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Unless the velocity gradient is small, the shear viscosity of fluids generally depends on
the velocity gradient d, hence extra nonlinear terms in d appear in the hydrodynamic equations.
We extend the method developed by Kawasaki and by Deutch and Zwanzig for studying the
usual linear shear viscosity of critical mixtures to the investigation of the nonlinear terms
which appear in the power series expansion of this effective shear viscosity 3{(d). By the
symmetry consideration we obtain

9(d) =@ +9pOd2 @i .. ... .

7™ is found to increase as £~® near the critical point, where £ is a parameter which mea-
sures the correlation range of concentration fluctuations assuming the Ornstein-Zernike type
for the correlation, indicating the importance of the nonlinear effects near the critical point
since %@ increases only as £71. This y® agrees with Botch and Fixman’s except for a small
correction to the numerical coefficient. On the other hand the k-integral contained in »® has
been found to diverge as £73 at small 2 even when 0, where % is a wave vector
characterizing the local concentration fluctuation. Similar divergences appear in the two di-
mensional mixture already in %@ which diverges as Ink, and in the linear bulk viscosity
which again diverges as Ink. The nature and possible consequences of these divergences
are discussed.

§ 1. Introduction

Near the critical point the thermodynamic fluctuations of certain macroscopic
variables increase enormously and the nonlinear effects are expected to be im-
portant as a consequence. In fact W. Botch and M. Fixman found that the
shear viscosity of the binary mixture depends nonlinearly on the velocity gradient
d near the critical point.” They extended Fixman’s calculation of the shear
viscosity® to the next nonvanishing order in d to obtain this result.

Fixman has shown that the anomaly of the shear viscosity of the binary
mixture comes from the anomalous increase of the concentration fluctuation near
the critical point.” He calculated the entropy production rate in the stationary
state in the presence of the velocity gradient and identified the shear viscosity
with the coefficient of the square of the velocity gradient. However, the rela-

tion between the shear viscosity obtained in this manner and the one which

enters the hydrodynamic equations is not necessarily transparent.
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1032 T. Yamada and K. Kawasaki

On the other hand Kawasaki,®* and Deutch and Zwanzig? adopted the
expression for the viscosity which is written in terms of the time correlation
function of the flux. They incorporated the Fixman’s idea that the anomalous
behavior is due to the anomaly of the concentration fluctuation, and then, as-
sumed that the temporal development of the flux obeys the phenomenological
equation. Their result turned out to be identical to Fixman’s. In this correlation
function approach the viscosity is closely connected with the local stress tensor
and the extension to the nonlocal case is obvious.” ‘

In this paper we study the nonlinear contribution to the local stress tensor
in the stationary case. For this purpose we adopt the correlation function ap-
proach. This approach is considered to be suited for treating the nonlinear case
as a natural extension of the linear case. For this it is necessary to expand
the local stress tensor in powers of the velocity gradient and express each coe-
fficient in terms of the appropriate correlation functions. .

- There are several methods for obtaining the correlation function expression
for the transport coefficient in the case of the thermal disturbance;” e.g. (i)
use of the initial local equilibrium ensemble® (ii) use of the Fokker-Planck
equation” (iii) indirect Kubo method,” etc. We extend here the method (i) due
to Mori to the nonlinear case. Section 2 is devoted to this procedure. The
resulting expression is evaluated using the method which is a slight modification
of that of Kawasaki® The 4° term in the nonlinear shear viscosity obtained
here is identical to Botch and Fixman’s except for a small correction to the
numerical coefficient. In §3 we present this calculation. However, if we con-
tinue furthber, scme sort of the divergence difficulty begins to appear in the J*
term. This problem will be discussed in §4. Finally, we note that this pro-
blem is of interest also from the point of view of the general nonlinear trans-
port theory, since we still do not have a satisfactory general formalism of the
nonlinear transport as in the linear case.**

§2. Nonlinear contribution to the local siress tensor

All the macroscopic properties of the system can be obtained from the
knowledge of the distribution function of the system after averaging. Most
systems are described by macroscopic variables after a certain transient time.
To obtain such a macroscopic description, we shall start here from the local
equilibrium distribution” and consider the simple case that the temperature and
the number density are spatially uniform and stationary in time, and only the
local velocity differs from zero.

* Hereafter we shall refer to this as Ref. 1.

