 

then lf Ig7-x 2b -11) <= (x2[}]-g7> 

If (x2[l-1J<=g8) and (X2[l])g8) 

then If (gB-x2[1-1]) <= (x2[1]-g8) 

end; 
end; 

Procedure DRAWBEDj 

var xl: real; 

beg 1 n 
HIRes; 
6raphlhndolfISO,40,S89,159l; 
6oToXY(B,231;lfrltelnC"TI"E = • ,t:S:2,' 

then gaugel: = 1-1 

eise gaugel:= 1 ; 

then gauge2: = 1-1 

else gauge2: ::: 1 ; 

then gauge3:= 1-1 

else gauge3: = 1 • , 

then gauge4: = 1 -1 
else gauge4: = 1 • , 

then gauge5: = 1 -1 

else gauge5: = 1; 

then gaugeb: = 1-1 

else gaugeb: = 1 ; 

then gauge7: = 1 -1 

else gauge7: = 1 • , 

then gaugeB: = 1 -1 

else gauge8: = 1 • , 

piston VELOCITY = ',VPISTON(t):5:3," ACC = ',ACCPISTON(t):5:3); 

d r .Hd r ou n d (x 2 [0] ft ot a 1 d +540 l, 0, round (x 2[ 0 J ft ot al df54 0 l ,100,1) ; 

xl:= lastx/totald f 540; 
draw(round(xll, 100,540, 100,ll; 

end; 
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--------------------------------------------------

Procedure DRAWSURFACE ('1: vector); 

var xl,y1 : real; 

begi n 
for 1:= 0 to n do 

end; 

BEGIN 

begi n 
xl:= X2[11/totald • 540; 
yi: = v Ci 1 * 60; 
plot(round(x11,70-round(yll,1); 

end; 

{ilia in} 
ClrScrj 
t:=O.Oj 
lter:= 0; 
vel:=O.O; 

assign(disk,'B:RE5139.DOC'lj 
reMnte(disklj 

1 N ITIAL_ COND IT IONS j 

While t < hax do 
begln 

t:=t+dtj 
Iter:= Iter+1j 

CONTINUITY_PREDICTORj 
ETHA_BC; 
APPROX_ 1 NTERFACES; 
U BC' - , 
l'IOt1ENTUl1j 
110VE_CELLS; 
CONTINUITY _CORRECTORj 
ETHA_BCj 

DRAWBED; 
DRAWSURFACE (etha2) ; 

1 f (1 ter .od 21 = 0 THEN 
begln 

Nritelnldisk,lter div '2); 
.. ritelnldlsk,etha2[gaugelll; 
.. riteln(dlsk,etha2[gauge2])j 
l'Ir i teln (dl sk ,etha2[gauge3]); 
"ri teln (dl sk ,etha2[gauge4]); 
"ri telnldl sk,etha2[gauge5]); 
"'ri teln(dl sk,etha2[gauge6]); 
"ri teln(dlsk,etha2[gauge711 j 
"'ri teln Idl sk ,etha2[gauge81) j 
l'Ir 1 tel nId 1 5 k) ; 

end; 
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for ta n do etha1[l]:= etha2[11; 
for ta n do u1[il:= U2[11; 
for ta n do x1[ll:= x2[ilj 

end; 
c!ose(dlsk) j 

END. 
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Program SUBWED 

Purpose of the pro gram 

Mad e Il l n 9 of no nll ne a r, dis p e r SI ve. S h a Il 0 W - w a ter wa v es 9 en e rat e d 1 n ,\ 
channel by the '':lohon of a submerged wedge. 

Definition of the constants 

n Total number of spatlal grld pOlnts il = tI,I •••• n). 
ni n - 1. 
dx 
dt 

t.ax 
end.ohon 

vstar 

slope 
XSln 

eu 
en 
eh 

Spatial mesh size (constant). 
Temporal mesh Slze. 
Total duratlon of the simulation. 
Total duratlon of the bed motion. 
Amplitude of the horl:ontal, slnusoldal veloCltv of the 
wave generatlng devlce. 
Constant slope of the subme>rged wedge. 
Parameter detlnlng the slnusoldal velocity of the 
bed, xsm = 7 2-7 1, 
ImpllCl tnes5 para,Tleter for the depth-a/eraged .eJoclt y. 

Impllcltness parameter for the wave amplitude. 
Impllcltness parameter for the bed position. 

Definition of the global variables 

hl 
h.ld 

h2 
ethal 

etha2 

u1 
u2 

d ug 1 ••• 
dlag3 

rhs 
dhdt 

ace 
s1ope1 
s1ope2 

A ••• F 

t 

POSI tl on of the bed at tl me t. 
POSI b on of the bed at tlme t + dtl 2. 
Poslhon of the bed at tl me t + dt. 
Hel ght of the free surface above lts undisturbed level ci t 

tl me t. 
Helght of the free surface above ItS undlstur-bed hu f? 1 L1 t 

t l me t + t. 
Depth-averaged veloclty at tl me t. 
Depth-aver-aged veloclty at tl me t + dt. 

Dlagonais of the trldlagonal matrlx system (sectIon :'.2.2/. 
Right hand slde of the trldlagonal matrlx system (section ~.~,,'I. 

Bed veloclty. 
Bed acceleratlon. 
Slope of the bed at tue t. 
Slope of the bed at tlme t + dt. 
Grouplngs of varlables used ln the Impllclt solution of the 
momentum equatlon. 
Tl me. 
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vell HorIzontal velocdy of the wedge at t 1 me t. 

velald HorIzontal v'eloclty of th e wedqe at tlme t + dt/2. 

vel2 Hon::ontal .eloclty of the wedge at tl me t + dt. 

dlSp DIsplacement of the wedge between t and t + dt. 

dlSpl DI s;; l acemen t of the wedge between t and t + dt/2. 

totaldlsp Cumu 1 at l'le dlsplacement of the wedge at tl me t + 

totaldlspl Cumulatl',e dlsplacement of the wedge at t 1 me t + 

1 Loop counter. 
lter Numb er of t 1 me st ep 5 lnvolved 1 n the computatIon. 

bottai Gr! d pOInt correspandlng ta the foot of the wedge 

bottoal Gr! d po 1 n t correspondlng ta the foot of the wedge 

d15k Te,: t fil e used to store the results. 

Program listing 

Progra. SUBWED (lnput,output>; 

uses ert,graph3; 

CON5T 
n = 600 ; 

ni = 599; 
dx = 0.25; 
dt = 0.25; 

t.ax = 125; 
endlott on = 13.11bj 

vstar :: 0.2; 
slope = 0.268; 

XSln = 1.0; { x range of SInus velocity } 

eu 
en 
eh 

TYPE 
veetor 

VAR 

= 0.5; 
= 0.5; 

= 0.5; 

= array [O •• n] of real ; 

hl,h2,haid,ethal,etha2,ul,u2 
dlagl,dJag2,dlag3,rhs 

dhdt ,ace ,51 opel ,51 ope2 
A,B,C,D,E,F 

t 
vel1,vehld,ve12 

dlSp,dlSpl,totaldlsp,totaldlspl 
1,bottol,bottOll,lter 

dlSk 

C-IO 

vector; 
veetor; 
veetor; 
real; 
real; 
real; 
r eal; 
Integer; 
tex t; 

dt. 
dt/2. 

at t 
at t 

+ ,J t. 
+ dt ~ -. 
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Procedure U_BC; 

beg1 n 
u2[01:= 0.0; 
u2 [ n 1 : = o. 0; 

end; 

Procedure INITIAL_CONDITIONS; 

begi n 
for u= 0 ta n do 

end; 

beg1n 
hHil:= 1.0; 
ethaHll:= 0.0; 
u1[ll:= O.Oj 

end; 

Procedure HOVE_SED; 

beg1 n 
for 1:= 0 to bottoll do 

h2[1l:= 1.0 - slope 1- Hotald1sp-1l-dxlj 
for 1:= 0 to bottoIR1 do 

h.ld[ll:= 1.0 - slope. (totaldlspl-ltdx); 

for 1:= bottoœ+l to n do 
h2[1]:= 1.0; 

for 1:= bottolll+l to n do 
hllld[il:= 1.0; 

end; 

Procedure BED_IS)10VINGj 

begl n 
vell:= vstar. sine O.SI-pl - (O.S.end.otlon-(t-dU>I-XSln/endmobonlpl 1; 
vel.ld:= vstar 1- Sln( O.S.pl - (O.S.end.obon-(t-O.S*dt)ltxsln/endllotlon'pl 1; 

ve12:= vstar • Sln( O.S+pl - (O.Slend.otlon-t)llCsln/end.otlonlpl ); 

d1spl:= O.St-(vell+velud) • dt/2; 
totaldlspl:= totaldlsp + dlSpl; 
bottoIl1:= trunc(totaldlsplldX>; 

d1sp:= 1I31-(vell+vel.ld+ve12) 1- dt; 
totaldlsp:= totaldlsp + dlSpj 
botto.:= trunc(totaldlsp/dxl; 
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If botto. = 0 
THEN 

beg 1 n 
acci:Ol:= (h2[0]-2*h.ld[Ol+hUO]) Isqr (O.Sfdt); 
for 1:= 1 to n do ace[l]:= 0.0; 

end 
ELSE 

beg 1 n 
for 1:= 0 to botto.-l do 

aeerl]:; Ih2h]-2thllldfl]+hUl]) /sqrI0.5+dt): 
accCbotto.l:= acc[botto.-l l; 
for 1:= botto.+l to n do 

ace[l]:= 0.0; 
end; 

for 1:= 0 to n do 
begl n 

If hlhl = 1.0 THEN slope1[l):= 0.0 
ElSE slopel(ll:= slope; 

