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ABSTRACT 

A nonlinear gyrokinetic formalism for low-frequency (legs than the 

cyclotron frequency) microscopic electromagnetic perturbations in general 

magnetic field configurations Is developed. The nonlinear equations thus 

derived are valid in the strong-turbulence regime and contain effects due Co 

finite Lannor radius, plasma inhomogeneities, and magnetic field 

geometries. The specific case of axigymmetric tokamaVs is then considered, 

and a model nonlinear equation is derived for electrostatic drift waves. 

Also, applying the formalism tD the shear Alfven wave heating scheme, it is 

found that nonlinear ion Landau damping of kinetic shear-Alfven waves is 

modified, both qualitatively and quantitatively, by the diamagnetic drift 

effects. In particular, wave energy is found to cascade in vavenumber 

instead of frequency. 

*Present address: Science Application Inc., ta Jolla, CA 92038 and 

University of California, San Diego, CA, 92092. 
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I. INTRODUCTION 

Electromagnetic instabilities with frequencies lower than the ion-

cyclotron frequency and perpendicular (to the magnetic field) wavelengths 

comparable to the ion Larmor radius are believed to be important for the 

transport processes in magnetically confined plasmas. One complicating 

factor in analyzing these low-frequency microscopic instabilities, which are 

driven by plasma inhomogeneitleB and shall be loosely termed kinetic 

drlft-Alfven waves, is that the destabilizing mechanisms are sensitive to 

effects associated with magnetic field configurations such as magnetic 

shear, magnetic gradient and curvature drifts, and trapped particles. To 

overcome this difficulty, Rutherford and Frieman* ae well as Taylor and 

Hastie 2 have developed, independently, a formalism, now known as the 

gyrokinetic formalism, to treat the linear aspects of kinetic drift waves in 

general magnetic configurations. Recently, the Jinear gyrokinetic formalism 

has been extended to include electromagnetic perturbations^^ associated 

with shear and ;ompressional Alfven waves. Since the transport induced by 

the instabilities Is ultimately determined by the nonlinear processes, it 

la, therefore, desirabl• to further extend the gyrokinetic formalism into 

the nonlinear regime while retaining crucial features such as finite larmor 

radius and arbitrary magnetic field configurations. This constitutes the 

principal motivation of the present research. 

In this work we develop the nonlinear gyrokinetic formalism based on a 

multiple-scale expansion. That is, microscopic fluctuations vary on the 

fast (linear) time scale (i.e., typically, the diamagnetic drift frequency 

time scale), while macroscopic quantities are assumed to vary on the slow 

transport time scale. Here the cyclotron frequency time scale is the 

fastest time scale. Furthermore, consistent with experimental 
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observations, 6 , 7 our formulation allows nonlinear time scales to be 

comparable to the linear -mes and, hence, the results are valid In the 

strong-turbulence regime. 

Section II contains the theoretical formulation and derivations of the 

nonlinear gyrokinetic equatl. .„. The specific case of axisymmetric tokamaks 

is further considered in Sec. Ill using the ballooning-mode representa-

tion^-!'1 and a nonlinear drift-wave equation is derived In a limiting 

case, noting that our results are also applicable to nonllntar heating via 

externally launched low-frequency waves, we also consider, In Sec. IV, 

nonlinear Ion Landau damping (Ion induced scattering) of the mode-converted 

kinetic (shear) Alfven waves* 1 and find that the Inclusion of diamagnetic 

drift effects modifies, both qualitatively and quantitatively, the decay 

processes. Final conclusions and discussion are given in Sec. V. 

II. THEORETICAL ANALYSES 

(1) Guidins~ c ei > t e r transformation and the two spatial scales. A9 in 

the linear formalism, >". 1 2 it Is more convenient to carry out the analysis 

in the guiding-center phase space (JT, V) which Is related to the particle 

phase space (x, v) via the following guiding-center transformation 

X = x + v x ej/O , (1) 

V - V(e, u, ct) , (2> 

where e - v fZ + q» /m , u. - v*/2B, ft and B are, respectively, the 
o j_ 0 ** 

macroscopic (squilibxium) electric potential and magnetic f ie ld, 0 - qB/rae, 

e. » 2^ B ' <* i s t h e gyrophase, and 
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v - v, (e cos a + e aln a) , (3) 

with e , e 2, and e being the local orthogonal unit vectors. Furthermore, 
noting that perturbations of interest here have perpendicular (to B) 
wavelengths of the order of the Larmor radius, p, which is much smaller than 
the macroscopic scale length, L 0, (i.e., \ = p/L is a small parameter), we 
may separate physical quantities into microscopic and macroscopic partB by 
averaging over the microscopic spatial variations. Ihus 

j> = V + 5P , (A) 

where 

P = f 6 \ Q p/ f d2x | Q , < 2 > y , (5) 
-lo 

<6P> - 0 and corresponds to fast perpendicular spatial variations. 
"~ *lo *lo 

In the (X, V> phase space, the Vlasov equation then becomes 

[. f = -(q/m)(6Rf) , (6) 

where 

L - o/ot + 0V/at«v„ + 8X/ot»7 v + v„e«v_ 

+ v«(\ + X.„„) + (q/m>(E - E )«v a/oe 
— ~B1 ~B2 "- ~o ~ 
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+ (q/m)**l(v./B)(b/W + (e Ar )<3/oa)I 

