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Abstract The response of a parametrically excited
cantilever beam (PECB) with a tip mass is investigated
in this paper. The paper is mainly focused on accurate
prediction of the response of the system, in particular,
its hardening and softening characteristics when linear
damping is considered. First, the method of varying
amplitudes (MVA) and the method of multiple scales
(MMS) are employed. It is shown that both Duffing
nonlinearity and nonlinear inertia terms govern the
hardening or softening behaviour of a PECB. MVA
results show that for frequencies around the principal
parametric resonance, the term containing a linear
combination of nonlinear inertia and Duffing nonlin-
earity in the frequency response equation can tend to
zero, resulting in an exponential growth of the
vibrations, and results are validated by numerical
results obtained from direct integration (DI) of the
equation of motion, while the MMS fails to predict this
critical frequency. A criterion for determining the
hardening and softening characteristics of PECBs is
developed and presented using the MV A. To verify the
results, experimental measurements for a PECB with a
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tip mass are presented, showing good agreement with
analytical and numerical results. Furthermore, it is
demonstrated that the mass added at the cantilever tip
can change the system characteristics, enhancing the
softening behaviour of the PECB. It is shown that,
within the frequency range considered, increasing the
value of the tip mass decreases the amplitude response
of the system and broadens the frequency range in
which a stable response can exist.

Keywords Parametrically excited - Cantilever
beam - Nonlinear inertia - Duffing nonlinearity -
Method of multiple scales - Method of varying
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1 Introduction

Dynamic systems are generally subjected to various
types of excitation. A frequently encountered excitation
is direct excitation, also called forced excitation.
Vibration amplitudes of a system under direct excitation
depend on the system parameters, particularly damping
and excitation amplitude. In directly excited systems,
large responses can be achieved in the presence of strong
nonlinearities or when the excitation frequency is close
to one of the natural frequencies of the system, where
these large vibration amplitudes can be bounded by
damping or nonlinearity itself. On the other hand,
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parametrically excited systems, where the excitation
appears as time-varying coefficients in the equation of
motion, are subjected to large vibration amplitudes
when the excitation frequency is close to 2w /n, where
@y is the undamped natural frequency of the system
and n is a positive integer representing the order of the
parametric resonance, e.g., the first-order parametric
resonance, called the principal parametric resonance,
is achieved when n = 1.

Interaction between the parametric excitation and
properties of the system, such as its natural frequencies,
plays a crucial role in determining the stability of
structural systems. A small excitation amplitude might
lead to a significant response when the system is excited
in a frequency range close to the principal parametric
resonance. As a result, the resulting large vibrations
amplitude can damage components of the system,
leading to severe dynamic instability and potential
system failure. Cable-stayed bridges are generally
subjected to parametric excitation caused by wind,
traffic and earthquakes [1]. Strong coupling between the
parametric excitation and the vibration of the bridge can
lead to catastrophic effects if not taken into account
[2-5]. The roll motion of a ship may, in some situations,
reach dangerously large amplitudes. The highest possi-
ble amplitudes occur when wave height exceeds a given
threshold and the excitation frequency from the waves is
close to twice the natural frequency of the ship. This
rapid change of vibrational amplitude is called para-
metric roll and can endanger safe operation and even
capsize the ship [6]. On the other hand, it has been
pointed out that parametric vibration of risers in realistic
sea conditions is a stochastic process. When an offshore
platform is subjected to waves, it will heave with the
rhythm of the wave motion; as a result, the tension of the
top displacement of the riser fluctuates with the rhythm
of the platform motion. Therefore, under the action of
wave load, the stochastic heave motion of the platform
can be excited, along with the vibration of the riser
experiencing time-varying axial tension, which will
cause a significant effect on the fatigue damage and
lifetime of the riser [7]. Also, interaction between the
internal moving components of rotating machines such
as gears, shafts and rolling element bearings is consid-
ered as the primary source of excitation in these systems
[8].

Parametric excitation has been exploited exten-
sively in various applications, including vibration
energy harvesting, response amplification, vibration
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suppression and signal sensing. Vibration energy
harvesters convert the mechanical energy of ambient
vibration into usable electrical power. When imple-
mented correctly, vibration energy harvesting has
proved to provide a sustainable and efficient energy
supply for the daily use of electronic devices [9]. The
most common mechanical to electrical transduction
mechanisms in vibration energy harvesting are elec-
tromagnetic [10], electrostatic [11], piezoelectric and
magnetostrictive [12]. Exploiting parametric excita-
tion for response amplification can be achieved by
adding the parametric excitation to a directly excited
system, called parametric amplification [13]. It has
been pointed out that interaction between the para-
metric excitation and the direct harmonic excitation
can increase the vibrational amplitude of the system
several times compared to the case when the system is
only under pure direct excitation [14]. Parametric
excitation has also proved to be an effective approach
for vibration suppression. The mechanism of para-
metric vibration suppression is mainly based on
reducing the vibrational amplitudes of the main
(hosting) system. The most common structure
exploited as parametric vibration suppression is the
pendulum [15]. On the other hand, the large vibra-
tional amplitudes achieved at principal parametric
resonance have been extensively exploited in sensing
applications [16]. The principal parametric resonance
is triggered at twice the system’s natural frequency if
the magnitude of the parametric excitation is large
enough to overcome energy dissipation in the system.
The vibrations are eventually damped due to nonlin-
earities in the system.

Parametrically excited cantilever beams (PECBs)
have been studied extensively in various applications
to investigate the dynamic behaviour of parametrically
excited systems [17-23]. Two different aspects of
these systems have been of interest to researchers:
avoiding or controlling the unwanted effects due to
parametric excitation and exploiting parametric exci-
tation, particularly parametric resonance, in these
systems to increase their performance. In order to
investigate any of these two aspects of PECB systems,
understanding their dynamic behaviour is of crucial
significance. The best way to achieve this goal is to
obtain an accurate analytical solution of the equation
of motion of these systems. This will provide useful
insight into the behaviour of these systems, enabling
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optimizing system parameters to achieve optimal
performance. This is one aim of this paper.