If h2hl = 1.0 THEN slope2[1):= 0.0 
ELSE slope2[}]:= slope; 

dhdUll:= (h2[1]-hHlll/dt; 
end; 

end; 

Procedure STATIONARY _BEO; 

begl n 

If (t-end.obon) (= dt then 

end; 

begln 

end; 

sound (1001; 
delayllOOO); 
NoSoun d; 
for 1:= 0 ta n do acc[ll:= 0.0; 
for 1: = 0 to n do 

begln 
If h2[ll = 1.0 

THEN 
begl n 

slope1[l):= 0.0; 
slope2[1]:= 0.0; 

end 
ELSE 

begl n 
slopeHil:= slope; 
slope2[1l:= slope; 

end; 

dhdHl]:= 0.0; 
end; 
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Procedure CONTINUITY_PREDICTOR; 

beg1 n 
for 1:= 1 tD ni do 

beg 1 n 
etha2[1]:= ethaHll - dt*< ( O.5*(hHl]+h2[11I+ethal[11 

end; 
end; 

begl n 
lf t <= endllotlon 

THEN 

* (u1[l+l1-u1[l-l])I2/dx 
+ u1[1]*( O.S.(slope1[1l+slope2[1l) 

+ (ethaUl+l]-etha1[1-1])/2/d>. 
+ dhdU 1 1 ) . , 

etha2[Ol:= etha2[1] - dx • (h2[Ol/2*(hU01-hU01)/dt 
.(uH2]-2.ul[l)+u1[O]) /sqr (dx)) 

ELSE 
etha2[01:= etha2[11; 

etha2[n]:= etha2[nl]j 
end; 

Procedure CONTINUITY_CORRECTOR; 

begln 
for i:= 1 to ni do 

begln 
etha2C\1:= ethaHll - dtt( ( O.5*(hHll+h2[1])+ethaJ[1] ) 

end; 
end; 

beg 1 n 
If t <= end.ot10n 

THEN 

"0.25* ( u 2 [ 1 +l 1 -u2[ 1 -1 1 +u 1 [ 1 + 1 ] - u 1 [ 1 - 1 J ) / d t. 
+O.St(Ul[1)+u2[1]) 

f ( 0.5'(slope1[1]+slope2[IlJ 
+ (ethaJ[l+I)-ethal[l-lJ)n/d.< ) 

+ dhdU 1 1 ) . , 

etha2[01:= etha2[11 - dx * (h2[Ol/2*(h2[Ol-hl[O)/dt 
f(u2[21-2 f u2[11+u2[O))/sqr(dx)) 

EL SE 
etha2[O]:= etha2[1]; 

etha2[n]:= etha2[nl]; 
end; 
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Procedure TRIDIA6(a,b,c:vector; var x:vector; rhs:vector; flrst,last:lntegerlj 

beg 1 n 

real j 
Integerj 

for 1:= flrst+l to last do 
begln 

.ult:= a[l)/b[l-Il; 
b[l]:= bel] - .ult • c[l-I]; 
rhS[I]:= rhS[I] - .ult 1- rhs[l-l]j 

end; 
x[lastl:= rhs[lastl/b[lastlj 
for 1:= last-l dOMnto flrst do xtll:= ( rhs[i] - c[111-x[1+1] 1 / b[l]; 

end j 

Procedure MOMENTUM_Fxtj 

beg 1 n 
for ): = 1 ton 1 do 

begln 
U2[1]:= ul[}]j 

A:= ( (l-eh)l-sqr(hl[lll + eh f sqr(h2[1) )/3/sqr(dx)/dt: 
B:= ( (l-eh)fhl[l]fslopeHl] + eh+h2[1]fslope2[1] 1/2/dx/dt; 
C:= (slope2[l] - slopel[lll/dtj 

0:= (1-ehlthl[1]/2t(hl[1+1]-2 t hl[I]+hl[1-1])/sqr(dx) 
+ ehth2(11/2t(h2[1+1]-2*h2[1]+h2[1-11)/sqr(dx). 

E: = « h 2 [ 1 + 1 ] - 2 *:.2[ 1 ) +h 2 [ 1 -1 ) 1 - (h 1 [ 1 + 1 ] -2 th 1 Cl ] +h 1 ( 1 -1 ] 1 1 /5 qr (d x ) / dt: 

F:= «1-en)t(ethal[1+1]-ethal(1-1])+enl-(etha2[1+1]-ptha2(1-1]))/2/dx; 

dlagl[l]:= -eu*u2[1]/2/dx - A + B + eu*h2[1]/2/dx * C 
- eu*h2[11/2/sqr(dxll-dhdUl]j 

dlag2[1]:= l/dt + 2*A - l/dt.O - eul-h2(1]/2*E 
+ eu*h2[11/sqr(dxl t dhdt[1]j 

dlag3[1]:= eufu2[11/2/dx - A - B - eufh2[11/2/dx * C 
- eu f h2[11/2/sqr(dxl*dhdUl]j 

rhS[l]:= Ul[l-l) t«I-eu)+ul(11/2/dx - A + B - Cl-eul*hl[11/2/dx*C 
+(I-eu)thl(11/2/sqr(dx).dhdHl] ) 

+ Ul[l] fIl/dt + 2.A - l/dt*O + (l-eu).hl[lJ/2.E 
-(I-eu)thl(l]/sqr(dx)tdhdt[ll 1 

+Ul[l+ll t(-(1-eu)ful[11/2/dx - A - B +Cl-eu)thl[11/2/dx*C 
+<1-eu)fhl[lJ/2/sqrCdx)tdhdUll ) 

- F 
+ «1-eh)fhUll+ehth2hl)/2 • (acc[I+11-aCc[1-11)/2/dxj 

end; 
TRIDIA6(dlagl,dlag2,dlag3,u2,rhs,l,nl)j 

end: 
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begln 
for 1:= 1 ta ni do 

begln 
U2[1]:= U1[I]; 

A·-.-
B·-.-
D:= 
F·-.-

5 qr (h 2 [1 ] ) /3/5 qr ( d x ) 1 dt; 
h2[i)*slupe2(1]/2/dx/dt; 
h 2 ( 1 ] /21 (h 2 [ 1 + 1] - 2 *h 211l+ h 2 [ 1 -1 1 ) /5 qr (d x ) j 
( ( 1 - en) 1 ( eth a 1 [ 1 + 1 ] - eth a 1 [ 1 - 1 ]) + en" ( eth a 2 [ 1 + 1 ] - eth a 2 [ 1 - 1 ] 1 1 r:. 1 d ). : 

dlaglhl:= -eu*u2[1l/2/dx - A + Bi 
dlag2(1]:= lIdt + 2tA - lIdt*D; 
diag3(1l:= eu*u2(1l/2/dx - A - B; 

rhshl:= u1[1-11 H(1-eu)*u1[1]/2/dx - A + Bl 
+ U1[l) I(l/dt + 2*A - I/dt+D) 
+ U1(l+ll +(-(1-eul*ulbl/21dx - A - BI 
- Fj 

end; 
TRIDIA6(diagl,diag2,dlag3,u2,rhs,1,nl)j 

end j 

Procedure MOHENTUM; 

begln 
If t < = end.ot! on THEN ttOI1ENTUI1Jx t 

ELSE 110I1ENTUH_Fxj 
end; 

Procedure DRAWBED(v:vectorj no_polnts:lnteger); 

var xl, x ' .. , yi, Y 2 
color 

r eal ; 
1 nteger; 

begln 
HlRt.::, 
SraphWlndoM(50,40,S89,159Ij 
SoToXY(35,20);wrlteln('t = ',t:6:3); 

tor 1:= 0 to no_points do draw(round(ilno_polnts*540),:;O, 
raund(1/no_polnts'5401,20,1)j} 

for 1:= 0 ta no_polnts-l do 

end; 

begln 
xl:= lino_points' 540; 
yl:= vell .. 30; 
x2:= <I+l)/no_polnts • 540; 
y2:= v[I+I] 1 30; 
dra",(round (1/no_polnts+5401 ,60,round (1 Ino_polnts+S401 ,0,1); 
draM(round (xlI ,60+round (yl> ,round(x2> ,60+round(y2).I); 

end; 
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1 
1 
; 

Procedure DRAWSURFACE (v:vectorj no_poInts: lnteger) j 

var xl,x2,yl,y2: realj 

begl n 
for 1:= 0 to no_polnts-l do 

begl n 
xl: = lino_poInts * 540; 
yl:= v(IJ * 300; 
x2:= (l+ll/no_polnts * 540; 
y2:= '1(1+1] 1 300; 
dr aM (round (x 1) ,bO-round (y 1) ,round (x2) ,bQ-round (y21 ,1) ; 

end; 
end; 

