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ABSTRACT

Numerical_fesults are presented for the nonlinear

évolution of the tearing ﬁode with poloidal mode number

) one.' Nonlinearly, the mode continues to grow exponentially
at approximately the linear growth-rate until it flattens
the toroidal curreht inside the singuiar surface and in-
creases the safety factor to unity at the plasma center.
The hypothesis that the mode causes the internal disruption
in tokaﬁaks is supported by the fact that the time scale

for the process agrees with experiment.
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When the safety féctor g 1is less than one at the plasma
center, the fluctuations in the x-ray intensity from the ST
tokamak shows a characteristic saﬁtooth behavior corresponding
to internal (or minor) disruptions. The characteristics of the
fluctuations as reported in reference 1 are:

a) At the élasma center the rise time of the saw-

tooth is approximately 1.5 msec., while the

decay or disruption time ig'only about 0.03 msec.

b) The disruption is preceded by m=1 oscillatidns

with a growth time of 0.3 msec,

c) Outside the g=1 singular surface, which is
located at a radius of 2 centimeters, the saw-
tooth is reversed, i.e., the x-ray intensity

rises abruptly and decays slowly.

Employing the parameters specified'in reference 2 , one
finds that the time for the current to increase by 10% at the
origin due to the overa;l shrinkage of the curfent channel is of
the same order as the.rise time of the sawtooth. Presently, the
shrinkage of the current channel is attributed to the cooling of
the plasma exterior by impurity radiation.3

It has been suggested by von Goelerland‘Kadomtsev4that the

disruptive phase of the sawtooth is due to an m=1 instability.
Kadomtsev has argued heuristically that as the internal kink

mode grows, resistivity allows the plasmé to evolve from a state
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where the helical flux contours are circular to a lower energy

state where the contours are again circular,‘thereby flattening

‘the current density and increasing the safety factor g to

ﬁnity at the origin. There are two major queséions‘associated
with this'argumenti |
.a) Is the lower energy state really acéessible?
b) Is the nonlinear growth of the mode fast

enough to explain the experimental data?

The numerical results presented here show that, indeed, a lower
energy state is accessible and the instability does grow

sufficiently rapidly.

In view of thé results. for the nonlinear growth of the
tearing iﬁstability for poloidal mode numer m=.2, it is sur-
prising that the answer to question b) is yes. Specifically,
it has been shown both“analytically2 and numer.ically5 tﬁat thg
nonlinear growth time of the m==2 mode is only a few hundred
times smaller than the skin time. 1In fact; for a reasonable
model of the resistivity profile, m=2 saturéted states have
been found corresponding to an island width of about 10% of .
the minor radius.5 It is known, however, that the linear
growth rate of the m=1 mode is about ten times iarger than the

6-8

m= 2 mode. The reason the m=1 grows faster than the m=2

.is that for the case of perfect conductivity the m=1 is

marginally stable while the m=2 is stable.9710.< Furthermore,

the growth rate for m= 2 decreases sharply when the width of

the magnétic island -produced by the mode'exceedsAthe’tearing



layer width (defined iglreference 6), thé island width ihcreasing.
only linearly rather than exponentially in time. 'By contrast, ‘ /
it is the principal result of this paper that the m=1 island . o
growth.is very~“rapid even in the highly nonlinear phase. 1In
fact, it continues to gfow exponentially at more or less the
linear growth rate until the current is completely flattened

within the g=1 singular surface.

In order ﬁo study the nonlinear resistive MHD behavior of
toroidal systems, it is desirable to use a simplified sfstem of
'equations. Employing éylindrical geometry, we assume tﬁat a
perturbation has a given helical symmetry in -that it depends

only on r , the radial coordinate, and | T mé +kz ,

D

wherc 6 io the polodial coordinate, z. is the longitudinal
(toroidal) coordinate, and m and k are the poloidal and
toroidal mode numbers, respectively. We aaopt the standard
tokamak ordering in which the ratio of the poloidal and toroidal
magnetic fields is much less than one, while the safety factor |
is of order one, ihpiying that kr<< 1 . Then, introducing the
helicaliflux function Y and the velocity stream function A and
retaining only lowest order terms in the expansion parameter lcf,

we obtainll

2kB

M eeng, = n vy %) (1)




and
a .2 . 2 - |
Pgg VAS '? « (Vyx¥vTy) , (2)

where d/dt denotes the convective time derivative and the

- spatial derivatives are perpendicular to z . Here;'n is' the

resistivity, Jz is the toroidal curreht, Bz is the toroidal
magnetic field, p is the mass density, and z is the unit

vector in the toroidal direction. The redial and poloidal com-
ponents of the magnetic field are give by Br==K1/r)3w/Qe 'end-