+ v E ' V x - R 5/oa , (7) 

\ . - v x 7 ( e , / f ! ) - V , , (8 ) 

K_, - (1 nM&/t«0 + C? a ) ( V S a ) , (9 ) 
'vBZ *-X "-X 

V - "W + V I & V X I ' ' B > ( 1 0 ) 

6R = 6a-V - 6a«7 + 6a * e , / » * 2 x » (12) 

6a = 5E + v x 6B/c , (13) 

Eo = % * o ' a « " -fil B l n a + « 2 cos a, and v E - eg x e , / B . Here L g 

contains 9V/ot and ajg/ot because the toacroscopic quant i t i e s are In general 

time-dependent- Performing spa t ia l averaging on Eq. ( 6 ) , we obtain 

L F - -<q/m><SR6P>x , (14) 
~io 

and 

t 6P - -(q/ffl)[SRP + fiRSF - <6R6F> ] . (15) 
8 iio 

(11) Ordering. "to proceed further with Eqs. (14) and (15), we adopt 
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the following orderings for the microscopic fluctuations 

| a / o t | / | Q | - |p e ( . 7 x | - |SF/F| ~ |qM>/T| 

|5B/Bl ~ W E / v t ( ~ 0(X) , (16) 

V t is the charac ters i t lc (thermal) velocity, and 

|pV | ~ 0(1) . (17) 
lo 

For macroscopic quantities, however, since they evolve on the transport 

(including that induced by turbulence) time scale, we take 

|&/&t|/|R| - o ( \ 3 ) , ( i s ) 

in addition to 

| p £ x | ~ 0(X) . (19) 

He remark that the ordering adopted here 1B consistent with 

experimental observations as well as most of the proposed phenomenological 

anomalous transport mechanisms.6,7 Furthermore, since the nonlinear 

term, 6R6F, Is of 0(\^), I.e., comparable to the linear term, t 6F, our 
e 

ordering In principle contains strong-turbulence ef fec ts . Also, as will be 

shown l a t e r , in Bq. (47) the ordering of the transport time scale, Eq. (18), 

1B consistent with that of the f luctuations, Eq. (16). 

( i l l ) Solution of F. Using the small parameter \, we have with F -
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+ F1 + . - M 1 * 2 

F o - Po(e, ii, X i) ; (20) 

that Is, e «7F - 0 , 

Vy - (p/B)(oFo/8|i) , (21) 

p - -(Xi*vD + f" f^'/O)^,^.^,.^) - v^.e,/2J} , (22) 

v_ = v. + v„ s <") 

Zd " S| * t(^/2)VxlnB + vfo.&^/O . (24) 

ana F^ Is ths a-dependent part of Fj, ft, determine the u-independent part 

of Fi> o n e needs to go to 0(\^) t where turbulence effects, <5R5F> , would 
~io 

also enter. In fact, following the procedures of neoclassical theory,*3 a 

formal transport theory Including turbulence could be developed; this Is, 

however, beyond the scope of the present work and will be left for future 

investigations. For the present purpose of obtaining a nonlinear 

gyrokinetic equation from Eq. (15), knowing F and V. is sufficient. 

(iv) Honllnear gyrokinetic equations. We now concentrate on Eq. (15) 

for the fluctuating 6F. Since only terms up to 0(X.2) are of interest here, 

the macroscopic background can be treated as frozen, and 1^ becomes accurate 

to 0(X). 

L g - L - a/at + W 7 X + v.( i B 1 + ^ 
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+ (q/«)E r(v,/B)(o/o|i) + (e /v )(o/Ba)] 

+ ZT>O'ZI ~ °M*a " ( 2 5 > 

Following the l inear formalism,^»* we l e t 

6F - (q/m)6F + 6G , (26) 
a 

where 

6F g » [Ma/Be + (6$ - v , f iA n /c ) 3 / B B n ^ , (27) 

In order to remove the 0 ( \ ) terra, 8RF , in Eq. ( 1 5 ) . We note that we have 
o 

adopted 6S> and 6A as f i e l d v a r i a b l e s . Thus, 6B » V x 6A and 6E 

= - ( v 6« + afiA/cftt). Subst i tut ing Eqs- (25) and (26) Into Eq. ( 1 5 ) , we 

obtain 

I K = -(q/niXR,, + R „) , (28) 

where R. is the linear terrn^*^ given by 

a i - R n + a « + E « + 1i* ' C 2 9 ) 

