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Chapter 1
INTRODUCTION

1.1 Searching the mechanism of evaluations of risky assets

We are interested in the following problem: let X; ¢ € [0,T] be an R%valued process,
Y a random value depending on the trajectory of X. Assume that, at each fixed
time ¢t < T, the information available to an agent (an individual, a firm, or even a
market) is the trajectory of X before t. Thus at time 7', the random value of Y (w)
will become known to this agent. The question is: how this agent evaluates Y at
the time ¢7 If this Y is traded in a financial market, it is called a derivative, i.e., a
contract whose outcome depends on the evolution of the underlying process X. This
output of this evaluation can be the maximum value the agent can be accepted to buy
or minimum value to sell. It depends his economic situation, his risk aversion and
utility preference. In many situation this individual evaluation may be very different
from the actual market price.

Examples of derivatives are futures and option contracts based on the under-
lying asset X such as commodities, stocks indexes, interest rates, exchange rates; or
on individual stocks; or on mortgage backed securities. Here the term derivative is in
general sense, i.e., it may be a positive or a negative number.

The well-known Black & Scholes option pricing theory (1973) has made the
most significant contribution, over the last 30 years, of the model of evaluation by a
financial market of the derivatives.

One of the important limitations of Black—Scholes-Merton approach is that
it is heavily based on the assumption that the statistic behavior of the stochastic
process X is exogenously specified. The fact that the Black—Scholes pricing of Y is
independent of the preference of the involved individuals are also frequently argued.
On the other hand, in the situation where Y is not traded, thus the main arguments
of BS model, i.e., replicating and arbitrage—free, are no longer viable, the evaluation
of Y is often preference-dependent.

In this paper the evaluation of Y will be treated in a new viewpoint. We
will introduce an evaluation operator & r[Y] to define the evaluated value of Y of
the agent at time t. This operator & r|-] assigns an (X;)o<s<r—dependent random
variable Y to an (Xj)o<s<t—dependent one & r[Y]. Although this value & r[Y] is
very complicated and is different from one agent to anther, we can still find some
axiomatic conditions to describe the mathematical mechanics of this operator. In
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many situation, the evaluation of the discounted Y is treated as a filtration consistent
nonlinear expectation. In more general situation it is a filtration consistent nonlinear
evaluation. In these notes we will prove that in many situations In some situations,
this evaluation coincides with a g—expectation, or more general, g-evaluation, which
is the solution of a 1-dimensional backward stochastic differential equation (BSDE)
with a given function g as its generator.

1.2 Axiomatic Assumptions for evaluations of derivatives

1.2.1 General situations

We give a more mathematical formulation to the above described evaluation problem.
Let X = (X}i)i>0 be a d-dimensional process, it may be the prices of stocks in a
financial market, the rates of exchanges, the rates of local and global inflations etc.
For simplification, we assume that X is a continuous process, i.e., the realization
trajectory of X is in the space of R%-valued continuous processes starting from
Xo=x€ R ie, X € Wi = (C,(0,00; R?). We assume that at each time t > 0,
the information for of an agent (a firm, a group of people, a financial market) is the
history of X during the time interval [0,¢]. Namely, his actual filtration is

F=o0{X;s <t}

We denote the set of all real valued F;*~measurable random variables by mZ;*.Under
this notation an X—underlying derivative Y, with maturity 7' € [0, 00), is an Fa—
measurable random variable, i.e., Y € mF;. We will find the law of evaluation of YV’
at each time ¢ € [0,7]. We denote this evaluated value by & r[Y]. It is reasonable to
assume that & r[Y] is F*~measurable. In other words

ErlY]: mFy — mFy.

In particular
g()j[Y} : m]:%( — R.

We will make the following Axiomatic Conditions for (& r[])o<t<r<co:
(i) Monotonicity: & 7[Y] > & r[Y'], it Y > Y.
(il) &,[Y] =Y,if Y € mF¥. Particularly & olc] = c.
(iii) “Zero—one law”: for each t < T, & r[14Y] = 14& 7[Y], VA € FX.

(iv) Time consistent: &, [& (Y]] =Er[Y], if s <t <T.

Remark 1 Conditions (i) and (ii) are obvious. The meaning of condition (iii) is: at
time t, the agent knows whether X.ny is in A. If X s is in A, then the value & r[14Y]



Axiomatic Assumptions for evaluations of derivatives 7

is the same as & r[Y] since will have the same right as to have a derivative Y with
the maturity T . Otherwise 1,Y is zero thus it costs nothing.

Remark 2 Condition (iv) means that & r[Y] can be also treated as a derivative with
the maturity t. At a time s < t, the price Es+[Ex7[Y]] of this derivative is the same
as the price of the original derivative Y with maturity T, i.e., Esr[Y].

1.2.2 Nonlinear evaluations

In many situations we assume furthermore, instead of (ii) in the Axiomatic Assump-
tion, that
(ii’) &7[Y] =Y, if Y € mF~. Particularly & 7[c] = c.

Remark 3 Condition (ii’) implies that the market has a zero—interesting rate, i.e.,
ry = 0. We observe that this assumption is not too strong since, in the case ry % 0,
we can define the following discounted evaluation

1Y) = ErlY exp(— /t " s,

This & 7] satisfies (i1’). In some more complicated situation we should consider a
“nonlinear discount effect”.

In this case it is clear that, for each 0 < t < T < 7' < o and Y €
L3(Q, 7%, P;R), we have

gt,T’ [Y] — gt7T[€T7T/ [YH - gt,T [Y]
We then can set E[Y|F¥] := & rY] = limp_o E Y], E[Y] = E[Y|F].

EVIFT] © mFr —mFy,
EY] : mFy — R,
E[Y|F{X] is the agent’s price at time ¢ of the derivative Y € mF; with any maturity

T >T.
By the Axiomatic Assumptions, we have

(i) Monotonicity: E[Y|F*] > E[Z|FX], it Y > Z.
(ii’) Constant—preserving: E[Y|F ] =Y,if Y € mFX.

(iii) “Zero—one law”: for each t < T, E[14Y|FX]| = 14E[Y|F], VA € F~X.
(iv) Time consistent: &JE[Y|FX||FX| = E[Y|FE], if s <t <T.
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In particular, the functional £[] is a nonlinear expectation, i.e., it satisfies
(a) Monotonicity: E[Y] > E[Z],if Y > Z.
(b) Constant—preserving: Elc] = c.

From (iii) and (iv) we have, each 0 < T < oo and Y € mF5,
EMAEY|FX)] = E[14Y], VA € FX. (1.1)

We recall that this is just the classical definition of the conditional expectation given
FX. In the next section we will prove that in nonlinear situation we can also derive all
the Axiomatic Conditions (i), (ii’), (iii) and (iv) by this definition provided & is strictly
monotone. In this case we call £[-] an F;*—consistent nonlinear expectation.

In this case the (& 1[])o<t<T<co 1S N0 more a family of nonlinear expectations.
But we will see that it is a “stochastic backward semigroup”.

Remark 4 From the above reasoning it is clear that the aziomatic Conditions (i)-
(iv) are also applied in many other situations to measuring a risky values Y in a
dynamical situation. In fact, an advantage is that they are also workable in the
situation where the risky value Y does not exchanged in a market. In fact the results
of many decisions are not exchangeable. For example, it is applicable to an individual
or a group’s evaluating of a derivative Y. In some situation an agent can not have
all information FX, but our method is applied to the situation partially observation,
i.e., with a smaller filtration G, C F;, t > 0.

Remark 5 It is clear that formulation of an FX —consistent evaluation does not need
to introduce an a priori probability space. But in this notes we will be within the
frmework Brownian motion filtration. For more general situation, see [P2003].

1.3 Organization of the notes

In the next chapter, we will give the formulations of filtration consistent evaluations
and expectations under the Brownian motion’s framework. Then in Chapter 3, we
present BSDE theory and introduce a large sort of filtration consistent nonlinear
evaluations and expectations, i.e., g—evaluations and g—expectations. We also present
a nonlinear decomposition theorem of Doob—Meyer’s type, under these g—expectations
and gevaluations. Chapter 4 is devoted to prove that the notion of g—expectations is
large enough to represent all regular F;—consistent nonlinear expectations. This result
permit us to find the simple mechanism, i.e., the function g, of the above apparently
very abstract evaluations. We also provide a simple method to test and then find the
function g. In Chapter 5, we present some basic method to solve numerically BSDE
such as g—expectations and g—evaluations.



Chapter 2

BROWNIAN FILTRATION CONSISTENT EVALUATIONS AND
EXPECTATIONS

In these notes, we will study the above evaluation problem within the following stan-
dard framework. Let (Q,F, P) be a probability space equipped a filtration (F;):>o,
(Bt)i>0 be a standard d-dimensional Brownian motion defined on this space. We
assume that (F;) is the natural filtration of B:

Fr=0c{{B; 0<s<t}UN}, Fo =] F.

t>0

where N is the collection of P-null sets in 2. A vector valued stochastic process X; =
X(w,t) is said to be Fi-adapted (( Ft)o<i<oo -adapted), if for each ¢ € [0, 00), (Xi(+))
is an F;—measurable random variable. Heuristically, (F;) represents our information
before time ¢. Thus the meaning that X is (F;)-adapted process is that at the current
time ty, we know all trajectory of X; for ¢t < ty, The actual risk of X is on its behavior
after ty. All processes discussed in this notes are F;,—adapted.

We list notations of this notes

LP(Q), Fr, P;R™): the set of R™-valued F;—measurable random variables such
that E[[¢["] < oo (p = 1);

LP(Q, Fr, P;) = LP(Q), Fr, P;R)

LP(Q, FO ., P;R™) = Upao LP(Q, Fi, P;R™);

L0, T;R™): the set of all R™—valued and F;—adapted processes such that
E [ |vg|Pds < oc.

M0, T;R™) = L(0,T;R™), M(0,T) = M(0,T; R).

2.1 F—consistent nonlinear expectations

Under this language we can give the precise meaning of the above discussed filtration
consistent nonlinear expectations and evaluations. We will see that this notion can
be introduced in a classical way.
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Definition 1 A nonlinear expectation is a functional:

EM LA (Q,FL,P)— R

Y [eo}]

satisfying the following properties:
(i) Strict monotonicity:

F V> Vs as. then EV]> £V
if i>Y, as., EV|=E&Ys] <= Y=Y, as.

(i) preserving of constants:
Elc] = ¢, for each constant c.
Lemma 2 Lett <T and ny,n, € L*(Q, F, P). If
Elmla] = Emla], VAEF,

then
N2 =1, a.s. (2.1)

Proof. We choose A = {n; > no} € F;. Since (g — n2)1a > 0 and E[ml4] =
E[n214), it follows that 114 = 1214 a.s.. Thus 1y > ny a.s. With the same argument
we can prove that 1, > ny a.s. It follows that (2.1) holds. The proof is complete. B

Definition 3 For the given filtration (Fi)o<i<r, a nonlinear expectation is called F-
expectation if for each Y € L*(Q, Fr, P) and for each t € [0,T) there exists a random
variable n € L*(Q, F;, P), such that

E[Y14] = Epla], VA€ F (2.2)

From Lemma 2 above, such an 7 is uniquely defined. We denote it by n =
EIY|F]. E[Y|F] is called the conditional F-expectation of Y under F;. It is charac-
terized by

EY14]l =E[EY|F1a], VA€ F. (2.3)
Lemma 4 We have, for each 0 < s <t <T,
EEIY|F]F] =E[Y|F] as. (2.4)

In particular,
ELEY|R]] = E[Y]. (2.5)
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Proof. For each A € F, we have A € F;. Thus
EELEIY | R F]la] = E[E]Y[F]14]
= E[Y14]
= EIE[Y|Fs|14]
It follows from Lemma 2 that (2.4) holds.

(2.5) follows then easily from the fact that Fy is the trivial o-algebra (since
By=0).m

Lemma 5 We have a.s.

EIY14|F] = E[Y|Fla, VA€ Fi (2.6)

Proof. For each B € F;, we have

EEIY1A|R]1B] = E[Y14lp]
EIEIY | FLlans]
EEIY | F]Lallp].

|
We then can conclude

Proposition 6 ??Let £[-] be defined in Definition 1. If for each 0 <t < T < o0
and Y € L*(Q, Fr, P), there exists a E[Y|F;| € L*(Q, F;, P) satisfying relation 3,
then (E[Y|Fi])o<t<co satisfies Aziomatic Assumptions (i), (ii’), (iii) and (iv) listed in
subsection 2.2.

(i) Monotonicity: E[Y|F] > E[Z|F)], as., if Y > Z, as.;

(ii’) Constant—preserving: E[Y|F]|=VY,ifY € L?(Q, F;, P;R)
(iii) “Zero—one law”: for each t, E[14Y |F;] = 1.E[Y|F], VA € F;.
(iv) Time consistent: &Y |F||Fs] = E[Y|Fs), if s <t <T.

Lemma 7 For any Y, ¢ € L*(Q, Fr, P) and for each t € [0,T] and A € F; we have
EY 14+ ClyolFy] = EY|F]La + E[C|F]Lae

Proof.  According to Lemmad4. above,

EYTa+(lac|F] = EY1a+ (uc|F]la+EY1a+ (Lao|F]l4e
E[(Y1a+ (Lac)la|F] + E[(Y1a + (Lac)lac|F
[
[

= ElY|F]1a+ E[C|F1 gc.
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Lemma 8 For any X, Y € L*(Q,Fr,P), if X <Y a.s., then we have for each
tel0,7],
EIX|F) < EVIF] as

In this case, if for some t € [0,T), one has E[X|F] = E[Y|F] a.s., then X =Y,

a.s.

Proof. Define X; = £[X|F] and V; = E[Y|F], and let A € F;. Because of the
monotonicity of £, we have

E[Xi1a] = E[X14] < E[Y14] = EY 4]
Now, take A = {X; > Y;}. If P(A) > 0, the strict monotonicity of £ implies that
E[Xi1a] > E[Yil4].
Comparing the two above inequalities, we conclude that P(A) = 0.

Now if for some t € [0,T"), one has E[X|F;| = E[Y|F:], then E[X] = E[Y]. It
follows from the strict monotonicity of £[-] that X =Y, a.s.. W

2.2 F-consistent nonlinear evaluations

Similarly as in the above zero—interest rate situation, in the case where the evaluation
does not preserve constants, we can also introduce F—consistent nonlinear evaluations
the evaluation operators (& r[])o<t<r<co satisfy Axiomatic Conditions (i), (ii), (iii)
and (iv) listed subsection 1.2.1. The approach is also quite similar to the last section.

Definition 9 An evaluation with maturity 0 <T < 0o, is a nonlinear, functional:
SO,T['] . LZ(Q,JTT,P) — R
which satisfies the following strict monotonicity properties.

if Y12>2Yy as., then &qr[Y1] > & r[Yal;
Yi>Ys as., and Er[Yi] =ErYs) <= Yi=Ys as.

Lemma 10 For each t < oo and ny,ne € L*(Q, F;, P). If

Eoilmlal = Eog[nalal, VA€ F,

then
N2 =11, a.s. (2.7)
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Proof. = We choose A = {m; > ne} € F;. Since (n1 —nm2)14 > 0 and Eyyfmla] =
Eo[n214], it follows by the strict monotonicity that m14 = 1214 a.s.. Thus gy > m
a.s. With the same argument we can prove that 7, > 9y a.s. It follows that (2.7)
holds. The proof is complete. B

We can also have F;—consistent evaluation operators

Definition 11 For the given filtration (Fi)o<i<r, @ nonlinear evaluation is called F;-
consistent evaluation 0 <t < T < o0 and Y € LQ(Q,}"T,P) there exists a random
variable n € L*(Q, F;, P), such that

507T[Y1A] = 507t[771A], VA € ft.