Be = =3y/dr -krBz/m, respectively, and;the fluid velocity V

‘ is.given by V = VAxZ ., We assume that the cylindrical con-

tainer is completely filled with plasma so that an equation for
v in the vacuum is“unnecessary. For the‘case where n = 0 ,
these eéuations (together withvthe equation for ¢y in the
vacuum) were used in reference 11 to study the nonlinear deveiep~

N

ment of surface kink modes.

For numerical integration of the case n # 0 , an

alternating direction implicit scheme is used to advance equatioﬂ

-1l while equation 2 is advenced explicitly. The resulting upper

bound on ‘the time step is large enough to allow the analysis of

tearing modes.

The linear version of equations 1 -2 can be solved

analytically for poloidal mode number eqﬁal toone.8 The linear

growth rate y is given by

y = (rwas)2/3 TR_l = (rwa)2/3 -1/3 . -1

5 e o (3L




Here, g =rB_/(RB,) is the'safety factor, ¢ = dq/drl , T
z 0 r w

is the radiﬁs of the cylinder, ry is the radius of the g=1
singular surface, S = Tp/Tpp + Tg = rwz/ﬁ , n is the

characteristic magnitude of the resistivity, and Tup

The time TR is the "skin" time, i.e., the chaxacteblstic time

for the current channel to decay; T is the "poloidal" MHD

HP
time. Typically, the quantity S is of the order of 106,

so that vy ~ 104 Ténl , which is about ten times larger -than the

= mp¥2/ (kB) .

growth rate for m>1 modes.’ The tearing layer width ¢ is

equal to rw(rwq'S)-l/3,.and, typically, is about 1 millimeter.

For numerical resultsipresented in this letter, the
peaked model9 for the unperturbed toroidal current density is

employed:

J__(0)
J__(r) = 20 e (4)

zo 2
[l+(r/ro)z]

where Jzo(o) is the magnitude of the current density at the
origin. The current channel width r, is taken to be 0.6r_ ;
zo(0) is adjusted so that g at the origin is 0.9, g at
the wall is 3.4, and the radius of the singular surface is 0.2rw
The resistivity n is modeled by assuming that it is

independent of time and given by

nx) = g Ty - ()

E



" The reason this model is employed is that'forlsuch a resistivity
profile, the current remains constant if there is no tearing mode
activity.

For the results presented in reference 1, the particle
density is 6 ><10]‘3c‘m-'3 , the electronftemperature is 700ev ,
the poloidal B ‘is 0.8, the wall radius is 13 om, and the
effective ion charge is " 5 . The corresponding S value is
GXIOS The code, however, was run for S = 5x104 in order to
avoid numerical problems assoc1ated w1th a small tearing layer
width. Nevertheless, since the tearlng.mode growth rate is

-1/3

proportional to S ,lthe disparity between the two S values

should cause no qualitative difference in the results.

For the parameters speoified in the preoeding paragraph,
the logarithm (base tenl of the fluid kinetic energy is plotted
as a function of t/1y in Figure 1. Initially, the system ‘is
given an ‘m==l perturbation such that the maximum width of the
maghetic island is t,‘.><10-'2 ry * The linear growth rate calcu-
lated from the 1n1t1al slope of the curve in Figure 1 agrees
with the value obtalned from equatlon 3 to within 16%; the

difference in the two rates is probably due ‘to the fact that

equation 3 was derived assuming constant resistivity.

