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Nonlinear magneto-optical rotation of elliptically polarized light
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We predict theoretically and demonstrate experimentally an ellipticity-dependent nonlinear magneto-optic
rotation of elliptically polarized light propagating in a medium with atomic coherence. We show that this effect
results from hexadecapole and higher-order moments of the atomic coherence, and is associated with an
enhancement of Kerr and higher-order nonlinearities accompanied by suppression of the other linear and
nonlinear susceptibility terms of the medium. These nonlinearities might be useful for quantum signal process-
ing. In particular, we report an observation of enhancement of the polarization rotation of elliptically polarized
light resonant with the 5S1/2F52→5P1/2F51 transition of87Rb.
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I. INTRODUCTION

Nonlinear magneto-optic rotation~NMOR! of the polar-
ization plane of light resonant with atomic transitions is
tracting increasing attention@1,2#. Ultranarrow~up to 1 Hz
@3,4#! spectral features accompanied by strong polariza
rotation observed in NMOR experiments are used~or pro-
posed to be used! in sensitive magnetometry@5–7#, in time-
reversal-invariance violation experiments@8–10#, in mea-
surements of the electron dipole moment@11,12#, and in
measurements of various atomic constants@13#. Extremely
slow propagation of light has also been observed in NM
in hot rubidium vapor@14#.

The most accurate description of the properties of NMO
signals is obtained from an analysis of density matrix eq
tions for the atomic polarizations and populations along w
Maxwell equations describing propagation of the elect
magnetic fields in the atomic medium. The exact solution
this problem, however, is very complicated, and for m
cases may be obtained only numerically. The problem sho
be somehow simplified to obtain analytical results.

The traditional approach to solution of the problem
based on the approximation of weak electromagnetic fie
and low atomic vapor densities@15–18#, conditions found in
early experiments involving incoherent radiation fro
atomic discharge lamps. In this case one can use perturb
theory, and the atomic susceptibility may be decompo
into a series of the electromagnetic fields involve
Magnetic-field-dependent terms of the susceptibility deco
position which are nonlinear in the electromagnetic fields
responsible for NMOR. It can be demonstrated that o
two-photon processes are important in this approximat
and therefore complicated multilevel systems may be
duced to systems with small level number~such asL, V, or
X schemes! @17,19,20#. In this approximation, NMOR is a
consequence of low-frequency ground-state cohere
formed by two-photon processes between Zeeman suble
with difference in magnetic quantum numbers equal toDm
562.

*Electronic address: i.novikova@osa.org
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In some cases it is convenient to describe the atom-l
interaction from the point of view of light-induced multipol
moments of the atomic electron distribution. Conventiona
this is done in terms of an irreducible tensor representa
of the density matrix@21–23#. In this case, the ground-stat
coherence is equivalent to the quadrupole moment, or al
ment. It has been suggested that NMOR is a consequenc
the alignment to orientation conversion@24#, where the ori-
entation is equivalent to the population difference betwe
nearest Zeeman sublevels withDm562.

The simplified theoretical approaches used for weak e
tromagnetic fields generally fail for strong ones. The qu
tion that arises here is whether or not the interaction w
strong fields brings new physics, e.g., if the higher-ord
atomic coherences influence NMOR. Alkali-metal atom
have a level structure that allows for formation of a coher
superposition of the magnetic sublevels withDm564
~hexadecapole moment in the multipole decomposition of
interaction process! and even higher. Such coherences sho
be excited by multiphoton processes that include four
more photons. Gawliket al. @25# observed strong narrow
features in a forward scattering experiment with free sodi
atoms, which were attributed to a hexadecapole mom
However, subsequent work of Giraud-Cottonet al. @15# and
other groups@17,19,20# demonstrated that these features m
be explained using third-order perturbation theory, which
cludes only quadrupole moments.

There have been a number of publications where ob
vation of hexadecapole and higher-order moments is
ported for the case where the magnetic field is perpendic
to the light propagation direction@26,27#. At the same time,
the question of their influence on forward scattering a
NMOR signals in Faraday configuration is still open@28#.
Generally, the interpretation of the experimental results
the case of strong laser fields and large multipole momen
very complicated. The high-order coherence causes o
slight modifications of the rotation caused by the quadrup
moment, which hinders a convincing demonstration of th
high-order effects.

We here solve both analytically and numerically the pro
lem of the propagation of strong elliptically polarize
electro-magnetic fields through resonant atomic media in
©2003 The American Physical Society05-1
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FIG. 1. Energy level schemes for~a! L sys-
tem; ~b! N system;~c! M system.
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presence of a magnetic field. We particularly investigate
properties of the light that interacts with the magnetic s
levels in an M-like level configuration and, therefore, form
coherences withDm54. We demonstrate that these coh
ences are responsible for a modification of polarization ro
tion that depends on both the light ellipticity and the appl
magnetic field. We observe this effect in a hot vapor of
bidium atoms. Since such a rotation does not appear fo
isolatedL scheme, our experiment may be treated as a c
demonstration of the hexadecapole moment of atoms.