From Lemma 10 above, such 7 is uniquely defined. We denote it by n = & r[Y].
Er [Y] is called the evaluated value of Y with maturity 7" at the time t.

SorlY1al =&[Eir[Y]1a], VA€ F. (2.8)

We can prove the semigroup property:

Lemma 12 For each 0 < s <t <T and Y € L*(Q, Fr, P;R), we have
EsdlbrlY]] =EsrlY] a.s. (2.9)

In particular,

50,t[£t,T[Y]] = EO,T[Y] a.S.. (210)

Proof. For each A € F, we have A € F,. Thus, by F;—consistence,

EoslEsplEer[YI1a] = EouErr[Y]14]
= &or[Y14]
- gO,s[gs,T[Y]lA]
It follows from Lemma 10 that (2.9) holds.
(2.10) follows then easily from the fact that Fq is the trivial o-algebra (since

The zero—one law is also holds:

Lemma 13 For each 0 <t <T,Y € L*(Q,Fr, P;R) and A € F;, we have

€t7T[Y1A] == guT[Y]].A, a.s.. (211)
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Proof. Foreach 0 <t <7T and B € F;, we have

Eol&irY1allg] = &r[Y1alp]
= &So+[&r[Y]Lang]
Eorl[&er[Y]1a]lB].

WFor cach 0 <t < oo, and n € L*(Q, F;, P; R), we have
Lemma 14

gt,t[n] =1, a.s..

Proof. By the definition of & 7[-], we have
EotEriln1a] = Eoalnlal, VA € LX(Q,F, P).

We then can conclude

Proposition 15 ??Let E[-| be defined in Definition 9. If for each 0 <t < T < o0
and Y € L*(Q, Fr, P), there exists a &Y |F] € L*(Q, Fi, P) satisfying relation 11,
then (E]Y | Fi))o<t<oo Satisfies Aziomatic Assumptions (i), (i), (i1i) and (iv) listed in
subsection 2.2. i.e.,

(i) Monotonicity: & r[Y] > & r[Y'],as.,if Y > Y/ as;

(ii) & Y] =Yt Y € L*(Q, Fr, P). Particularly & o[c] = c.

(iii) “Zero—one law”: for each t < T, & r[14Y] = 14& 7[Y], VA € FX.

(iv) Time consistent: E (& r[Y]] = Er[Y], if s <t <T.

We also have the following properties

Lemma 16 For each 0 <t <T < oo, X, Y € L*(Q, Fr, P) and A € F;, we have

guT[X].A + Y].AC] — guT[X]lA + gt,T[Y]lAC
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Proof.  According to Lemma 13,

X144+ YlAc]lA —f-gt,T[XlA +Y1Ac]1Ac
(XlA + YlAC’)lA] + gtyT[(XlA + YlAc)lAc]
X14]+ Er[Y1yc]

X)L+ Er[Y]Lac.

gt,T[XlA + YlAc] = 5,57T
= &ur

Eur

= &ur

— o —

The following monotonicity of & r[-] is important.

Lemma 17 For each 0 <t < T < oo and X, Y € L*(Q, Fr, P) such that X <Y
a.s., we have,
St,T[X] S gt,T[Y] a.s.

If X <Y a.s. and, for somet € [0,T], one has E 7| X| =& r[Y] a.s., then X =Y,

a.s.

Proof. Define X; = & 7[X] and Y, = & r[Y], and let A € F;. Because of the
monotonicity of & [-], we have

Eou[Xila] = Eor[X1a] < Er[Y1a] = Epi[Yilal
Now, we take A = {X; > Y;}. If P(A) > 0, the strict monotonicity of £ implies that
Eo4[Xila] > Eo4[Yilal.

It contradicts the first inequalities. We then conclude that P(A) = 0.

Now if X <Y a.s. and, for some ¢ € [0,T], & r[X] = & r[Y], then & r[X] =
EorlY]. It follows from the strict monotonicity of £[-] that X =Y, a.s..

|
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Chapter 3

BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS:
G-EVALUATIONS AND G-EXPECTATIONS

3.1 BSDE: existence, uniqueness and basic estimates

We will see that 1-dimensional BSDE is a very tool to study filtration consistent
evaluations and and expectations. In this case, we have a very simple mechanism,
i.e., the generator g of the BSDE, that entirely deterimines the related evaluation or
expectation operator. We call them g—evaluations and g—expectations.

Remark 6 The condition that (F) is generated by a Brownian motion can be largely
extended. But in order to adapt a wider audience, we will limited ourself within this
typical situation. Readers interested in a more general situation can see [B], [], ....
For infinite time horizon, see [], [], ....

The norm and scalar product of the Euclid space R™ are respectively denoted
by < -,- > and | -|. For a given (F;)-stopping time 7, we denote by M(0, 7;R™) the
space of all (F;)-adapted and R"-valued processes satisfying

E/ || 2dt < 0.
0

It is a Hilbert space.
In this paper we consider the following form of BSDE:

T T
Y, :£+/ 9(s, Yy, Z,)ds —/ Z,dB,. (3.1)
t t

The setting of our problem is somewhat unusual: to find a pair of F;-adapted
processes (Y3, Z;) € M(0,T; R™ x R™*%) satisfying BSDE (3.1).

Remark 7  The solution Y s an ordinary Ito’s process:
t t
Yi=Yo— [ g(s,YeiZ)ds+ [ Z.dB,,
0 0

To prove the existence and uniqueness of BSDE (3.1) we first consider a very
simple case: ¢ is a real valued process that is independent of the variable (y, z). We
have
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Lemma 18 For a fired £ € L*(w, Fr, P;R) and go(+) satisfying

B([ loo(t)ldt)” < oc

there exists a unique pair of processes (ys, z;) € M(0,T; R*?), satisfies the following

BSDE . .
Yt =£+/t go(s)ds —/t 2sdBs.

If go(-) € M(0,T;R), then we have the following basic estimate:

T
il + B [ (2 4221 s
t
2 T
< BEL T 1 ST [ (o) e s
t

In particular
2 T8, 2 21 Bs
Bol” + E | [Slysl” + |2 [Tle™ds
2 g7 |, 2 T 2 Bs
< BIEPe™ + 2B [ [go(s)eds,
where 3 is an arbitrary constant.

Proof. We define .
M, = EX[¢ + /0 do(5)ds].

(3.2)

(3.3)

(3.4)

M is a square integrable (F;)-martingale. By representation theorem of Brownian
martingale by It6’s integral, there exists a unique adapted process (z;) € M(0, T; R%)

such that .
M, = M, +/ 2.dB,.
0
Thus
T
M, = My —/ ~.dB..
t
We denote

t

t
yt:Mt_/O go(S)dSIMT—/O

Since Mp = & + [ go(s)ds, we have immediately (3.2).

T
go(s)ds—/ zsds.
t

The uniqueness is a simple corollary of the estimates (3.3) or (3.4). We only
need to prove these two estimates. To prove (3.3), we first consider the case where &

and go(+) are both bounded case. In this case

y = E7 [f + /tT go(S)dS]
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Thus y is also bounded. We then apply Ito’s formula to |ys|2e®*~% for s € [t, T):
P+ S [Blysl? + |z 2leds
= €127 + [T 2y,90(s)e®ds — [ e%*2y,2,dBs.

Since y; is (F;)-measurable, we take (F;) conditional expectation on both sides of the
above relation

el + B T [Blysl? + |2 Ye?0ds
= EF €250 L B7 [T 2y,g0(s)e?Dds
< BP0 + EF LD |yl + Flgo(s)Fle”ds.
From this it follows (3.3) and (3.4).
We now consider the case where & and go(-) are possibly unbounded. We set
"= (EAn)V(=n),  g5(s) = (go(s) An)V(=n)
and
T T
Y = 5"—1—/ gg(s)ds—/ 22'd B.
t t
We observe that, for each positive integers n and k, £, &*, g as well as g& are all
bounded. We thus have
el +ER TSI + |27l Ods
< E]:tlfn|2€ﬁ(T_t) 4 %E]-'t ft ’g8<8)|265(5_t)d8,
and
E Jo (517 — > + |25 — 2 PlePds
<E[¢" — & + ZE [§ |g5(s) — g6 (s)[*e™ds.
The second inequality implies that both {y"} and {z2"} are Cauchy sequences in
M(0,T). Thus (3.3) is proved when we let n tends to co.

With the above basic estimates we can consider the general case of BSDE
(3.1). We assume that

g=g(w,t,y,2):wx[0,T] x R™ x R™** - R™
satisfies the following conditions: for each (y, 2) € R™ xR™*? g(-,y, z) is R™valued
and (F;)-adapted process satisfying
T
| lgt0.0)lds € LA, Fr. P). (3.5)

we assume g satisfy Lipschitz condition in (y, z): for each y,4’ € R™ and 2,2 € R™*?

The following is the basic theorem of BSDE: the existence and uniqueness.

Theorem 19 Assume that g satisfies (3.5) and (3.6). Then for any given terminal
condition & € L*(w, Fr, P;R™), BSDE (5.1) has a unique solution, i.e., there exists
a unique pair of F;-adapted processes (Y, Z) € M(0,T; R™ x R™*4) satisfying (3.1).
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Proof. In the basic estimate (3.3) we fix 8 = 8(1 + C?), where C' is the Lip-
schitz constant of g in (y,z). Related to (3, we introduce a norm in Hilbert space
M(0,T;R"™):

T 2 5 )
[o()lls = {B [ o2 ds}?

Clearly this norm is equivalent to the original one of M(0,7;R"). But this norm is
more convenient to construct a contract mapping in order to apply the fixed point
theorem. We thus set

T T
Y, :g+/ (5, s, 25)ds —/ Z.dB,
t t
We define a mapping
I(y.,2)] == (Y., Z.) : M(0,T;R™ x R™%) — M(0,T; R™ x R™*%),

We need to prove that I is a contract mapping under the norm || - ||
For any two elements (y, 2) and (y', ') in M(0, T; R™ x R™*9) we set

Y, 2)=1lly,2)], ", 2) =1y,
and denote their differences by (7,2) = (y — ¢/, 2 — 2/), (Y, Z) =Y -Y,Z-27).
By the basic estimate (3.4) we have
r ﬁ (2 7 12\ ,.Bs 2 r BVANEINCE]
E 0 (5‘}{S| + ’Zs| )6 ds < BE 0 |g($>ysazs) —g(s,yszs)| € dS,
Since ¢ satisfy Lipschitz condition
B¢ A 4C? _ (T
B [ LI0P +1ZPe%ds < “0B [ + |2 Ple?ds,
0 2 16} 0
We let 8 = 8(1+ C?)

T R 1 T
E [ IV +1Z,)eds < 5B [ 113 + |5l ds,
0 0
or

o 1
1Y, 2)lls < ﬁH(y,z)Hﬁ-

Thus [ is a strict contract mapping of M(0,T; R™ x R™*?). Tt follows by the fixed
point theorem that BSDE (3.1) has a unique solution which is the fixed point of /. B

The basic estimates (3.3) and (3.4) can also be applied to prove the continu-
ous dependence theorem of BSDE (3.1) with respect parameters. Let (Y, Z!) and
(Y'', Z?) be respectively the solution of the following two BSDEs:

T T
vl =gt [Clols Y 2 + ¢l — [ 22, (37)
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T T
2=+ [ lgls, Y2 22) + ¢ Jds — [ 224B, (33)

Here the terminal condition £ and €2 are given elements in L?(w, Fr, P;R™) and ¢!
and p? are two given processes in M(0,T; R™). Let g be the same as in Theorem19.
Analogue to the previous method, using It6’s formula applied to |V} — Y2[2e#(~) in
the interval [t, T|, we can obtain the following theorem.

Theorem 20  The difference of the solutions of BSDE (3.7) and (3.8)satisfies
T
Y = VPP B [V - V2R |2 = 22 (3.9)

<E7IE = P B [l - s
t
where 3 = 16(1 + C?).
For a fixed ¢ € [0, 7], we denote
Flo = 0{(Bs — Byy;to < s <t)UN}, te[ty,T)]
The following is a simple corollary of the uniqueness of BSDE (3.1).

Proposition 21 ~ We still assume that g satisfies Assumptions (3.5) and (3.6). If
moreover, for a fived ty € [0,T] and for each (y,z) € R™ x R™*?  the process g(-,y, 2)
is (fto) adapted on the interval [to, T] and & € L*(Q, Fi?, P;R™). Then the solution
(Y., Z.) of BSDE (5.1) is also (F/°)-adapted on [ty, T]. In particular, Y, and Z;, are
deterministic.

Proof. Let (Y'.,Z'.) be the solution of (F/°)-adapted solution, on the interval
[to, T] of the BSDE

T
y;:§+/ (,Y!, 7)) ds—/ Z'dB",

where we denote BY = B,— B;,. Observe that (BY);,<.<r is an (F;°)-Brownian motion
on the interval [to, T]. But on the other hand the same processes (Y}, Z]),<s<r 18
also ( F;)-adapted and

T T

/ Z'dB, :/ ZIdBY, te€ [ty T).

t t
Thus from the uniqueness result of Theorem 19, The solution (Y, Z) of BSDE (3.1)
coincides with (Y, Z’) on [tg, T]. Thus (Y, Z) is (F;°)-adapted. ®

Remark 8 A special situation of BSDE (3.1) is when £ is deterministic and

g(t,y, z) is a deterministic function of (t,y,z). In this case the solution of BSDE
(3.1) is simply (Y., Z.) = (Yo(+),0), where Yy(+) is the solution of the following ordi-
nary differential equation defined on [0,T):

~Yo(t) = g(t,Yo(1),0), Yo(T) =¢&.
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3.2 1-Dimensional BSDE

In this section we limited ourselves to 1-dimensional case of BSDE, i.e., g, and thus
y, is real valued (m = 1). The importance of this situation is that many filtration—
consistent nonlinear evaluations and nonlinear expectations are generated by this
BSDE. The present state of art of mathematical finance corresponds mostly to m = 1.
It also covers most parabolic and elliptic PDESs, linear or nonlinear. In fact m > 1
corresponds systems of PDEs of the above types. We first present an important
property: Comparison Theorem of BSDE. It corresponds the comparison theorem
parabolic PDE theory.

3.2.1 Comparison Theorem

We will present this comparison theorem in the case where the solution Y is possibly
a RCLL (right continuous with eft limit) process. i.e., P-almost all of its paths of
Y.(w) are right continuous with left limit. An RCLL process (A:(w)) is called an
increasing process if P-almost all of its paths are non-decreasing with Ag(w) = 0.

We first consider the following problem: to find a solution (Y, Z) € M(0, T; R*™9)
of the following BSDE

T T
Vi=¢+ [ gls,YeZ)ds + (Ve = Vo) — | Z,aB,, (3.10)
t t

where (V) is a given RCLL process satisfying

V. € M(0,T) and Esup |V |* < oo. (3.11)

t<T
The following is a simple corollary of Theorem 19.