) When we have the so-called mechanical disturbance, the formal extension of the linear re-
sponse theory to non-linear problems appears to be more or less straightforward.® However, if
the disturbances are of thermal nature such as those associated with heat transport, viscosity, dif-
fusion, etc., the situation is rather unsatisfactory.
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Then the local equilibrium distribution function can be written as®
£ @) =exp(~U=H) /{exp (— U D ax", 2-1)

where dx"=dx,---dxy[x, (i=1---N) Iis the coordinate of the i-th particle in phase
space and N the total number of particles.] and H is the system Hamiltonian
given by

v V2 2 1 |
H=3 27 "3 uy, (2-2)
Jel 277/1 i 2 F:t ‘

where u; is the interaction potential. ~Furthermore, U is a pseudo-canonical
transformation operator which generates the local equilibrium distribution func-
tion (2-1) from the equilibrium one and has the following properties :

(1) For an arbitrary phase space function G,
(@ ={Gha= (UG it =<UG,, 2-3)

where {:->; stands for the local equilibrium average and {---), the equilibrium
one. We have used here that by (2-1)

F=US,

where
ﬂ)‘VEe"BH/SG"B”CZxN (equilibrium distribution function),

and dx" is invariant under the pseudo-canonical transformation U.

(i1)  £¥ is defined such that the local velocity »(r) alone differs from its
equilibrium value. Namely,

) o=LUj@) >o=pw(r), .
o (@) > =<Up () >e= 00, (2.4)

CH(r) Y= CUH ) o= CE(r) b, + ; oo ()"

Here j(r), p(r) and H(r) are the molecular expression for the local mass cur-
rent density, the local mass density and the local Hamiltonian density, respectively,
defined as®

- j@) :;Pﬁ("j—rl

o(r) :Z_jmﬁ(rj—r), 2.5)

2
Hr) =22 00—+ ; 3 S ().
, J

J
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1034 T. Yamada and K. Kawasaki

Here p, is the equilibrium mass density. Now a U satisfying these properties
18

Up;=p;+mmp(r;), Ur;=r,. ‘ (2:6)®
Then
U'H=H+R,
. 1 . (2-7)
zngm 'v(r)dr+~2~gp(r)°o(r) dr .
Now we introduce the Liouville operator L by
) ) 0uy; 0 0
[ =x"Pi 0 Oy (O 0 ) 2.8
L o 5 o <3pi apj> (2-8)
Then for an arbitrary dynamical variable G
"G (0) =G (1).
Therefore we obtain from (2-1) and (2-7)
fN<Z‘> :e—itLﬁN:quR(—ﬁ)ﬁ)N (2‘ 9)
and
N R
@f,@):[}R(ﬁt)fN(t)
0t
This can be solved by iteration,
Fr@ = 5 P dse (ask(s) < R(-sof7. @10

0 0

Now we consider the local stress tensor J(r)**®

@=L ppin - B )
= P40 +o) ) — 0@ e@p@ + 1@ @11
where 1 is a unit dyadic,
P,=<{J"()> (equilibrium pressure)

and

# [J is not a genuine canonical transformation operator. However, since it conserves volume
elements in the phase space, it is quite similar to the true canonical transformation.
# We also define the following quantities:

Je=J =P, J,=J +Pl.
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JAE =3 [y mw @)1 py— e )10 )

J (i
1 au-; N ]
— Ny (1) =Pl (2-12)
2 T or;,

One can easily verify that
UJ,*(r) =J (@) ——P()l»,
UJ@) =J,*@) +Pl.
We now perform the average of (2-11) with f¥(#) to obtain the local stress
tensor P(r) which appears in hydrodynamic equations.
After all, what we need is a part of the stress tensor P(r) that is related

to the viscosity, which we denote by P*(r) and is obtained by (2-10) as
follows :

P () =\ T )17 () dw

(2-13)

e D s [ O R RG5>0

0 0
(2-14)
Here ¢ is chosen such that ,>¢>7 .. () is a relaxation time of hydrody-
namic scale and 7., is the microscopic relaxation time®). Such a choice of ¢
is necessary because we start with the local equilibrium ensemble and pursue the
time development of the flux with the exact dynamics. More detailed discussion
of this with the use of the projection operator technique will be given in Ap-

pendix A. v
From (2-13) and (2-3), we have

IH ) >v=UJ* (@) o={J () po— P 1 =0. (2-15)
Use of (2:7) and (2-11) yields '

&= =3 L@ =0 @@ Toa ) -2 ar

Tg
—SJU* (r): Vo(r)dr, v | (2-16)

where we have also used the following equations of motion :

-51_‘0(1', t)y=—-V-j@r, 1),
(2-17)

,;,j(r, 0 =—V-J(r, 0.