Perturbation methods such as the Method of
Multiple Scales (MMS) [24-29] and averaging meth-
ods [30, 31] have been widely applied to the inves-
tigation of the dynamic behaviour of parametrically
excited systems. It has been shown that these methods
can be useful techniques for predicting the response of
such systems, in particular in a frequency range close
to the principal parametric resonance [32]. It has been
pointed out that the conventional MMS can predict the
response accurately only when the essential assump-
tions such as the system parameters being small, weak
excitations and narrow frequency ranges around the
principal  parametric resonance are satisfied
[18, 32-39].

The Method of Varying Amplitudes (MVA) has
been seen to be able to accurately predict the dynamic
behaviour of parametrically excited systems. Most
importantly, it has been shown that MVA can
accurately predict the response over the whole
frequency range considered without restricting the
system parameters to be small [40-43].

While many studies have focused on different
aspects of modelling to predict the dynamic behaviour
of PECB systems in various applications, a thorough
investigation to provide a useful insight into the
response of these systems, in particular the effects of
nonlinear inertia and Duffing-type nonlinearity on the
response of these systems and the hardening and
softening characteristics of the response, is of key
importance. The originality of the work presented in
this paper is to use the link between the system
parameters, including damping, parametric excitation
amplitude, the nonlinear inertia term, the nonlinear
curvature term and the mass added at the cantilever tip,
to provide a better understanding of the dynamic
behaviour of PECB systems. The main aspects inves-
tigated in this paper are summarized as the following:

e Closed-form analytical expressions for the steady-
state response of the system are developed and the
stability of the response is analysed using the MMS
and the MVA, where the main focus is on
providing a criterion for determining the hardening
and softening behaviours.

e Effects of the system parameters including the
nonlinear inertia, duffing nonlinearity, damping,
parametric excitation amplitude and the tip mass

on the dynamic behaviour of the PECB are
investigated.

e Experimental measurements of the response of a
PECB with a tip mass for different values of the
excitation acceleration amplitude are taken. The
experimental results for the displacement and
acceleration of the cantilever tip are presented
and compared with the results obtained from the
MMS, the MVA, and numerical results obtained
from Direct Integration (DI) of the equation of
motion.

The paper is organized as follows: Sect. 2 intro-
duces the mathematical formulation of a PECB with a
tip mass followed by the reduced-order model.
Section 3 presents frequency response equations of
the motion of the PECB with a tip mass considered,
where the first-order MMS and the single-term MVA
are employed to develop approximate solutions for the
response and analyse the stability of the system.
Effects of the system parameters on the response of the
PECB with a tip mass are discussed in Sect. 4.
Section 5 presents experimental measurements of the
response of a PECB with a tip mass for various values
of excitation acceleration, where the experimental
results obtained are compared with analytical results
of the MMS and the MV A, and numerical results of
Direct Integration (DI) of the equation of motion.
Finally, the conclusions are drawn in Sect. 6.

2 Mathematical model

Figure 1 illustrates a cantilever beam with a tip mass m
under parametric excitation, where L indicates the
length of the cantilever, w(z) is the displacement of the
clamped end providing parametric excitation, u(s, )
and v(s,t) are the axial and transverse deflections of
the cantilever, respectively, s is the coordinate along
the middle plane of the cantilever representing the arc
length, p. is the density of the cantilever, b, represents
the width, . is the thickness, A. is the cross-sectional
area, E. indicates the elastic modulus, /. is the area
moment of inertia, p is the radius of curvature and 0 is
the angle of rotation. The tip mass m is considered to
be a point mass added at the cantilever tip (s = L). Its
moment of inertia is assumed to be negligible. The
beam is assumed to be uniform. Also, the thickness of
the beam is assumed to be small compared to its

@ Springer



7254

M. Aghamohammadi et al.

Fig. 1 Configuration of a
parametrically excited

s+u(s,t)

cantilever system with a tip
mass

w(r)

length, and the cantilever beam is treated as a Euler—
Bernoulli beam. Therefore, the effects of rotary inertia
and shear deformation are ignored. Additionally, the
damping in the system is assumed to be linear viscous
damping with a coefficient c. Furthermore, the neutral
axis of the cantilever is assumed to be inextensible.

Considering the homogenous boundary conditions,
exploiting the extended Hamilton variational princi-
ple, after applying a series of simplifications, the
governing equation of motion for the cantilever beam
is obtained as [17, 44—-46]

2 3
PeAVy + Vi + Ecle (Vysss + ViVssss + 4VsVigVisss + Vi)

s
— PAc <V.\'Wzr + Vs / wndl>
JL
1 T T2 .
+=pAc| Vs (v> dy + v (v) dyd(
2 o N L Jo N/
s
_ méD(s - L) <V.\~Wzr + Vs / thd‘:>
JL

+%mb’D(s —L) (vs /OS (v%)[{dy + Vs /LS/OEV (vf)[[dyd{) =0,
(1)

where dp is the Dirac delta function, and the subscripts
t and s represent derivatives with respect to these
variables, respectively. Introducing

E.l
Y=\|—F (2)
pALY

and the non-dimensional parameters

RN L S S
L L L L L
Cc () 1 <3)
62—7@0:_31/;’: m,
pPAY Y pAL

where o is the lowest undamped natural frequency of
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the system, Eq. (1) can be expressed in the non-
dimensional form

~ An ~ D A PP
Vip + CVp + Vigss + VViss + VsV

+ V3% — V(1 + mdp(§ — 1))y

— V(1 +mdp(s — 1)) / Wil
1

+ (1 4+ mdp(s — 1)) / (V% + V) dj
0

§ p A
+ V(1 +mdp (s — 1)) / / (V% + V) dfdl = 0.
1 JO
(4)

2.1 Single-mode approximation

The nonlinear governing differential Eq. (4) does not
admit a closed-form solution. To develop a reduced-
order model for the parametrically excited cantilever,
the transverse deflection v(s,7) can be assumed as a
linear combination of the contributions from N
vibration modes. Hence, V(s 7) can be represented in
the form [47]

V(S0 =Y ¥,(8)Z:(7), (5)
r=1

where ,(§) and Z,(f) are the linear mass-normalized
mode shape functions for the Euler—Bernoulli can-
tilever beam with a tip mass and the non-dimensional
displacement response of the rth vibration mode,
respectively. Considering only the first vibration mode
(N = 1) in Eq. (5) and omitting subscript 1 for clarity
which is valid if the excitation frequency is consid-
erably lower than the second natural frequency of the
system, /() is expressed as
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Y(5) = Ri(9), (6)
where
L T — ™
VI 06) a5+ (s = 1))
V() = (cos(/$) — cosh(4s))
+ Q(sin(A$) — sinh(4s)) [46], (8)