Proposition 22 We assume (5.5), (3.6) and (5.11). Then for each & € L*(w, Fr, P),
there exists a unique solution (Y, Z;) € M(0,T;RY?) of BSDE (3.10). Moreover

(Y 4+ V) is a continuous process. We also have the following estimate:

E[ sup |V;]%] < o0. (3.12)
0<t<T
Proof. The case V; = 0 corresponds Theorem19. For a general situation we let

Y;:=Y, + V,. The above BSDE becomes the standard case:
_ T _ T
Kzf+%+/g@ﬂ—%i@@—/2ﬁ&.
t t
Estimate (3.12) is derived by

Emw/zwﬁ<m E/ 9(s,Y,, Z,)|2ds < oo.

0<t<T
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For a given a random variable
£ € LX(Q, Fr, P), (3.13)

Let (Y, Z) € M(0,T; R1+d) be the solution of the following BSDE

~ A

T .
Vi=&+ [ g(s.Yi2) ds+(VT—Vt)—/t Z.dB.. (3.14)

It is easy to prove that the difference (Y — Y.Z — }A/) satisfies exactly the same
estimate (3.9) given in Theorem 20. Using Buckholder-Davis—Gundy inequality, we
then derive the following estimate.

Proposition 23~ We assume (3.5), (3.6) and (3.11). Then the difference of the
solutions of BDSE (3.10) and (3.14) satisfies

N T N ~
E[ sup |Y; — V| +E/ 2, — Z,]2ds < CE¢ — €. (3.15)
0

0<t<T

The following Comparison Theorem was firstly obtained in [P5], for the case
where g is a C'' function of (y, z) with bounded derivatives. Then, in [EPQ], under
present Lipschitz condition. Strict Comparison Theorem was obtained in [P10]. The
present proof is from [EPQ).

Theorem 24 (Qompam’son Theorem) We make the same assumption as in Propo-
sition 3.1. Let (Y, Z) be the solution of the following simple BSDE

Y;=£+/tTgs+VT—V;—/tTZSdBS. (3.16)
where (g;), (V;) € M(0,T;R) and & € L*(Q, Fr, P;R) are given such that
£>¢€ gV, Z,t) > g, as., ae., (3.17)
and such that V. =V —V is an increasing process. We then have
Y, >Y,, oa.e., as. (3.18)
We also have Strict Comparison Theorem: under the above conditions
Yo=Yy = ¢=¢,,9(5,Y,, Z,) = Gs, and V, = V. (3.19)

Sketch of the Proof. For We only consider the case d = 1 (i.e., B is a 1-
dimensional Brownian motion) and prove the case t = 0. The general situation is left
to the reader as an exercise. We set g5 = g(s, Ys, Zs) — gs and

— ~

Y=Y-Y, Z=02-27 (=¢—C.
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The pair (}A/, Z ) can be regarded as the solution of the following linear BSDE:

~

{ —dY, = (a,Ys +bsZs + §s)ds + dV, — Z,dB,,

Yr= ¢,
where 7
(8,Ys,Zs)—g(s,Ys,Zs) - _
Ay 1= 4 L , i Y, # Y,
0, if Y,=Y,,
(87?S7Zs)_ (57}75725) . —
bs = g Zs—ng ) lf Zs 7& ?57
0, if 7, = Z,.

Since ¢ satisfies Lipschitz condition, thus |as| < C and |bs| < C. We set

t 1 ot ¢
Q) = exp [/ b.dB, — f/ |bs\2ds+/ asds]
0 2 Jo 0

We apply Itd’s formula to Q,Y; on the interval [0, 7] and then take expectation:

~ ~ T T .
Yo =EViQr+ [ Quudt+ [ QudVi] > 0.

From this we have Y; > Y. This method also applies to the case ¢ > 0. The strict
comparison is due to the fact that

~ T T ~
E[ViQr+ [ Qudt+ [ QudVi) =0
is equivalent to Y =0 g =0 and VT =0.1

Remark 9 In many situations Comparison Theorem is applied to compare the
following type of two BSDEs:

T T
V=g [ gl v 20 + cllds - [ 2L, (3.20)
t t

and
T T
V= [ (s, Y2 23 + ds — [ Z2dB,, (3.21)
¢ t
where c'(-),*(-) € M(0,T,R). In this case if we have

1 2
cg > C

R

a.s., a.e., &> as..

Then it is easy to apply Theorem 24 to derive Y;! > Y2, a.s., a.e..
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Example 25 We consider a special case of BSDE (3.20) with g(s,0,0) = 0.In this
case if 2 =0 and £* = 0, then the unique solution of BSDE (3.21) is (Y2, Z?) = 0.
It then follows from Remark 3.4 that if &' and c'(-) are both non negative, then
the solution Y'' of (3.20) is also non negative. In this case we have also, by strict
comparison,

Yo =0<=cl =0 and ' =0.

An interpretation in finance is: If an investor want obtain an opportunity of non
negative return, i.e., & > 0, then he must invest present time i.e., y§ > 0. If £ > 0,
a.s. and BE' > 0, then his investment has to be positive: yb > 0.

Example 26  We assume that ¢(s,0,0) =0 and & > 0 with E[(] > 0. consider the
following BSDE parameterized by A € (0,00):

T T
Y =\ +/ g(s, Y2, Z0)ds — / Z2dB,.
t t

We can prove that

lim ;' = +o0.
AToo
In fact we compare its solution with the one of the following BSDE
_ T _ _ T
VA=t [ CI¥ ~122)ds ~ [ 2aB,,
t t

where C' > 0 is the Lipschitz constant of g with respect to (y,z). By Comparison
Theorem, we have

(i) Y3t > Y, for each A > 0;

(ii) Yyt > 0, when A =1

We also observe that for each A > 0, we have Y} = A\Y,! and Z} = \Z}. From
this and (i), (ii) it follows that

Y5t 2 Vit = AYG T oo

Exercise 3.2.1  Prove that Y is also bounded by:
Y3t < AYo,

where Yy 1s a constant.
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3.2.2  Stochastic monotone semigroups and g—evaluaions

We now discuss the backward semigroup property of the solution Y of a BSDE. We
do not fix T' > 0, we set FO := Upso Fr. It is clear that, for each £ €2 (Q, F2, P;R),
here exists a non negative T' < oo, such that, & € L?(Q2, Fr, P;R). The function g is
defined as follows

glw,t,y,2) : Q x [0,00) x Rx R — R.

We assume that

(i) g(-,y,2) € M([0,00);R), foreachy € R, z € R%,
(i) 3w, v >0 such that Yy, yo € R, 21,20 € RY,

|9(t,y1, 21) — g(E, 2, 22)| < vlyy — ol + plz1 — 225 (3.22)
(111> g('>y7 Z)|y:0, 2=0 = 0) .
(iti") g(-,y,0) =0, Vy € R;
(iii”) g is independent of y € R, and ¢(+, z)|.—0 = 0.

We introduce the following definition: Let £ € L?(Q, F2, P;R) and let T > 0
be such that & € L*(Q, Fr, P;R). We consider the following BSDE defined on the
interval [0, 7T

Yy =&+ /tTg(s, Ys, 2s)ds — /tT zsdBs, t€0,T]. (3.23)
Definition 27 We define, for each 0 <t < T < oo and & € L*(Q, Fr, P; R)
G (3.24)
We call £} (€] : L*(Q, Fr, P; R)—L*(Q, F;, P; R) the g-evaluation of  at the time t.
Remark 10 ¢t < T can be also two uniformly bounded Fy—stopping times.
Theorem 28 Let the function g satisfies (i)-(iii) of (3.22). Then the g—evaluation

Elp[] defined in (3.24) satisfies all (i)-(iv) of Aziomatic Assumptions listed in Propo-
sition 7?7 for Fy;—consistent nonlinear evaluation operators. Furthermore, we have

and, for each Y1, Yy € L*(Q2, Fr, P; R)
Er V1 = Yo < Efp Y] = Yol < EfF Y1 — Yo,

Here 5[] (vesp. & 477 "[] ) stands for the 7] with g = v|y| + p|z| (vesp.
9= —vlyl = plz)).
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Proof. (i) is directly from Comparison Theorem. (ii) is obvious. As for (iii), we
multiply BSDE (3.23) by 14 on the interval [¢t,T]. Since g(s,0,0) = 0, we have

T T
yslA = YlA +/ 1Ag<7", yrazr)d'r _/ 1AzrdBr

T T
= YlA—i—/ g(r, 1Ayr,1Az,,)d7’—/ 142,dB,.

This implies that (14ys, 1a2s)scp,r) is the solution this BSDE with terminal condition
Y1,4. Thus

In particular, we have (iii). (iv) simply follows from the uniqueness of BSDE, i.e., for
each s <t < T, we have

Eln[Y=E5y] =5, (€02 [Y]]. (3.25)

(iv) is due to the continuity of y; with respect to s. (iv) is the direct conse-
quence of the following proposition. B

Proposition 29 We assume that g, and go satisfy (1)-(ii) of assumption (3.22). If
g1 is dominated by go in the following sense

gl(tu Y, Z) - gl(tvy/7 Zl) S g?<t7 Yy — y/v &= Z/)7 Vy,?/ € R7 VZ, Z/ € Rd7 (326>

then E9'[-] is also dominated by E9%[-] in the following sense: for each T > 0 and Y,
Y’ € L*(Q, Fr, P), we have

ERY] = ERY < E[Y Y] (3.27)

If g is dominated by itself, then E,[-] is also dominated by itself.

Proof. We consider the following three BSDEs

_dys = 91(37 Ys, Zs)ds - ZSdBS7 yr = Ya
—dy. = q1(s,y.,2.)ds — 2.dBs, yr =Y’

and
—dY, = g5(s, Yy, Zs)ds — Z,dB,, Yr=Y =Y.

We denote (g, 2s) = (ys — yg, 2s — 2;) and gs = g1(s, s, 2) — 91(8, 45, 2)
—dfs = §uds — 2.dBa, Gr =Y — Y.
Condition (3.26) implies go(s, Us, 2s) > gs. It follows from Comparison Theorem that
o <Y, Vtel0,T], as.
By the definition of £9[] it follows that (3.27) holds. B
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3.2.3 FExample: Black-Scholes evaluations

Consider a financial market consisting of d 4+ 1 assets: a bond and d stocks. We
denote by Py(t) the price of the bond and by P;(t) the price of ith stock at time ¢.
We assume that Py(-) is the solution of the ordinary differential equation

dPy(t) = r(t)Po(t)dt, Fo(0) =1,
{P;(-)}L, is the solution of the following SDE

dPi(t) = Pyt dt+z (03 (t)dB]],
PZ(O) = Di, Z_17 7d'

Here 7 is the interest rate of the bond; {b;}&, is the rate of the expected return,
{oi;}¢,_, the volatility of the stocks. We assume that r, b, 0 and o' are all F-
adapted and uniformly bounded processes on [0, 00). The problem is how a market
evaluates an European type of derivative £ € L?(Q, Fr, P) with maturity 77 To solve
this problem we consider an investor who has, at a time ¢t < T, ny(t) bonds and n;(t)
i-stocks, i = 1,---,d, i.e., he invests ny(t) Py(t) in bond and m;(t) = n;(¢)P;(¢): in the
ith stock. 7(t) = (m1(t), -+, m4(t)), 0 <t < T is an R? valued, square-integrable and
adapted process. We define by y(t) the investor’s wealth invested in the market at

time ¢: d
y(t) = no(t) Po(t) + Zi:lﬂ- t

We make the so called self-financing assumption: in the period [0,77], the investor
does not withdraw his money from, or put his money in his account g;. Under this
condition, his wealth y- evolves according to

or
dy(t) = )+ Zl ) )]dt + Z _oi(O)mi(H)dBY.
We denote

glt,y,2) = —r(t)y = Yo (bi(t) = r(8)o (1)

Then, by variable change z;(t) = Y% 0;(t)m;(t), the above equation is

—dy(t) = g(t,y(t), z(t))dt — 2()dB,.

We observe that the function ¢ satisfies (3.5) and (3.6). It follows from the ex-
istence and uniqueness theorem of BSDE (Theorem 19) that for each derivative
¢ € L2, Fr, P), there exists a unique solution (y(-), z(:)) € M(0,T; R**¢) with
the terminal condition yr = £. This meaning is significant: in order to replicate the
derivative £, the investor needs and only needs to invest y(t) at the present time ¢
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and then, during the time interval [¢,T], to perform the strategy m;(s) = o;'(s)z;(s).
Furthermore, by Comparison Theorem of BSDE;, if he wants to replicate a & which
is bigger than &, (i.e., £ > &, as., P(§ > &) > 0), then he must pay more, i.e.,
there this is an arbitrage—free strategy. This y(¢) is called the Black—Scholes price,
or Black-Scholes evaluation, of { at the time t. We define, as in (3.24) &/7[¢] = v
We observe that the function g satisfies (i)—(iii) of condition (3.22). It follows from
Theorem 28 that &£/ [-] satisfies of properties (i)-(iv) for F—consistent evaluation.
3.2.4 g-Ezpectations

A particularly interesting situation of the above stochastic semigroups is when g
satisfies g(s, vy, z)|.—0 = 0, i.e., it satisfy (i), (ii) and (iii’) in (3.22). In this situation
we have the following property

Proposition 30 For ecach T >0, and Y € L*(Q, Fr, P;R), we have
5gT,[Y] = SgT[Y], vT' > T. (3.28)

Proof.  We consider the solution (3, 2’) of (3.23) with the same terminal condition
Y, but defined on in [0, 7"]:

T T
=Y +/ g(s, 4L, 2L)ds — / 21dB,, te€0,T. (3.29)
t t

We have y; = &//[Y]. But by Assumption (3.22)-(iii’), it is easy to check (y',2) has
the following form
;o (Y,0), te(T,T"],
(Yss 2¢) = { (i, ), te€0,T].
We thus have (3.28). ®
In this case, for each Y € L*(Q, FY,, P), &/7[Y] does not change value with
large enough 7'

Definition 31 We define

ENY] =& Y], &Y R = ELY], Y € L*(Q, Fr, P). (3.30)
&Y is called g—expectation of Y. In particular, if g = u|z| then we denote E,[Y] =
EMYT.

g—expectations is nonlinear but it satisfies all other properties of a classical
linear expectation.

Proposition 32  We assume that g satsfies (i), (ii) and (iii’) in (3.22). Then the
g—expectation defined in (3.30) is a Fnonlinear expectation defined on L*(Q, F2, P).
That is, &[] satisfies monotonicity (i) and constant preserving (ii) in Definition 1.
Moreover, &[] is dominated by E*[-] and EMV[] in the following sense:

—EF-Y] < &Y < EMY], VY € LA (Q, FL, P;R).
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and

i =Yo] < &) = &[Ye] < EfF VI - Yo,
VY.,Y, € L%(Q,Fr, P;R).

A very interesting property is that &, is an F;—consistent nonlinear expectation

Proposition 33 We assume that g satsfies (i), (ii) and (iii°) in (3.22). Then the
g—expectation defined in (3.30) is an Fy—consistent nonlinear expectation, where for
each t, the corresponding conditional g—expectation under F; is

&Y |F] = Elr[Y].

Proof. From this definition and Theorem 28 (ii) and (iii), it is easy to check that
EgLa&y[Y | F]]=E[Eg[1aY | F), VA € Fi.

Remark 11 If 7 < T is a stopping time, we define similarly
EYI|F | =Er[Y].