Now we consider the shear flow of the form
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1036 » T. Yamada and K. Kawasaki

v,=v,=0, v,(r)=xd, : : (2-18)

where d is the magnitude of velocity gradient.
In this case (2-16) is simplified to

R — %J ") dr-d, (2-19)

where we have used that J,%*?=J,”". Then noting (2-15), (2-14) reduces to

P*(r) :}i (] By S legdm°-~g<'iz ﬁdinxl]?,”” NSy — 1)
7!

nel
3] U

- X ]v‘vy (rn’ - Zn\) :\L (2 4 20)

In (2-20) we have taken the time ¢ to infinity since we are wncerned with ‘fhe
quasi-stationary case where 7,=oc0 (see also Appendix A).

In this way we obtain an expression for the local stress tensor. Dividing
this formula by —d, the nonlinear viscosity 7(d) is obtained.

We rewrite (2-20) using (2-3) and (2-13), that is, J"=UJ,* as

prov= 3 (A0 g‘” | ari e \arucr, 0 (U2 =201
Tzl
0 0
X [U](}.z;y(rm _Z‘n>]>0*) (2'21)
e (= pd)(

i
1

1oz | V7 !

&d!lgdrl K(z/ng(z;,g T (1) 0) T (81 — 1) T (s — 1) Do -
0 i
J*(r;, —t;) in the second line is obtained by replacing the Liouville operator
iL by i(L+dL") in J*(r,, —t;), where :
Z‘L’-’”—"——‘—:<(I;Z~ - @ ___21)7/7« - 0 - ">. (2'22)
0v; 0p"
The proof of this and the properties of the operator ;I will be given in Ap-
pendix B.

Furthermore (2-21) can be written as follows :

pev 3 T >S s dn e (an @ P (-0 P (=15, (2023)

o

0 0 %}
where I"={drJ"'(y) and V is the volume of the system.
§ 3. Calculation of the nonlinear shear viscosity
In our earlier work? the anomaly in the shear viscosity of critical binary

¥ Here 7; should not be confused with the coordinate of the j-th particle.
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Nonlinear Eflects in the Shear Viscosity of Critical Mizxtures 1037

mixture near the critical point is related to the anomalous increases of long

range concentration fluctuations and the relaxation times associated with them

near the critical point, and the flux entering the expression for the shear visco-

sity is expanded in the power series of the local concentration fluctuations whose

temporal developments are assumed to obey the phenomenological diffusion law.
We adopt the same assumption regarding the flux and write

dc (r) Oc (r)

J(r) =1" o

(3-1)
where ¢ is the local concentration and f a constant defined in Ref. I. Then
I?" in Eq. (2-23) becomes

0c 0c

I"’y:fgd 0z Oy

A 6 -
@5/ . f};kwky lene_n—<crerol, (3-2)
where
cr=(2n)"* g dre " [c(r) —<c(r)Do].

By making use of the result of Appendix B the temporal development of
the concentration fluctuation ¢, (#) is governed by the following equation which
is an extension of that in Ref. I:

ey, —dk 0
Ik,

Ot.‘ " ok, =7 +E)cy (t>0), (3-3)%

where £ is the inverse of the correlation length of local concentration fluctua-
tions, and vanishes at the critical point.
From (3-3) Ap=cic_x in (3-2) obeys the following equations (>>0):

04D _gp O 4 (8) = — 2B (B ) Ay (2), (3-4a)
ot ok,
”M’id i_" D tar, a?{ A (—0) = — 27 (B ) Ag (—2). (3-4b)

Here we have used the fact that on reversing the direction of the time, the
term which contains dissipation should have its sign reversed.

Ar(t) enters (2-23) in the followmg integrated form, which i1s by the use
of (3-4b) reduced to

5 1 1
dtA(—8) = —d > Sp-r4d* - Sp =Sy
K w(=8)= <g),, _CD,,. g @, D" @, D,

=0, (k) A (0), | (3-5)

) A0 (©)

0

) Hereafter, for simplicity, we write A(¢) for ﬁ(z) whose temporal development is governed
by the Liouville operator 7(L+dL’).
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where

Dp=27F"(F*+£7),
0
Sp=k, .
T Bk,
This defines a new operator O, %(k). We used here the well-known expansion

formula for operators A and B

1 1 1 1 1

= — B 1,, B 1, Bor— ‘
A+ B A A A A A A
Equation (2-23) now becomes
P — (N (d))d = —4(d)d (3-6)%

where 7(d) = i 7.(d) and
=1

) o ‘ (3.7)
(@) =2=D gy (0 I (—£) - T (—
@=L D an O 1 (1) I (=)

nl
0 1]

Equation (3-6), however, is not itself a simple power series expansion in
d because I°Y(—¢;) in 3,(d) follows the equation which contains & in its temporal
development. See (3-4).

Hereafter we shall calculate 7,(d) using the random phase approximation
(R.P.A)) in the same way as in Ref. I. Before going further, we note that the
average {---», in (3-7) must be replaced by a connected average {--->,. In
the connected average none of the I*’’s in {---), are statistically independent
of one another (this may be also termed the cumulant average). We shall
discuss this in Appendix C in more detail.