Procedure Fel (var vt: vertar); 

const slg.a = 0.2; 

var 
vtd,delta,Dc 

Dl,slgn,aax,lln 
vector; 
rea 1 ; 

begln 
delta[Ob= 0.0; delta(n-ll:= 0.0; 
for 1:= 1 ta n-l do 

vtd[ll:= vUll + slg.a f (vtb+ll - 2.0fvUll + vUI-1]); 

for 1:= 1 ta n-2 do 
delta[l):= vtd[I+1) - vtd[i)j 

for 1:= 1 ta n-2 do 
begln 

d delta[ll > 0.0 then slgn:= 1.0; 
If delta[il = 0.0 then 51gn:= 0.0; 
If delta[ll ( 0.0 then 51gn:=-1.0; 
01:= (vt[}+l] - vt[1])/8.0; 
If 51gnfdelta[1-1l <= slgn f delta[1+11 

then un:= slgn*delta[i-l1 
else 11n:= Slgn*deIta[i+1]; 

if abs(Dl) <=l1n 
then 

if 0.0 >= .ln 

.ln:= abs(DU; 

then lax:= 0.0 
else lax:= .1n; 

DC[l ]:= slgnflax; 
end; 

for 1:= 2 ta n-2 do 
VUl]:= vtd[l] - (Ddil - DC[1-1]); 

end; 
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BEGIN 
ClrScr; 
t:= 0.0; 
iter:= 0; 
bottoAl:= 0; 
totaldlsp:= 0.0; 
botta.l:= 0; 
totaldlspl:= 0.0; 

asslgn(dlsk, ·B:I07.DOC'); 
rewri te(dlsk); 

U BC' - , 
INIT 1 AL_COND !TIONS; 

ORAWBED(hl,n) ; 
ORAWSURFACE (ethal ,n); 

Whll e t < tllax do 
Begl n 

1 ter: = 1 ter + 1; 
t: = t + dt; 

If t {= endllotlon THEN BED_IS)1OVING 
ELSE STATIONARV _BEO; 

CONT 1 NUITY _PREDICTOR; 
ETHA_BCJ'RED; 
MOMENTUM; 
CONT 1 NUITY _CORRECTOR; 
ETHA_BC_CORR; 
FCTletha2) ; 

DRAWBED(h2,10); 
DRAWSURFACE (etha2, 10); 

If (i ter .ad ~) = 0 THEN 
begln 

wrlteln(dlsk,lter div 2); 
"riteln(dlsk,etha2[20]); 
"rl tel n (dlSk, etha2[ bOl); 
"rlteln (dlSk ,etha2[ 120]) 
"r i tel n (d 15 k , eth a 2[ 1 80] ) 
"rlteln (dlSk ,etha2C240]) 
wrlteln(dlsk,etha2[300]) 
Mrlteln(dlsk,etha2C3bO]) 
wrlteln(dlsk,etha2C420]) 
"r 1 tel n (d 1 S k ) ; 

end; 
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For 1:= 0 ta n do 
BegIn 

ethal[I]:= etha2[ilj 
Ul[l]:= U2[1]j 

Endj 

For 1:= 0 ta n do h\[l]:= h2[1]; 

End; 
close(dlsk)j 

END. 
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Program SHELF 

Pwpose 0 f the program 

M 0 deI 1 l n 9 0 f non 1 l n e a r, dIS Poe r S Ive, S h aIl 0 w - w a ter w a v e s q e n e rat e d 1 n ,\ 
channel bv the motlon of a shelf. 

Definition of the constants 

n Total number of spatIal grid pOInts Il = 0,1, ..• n). 
n1 n - t. 
dx 
dt 

t.ax 
end/lotion 

vstar 

510pe 

X51n 

Inltp 
hbox 

eu 
en 
eh 

SpatIal mesh SI:e <constant). 
Temporal mesh Slze. 
Total duration of the simulatlon. 
Total duration of the bed motIon. 
Hmplltude of the horIzontal, sinusoldal veloclty of the 
wave generating de/lce. 
Constant slope of the depth transitIon between the shelt dGd 

the channel bottom. 
Parameter deflnlng the slnusoldal velocltv of the 
bec 1 xsin = 12-11' 
Initial A-coordlnate of the top of the depth transition. 
Helght of the shelf. 
Impllcltness parameter for the depth-averaged ~elo[lly. 

Impllcltness parameter for the wave amplltude. 
Impllcltness parameter for the bed posltlon. 

Definition of the global variables 

hl 
hald 

h2 
ethal 

etha2 

ul 
u2 

dl ag 1. .. 
dlag3 

rhs 
dhdt 

acc 

PosItlon of the bed at tl me t. 
PosItIon of the bed at tl me t + dtl2. 
PosItIon of the bed at tl me t + dt. 
Height of the free surface above 1 t S undlsturbed le'IE·l J t 

il me t. 
Height of the iree surface above 1 t S undlsturbed 1 e le l dt 

t l me t + dt. 
Depth-averaged velocltv at time t. 
Depth-averaged velOClty at time t + dt. 

Dlagonals of the tridiagonal matrlx system (section 3.2.:1. 
Rlght hand slde of the trldlagonal matrll: s'/stern ',sectlGn ~.':.~I. 

Bed velocltv. 
Bed acceleratlon. 
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slopel 
slope2 

A ... F 

t 
ve II 

vel.ld 
ve12 
dlSp 

dlSpl 
totaldlsp 

totaldlspl 
shelfd 

1 

lter 
botta. 

top 

top 1 

dlSk 

Slope of the bed at tIme t. 
Slope of the bed at tlme t + dt. 
Grouplngs of Jarlables used ln the Impllclt solutIon of the 
momentum equatlon. 
Tue. 
HorIzontal veloclty of the shelf at tIme t. 
Horizontal veloclty of the shelf at tlme t + dt/2. 
HorIzontal veloclty of the shelf at tIme t + dt. 
Dlsplacement of the shelf between t and t + dt. 
Dlsplacement of the shelf between t and t + dt/2. 
Cumulative dlsplacement of ~he shelf at tlme t + dt. 
CumulatlJe dlsplacement of the shelf at tIme t + dt/2. 
Depth of the fluld above the shelf (= 1.0-hbo}:J. 
Loop counter. 
Number of tlme steps Involved ln the computatIon. 
Grld pOint correspondlng ta the lower end of the depth 
transItIon at tlme t + dt. 
Grld pOInt correspondlng to the lower end of the depth 
transItIon at tlme t + dt/2. 
Grld pOInt correspondlng to the hlgher end of the deptn 
transItIon at tlme t + dt. 
Grld pOInt correspondlng ta the hlgher end of the depth 
transItIon at tlme t + dt/2. 
Text flle used to store the results. 

Program lis tlng 

Progra. SHELF (lnput,output); 

uses crt,graph3; 

{ •• ** ••••• ***** ••• Experl.ental condl tl ons 

CONST 
n = 500; 

ni = 499; 
dx = 0.25; 
dt = 0.25; 

t.ax = 120; 
endtlotlon = 13.0; 

vstar = 0.2; 
slope = 0.577; 

)CSln = 1. 0; 
Inltp = 5.0; 
hbox = 0.33333; 

eu = 0.5; 
en = 0.5; 
eh = 0.5; 

TYPE 
vector = array [O •• n] of real; 
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VAR 
hl,h2,hlid,ethal,etha2,ul,u2 

dlagl,dlag2,dlag3,rhs 
dhdt,acc,slopel,slope2 

A,B,C,D,E,F 
t 

vell,vellld,ve12 
dlSp,dlSpl,totaldlsp,totaldlspl 

shelfd 
l,bottoa,bottoBl,top,topl,lter 

dlSk 

Procedure U_BC; 

begln 
u2[01:= 0.0; 
u2[nl:= 0.0; 

end; 

Procedure INITIAL_CONDITIONS; 

begln 
for 1:= 0 to n do 

begin 
ethaHll:= 0.0; 
u1[I):= 0.0; 

end; 

1 • -.- o to top do hl[il:= shelfdj 

vector j 
vedor; 
vedor; 
r eal ; 
real; 
real; 
r eal; 
real; 
Integer; 
tex t j 

for 
for 
for 

1: = 
1: = 

top+l to bottai do hl[il:= 1.0 - slope 4 (totaldlsp-l f dx); 
bottol+l to n do hl[il:= 1.0; 

end; 