Definition 34 (g-martingales) A process (Y;)o<i<r such that E[Y?] < oo for all t
is a g-martingale (resp. g-supermartingale, g-submartingale) iff

EIIF] =Y, (resp. <Yy, >Y,), Ws<t<T.
We shall often have to assume that g does not depend on y.

g=g(w,s,z). (3.31)

The importance of this special setting follows from the following economically
meaningful property.

Lemma 35 Let the function g satisfies (i), (ii) and (iii’) of (3.22). Then
EY +n|lF]=EY|F]+n, VneL*QF,P) (3.32)

if and only if g satisfies (3.31).
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Proof. We only prove the “if” part. Consider the BSDE
—dys = g(s,z5)ds — zsdBs, t < s <T,
yr = Y.

We have by the definition £;[Y|F;] = y;. On the other hand, it is easy to check that
(yh, 2L) == (ys +m, 2s), s € [t,T] solve the above equation with the terminal condition
yp =Y +n. It then follows that

EY +n=y =y +n=E[Y|F]+n.

|
We will always write in the sequel E#[Y] = &,[Y] for g = plz| and E7#[Y] =
E,lY] for g = —plz|. Note that

Ve>0, EM[Y|F] = &MY |F] (3.33)

and
VO <0, EM[cY|F]=—cE*[-Y|F].

An important feature of £#[-] is

Proposition 36 Let g satisfy (i), (ii) and (iii’) of Assumption (3.22), then &[] is
dominated by EM[-] in the following sense, for each t > 0,

ENY|F] = &Y' |F] < EMY —Y'|F], VWY, Y € L*(Q, F2, P). (3.34)
In particular, E*[-] is dominated by itself:

EMY|F] — EMY|F) < EMY = Y'|F), VY, Y € L*(Q, F2, P). (3.35)
Proof. = We observe that S[HE)[Y] = EF[Y|F]. Thus (3.34) as well as (3.35) are

directly derived by (iii) of Theorem 28.
The self-domination property (3.35) of £#[-] permit us to defined a norm

Definition 37 We define
Y], = EMIY]], Y € LX(Q, FL, P).

Proposition 38 ||-||, forms a norm in L*(Q, F3,, P).

Proof.  The triangle inequality [|Y||, +[|Z]|, < [[Y + Z]|, follows from (3.35) with
t =0. By (3.33) we also have [|cY|[, <c[[Y],,c>0.m

Proposition 39 Under |-, &[-|F] is a contract mapping:
1€V 1F] = &Y IR, < IV =Y, -
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Proof. It is an easy consequence of (3.34). B

Proposition 40 For each p > 0, and T > 0, there exist a constant ¢, such that

B[] < &"Y]) < eur(B[Y) (3.36)
Proof. By the definition of
T T
eWIFEL = Y1+ [ wlzlds— [ Z.aB, (3.37)
t t
T T
— || +/ by (5) Zyds — / Z.dB,,
t t
where b,(s) = ué—z‘lwsbo. Let Q" be the solution of SDE

dQ} = b, (1)QrdB, Qp = 1.
Using It6’s formula to QHE*[|Y||F], we have
EMY N = MY 1F] = E[QrIY ] < E[(Q7)*) /2 BIY (]2,

But since |b,| < p, there exists a constant ¢, depending only on x4 and 7', such that

E[(Q%)?]Y? < ¢, . We thus have the second inequality of (3.36). The first inequality

is derived by taking ¢ = 0 on both sides of (3.37) and then taking expectation. B
We then have

Corollary 41 Let T be fived. Then the extension L, (0, Fr, P) of L*(Q, Fr, P) under
the norm ||-||, is a Banach space. L,(Q, Fr, P) is a closed subspace of L'(Q, Fr, P).

Lemma 42 We have for all 4 > 0 and Y € L*(Q, Fr, P),
EE" YR < e TDEY?).
Proof. By definition,
T T
EMY|F] =Y +/ 1l Z,|ds —/ Z,dB,.
t t
[to’s formula gives
T T T
EMY|F? = Y? +/ QUEM]Y | F,)| Zs|ds — 2/ EMY | F,] Z,dB, — / Z2ds.
t t t
Taking expectations, we deduce that

E[E"[Y|R]

E[Y?Y + /tTE[QME“[Y|fs]|ZS|]dS = /tT E[22)ds

< B4 p* [ BlEYIEds
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(because of 2ab < a® + b?). The claim follows then immediately from Gronwall’s
inequality. W

We end this Section by giving an appropriate version of a downcrossing in-
equality given in [?] as Theorem 6.

Let g satisfy (3.22) and (Y:) be a g-supermartingale on [0,T]. Let 0 =ty <
ty <---<t,=T, and a < b be two constants. Then there exists a constant ¢ > 0
such that the number DYY,n] of downcrossings of [a,b] by {V, }o<j<n satisfies

EMDLIY.m]] < &M Yo A B

Remark 12 Contrarily to Theorem 6 in [?], we need not assume that Y is positive:
indeed, as g(-,y,0) = 0, one checks easily that the proof given in [?] can be carried
over for every g-supermartingale.

Remark 13 This proposition allows us to prove, by classical means, that a g-supemartingale
(Y:) admits a cadlag modification if and only if the mapping t — E,(Y;) is right-
continuous. More details on this topic will be given in Lemma 60.

3.3 A monotonic limit theorem of BSDE

For a given stopping time 7 < T < oo, we consider a process (y;) the solution of the
following BSDE

po= 6+ [ gz s)ds+ (A — Aune) — [ 2B, (3.38)
tAT tAT
where £ € L*(Q2, F,, P) and A is a given RCLL increasing process with E[(4,)?] < occ.
The following terms will be frequently used in this paper.

Definition 44 If (y;, z;) is a solution of BSDE of form (3.38) then we call (y;) a
g-supersolution on [0, 7]. If Ay =0 on [0, 7], then we call (y:) a g-solution on [0, 7].

We recall that a g-solution (y;) on [0, 7] is uniquely determined if its terminal
condition y, = £ is given, a g-supersolution (y;) on [0, 7] is uniquely determined if y.
and (Ay)o<i<, are given. If (y;) is a g-solution on [0, 7] and (y;) is a g-supersolution
on [0, 7] such that y, < y. a.s., then for all stopping time o < 7 we have also y, < y..

Proposition 45 Let (y;) be a g-supersolution defined on an interval [0,7]. Then
there is a unique (z;) € L*(0,7;R%) and a unique increasing RCLL process (A;) on
[0, 7] with E[(A,)?] < oo such that the triple (y;, 2, Ai) satisfies (3.58).
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Proof. If both (y, 2+, A¢) and (v, 21, A}) satisfy (3.38), then we apply [t6’s formula

to (y: — y:)*(= 0) on [0, 7] and take expectation:

E/O % — 22ds + B[ S (A(A, — A))?] = 0.

te(0,7]

Thus z; = z;. From this it follows that A, = A;. R
Thus we can define

Definition 46 Let (y;) be a supersolution on [0,7] and let (y:, A¢, z:) be the related
unique triple in the sense of BSDE (1.7). Then we call (A, z¢) the (unique) decom-

position of (y;).

Let us now consider the following sequence of g-supersolution (y!) on [0, Ti.e.,

. . T o . . T
yz = yé“ +/t g(@/;z;ﬂg)ds—'_ (AZT - Af‘/) _/t Z;stv P = 1727"" (339>

Here the function ¢ satisfies (3.22) and (A%) are RCLL increasing processes with
Al =0 and E[(A%)?%] < co.

The following theorem prove that the limit of shows that the limit of {3},
is still a g—supersolution.

Theorem 47 We assume that g satisfies (i) and (ii) of Assumptions (3.22). For each
i=1,2,---, A" be an RCLL increasing processes with Ay = 0 and E[(A%})?] < oo and
(y', 2") be the solution of BSDE (3.39). If, asi — oo, {y'}32, converges monotonically
up to a process y with E|esssupy<,<r |y:|?] < oo. Then this limit (y;) is still a g-
supersolution, i.e., there exists z € M(0,T; R?) and an RCLL increasing process
with E[(A7)?] < oo such that

T T
Yy = yr —I—/t 9(ys, zs, 8)ds + (Ar — Ay) —/t 2sdBs, t€[0,T], (3.40)

To prove this theorem, we need following lemma. The lemma says that both
{z'} and {(A%)?} are uniformly bounded in L*:
Under the assumptions of Theorem 47, there exists a constant C' that is inde-
pendent of 7 such that
(i) EJy |2ifds < C,

(i) E[(Ap)?] < C. (3.41)
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Proof. From BSDE (3.39), we have
) ) ) T L T .
A = =y | ghs)as+ [ ziab,
. . T . . T
< bl + Iyl + [ lalyl+ l=E 4 19(0,0,5) lds + | [ B

We observe that |y!| is dominated by |y}| + |y]. Thus there exists a constant, inde-
pendent of ¢, such that '
E[ sup [y;|"] < C. (3.42)

0<t<T
It follows that, there exists a constant ', independent of ¢, such that
) T .
E|AL? < Oy + 2E/ 121 %ds. (3.43)
0

On the other hand, we use Itd’s formula applied to |yi|?:

lyo|* + E/OT |2:|*ds = Elyz|* + 2E /OT Ys9(Yss 2, 5)ds + 2E /OT ysd A,
The last two terms are bounded by
2059(ys 2 8)ds < 2ly,|(plys] + plzi| + 19(0,0,5)])
< 2t WP + 12+ 19(0,0,5)

and 28 [ [yi|d A% < 2[E supoc.cr 9172 [E] A5 )2, Thus
T . . .
E [ |eifds < C+AE sup |yl [B]AL [
0 0<s<T

. 1 .
< C+I6E[ sup |y’ + BlA7[

0<s<T
1 .
= i+ B4 P,

where, from (3.42), the constants C' and C are independent of ¢. This with (3.43) it
follows that (3.41)—(i) and then (3.41)—(ii) hold true. The proof is complete. B
Combining this Lemma with Theorem 80, we can easily prove Theorem 47.
Proof of Theorem 47. In (3.39), we set ¢! := —g(yi, 2{,t); Since {2’} is
bounded in M(0,7T), thanks to the monotonic limit theorem of Itd processes (see
Appendix: Theorem 80), there exists a (z;) € M(0,T; R?) such that, for each p €
0,2), (z%) strongly converges to (z) in L%(0,T).
As result, {g'} = {—g(y', 2%, -)} strongly converges in L-(0,T; R%) to ¢° and

go(s) = _9(95725,8), a.s., a.e.
From this it follows immediately that (y;, z;) is the solution of the BSDE (3.40). B
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3.4 g—Martingale and decomposition theorem

An F;-progressively measurable real-valued process Y with

Eless sup |Y;]?] < oo, VT < 0.
0<t<T
is called a £-supermartingale (resp. £-submartingale) in the strong sense if, for each
T < oo and for each stopping timeso < 7 < T,

ErlYr] <Y, (resp. >Y,) as.

Y is called a E-supermartingale (resp. £-submartingale) in the weak sense if, for
cach 0 <t<T <
EcrlYr] <Yy, (resp. > Y}) ass.

Certainly, An £-supermartingale in strong sense is also a £-supermartingale in
weak sense. It is already shown that, under assumptions similar to the classical case,
a &9-supermartingale in weak sense coincides with a £9-supermartingale in strong
sense (see [CP]). This result corresponds the so-called Optional Stopping Theorem in
theory of martingales.

In this section we will consider £9-supermartingales. By Comparison Theorem
of BSDE, it is easy to prove the following result

Proposition 48 We assume that g satisfies (i) and (i) of (3.22). Let (Ai)o<t<oo be
an RCLL increasing (resp. decreasing) process with E[(Ar)?] < oo for each T > 0.
Let (y, z) be the solution of the following BSDE, for each T > 0,

T T
v = yr + /t 9(ss 25, 8)ds + (Ar — Ay) — /t 2dB,, te[0T), (3.44)

Then (y:)o<t<r is a E9-supermartingale (resp. £9-supermartingale).

In this section we are concerned with the inverse problem: can we say that
a right-continuous &£9-supermartingale is also a £9-supersolution? This problem is
more difficult since it is in fact a nonlinear version of Doob-Meyer Decomposition
Theorem. We claim

Theorem 49 We assume that g satisfies (i) and (ii) of (3.22). Let (Y:) be a right-
continuous E9-supermartingale on [0,T) in the strong sense and let

E[ sup |Y;|?] < oo, VT > 0.
0<t<T
Then (Y;) is an g-supersolution: there exists a unique RCLL increasing process (A;)
witt E[(Ar)?] < oo, for each T > 0, such that (Y;) coincides with the unique solution
(y+) of the BSDE. For each T > 0,

T T
= Yo+ / 9(s, 25, 8)ds + (Ar — Ay) — / ~dB,, te[0T), (3.45)
t

t
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In order to prove this theorem, we consider the following family of BSDE
parameterized by ¢ = 1,2, - -.

. T o T ) T
y; = Yr —|—/ gy, 2%, s)ds + 2/ (Ys —yl)ds — / 2.dBs. (3.46)
¢ ¢ ¢

An important observation is that, for each i, (y) is bounded from above by (V;).
Thus (y') is a E-supersolution on [0,7]. Under this observation, (3.46) becomes a
penalization problem introduced in [ELal].

Lemma 50 We have, for eachi=1,2,---,

Y, >y,
Proof.

Proof. For a é > 0 and a given integer i > 0, we define
o™ =inf{t; yi > Y, + 0} A T.

If P(6"® < T) =0, for all i and &, then the proof is done. If it is not the case, then
there exist § > 0 and a positive integer i such that P(c™® < T) > 0. We can then
define the following stopping times

7= inf{t > o"’; yi <Y}
It is clear that 0*® < 7 < T . Since Y. — ¢’ is RCLL, we have
YL <Y,
But since (Y(s) — y*(s)) < 0 on [0%°, 7], by monotonicity of £9[],

ggiygﬂ_ [y,;b_ |f0—i,5]
53@',5’7— [YT |fa.i,6]

Yis (since Y is an £9-supermartingale)

7
Yyis

ININ TN

But on the other hand, we have P(¢®® < T) > 0 and, by the definition of o,
yfﬂ,g > Y, is+don {O'i’(s <T } This induces a contradiction. The proof is complete. R

Remark 14 From the above result, the term i(Y;—y') in (3.46) equals to i(Yy—yi)*.
By Comparison Theorem y' are pushed up to be above the supermartingale (Y;), but in
fact they can never surpass (Y;). We will see that this effect will force y* to converge
to the supermartingale (Y;) itself. Thus, by Limit Theorem 47 (Y') itself is also a
form of (3.45). Specifically, we have:



38 Backward stochastic differential equations: g—evaluations and g—expectations

Proof of Theorem 49. The uniqueness is due to the uniqueness of £-supersolution
i.e. Prop. 1.6. We now prove the existence. We can rewrite BSDE (3.46) as

X T S , , T
vi=Yr+ [ gk s)ds+ Ay — A= [ 2B,
t t

where we denote .
A= Z/ (Ys — yi)ds.
0

From Lemma 50, V; — 4/ = |Y; — yi|. It follows from the Comparison Theorem
that i < yi*'. Thus {y'} is a sequence of continuous £9-supermartingale that is
monotonically converges up to a process (y;). Moreover (y;) is bounded from above
by Y;. It is then easy to check that all conditions in Theorem 47 are satisfied. (y,) is
a E9-supersolution on [0, 7] of the following form.