In the following calculations we make use of the R.P.A. and adopt the
Ornstein-Zernike form for the correlation of the local concentration fluctuation.
Namely,

e :*Eg'f*;" > : (3-8)

where &, is a parameter defined in Ref. I which is finite at the critical point.
The evaluation of 7,(d) is performed in Appendix D, and we obtain

1) = 2L 251 k0,70 () (hablenlDid. (3:9)

For n=~2 we have similarly

) P¥zy differs in its sign from that of usual hydrodynamics (see, Landau and Lifshitz; Fluid
Mechanics), but this is due to the difference of its definition.
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()= 2B DT L 1,0, () (habilenly

<O R kA, 3-10)

where

1 1

O,k :,,,,,,,,+d,,, S& A+ d? ___,S»,,,, SpeT-

P =g T g @h D" D" fﬂk
Substituting (3-8) into (3-9) and (3-10) and using the relation (27)'f=
(B~ (see. Ref. I), 7, -7, can be evaluated. Equations (3-9) and (3-10) are now
expressed in terms of power series in d. Thus we define 7; which is a por-
tion of 7, that contributes to the nonlinear shear viscosity of the order of d***

With this definition we obtain 7, from (3-9) and (3-10):
ool Gb¥ BT (g QY BTy

ERE Y 12

e T
This agrees with the linear shear viscosity which is obtained in Ref. I

Next, 7,; vanishes because of the symmetry and 7,, gives the first non-
vanishing nonlinear contribution. From Eq. (3-9), 75, is obtained in the form

_ 2ksT d” g L a0 1 g 0 ke
(27 (27) TVREAED 0k, B4R Ok, BB+
2 ’ 2
_ _ 2kpTd" gdk/eg;‘ <1_ _ A +2E 2> w L
(©2n)° @) B+ e+ ) k(B + k")
VR T T 2}
1]32 (k2+l‘:2>6 L (k ‘2)4
g 2
3% 2127TT K’ :
Equations (3-11) and (3-12) then yield
Lo 125  d°
N1 = —é84 ’)’ ‘8 - 710
. da’?
== —0.3255X Ty (3-13)

oy
(3-13) is the same as the result given by Botch and Fixman.”»¥
To this must be added the contributions from %, and 7, to the nonlinear

* In Botch and Fixman’s work there was a divergent integral at small £ values. They re-
moved this divergence by the method of the Schwartz distribution or by deforming a path of inte-
gration so as to avoid the divergence. This procedure has been justified a posteriori by our cal-
culation. However, in general it is rather doubtful that one can always remove the divergence of
this sort using the method of the distribution. See §4. '
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1040 T. Yamada and K. Kawasaki

shear viscosity of the order of Z°. That is, since 7,=0 because of the symmetry,
we obtain :

— /B’MS dk (k) w1 p. 0 Rk,

T s ) ey B R0k, KR+,
N N R
2371.&{3 jz (]CZ + /CZ)5 lko (]€2+/C?) x <k2+h:2>2g
kpTd’®
= Fn 3.14
15X 2"yt ( )
and
L, 772 4
Do = ,/”!);,,1;‘?3,& dk G(k;:@/) -
2’y k(R E7)
kp 1" (3-15)

15 % 22778

Equations (3-14) and (3-15) give a correction to 7, but it is numerically very
small and is roughly evaluated to be 0.6% of 7.

Finally the power series expansion of the nonlinear shear viscosity 7(d)
up to the order of d* becomes

7(d) =- kT .,<1 —o.3281 L > (3-16)
16077k 7K°

Thus the coefficient of d? of the nonlinear shear viscosity diverges as £’ near
the critical point. Therefore, nonlinear effect is expected to increase rapidly
near the critical point.

By a simple dimensional analysis we see that the higher order terms in
contain higher powers in £'. d has a dimension of the inverse of time and
the dimensionless expansion parameter which appears in the power series ex-
pansion in & should be (d/rk*). Therefore, we get a factor £* for each
additional power of d’. Physically this occurs because near the critical point
the correlation range of the concentration fluctuation increases enormously in
space as well as in time, and the effect of this is more enhanced in higher
order terms. Furthermore, as we shall see in the next section, there arise diver-
gence difficulties that the ccefficients of the expansion of higher than d* diverge
even when £ is finite.