Procedure MOVE_BEDj 

begln 
for 1:= 0 to top do h2[il:= shelfdj 
for 1:= top+l ta bottol do h2[il:= 1.0 - slope 4 (totaldlsp-l f dx); 
for 1:= bottOI+l ta n do h2[11:= 1.0; 

for 1:= 0 to topl do hlid[11:= shelfdj 
for 1:= topiti to bottolt do hlld[ll:= t.O - slope 4 (totaldlspl-l*dl.)j 
for 1:= bottOll+1 to n do h.ld[l]:= 1.0; 

end; 

begln 
vell:= vstar * sint O.5+pl - (0.5fendlotlon-(t-dt»4xsln/endlotlon t pl 1; 
vellld:= vstar 4 sln( O.5fpi - (0.5fendlotlon-(t-0.5fdt»4XSln/endlotlontpl lj 
ve12:= vstar 4 Sln( 0.5fpi - (0.5 f endlotl0n-t)fxsln/endlotl0n*pl )j 
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dlSpl:= O.S*(vell+vel.ld) * dt/2; 
totaldlSpl:= totaldlsp + dlSplj 
botto.l:= trunc(totaldlspl/dx); 
topl:= hunc( (totaldlspl-hbox/slope)/dx); 

dlSP:= 1/3*(vell+vel.ld+ve12) * dt; 
totaldlsp:= totaldlsp + dlSPi 
botto.:= trunc(tataldlsp/dx); 
top:= trunc«totaldlsp-hbax/slope)/dx); 

for 1:= Û to n do acc[ll:= (h2[il-2fhud[1l+hHll)/sqr(dtl; 

for 1:= 0 to n do 
begln 

end; 

If (hlCl] = shelfd) or (hUi] = 1.0) 
THEN slopel[l]:= 0.0 
ELSE slopel[l]:= slope; 

If (hUI] = shelfd) or (h2[1] = 1.0) 
THEN slope2[1]:= 0.0 
EL5E slope2[1]:= slope; 

dhdt[l):= (h2[1)-hl[i)/dt; 
end; 

Procedure STATIONARY_BED; 

begl n 
If (t-end.atl0n) <= dt then 

end; 

begln 
sound (100); 
delay(1000); 
NoSound; 
for 1:= 0 ta n do acc[il:= 0.0; 
for 1: = 0 to n do 

end; 

begln 
If (h2[1] = shelfd) or (h'zrl] = 1.0) 

THEN 
begl n 

slopel[l]:= 0.0; 
slope2[ll:= 0.0; 

end 
ELSE 

begl n 
slopel[l]:= slopej 
slope2[i]:= slope; 

end; 

dhdtCl):= 0.0; 
end; 
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Procedure CONTINUITY_PREDICTOR; 

begl n 
for 1:= 1 to nI do 

beg1 n 
etha2[iJ:= ethal[ll - dt*( ( O.S*(hl[1]+h2[1])+ethal[l] ) 

* (Ul[1+1]-ul[1-1]l/2/dx 

end; 
end; 

Procedure CONTINUITY_CORRECTOR; 

begln 
for 1:= 1 to nI do 

begln 

+ ul[il*( O.S*(slopel[1]+slope2[l]) 
+ (ethal[l+I]-ethal[1-1])/2/d~ 

+ dhdt[1] lj 

etha2[il:= ethal[11 - dt*C ( O.S*Chl[11+h2[1])+ethal[1] ) 
*0.2S*(u2[1+1]-u2[\-1]+ul[1+11-ull1-111/dx 

+0. S* (u 1 [1 ] +u2 [ 1 ] ) 
* ( 0.S.(slopel[1]+slope2[1]) 

end; 
endj 

Procedure ETHA_BC; 

begln 
etha2[Ol:= etha2[11; 
etha2[n]:= etha2[nl]; 

end; 

+ (ethal[I+1]-ethal[1-1])/2/dh 
+ dhdt[l] ) . , 

Procedure TRIDIA6(a,b,c:vector; var x:vector; rhs:vector; flrst,last:lntegerl; 

var 
.ul t real; 

1 1nteger; 

begln 
for 1:= flrst+l to last do 

begln 
ault:= a[1]/b[1-11j 
b[l]:= bel) - .ult * c[1-11; 
rhs[ll:= rhs[ll - ault • rhs[1-11j 

end; 
x(lastl:= rhs[last]/b[lastlj 
for 1:= last-l dOMnto flrst do X[l]:= ( rhs[l] - C[l]*X[1+11 ) / b[l); 

end; 
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begln 
for 1:= 1 ta nI do 

begln 
u2bl:;;: uUi]; 

A:= ( (l-eh)*sqr(hl[i) + eh*sqr(h2[1]) )/3/sqr(dx)/dtj 
B:= ( (l-eh)*hl[IJ*slopel[l] + eh*h2[1]fslope2[1] )/2/dx/dti' 
C:= (slope2[1] - slopel[I])/dt; 

D:= (l-eh)fhl[ll/2*(hl(ltlJ-2*hl[1]+hl(l-1])/sqr(dx) 
t ehth2[11/2*(h2[1+lJ-2fh2[l]+h2[1-1)/sqr(dx): 

E: = « h 2 [ 1 t 1 ] -2 th zr 1 ] +h 2 [ 1 -1 ] ) - (h 1 [ 1 + 1] -2* hl [1 J th 1( 1 -1 J ) ) /5 qr (d;; ) / dt; 

dlagl[lJ:= -eu f u2[lJ/2/dx - A + B + eu 1 h2(1]/2/dx * C 
- eU l h2[1]/2/sqr(dx)fdhdt[l)j 

dlag2[1]:= IJdt + 21A - l/dtfD - eufh2[1]/2*E 
+ eu f h2(11/sqr(dx)fdhdt(1]j 

dlag3[1]:= eU 1 u2[11/2/dx - A - B - eu f h2[1]/2/dx * C 
- eu 1 h2[lJ/2/sQr(dx)fdhdt(lJ; 

rhs(ll:= u1[I-1J flll-eu)ful[l)/21dx - A + B - Il-eu)fhl[lJi2/dg.-C 
+(1-eu)fhl[11/2/sqr(dx)*dhdt(1] ) 

+ Ul[l] fIl/dt + 21A - I/dtfD + (1-eu)fhl[l]/2IE 
-(l-eU)fhl[I]/sqr(dx)fdhdt[l] ) 

+u1[I-11] 1(-(I-eu)ful[Il/2/dx - A - B +(1-eu)lhHl1/2ldxIC 
+(1-eU)lhl[il/2/sqr(dx)*dhdt[l] ) 

- F 

end; 
TRIDIAG(dlagl,dlag2,dlag3,u2,rhs,1,nl)j 

end: 

Procedure MOMENTUM_Fx; 

begln 
for 1:= 1 ta nI do 

begln 
u2(tl:= u1[I]; 

1\.N.-

B·-.-
D·-. -
F·-. -

sqr(h2[11)/3/sqr(dx)/dtj 
h2(1]fslope2(11/2/dx/dt; 
h2[1]/2 1 (h2[l+11-2 f h2[l]+h2[1-11)/sqr(dx); 
«1-en)f(ethal[I+1]-ethal[l-1])+en*(etha2[1+1]-etha2[1-1]»/2/dxi 

dlagl[11:= -eu*u2[11/2/dx - A + Bj 
dlag2[1]:= l/dt + 21A - I/dt*Oj 
dlag3[1]:= eu*u2[11/2/dx - A - B; 
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rhS[l]:= Ul[1-11 §«1-eul§ul[11/2/dx - A + BI 
+ u![il §el/dt + 2*A - l/dt§DI 
+ Ul[1+11 *e-el-eul§ul[11/2/dx - A - BI 
- F; 

end; 
TRIDIAG(dlagl,dlag2,diag3,u2,rhs,l,nl); 

end; 

Procedure "OMENTUM; 

begln 
If t <= end.otlon THEN ~O"ENTUM_Fxt 

ELSE ~O"ENTUM_Fx; 

end; 

Procedure DRAWBED(v:vector; no_polnts:lntegerl; 

var xl,x2,yl,y2 
color 

real; 
Integer; 

begln 
HIRes; 
GraphWlndo~(50,40,5B9,1591; 

GoToXYe35,201;~rlteln(·t = ',t:6:31; 
{ for 1:= 0 to no_points do draM(round(1/no_polnts*540),90, 

round(i/no_polnts*5401,20,11;} 
for 1:= 0 ta no_polnts-l do 

end; 

begln 
xl:= lIno_points * 540; 
yl:= vell * 30; 
x2:= (1+1)/no_polnts § 540; 
y2:= V[I+11 * 30; 
draMlround (xlI ,60+round(yll ,round(x21 ,60+roundly21, 1); 

end; 

Procedure DRAWSURFACE(v:vectofj no_polnts:lntegerl; 

var xl,x2,yl,y2 : real; 

begln 
for 1:= 0 ta no_polnts-l do 

end; 

begln 
xl:= lIno_points * 540; 
yl:= vell * 300; 
x2:= el+l)/no_polnts * 540; 
y2:= vel+l] • 300; 
draM(roundex1) ,bO-roundCyll ,roundCx2) ,bO-round(y2), 1) ; 

end; 
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Procedure FCT(var vt:vector); 

const sigaa = 0.2; 

var 
vtd,delta,Oc 

01,slgn,aax,aln 
vector; 
real; 

begln 
delta[Ol:= 0.0; delta[n-l1:= 0.0; 
for 1:= 1 to n-l do 

vtd[l]:= vtrll + slgaa f (vt(1+11 - 2.0fvtCll + vtCi-l1); 
for 1:= 1 ta n-2 do 

delta[ll:= vtd[)+ll - vtd[l]; 
for 1:= 1 ta n-2 do 

begl n 
If delta(ll > 0.0 then slgn:= 1.0; 
If delta(l] = 0.0 then slgn:= 0.0; 
If delta[lJ ( 0.0 then slgn:=-1.0; 
01:= (vt[l+11 - vt[llI/B.Oj 
If slgn1delta[I-11 <= slgn f delta(l+lJ 

th en 81n:= slgnfdelta[l-l] 
else ~ln:= slgn f delta[I+11j 

If abs(Dl) <= aln 
th en 8In:= abs(Dllj 

If 0.0)= 81n 

then Max:= 0.0 
else eax:= IlIln; 