_sin(4) — sinh(4) + Ami(cos(4) — cosh(4))

0= cos(2) + cosh(Z) — Am(sin(4) — sinh(4)) ©)

In Egs. (8) and (9) 4 is the eigenvalue of the first
vibration mode for which the relation

i =/, (10)

holds. Additionally, / satisfies the characteristic
equation

1 + cosh(4) cos(4)
+ mA(cos(4) sinh(4) — sin(4) cosh(1))
=0. (11)

The axial motion of the clamped end of the

cantilever beam is assumed to be harmonic, with an
acceleration amplitude a,, i.e., w, can be expressed as

Wy = ay cos (1), (12)

where €2, is the parametric excitation frequency which
can be expressed in the non-dimensional form

Q,="2 (13)

Therefore, considering Eq. (3), the non-dimen-
sional acceleration of the clamped end (W) is obtained
as

Wi = djy cos (f)pf) , (14)

where dj, is the non-dimensional acceleration ampli-

tude defined as

. 1

ap = map. (15 )
Consequently, substituting Eq. (5) for the first

vibration mode into Eq. (4), multiplying the resultant

equation by ¥(§), and integrating over the non-

dimensional length, the final, reduced-order equation
of motion for the system is obtained as [48]

7+ pZ + c?)(z)(l + Pcos({},,f))z + nZ°
+oa(Z2+2Z2)z
=0, (16)

where the derivatives are with respect to £, and 8, P,
and o are the coefficients of damping, parametric
excitation amplitude, Duffing-type nonlinearity and
nonlinear inertia term, respectively, which are defined
as

~ h2 ~ 1’13 h4 =+ h5
ﬁ c, (D%hl apa ’7 hl , & hl 9 ( )
where
1
hy = / Y2ds, (18)
0
1

hy = / (1 — Yt — Y )ds — iy (Dg(1),
0
(19)

1
h;y = A w(‘ﬁ?%ﬁvﬁvﬁf*““//ﬂ//ﬁf‘p.ﬁﬁv“Jr lrbf?s“)df, (20)
1 5
— a2an) g
o= [ o[ 00 )as o
1 § pf L A
hs 2/0 lﬂ‘//m</l /0 V() d/d{)ds. (22)

3 Frequency response approximations

The mathematical model for a PECB with a tip mass
was developed in Sect. 2. In this section, approximate
solutions for Eq. (16) are developed using the first-
order approximation of the MMS and the single-term
MVA approximation.

3.1 First-order MMS solution
Assuming the system parameters including f, P, n and

o to be small and of the same order ¢, Eq. (16) is scaled
as

@ Springer
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Z+ef 7+ o} (1 + &P, cos (pr))z +en,Z°

+ ea, (Z2 + ZZ)Z

=0, (23)
where [49]
Sﬁs:ﬁ78P6:Pa &N, =1, oy = O (24)

In the first-order approximation of the MMS, the
response Z is approximated as [49]

Z(t,e) = Zo(To, T1) + €21 (To, T1) + O(&?), (25)

where Ty =1t and T| = ¢t represent time scales.
Substituting Eq. (25) into Eq. (23) and taking only
terms of order O(¢°) and O(¢') into account results in
the equation
D§Zy + ¢(D3Z1 + 2DoD1Zy)

+ 8/))1; (DOZO) + gﬂeZS

+ @ (1 + ¢P,cos (pr)) (Zo + €Zy) (26)

+ e1.20((DoZ0)’ +20(D30) ) =0,

where the derivatives are with respect to 7. Equating
terms of the same order of ¢ in Eq. (26) yields

0(£*) : D32y + @37y = 0, (27)

0(e") : D§Z, + &}z, = —2DyD\Zg
— B.DoZo — 0,23 — 0. Zo(DoZo)’

% DEP, (eig”T" + eiig"T°> Zo.

— 0, ZeD%Z0 —
(28)
The solution for Eq. (27) can be expressed in the
form
Zy = awvis1 (T1) e ™™ + Gnpis (T )e ™. (29)
Substituting Eq. (29) into Eq. (28) yields
D(Z)Zl + (IJ%Zl = (—2idD1amms1 — iDofammsi

1 o
~2 ~ i(Q,—2wm¢ )T 2 —
- EwopsaMMSle( p=200)To _ 3n,Gyvs 1 AMMS

+ 2a8®(2)al%/lMSIdMMSI )ei(ﬁOTO
+ NST + CC,
(30)
where NST represents the non-secular terms and CC is
the complex conjugate of the preceding terms.

@ Springer

Considering the case of principal parametric reso-
nance, where Qp ~ 2y, the frequency detuning
parameter 6, for the parametric excitation frequency
is defined as

Q, —2dy = &6). 31
P P

Considering Eqgs. (24) and (31), eliminating the
secular terms in Eq. (30) yields

2icd dayivsi
0 =
dt

1 A
. A A2 — i(Q,—2m0 )t
+ ido fanmst + EwopaMMSIe (9—200)

> 23
+ 3nayps Avmst — 2004ayps AMMST

(32)

In order to solve Eq. (32), ammsi (ﬂ is expressed in
the polar form

1 .
amwmsi () = EAMMSI (£)ehmsi () (33)

where Ayvsi (£) and Avvsi () are real. Substituting
Eq. (33) into Eq. (32) yields

1
N / ~ al N
(leAMM51 - wOAMMSI/LMM51 + EleﬂAMMSI

. i((9,—2d0 )i— 3
+Zw(2)PAMMSle ((Qp 2()0)[ ZlmMSl> +§7’A§4MSI

I . ;
- Z“wofz 1?\/]MS]>6 st = 0,
(34)

where the derivatives are with respect to 7. Separating
the real and imaginary parts in Eq. (34) yields

3nA3
AMMSI}“{\/IMSI = gxig/m
1. ~ ~\ ,
+ ZCUQPAMMS]COS((QP — 2&)0)[ — 2/LMMS])
1.3
2 ADoAyms 1
(35)
, 1
Apmst = _EﬂAMMSI
1. . A ~\ A
— Z DoPAMMSI sm((Qp — 2(00>t — 2)\.MMS]) .
(36)