§ 4. Higher order contributions in d

In the preceding section we have obtained 7(d) up to the order of J*
The next order non-vanishing contribution appears in the order of 4% Unfor-
tunately, however, its coefficient diverges at the lower limit of the k-integral
even though we are not at the critical point. To demonstrate the divergence,
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Nonlinear Effects in the Shear Viscosity of Critical Mixiures 1041

it is sufficient to consider the terms which dominate at small 2. Thus the most
divergent contribution 73" to 7, is obtained from Eq. (3-9):

M.D. ]\’,371624 ] $—‘ ]\’«J;ka [1 a jli /»’?/
W T g 5,00 v 4 e Nt | 12 AL 2
2%k VR (B LR Ok, 4R

_ RTa (- 1607) ><0§» Cdm
24° (27)*kM 1287/ Imt(m*+1)

)]

4-1

Thus at the lower limit of the Z-integral (or the m-integral) it diverges as &7
(or m~*). 7, also contains a divergent integral, but the degree of the divergence
is £~' and is weaker than (4-1). Furthermore, the coefficient of 4° in 7, diverges
as £ and so on. ‘ ,

Similarly for the nonlinear shear viscosity of the two-dimensional binary
mixture the logarithmic divergence appears already at the order of d4°.

That is,

e o A (24 2.
pu=— ksTd" Sd'" B [ _AGmAD .
) (27)k m*(m*--1) Ut (m*+1)* m*(m*+1)
42m*+1) Um*+1) )
T D8 ( 2 NG Zyj'
m®(m’ + 1)
o7, 72 3 : v
2k 1d X / X[ —1In ], (4-2)

Coon e 32

where m, is the cutoff at the lower limit of the integral. The divergences of

this type appear to be associated with the use of the phenomenological theory such
as the diffusion equation (3-3) to describe the time evolution of the fluxes

entering the expression for the transport coefficients rather than with the fact
that we are concerned with the nonlinear effects. In fact the linear bulk visco-
sity of two-dimensional critical mixture [see references 4) and 9) for the calcula-
tion of the bulk viscosity] diverges logarithmically owing to the same cause.
This is due to the fact that in this phenomenological approach there appear in
the time correlation functions of fluxes the parts with long life-times which decay
as certain inverse powers of the time even when we are not near the critical
point, and use of the R.P.A. in our calculation appears to be irrelevant. This
long life-time part gives a negligible contribution to the three dimensional linear
transport coefficients except near the critical point. 4

This sort of the divergences do not occur if we use the method of the con-
tinued fraction’® for the calculation of the two-dimensional bulk viscosity.':*
However, if we use this method to study the linear shear viscosity of three

% The calculation which makes use of the continued fraction is usually performed by retaining
a few lower order terms correctly and by replacing the rest by its high temperature value. There-
fore, we cannot settle this problem unless the convergence of the continued fraction is guaranteed.
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1042 T. Yamada and K. Kawasaki

dimensional critical mixtures, no anomalous peak appears at the critical point,
while if we use our phenomenological approach, the shear viscosity exhibits the
anomalous peak like £7'. [See (3-11).] The existing experiments seem to
support the latter result.'” .

It is beyond the scope of this paper to settle the question whether the
divergences appearing in Egs. (4-1), (4-2) and in the bulk viscosity of the
two-dimensional mixture are real or spurious. For this purpose it is necessary
to investigate very carefully the basis of our phenomenological approach.® This
problem is now under investigation. However, if these divergences should turn
out to be real, we should re-sum all the divergent contributions. Then it could

lead to the interesting possibility that the nonlinear viscosities (hence, hydro-

dynamic equations) for binary solutions may not be analytic functions of the

velocity gradient even if we are away from the critical point.
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Appendix A

We here re-derive the expression for the local stress tensor (2-23) by using
Mori’s projection operator technique and make a few remarks.

We suppose that at the time zero the system is in the local equilibrium
state which may be far from the equilibrium. Namely, we write [see (2-1)

and (2-7)],
R (A1)
which then yields for >0,

YO :‘%,G«B[IH-R(—D] X (A-2)

where Z normalizes the distribution function.

We apply here Mori’s theory.™ A difficulty arises because in the nonlinear
problem it is not easy to find consistently the temporal variation of the macro-
scopic parameters characterizing the local equilibrium (e.g. velocity gradient,
etc.). However, if we can assume that the system is under the quasi-stationary
condition such that the variation of the macroscopic parameters are infinitesimally

) One may of course cast our phenomenological approach into a form which makes use of
Mori’s general theory of Brownian motion'® as has been done in Ref. I, Appendix A. Then, one
has to worry about the terms which have been left out and which contain Mori’s random force f(¢),
for which it is still rather difficult to say anything very definite regarding the present problem.
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Nonlinear Effects in the Shear Viscosity of Critical Mixtures 1043

slow, we can still apply Mori’s theory by taking #” instead of £ to define the
projection operator.
Thus we write

R(=0) =R+ R/ (~2), (a-3)
where
R, =PR(—5), R (—1)=0A=P)R(~1) (A-4)
and &, is the projection operator defined with £¥ in Eq. (A-7) below.
At =0,
R_,=R(0), R’(0)=0. (A-5)

According to Mori, we then obtain
11 . )
R (=) = —i{ds eI DL (1 @) LOR(-3), (A-6)

where ,
PG =A% (AL, L AG, | (A-7)

Here {.--), is the ensemble average with £, under the quasi-stationary condition
with R_,=R(0), and A4 is a column matrix composed of all the macroscopic
variables and A4* is a conjugate matrix of A.