R„, » (aoL/3t)(BF /Be) - V 6L x e / Q - V F , (30) 
xl o ~o ~l "-X o 

6L = 6* - v 6 A / c , (31) 
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V s 3/dx, , (32) 

R w - <3F o/B&|i)(&/at + v , e | ' 7 x ) 6 L , (33) 

" ( 0 ) * 7 _ » + fl(W(3/8e + 3/B3n)J(3F /B3n) , (34) 

R , = - ( l / c ) f v . ( v V e.)»6A + 6A. (vVe„)»v 

+ (q/m)e «E BA. - v„6A,v«V InB v^ '~il ~o II I l~ ~x 

(V„P)'[V (v»6A) - ( W )6A] 

and 

+ Q(?v,6A,) ' (P/Ba l i )K3F /B3(i) , (35) 

R = 6R 6F - <6R 6F> , (36) 
nJl o o x, 

6R = &a -7„ + 6a x e./G-V , (37) 

6a - - 7 S* + [7 <v6A) - (v «7 )6A)/c , (3<?) 
~o '••O ' v O ^ ^ ^i. , sO ^ 

( a ) ' 3 &a/Ba. Expanding 5G - 6G + 6G, + . . . and noting chat the 
a o l 

right-hand side of Eq. (2R) la of 0 ( X ) , we have, for 0 ( \ ) , 

86G /ba - 0 . (39) 
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9 Gyrophaae averaging the 0(\ ) equation then yields 

<V« ô " -<^ < RX + Rr,A ' <*°> 

where 

<L > - a/at + v.e •?„ + v »V , (41) 

2u 
and < . - . > ? fl/2it> f d a ( . . . ) « If we further l e t 

0 

6G = -(q/m)<6L> 9F /B3n + 6H , (42) 
o a o o 

Eq. (40) becomes 

V a ^ o - ( - I ^ X S J K + S „ 1 <Rn!>a ) , <M> 

where 

S„, - (a<«L> / 3 t ) ( 8 F / 8 s ) - V <<5L> x e / f l .v F , (44) 

S n - < a F o / B o , > f v r < e r V x 6 L > a - ^ v V 6 0 . 

v »V <6L> - <v,£*> -7 InB 
-D ~X a »-l a -x 

<V„8«V 6*> - <v6A/c> - <vfiA/c> v . e « 7 InB 

+ v,<v5A | , /r .> a .V x lnB + <(V v P)«f7 0 (v-6A) 
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( v V )6AT/c> - v , < ( v f c . ) -6A/c> 

<6A. (vV )e «v/c> - (qAn)e •£ < 6 A / c > } , (45) 

and, af ter some algebraic manipulations, 

<R A> • <{R 6F > - <6n [(q/o)SF + <5<3 }> n i a o o a o a o * a 

- -V <6L> x e /Q.v £1 . (46) 
~o a «-l »-o o 

Here we have noted that 

« 6 R 5F > > - 0 . (47) o o a X. ~j.o 

Equation (47) indicates that e f f e c t s <>f turbulence on the a-independent part 

of F i s of 0 ( ? i ) and, therefore , c o n s i s t e n t with the ordering of the 

transport t l o e s c a l e , Eq. ( 1 8 ) . Combining 2qs. (43) and (46) g ives 

L 6H - { e /o t + v ,e ,»V„ + [v_ + ( c / B ) e , x V <6L> ]-V }6H 

- - ( q / m ) ( S A 1 + S^ 2) . (48) 

Equation (48) is the desired nonlinear gyroklnetlc equation. Combining 

Maxwell's equations and 6F, given by Eqs. (26), (42), and (48), the 

microscopic dynamics is then, in principle, -.oispletely determined-

Since the theoretical analyses employ two spatial scales, it Is 
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ln8truct lve to proceed further with the fol lowing WKB antatz 

x 
6F(x, v ) " - 7 6F(x, v; k , ) expfi (" k .«dx . ] 

S i 

X. 
- y 6F(X, V; k^) expfi f 1 0 k ^ X - l U ^ ) ] = (*9> 

- 1 

where L(k ) - k «v x e / 0 , and 6F as well as k contain slow spati-sl 

v a r i a t i o n s . Equation (4R) then reduces to 

ra/ot + v e -V + ik «v ]6H (k ) + (c /B) V T^.^k, x k ; ) ] 
B I X 1 ~D o - l k ^ - k ^ " 

< 6 L > a ( k p 6 H o ( k p - - (q /m)S J t l Ck 1 ) , (50) 

where 

<5L> (k ) = [6<P - v„6A / c ] J ( Y ) + v . J . ^ S b . / k . c , (51) 

s

n(^i} = ( ( o F o / a e ) < o / o t ) + l e ( x k ^ / a . ^ F J ^ O ^ k p , (52) 