Another interesting and important feature of the syst
under consideration is connected with the large Kerr non
earity that is associated with NMOR. We analyze Kerr no
linearity in the M level configuration and show that the ra
between the nonlinearity and the absorption may be la
Moreover, we show that by increasing the number of Z
man sublevels~e.g., by using another Rb isotope or differe
alkali-metal atom with higher ground-state angular mom
tum! it is possible to realize higher orders of nonlinearitie
Our method of creation of the highly nonlinear medium w
small absorption has prospects in fundamental as wel
applied physics. It can be used for construction of nonc
sical states of light as well as for coherent processing
quantum information@29#.

To form a bridge between this and previous studies
should note that NMOR may be attributed to coherent po
lation trapping ~CPT! @30,31# and electromagnetically in
duced transparency~EIT! @32#. Both EIT and CPT are able to
suppress linear absorption of resonant multilevel me
while preserving a high level of nonlinear susceptibility@33–
35#. Previous theoretical studies of coherent media with la
optical Kerr nonlinearities have described nonlinearities
sulting from the effective self-action of an electromagne
field at a single photon energy level, such as a photon blo
ade@36–39#, or an effective interaction between two electr
magnetic fields due to refractive@34,35,40,41# and absorp-
tive @42# Kerr nonlinearities. The absorptivex (3)

nonlinearities have been studied experimentally for qu
classical cases@43,44#. It was shown quite recently that
similar approach may lead to achievement of even hig
orders of nonlinearity@45#.

A method of producing Kerr nonlinearity with vanishin
absorption is based on the coherent properties of a th
level L configuration@see Fig. 1~a!#. In such a scheme th
effect of EIT can be observed. Two optical fieldsa1 andV1,
resonant with the transitions of theL system, propagate
through the medium without absorption. However, beca
an ideal EIT medium does not interact with the light, it al
cannot lead to any nonlinear effects at the point of ex
transparency@31#. To get a nonlinear interaction in the co
herent medium one needs to ‘‘disturb’’ the EIT regime
04380
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introducing, for example, additional off-resonant level~s!
@level a2 in Fig. 1~b!#. In the following we refer to the re-
sultant level configuration as an N-type scheme. Suc
scheme has been used in previous work@34–39,41#. If the
disturbance of EIT is small, i.e., the detuningD is large, the
absorption does not increase significantly. At the same ti
the nonlinearity can be as strong as the nonlinearity in
near-resonant two-level system.

This paper is based on the existence of CPT in multile
media. Unlike the early ideas of Kerr nonlinearity enhanc
ment, we propose to use, not a singleL scheme, but severa
coupledL schemes. In particular, we consider the M-ty
configuration as shown in Fig. 1~c!. Coherent population
trapping exists in such a scheme, as in aL-type level system.

By introducing a small detuningd we may disturb this
CPT and produce a strong nonlinear coupling among
electromagnetic fields interacting with the atomic syste
while having small absorption of the fields@46#. The disper-
sion of the M level media and associated group velocity
light propagating in the media are intensity dependent du
the nonlinearity, as was theoretically predicted by Greent
et al. @47#. Finally, in the case discussed below, the ene
levels of the M configuration correspond to Zeeman subl
els of alkali-metal atoms. The multiphoton detuning is intr
duced by a magnetic field, resulting in the intensit
dependent polarization rotation.

We show a simple way to reduce a five-level M config
ration to a four-level N configuration, and prove that the
completely different schemes demonstrate refractive non
earities of the same magnitude. This is a very interest
result, because the nonlinearity of the M configuration is
consequence of the hexadecapole part of atomic cohere
while the nonlinearity in the N configuration results fro
quadrupole atomic coherence.

Our paper is organized as follows. In Sec. II we analy
the F51→F850 atomic transition, demonstrate that th
transition may be described by aL level configuration, and
show that the polarization rotation in the case of aL con-
figuration does not depend on the light ellipticity. In Sec.
we studyF52→F851 atomic transitions, show that the
consist ofL and M schemes, investigate the properties of
M interaction scheme, and show that ellipticity-depend
NMOR is possible. Using analytical calculations we sho
that the hexadecapole moment plays an important role h
In Sec. IV we expand our theory to the case of generalized
energy level systems and discuss the possibilities of ob
vations ofx (5) and higher-order nonlinearities. In Sec. V w
discuss applications of the nonlinearities for quantu
information processing. The case of Doppler broadenedL,
M, and N systems is considered in Sec. VI for the particu
5-2
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NONLINEAR MAGNETO-OPTICAL ROTATION OF . . . PHYSICAL REVIEW A 67, 043805 ~2003!
case of a weak probe field. We present experimental m
surements of the polarization dependent NMOR in hot87Rb
and 85Rb atomic vapors in Sec. VII. Finally, in Sec. VIII, w
present our conclusions based on these results.

II. ANALYSIS OF NMOR FOR THE CASE
OF AN FÄ1\F 8Ä0 TRANSITION

A three-levelL configuration is the simplest system th
results in NMOR. This system appears naturally in the c
figuration of Zeeman sublevels of anF51→F850 atomic
transition, whereF andF8 are the total angular momenta o
the ground and excited atomic states, respectively. T
scheme can be easily seen if the angular momentum qu
zation axis is chosen along the light propagation directi
The effective interaction scheme for this case is shown
Fig. 2~a!. TheL configuration consists of two circularly po
larized components of the laser field, which create lo
frequency coherence between the magnetic sublevelsm5
61. Because of the selection rules, the electromagn
waves do not interact with the sublevel havingm50.