T T
vo=Yr+ [ glgn 20 5)ds + (Ar — A) — [ zdB,, te[0,T),
t t
where (A;) is a RCLL increasing process. It then remains to prove that y =Y. From
Lemma 3.3—(ii) we have

2

. T .
E|AL]? = °E V Y, —yjldt| <C.
0

It then follows that Y; = ;. The proof is complete R.



Chapter 4

FINDING THE MECHANISM: IS AN F~-EXPECTATION A
G-EXPECTATION?

4.1 £&H-dominated F-expectations

We will study now F-expectations dominated by £, for some large enough p > 0,
according to the following

Definition 51 (£#-domination) Given > 0, we say that an F-expectation & is
dominated by E* if

EIX +Y]—E[X] < &MY, VX,Y € L*(Q, Fr, P) (4.1)

By Proposition 29, for any g satisfying (i), (ii) (iii”) of (3.22), the associated
g-expectation is dominated by £, where p is the Lipschitz constant in (3.22).

Lemma 52 If £ is dominated by E* for some p > 0, then

EMY] < E[X +Y] - E[X] < EMY]. (4.2)

Proof. It is a simple consequence of
EMYIR] ==Y IR
|

Lemma 53 If £ is dominated by E* for some p > 0, then &[] is a continuous
operator on L*(Q, Fr, P) in the following sense:

IC >0, [Efa] €&l < Ollér —&llz, Vi, & € L2(Q, Fr, P). (4.3)

Proof. The claim follows easily from Lemma 52 above and Lemma 42. ®

From now on we will deal with F-expectations £[-] also satisfying the following
condition:

EIX+Y|FR|=EX|F]+Y, VX € L*(Q,Fr,P) and Y € L*(Q,F;, P) (4.4)
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Recall that, when &[] is a g-expectation, (4.4) means that g satisfies (3.31). We

observe that an expectation Eg[-] under a Girsanov transformation ip satisfies this

assumption.

Our first result connected to (4.4) will consist in deducing '€#-domination at
time ¢’ from (4.1). This will be correctly stated and proved in Lemma 55, but we
need first to introduce some new notation.

For a given ¢ € L*(Q, Fr, P), we consider the mapping &[] defined by

EX] = E[X + (] — £[¢] : LX(Q, Fr, P) — R. (4.5)

Lemma 54 If E[] is an F-expectation satisfying (4.1) and (4.4), then the mapping
&[] is also an F-expectation satisfying (4.1) and (4.4). Its conditional expectation
under F; is

E[X|F] = E1X + (| F] = E[C1F]. (4.6)

Proof. It is easily seen that &[] is a nonlinear expectation.

We now prove that the notion £[X|F;| defined in (4.6) is actually the condi-
tional F-expectation induced by &[-] under F;.

Indeed, put G(X, ¢, F) = E[X + (|F] — E[C|F:]. We want to show that, for
all A e F, E(G(X,(, Fi)la) = E(X14). Computations give:

EGX,CR)] = EE[X + (R - E[CIFR]+ (] —£€[¢] (by (2.5))
= X+ (R - ER]+ ECR] - £[¢] (by (4.4))
= EE[X +(AR] - €[]
= X+ -£[¢]
Thus we have
ElG(X, ¢ R = &[X], vX (4.7)

Now for each A € F;, we have,

G(X14,(,F) = E[X1a+Cla+(Lac|F] = E[C|F]

= E[(X + )la + (lae|F] = E[C]F]

= E[X + (|FJ1a + E[C1FLac — E[C]F]
(E[X + (| F] = E[C|F)La
= G(X,( Fi)la.

From this with (4.7) it follows that £ [X|F;] satisfies (2.3):

gc[G(X,C:,]:t)lA] = gc[G(XlA,C,Ft)] = gg[XlA], VA € F;.
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Thus &[] is an F-expectation with E[-|F;] given by (4.6).
We now check that (4.1) is satisfied. For each X,Y € L*(Q, Fr, P),

EX+Y]-E[X] = (EX+Y +(]=£E[¢]) — (E[X + =€)
= EX+Y+(-EX+(].

Since &[] satisfies (4.1), &[] satisfies
EX +Y] = &[X] < &)
Finally, let Y € L?(Q, F;, P); since £[] satisfies property (4.4), thus

EX+YR] = EX+R]-ECIRI+Y

Thus &[] also satisfies property (4.4). The proof is complete. B

Lemma 55 Let E[] be an F-expectation satisfying (4.1) and (4.4). Then, for each
t <T, we have a.s.

EMXIF) < EJX|F] < EMX|F], VX, ¢ € L(Q, Fr, P).

This lemma is a simple consequence of the following one, whose proof is in-
spired by [1].

Lemma 56 Let &[] and &[] be two F-expectations satisfying (4.1) and (4.4). If
LX) < &[X], VX e LX(Q, Fr, P),
then a.s. and for all t,

EX|F] < &[X|F), VX € L*(Q, Fr, P).

Proof. Indeed, for all Y € L*(Fr), we have by (4.4)

aly —aly|rn]l = &laly - afy|rnl|l#]
= alalY|FR - alylrl

On the other hand,

aly —&alY|rnll < &Y - &[y|#]
= S[E&[Y - &[Y[FR]|F].
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Thus
SIEY|F]-&[Y|F] >0, VY e L*(Fr).

Now, for a fixed X € L*(Fr), we set n = &[X|F] — & [X|F]. Since

NMip<oy = lp<y&lX|F] — 1< &i[ X[ F
= 52[X1{n<0}‘7:t] —& [Xl{n<0}";rt]a

we have then
52[771{n<0}] = 0.

But since 1l,<o; < 0, it follows from the strict monotonicity of &[] that nlg,<e =0
a.s.. Thus
EX|F] - &[X|F] =0 as.

The proof is complete. B

Lemma 57 If € meets (4.1) and (4.4), there exists a positive constant C' such that,
for all X and Y in L*(Q, Fr, P), and for all t >0,

EE[X + Y|F] - EX|F] < OV |2

Proof. Indeed, Lemmas 54 and 55 above imply that

EEX +Y|R] - EX|A]] = EExY|A]
< ElEMYIAl
< EMEMYIR) = EMY] < OfY e

(Last equality coming from Lemma 53)
|

4.2 F;-consistent martingales
In this section we assume that £ is an F-expectation satisfying (4.1) for some p > 0,
and (4.4) as well.

Definition 58 A process (Xi)icjor] € LF(0,T) is called an E-martingale (resp. &-
supermartingale, -submartingale) if for each 0 < s <t <T

Xs = E[Xt’st (resp. Z g[Xt|fs]a S E[Xt|:'rs])

Lemma 59 An E"-supermartingale (&) is both an E—supermartingale and £~ -supermartingale.
An E7H-submartingale (&) is both an - and EF-submartingale. An E-martingale (&)
s an E~*-supermartingale and an E*-submartingale.
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Proof. It comes simply from the fact that, for each 0 < s <t < T,
g_u[§t|~/fs] S g[£t|fs] S gu[€t|Fs]

|
Next result is the first step in a procedure that will eventually prove that every
E-martingale admits continuous paths.

Lemma 60 For each X € L*(Q, Fr, P) the process E[X|F], t € [0,T] admits a
unique modification with a.s. cadlag paths.

Proof. = We can deduce from Lemma 59 that the process E[X|F], t € [0,T], is
an & #-supermartingale. Hence we can apply the downcrossing inequality recalled in
Proposition 43
This dowcrossing equality tells us that E[X|F;], t € [0,7] has P-a.s. finitely
many downcrossings of every interval [a, b] with rational a < b. By classical methods,
this imply the almost sure existence of left and right limits for the paths of £[X|F].
Define now Y; = 11{1} E[X|Fs], whose existence a.s. has just been proved.

s€QNI[0,T]

Take A in F;, we have that
Y;glAI 11{1} S[X’fs]lA,

SE(SQ[O,T]

the above limit being taken in L?. From Lemma 53, it follows that
EVilal = lim  E[E[X|F,14]|.

s€QN[0,T]

But
EEIX|FJ1a] = E[EIE[X]F1a]|F]]

EMACIE[X|F][Frg]]
= ElLAE[X|F]].

It follows that a.s. Y; = E[X|F].

Now it’s again classical to prove, using the existence of left and right limits,
that the process Y defined above is a cadlag modification of E[X|F], t € [0,T], and
the lemma is proved. W

Henceforth, and without needing to recall it, we will always consider the cadlag
modifications of the £-martingales we have to deal with.

Lemma 60 has an immediate consequence as follows :
Lemma 61 Let £[-] be an F-expectation satisfying (4.1) and (4.4). Then for each
X € LX(Q, Fr, P) and g € L%(0,T) the process E[X + [ gods|Fi], t € [0,T) is cadlag

a.s.
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Proof. Indeed, we can write

T T t
S[X+l gsd5|‘7:t] = €[X+/0 gsds_/o g5d8|ﬂ]
T t
= &[X +/0 gsds|F) —/ gsds
0
because of (4.4). The claim follows then easily from Lemma 60. B
Lemma 62 For each X € L*(Q, Fr, P), let
Then there exists a pair (g(+),z(-)) € L%(0,T; R x R%) with

|9¢] < ] 2] (4.8)

such that . .

v = X +/ gsds —/ 2, dB,. (4.9)

t t
Furthermore, take X' € L*(Q,Fr, P), put y, = E[X'|F], and let (¢'(-),2'(})) €
L%(0,T; R x R%) be the corresponding pair. Then we have
|9t — gi| < plze — 2 (4.10)
Proof. Since
yt:(c:[X|ft], OStST,

is an &-martingale, and since it is cadlag, it is a right-continuous £#-submartingale
(resp. £ H-supermartingale) and we know from the g-supermartingale decomposition
theorem (Theorem 49) that there exist (z#, A*) and (27#, A™*) in L%([0,T]; R x R
with A* and A" cadlag and increasing such that A#(0) =0, A=#(0) = 0 and

T T
Yt =yT+/ ulzﬁldS—A%nLAﬁ—/ MdB,.
t t

T T
Yt = Yr — / plziHlds + A — A — / 2, *dB,.
t t
Hence,
2 = ozt

—plzt|dt + dAY plzt|dt — dAT,

whence
2u|zt|dt = dAY + dA".



JFi-consistent martingales 45

It follows that A* and A™* are both absolutely continuous and we can write:
dA} = ai'dt, dA;" =a;"dt

with
0<adl, 0<a™

We also have
ay +a; " = 2p|z'],

so, if we define

2z = 2t
g = N‘Zt|_af,

we get (4.9) and (4.8).
Now, we prove (4.10). We have

ve—yr = EX|F] - EX'|F]
= E[X - X'+ X'|F] - EX|F]
- (S‘Xl[X—X,|ft]

Recall (Lemma 54 in Section 5) that Ex/[-] is another F-expectation satisfying (4.1)
and (4.4). Thus there also exists a pair (§(-), 2(-)) € L%([0, T]; R x R?) with

|G| < 2] (4.11)
such that the Ex-martingale y; — y; satisfies
T T
Y — y£ = X o X, + / gsds o / gsst-
t t

On the other hand, we have

T T
Y — Y, :X—X'+/ [gs—g;]ds—/ (25 — 2.]dBs.
¢ ¢

It follows then that
= —92, and Z, =z — zé

This with (4.11) yields (4.10). The proof is complete. B
15

Remark 15 From the above lemma, the result of Lemma 61 can be improved to: for
cach X € L*(Q, Fr, P) and g € L%(0,T), the process E[X + [, gods|F], t € [0,T] is
continuous a.s..
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4.3 BSDE under F—consistent nonlinear expectations

Here again, £ denotes an F-expectation satisfying (4.1) for some p > 0, and (4.4) as
well. Let a function f be given

flw,t,y) : 2 x[0,T] x R— R

satisfying, for some constant C'; > 0,

{ (i) f(,y) € L%(0,T), for eachy € R; (4.12)

(i) [f(t,pn) — f(t, )| < Cilyr — v2l,  Yyi, y2 € R.

For a given terminal data X € L?(Q, Fr, P), we consider the following type of equa-
tion:

Vo= €%+ [ (s Vo)ds| ) (4.13)

Theorem 63 We assume (4.12). Then there exists a unique process Y (-) solution
of (4.18). Moreover, Y (-) admits continuous paths.

Proof. Define a mapping A(y(-)) : L%(0,T) — L%(0,T) by
M) = EIX + [ (s u)ds| 7,
Using Lemma 55,
M) = M) < L[ (Fls1(5)) = (5. 9a(s))ds| 7]

Thus

M) = A < 8L (Pl () = S, 2(5))dsl ]

< clgﬂ[/tT lyn(s) — ya(s)|ds|F], by (4.12).
Using Lemma 42, it follows that
BlA ()~ Adpa(DP] < CREIEL[ lia(s) — pas)lds| i)

2 2(T—t T 2
< 2TV /t y1(s) — ya(s)|ds]

IA

CaB [ ns) = )P

where Cy = TC’%@“2T.
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We observe that, for any finite number [, the following two norms are equiv-
alent in M, (0,T; R™)

T T
g/wﬁﬁwg/wﬁWﬁ
0 0

Thus we multiply 22! on both sides of the above inequality and then integrate them

on [0, 7. It follows that

E/|m ()Pt < @EAiﬂmﬂﬂ%—yywﬁ
= COy,E /OT /OS 2 dt|y, — yl|?ds
= (0B [ (%~ 1)ly, s
We then have

E/|m ()P dt < E/ — g2,

Namely, A is a contract mapping on M(0,7; R™). It follows that this mapping has
a unique fixed point Y:

T
Vo= EX + [ 15, :)ds| )
t
Fanally, Lemma 61 and Remark 15 proves that the solution of (4.13) admits

continuous paths, and the proof is complete. W

Theorem 64 (Comparison Theorem). LetY be the solution of (4.13) and let
Y’ be the solution of

X’—l—/ (5,Y)) + ¢slds|F]
where X' € L*(Q, Fr, P) and ¢ € L%(0,T). If

X'>X, ¢ >0, dP xdt-a.e., (4.14)

then we have
Y/ >Y,, dP xdt-a.e. (4.15)

(4.15) becomes equality if and only if (4.14) become equalities.
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Proof. We begin with the case ¢; = 0. For each § > 0, we define
=inf{t >0;Y/ <Y, -} AT.

It is clear that if, for all § > 0, 70 = T a.s., then (4.15) holds. Now if for some § > 0
we have

P(A) >0, with A= {7} <T} e Fy

we then can define
m = inf{t > 70, Y/ > V).

Since Y] = X' > X =Yy, thus 75 < T and 1,Y’(7) = 14Y (72) . It follows that, for
T € [0, 7,

]-AYT = g[]'AYT2 +/ 2 ]-Af(87 ]-A}/s)dswt’r]a

LY = E[laY, + / 1af(s, 14Y7)ds| .

By the uniqueness result of Theorem 1, the solutions of the above two equations must
coincide with each other. Thus Y/ g = Y51 4. This contradicts P(A) > 0.