DC[l]:= slgnf.ax; 
end; 

for 1:= 2 to n-2 do 
vt[ll:= vtd[l] - (DC[l] - DC(1-1]); 

end; 

BEGIN {main} 
Clr5cr; 
t:= 0.0; 
Iter:= Oi 
shelfd:= 1.0 - ~box; 

totaldlsp:= lnltp + hbox/slope; 
totaldlspl:= totaldlsp; 
botto.:= trunc(tataldlsp/dxl; 
botto.I:= bat tom; 
top:= trunc(lnltp/dx); 
topl:= tOPi 

aSSI gn (dl sk, . B: RES72. DOC' 1; 
rewrlte(dlskl; 

U_BC; 
INITIAL_CONDITIONS; 

DRAWBEDlhl ,n); 
DRAWSURFACE(ethal,n); 
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, 
! 

Whl1e t ( t.ax do 

Begin 
lter:= lter + 1; 
t:= t + dt; 

lf t (= end.otlon THEM BED_IS_"0VING 
ElSE STATIONARY_BEDj 

CONTINUITY_PREDICTOR; 
ETHA_BC; 
110I1ENTUM; 
CONTINUITY_CORRECTOR; 
ETHA_BC; 
FCT<etha2) • 

DRAWBED(h2,n); 
DRAWSURFACE(etha2,n); 

1 f (1 ter lIod 2) = 0 THEN 
begln 

"rlteln(dlsk,lter dlv 2); 
wrlteln(dlsk,etha2(9]); 
wrlteln(dlsk,etha2[b3])j 
wrlteln(dlsk,etha2[116]); 
wrlteln(dlsk,etha2(157); 
wrlteln(dlsk,etha2[19Q); 
wrlteln(dlsk,etha2[240); 
wrlteln(dlsk,etha2[281]); 
wrlteln(dlsk,etha2[323]); 
wrlteln(dlsk); 

end. 

For 1:= 1 ta n1 do 
BegIn 

etha1[1]:= etha2[1]; 
u1[l]:= U2[1]; 

End; 

For 1:= 0 ta ni do h1[1]:= h2[1]; 

End; 
close(dlsk); 

END. 
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Program ROPLATE 

Purpose 0 f the program 

Modelllng of nonllnear. dlsperSlve, shallow-water waves generated ln a 
channel by the motlon of a rotatlng plate. 

Definition of the constants 

n Total number of spatlal grld pOlnts li = 0.1 .... n). 
n1 n - 1. 
dx 
dt 

t.ax 
endllotlon 

vertvel 
plvloc 

eu 
en 
eh 

Spatl ~l iOesh Sl:e (constant). 
Temporal mesh slze. 
Total duratlon of the SImulatIon. 
Tutal duratlon of the bed motIon. 
Constant vertlcal veloclty applled to the plate at : = u. 
~-coordlnate of the pOlnt around WhlCh the plate ratates, 
Impllcltness parameter for the depth-averaged velocltl, 
ImplIcltness parameter for the wave amplltude. 
Impllcltness parameter for the bed positIon. 

Definition of the global variables 

hl PosItIon of the bed at tlme t. 
h2 PosItlon of the bed at tlme t + dt. 

etha1 
etha2 

ul 
u2 

dlàg1. •• 
dlag3 

rhs 
dhdt 

slopel 
slope2 
A ••• F 

t 
1 

lter 
plvot 

dlSk 

Helght of the free surface dlsturbance at tlme t. 
Helght of the free surface dlsturbance at tIme t + dt. 
Deçth-averaged velocltv at tIme t. 
Depth-averaged veloclty at tlme t + dt. 

Dlagonais of the trldlagonal matrl~ system (sectIon 3.~,~I, 

R l 9 h t han d S Ide 0 f the trI dIa 9 0 n a 1 m a tr 1:: s y ste m (5 e c tJ 0 n :'.:::.:: l , 

Bed veloClty. 
Slope of the bed at time t. 
Slope of the bed at tlme t + dt. 
Grouplngs of varIables used ln the Impllclt SolutIon Dt tne 
momentum equatlon. 
TIme. 
Loop counter. 
Number of tlme steps lnvolved ln the computatIon, 
SpatIal grld pOInt correspondlng ta x = pI,loc. 
Text flle used ta store the results. 
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T 

! 

Program listing 

Progra. ROTATIN6_PLATE(lnput,outputlj 

uses crt,graph3; 

NAVE.DAT 232 ••••••••• 1 ••• 11 ••• : 

CONST 
n = 

nl = 
dx = 
dt = 

tmax = 
endmotlon = 

ver t vel = 
plvloc = 

eu = 
en = 
eh = 

TYPE 
vector = 

VAR 

Procedure U_BC; 

beg1n 
u2[01:= 0.0; 
u2[nl:= 0.0; 

end; 

600; 
599; 
0.25; 
0.25; 
125; 
8.0; 
O. 1 ; 
3.3333333; 
0.5; 
0.5; 
0.5; 

array [O •• n 1 of r ea 1 ; 

hl,h2,ethal,etha2,ul,u2 
slopel,slope2,dhdt 

dlagl,dlag2,dlag3,rhs 
t 

A,B,C,D,E,F 
l,lter,plvot 

dlSk 

Procedure INITIAL_CONDITIONS; 

begln 
for 1:= 0 to n do 

end; 

beg1n 
hH11:= 1.0; 
etha1[1]:= 0.0; 
UH1]:= 0.0; 

end; 
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Procedure RAISE_BED; 

begln 
for 1:= 0 to pIvot do 

h2[1l:= 1.0 - (plvloc - l*dx) • vertvelH 1 plvloC; 
for 1:= plvot+l ta n do 

hUl]:= 1.0; 

for 1:= 1 to n1 do 

end; 

begln 
slope1[l]:= (h1(I+1] - hUI-11) 1 (2.0*dx); 
s}ope2[1]:= (h2(1+1] - h2(1-1]) 1 (2.0*dx); 
dhdUIJ:= (h2(1] - hl11]) 1 dt; 

end; 

Procedure STATIONARY_BED; 

begln 
If (t-end.otlon) <= dt then 

end; 

begl n 
sound(100)j 
delay(1000) ; 
NoSound; 
for 1:= 0 ta n do 

begln 

end; 

slopel[l]:= slope2(1]j 
dhdUll:= 0.0; 

end; 

Procedure CONTINUITY_PREDICTORj 

begln 
for 1:= 1 to nI do 

etha2[1]:= ethal[l] - dt.( ( 0.S*(hl[1]+h2[1])+ethal[1] ) 

end; 

* 0.5+(ul[1+1]-ul[1-1])/dx 
+ ul[ll*( 0.5+(slopel[1]+slope2[1]) 

+ 0.5*(ethal[I+1]-ethal[l-1])/dx 
+ dhdtr 1] ) ; 
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real; 

begln 
If t <= end.otlon 

THEN 
beg 1 n 

ter.1:= h2[Ol • (u1[11-ul[Ol)/dx 
* (h2[11-h2[Ol-hl[11+hl[O])/dx/dt; 

ter.2:= h2[01/2 * (h2[Ol-hl(O)/dt 
* (ul[21-2*ul[11+ul[O])/sqr(dx); 

etha2[Ol:= etha2[1) - dx • (ter.l+term2); 
end 

ELSE 
etha2[0):= etha2[ll; 

etha2(nl:= etha2[nll; 
end; 

Procedure CONTINUITv_cnp~ECTOR; 

begln 
for 1:= 1 ta nI do 

etha2[il:= eth~l[l] - dt+( ( 0.5*(hl[lJ+h2[11)~ethal[l] ) 

end; 

var 
ter.l,ter.2 

begln 

real; 

If t <= endmotlon 
THEN 

begln 

*0.25. (u2 [1 + 1 1 -u 2 [ 1 -1 ] +u 1 [ 1 .. 1 ] - u 1 [ 1 - 1 J ) / d:: 
+O.5*(ul[l)+u2[1]) 

+ ( O.5 f (slopel[l]+s}ope2[1]) 
+ O.5f(ethal[l+!1-ethal[1-1])/dx 

+ dhdH Il ) . , 

ter.!:= h2[Ol * (u2[!1-u2[Ol)/dx 

end 
ELSE 

* (h2[1)-h2[Ol-hl[1)+hl[O])/dx/dt; 
term2:= h2[O]/2 * (h2[O]-hl[O)/dt 

• (u2[2]-2 f u2[11+u2[O])/sqr(dx)j 
etha2[O):= etha2[11 - dx • (ter.l+ter.2); 

etha2[Ol:= etha2[1); 
etha2[n):= etha2[nl); 

end; 