In order to eliminate the presence of time explicitly
in Egs. (35) and (36), and make this system of
equations autonomous, a new function 7 is defined as
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£ = (fzp - 2@0)f— 21 - (37)

Therefore, the system of Egs. (35) and (36) is
simplified as

(3’7 - 20‘@%)‘413\41\451

Amms1 T = Ammisi (Qp — 2650) —

4
1
- 5 CboPAMMSlcOS(f),
(38)
/ 1 1, L
Ammst = _EﬁAMMSI - ZwOPAMMSISln(T). (39)

Consequently, solving Egs. (38) and (39) for the
steady-state response (Ajyg; =0, ¥ = 0), the fre-
quency response equation is obtained as

B 46dg . ) 1.\
Ammst = \IW ((Qp — 2wo> + <§w0P> —p )

(40)

It can be found from Eq. (40) that for a steady-state
nontrivial solution (Ayms1 # 0) to exist, the condition

B< %(boP (41)

should hold. Furthermore, it can be seen that the
second radicand in Eq. (40) does not depend on the

excitation frequency Q,,. Therefore, Eq. (40) does not
provide a bounded response.

3.1.1 Stability analysis of MMS solution

The stability of the nontrivial solution can be inves-
tigated by considering the Jacobian matrix

Apmsi OAMuisi
0 ot

JMMs_NT = ag/[},“l 612’ . (42)
0Amms1 ot

Therefore, considering Egs. (38) and (39), JMms_ Nt
for the steady-state solution (Ajg =0, ¥ =0) is
obtained as

[ IMms_NT11
JMMs_NT =

JMMs_NT, 12
JMMS_NT21

(43)
JMMs_NT 22

where

Jvms_nr,11 = 0, Imms_N122 = =B, IMMs_NT.12
_ (3’7 - 20‘(5(2))A13\4M51
8y

1/4 R
—3 (Qp - 2CUO)AI\/H\/ISh
(44)

(31’] — 20(6)(2))AMMS]
20 '

JMMs_NT21 = — (45)

For >0, the trace of the Jacobian matrix in
Eq. (43) is negative. Therefore, the response is
stable only if Det(JmMms_nt) > 0. Consequently, for
the case when 1 — 20dj / 3 > 0, the response of the
system shows a hardening behaviour, and the positive
and negative signs in the frequency response Eq. (40)
represent the stable and unstable solutions starting
from the critical frequencies

. 1 2
Qps1 =20 — | (5@0P> -,
. 1 2
Qp 0 =20 + (5 @0P> -,

respectively. On the other hand, for the case when
n— 203 / 3 <0, the response of the system shows a
softening behaviour, and the positive and negative
signs in the frequency response Eq. (40) represent the
unstable and stable solutions, respectively; the unsta-

(46)

ble solution starts from the frequency Qp’sl while the

stable solution starts at the frequency Qpﬁsz.

To analyse the stability of the trivial solution
(Amms1 = 0), the Cartesian form of the response is
used as

1 A
Avvisi (1) = 5 (M - iN) e (% -200)7 (47)

where M, N are real. Applying Eq. (47) to the
modulation Eq. (32) and separating the real and
imaginary parts leads to the system of equations
, 1/4 . 1
M= (Qp —2@0)N—§ﬁM
(311 — Za(f)(z))N

1
M?* + N*) ——oPN, (48
U (M N) — PN, (48)
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1
N :5(9 —2w0>M——ﬁN
B (311—2ocw0)

1
M? +N*) ——@oPM (49
8oy (M AN =g G0PM - (49)
Therefore, the Jacobian matrix for the trivial

solution is obtained as

oM’ oM’
Jvms-1 = g% 66]]\\;/ . (50)
oM N

Consequently, the trivial solution is stable for
frequencies Q,, < le, Qp > sz, and is unstable for

frequencies within the range le < Qp < Qpﬁsz. Intro-
ducing the new parameter #y;,g, Where

. 2
Mvivs = N — 30“1)%7 (51)

it can be found that when 1y, is replaced by 7,
Eq. (40) reduces to the frequency response equation
for the nonlinear Mathieu equation with a Duffing-
type nonlinearity [32]. From Eq. (51) it follows that
for a fixed value of #, the value of the nonlinear inertia
term o determines whether the dynamic behaviour of
the PECB is hardening or softening.

3.2 Single-term MVA solution

In the single-term approximation of the MVA, the
response of the system is expressed as [41]

Z(f) = B({) cos (% pr) + C(f) sin (% pr) . (52)

where B(f) and C(f) are time-varying amplitudes.
Substituting Eq. (52) into Eq. (16), separating the
coefficients of cos(Q,7/2) and sin(Q,7/2) in the
resultant equation, while neglecting the higher-order
harmonics, results in

o 3
B+ﬁB+Qpc+§ﬁQpc+ZB(32+c2)

1 . 1 1.
——a? 2(1+=P)—-Q*)|B
(16283 + (1 +57) -3%3) (53)
(C* +3B*)B +2BCC + 2CBC + 3BB*

(
Q,(B* + C*)C +BC*) =0,

@ Springer

Q

A
= QB + pC — 5 pQ,B + ZC(B2 +C?)

1 2 2 1 | U

((B*+3C*)C +2BCB + 2BBC +3CC?

4;|_/\

+
~2Q,(B* + C*)B + CB*) = 0.
(54)

The steady-state solution is obtained by setting the
all derivatives in Egs. (53) and (54) to zero
(B =C = B = C = 0), yielding

1 . 3 1
—BQ,C+=B(B*+ C? 92
1 1
A2 2
+ (wo(l +§P) —ZQP)B
=0, (55)
Lo B+§C(BZ+C2) locQz
2P Ty 6
1 1
~2 2
+ (wo(l —EP) —ZQ[,)C
=0. (56)

Solving the system of Egs. (55) and (56) with
respect to the constant coefficients B and C, the steady-
state response of the system can be obtained, which
can be expressed as

Z(t) = AMvVaAl (l) cos (% pr-‘r Omval (l)) . (57)

Amvai(f) and Oyvai (7) in Eq. (57) are the ampli-
tude and phase, where

Amvai(f) =/ B(7)> + C(1)*, Omvar (9)
—C(7)

ot
= tan”! B(t)

Consequently, the frequency response equation of
the system described by Eq. (16) is obtained as.
From Egs. (57) and (59), Omvai (t) is such that