In order to prove the general case When ¢s > 0, we define forn =1,2,3, -
Y™ (-) to be the solution of

vio- g [[X’ o L os)+ | Tf(s,nwsm] ,

fort € [0 t0,), £ = ZZ, i=0,1,--,n—1.
This equation can be written, piece by piece, as
yr = [yta +/ ods] +/ (5, ™) ds|5‘-"t],
e [ ), Y=Y =
From the first part of the proof. We have, fori =n —1,Y* > Y;, t € [t}_ 1,Tj In

particular, Yn_1 > Yn . An obvious iteration of this algorlthm gives
Y > Y, te[thth,), i=0,---,n—2
Thus Y," > Y, t € [0,T].

In order to prove that Y/ > Y;, It suffices to show the convergence of the
sequence (Y™) to Y’. A computation analogous to the proof of Lemma 53 shows
that, for fixed t € ¢ € [t},t!" ) and an appropriate constant C,

t T
BV = ¥/P] < CE[[, Idds+Cy [ 1¥2 = ijds]

< 20(B([, o)+ CRLE [ 17 = s



Decomposition theorem for £-supermartingales 49
Using Schwards inequality, one has for all ¢ € [0, T]
T T T
ElY" - Y/ < ZC—E/ 5| ds + 20012TE/ Y™ — Y!|%ds. (4.16)
n Jo t
Gronwall’s Lemma applied to the above inequality shows that
B[Y" = Y{["] -0,
and finally Y/ > V;.
Finally, we investigate possible equality in (4.15). From Y/ =Y}, one has

E[X+/0T s, Ys)ds] :€[X’+/0T f(s,YS)ds+/0T B, ds|

Since X’ > X and fOT ®.ds > 0, it follows from the strict monotonicity of £ that
X' =X a.s., and fOT ®.ds = 0, whence ® =0 dt x dP a.e. and the end of the proof.
|

4.4 Decomposition theorem for £-supermartingales

Our next result generalizes the decomposition theorem for g-supermartingales proved
in [?] to continuous £-supermartingales. The proof uses mainly arguments from [?].

Theorem 65 (Decomposition theorem for E-supermartingales) Let E[-| be
an F-expectation satisfying (4.1) and (4.4), and let (Y;) be a related continuous E-
supermartingale with

E[ sup |Y|*] < o0.
t€[0,T]

Then there exists an A(-) € L%(0,T; R) such that A(:) is continuous and increasing
with A(0) =0, and such that Yy + A, is an €-martingale.

Proof. For n > 1, we define y"(-), solution of the following BSDE:
T
v = Er+ [ n(Y. = y2)dsl 7]
We have then the following

Lemma 66 We have, for eacht andn > 1,

Y, >y
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Proof. For a d > 0 and a given integer n > 0, we define
o™ =inf{t; yP > Y, + 5} AT.

If P(6™° < T) =0, for all n and §, then the proof is done. If it is not the case, then
there exist 6 > 0 and a positive integer n such that P(c™° < T) > 0. We can then
define the following stopping times

= inf{t > o™ y <Y}

It is clear that 0™° < 7 < T . Because of Theorem 6.1, Y; — y; is continuous. Hence
we have

yr <Y, (4.17)
But since (Y, —y?) < 0 in [0™°, 7], by monotonicity of &[],
ychL”v‘s = yT +/ ys ds‘fcf"‘s]
< ElYH|Fons]
< EYE|Fons]

Finally, since Y is an £-supermartingale,
an,é 2 y'gn,&.

But on the other hand, we have P(¢™° < T') > 0 and, by the definition of 0™, Ylas) >
Y, ns 4+ 0 on {0”’5 < T}. This induces a contradiction. The proof is complete. B

Lemma 66 with Theorem 64 above imply that 3" (-) monotonically converges
to some Y°(-) < Y(-). Indeed, writing ¢, = — 4" > 0 shows that (y™(+)) is an
increasing sequence of functions.

Observe then that y? + Jin(Y, — y7)ds is an E-martingale. By Lemma 62,
there exists (¢, 2") € L%(0,T; R x Rd) with

such that

T
v +/ —yy)ds = yer/O n(Yy —yy)ds

T T
—l—/ g.ds —/ 2'dBg,
t t

n __
hence, as y} = Yp,

T T
v =Y+ [ Lot (Y~ yDlds — [ 2B, (4.19)
t t
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(4.10) also tells us that

98 — ™| < ulzf = 2], nym =12, (4.20)
Let us denote, for each n =1,2,---,

t
Ay =n [, = y2)ds
0

A™ is a continuous increasing process such that A"(0) = 0.

We are now going to identify the limit of y™(-). To this end, we shall use the
following lemma :

Lemma 67 There exists a constant C which is independent of n such that
T
(i) E/ 2"2ds < C; (i) E[(A%)?] < C. (4.21)
0
Proof. From (4.19) and (4.18), we take
T T
Ap = y*(0) —y%—/o 92d8+/0 zgdB;
T T
< O+ Iyl + [ pletlas+| [ raB)

Since y} <yl <Y, for all ¢, we’ have |y!'| < |y}| + |Y;|. Thus there exists a constant
C, independent of n, such that

E[ sup [Jyr]?] < C. (4.22)

0<t<T

It follows readily that there exist two constants C and Cs, independent of n, such
that

T
BElAN? < Oy + C’QE/ 127 ds. (4.23)
0

On the other hand, 1t6’s formula applied to |y™(-)|* gives:

T
Elly" (O = EIYil*+E [ (29297 - |=2%)ds
T
+2E/ YA
0

T
< BIYilP+ B [ ulyzllzr] - |22 Plds
+2B[47 sup [y
0<s<T
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whence, using that, for positive a, b and e, 2ab < ea® + b?/e (noting also that
E[ly"(0)P] = 01), we get

T T
B[ aPds < Bl + B [ Rl + o lePlds
0
+2AE swp |yt JRIE| AL ]1/2,

0<s<

and using the same inequality with ¢ = 4Cj,
T T
E/ 2"2ds < 2BE|Yr|? + 4u2E/ Iy 2ds
0

+8Co[E sup |yif] +

1
E|A7
S 26, Pl 7l’]

< 2E|YT|2+4M2E/ Iy 2ds
0

+8Co[E sup |yr*] +

+ E/ zo|“ds.
0<s<T 20 25T

because of (4.23).
Finally, it comes

T T
E/ 12"%ds < AE|Y7|* + 8u2E/ |y |*ds
0 0

C
+16CH[E sup |y2*] + 717
0<s<T Cy

and it is sufficient to note that, thanks to (4.22), the constant
2 2 T2 n(2 i
sup{4FE|Y7|* + 8u E/ [y °ds + 16C[E sup |[y?|*] + =} < o0
n 0 0<s<T CQ

to conclude that (4.21)—(i) and then (using (4.23)), (4.21)—(ii) hold true. The lemma
is proved. W

With the help of Lemma 67 above we can now end the proof of the Decompo-
sition Theorem.

Note first that (4.21)-(i) with (4.18) also implies

T
E [ |g:Pds < u*C
0

(4.21)—(ii) implies that
y' () /Y ().
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From Theorem 2.1. in [?], it follows that we can write Y under the form
T T
Y, = Y +/ gods + Ap — A, — / 2,dB, (4.24)
t t

for some (g,z) € L%(0,T; R x R?) and an increasing process A. Observe that Y(-)
and then A(:) is continuous. Applying the result in the first part of the proof of
Theorem 2.1 in [?], pp482-pp483 (see Appendix for details), we have

2"(-) — 2(-), strongly in L%(0,T).
It follows from (4.20) that
g"(-) — g(-), strongly in L%(0,T).
And finally, (4.19) gives
AP A;, strongly in L*(Q, Fr, P).
Thanks to Lemma 57, we can pass to the L-limit in both sides of
yi = EYr + Ap — A} F].

It follows that
Y;/ = (C/'[YT + AT - At|ft]

Thus Y; + A = E[Yr + Arp|F] is an E-martingale (because of 4.4)). Since A is
increasing, the Theorem is proved. B

4.5 Finding a g—expectation to represent E[-|F;]

An F,—Consistent Expectation is a g-Expectation
In this section, we will prove an important result: an F;—consistent nonlinear
expectation can be identified as a g-expectation, provided that (4.1) and (4.4) hold.

Theorem 68 We assume that an F-expectation E[-] satisfies (4.1) and (4.4) for
some i > 0. Then there exists a function g = g(t,z) : Q x [0,T] x R? satisfying (i),
(11) and (111”) of (3.22) such that

EX]=E&,[X], VX € L*(Q,Fr, P).

In particular, every £-martingale is continuous a.s.
Moreover, we have |g(t, z)| < plz| for all t € [0,T].
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Proof.  For each given 2z € R, we consider the following forward equation

dY7 = —plz|dt + zd By,
Y#(0) = 0.

We have Elsupcioq |Yi"[?] < 0o. It is also clear that Y is an £¥-martingale, thus
an £[-]-supermartingale. Indeed, we can write Y = E#[Yr|F;]. From Theorem 65,
there exists an increasing process A*(-) with A#(0) = 0 and E[A??] < co such that

Y7 = EYF + A7 — AR

Or
Y7?+ A7 = E[YF + A%\ F), tel0,T].

Then, from Lemma 62. there exists (g(z,-), Z*(-)) € L%(0,T; R x R?) with |g(z,t)| <
w|ZF| such that
T T
YP £ AP = YE 4 AG / g(z, 5)ds — / Z:dB,. (4.25)
t ¢

We also have
l9(z,t) — g2, t)| < plZf — Z7|. (4.26)

But on the other hand, since
T T
Y7 = Yf—l—/ ,u|z|ds—/ 2dBs,
t t
it follows that
t
A7 = pulz|t —/ g(z,s)ds
0
Z; = z
In particular, (4.26) becomes
l9(2,1) —g(', )] < plz = 2], (4.27)

Moreover,

t

YF 4+ AP = YA(r) + A5(r) — /

r

t
g(z,s)ds+/ zdB,, 0<r<t<T,

and Y7 + A7 is an E-martingale. But with the assumption (4.4) one has, for each
ze€RYand r <t

El— /:g(z, s)ds + /rt 2dBg|F,| = EIYY + A7 — (Y2(r) + A%(r)) | F.],
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le. . .
5[—/ 9(z,s)ds +/ 2dBs|F] =0 0<r<t<T (4.28)

Now let { 4;}Y, be a F,-measurable partition of Q) (i.e., A; are disjoint, F,-measurable
and UA; = Q) and let 2; € R? i = 1,2,---,N. From Lemma 5. of Section 4., and
the fact that ¢(0,s) = 0, it follows that

_/tg(izilAi,s)ds+[§:Zz‘1Aist|}—r]
- 21A< /T g(zi, s ds—i—/zde)L’F]
_ Z1A5 / (2, 8 ds+/zde 7]

= 0
(because of (4.28)). In other words, for each simple function n € L*(Q, F,, P),

t t
5[—/T g(n, 8)d8+/r ndB,|F,] =0

From this, the continuity of £[-] in L? given by (4.3) and the fact that g is Lipschitz
in z, it follows that the above equality holds for n(-) € L%(0,T; R?) :

el- | g, 5)ds + / "ndBL|F] = 0. (4.29)
We just have to prove now that
E,[X] = E[X], VX € L*Q,Fr,P).
To this end we first solve the following BSDE

_dys = g(t,zs)ds—zsst,
yr = X.

Since g is Lipschitz in z, there exists a unique solution (y(-), z(-)) € L%(0,T; R x R%).
By the definition of g-expectation,

59[X] =y(0).
On the other hand, using (4.29), one finds

EX) = )~ [ glusds+ [ 2B

T T
= y(0)+ 5[—/0 g(zs, 8)ds +/0 2,d By]
= y(0) = &[X].

It follows that this g-expectation &,[-] coincides with £[] and we are finished. B
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4.6 How to test and find g7

Let g(s, z) be the generator of the investigated agent. An very important problem
is how to fin this function g. We will treat this problem for the case where g is a
deterministic function: g(t, z) : [0,00) x RY — R. We assume that

lg(t,z) —g(t,2")| < plz — 2|, VE >0, Vz,2/ € RY,

g(t,0) =0, Vt>0,. (4.30)
In this case we can find such g by the following testing method.
Proposition 69 We assume (4.30). Let z € R be given, then
T
/ g(s.2)ds = &,[zBr|F] — 2B, (4.31)
t
In particular
T
/ g(s, 2)ds = &,|2By] (4.32)
0

Proof.  We denote Y; := &,[zBr|F], it is the solution of the following BSDE

T T
Y, — zBT+/ g(s, Z,)ds —/ Z.dB,
t t

Or
T T
Y, — 2B, = / 9(s, Zs — 2+ 2)ds — / (Z, — 7)dB,.
t t

It follows that (Y}, Z,) := (Y; — 2B, Z, — %) solves the BSDE
_ T _ T
Y = / g(s, Zy + 7)ds — / Z.dB..
t t

This BSDE has a unique solution (Y;, Z,) = (/" g(s, 2)ds,0). We thus have (4.31).

Remark 16 It is meaningful to test the generator g of an agent: at a timet < T, we
let the we let the agent evaluate ZBr and result £,[ZBy|F;|. Then the deterministic
data [ g(s, 2)ds is obtained by = E,[ZBr|F;] — 2B;, where By is a known value at the
time t.

Example 70 If g is time—invariant: g = g(2), then we have
g(Z)(T —t) = &,[zBr|F;| — ZBq

and
9(2)T = &,[2Br], z€ R
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Example 71 If we already know that g = go(6,2), where gy : [a,b]xR? — R is a
given function but we have to find the parameter 6 € [a,b], assume that for some
z € RY, go(0, 2) is a strictly increasing function of 0 in [a,b]. Then we can only test
the agent once at the time, say t = 0. Using the formula

90(0,2)T = &,[zB7],

we can uniquely determine 6.
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Chapter 5
HOW TO SOLVE BSDE

5.1 BSDE, SDE and PDE: nonlinear Feynman—Kac formula

In this section we consider a classical (forward) stochastic differential equation (SDE),
i.e., the well-known It6’s SDE and relate it to a BSDE. The related solution of BSDE
is a type of nonlinear PDE of parabolic type.

Consider a SDE parameterized with the following initial condition (¢,Y) €
[0, 7] x L*(w, F;, P;R™)

dXt¢ =b(w,s, X¥)ds + o(w, s, X¥)dB,s, s € [t,T],

vaf =¢. (51)

We are most interested in the case where £ is a deterministic vector: £ = x € R™:

dXi" = b(w,s, X*)ds 4+ o(w, s, X0")dB,, se[t,T],

tx
Xt - x,

(5.2)

Here each for each fixed z € R™, b(-, ) o(-, x) are respectively R" valued R™*%-valued
bounded and (F;)-adapted processes. We also assume that b and o satisfy Lipschitz
condition in z: for each z, ' € R"

|b(w, t, z) — blw, t,2")| + |o(w, t,2) — o(w,t,2')| < Clx — 2. (5.3)

and
|b(w, t,0)| + |o(w,t,0)] < Cp. (5.4)

We know that under the above assumptions, there exists a unique strong solution of
SDE (5.1). Moreover, for each t € [0,T), V¢, ¢! € L*(w, F;, P;R™) we have

E[sup |X1¢ — X512 F] < Col¢ = )2, as, (5.5)

s€t,T]
and for each p > 2, we have

E[sup |[X5P] < C,(1+|CP),¥¢ € LP(w, Fy, P;R™), as. (5.6)

s€(t,T]

Here the constant Cj depends only on 7" and the Lipschitz constant of b and 0. C,
depends only on p, T', the Lipschitz constant of b and ¢ and their bound Cj in (5.4).
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We now consider our BSDE. Let f = f(w,t,z,y,2) and ®(x) be R™-valued
functions such that, for each (z,y, z) € R"xR™x R™*¢ f(-, x,vy, 2) is a bounded and
(F:)-adapted process, ®(x) is a bounded Fr-measurable random variable. They are
Lipschitz continuous, in (x,y, 2), i.e., for each (z,y, 2), (2,9, 2') in R" x R™ x R™*4,

‘CD(I’) —(I)(l'/)’ + ’f(ta z,Y, Z) - f(t7$,7y,7 Z/)l (5 7)
<Oy =yl + 1z =2+ o =), '
We also assume that f and ® satisfy the following linear growth condition in x:
[f(t,2,0,0)] + [®(x)] < C(1 +[z]), VzeR" (5.8)

Under the above assumptions it is easy to check that f(t, X}, y, z) and £ = ®(X5°)
satisfy all conditions required in Theorem 19. Thus the following BSDE has a unique

solution:
_dY?C = f(sv X?Ca YZZC’ Z;’C)dS - Z?CdB& s € [t7 T]v

Vi = a(XL).