Y - k v,/0, and S,»(k.) *« of hlghtr order and lgnorable here. Equation 

(50) and, hence, Eq. (48) show that ti.e nonllnearlty arises from a 

gyrophase-averaged effective SE x B«7 coupling. Here, "-err *- X 

6E „ - -V (6* - T.6A/c) . (53) 
~eff <~o — ~ 

It is interesting to note that the nonlinear polarization drift is 

contained, not very obviously, within the finite Larmor radius corrections 
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In J„ and Jj« &> f a c t , the e l e c t r o s t a t i c nonlinear drif t -wave equation 

f i r s t obtained by fcsegawa and Hlsa* 4 can be readi ly derived from 'Eq. (50) 

in the appropriate l i m i t s , I . e . , adlabatlc e l e c t r o n s and cold f luid Ions 

(Sec . T i l ) . Equation (4B) for Eq. (50 )1 , of course , Is much more general 

and also Is not easy to s o l v e . In the next t in s e c t i o n s , we consider more 

s p e c i f i c appl i ca t ions of the general r e s u l t s obtained so far . 

I I I . AXISWMETRIC TOKAMAKS 

(1) Ge-neral formulation. Here we consider the Bpeclf lc case of 

axlaymmetrlc tokamaks and, using the balloonlng-raode representa t ion , ~10»i-> 

further explore the propert ies of the nonlinear gyroklnet le equation, Eq. 

(AR). Thus, employing the <j; (po lo lda l f l u x ) , !; ( t oro ida l a n g l e ) , 

and y (polo ldal a n g l e - l i k e ) coordinates , we have 

5 " ~ x E X ~x* + T ( 4 , > " ^ * f 5 4 > 

F - F U, u , e) , (55) 
o o 

6.1 - V V 6h (<K v) e x P r i ( n S - a j + n / k d*! , <56> 
n m 

8 n <« n ) " e x p ( l ( a 9 n - n / n v d9>) , (58) 

2 - 1 
v « IJ/R ,and J - ( J j , x j j i j v ) i s the Jacoblan. Equation (48) or , 
equivalently, Eq. (43) then becomes 
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/ d<L 3« „<9„){[S/8t + (v /JB)(8/&5 > + ik,.v_]6h\ n n,» n I n ~-i ~D n 

+ (q/nOS^} - -<l /n)<R n J [ > a x«.tO . (59) 

where 

k, - (nB/RB ) ( e . x e . ) - nBB | f n (ov/ft*) d6 - k] , (60) 

s ^ =• rOF o/6e)(3/at) - KnB/Q)(aP0/ad<)ioLn , (6i) 

6L n " V^« " VV^ + V^VNnV • < 6 2 ) 

<R > C«,n) - - I T 5" 5" f d6 , / d9 g 
" ' a 2 n'+n" • »+«- n'k'£n"k" -» n — " n , m 

*«-.«" C n . , n " < 6 E n . 6 V - 6 V 6 S n ^ • ( 6 3 > 

e „ 
C , .. - feJQ)'(K * k',*) - (Bn'/Q)[n" / " C9v/&<|.) d9 n ' , n --t "-1 "-J. » 

V 
+ n(k' - k)] , (64) 

and, again, y - k v /O. After sooe manlpulat'.ons, Bq. (6Z) can be shown to 

be 

<R n t > a (m,n) - f d 8 n 8 T l j I B ( f l n H R n i ) n , (65) 

where 
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(R„0)„ it T T I exp(-in"2*pQ> 

A A 

(6L n , 6h n . . - 6E n . , 6h n , ) , <fi6) 

0 = ( l /2 t t ) f vdO , (67> 
o 

and 

C , „ " (Bn'/^fn'^TtpfBQ/ad.) + n(k* - k ) ] . (68) 
•a' ,n 

Combining Bqs. (59! and ( 6 5 ) , we f i n a l l y derive the nonlinear gyroklnetlr. 

equ*tlon for axlsymjicstrlc tokamaks 

r&/Bt + (Vj /JBXo/ae^) + l k ^ i n ^ - - ( q / s n ) [ S l n + (R„ 4 )„1 • 

(69) 

We now snake soioe q u a l i t a t i v e remarks. For s i m p l i c i t y , we shal l ignore 

g lobal amplitude modulations by l e t t i n g k » k' » k" « 0 and, hence, 

£ , „ « p . For f l u t e - l i k e modes, which are highly l o c a l i z e d about the 

mode-rational sur faces , exp(-in"2iipQ) = 1 and 6h~ as wel l as 8L are weakly 

dependent on 9. Therefore, ve have, roughly, (R \ = V p - 0: i - e . , 
n l / n '' r * 