For zero magnetic field such a configuration demonstra
coherent population trapping. A nonzero magnetic field c
linear with the wave vector of the light leads to a Zeem
shift of the magnetic sublevelsm561, which disturbs CPT
and results in an interaction between the light and the ato
The nonlinear polarization rotation emerges as a con
quence of this interaction.

In the following, we briefly review the basic properties
CPT inL systems and calculate the optical losses and po
ization rotation by solving the optical Bloch equations for t
density matrix elements. Finally, we note how theF51
→F850 level configuration can be reduced to aL system
via proper renormalization of decay rates and density ma

A. Coherent population trapping in a L system

The Hamiltonian for theL system shown in Fig. 2~b! can
be written as

HL5\Dua&^au2\dub1&^b1u1\dub2&^b2u

1\~V2ua&^b1u1V1ua&^b2u1H.c.!, ~1!

FIG. 2. ~a! Schematic interaction of an electromagnetic wa
with an atomic transitionub&, F51→ua&, F850. The electromag-
netic field is decomposed into two circularly polarized compone
having Rabi frequenciesV1 and V2 . ~b! Simplification of the
scheme~a! for the case when there is a magnetic field appl
parallel to the wave vector of the electromagnetic wave.
04380
a-

-

is
ti-
.
n

-

ic

s
l-
n

s.
e-

r-

x.

whereE1 and E2 are the electric field amplitudes of tw
opposite circularly polarized electromagnetic waves,V2

5E2`ab1 /\, V15E1`ab2 /\ are the corresponding com
plex Rabi frequencies,̀ ab1 and`ab2 are the atomic dipole
moments,D is the one-photon detuning of the laser fr
quency from the exact atomic transition, andd is the shift of
the ground-state sublevels resulting, for example, from in
action with a magnetic field.

The eigenvalues of this Hamiltonianl i ~where Hul&
5\lul&) may be found from

Ud2l V1* 0

V1 D2l V2

0 V2* 2l2d
U50 ~2!

or

2l31l2D1l~d21uV1u21uV2u2!

2d~dD1uV2u22uV1u2!50. ~3!

In the degenerate case (d50) the eigenvalues and corre
sponding eigenstates are

lD50,

uD&5
V1ub1&2V2ub2&

AuV1u21uV2u2
, ~4!

lB1,2
5

D

2
6AD2

4
1uV1u21uV2u2,

uB1,2&5A ulB1,2
u

lB1
2lB2

S ua&1
V1*

lB1,2

ub2&1
V2*

lB1,2

ub1& D .

~5!

The state denoted asuD& is called the ‘‘dark state’’ becaus
an atom in this state does not interact with the light fie
and, therefore, does not fluoresce. Atoms in the other
states, called ‘‘bright states,’’ readily absorb light. Therefo
atoms initially prepared in a bright state are optica
pumped into the dark state after some finite time compara
with the lifetime of the excited levelua&. Thus, in steady
state, the atomic ensemble does not interact with the elec
magnetic fields, which is the essence of CPT. The disper
properties of the atomic system in the dark state are gove
by the coherence between the ground states of theL system.
The corresponding density matrix element may be fou
from ~see@Ref. 4#!

rb1b252
V2* V1

uV2u21uV1u2
. ~6!

The true dark state exists only ford50. As soon as the
exact resonant conditions are disturbed, the system start
teracting with light. However, for small detuning
(AuV1u21uV2u2@udu,AuDdu) the disturbance of the dar
state is small, and most of the atomic population is conc

s

5-3
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MATSKO et al. PHYSICAL REVIEW A 67, 043805 ~2003!
trated in the modified dark stateuD̃&. In this case the eigen
valuel̃D corresponding to this state can be found by solv
Eq. ~3! and keeping only the terms linear ind:

l̃D5d
uV2u22uV1u2

uV1u21uV2u2
, ~7!

uD̃&.NH uD&12d
V1V2

(uV1u21uV2u2)3/2
ua&J , ~8!

whereN.11O(d2) is a normalization constant. From E
~8! it is obvious that the population of the excited levelua& is
proportional tod2.

B. Equations of motion

It is possible to obtain the equation of motion for th
electromagnetic fields, using the method reported in R
@45,46#. If we assume a small disturbance of CPT, almost
atomic population remains in a dark state during the inter
tion process, so thatuD̃&^D̃u. Î , where Î is a unit operator,
and we can rewrite the interaction Hamiltonian as

H.\l̃DÎ . ~9!

In this case we can exclude the atomic degrees of free
from the interaction picture, and write the quasiclassical a
log of the interaction Hamiltonian with respect to the atom
degrees of freedom:H.\l̃D . This Hamiltonian may be fur-
ther rewritten in the Heisenberg picture, so thatV}â, where
â is the annihilation operator for the electromagnetic fie
@45#. The quantum mechanical equation for the electrom
netic creation and annihilation operators may be presente
the following form:

dâ

dt
52

i

\

]H

]â†
. ~10!