C-31 



Procedure TRIDIA6(a,b,c:vector; var x:vettor; rhs:vector; first,last:lnteger)j 

var 
.ult 

begl n 

rea 1 ; 
Integer; 

for 1:= fIrst+l ta last do 
begl n 

ault::::: arll/b[I-11j 
brl)::::: brll - .ult • dl-Il; 
rhs(ll:= rhs[l] - ault • rhs[I-1]; 

end; 
x[lastJ:= rhs[lastJ/b[lastJ; 
for 1:= last-l downto flrst do xCl]:= ( rhs[l] - dIl*x[l+1] ) / b[IJ; 

end; 

Procedure tlOI1ENTUtlJxt; 

beg 1 n 
for 1::::: 1 ta nI do 

begl n 
u2rIJ:= u1[I]; 

A:= ( (l-eh)*sqr(hHi]) + eh*sqr(h2[}]) )/3/sqr(dx)/dt; 
B:= ( (l-eh)*hl[llfslopel[l] + eh*h2[11*slope2[1] )/2/dx/dtj 
C:= (s!ope2(l] - slope1[l])/dtj 

0:= (1-eh)fnlClll2f(hHl+1J-2*hUil+hHl-l])/sqr(dx) 
+ eh*h2[lJ/2*<h2(l+1]-2*h2(1)+h2ri-l])/sqrldx)j 

E: = « h 2 [1 + 1 J - 2*h 2 [1 J +h 2 [ 1 -1 ] ) - (h 1 [ 1 + 1] - 2 *h 1[ 1 1 +h 1 [t-1 ] ) ) /5 qr ( d x ) 1 dt; 

F: = « 1 - en) f (e th a 1[ 1 + 1 1 -et h al [ 1 -1 ] ) +enf ( eth a2 [ 1 + 1 ] -et ha 2 [ 1 -1 ] ) ) 121 d >: : 

dlagl[11:= -eu*u2[1]/2/dx - A + B + eu*h2[11/2/dx * C 
- eu*h2[1]/2/sqr(dx)*dhdt[I); 

dlag2[l]:= lIdt + 2*A - lIdtl-D - eu*h2rll/2*E 
+ eu*h2[11/sqr(dx)*dhdt[l]j 

dlag3[11:= eu.u2[11/2/dx - A - B - eulh2[11/2/dx • C 
- eu*h2[11 / 2/sqr(dx)fdhdt[l]j 

rhS[ll:= U1[1-13 f«(1-eu)*ul[11/2/dx - A + B - (l-eu)*h1[1)/2idx*C 
+(1-eu)*hl[lJ/2/sqr(dx)*dhdt[1] ) 

+ U1[l] Ill/dt + 2.A - l/dt.D + (l-euHh1[11/2*E 
-(l-eu)*hl[l]/sqr(dx)*dhdt[ll ) 

+Ul[I+13 f(-(1-eu)fu1(1]/2/dx - A - B +(1-eu)*hl(11/2/dx*C 
+(1-eu).hl[1]/2/sqr(dx)*dhdt[1] ) 

- Fj 
end; 

TRIDIAS(dlagl,dlag2,dlag3,u2,rhs,1,nl); 
end; 
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begln 
for 1:= 1 to ni do 

begln 
u2C1]:= u1[l); 

A:= 
B:= 
D:= 
F·-. -

sqr(h2C1) / (3*sqr(dx)l·dt)j 
slope2[1)*h2[i] / (4*dx*dt); 
h2[ll12*(h2[1+1]-2*h2[1 1+h2h-l 1) /sqr (dx) j 
«1-en)f(ethal[i+l1-ethal[l-11)+enf(etha2[l+I]-etha2[1-1]) )/~ldx; 

diagl[l]:= -eu*u2[ll/2/dx - A + Bj 
dlag2[1]:= lIdt + 2*A - lIdtlD; 
dlag3[i]:= eu*u2[1~/2/dx - A - B; 

rhS[l]:= ul[l-11 *«1-eu)*ul[t]/2/dx - A + BI 
+ ul[1] f(l/dt + 2*A - l/dt*D) 
+ ulCl+l1 *(-(1-eu)*dhl/21dx - A - BI 
- F: 

end; 
TRIDIA6(d1agl,dlag2,diag3,u2,rhs,1,nl); 

end; 

Procedure MOHENTUN; 

begln 
1f t <= end.otlon tnen HOHENTUH_Fxt 

else HOHENTUH_Fx; 
end; 

Procedure DRAWBED(v:vector)j 

var xl,x2,yl,y2 : real; 

begln 
H1Res; 
GraphW1ndoM(50,40,5B9,159); 
GoToXY(35,20);Mrlteln('t = ',t:5:3)j 
for 1:= 0 ta ni do 

end; 

begln 
xl:= (1-1)/(n1) * 540; 
yl:= vell * 30; 
x2:= lI(nl> * 540; 
y2:= V[1+1J .. 30; 
draM(round(x1) ,bO+round(yll ,round(x2) ,60+round(y2) ,1); 

end; 
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Procedure DRAWSURFACE(v: vector); 

var xI,x2,yl,y2 : real; 

beg 1 n 
for 1:= 0 to nI do 

begl n 
xl:= (1-1)/(n1) • 540; 
yi: = v [1 1 f 300; 
lC2:= l/ln1) * 540; 
y2:= v[1+1J • 300; 
dr aw (roun d (x 1) , bO-round (y 1) ,round (x 2) ,bO-roun d (y2) ,1 ) ; 

end; 
end; 

Procedure FCTlvar vt:vectorl; 

const slglDa = 0.2; . 

var / 

vtd,delta,Dc 
Dl,slgn,aax,lIIln 

vector; 
rea 1; 

begl n 
delta[OJ:= 0.0; delta[n-lJ:= 0.0; 
for 1:= 1 te n-1 do 

vtd[l]:= VUl] + slgaa f (vUi+ll - 2.0*vt[il + vt[l-lJ>j 
for 1:= 1 to n-2 do 

delta[l]:= vtd[1+11 - vtd[ll; 
for 1:= 1 ta n-2 do 

begln 

If deI taU] ) 0.0 theo 51 go:= 1. 0; 
If delta(l] = 0.0 then 51gn:= 0.0; 
If delta(l] < 0.0 then 51gn:=-1.0; 
01:= IVt[I+1J - vHlll/B.O; 
If slgn f delta[l-lJ <= 5lgnfdelta[1+lJ 

then a1n:= slgn*deIta[l-lJ 
else Illn:= slgn*delta[l+lJ; 

If abslDll <= IIln 

If 0.0 )= aln 
then aln:= abslDll; 

then aax:= 0.0 
else lIax:= fllln; 

Dc(i]:= signfaax; 
end; 

for 1:= 2 ta n-2 do 

end; 
Vt[l]:= vtd[lJ - (Ddil - Dc[i-1J)j 
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----------------------------

BEGIN <.aln} 
t:= 0.0; 
Iter:= 0; 
pIvot:= trunc(plvloc/dX>; 

assign(disk, 'B:RES232.DOC'); 
reWrtte(dlsk); 

U BC' - , 
INITIAL_CONDITIONS; 

DRAWBED(hl) ; 
ORAWSURFACE(ethal); 

Wh Ile t < tmax do 
Begl n 

Iter:= Iter + 1; 
t:=t+dt; 

If t <= end.obon then RAISE_BED 
else STATIDNARY BEO; 

CONTINUITY_PREOICTOR; 
ETHA_BC_PRED; 
HOMENTUI1; 
CONTINUITY_CORRECTORj 
ETHA_BC_CORR j 
FCT(etha2): 

DRAWBED(h2) ; 
DRAWSURFACE(etha2)j 

If h ter lIod 2) = 0 THEN 
begln 

wnteln(dlsk,lter dIV 2); 
wrlteln(dlsk,etha2[62])j 
wnteln(dlsk,etha2[124]) ; 
wn teln (dlSk ,etha2[ 186]); 
wrlteln(dlsk,et.ha2:248]) ; 
"nteln(dlsk,etha2[310J) ; 
\IInteln(dlsk,etha2[372]) j 
wnteln(dlsk,etha2[434]); 
l'Ir 1 tel n (d 15 k ,eth a 2 [ 496]) ; 
"nteln(dlsk); 

end; 

For 1:= 0 to n do 
BegIn 

ethaHil:= ethaUiJ; 
u 1 [ 1 ] : = u2 [ 1 ] ; 

End; 

for 1:= 0 to n do hUl]:= h2[1]; 

End; 
close(disk) ; 

END. 

C-35 



Program WEDGE 

Purpose of the program 

Modelling of nonllnear, dIspersive, shallow-water waves generated ln 
a channel by a mOVlog Incllned wall (movlng wegde). 