We first have the following estimate:

(5.9)

Proposition 72 We assume (5.3)—(5.8). then for eacht < T, and for each (,(" €
L*(w, F;, P;R™), we have

(i) Y=Y < col¢ - ¢,

5.10
(i) Y] < Col1 +I¢). 10
Proof. By Theorem 20,
Y= VP < BR[| 0(X5) — o(Xp)P)
+CE]:t ..rtT |f(87 X;7<’ }/;t’c7 Z?C) - f(87 XSt’C 7}/:7(’ Z§7<>|2d8
< CER|XE — X512 4+ CE [T | X106 — X4 2ds
This with (5.5)yields (5.10).
We define
u(t,x) ==Y, ©€R".(4.5)
By (4.4), we have
: _ / < _ o
(i) |u(t,x) —u(t,2")| < Colz — 2|, (5.11)

(i) fult, )] < Co(1 + |=).

Remark 17 We note that, in general, u is a random function, i.e., for each x € R",
u(z,-) is a (R™-valued) (F;)-adapted process. But if we assume furthermore that, for
each (t,x,y,z),

b(t,z),o(t,z), (), f(t,z,y, z) are deterministic functions (5.12)
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Then u becomes a deterministic function of (t,z). In fact, it is easy to check that
for each (t,x), the solution X of SDE (4.1 — 2) is (F!)-adapted. Thus ®(X5") is
Fl-measurable, and for each (y,z) € R™ x R™*? f(s, X1® vy, 2) is a (F!)-adapted
process. By Proposition 2.4, the solution (Y}*, Zt%), s € [t,T], of BSDE (5.9) is also
(Fb)-adapted. In particular, u(t,x) = Y| is deterministic.

Remark 18 A more particular situation is when m = 1 and f is independent of
(y,2), i.e., f=f(t,x). In this case if we assume furthermore (5.12), then u has the
following explicit expression:

ult, z) / (s, X5V ds + B(XE)].

Exercise 5.1.1  We assume (5.12), m = 1. We assume furthermore f = c(z)y +
fo(t,x). Prove the well-known Feynman—Kac formula:

T Kl t,x t:c
u(t,x):E[/t el XN o Xty g 4 (XLTYed: ),

Proof. What is the explicit expressions of u if, in Remark 18 and/or Exercise
5.1.1, we remove Assumption (5.12)7

In the following we study the situation without Assumption (5.12). u is a
random function. We need to define

Definition 73  For each fized t € [0,T], a collection {A;}Y., C F; is called an
Fi-partition if UY., Ai = w and for eachi,j=1,--- N, A;NA; = 0.

Theorem 74  For each ( € L*(w, F;, P,R"™), we have

u(t,¢) = Y. (5.13)

Proof.  We first consider the case where ( is a simple function:
N
i=1

where {A;}Y, an F;—partition and z; € R", i = 1,2,---, N. For each i, we denote
(X, Y[, Zy) = (X0 Y00, Z07) |amay

ER R

X% is the solution of the following SDE

Xi= g+ /Sb(r, X;)dr + /sff(r, X})dB,, s €[t T]
t t
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(Y?, Z") is the solution of BSDE

I ro

, T
_ @(X;H/ (r, X1, Y7, Z7) dr—/ ZidB,, selt,T).

We then multiple I 4, on both sides of the above two equations. Then take summation
over i = 1,-, N. By the following simple rule >>; p(z;)1a,=p(>; x:14,) we derive

N N s N ' s N .
S X =3 Tyt / b(r, > L4, X1 )dr+ / o(r, S 1y X1)dB
i=1 i=1 ¢ i=1 ¢ i=1
and
N ‘ N ,
> LY = 0(3 L Xi)+
. N TN
ﬁ%mzmmzn&wzmmm=mﬂzuzwm
i=1 i=1 j
It then follows from the existence of uniqueness Theorems of SDE and BSDE that
N .
X =Y X!y,
i=1
and
(Y€, Zb¢) = ZIA YIS 14, ZY).
i=1
By the definition of u(t, z;) = Y,
b N N
Y~ = ‘Z:I Y?IAz‘ = Z:lu(tv xi)IAi
= N 1=
= U(t, ‘2—21 LTJZ_[A) = U(t, g)

Thus (5.13) holds for the case where ( is a simple function.
But in general ¢ € L?*(w, F;, P; R™). In this case we choose a Cauchy sequence
{¢;} that converges to ¢ in L?(w, F;, P; R"). By estimates (5.10) and (5.11), we have

E[Y" — Y] < GE|G — ¢)* — 0

and
Efju(t, ¢;) — u(t, Q)] < GoEIG — ¢ — 0.
By which and u(t,(;) = Y;"“ we finally derive (5.13). B
In (3.24)we have introduced the notion of backward semigroup &/;[-]. We now

discuss use this backward semigroup property to discuss u. For each given t; € (¢, 7]
and n € L*(w,F;,, P;R™), we have

—dY, = f(s,X',Y,, Z,)ds — Z,dB,, s € [0,t],
Y., = n.
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for each r € [t,t1), we denote 5;?7%1 [n]:=Y,. By the definition of u ( see (3.30)), for
each 0 <o < T —t,

. x . t+6,X7
u(t,r) = 5t7T[q)(X:tF )] = t,t+6[Y;€+§ *].

This with (5.13) we derive the following result.

Proposition 75 We have
u(t,z) = Gy slu(t+6,X0%)], 0<6<T—t (5.15)

Remark 19  We recall the example given in Remark 18. In this special case it is
easy to check that, for a given smooth function ¢(t,x), we have

t+o
sl + 6, XI5 = BL[ T fls, XE7)ds + (b + 0, X[25)]
By (5.15) we have
t+9 '
ult,2) = B[ f(s, XE7)ds + u(t + 6, X[75)].
t
If u is a C*'-function, then we apply Ité’s formula to u(t + s, X{7) — u(t,z) in the

interval s € [t,t 4+ 0]:

(15E[/tt+6[(6t + Lu+ f)(s, X2%)ds] = 0.

where L is the following second order elliptic operator:
Lolt,z) = [;TT(JU*Dng)—l— < Dy.b>(t, 7).
Let 6 — 0. We derive that u is a solution of the following PDE:
dyu(t, z) + Lu(t,x) + f(t,z) = 0.

The same argument applied to the case in Ezxercise5.1.1. can derive the well-known
Feynman-Kac formula. Proposition 75 plays a key role to establish the relation be-
tween PDE and BSDE.

In the next section we will derive a generalized formulation of (5.15): which
is in fact a generalized dynamic programming principle in stochastic optimal control
theory. The related PDE will be a fully nonlinear second order PDE, a generalized
version HJB equation and Feynman-Kac formula.
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Exercise 5.1.2  For the case f = c(x)y + fo(t,z) and with the assumption (5.12),
give a similar formulation as in Remark 19.

Exercise 5.1.3  Let (Hj.4) be hold and let u(t,z) : R™ x [0,T] — R™ be a smooth
solution of the following PDE

Owu(t, ) + Lu(t,z) + f(t, z,u, Duc) =0

with terminal condition u(T,x) = p(x). Prove that in this case the solution of BSDE
(5.9) is (u, Duc)(s, X1°).

If we remove assumption (5.12), then u(x,-) is a (F;)-adapted process. In
this case u the solution of the following backward stochastic PDE:

—du(t,r) = [Lu(t,z)+ f(t,x,u, Duoc + ¢) + Doo(t, x)|dt
—[Duo + ¢(t, x)|d B,
uw(T,x) = (T, )

(see [P4]). Prove that if (u, 1)) is smooth solution of the above SPDE, then the solution
(Y¢, Z¢) of BSDE (5.9) is

YE=uls, X19), 28 = (Duo +¢)(s, X19), s € [t,T]

5.2 Numerical solution of BSDEs
5.2.1 Euler’s Approzimation

Let (€!')i=12,..n be a Bernouil sequence, i.e., an i.i.d. sequence such that with
n n 1
Pl =1} = P{e! = -1} = 3"

We set

k
By : =+n) e, Fli=o0{B}1<k<n}
i=1
AB., : =B}, — By =+/ne,

Let £ be Fj'-measurable. This implies that there exists a function: ¢ :
{1,-1}" — R, such that
gn - (I)n<€?7 Ty GZ)

All processes are assumed to be F}'~adapted. We make the following assump-
tion

(H1) B™ converges to B in S?

(H2) €™ converges to € in L?(P).

fand f™:[0,1] x Q x R x R — R such that for each (y,z) € R x R,
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{7t Y, 2) Yocyar (vesp. {f(t,y,2) }ocy<,) are progressively measurable with re-
spect to F* (resp. to F;) such that

(H3)~(i):

[Py, 2) — MLy, )] < Clly =y + 12— 7))
|f(t,y,2)—f(t,y/,2,)| S C(|y—y/’+|2—2/’)

(ii) For each (y, z) paths {f™(t,y, Z)}0§t§1 have RCLL paths and converges to
{f(tv Y, Z)}0§t§1 in 82<R> with

Vs = {E[sup [Vi]"]}"/2.
0<t<1

In this paper we set

n n k k+1
f (t7y7Z)Egk(y7Z)7 tE [77 )7 k:07 ]" 7n
n n
We set
yr = &£": a given JF]-measurable random variable. Then we solve back-
wardly

n n n n n 1 n n
Y = Yk+1 +gk(ykazk>ﬁ — 2 ABy, k=n—1,---,3,2,1
Or yr =y, 2 = 2, t € [E, ) We call (y", z") the solution to (g,§).

dy; = [ty 2)d(B"), — 2'dBy},
yr = &
Theorem 76 (Existence and Uniqueness and Comparison) Let
gp(w,y,2) : QxXRxR—R k=1, n—1
be Fi}—measurable and C'-Lipschitz with respect to y with n > C. Then there exists

a unique Fj'—adapted pair (y",z"), solution to (g,&). Moreover, if (y,z") is the
solution corresponding to (¢', &), and if

gr' (w,y,2) = g (w,y,2), & > €7,
then the corresponding solution (y™,2") satisfies
i > yp-

COROLLARY. If A;(-) and As(-) satisfies the above conditions with A;(y) >
Ay(y), for all y € R. Then A7*(z) < Ay'(w), for all 7 € R.
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PROOF of The Theorem. Assume that y;,, are solved, we then solve

(Ui 210)-
n n n n n 1 n n
Y = Ypp1 + gk(ykazk)g — 2z AB (5.16)
Since yi,, has the form: yp,; = ®py1(er, -+, €py1). We set
yl(qi)l L= (I)kJrl(Ela ) 1)7
y/(ﬁ—_f—)l L= q)k—‘rl(Ela”'?_]')‘
Y1 and yg ., are F{—measurable.
We set €41 = %1, in (5.16):
n + ni,n .n 1 n,—1/2
Ye = Ypp1 T Qk@kazk)ﬁ T —zn

n — n n n 1 n__—
Yy = yk+1+9k<yk72k)ﬁ++zkn 12

(=)

() _ (-
n : n _ Yk+1 Y611 : n 3
2z can be uniquely solved by z;} = ==-=. The equation for y is

+ —
1 . yl(f—l-)l + y(+)1

n 2

When n > C, the mapping A(y) = y — g,?(y,z,?)% is strictly monotonic
function of y with A(y) — +oo (resp.—o0) as y — +oo (resp. —oo). Thus the
solution yi of (3) exists and is unique. By Corollary, the comparison theorem also
holds.

CONVERGENCE RESULT

We consider

(a) e = €+ ! f(5,9s, 25)ds — [} 2,d B

(b)n yp =&+ [ fuls,ye, 20)d(B"), — [} 20dB}

Yr — 95 Wi, 21)) (5.17)

Theorem 77 (Briand, Delyon € Memin, 2001) We assume (H1), (H2) and (H3).
Let (y", z") be the solution of (b), and (y, z) be the solution of (a). Then, in §* x 8,

(y”, / z?dB?) — (y, / zSst) , asn — 00
0 0

and in S? x §?

(/0. zid (B"),, /0~ |Zg|2d<B">S> _ (/0 (B /0~ |z§|2d<Bn>s) s e,



Chapter 6
APPENDIX

6.1 Martingale representation theorem

The existence theorem of BSDE requires the following result: an element £ € L*(Q, Fr, P)
can be represent by

¢ —El¢] + /OT budB..

Lemma 78 Let ¢ € L*(Q, Fr, P) be given such that

E[C(1+ /OT 6.dB.)] = 0, Vo € L*(Q, Fr, P).

Then ¢ =0, a.s..

Proof.  For each pu(-) € L*°([0,T]; R%), we denote X*, the solution of the following
SDE
dX! = p()XPdB,, XP=1.

It is sufficient to prove that
E[(X}] =0, Vu € L=(0.T};RY), = (=0, as.

For each N € Z, x = (x1,--+,zN) € RYand 0 < ¢ < --- < ty < T, we have set
wu(t) = iZ;V:l w;1j0,4,)(t). Tt is easy to check that

t 1 rt N 1 rt
Xt =expli [ p(s)aB, — 5 [ |n(s)Pds} = ¢ Zm P expl— [ |u(s) Pds)
0 0 0
Thus the condition E[¢X}] = 0 implies
. N
Du() = Bl¢e'Zom ] =0,

Now for an arbitrary g € C5°(RYN), let g be its Fourier transform. We then have

Elg(By,, -+, Biy)(]
= E[(ZWY% /RN Q<I07x17'"7l’N)€iZj:11jBtjdl’<]

— (@n) % /R §(w) B (x)dz = 0.
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Since
{g("W(t1>7 o '7W(tN>>;0 S tl’ e 7tN S T7g € C((]X)(RN>7N € Z}
is dense in L?(2, Fr, P), it follows that ¢ = 0.

Theorem 79 ( Representation theorem of an L*(, Fr, P)— random variable by Ito’s
integral) For each & € L*(Q, Fr, P) there exists a unique = € M>([0,T]; R?) such that

T
¢ — B[¢] +/0 2.dB.. (6.1)
Proof. Let & € L*(Q, Fr, P) be given. We define the following functional

T
£(6) = B¢ [ 0B, 6 € M*(0,TI:R?).
By Schwards inequality |f(¢)| < E[|¢[2]Y2- B[] |¢s|?ds]'/2. Thus f is a bounded

linear functional in M?2([0,7]; R?). It follows from Riez’s representation theorem
that, there exists a unique z € M?([0, T]; R¢)

£(¢) = E[/OT bez:ds], Yo € M2([0,T]; RY).

or

E| /0 " budBL(€ /0 " 2dB,)] = 0, Yo € M([0,T];RY).