';n summary, the numerical results show that nonlinearly
the kinetic energy grows exponentially at approximately.the
linear growth rate until a maximum of j].eV’~per particle is
reached. - (Kadomtsev's heuristic theory predicts that about 3 eV
per particle should be released by the magnetic field.) By the

time the kinetic energy is maximum, the toroidal current has



flattened insiae the singular surface and the safety factor at
the plasma center has increased to approximately unity. The
magnetic islénd structure produced by the instability is very
compiicated and fills the interior of the plasma inside the
singular surface.  However, fhe helical field is very small

so that practically speaking the structure is not appreciably
different from a uniform g=1 situation. The time for this
process to occur is of the same order as the time for the iﬁternal
disruption. After reaching a maximum, the kinetic energy

decays by a factor of 5 at an average rate of about 1/16 of the

linear growth rate.

In Figure 2, the contours of constant helical flux are
plotted in the poloidal plane at the times. indicated by the

circles in Figure 1. '~ The radius of the outermost circle is

3

0.4r . At t=1.92x10 "1 the contours show that the inscta-

R !
bility is essentially the linear m=1 disturbance. However,
Qhen the kinetic energy reaches a maximum near t==3.BXIO-3 TR+
the contour structure is complicated and fills the region in-
side the singular surface. As the kinetic énergy decreases,

the contours evolve slowly but remain complex. A strict intér—.
pretation of tﬁe results leads to the conclusioﬁ'that the plasma
does not evoive to a state wherg the flux contours are circular,
as suggested by Kadomtsev.2 The flux function, however, is
fairly uniform inside the singular surface at t==l.36><10'_21R_l

so that any distinction between circular contours and these (

—~

contours is not important except perhaps for the analysis of

the heat transport parallel to the magnetic field.
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Figure 3 shows the fluid flow patterns corresponding to

the flux contours in Figure 2. The shape of the flow patterns.

remains essentially. the same as the instability evolves except
that relative to the velocity in the singular layer, the velocity

at the plasma center increases.

In Figure 4, the current density is plotted as a function

rof r along the line going through the x-point and the center

of the magnetic island. The times are the same as those in

3

Figures 2 and 3. At t=1.92x10 TR ¢ the current begins to

flatten in the center of the island while a skin current develops

at the x-point. When the kinetic enefgy reaches the maximum,
the current is flat throuéh most of the plasma interior and the
skin current is quite iérge. Then, as‘ghe kinetic energy de-
éreases, the skin currénﬁ disappears and the current through.the
plasma interior remains fairly flat. The magnitude of the
current at the plasma cehte; corresponds. to a q of approxi-

mately one.

Presumably,'the flattening in the current corresponds to
convection leading to a decrease in temperature inside. and an.'
increase outside the singular surface. (Notice that the total
current in‘Figuré 4 does not remain constant because in the code
the electric field at thé-wall, rather than the total current,
is held fixed;) The time required for the flatteﬁing to occur
is essentially the time for the kineticjenergy to reach the maxi-
mum value, i.e., fhe time for the magnetic island width to in-

crease to approximately 2rs . Conséquently, for an initial
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island width of about 1 millimeter and S = GXIOS, the time for

the flattening to occur in ST is 7'{1: 0.04 msec, in agree-

ment with the experimental disruption time.

It should be emphasizéd that the preceding result can
be affected by finite gyro radius and toroidal corrections.
One should also take into account the modifications in Ohm's
law due to the fact that the ratio of the mode growth rate to

the electron collision frequency is not small.

Furthermore, in order to obtain a more detailed ex-
planation of the internal disruption, transport processes must
be included in the analysis. Specificaiiy, an explanation of
the slowly growing m=1 oscillations preceding the disruption
must include the self-consistent time evolution of the tempera-
ture and, thus, the resistivity. In addition,; in order to
produce a series of sawtooth oscillations, the long time'scale
effect of the transport on the evolution of the current density

must be incorporated into the code.
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" FIGURE 1 762033

Logarithm (base 10) of the fluid kinetic energy as a function
of time.
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FIGURE 2

Helical flux contours in the poloidal plane at selected times.
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FIGURE 3 ' 762035

Fluid flow patterns in the poloidal plane at selected times.
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