= BQ,, / @3P. It can be found from
Eq. (59) that the nontrivial solution exists only if

(58)

sin(20MVA1)
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1 . . 02 (a2
A = | —— | @ — 40} + 24/ (03P) - (L, .
MVAL 3(}771“93) ( P 0 ( 0 ) < p) )

<2
Qp < P
B

3.2.1 Stability analysis of MVA solution

In order to investigate the stability of the solutions in
the frequency response Eq. (59), the following param-
eters are defined:

)(?1:B7 X3:C,)51:XQ,X3 = X4. (61)

The Jacobian matrix Jyya is then expressed as the
4 x4 matrix whose (i,j)th element is
Jmva,ij = OX; / Ox;. Consequently, for the nontrivial

solution, the trace Tr(Jyva—~t) and the determinant
Det(Jpva—nt) of the Jacobian matrix are obtained as

TV(JMVA—NT) = 72‘3, (62)

3
Det(Jmva-nT) = 1 <17 - 60692> (1 + x3)2

I - - R
(3 (11 - Eoch) (x1 4 x3)*— (Q; - 4(1)%)) .
For >0, Tr(Jmva_nr)<0. Therefore, the

response is stable only if Det(Jyyva—_nt) > 0. Conse-
quently, for the frequency range such that

(63)

n— ocQ; / 6 > 0, the response of the system shows a

hardening behaviour, and the positive and negative
signs in the frequency response Eq. (59) represent the
stable and unstable solutions beginning at the
frequencies

Qe :\/ — 28— 2\//32 403) + (P@3)’,
(64)
Qper = \/4w0 282 +2\/ﬂ 403) + (P#3)’,
(65)

respectively. Otherwise, if n — acf)ﬁ 6<0, the
response of the system shows a softening behaviour.
For this case, the positive and negative signs in the
frequency response Eq. (59) represent the unstable and
stable solutions, respectively; the unstable solution

starts from the frequency (A)pvc 1 while the stable solution

starts at the frequency Q,,,cz.

The stability of the trivial solutions can be inves-
tigated using the Jacobian matrix for x; = x3 = 0.
Therefore, the trace and the determinant of the
Jacobian matrix for the trivial solution are obtained as

Tr(Jvmva-t) = =25, (66)

Det(Jyva1) = (Q“ + Q24 — 803) + 4 (4~ P?)).

(67)

16

Consequently, the trivial solution is stable for
frequencies Q <Qp61, Q >Qp62, and is unsta-

ble when Q,,,Cl <Qp < prcg. This is in contrast to the
stability analysis for the MMS solution which resulted

in the critical frequencies Qp.sl and Qp,sz in Eq. (46).

4 Effects of system parameters on the response

The frequency response equations for the PECB
illustrated in Fig. 1 were developed and presented in
Sect. 3. This section aims to discuss the effects of the
system parameters including nonlinear inertia, Duff-
ing-type nonlinearity, damping, parametric excitation
amplitude, and the added mass at the cantilever tip on
the dynamic behaviour of PECB systems.

0.6
0.5

0.4

021

0.1

0.0 {
195 200 205 2.0 2.15 220 225 230 235 240 245 250
2,/

Fig. 2 Steady-state frequency—response diagrams for a PECB
with a hardening behaviour; comparing the results obtained
from the MMSI using Eq. (40) (red coloured results), the
MVATI using Eq. (59) (blue coloured results), and numerical
results obtained from Direct Integration (DI) of the equation of
motion (16) (black coloured data points). Solid lines and dashed
lines represent the stable and unstable solutions, respectively,
obtained from MMS1 and MVAI. The system parameters are
@ =1,$=0.005P=-0.02,n=11,and & = 10
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4.1 Effect of nonlinear inertia and Duffing
nonlinearity

From the frequency response Eq. (59) obtained from
the MVA it can be found that, in the absence of the
nonlinear inertia term o, the Duffing nonlinearity term
n will determine the hardening or softening charac-
teristics of the behaviour of the system, which is in
accordance with the frequency response equation for
the nonlinear parametrically excited system modelled
as Mathieu equation [32]. This is while, for the PECB,
the parameter
* 1 2
Tmva =1 — 60‘9,,, (68)
is the criterion determining hardening or softening
behaviour. If, for a certain value of the excitation
frequency, #yya = 0, the vibrations will grow expo-
nentially, which is in agreement with results of direct
numerical integration of the equation of motion (16)
[50]. As a result, a bounded response cannot be

achieved. When Q,, ~ 2dy, if Nirya > 0 (hardening
behaviour), increasing Qp to frequencies away from
the principal parametric resonance, the term QZ can
decrease 1y, significantly such that ny,, ~ 0.
Consequently, the vibrations will grow rapidly
(Fig. 2). Similarly, for a system with a softening
behaviour (nyy, <0 at Qp o~ 2dy), for a positive
value of n, moving away from the principal parametric

0.6 77T
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@,/

Fig. 3 Steady-state frequency—response diagrams for a PECB
with a softening behaviour. Comparing the results obtained from
the MMS1 using Eq. (40) (red coloured results), the MVAI1
using Eq. (59) (blue coloured results), and numerical results
obtained from Direct Integration (DI) of the equation of motion
(16) (black coloured data points). Solid lines and dashed lines
represent the stable and unstable solutions, respectively,
obtained from MMS1 and MVAI. The system parameters are
wo=1,$=0.005P=-0.02,n =6, =16
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resonance, fyya =~ 0, resulting in an exponential
growth of the vibrations (Fig. 3). It can be seen from
Figs. 2 and 3 that unlike the MVA results and the
numerical results obtained from Direct Integration
(DD) of the equation of motion, the analytical results
predicted by the MMS do not show a rapid increase in
the response amplitude at frequencies around which
Muva =~ 0. This is consistent with the frequency
response Eq. (40) and the fact that ny,,s does not

depend on the excitation frequency Q,,. As seen from
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Fig. 4 Steady-state frequency-response diagrams for a PECB
with a hardening behaviour. Comparing the results obtained
from the MMSI using Eq. (40) (red coloured results), the
MVAL using Eq. (59) (blue coloured results), and numerical
results obtained from DI (black coloured data points) for
@9 =3, n =235, « =2, and different values of  and P; a
p=0.02, P=-0.02, b f=0.02, P=-0.06, ¢ f=0.07,
P = —0.06. Solid lines and dashed lines represent the stable and
unstable solutions, respectively, obtained from MMSI and
MVAI
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Fig. 5 Steady-state frequency—response diagrams for a PECB
with a softening behaviour. Comparing the results obtained from
the MMS1 using Eq. (40) (red coloured results), the MVAI
using Eq. (59) (blue coloured results), and numerical results
obtained from DI (black coloured data points) for @y = 3,
n =25, o =8, and different values of ff and P; a f=0.02,
P=-0.02,b =0.02, P=-0.06, ¢ f=0.07, P = —0.06.
Solid lines and dashed lines represent the stable and unsta-
ble solutions, respectively, obtained from MMS1 and MVAL1