Strictly speaking, the right-hand side of this equation sho
involve a functional derivative, rather than a partial on
However, in this case the two give the same result. T
propagation equation for the electromagnetic field amplitu
E can be obtained from Eq.~7! as a quasiclassical analog
Eq. ~10! @48#:

]E

]z
52p iN

n

c

]H

]E*
, ~11!

whereN is the density of the atoms in the cell andn is the
carrier frequency of the electromagnetic wave. Using E
~11! and ~7! ~with H.\l̃D) we arrive at the following
propagation equations for the Rabi frequenciesV6 :

]V6

]z
572ikdV6

uV7u2

~ uV1u21uV2u2!2
, ~12!

wherek is a coupling constant given by
04380
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8p
Nl2g r ~13!

and l is the wavelength of the light in vacuum. It is als
useful to rewrite the equation of motion for the field amp
tudesE6 :

]E6

]z
574ip\dN

n

c
E6

uE7u2

~ uE1u21uE2u2!2
. ~14!

Equation~12! is suitable for describing the phase evol
tion of the electromagnetic fields. However, the decay p
cesses responsible for the optical losses cannot be corr
included in this method and we need a density matrix
proach. In the following section we explicitly calculate th
density matrix elements for theL system to verify Eq.~12!
and discuss the attenuation of the light.

C. Density matrix approach

In order to discuss a realistic model of the atom-field
teraction in an atomic cell we need to include atomic le
decay rates@Fig. 2~b!#. We introduce the decay rateg0 out-
side the system, which is inversely proportional to the fin
interaction time of the atoms and electromagnetic field. T
decay represents the atoms leaving the interaction reg
Another term that describes decay to outside levels,g̃ r , de-
scribes population pumping into states that do not inter
with the fields, for example, the state with zero magne
moment @m50 in Fig. 2~a!#. The natural decay rate from
level ua& to levelsub1& or ub2& is denoted asg r .

We also need to take into account the atoms entering
laser beam. To do that, we include incoherent pumping to
Zeeman sublevels from outside the system, which means
atoms that enter the interaction region have equal pop
tions of the ground-state sublevels and no coherence betw
them. The value of the incoherent pumping rate is chose
beg0/2 to keep the sum of level populations equal to unity
the case ofg̃ r50. Wheng̃ rÞ0, the sum of the population
is less than unity because of the optical pumping, i.e.,

raa1rb1b11rb2b2512
g̃ r

g0
raa . ~15!

The time-evolution equations for the density matrix e
mentsr i j for the L system can be obtained from the Liou
ville equation:

ṙ52
i

\
@HL ,r#2

1

2
$G,r%1R, ~16!

wherer5(r i j u i &^ j u, HL is given by Eq.~1!, G is the matrix
describing the decays in the system, andR is the matrix of
incoherent pumping to the ground-state sublevels. Then
equations for the atomic populations are

ṙb2b25
g0

2
2g0rb2b21g rraa1 i ~V1* rab22c.c.!,

~17!
5-4
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ṙb1b15
g0

2
2g0rb1b11g rraa1 i ~V2* rab12c.c.!.

~18!

Analogously, for the polarizations we have

ṙab652Gab6rab61 iV7~rb6b62raa!1 iV6rb7b6 ,
~19!

ṙb2b152Gb2b1rb2b11 iV1* rab1
2 iV2rb2a , ~20!
to

. I
e

el

ic

a

r
s
e

d

ly

04380
where

Gab65g1 i ~D6d!, ~21!

Gb2b15g012id, ~22!

with g5g r1g01g̃ r /2.
In the steady state case, we can solve Eqs.~19! and~20! in

terms of the atomic populations:
rb2b152
V1* V2~nb2a /Gb2a1nb1a /Gab1

!

Gb2b11uV1u2/Gab11uV2u2/Gb2a

, ~23!

rab65
iV7

Gab6

nb6a~Gb7b61uV7u2/Gb7a!2nb7auV6u2/Gb7a

Gb7b61uV6u2/Gab61uV7u2/Gb7a

, ~24!
a-

t

at

ir-
and
a-
wherenb6 a[rb6 b62raa . Inserting these expressions in
Eqs.~17! and~18! and using the condition given in Eq.~15!,
we can derive linear equations for the atomic populations
the general case, however, their solution is very cumb
some.

Let us consider the case of a strong electromagnetic fi
such that uVu2/g0g@1. We also assume thatudu,g0
!g,uVu and D50. In the zeroth approximation the atom
populations are determined by Eq.~7!:

rb6 b6
(0) .

uV6u2

uVu2
, ~25!

raa
(0).0, ~26!

whereuVu25uV1u21uV2u2.
Now we can solve for the polarizationsra b6 keeping

only the terms linear ind andg0,

rab6.
iV7

uVu4
S g0

2
uVu262iduV6u2D . ~27!

It is important to note that this expression for the polariz
tion, obtained for an openL system, coincides with the
analogous expression calculated by Fleischhaueret al. @5#
for a closed system, if the ground-state coherence decay
and the population exchange rate between ground state
the same and equal tog0. This proves the equivalence of th
open and closed models for the description ofL schemes,
which has been previously demonstrated by Leeet al. @49#
for the particular case of a weak probe field.

The stationary propagation of two circularly polarize
components of the laser field through the atomic medium
described by the Maxwell-Bloch equations for the slow
varying amplitudes and phases:
n
r-

d,

-

ate
are

is

]V6

]z
.2k

V6

uVu4 S g0

2
uVu262iduV7u2D . ~28!

Note that Eq.~12! can be obtained from Eq.~28! in the limit
g050.