Thus we have
T T , .
Bl(1+ [ 0.dB)(E~ Bl ~ [ 2dB)] =0, Yo € M¥(0,T): RY).
By Lemma 78, we have (6.1).

6.2 A monotonic limit theorem of It6’s processes

Then, using this convergence theorem, we study the limit theorem of g- super-solution.
We first consider the following a family of semi-martingales:

) ) (2 ) t
y;=y3+/g;ds—A;+/ AW, i=1,2,--- (6.2)
0 0

Here, for each i, the adapted process g' € L%(0, T, R) are given, we also assume that,
for each i,

(Al) is a continuous and increasing process with E(A%)? < oo, (6.3)
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We further assume that

(i) (g}) and (2}) are bounded in L%(0,T): E [][|¢}> + |2}|?]ds < C;

(ii) (y;) increasingly converges to (y;) with Esupgc,<p [ye]* < oo; (64)
It is clear that ' -
(i) E[Sgpogth v’ < C; (6.5)
(i) Bfy |y —ul>ds — 0,
where the constant C' is independent of i.
Remark 20 It is not hard to prove that the limit y, has the following form
t t
Yt = Yo +/0 ggds - At +/0 stWsa (66)

where (gY), (z:) and (A;) are respectively the L*-weak limit of (gi), (2}) and (A;)

is an increasing process. In general, we can not prove the strong convergence of
. o0 .

{ (;‘Fz;dWs}izl. Our new observation is: for eachp € [1,2), {2'} converges strongly in

LP. This observation is crucially important in this paper, since we will treat nonlinear

cases.

Theorem 80 Assume (6.3) and (6.4) hold. Then the limit (y;) of (yi) has a form
(6.6), where (g?) € L%(0,T; R), (2;) is the weak limit of (2}), (A;) is an RCLL square—
integrable increasing process. Furthermore, for any p € [0,2), (28)o<i<r Strongly con-
verges to (z1) in L’=(0,T,RY), i.e.,

T
lm E | |z — 2/Pds =0, Vp € [0,2). (6.7)
1—00 0
If moreover (yi)iepo,r) 45 continuous, then we have

T .
limE [ |z — z/|*ds = 0. (6.8)

1—00 0

In order to prove this theorem, we need the several Lemmas. The following
lemma will be applied to prove that the limit processes (y;) is RCLL.

Lemma 81 Let {z'(-)} be a sequence of (deterministic) RCLL processes defined on
[0, T) that increasingly converges to z(-): for each t € [0,T|, z'(t) T z(t), with x(t) =
b(t) — a(t), where b(-) is an RCLL process and a(-) is an increasing process with
a(0) =0 and a(T) < co. Then z(-) and a(-) are also RCLL processes.

Proof. Since, for each ¢, b(-), a(-) and thus x(-) have left and right limits at

t, thus we only need to check that x(-) is right-continuous.
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Since, for each t € [0,7T), a(t+) > a(t), thus
z(t+) = b(t) — a(t+) < z(t). (6.9)

On the other hand, for any § > 0, there exists a positive integer j = j(0,t)
such that z(t) < 7(t) + 6. Since z7(-) is RCLL, thus there exists a positive number
€0 = €0(J,t,0) such that 27(t) < a?(t + €) + 4, Ve € (0, ). These imply that, for any
e € (0, €],

w(t) <2l (t+e) +25 <™ (t+¢€)+20 1T 2(t + €) + 26.
Particularly z(t) < z(t+) + 20 and thus z(t) < z(t+). This with (6.9) implies the
right continuity of z(-).

Lemma 82 . Let (A;) be an increasing RCLL process defined on [0,T] with Ag =0
and E(Ar)? < co. Then, for any e > 0, there exists a finite number of stopping times
T, k=0,1,2,-- - N+1withto=0<7 < <7 <T = 7n41 and with disjoint
graphs on (0,T) such that

i E Y (A4) <. (6.10)

k=0 tE(Tk ,Tk+1)

Proof. For each v > 0, we denote

At<l/) = At — Z AAsl{AAS>l/}'

s<t

It has jumps smaller than . Thus there is a sufficiently small » > 0 such that

E[} (AA((v))*] <

s<T

DN

Now let o, K = 1,2, --- be the successive times of jumps of A with size bigger than
v; they are stopping times, and there is NV such that

E( > (AAS)2> <

SG(UN 7T)

N

Then 7, = o, AT for k < N, and 7y, = T satisfies (6.10). ®

For applying the formula of the integral by part to the process (y;) (with
jumps), the above open intervals (o, 0x41) is not so convenient. Thus we will cut a
sufficiently small part and only work on the remaining subintervals (oy, 7]. This is
possible since our filtration is continuous. In fact we have:

Lemma 83 Let 0 < o < T be a stopping time. Then there exists a sequence of
Fi—stopping times {o;} with 0 < 0; < o, a.s. for eachi=1,2,---, such that o; | 0.
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For the continuous filtration F;, this lemma is quite classical. The proof is
omitted.

The following lemma tells that, for any given RCLL increasing process, the
contribution of the jumps of (A4;) is mainly concentrated within a finite number of
left—open right—closed intervals with “sufficiently small total length”. Specifically, we
have

Lemma 84 Let (A;) be an increasing RCLL process defined on [0,T] with Ag = 0
and EA%Z < oo. Then, for any d,e > 0, there exists a finite number of pairs of
stopping times {og, 7}, k=0,1,2,--- N with 0 < o, < 7, < T such that

(i) (05,751 0 (o, 78] =0 for each j # k;
(i1) EXN (e —op) >T —¢
(ZZZ} Zévzo E20k<t§ﬂ€ (AAt)2 S 5

Proof.  We first apply Lemma 82 to construct a sequence of non-decreasing stop-
ping times {0} } o' with o9 = 0 and o1 = T such that, o, < o}41 whenever oy, < T
and that

N

ZE Z (AA,)* < 0.

k=0 t€(og,0641)

Then for each 0 < k < N, we apply Lemma 83 to construct a stopping time 0 < 7, <

Ok+1, such that
N

/
EY (0p1 — 1) <e
k=0
Finally we set
/ / /
To = Ty, Tl:UIVTlu T 7-N:O-N\/TN

It is clear that 7, € (0%, 0%41) N [T74 1, Okt1]. We have also 7, < 0p41 whenever oj, < T
Thus (0%, k] € (0k, 0ks1). It follows that

N
EY (0k41 — ) <6
k=0
or
N
EZ(Tk — o) > T — €,
k=0
and

iE > (AAt)ZgiV:E > (AA)* <6

tE(Uk,Tk] = te(o'k,o'k+1)

k
Thus the above conditions (i)-(iii) are satisfied. W
We now give the
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Proof of Theorem 80 Since (g') (resp. (z')) is weakly compact in L%(0,T;R)
(resp. L%(0,T;R?)), there is a subsequence, still denoted by (g%) (resp. (z')) which
converges weakly to (g?) (resp. (z)).

Thus, for each stopping time 7 < T', the following weak convergence holds in

L*(Q, F,,;R).
/T zédWs — /T zsdW, /T gids — /T ggds.
0 0 0 0

Al = —yt +yh —|—/D gids +/0 2L dW,

thus we also have the weak convergence

Since

A~ A=~y o —|—/ ggds +/ z,dW..6
0 0

Obviously, EA%Z < oco. For any two stopping times 0 < 7 < T, we have A, < A,
since A2 < A’. From this it follows that (A;) is an increasing process. Moreover,
from Lemma 2.2, both (A;) and (y;) are RCLL. Thus () has a form of (6.6). Since
(y¢) is given, it is clear that (z;) is uniquely determined. Thus not only a subsequence
of (z') but also the sequence itself converges weakly to (z). Our key point is to show
that {2'} converges to z in the strong sense of (6.7). In order to prove this we use
[t6’s formula applied to (y; — y;)* on a given subinterval (o,7]. Here 0 <o <7 < T
are two stopping times. Observe that Ay, = AA, and the fact that 4* and then A’
are continuous. We have

Bly, — gl + B [ |21 - 2 [ds

— Bl -y B Y (A4 2B [ (- (g - g2)ds

te(o,7]

12 /( (0}~ ye)dA, 2R /( (W~ A,

= Ely. —y.+E > (AA)’ —ZE/ (! — ys)(g: — ¢°)ds

te(o,7]

+2E/( ](yiﬁ, — ys)dAL — QE/( ](yi — Y5 )dA;

Since the f(o‘,T] (y; - ys)dAls < 07

E/T|zi—zs|2ds < Ely—yP+E Y (AA,)? (6.11)

te(o,7]

+2E/ |yi—ysl|gi—ggld8+2E/( }Iyi—ys|dAs.
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The third term on the right side tends to zero since

[N

T ,
B [ Iy —ullgt - gllds < ©

A
E/ lyi —ySIQdS] 0. (6.12)
0
For the last term, we have, P—almost surely,
Wyl =yl >y —ys| — 0,  Vsel[o,T].
Since .
B [ Iy} = wuldA, < (Elsup(ly! — uf*)H E(An)3)} < o0,

it then follows from Lebesgue’s dominated convergence theorem that
E/ Iy — y,|dA, — 0. (6.13)
(0,7

By convergence of (6.12) and (6.13), it is clear from the estimate (6.11) that,
once A; is continuous (thus AA; = 0), then z° tends to z strongly in L%(0,T; R?).
Thus the second assertion of the theorem follows.

But for the general case, the situation becomes complicated. Thanks to
Lemma 84, for any d,¢ > 0, there exist a finite number of disjoint intervals (o, 7%,
k=0,1,---, N, such that o < 7, <T are all stopping times satisfying

(i) EXiomn—olw) >T -5
i) v, S cten BIAA)? < é (6.14)

Now, for each o = 0}, and 7 = 7, we apply estimate (6.11) and then take the sum.
It follows that

N
ZE/ 2l = 2y2ds < ZE|ka—ka|2+ZE S (AA)?
k=0 Tk

k=0 tG(ok Tk]

+2E/ |yi—ys||g§—g?|d8+2E/ Yl — ys|dAs.
0 (0,17

By using the convergence results (6.12) and (6.13) and taking in consideration of
(6.14)-(ii), it follows that

hmZE/ |z—z32ds<ZE > aar<?

1— 00
te (O'k Tk}

Thus there exists an integer [.s > 0 such that, whenever 7 > [ .5, we have

€

ZE/ |28 — 2|%ds < —
2
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Thus, in the product space ([0,7] x ©, B([0,T]) x F,m x P) (here m stands for the

Lebesgue measure on [0,7]), we have

N

m x P {(s,w) € J(on(w), m(w)] x |24 (w) — z5(w)]* > (5} <

k=0

This with (6.14)-(i) implies
m X P{(s,w) €0,T) x Q|2 (w) — zs(w)]* > 6} <€,

s

From this it follows that, for any 6 > 0,

S
1— 00

[NRINe

lim m x P{(s,w) € [0,T] x @ |z}(w) — z(w)]* > 6} =0.

Thus, on [0,7] x €, the sequence {(z%)} converges in measure to (z;). Since (z})
is also bounded in L%(0,T;R?), then for each p € [1,2), it converges strongly in

LE(0,T;RY). m

6.3 Existence and basic estimates of SDE

We consider the following It6 process
dXt = U,tdt + 'UtdBt, Xto = go,
where, for each T' > 0

u € M([0,T];R), v e M([0,T];R%),
& € L*Q,F,, P;R).

Lemma 85 We have the following estimate, for each 3 > 0,

t

E]:to HXtP] + gETtO [/ eﬁ(th)’XSFdS]
to

2

us|? + |vg|?]ds.
ﬁ! * + |vs|7]

t
< X, P04 B [0
0

In particular

t
BIX + SB[ e0|X, s
t

0

t 2
< B[l [ +E | I Gl + o lds.
0

(6.15)

(6.16)

(6.17)
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Proof.  We first prove the case where v and v are uniformly bounded. We apply
[t0’s formula to | X|?e™7% in the interval [¢, T):

T T
| Xr2e T = | X, [2e Pt + / e =B X,|? + 2X ug + |vs|*]ds + 2/ e X v,dB,
t t

Then we take expectation E70 and E. By 2Xu < 2|X[> + 2lul*, we have (6.16)
and (6.17). To prove the general situation, i.e., (u,v) € M?2([0,T];R" x R"™9),
we let {(u’,v")} be a Cauchy sequences in M?([0,T]) which converge to (u,v) €
M2([0, T]; R™ x R™4) and X* be the solution of (6.15) corresponding to (uf,v?). It
follows that X*— X7 satisfies the same equation corresponding to (u’ —u’, v* —v7). Tt
then follows from (6.17) that X* is a Cauchy sequence in M?([0, T]; R"). By passing
to the limit, (6.16) and (6.17) also hold. m
We now consider to solve the following SDE
dX % = b(t, X[ dt + o (t, X{*°)dB,, Xy, = &. (6.18)
We make the following assumptions, for each x € R",
b(-,x) € M([0,T];R"™), o(-,x) € M([0,T]; R™*%),
and for each z, ' € R",
|b<S7ZL’> - b(S,J]/)| < C|flf - ZL‘/|, |0'(S,ZL‘) - O'(S,ZL‘/)| < le - :LJ|7 \V/IL‘,JZ/ € R"
In the following we fix the constant 5 > 0 to be such that C’Q(% +1) = %.
We introduce the following mapping: X; = I¢(z)(t) : © € M([to,T];R") —
X € M([to, T|; R")
dXt = b(t, xt)dt + U(t, Z‘t)dBt, Tty = f
Lemma 86 We let X' := Ia(z%), i = 1,2, and let X = X' — X2, & = 2" — a2,
£ =&Y — &2 Then we have

~ t ~
HXt|2] + gE}}O [/t eﬁ(t—s)|Xs|2ds]
0

< E]:to A2 ,B(t—t()) QE]_—tO t ,B(t—s) s 12 d
< E7o[|¢] e + BTl e ds.

to

Proof.  We let b, = b(s,z!) — b(s,22) and 6, = o(s,z!) — o(s,22). By (6.17) and
Lipschitz conditions of b and o,

t
E}—to HXt’Q] + gE}—tO [/ eﬁ(t—S)’XsPdS]
to

t 2 .
< | e + B [ G0 + 16 )ds
0
2 t
<X P + O+ DR /t A9 [2]ds.
0

We then have (6.17). W
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Theorem 87 We assume (6.16) and (6.17). Then For each 0 <ty < T < oo, and
¢ e LA, Fy, P;RM), Ito’s equation (6.18) has a unique solution X%, s € [to, T).
Moreover we have

B

! t !
10— XP€ 2] TP [ 00 X006 — x1o¥ (6.19)
to

< BFulle — ¢
Proof. Let &' = £? in the above lemma. We have
T 1T
E[ / P19 X |%ds] < ~E] / PT=9)| ds
to 2 to

It follows that I, (-) is a strict contract mapping in M ([to, T]; R"). Thus there exists a
unique fixed point X¢. By the definition of I¢,(-), this mapping X" is the solution
of (6.18). (6.19) is easy to derive by applying the above Lemma to X%¢ — X%¢ m
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