Therefore, f¥(¢) becomes

e S

£ =fexp[p\ds e THETIUTIL (1 Py LPR (). (A-8)

S

We now choose the following R :
]€§:~Sj(r) w(r)dr+ ;g()(r)v?(r)dr. (A-9)
The equations of motion then yield

= —S JF(r) : Vo(r)dr — %g[jaor) —v.M 0]

a
g

X 0, (r) “;r @ . (A-10)
B

In defining the projection operator, the choice of the set of macroscopic
variables 4 is irrelevant as long as they are equivalent sets. Therefore, we
choose U4, U'A* instead of A, A4* (U is the pseudo-canonical trans-
formation operator introduced in §2.) We then obtain by using (2-3)

PG = U A*- (U A) (U A%) ) - {(UTA) G,

= U~ A% L AAF S - {AUG Y= UL P, UG, (A-11)
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1044 : ' T. Yamada and K. Kawasak:

where &, is the projection operator introduced by Mori which is defined with
the equilibrium ensemble.® ,
Since in the quasi-stationary state we have

PR(—s5) =R_,~=R(0), (A-12)

(A-8) becomes as follows :

FY@ = explp | ds eV ERL AR ROT,  (A13)

[i]

and, since
PLija=ja, L0@) =0(),

A=) R= | (1= P)IF@): Vor)ar
~fa-—@yure: voEyar

-y S (1= POT*(r): Vo (r)dr . (A-14)

Thus the average of J,* is, by using (2-3) and UiL=i(L+dL")-U,

t

Jx={FFexp[—p S ds ¢ 1A=L rra ) py g J*(@): Vo (r)dr] >,

, .
=¥ exp[—f 3 ds ¢ ~i@=9) (U= Gy (L+dL) MQO)SJ* (r): Vo) dr]Ds,
(A-15)
where L’ is defined by (2-22).
If we assume Vov=d=constant tensor, (A-15) reduces to
: :
Jo* = \]}@* exp [~ S ds{e OO A= EHALD (1 _ pyI¥: d],,
| (A-16)
where I*ES J*@@)dr .

Furthermore, if the only non-vanishing component of d is 0v,/0x=d, we obtain

4

— [ ; _ /
vay: %/<Ivy eXp["‘B) dS e—l(t—s) (l _C[o) (L'I‘dL )Ixyd]>0 s (A.l?)

0 .

where I-“JES JY (r)dr .

*) More precisely, Mori's <.
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Under the quasi-stationary condition, the upper limit of the time integral may
be taken to infinity, and we obtain

.
Jov— ‘1}_<Iw exp[ — Bg ds ¢ Ltdl)) o,

0

~ ‘1]<I” eXp[“@dS ds (fmis(IQ— o) (L+dL") I.vy:] >0

=—y(d)d. (A-18)

Here 5(d) is the effective shear viscosity given by

1) = 7 [ —exp{—Bd | ds PO W D oy
. ] )

® n(__ J\n—1 - . . o ;
I L S DI L)

0

Now we investigate the effect of &.. I*¥ is translationally invariant in the limit
of infinite volume V, that is, for an arbitrary constant vector e,

I (ry—>ry+a) =I"(r;), (A -20)
and the ‘same is true for the quantities of the type
GLY*GL’y™ GLY GL'y?---I™ . (A-21)
For an arbitrary translationally invariant quantity G, we then obtain the
following expression :

EP()G = Ao* . <A()Ag*>.ul . <Ao(;>,

where A, and A4.* are the limit ¢—0 of the macroscopic variables 4, and A4 *
having a wave vector q. Therefore, we obtain

EPOiLGZAO*-<A0A0*>"1-<A0(.;>: — A <A‘0A0*>~l'<A°G> =0,%  (A-22)

because A,=0 for any macroscopic variable A, associated with the constants
of motion. Therefore, in (A-19) we are allowed to replace (1—-%)L by L.