Separating the real and imaginary parts of Eq.~28! and
using V65uV6ueif6, one can find the propagation equ
tions of the electromagnetic field intensityuVu2 and the ro-
tation angle of the polarization ellipsef5(f12f2)/2:

]uVu2

]z
52kg0 , ~29!

]f

]z
52

2kd

uVu2
. ~30!

After integration, the following expressions for the ligh
transmissionI out and the polarization rotation anglef are
obtained:

I out5I in2
2p\n

c
g0NL, ~31!

f5
2d

g0
ln

I in

I out
, ~32!

whereL is the interaction length. It is important to note th
the final expressions in Eqs.~31! and ~32! include only the
total laser intensity, not the intensities of the individual c
cular components. This means that both transmission
polarization rotation are independent of the initial polariz
tion of light @50#.
5-5
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D. Normalization conditions for an FÄ1\F 8Ä0 transition

The correspondence between theF51→F850 scheme
@Fig. 2~a!# and L scheme@Fig. 2~b!# can be obtained if we
replaceg r by gaa/3, wheregaa is the decay rate of the ex
cited state to the ground state. The decay rateg̃ r should be
presented asg̃ r5gaa/31g̃aa , whereg̃aa stands for the de-
cay of the excited state outside the system in Fig. 2~a!.

We assume that the incoherent pumping rate into e
Zeeman ground state is equal tog0/3, to keep the normal-
ization condition similar to Eq.~15!:

r̃aa1r11,111r21,211r0,0512
g̃aa

g0
r̃aa , ~33!

wherer̃aa is the population of the excited state, andr i i is the
population of thei th magnetic sublevel of the ground state
the system depicted in Fig. 2~a!.

Keeping in mind that the population of them50 state is
determined by the decay rate of excited stateua& and by the
decay outside the system we write the rate equation

ṙ0,05
g0

3
2g0r0,01

gaa

3
r̃aa ~34!

and solve it in the steady state

r0,05
1

3
1

gaa

3g0
r̃aa . ~35!

Let us assume thatr̃aa5jraa , r11,115jrb1b1 , and
r21,215jrb2b2 . The normalization parameterj can be
found by substituting Eq.~35! into Eq. ~33!, and comparing
the normalization conditions Eqs.~15! and ~33!:

j5
2

3
. ~36!

Therefore, we can derive density matrix elements for
F51→F850 level scheme shown in Fig. 2~a! by simple
multiplication of the elements of the density matrix for theL
scheme by the scaling factorj.

III. ANALYSIS OF NMOR FOR THE CASE
OF AN FÄ2\F 8Ä1 TRANSITION

For atomic ground atomic state angular momentum hig
than F51 it is possible to create more than oneL link
between magnetic sublevels. This is equivalent to the
ation of coherent atomic states characterized by higher a
lar momenta, which may drastically change the interaction
such a medium with the electromagnetic field.

Let us concentrate first onF52→F851 transitions,
which occur in the87Rb D1 line. The case of higher angula
momenta is discussed in the next section. Interaction of
liptically polarized light with theF52→F851 transition
may be decomposed into aL scheme withm521↔m8
50↔m511, and an M schemem522↔m8521↔m
50↔m8511↔m512, as shown in Fig. 3~a!. The main
04380
h

e

r

e-
u-
f

l-

difference of between an M scheme and aL scheme is that
the higher-order coherence (Dm54) becomes important
Since theL system was studied in the previous section,
primarily concentrate on the M scheme here.

The M scheme is described by a set of 12 density ma
equations. The only straightforward way to solve this syst
is with numerical methods. However, if we study the atom
interactions with weak magnetic fields, the decay proces
and polarization rotation processes are independent, as
saw for theL configuration. Thus, the polarization rotatio
may be found in analytical form under the condition of ze
relaxation using the Hamiltonian diagonalization proced
as presented for theL system. The modified Schro¨dinger
equation model is suited for this as well. The optical loss
may be found separately by considering the optical pump
into the dark state with zero magnetic field.

A. Coherent population trapping in an M level scheme

It has been shown that the dark state exists even for at
with complicated Zeeman substructure interacting with ell
tically polarized light@51–56#. Here we recall the analytica
expressions for this dark state and the corresponding ei
values. Using an effective interaction Hamiltonian, we der
propagation equations for the electromagnetic fields. We
strict our consideration to the case relevant to the M confi
ration consisting of Zeeman energy sublevels in the magn
field. That is, we assume that the atomic transition frequ
cies are such thatva2b05va1b05v, va2b25v22d, and
va1b15v12d, where the detuningd is due to a Zeeman
shift, and the laser frequencyn is resonant with the atomic
transition. The interaction Hamiltonian for M systems is

HM522\dub1&^b1u12\dub2&^b2u1\~V12ua1&^b1u

1V22ua2&^b0u1V11ua1&^b0u1V21ua2&^b2u

1H.c.!, ~37!

where V125E2`a1b1 /\, V115E1`a1b0 /\, V22

5E2`a2b0 /\, V215E1`a2b2 /\ @see Fig. 3~c!#.

FIG. 3. ~a! Energy level scheme for87Rb atoms. This scheme
may be decomposed into a superposition of~b! a L system and~c!
an M system. Transition probabilities are shown for each individ
transition.
5-6
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As in the L system, the eigenvalues of the interacti
Hamiltonian can be determined from

U2d2l V21* 0 0 0

V21 2l V22 0 0

0 V22* 2l V11* 0

0 0 V11 2l V12

0 0 0 V12* 2l22d

U50. ~38!