P 
nonlinear coupling I s much reduced, which may he expected because there i s 

l i t t l e overlap between the modes in the <|> ( r a d i a l ) coordinate . On the other 

band, for modes which are s trongly ba l loon ing , and hence, 

(5$ , 6L)(9 + p2ft) s 0 for p * 0; the nonlinear coupl ing , again, i s smal l . 
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This la because, In this Unit, radial structures ate rather broad, and 

hence the 6E x B«V coupling Is rendered Ineffective. Htus qualitatively 

speaking, Eq. (66) appears to indicate that the most effective nonlinear 

coupling occurs aaong modea which are moderately ballooning • 

(il) Electrostatic drift vavea vlth adtabatlc electrons and cold fluid 

iona• We assume, for simplicity, F 0 to be a local Mftxinellian; i.e.. 

F - fj», e) , (70) 
O M 

and neglect any equilibrium elec t r ic potential * . Since electrons are 

adlabatlc, their nonlinear contributions are negl igible , and the quasi-

neutra l i ty condition becomes 

Cl + x)6<i.n » 2r. f Bdu f dVj 6 h i t , J 0 ( r i } = 6n"ln . (71) 

Here, 65i, = e6* It , T - T /T. » 1, and J (y ) = \ - yhb. Meanwhile, 
n n. £ 6 i o 1 1-

neglecting tfie ion-sound tern, ve multiply the ion Eq. (69) by J (y "!• and 

carry out the velocity integration to obtain 

W o t + i ^ ' ^ i ) ^ » ' ( 1 - b 1)(B/9t - K l n ) 6 * n 

- (e /m^?* / Bdu f dv, V V ^ n P i n 

where, for ) " e, i . 

(72) 

vd3 - e s x (Vj/aXJ^lnB + e^Vgp/D,, , (73) 
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" • J = f v j t l B / 2 c l j ' l ° l n N

0 j / ' a i 1 ' ' ' ( 7 A ) 

t h -

and 

and b - k^pj/2 . In deriving Eq. ( 7 2 ) , we have noted that In the zero 

order approximation, 6h. = o n "i n

F Ml* Expanding the J 0 ' s In tR . 1 . 

using the quas l -neutra l i ty condit ion, Eq. ( 7 1 ) , I t la then straightforward 

to derive 

[(1 + k ^ p g ) 0 / a t ) - i k j / v ^ + i<J* elM. n 

- !«? I T y exp(-ln"2npQ)£ , ., / d 6 . 6(6 - 9 ) 
B n'+n" n*k'+n''k" P ' — 

/ d6 n„ 6(9 n „ - 6 n - 2 n p ) p ^ ( k p 2 - ( k p 2 ] 6 * n , 6 ( l , n , . , (75) 

where C =- t v . / 2 and p = C /C . Equation (75) may be regarded aa the 

tokamak vers ion of the nonlinear drJft-wave equation of Hasegawa and 

Mima.*"1 I t contains the poloids l mode-coupling e f f e c t s due to the V B ?md 
~x 

curvature drifts and employs the balloonlng-mode representation. The 

assumption of adiabatic electrons and cold fluid ions thus results In a 

single nonlinear equation Instead of coupled ones, as in more general 

cases. 'To make Eq. (75) more tractable, we further assume concentric, 

circular magnetic surfaces and ignore the global wavenumber (k). "Equation 

(75) then reduces to 

[(1 + k^X3/ot) - iu d eT c(9) + iu*eJ6<[>(n, 9) 

itfl, S y J. exp(-ln"2np0)p* (k ,kn..">iip) 1 n'+n" p s n n 
-n r 
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l ( k I ) 2 - ( k p 2 1 6 4 - ( n ' p e )6*(n", 6 + 2itp) , (76) 

where u - k p C /• , r~ » (dlnN/drl , k - nO/r, Z. - 2r o)x /R, 
*e n s 6 n n ' n de n *e 

S » rOQ/8r) /Q, 

and 

T =• cose + S6 s i n e , (77) 

~2 2 *2*2 
k̂  - k^l + s V ) , (78) 

^ 2 2 *2*2 
(k'xr = *„,(! + s V ) , (79) 

( k p 2 - k 2 . .Fl + S 2 ( 9 + 2rcp) 2] . (80) 

Wa note that Bq. (76) i s a two-dimensional (n , 0) nonlinear equation and may 

be viewed as the s implest model equation for e l e c t r o s t a t i c d r i f t waves in 

axisymmetric tokamaks. Detai led s tudies of Eq. (76) w i l l be reported in a 

future p u b l i c a t i o n . 