Figs. 2 and 3, the MV A captures qualitative behaviour
of the system, but there is some quantitative difference
compared to the numerical results for frequencies
when n7y,y 4 is close to zero. To get a better quantitative
agreement, one needs to take more harmonics in the
MVA approximation, as has been discussed in [41].

4.2 Effect of damping and parametric excitation
amplitude

While the Duffing nonlinearity # and the nonlinear
inertia o play crucial roles in determining the harden-
ing or softening characteristics of the behaviour of the
PECB, the damping term [ and the parametric
excitation term P affect the critical frequencies at
which the stable and unstable analytical solutions
begin and the amplitude response of the PECB.

Considering the critical frequencies €, 1, Q) » in

Eq. (46) obtained from the MMS, and Q, 1, ©,. in
Egs. (64) and (65) obtained from the MVA, it can be
seen that these frequencies are functions of @y, /5, and
P. Therefore, for a fixed value of @y, f§ and P can be

chosen such that desired values of ijsl, sz, Qp,cl,

and Qpﬂcz are achieved, both in a hardening behaviour
(Fig. 4) and in a softening behaviour (Fig. 5). Fur-
thermore, as can be seen in these figures, within the
frequency range considered, increasing P or decreas-
ing f will increase the amplitude response of the
PECB, which can be found from the frequency
response Eqs. (40) obtained from the MMS and (59)
obtained from the MV A, and is in agreement with the
numerical results obtained from direct integration of
the equation of motion (16).

4.3 Effect of tip mass

It was shown that the parameters 7, o, @g,  and P
determine the hardening or softening behaviour of the
PECB, or change the amplitude response, and the
critical frequencies at which the stable and unsta-
ble analytical solutions begin.

It can be seen from Eqgs. (7), (10), and (11) that the
point mass added at the cantilever tip will change the

Table 1 Material and geometric properties of the cantilever
beam

Property Value
Density p,., kgm™> 7800
Young’ modulus E., GPa 210
Length L, m 0.3
Width b., m 0.03
Thickness 7., m 5x 1074

@ Springer



7262

M. Aghamohammadi et al.

a) 028
@ 026
024 F
022F
020F
0.18f
0.16 L
=014 R
0.12f
0.10}
0.08
0.06
0.04
0.02f

OOO-WW&* ------------ b ol Lol | essscccssccccccsccccscoccces
195 196 197 198 199 200 201 202 203 204 205

2,/

196 197 198 199 200 201 202 203 204 205
2,/é0

0.00 Iy I T
1%9; 1.96 197 198 199 200 201 202 203 204 205

Dy /i

Fig. 6 Amplitude response as a function of the frequency ratio
for the parametrically excited cantilever beam with the material
and geometric properties presented in Table 1. Comparing the
results obtained from the MMSI (red coloured results), MVAI1
(blue coloured results), and DI (black coloured data points) for
d, = 0.2361 and different values of m; a m = 0.0569, b
n =0.0854, ¢ m =0.1139. Solid lines and dashed lines
represent the stable and unstable solutions, respectively,
obtained from MMS1 and MVA1

mode shape functions /(s) and the non-dimensional
undamped natural frequency . As a result, the
system parameters #, o, and P expressed in Eqgs. (17)-
(22) will change, altering the dynamic behaviour of
the PECB.

To investigate the effect of tip mass on the response
of the PECB, a cantilever beam with the material and
geometric properties presented in Table 1 is consid-
ered. The non-dimensional acceleration amplitude and
the non-dimensional damping f§ are chosen to be
a, = 0.2361, B =0.05, respectively. For different

@ Springer

values of the non-dimensional tip mass (m = 0.0569,
m = 0.0854, and m = 0.1139), and for a narrow
frequency range around the principal parametric
resonance, the frequency response diagrams are illus-
trated in Fig. 6.

For m = 0.0569 (Fig. 6a), using Eqs. (30), (10), and
(11), the undamped natural frequency of the system is
obtained as fy = @y/2n =4.2000 HZ. The other
system parameters are obtained as @¢ = 3.1712,
P = —0.0445, n=127.5099 and o = 6.6884 using
Eqgs. (18)-(22). For the frequency range considered
Nyva 18 negative, leading to a softening behaviour. At
the principal parametric resonance frequency
Mymva = —17.3314. It can be seen that the MVA
results show good agreement with the numerical
results obtained from DI; the amplitude response
obtained from DI, MVA, and MMS at the frequency

ratio Qp/d)o = 1.95is found to be 0.2612, 0.2520, and
0.2363, respectively.

Increasing the value of the non-dimensional tip
mass to m = 0.0854, the values of fy, @y and 7
decrease to 4.0158 Hz, 3.0322, and 21.7987, respec-
tively. Also, the nonlinear inertia term and the
parametric excitation amplitude are obtained as
o = 7.3077, P = —0.0530. As a result, the magnitude
of nyva Will increase, enhancing the softening
behaviour (at the principal parametric resonance
frequency nyya = —22.9937). Therefore, as can be
seen in Fig. 6b, within the frequency range consid-
ered, Qp,ﬂ, Qp,cl decrease, Qp,sz, prcz increase, while
the amplitude response decreases.

Consequently, increasing the value of ri increases
the frequency range in which the stable solution can
exist and decreases the amplitude response of the
PECB. The frequency response diagram for mi =
0.1139 is illustrated in Fig. 6¢. For this case, the
system parameters are fy = 3.8535 HZ, &y = 2.9096,
P = —-0.0623,n = 16.2577, and o = 8.1286. It can be
seen that, as expected, the softening behaviour is
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Fig. 7 A schematic block diagram of the experimental set-up
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Fig. 8 Configuration of a
parametrically excited
cantilever system with a tip
mass

Vibration
controller

Power VibrationView
amplifier

Shaker Accelerometer Fixture Cantilever Accelerometer Signal analyser Data aquisition

enhanced, which is due to the larger magnitude of
Nyva Within the frequency range considered; for this
case, at the principal parametric resonance frequency
Myva = —29.6188.