Also, as in theL scheme, the eigenvaluel50 and corre-
sponding ‘‘dark state’’ exist only ford50:

uD&5
V11V21ub1&2V12V21ub0&1V12V22ub2&

AuV12u2uV21u21uV11u2uV21u21uV12u2uV22u2
.

~39!

It is worth noting that, as in theL system, the nonvanishin
low-frequency coherencesrb1b0 and rb0b2 are important
si
l

u
t u

s,

or

04380
here. The major difference in the dispersive properties of
M and L schemes arises from the existence of the fo
photon coherencerb1b2 :

rb1b25
V12* V22* V11V21

uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2
.

~40!

For smalld we can again find the eigenvalue for the qua
dark state, taking into account only the linear terms ind:

l̃M52d
uV22u2uV12u22uV21u2uV11u2

uV21u2uV11u21uV22u2uV12u21uV21u2uV12u2
.

~41!

Using Eq.~11! we derive equations of motion for the field
For example,
]V22

]z
52ikdV22

`a2b0
2

`2

2uV11u2uV12u2uV21u21uV21u2uV12u4

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
, ~42!
ag-
so
n-
erv-
state

-

wherek is the coupling constant with respect to the tran
tion as a whole@i.e., g r in Eq. ~13! is now the total natura
decay rate of the excited state# and`5@4n3g r /(3\c3)#1/2 is
the dipole moment of the transition.

The calculations can be considerably simplified if the n
merical values of the transition probabilities are used. Le
now consider the particular case of the M part of theF52
→F51 transition. According to the transition probabilitie
shown in Fig. 3~c!, we get uV21u2/uV22u256uE1u2/uE2u2

and uV11u2/uV12u25uE1u2/6uE2u2. The interaction Hamil-
tonian (HM.\l̃M) for the elliptically polarized laser field
can therefore be rewritten as

HM.2\d
uE2u42uE1u4

uE1u41uE2u416uE1u2uE2u2
~43!

and therefore

]E6

]z
578ip\dN

n

c
E6

3uE7u2
3~ uE1u41uE2u4!12uE1u2uE2u2

~ uE1u41uE2u416uE1u2uE2u2!2
. ~44!

In what follows we derive the same equation using the m
rigorous modified Schro¨dinger formalism@57#.
-

-
s

e

B. Solution based on the modified Schro¨dinger equations

The interaction described above of the four electrom
netic fields with the M energy level configuration may al
be studied using Schro¨dinger equations. This approach e
ables us to find exact expressions for all the atomic obs
ables when we can ignore spontaneous emission. The
vector of the atom can be written as

uC&5a1e2 intua1&1a2e2 intua2&1b0ub0&1b1ub1&

1b2ub2&. ~45!

Solving the Schro¨dinger equation

uĊ&52
i

\
ĤuC&

for the interaction Hamiltonian Eq.~37!, we obtain the fol-
lowing equations of motion for the slowly varying state am
plitudes:

ȧ15 iV11b01 iV12b1 , ~46!

ȧ25 iV21b21 iV22b0 , ~47!

ḃ152idb11 iV12* a1 , ~48!

ḃ2522idb21 iV21* a2 , ~49!

ḃ05 iV11* a11 iV22* a2 . ~50!
5-7
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In the steady state regime, this system has a nontri
solution only ford50. The solutions for nonzero detuning
correspond to zero amplitudes for all parameters. Thus
sustain steady state in the open system, external pumpin
necessary. For a small splitting between ground-state lev
\d!kT, whereT is the temperature of the vapor, we assu
that in thermal equilibrium, i.e., in the absence of all field
all lower statesub6& and ub0& are equally populated. And
therefore, within the open-system approach, we assume
the atoms are pumped into stateub1&, ub2&, or ub0& with
equal probability from outside the system. The correspo
ing rate can be determined by the requirement that the t
probability of finding an atom in any of the states is unity

Unlike the density matrix approach, a straightforward
troduction of incoherent pumping into the ground states
the system is impossible. It was shown by Fleischhauer@57#
in an elegant way that the effective density matrix equati
for open systems with injection rates into states and dec
out of states can be written in terms of stochastic comp
state amplitudes.

Let us consider an effective density matrix equation for
atomic ensemble undergoing a unitary interaction with so
external fields or potentials. In addition, decay out of atom
statesu j & is taken into account with ratesg j . Also, injection
into certain states is considered with injection ratesRi j . In
our case the injection occurs only into energy eigenstate
the atoms or incoherent mixtures of them, so only diago
elements of the matrixRi j are nonzero. If injection in the
coherent superposition states is considered, nondiagona
ments are also required to be taken into account.

An effective density matrix equation has the followin
structure:

ṙ i j ~ t !5Ri j 2
g i1g j

2
r j j 2

i

\
@H,r# i j , ~51!

where g i are decay rates out of the system, which can
general be different for individual states. Generally, t
pump ratesRi j are time dependent, but for the sake of si
plicity we assume in the following that the ratesRi j are
constant.

Density matrix elements may be represented in terms
state amplitudesr j i 5ci* cj . In order to put the pump term
Ri j in a similar form, we introduce a formal Gaussian s
chastic variabler i with the following properties:
04380
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^r i&50, ~52!