Definition of the constants 

n 
dx 
dt 

totald 
tllax 

vstar 
slope 
1 astT 
lastX 

Total number of spatlal grld pOints (1 = 0.1 .... n). 
InItIal spatIal mesh sl:e at t = O. 
Temporal mesh Sl:e. 
Total length of the channel. 
Total duratlon of the slffiulatlon. 
Amolltude of the slnusoldal wall veloclty. 
Constant slope of the movlng wedge. 
Tlme at WhlCh the motIon of the wedge stops. 
Fln al;: - cao r d 1 na te 0 f the mo vIn 9 wall. 

Silooth Parameter controlling the lenght of the smoothect tr:tnsltliF, 
between the Incllned wall and the channel bottolTl. 

g1, ... ,g8 LocatIon of the elght gauges measurlng wave amplItude. 

Definition of the global variables 

ethal Helght of the f r ee surface above ItS undl sturbed level ê<t 
tl me t. 

elha2 Helght of the f ree surface above ItS und 1 stllrbed level at 
tI me t + dt. 

ul Depth-averaged velocltv at tlme t. 
u2 Depth-averaged velocltv at t lffi e t + dt. 
hl POSI tIon of the bed at tlffie t. 

h.ld Posltlon of the bed at tl me t + dt/2. 
h2 PosItIon of the bed at bme t + dt. 
xl PosItion of the spatIal gr l ct po.nts at tl me t. 

XIII d Pos!tlon of the spatlal grld pOInts at tl me t + dU::: . 
x2 POSItron Dt the spatIal 911 d pOints at tl me t + dt. 

dhdx 1 SJope of the bed a t tue t. 
dhdxud 510pe of the bed at tlme t + dtl~ . 

dhdx2 510pe of the bed at tue t + dt. 
t Tl me. 

vel Horl:ontal veloclty of the bed. 
totaldlSp HOfl:ontal dlsplacE'ment of the bed 

l Loop counter. 
der Number of li me steps Involved 1 n the computaLon. 
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r , 

gauge1. •• 
gauge8 

dlSk 
Grld pOInts correspondlng to the gauges locatIon. 
Te~t flle used ta store the results. 

Program listing 

Progra. WEDGE (lnput,outputlj 

uses crt,graph3j 

CONSl 
n = 500; 

dx = 0.25; 
dt = 0.25; 

totald = 125; 
tAlax = 125.0; 

vstar = 0.2; 
slope = 0.268; 
l astT = 13.116j 
lastX = 1. 67 j 

sllooth = 0.25; { 2f s.ooth/slope = lenght of s.oothed transltlon 
9 1 = 6.73; 
g2 = 17. 13; 
g3 = 27.43j 
g4 = 37.73; 
g5 = 48. 13; 
g6 = 58.43; 
g7 = 68.73; 
g8 = 79.13 j 

TYPE 

VAR 

vector = array [O •• n] of realj 

ethal,etha2,ul,u2,hl,h2 
x 1, x 2 

dhdx l ,dhdx 2 
hmld,xlIld,dhdxald 

t,vel,totaldlsp 
l,lter 

gaugel,gauge2,gauge3,gauge4 
gauge5,gaugeb,gauge7,gaugeB 

dlSk 

vector; 
vectorj 
vectorj 
vectorj 
real; 
Integer; 
Integerj 
Integer; 
text; 
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Funct10n p(s:real):real; {1nterpolat1ng polynoalal } 

begln 
p: = 1/32 + (SfSfsf5*5+5 - 5*5+5+5+5 + 15f sqr (s) - 16+5 + 5); 

end; 

Procedure FIND_DEPTH (t:real; x:vector; var h:vector; var dhdx:vector); 

var 
wedgebottoa,beglnsmooth,ends.ooth 

beg!n 
If t <= lastT 

THEN 

real; 

bey 1 n 
totaldlsp:= vstarflastT/pl + ( 1 - cos (plft/la5tTl ). 
vel:= vstar * Sln(plft/lastT); 

end 
ELSE 

begln 
totaldlsp:= 2f vstar f lastT/pl; 
vel:= 0.0; 

end; 

wedgebotto.:= l/slope + totaldlsp; 
beglnsaooth:= wedgebottoa - saooth/slope; 
endsaooth:= wedgebottoa + s.ooth/slope; 

for 1::: 0 to n do 
begl P 

end; 

If X(l] <:: beglnsaooth 
THEN 

h[l]:= 1 - (Medgebottoa-x[l])*slope 
ELSE 

If X[l] ):: endsmooth 
THEN 

h[l]::: 1.0 
ELSE 

h[I]:= 1 - s.ooth f p«x[ll-Nedgebottoœ)fslope/5moothl, 

for 1:= 1 to n-1 do dhdx[ll:= (h[1+1]-h[I-1])/(X[I+1]-x[1-1]); 
end; 

Procedure INITIAL_CONDITIONS; 

begln 
for 1:= 0 ta n do xHll:= Ifdx; 
for 1:= 0 ta n do ethal[I]:= 0.0; 
for 1:= 0 ta n do ultll:= 0.0; 
FIND_DEPTH(O,xl,hl,dhdxl); 

end; 

C-38 



Procedure APPROX_INTERFACES: 

begln 
for 1:= 0 ta n do 

begln 

end; 

x.1d[l]:= xl[1l + dt/2 t ul[1]; 
X2[1]:= xHll + dt t ulhl: 

end: 

Procedure CONTINUITY_PREDICTOR; 

begln 
for 1:= 1 ta n-l do 

begl n 
etha2[1]:= ethal[1] - (h2[1]-hl[l]) 

- dt t (ethaHll+hHl]) 
t (u 1 h + 1] -u 1 [ 1 -1 ] ) / (x 1[ 1 +1 ] - x 1 [ 1 - 1 ] ) : 

end; 
end; 

Procedure CONTINUITY_CORRECTOR; 

begln 
for 1:= 1 ta n-1 do 

begln 
etha2[1l:= etha1[ll - (hUll-hUI]) 

end; 
end; 

Procedure FS_BC; 

begln 
etha2[O]:= - h2[0]; 
etha2[n]:= etha2[n-l1; 

end; 

begln 
u2[O]:= ul[O]; 
u2[n]:= 0; 

end; 

- dt t 0.Sf(etha1[l]+etha2[l]+hl[l]+h2[1]) 
t 0.5 t( (u1[1+1]-ulh-1])/(Xl[l+1]-X1[1-!]) 

+( u 2 [ 1 + 1 ] -u 2 Cl -1 ] ) / (x 2[ 1 + 1 ] -x 2 [ 1 -1 ] ) ) ; 
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Procedure TRIDIA6(a,b,c:vector; var x:vector; rhs:vector; first,last:lnteger)j 

var 
.ult 

begln 

real; 
Integer; 

for 1:= fIrst+l to last do 
begln 

.ult:= a[lllb(l-IJ; 
b[l]:= b[ll - .ult ~ c(1-1]; 
rhs[ll:-= rhs[Il - .ult f rhs[l-l]; 

end; 
x(lastJ:= rhs(!ast]/b[last]; 
for 1:= last-l dONnto fust do x[}]:= ( rhs[ll - c[l]fxri+ll ) 1 bh]: 

end; 

Procedure "OHENTUM; 

var 
d1agl,diag2,dlag3,rhs 

dXl,dx2,dxlsq,dx2sq 
A,B,C,D 

vector; 
real; 
real; 

begln 
for 1:= 1 to n-l do 

beg 1 n 
dxl:= Xl[1+1]-xl[I-1]; 
dx2:= X2(1+1]-x2[1-1]; 
dxlsq:= O.Sf(sqr(xl(1+1]-xl[i])+sqr(xl[1]-xl[1-1]) j 
dx2sq:= O,Sf(sqr(x2[1+1]-x2[i])+sqr(x2[1]-x2[1-1]); 

n·-· -
S·-· -
C·-· -
D·-.-

1I6~ (sqr (h 1 Cl]) +sqr (hUI J) l; 
O.5*(hUl J~dhdx1[l ]+h2[1 ]~dhdx2[1 ]); 
O.Sf(dhdx2[1]-dhdxl[1])j 
0.25* (h2[ 1 ]-hl [1] l ; 

dlagl[}]:= -A/dx2sQ + B/dx2 + C/dx2lh2C1] - D/dx2sqlh2[1]; 
d1ag2(1]:= 1 + 2 f A/dx2sq + 2*D/dx2sqlh2[1]j 
dlag3[1]:= -A/dx2sQ - B/dx2 - C/dx2Ih2[1] - D/dx2sqlh2[1]; 

1 f 1 = 1 THEN 
rhs[IJ:= - dtfO.5 

I( (etha2[l+1l-etha2[I-lll/(x2h+1l-x2h-lll 
+ (et h al [1 + 1 ] -et ha l[ i -1 ] l 1 ( x 1 [1 + 1] -x 1 [1-1 ] ) 

+u1(I-1]* -A/dxlsq + B/dxl - C/dxl*hHl] + D/dxlsQ*h1[l]) 
+UUl] f (1 + 2 f A/ddsQ - 2fD/dxlsQfhUll 
+u1[I+11* ( -A/ddsq - B/dxl + C/dxl*hH1] + D/dxlsq*hHl]) 