Next we consider the effects of &, in (1—-%)L’. In (A-19) after expand-
ing in dL’ there appear terms of the following type :

(F(t) (1 —=PYIL'G(2y) >, 1,0 and )0, (A-23)

where we may assume that

#) Hereafter in this appendix we assume that the temporal development of an arbitrary quantity
G is governed with the Liouville operator L. s :
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1046 ; T. Yamada and K. Kawasaki

{F(t) o=<{(1=L)iL’G (£;) >o=0.

The role of %, in (A-23) is to remove any possible secular terms contained
in {F(t;)iL’G(¢,)», which remain non-zero in the limit #—c0 or #—>-—oco or
both. Therefore, if {F(#)iL'G(¢,)>, does not contain any secular term, the &,
term in (A-23) should vanish. This appears to be the case with our theory
which uses the diffusion type equation to describe the time evolution of the
flux.

Appendix B

In this Appendix we shall derive (2-22) and study its property. Let F({r,},
{p;}) be an arbitrary phase space function. Then use of (2-6) and (2-8) yields

GLE(d (py)y =S ipitmol) 0 e o 0
UZLF({ ]}, {P]}> 27*_‘{ m; or; o a[Pi'l‘ﬂ%”("i)]}
X F{ry, {p;+mm(r;)}), (B-1)

where F; is the force acting on the ith particle and 0/0r; on the right-hand

side does not operate on r; in the argument of ». If we remove this restriction
on 0/0r;, (B-1) is then modified to

pitmo@) [0 0 Loy 0|, g 0 NN
Z‘J{ my [ari ﬂz@ri ”("z) 8PJ+FZ 0 }UF({I‘Z}, {PZ}>-

K

If we set v,=v,=0 and v,(r) =xd, this reduces to

i(L+dL) UF({rs}, {ps),

where
. 0 , 0
1 = AN L B-2
z ;(x] @yj by apjy> . _ ( )
We next consider a density function G (r, ) of the form
G, 1) =290 (2) —r), (B-3)

where ¢, is a quantity pertaining to the i-th particle such as mass, charge, etc.,

and does not depend on r;, p;.
The temporal development of G with i(L+dL") is

0G@(Z’tl i (L+dL)YG (r, 1) =i(L+ AL G (r, ©)

LG, £) —dz 0 G(r b),
0y

where L aud L’* are L and L/, respectively, which are time-displaced by ¢
with the Liouville operator L+dL’. That is,

220z 1snbny |z uo 3senb Aq LE0EE8L/LE0L/S/8E/RI0mE/d)d/ W00 dno olwepese)/:SdRY WOy papeojumoq



Nonlinear Effects in the Shear Viscosity of Critical Mixtures 1047

0G0 L ar 0 G, 1) =iliG(r, b). (B-4)
0t 0y

In obtaining this result, we have used
iL"*G (r, £) =iL"* 39,0 (ri () —r)
=Y w8 7
7 0v; (1)
=320 9o —r)
7 oy

--= a@y_c(r, D,

where r;(¢) is r; which is time-displaced by # with the Liouville operator
L+dL’. It can be seen from (B-4) that the time displacement by the operator
idL’ just describes the change of G due to the drift term in the hydrodynamic
equations.

Appendix C

We shall prove here that Eq. (3:7) can be expressed in the connected or
cumulant average <--->,,. The normalization of the distribution function gives

S AxV (£ = S AV | (D
This is rewritten using Eq. (2-10) as
- 14 t
(s [ dsdR (=0 - R(=530=0. (C-2)
nelone 0 0 )

In a similar way to that we derived Eq. (2-23), (C-2) becomes
5 O g s (=) P (=5 TP (=s) % =0, (C:3)
- 0 0 :

Equation (2-23) is then rewritten by the definition of the connected average

as
i —(::Q{Z)ngd% o g ds, {77<I‘“JTM( — 1) >oc<79’y(\ —8y) ]Nw( —Sa) o
n=1 . 8 H

PO o ) (3T (=59 T (=50

ot
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1048 T. Yamada and K. Kawasaki

A ColTP T (= 57) - T (=50 Dol T (= 5541) -+ T (= 52) Do

).

We rearrange the terms in this expression as

(=B | ds (TP (=) (143 <('“f°’_d1>)-,§§ds (T =)+ (=)0

[ez]

B (s ds 12T (=5 - Fr (= 5pda (10 31 B

AR nZivl (n—1)!

X (= s00) = T (= 5) )

EEEEE

— g,:f?)d)g A5, (T T (— 5.) Sop X (1 +s (= BEZ)TS . Sdsl. e ds T — )T — 52) D)
1! 0 e n! 00

* ( ”,@'d)z S SCZSI' e ds T T (= 5) - T (= 5) oo
7!
0 0

[*¢]

< (143 <,—8d>fﬁ°§... (s, VT (=) - T (=530

et n! o 0

e (C-4)
Because of (C-3), we finally obtain for (C-4) the following :

0 o«

> tﬂi@ 3 "'Sdsl--.czsn<1“'7“ (=5 I (~5) Yo
e 7!