IV. NONLINEAR ION LANDAU DAMPING OP KINETIC ALFVEN WAVES 

As noted in Sec. I , the r e s u l t s obtained in Sec. II are rather general 

and, there fore , are a l s o usefu l for descr ib ing ncn l ine tr processes 

assoc ia ted with low-frequency wave heat ing . lb i l l u s t r a t e t h i s p o t e n t i a l 

a p p l i c a t i o n , we consider here nonlinear Ion Landau damping of the mode-

converted k i n e t i c (Bhearl Alfven w a v e s . 1 1 The major d i f ference between our 
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work and Eef. 16 I s that we include the dismagnetlc d r i f t e f f e c t s . Another 

minor di f ference Is that tio small ion-lLsnaor-raditiB expansion i s taken here. 

For the sake of s i m p l i c i t y , we adopt the ffKB d e s c r i p t i o n , Eqs. (49) and 

( 5 0 ) , and ignore the geometrical e f f e c t s . Furthermore, 7 ie taker, to be 

Maxwelllan and for the present purpose we can assume a weak-turhulence 

subsidiary ordeting as well as Ignore the cowpresstonal Alfven perturbations 

6A •= 0 [ I . e . , fl s (plasma preaaure/aagtietlc pressure) « 1 ] . Thus, the 

relevant equations are 

6F(k) = ~(q /T}6*(k)F o 4- §H (k) exp<lk-v x e^fd) , (B l ) 

and 

(w^ - k ! | v | | )f iH o (k} - < q / T ) ( U + ^ ) f c F o 6 L ( k ) J ( ) ( Y ) 

- l ( c / B ) T f a ( k ' ) J C Y ' ) 6 H (k")(k >• k ' ) . e ) , 
fc'+k" ~ " ° ~ ~ "" "* 
~-k' v (82) 

where 6L(k) - 6»fk) - v ^ j f k l / c , u>^ - k cT/eBL n , I . ' 1 - (d inH o /dx | , x in 

the nonuntformity d i r e c t i o n , and temperature gradients are Ignored. 

Expanding m = 6 H ^ + S 1 T 2 ) + 6 H ^ + . . . . we have, in thf l inear order. o o o o 

(hi + < 0 # ) k 

6 B o l ) ^"f'ipiy?7 r o 6 ^ J oW • W3> 

"to ca lcu la te SĤ  ' ' , we l e t (OL , k) and (w. , , k ' ) be the normal modes, 

while (w - w - us , q » k - k'> I s the v i r tua l or quasi mode. Also, we 
S £ ft. ~ 

have in mind 
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\i~ ' v J - ' v *;'*,« K*1 ~ hs.s J" , k » , k ; h 

(84) 

Let us now calculate the q-mode response. For the Ions we find, noting 

Eq. (84), that 

«<?<# V / C u a " V i > 1 V 8 ( ~ > 8 S ( * , ) J ° < T > J < > ( Y , ) F < > i > (85) 

where 

6? a = i < O t / ^ , ) p a K J j x &')•£„! (86) 

and 6* = e6*/T . In deriving Eq. ("5), we have observed that 

|6»l ~ liufiA./ck. I for the k and It' modea. As to electron nonllneari ty, I t 

i s 0(|u/u). I ) smaller and, hence, negl ig ible . Furthermore, for p « l we 
*e q have |w I « Jq V I, and the g-mods ae response Is predominately 

electrostatic. Here V A is the Alfven speed. The quasi-neutrality 

condition then yields 

6* (1) 
a - -<Vroa>w

a»<y»<fe'> (87) 

where 

F (k, k'> - 2n f v dv, J (Y)J (Y')J (Y >F (v,) = <J (y)J (Y')J (Y », , lV' » 1 1 o o o j W* 1 o o ° a -1-
(88) 
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r - 1 (b ) axp(-b ) , (89) 
"3 ° % 9 

v « q v /Q, and b - q fp4 /2 . Equations (83) and (87) then give SIT / ( a ) . 
<j 1 1 i £ 1 1 oi 

For th*i k-mode, the ion nonlinear response can be shown to be 

**£»(*> • l&^mvrf&qprrt.^J*^.^ 

r/«' i i /»-̂  _ e T I., \ T f„i \ IT I f*0) •rJlCvMJ (Y) - V n ( Y „ ) J ( Y' ) / rn/.' <j o l o q o oo 

From Eq. (90) we can readily calculate 6nj (k). Meanwhile, the electron 
noollnearlty, again is found to be O(foi/cu. ] ) smaller. Substituting 