5 Experiments on a PECB system with a tip mass

This section concerns the experimental measurements
of the response of a PECB with a tip mass. The main
aspects investigated in this section are summarized as
the following: the criteria presented in Eqgs. (51) and
(68) are investigated experimentally for a cantilever
beam with a tip mass and with a positive value of the
Duffing nonlinearity #. Experimental measurements
of the response of a PECB with a tip mass for different
values of the excitation acceleration amplitude

Table 2 Material and geometric properties of the cantilever
beam used in experiments

Property Value
Density p,, kgm™> 7880
Young’ modulus E., GPa 190

Length L, m 0.288
Width b, m 0.027
Thickness 7., m 0.001

beam computer

(a, = 1.7g, 1.8g, 1.9g and 2.0g) are taken. Then,
the experimental results for the displacement and
acceleration of the cantilever tip are presented and
compared with the results obtained from the MMS, the
MVA and DI.

5.1 Experimental set-up and methodology

A schematic block diagram of the experimental set-up
used to conduct the experiments, consisting of a
vibration controller, power amplifier, shaker, can-
tilever beam, signal analyser, data acquisition com-
puter, and two accelerometers, is illustrated in Fig. 7
and the set-up is shown in Fig. 8.

To excite the cantilever beam system, a time
harmonic signal with a constant acceleration ampli-
tude was generated using the vibration controller
VR9500 and VibrationView software. The generated
signal was then routed to a power amplifier type
APS125 and in turn to the APS113 shaker. The three-
axis piezoelectric accelerometer type PCB356A32,
attached to the shaker, was used to measure the
reference signal. A cantilevered stainless-steel beam
with material and geometric properties presented in
Table 2 was connected to the shaker using a fixture,
such that the generated acceleration signal was
transferred to the clamped end of the cantilever,
exciting the cantilever in the longitudinal direction
(parametric excitation). The transverse vibration of the
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Fig. 9 Experimental measurements of the cantilever beam tip
response when driven at a, = 2.0g and Q, = 18.70 Hz at which
the maximum response for the case when the excitation
frequency was swept up slowly from 18.61 Hz to 18.99 Hz
(Q,/w9 ~ 198 to Q,/wy ~2.02) was obtained. Frequency
spectra for (a) displacement and (b) acceleration of the
cantilever tip

Fig. 10 Photograph of the cantilever beam when driven axially
at a, =2.0g and Q, =18.70 Hz at which the maximum
response for the case when the excitation frequency was swept
up from 1861 Hz to 1899Hz (Q,/wy~198 to
Q,/wy >~ 2.02) was obtained

beam was then measured using a piezoelectric
accelerometer type PCB352C22, attached to the free
end of the cantilever beam, which was considered as a
tip mass (m = 0.5g). The real time acceleration data of
the tip accelerometer was measured using a Data
Physics  Quattro-DP240  signal analyser and

@ Springer

SignalCalc ACE 900 series software installed in a
data acquisition computer.

The free vibration response of the system was used
to estimate the natural frequency and the damping
ratio (&) of the system. Tapping the tip of the beam,
from the corresponding FFT of the transient response
of the system, the natural frequency of the first mode
of vibration of the cantilever beam was estimated as
9.40 HZ. Also, using the logarithmic decrement
method, the damping ratio for this vibration mode
was estimated as 0.561%. To investigate the response
of the system to harmonic excitation, the steady-state
acceleration and displacement of the cantilever beam
tip in a frequency range close to the principal
parametric resonance was obtained using the Sig-
nalCalc software, applying a Flat-Top window, with
the measurement time long enough for any transient
disturbance to decay (Fig. 9). Furthermore, 100 mea-
surements of the acceleration were taken at each
excitation frequency and averaged. First, the excita-
tion frequency was swept up slowly within the
frequency range considered, and the results were
obtained and recorded. Then, the results for the case
when the excitation was swept down slowly within the
frequency range considered were obtained.

A photograph of the cantilever beam when it was
driven axially at an acceleration amplitude a, = 2.0g
and excitation frequency €, = 18.70 HZ is shown in
Fig. 10. The frequency spectrums for the displacement
and acceleration of the cantilever for this case are
shown in Fig. 9. As can be seen in this figure, the
response of the system is dominated by a frequency
equal to half the excitation frequency, which is the
main characteristic of parametrically excited systems.

6 Results and discussion

The steady-state displacement and acceleration of the
cantilever beam with the material and geometric
properties presented in Table 2, were measured for
different values of excitation acceleration amplitude
(a, =1.7g, 1.8g, 1.9g and 2.0g) using the approach
described in Sect. 5.1. The small accelerometer
attached at the cantilever tip is considered to be a
0.5¢ tip mass and effects of its rotational inertia are
assumed to be very small. To compare the experi-
mental results with the analytical results of the MMS
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Fig. 11 Steady-state frequency-response diagrams for the
parametrically excited cantilever beam with the material and
geometric properties presented in Table 2 and the acceleration
amplitude a, = 1.7g. Comparing the results obtained from the
MMSI1 (red), MVAL (blue), DI (black data points), the
experimental results when the excitation frequency was swept
up (green triangles), and the experimental results when the
excitation frequency was swept down (brown squares); a
displacement at the cantilever tip, b acceleration at the
cantilever tip. Solid lines and dashed lines represent the
stable and unstable solutions, respectively, obtained from
MMS1 and MVAL. The system parameters @y = 3.4548,
p =0.0387, n = 36.2329, o = 5.5682, P = —0.0268

and MVA, and the numerical results of DI, using
Egs. (2), (3), and (5), the magnitude of the displace-
ment w and acceleration a of the cantilever tip are
expressed as

w=Ly(1)A, (69)
a= %Lth//(l)QﬁA, (70)

where (1) is the value of the fundamental mode
shape of the beam at the tip (s/L = 1), and A is the
non-dimensional amplitude obtained from the MMS
and the MV A using the frequency-response Egs. (40)
and (59), respectively, and DI.