+ O.25*(hl[l]th2[1])f(dhdx2[1]-2fdhdx.ld[I]+dhdxl[1])/dt 
_ dlag1(l]fu2[O] 
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ELSE 
rhs[1]:= - dt*O.5 

*( (etha2[1+1]-etha2[1-1])/(x2[1+1]-x2[1-1]) 
+ (et h al [ 1 + 1 ] -et ha 1[ 1 -1 ] ) 1 (x U 1 + 1 ] -x 1 [ 1 -1 ] ) 

+ut[I-1]* ( -Aidxlsq + Bidxl - C/dx1fhU1] + D/dxlsq*hll\]) 
+U1[1] * (1 + 21-A/dxlsq - 21-0/dxlsq*hH\] 
+ut[1+1H ( -A/dxlsq - B/dxl + C/dx1fhl[l] + D/dxlsql-hH\J) 

+ O.25f(hl[1]+h2[1])*(dhdx2[1]-2*dhdx.1d[1]+dhdxl[\])/dt; 
end; 

TRIDIAG(diagl,d1ag2,dlag3,u2,rhs,l,n-1); 
end: 

beg1n 
u2[0]:= u2[1] - (x2[1]-x2[O])/(x2[2]-x2[1]) * (u2[2] - u2[1])j 
u2[n]:= 0.0; 

end; 

Procedure INTERFACES; 

beg1n 
x2[0]:= x 1[0] + 0.5*dt*(ul[Ol+u2[0]); 
for 1: = 1 to n do 

beg 1 n 
x2[1l:= x 1[ 1 ] + O.5*dt*(ulti ]+U2[1]); 

If (X2[l-1J(=gl) and (X2[1])g1> 
then If (gl-x2[1-1]) (= (x2[1]-gll then gaugel:= 1 -1 

else gaugel:= 1 ; 

If (x2[I-1](=g2) and (X2[1])g2) 
then If (g2-x2[1-1]) <= (x2f1 ]-g2) th en gauge2:= 1 -1 

else gauge2: = 1 ; 
if (X2[1-1](=g3) and (x2[1])g3) 

then If (g3-x2b-l]) <= (X2[1 ]-g3) th en gauge3:= 1 -1 
else gauge3:= 1 ; 

if (x2[I-1](=g4) and (X2[1])g4) 
then If (g4-x2[1-1]) (= (x2[1l-g4) then gauge4:= 1 -1 

else gauge4: = 1 ; 

1 f (x2[I-1](=g5) and (X2[1] )g5) 
then 1 f (g5-x2(1-1]) <= (x2[1l-g5) then gauge5: = 1 -1 

else gauge5:= 1j 

if (x2[1-1](=g6) and (X2[1])g6) 
then If (g6-x2[1-1]) <= (X2[1]-g6) then gauge6:= 1 -1 

el se gauge6:= 1 • , 
if (x2[1-1](=g7l and (x2f1] >g7l 

then If (g7-x2[1-1]) <= (x2[1l-g7) then gauge7:= 1 -1 
else gauge7:= 1 j 

1 f (x2[ 1-1 ](=g8) and (X2[1])g8) 

then If (g8-x2[1-1]) (= (x2[] ]-g8) then gauge8:= ] -1 
else gauge8:= 1 ; 

end; 
end; 
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Procedure DRAWBED; 

var xt,x2,yl,y2 : real; 

begl n 
HIRes; 
GraphWlndow(50,20,5B9,159); 
Go T 0 XV (8,23) ; 
wnteln('TIHE = ',t:5:2,' wedge VELOCITY = 
vel:5:3,' slope = ',slope:b:3)j 

xl:= totaldlsp/(I/slope+totaldl f 540j 
draw (0, 10,round (x 1),10,1); 
x2:= (totaldlsp+2/slope)/(totald+l/slope)f540j 
draw (round (x 1), 10,round (x2) ,130,1); 
dr aw (r ound (x 2) ,130 , 540 , 130,1) ; 

end; 

Procedure DRAWSURFACE(x,v:vector); 

const pred_amp = 0.2; 

var xl , yl : real; 

begln 
for 1:= 0 ta n do 

begln 
xl:= (x[ll+l/slope)/(totald+1/s1ope) f 540; 
yl:= vell * 60; 
plottround(xl) ,70-round(yl) ,1}; 

end; 
end; 

Procedure FCT(var vt:vectorlj 

const SIgma = 0.2; 

var 
vtd,delta,Dc 

D1,slgn,.ax,.ln 
vector j 
real j 

begln 
vtd[Ol:= vt[Olj vtd[n]:=: vUn]; 
for 1:= 1 to n-l do 

vtd[ll:= vt[l) + 5lg.a f (vt[1+1) - 2.0fvt[il + vt[1-11}; 
for 1:= 1 ta n do 

delta[l):= vtd[l] - vtd[I-1]; 
for 1:= 2 te 0-1 do 

begln 
If delta[l] > 0.0 then 51gn:= 0; 
If delta[l] = 0.0 the" 51gn:= 0.0; 
If delta[l] < 0.0 then slgn:=-1.0; 
Dl:= (vt[l) - vt[l-l])/B.O; 
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if 51gn+delta[i-l1 <= 51gn*delta[l+1J 
then .ln:= slgn*delta[1-11 
else 1I1n:= SIg n *d e 1 ta [ 1 + J J ; 

lf at .. ;/t;,) <= .ln 
then .ln:= abs(Dl)j 

lf 0.0 }= 1111 n 
then .ax:= 0.0 
else .ax:= flln; 

Dc[i]:= slgn*.aXj 
end; 

for i:= 2 ta n-2 do 
VUl]:= vtd[i] - (Dc[1+11 - Odlll; 

end; 

BEGIN {lDaln} 
ClrScr; 
t:= 0.0; 
Iter:= 0; 

asslgn(disk, 'B:RES39.DOC'); 
re"'rl te (dl sk); 

INITIAL_CONDITIONS; 

DRAWBED; 
DRAWSURFACE(xl,ethall; 

Whlle t < t~ax do 
begln 

t:= t + dt; 
Iter:= Iter + 1; 

APPROX_INTERFACES; 
FIND_DEPTH(t,x2,h2,dhdx21; 
FIND_DEPTH(t-dt/2,xald,h.ld,dhdx.ldlj 

CONTINUITY_PREDICTORj 
FS_BC; 
U_BC_PRED; 
1'10l'1ENTUMj 
U_BC_CORRj 
INTERFACES; 
FIND_DEPTH(t,x2,h2,dhdx21; 
CONTINUITY_CORRECTOR; 
FS_BCj 
FeT (etha21; 

DRAWBEDj 
DRAWSURFACE(x2,etha21; 
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1 f (1 ter .od 2) = 0 THEN 
beg 1 n 

~rlteln(dlsk,lter dIv 2); 
~rlteln(dlsk,etha2[gaugel]) ; 
wrlteln(dlsk,etha2[gauge2) ; 
""ltelnidlsk,etha2[gauge3]) ; 
~rlteln(dlsk,etha2(gauge4]) ; 
~r!teln(dlsk,etha2[gauge5]) ; 
wrlteln(dlsk,etha2(gaugeb]}; 
... rlteln(dlsk,etha2[gauge7J) ; 
wrltelnldlsk,etha2(gauge8]) ; 
l'Irlteln (dlsk); 

end; 

for 1:= 0 ta n do 
begln 

ethal[l]:~ etha2[1]; 
hUI]::: h2CI]; 
x1Cll::: x2Cll; 
dhdxl(l]:~ dhdx2[1]; 
uHll:= u2[1]; 

end; 
end; 

closeldlsk}; 
END. 
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Figure D.l: Wave generated by a moving wall. Maximum horizontal velocity of the wall v. = 
0.4; total displacement d = 2.5; duration of the motion t f = 9.82. Nole: The tlme coo1'llmate 
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Figure D.2a: Wave generated by a submerged wedge. Slope m = O.268;maximurn 
horizontal velocity of the wedge v· = 0.2; total displacement d = 1.67; duration of 
the bed motion t f = 13.12. 

D-3 



7) .04 x ::: 45 

x = 25.25 

x = 35.5 

x = 46.0 

x = 56.25 

x = 66.5 

x = 77.0 

0,0 1,25 

Figure D.2b: Wave generated by a submerged wedge. Results obtained without the 
use of the FCT algorithm. 

D-4 



7] 

.08~---r----.----.-----r----~---.-----r----r----r--~ 

.04 x = 45 

.OO~~--~~----------------------------------------~ 

x = 150 

x = 25.25 

x :: 355 

x = 46.0 

x ... 56.25 

x = 665 

x = 77 0 

0.0 0,50 0,75 1,00 1.25 

Figure D.2c: Wave generated by a submerged wedge. Computations based on t1)(! 
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Figure D.2e: Wave generated by a submerged wedge. Slope m = O.268;maxIlIlum 
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Figure D.2f: 'Nave generated by a submerged wedge. Slope m = O.577;maximum 
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Figure D.3a: Wave generated by a rotating plate. Length of the plate 1 = 5;vertical pull velocity 
V = 0.1 at x = 0; duration of the bed motion t J = 5.0; final slope nlmax = 0.1. 
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