*e a 

6ni (k) and the l inear response Into the q u a s l - n e u t r a l i t y condit ion and 

para l l e l Anpere's law, i t i s straightforward to der ive the fol lowing 

nonlinear d ispers ion r e l a t i o n 

e , , (i) .2>; - ~ . , . . . 2 

I 1 « - N B A j. B •»• * 

•G(k, k ' ) , (91) 

where D (k) Is the linear dispersion relation given by 

yk> - (t + *fce/«)ka - " o f c ) + a - % / u ) y 

«fi - U^(T + « . e / » y i - r ^ ^ v ^ p , ) 2 ! . <92> 

«<k. k ,)-<jJiT)jJ(T')> J L-ff/r 0 ! l , (93> 
Zia S Z^ w ^' < 11l' Vi' > ^ ^ Z being the standard plasma dispersion function. 
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Ih the low-p limit of interest here, |M /k V I < 1, and assuming 
*e I Alt 

u - tu + i<i>Ik with \u>t/ur) « 1, Eq. (92) g i v e s the known re su l t that 

there e x i s t two branches of waves; the dr i f t waves with 

V,d = % k r o k / l 1 + T ( 1 " V ' W 

and the kinetic shear Alfven waves with 

j,A = ^ i V 2 ' 1 + ^ " r 0 k ^ k ' P « / t C 1 " ^ (95) 

We note that nonlinear ion Landau damping of the d r i f t waves, as described 

by Eq. ( 9 1 ) , has previously been i n v e s t i g a t e d . Concentrating on the 

k i n e t i c shear-Alfven waves, we find 

(u„ , - <J t̂) Ths Z 

'^\,A ' Ud - ro~)fl + :<l - p^T c ( * ' * r ) f v ^ t l ^ ' ) ^ ' 2 • 
(96) 

Comparing the a, given by Eq. (96) to that of Ref. 16 (which, we 

recall, does not lncude the <D effects), we find the present parametric-

decay growth rate is larger by a factor of 0(|a4. |/fq„v |) > 1. 
lq " i 

Furthermore, noting that Im Z = k . | v n6(oi , - O L ) , G(k, k' ) > 0, and 

0) = ( w ^ . , - u* k ) * ( k * ~ k ) ; hence, the daughter wave (w. , k) has a smaller 

fc but the same to «« the pump wave ( u i , , k ' ) . Ui i s i s q u a l i t a t i v e l y 

d i f f e r e n t from the r e s u l t s of Ref. 16, where at « ( ^ i - • O ' *" f a c t , as 

might be expected, one cen show that the r e s u l t s of Ref. 16 are va l id for 

|u> | < |q v | , i . e . , in the opposi te l i m i t . 

F i n a l l y , we b r i e f l y d i scuss the implication of the present r e s u l t s on 
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the shear Alfven wave heating scheme. Since the pump wave (i-*., the mode-

converted kinetic shear Alfvcn aave) '.as k'p ~ 0(1) *nd 

k'p.~ 0(p./a) « 1 tfith a being the tokamak. nlnor radius, we have 

u = |k x k'. e.l = (k'k ) , and hence nonlinear coupling becomes 

appreciable for k p ~ 0(1) » k'p ; that la, u < C. Thue, our results 

suggest that parametric decay through nonlinear Ion Landau damping will be, 

in general, unlikely to occur. 

V. CONCLUSIONS AND DISCUSSIONS 

In this work, a systematic formalism for the nonlinear interactions of 

microscopic low-frequency electromagnetic waves has been developed. This 

formallsra extends the linear gyrokinetic formalism of Kefs- 1 and 2 into 

the nonlinear regime. Corresponding nonlinear gyrokinetic equations, valid 

for general magnetic field configurations as well as the strong-turbulence 

regime, are derived. Effects due to fully electromagnetic perturbations, 

finite Larmor radii, plasma inhonogeneltles, magnetic drifts, and magnetic 

trapping are retained. The results are thus rather general and should have 

wide application. Note that it is straightforward to extend the treatment 

to include collisional effects by retaining the Fokker-Planck collision 

operator in Eqs. (7) and (15). As a specific example of possible 

applications, we consider axisynmetric tokamaka and explore in more detail 

the properties of the nonlinear gyrokinetic equations via the ballooning-

mode representation. Furthermore, a single nonlinear equation is derived 

for electrostatic drift waves In the limit of adiah&tlc electrons and cold 

fluid ionB which retains the crucial features of toroidal geometry and 

nonlinear coupling and, therefore, may be exploited as a useful wodel 

equation. On the other hand, we have also applied the results to the 
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shear Alfven wave heating scheme and considered the parametric decays of the 

mode-converted kinetic Alfven waves via nonlinear Ion landau damping (Ion-

induced scattering)• Here It Is found that the dlamagnetlc drift effects 

not only enhance the parametric growth rate hut also modify the decay 

process qualitatively. That is, the (laughter waves tend to have smaller 

perpendicular (to B and the density gradient) wavenumhera (i.e., smaller 

pololdal mode numbers for tokamak plasmas) Instead of frequencies as 

suggested by uniform-plasma calculations. This property, therefore, 

suggests that the mode-converted kinetic Alfven waves with small poloidal 

mode numbers will not, In general, parametrically decay via nonlinear ion 

Landau damping. Other possible channels, such as resonant decay to drift 

waves, of course, are not ruled out and need to be investigated. 