^r i r j&50, ~53!

^r i* r j&5Ri j . ~54!

This yields a set of amplitude equations with stochas
pump terms:

ċi5r i2
g i

2
ci1

i

\
Hi j cj . ~55!

Since the amplitude equations are linear, their solution w
be a linear functional of the stochastic pump ratesr i . Thus
the averaging of bilinear quantities such asci* cj required to
obtain the density matrix elements can easily be perform
Generally, solutioncj of Eq. ~55! no longer makes sense a
the amplitude for the atomic wave function. It determin
only the density matrix elements of the system.

To apply the above technique to our problem, we rewr
Eqs.~46!–~50! ~with time derivatives set equal to zero! as

iV11b01 iV12b150, ~56!

iV21b21 iV22b050, ~57!

2idb11 iV12* a15 ir 1 , ~58!

22idb21 iV21* a25 ir 2 , ~59!

iV11* a11 iV22* a25 ir 0 , ~60!

where the stochastic ‘‘pumping’’ is introduced:

^r 6&5^r 0&50,

^r 6r 7&5^r 6r 0&50,

^r 6* r 7&5^r 6* r 0&50,

^r 6* r 6&5^r 0* r 0&5r 2.

Solving Eqs.~56!–~60! with respect toa1 , a2 , b6 , and
b0 we get
b152b0

V11

V12
, b252b0

V22

V21
,

b05
r 1uV21u2V12V11* 1r 2uV12u2V21V22* 2r 0uV12u2uV21u2

2d~ uV11u2uV21u22uV12u2uV22u2!
,

a25
r 1V11* V12V221r 2uV11u2V212r 0uV12u2V22

uV11u2uV21u22uV12u2uV22u2
,

5-8
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a152
r 1uV22u2V121r 2V22* V11V212r 0uV21u2V11

uV11u2uV21u22uV12u2uV22u2
. ~61!

Utilizing the normalization condition

^a2* a2&1^a1* a1&1^b1* b1&1^b2* b2&1^b0* b0&51, ~62!
b-

nts

er-
ged.
e

we get

r 52d~ uV11u2uV21u22uV12u2uV22u2!/$~ uV12u2uV21u2

1uV11u2uV21u21uV12u2uV22u2!2

14d2@ uV11u2uV12u2~ uV11u21uV21u2!

12~ uV11u4uV21u21uV12u4uV22u2!#%1/2. ~63!
in

tic

he

04380
Using Eq.~63! we arrive at a complete solution of the pro
lem which takes into account all orders ind. For d50 the
system is in a dark state and the density matrix eleme
correspond to the elements generated by Eq.~39!. For a non-
zero small two-photon detuning, the populations and coh
ences for the ground state stay approximately unchan
The solutions for the populations of the excited states ar
ra2a254d2
uV11u2uV12u2uV22u21uV11u4uV21u21uV12u4uV22u2

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
, ~64!

ra1a154d2
uV21u2uV22u2uV11u21uV21u4uV11u21uV22u4uV12u2

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
, ~65!

and for the atomic polarizations are

ra2b05
2dV22~2uV11u2uV12u2uV21u21uV21u2uV12u4!

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
, ~66!

ra1b052
2dV11~2uV12u2uV21u2uV22u21uV12u2uV21u4!

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
, ~67!

ra2b252
2dV21~2uV11u2uV12u2uV22u21uV22u2uV12u4!

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
, ~68!

ra1b15
2dV12~2uV11u2uV21u2uV22u21uV11u2uV21u4!

~ uV12u2uV21u21uV11u2uV21u21uV12u2uV22u2!2
. ~69!
t

re
r-
Here we kept only the lowest-order terms ind. In the ex-
pressions for the atomic polarizations, the first term, conta
ing the amplitude of all four optical fields~for example,
V11uV12u2uV21u2uV22u2 in the equation forra1b0), is due
to the four-photon coherence~hexadecapole moment!,
whereas the second term represents the effect of op
pumping.

The propagation equation for the fields is

]V i j

]z
5 i

2pn

c
N

` i j
2

\
r i j , ~70!

where the indicesi , j show that the values are related to t
-

al

same transitionu i &→u j &. It is easy to see, for example, tha
the matrix element in Eq.~66! results in the propagation
equation in Eq.~42!. The two approaches are therefo
equivalent. The equations of motion for the circularly pola
ized electromagnetic fields inE6 are given by the following
expressions:

]E1

]z
5 i

2pn

c
N~`a2b2ra2b21`a1b0ra1b0!, ~71!

]E2

]z
5 i

2pn

c
N~`a1b1ra1b11`a2b0ra2b0!. ~72!
5-9
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Substituting the expressions for atomic polarizations E
~66!–~69! and using the proper dipole moments for ea
transition @for 87Rb they are equal to 1/2 forub6&→ua6&,
and 1/12 forub0&→ua6&; Fig. 3~c!#, we obtain Eq.~44!.