0 U

where (I (—~s) 1" (—s,) 0 is the connected average of the product of
I?"(—s;) such that none of the I"Vs is statistically independent from the rest.
Appendix D

We first write the two properties of the 0-function which are necessary for
subsequent calculations in this Appendix.
For an arbitrary function f(x), we have

B f@)0(x—a") =f(x)0(x—a’),

@ 0 fano@-a) = —f@) L o2
0x O
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We now derive Egs. (3-9) and (3-10) from
07;( ) B (—_d) Sdt Sdtn<lzy1vly(-"il) j»"«!/(_ tn)>oc . (D1>

First note that we can prove the following equation by using the properties

of the 0-function (although we treat here the particular case n=2 explicitly, the

extension to cases with general n is obvious.).

SV Roky ks k) RO, (k) O, ()0 (k— )0 (K — k") (k)
p N

LAY

= 3 Rk kO, ) O, (K by ke, D (K — ) (ke — k) £ (k)

K E

= 3 ko' Ry O, (R) O, (K'Y ko /0 (k&) FB)  (use (i)
c, ke’ .

= ,Z]], kol O, (k) f(k) ks Ry O, (k) ok, 0 (k—K') (use (1))
= ]‘;/kxkyO[“‘ (k) f (k) kol kO, ()0 (k—K). (D-2)

We also have the following identity :

[T B T N YO X

Y
g)k’ c@k’

=k, k, Jl:Sk Q;O(k k). (use (1))

= — kw,ky, :q_ﬁl_w_; _l,,b‘k()‘ (k . k/) (use (11) )

% i

R N TR Yoy ¥
g)k ’ ! cg-)lc’ ( c>

g) Sy —J)kk o0 (k—K") (use (1)). - (D-3)

Repeated use of (D-3) yields |
kO, (KO (k—K') =0, (k) kok,d (k—K'). (D-4)
Using (D-4), (D-2) becomes
5 kb0, () FU ka0, () ke (e — )

= 20 koky O, ™ (B) [ (B) feky {0, (B) ok, . (D-5)

It is easy to generalize Eq. (D-5) by repeating the same procedure.
We now derive Eq. (3-10) [(3-9) is a special case of (3-10) w1th n=1].
Using Egs, (3-2) and (3-5), Eq. (D-1) become&
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_ B (= (@) }”’”
M (d> - " f V 1 V f kb k?-knﬂkla"klyk?ka kn+1mkn+1y
X Op—_d <k2) e Op_d (kn4—1> < (cklc—kl — <Cklc—k1>0) Koeee
X (Cknc~kn - <CIC7H_ 1C~Icn+ 1>0) >oc

Qe 7n—1 6 n+1
= ‘3 ( d> J(2’7’I> - f} Sn Z kla:kly' : 'kn—klxknﬁ—ly

v Ly e A
X Op_d (ky) -+ X Op—d(knﬂ>6(k1—kz) Koeee
X O (o —Fepy) e, D"+, (D-6)

where S, arises when we use the random phase approximation to replace the
cumulant average of the product of n -1 factors cp,c_n,— {crC-r;00 G=1,--+, n+1)
by the sum of the products of <{|ci|*). If we note that O, *(—k) =0,7%(k),
each product turns out to be the same and appears S, times. S, is the number
of ways of ordering the n+1 factors cpc g, —{cr,C-z,00 into a ring multiplied
by 2", because for fixed k,, either k; or —k; equals k, for /=2, 3,---, n-+1. Namely,

S,=2"xn!,. -7

bUsing (D-2) and (D-5) repeatedly and also (D-7), (D:6) finally becomes

D
2)
3
4)
5)
6)

8)

8)

)]
10)
11)
12)

() = 28" ;d>”‘f_ {@‘7;)6. f} " 3 ok, 0,7 () [eaholer D™

X {0, (B) kb, 1. (D-8)
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Note added in proof: In the vicinity of the critical point where the diffusion constant vanishes,
the terms in the diffusion equation which are nonlinear in the concentration fluctuation should be-
come important in addition to the terms with higher spatial derivatives of ¢(r) which have been
considered already. The former result from the concentration dependence of the diffusion constant
D(c). Then the equation of motion for ¢(r) is

dc(r) dD(c)

SNV L DY Re + N e — e

7 =D@rte+ ) D per—ir

Though these nonlinear terms have not been considered in the problem of critical mixture so far,V™9
the appearance of the divergences necessitates the study of the effects of these nonlinear terms.
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