Let us comment on some other possible applications of the general 

results obtained here. One possible application is the following: by 

taking the limit of adiabatic electrons and cold fluid Ions, a sufficiently 

simple nonlinear equation may also be derived for the 

kinetic shear-Alfven waves and hence could serve as a moJel equation for 

stiicying the nonlinear evolution and associated transport of kinetic 

ballooning-mode instabilities.1R Another interesting application 19 to 

simulate plasmas employing the nonlinear gyrokinetic equation, Eq. (48) or, 

more transparently, Eq. (50). This application will further extend the 

gyrokinetic simulation scheme initially proposed by Lee 1' for electrostatic 

waves in simple (slab) geometries to fully electromagnetic pertubations In 

general plasma equilibria. the details of these applications, however, 

remain to be worked out. 



- 2 5 -

ACXKOWLEDGMENTS 

Thi--; work was s u p p o r t e d by United S t a t e s Department o f Energy C o n t r a c t 

No. DE-AC02-76-CH03073. 



—•* 

- 2 6 -

REFERENCES 

1. P. H. Rutherford and E. A. Frieman, Phys. Fluid8 11 , 569 ( 1 9 6 8 ) . 

2 . J. B. Taylor and R. J . Has t l e , Plasma Phys. _10, 479 ( 1 9 6 S ) . 

3 . T. M. Antonaen and B. Lane, Phya. Fluids _23_, 1205 (19fl0) . 

4 . P. J. Catto, W. M. Tang, and I). E. Baldwin, Science Appl i ca t ion , Inc . 

Report SAI-254-RO-LJ PRI-14. 

5. E. A. Frieman and L. Chen, Thill. Am. ?hys . S o c 3A_, 1001 (1979) . A 

s i m i l a r approach has been adopted by P. H. Diamond and M. N. Rosenbluth 

for a l e s s general case in the Univers i ty of Texas Report IFSR-24. 

ft. E. Mazzucato, Phys. Rev. L e t t . _3jfi, 7*2 ( 1 9 7 6 ) . 

7. C. M. Surko and F. E. S lusher , Phys. Rev. L e t t . 37_, 1747 ( 1 9 7 6 ) . 

8. J. W. Connor, R. J. H a s t l e , and J. B. Taylor, Proc. R. Soc. Lond. A365, 

1 ( 1 9 7 9 ) . 

9 . ¥ . C. Lee and 7. W. van Dam, i n Proceedings of the F i n i t e - B e t a Theory 

Workshop, Varenna, I t a l y , edi ted by B. Coppi and W. Sadowski (Nat ional 

Technical Information S e r v i c e , S p r i n g f i e l d , VA., 1979) , p . 93 . 

10. A. H. G l a s s e r , in Proceedings o f the F i n i t e - B e t a Theory Workshop, 

Varenna, I t a l y , e d i t e d by B. Coppi and V. Sadaowski (Nat ional Technical 

Information S e r v i c e , S p r i n g f i e l d , VA., 19791, p . 55. A l so , R. L. 

Dewar, M. S. Chance, A. H. Glasser , J. M. Greene, and E. A. Frleman, 

Pr inceton Plasma Physics Laboratory Report PPPL-L5S7 ( 1 9 7 9 ) . 

1 1 . A. Rasegawa and L. Chen, Phya. Rev. L e t t . 15, 370 ( 1 9 7 5 ) . 

12. P. J. Catto , Plasma Phys. 20, 719 ( 1 9 7 8 ) . 

13 . F. L. Hinton and R. D H a z e l t i n e , Sev. Mod. Phys. ^ 8 , 239 ( 1 9 7 6 ) . 

14. A. Hasegawa and K. Mima, Phys. Rev. L e t t . }9_, 205 ( 1 9 7 7 ) . Also , A. 

Hasegawa, C. G. Maclennan, and Y. Kbdama, Phys. FluidB U, 2122 ( 1 9 7 9 ) . 

15. J. H. Connor, R. J. H a s t i e , and J. B. Taylor, Plasma Phys. J22_, 757 



- 2 7 -

(1980) . E. A. Frleman, G. W. Rewoldt, W. M. TanR, and A. H. Glasatr , 

Phys. Fluids 23, 1750 (1980) . F. Fegoraro and J. J. Schep, fliys. 

Fluids U, 479 (1981) . 

16. A. Hasegava and L. Q\en, rtiys. Rev. L e t t . 36, 1362 (1976); a l s o Phys. 

Fluids _19_, 1924 (1976) . 

17. R. Z. Sagdeev and A. A. Galeev, Nonlinear Plasma Theory (Benjamin, Mew 

York, 1969), p . 103. 

18. W. H. Tang, J. W. Connor, and R. J. Hast le , NUcl. Fusion 20, 1439 

(1980) . 

19. W. W. Lee, Bu l l . Am. Phys. Soc. 25, 966 (1980) . 