Using Egs. (10) and (17)-(22), the system param-
eters are @y = 3.4548, n = 36.2329, and o = 5.5682.
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Fig. 12 Steady-state frequency-response diagrams for the
parametrically excited cantilever beam with the material and
geometric properties presented in Table 2 and the acceleration
amplitude a, = 1.8g. Comparing the results obtained from the
MMSI1 (red), MVAL1 (blue), DI (black data points), the
experimental results when the excitation frequency was swept
up (green triangles), and the experimental results when the
excitation frequency was swept down (brown squares); a
displacement at the cantilever tip, b acceleration at the
cantilever tip. Solid lines and dashed lines represent the
stable and unstable solutions, respectively, obtained from
MMSI1 and MVAIL. The system parameters @y = 3.4548,
p =0.0387, n = 36.2329, o = 5.5682, P = —0.0284

Also = 2Emy = 0.0387, where ¢ =0.561% is the
damping ratio of the first vibration mode. As can be
seen, both the nonlinear curvature term # and the
nonlinear inertial term o are positive. Nevertheless, at

Q,, =~ 2a)y, both nys and nyy, obtained from the
MMS and the MVA in Egs. (51) and (68), respec-
tively, are negative. Therefore, a softening behaviour
for the cantilever beam considered for the experiments
is predicted by both the MMS and the MVA.

For a frequency range around the principal para-
metric resonance (£2,/wo >~ 1.98 to 2,/w ~ 2.02),
and for a, = 1.7g, 1.8g, 1.9¢ and 2.0g, both condi-
tions (41) and (60) hold true: for these values of the
acceleration amplitude, using Eqgs. (17)-(19), P is
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Fig. 13 Steady-state frequency-response diagrams for the
parametrically excited cantilever beam with the material and
geometric properties presented in Table 2 and the acceleration
amplitude a, = 1.9g. Comparing the results obtained from the
MMSI (red), MVAL (blue), DI (black data points), the
experimental results when the excitation frequency was swept
up (green triangles), and the experimental results when the
excitation frequency was swept down (brown squares); a
displacement at the cantilever tip, b acceleration at the
cantilever tip. Solid lines and dashed lines represent the
stable and unstable solutions, respectively, obtained from
MMSI1 and MVAIL. The system parameters @y = 3.4548,
p =0.0387, n = 36.2329, oo = 5.5682, P = —0.0300

obtained as —0.0268, —0.0284, —0.0300, and
—0.0316, respectively.

For the values of the input acceleration amplitude
considered, the experimental results are presented and
compared with the results obtained from the MMS, the
MVA and DI'in Figs. 11, 12, 13 and 14, respectively. It
can be seen that, as predicted by the MVA and the
MMS, the cantilever beam shows a softening beha-
viour. The experimental results for all cases are in
good agreement with the theoretical results obtained
from the MVA and the MMS, and the numerical
results obtained from DI. The measured critical
frequencies at which the stable solution begins, for
the cases when the excitation frequency was both
swept up and swept down, show good agreement with
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Fig. 14 Steady-state frequency-response diagrams for the
parametrically excited cantilever beam with the material and
geometric properties presented in Table 2 and the acceleration
amplitude a, = 2.0g. Comparing the results obtained from the
MMSI1 (red), MVAI1 (blue), DI (black data points), the
experimental results when the excitation frequency was swept
up (green triangles), and the experimental results when the
excitation frequency was swept down (brown squares); a
displacement at the cantilever tip, b acceleration at the
cantilever tip. Solid lines and dashed lines represent the
stable and unstable solutions, respectively, obtained from
MMSI1 and MVAIL. The system parameters @y = 3.4548,
p =0.0387, n = 36.2329, 0. = 5.5682, P = —0.0316

Q,. and Q, .» predicted by the MMS and the MV A in
Egs. (46) and (65), respectively. Additionally, as
predicted by the analysis presented in Sect. 4.2, it can
be seen that increasing the value of P within the
frequency range considered increases the magnitude
of the response amplitude and the frequency range in
which stable solutions can exist. Experimental results
show that the response of the system is bounded.
However, the corresponding maximum response value
is lower than predicted theoretically. This is believed
to be due to other effects such as the nonlinear
damping effects not included in the employed theo-
retical model. As discussed in Sect. 4, when linear
damping is considered, the term containing a linear
combination of the Duffing nonlinearity term and the
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nonlinear inertia term in the frequency response
equation obtained by the MVA can tend to zero
around the principal parametric resonance, resulting in
an exponential growth of vibrations which was
validated by the numerical results obtained from DI.

7 Conclusions

The response of a parametrically excited cantilever
beam (PECB) with a tip mass was investigated in this
paper. The paper focused on prediction of the response
of the system, in particular its hardening or softening
characteristics when linear damping was considered.
The Method of Varying Amplitudes (MVA) and the
Method of Multiple Scales (MMS) were employed to
develop steady-state frequency—response approxima-
tions for the response of the system and investigate the
stability of the solutions. The analytical results were
validated by numerical results obtained from Direct
Integration (DI) of the equation of motion. Further-
more, experimental measurements of the response of a
PECB with a tip mass were presented and the
experimental results were compared with theoretical
results obtained from the MMS and the MVA and
numerical results obtained from DI. These investiga-
tions led to the following main findings:

e The analytical results obtained from the MVA
showed that the response of the system is highly
dependent on the values of the Duffing-type
nonlinearity term and the nonlinear inertia term.
It was shown that, for frequency ranges around the
principal parametric resonance, the term contain-
ing a linear combination of these parameters in the
frequency response equation can tend to zero,
resulting in an exponential growth of the vibra-
tions. The MVA results were validated by numer-
ical results obtained from DI, while the MMS
failed to predict this critical frequency.

e It was shown that the mass added at the cantilever
tip can change the system parameters, enhancing
the softening behaviour of the PECB. It was shown
that, within the frequency range considered,
increasing the value of the tip mass decreases the
amplitude response of the system and broadens the
frequency range in which a stable response can
exist.

e The experimental results of the displacement and
acceleration of the cantilever tip showed good
agreement with the theoretical results of the MMS
and the MVA, and the numerical results of DI.
Furthermore, the theoretical expressions presented
for the critical frequency at which the nonzero
stable solution begins were demonstrated to be
capable to predict this frequency with a good
accuracy.
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