So far we have made no assumption concerning the lo
in the system. Generally, this requires solving the Blo
equations for the atomic populations and polarizations
was done for theL system. For the M scheme, however, th
process is rather involved even for the degenerate sys
(d50). Since the dark state exists for any value of R
frequencyV i j , it is always possible to transform the basis
the atomic states so that there is one atomic level uncou
from the laser field. The M system can be represented as
independent open two-level systems, connected only via
laxation processes@58#. The absorption in this system ha
similar properties compared to those of theL system: it is
proportional to the decay rateg0 and inversely proportiona
to the light intensity. The exact analytical expression for t
absorption is rather lengthy and we do not present it her

C. Polarization rotation for an FÄ2\F 8Ä1 transition

To describe the polarization rotation of theF52→F8
51 transition we write the interaction Hamiltonian as a b
anced sum of the Hamiltonians for the M andL systems,
taking into account the branching ratio for the atomic tran
tions:

H2→15z1HL1z2HM5z1\l̃L1z2\l̃M , ~73!

wherez1 andz2 are weighting coefficients (z11z251) that
describe the population redistribution between theL and M
schemes. Using a numerical simulation of this system,
find them to be equal with very good accuracy. Using E
~11! we now derive the equation of motion for this system

]E6

]z
574ip\dN

n

c
E6

uE7u2

~ uE1u21uE2u2!2 F112~ uE1u2

1uE2u2!2
3~ uE1u41uE2u4!12uE1u2uE2u2

~ uE1u41uE2u416uE1u2uE2u2!2 G . ~74!

It is interesting to note that for linearly polarized ligh
(uV1u5uV2u) the contributions from theL and M systems
are identical, and Eq.~74! coincides with Eq.~14!. This
proves that a singleL system may be used for accurate d
scription of the dispersive properties of more complica
level configurations.

Let us introduce the electromagnetic field ellipticity p
rameterq such that the amplitudes of the circularly polariz
components areE65uEuA(16q)exp(if6)/A2. Then Eq.
~74! transforms to

]E6

]z
572ip\dN

n

c

E6~17q!

uEu2
F112

21q2

~22q!2G . ~75!

Based on the results of our numerical simulation, we c
clude that absorption of light that interacts with theF52
→F851 transition does not depend on the ellipticity of t
04380
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light. The light transmission through the cell can be d
scribed by an equation similar to Eq.~31!:

I out5I inS 12
2p\g0NL

uE~0!u2

n

cD . ~76!

The rotation angle for the light polarization is then given

f5
d

g0
F112

21q2

~22q2!2G ln
I in

I out
, ~77!

where I in and I out are the intensities of the electromagne
field at the entrance and exit of the medium. The value of
polarization rotation increases with the light ellipticity by th
factor

fM1L

fL
5

1

2 S 112
21q2

~22q2!2D ~78!

compared to the value in theL system. Therefore NMOR on
theF52→F851 transition may only be properly describe
by a L configuration for linearly polarized light. The differ
ence between the M andL systems results from the hexad
capole moment induced in the M configuration.

IV. NMOR IN ATOMS WITH LARGE VALUES
OF ANGULAR MOMENTUM

Higher-order coherence can be excited among Zeem
sublevels of alkali-metal atoms withF.2. Here we find a
perturbed dark state for the generalized M scheme consis
of an arbitrary number ofL links, using the method de
scribed above. Then we apply these results to evaluate
nonlinear Faraday rotation in the85Rb F53→F52 transi-
tion. We consider the scheme in Fig. 4. The interact
Hamiltonian for this scheme is

Hn3L52\d(
k50

n

~n22k!ubk11&^bk11u

1\(
k51

n

~Vk2uak&^bku1Vk1uak&^bk11u1H.c.!

~79!

FIG. 4. Generalized M interaction scheme. HereV i 2

5E2`aibi
/\, V i 15E1`aibi 21

/\.
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Here n is the number ofL links, which connectn11
ground-state levels vian excited states. There exists a da
state for this system for exact resonance (d50):

uD&5

(
k50

n

~21!k)
j 51

k

V j 2 )
l 5k11

n

V l 1ubk11&

A(
k50

n

)
j 51

k

uV j 2u2 )
l 5k11

n

uV l 1u2

, ~80!

where we use the convention that) j 51
0 [) j 5n11

n [1. We
deduce the perturbed ‘‘dark state’’ eigenvalue for the Ham
tonian using the same procedure as we used before in
~80!:

l̃n3L.d
(
k50

n

~2k2n!)
i 51

k

uV i 2u2 )
j 5k11

n

uV j 1u2

(
k50

n

)
i 51

k

uV i 2u2 )
j 5k11

n

uV j 1u2
. ~81!

The equation of motion for the circularly polarized electr
magnetic fields can be found from Eq.~11!. As an example,
let us calculate the interaction Hamiltonian for light intera
ing with the 5S1/2F53→5P1/2F852 transition of 85Rb
n
il
s

he
r-
th

th
t
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he
v

e
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~Fig. 5!. The circularly polarized components of the resona
electromagnetic field form an M scheme and a tripleL
scheme. Using the proper values of the transition probab
ties, shown in the same figure, we derive

FIG. 5. Energy level scheme for85Rb atoms. This scheme ma
be decomposed into a superposition of~a! M system and~b! triple-
L system. Transition probabilities are shown for each individ
transition.
H3→253\dF2z1

uE2u42uE1u4

3uE1u413uE2u4110uE1u2uE2u2
1z2

uE2u615uE1u2uE2u425uE1u4uE2u22uE1u6

uE1u6115uE2u2uE1u4115uE2u4uE1u21uE2u6
G . ~82!
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Here againz1,2 are the coefficients reflecting the populatio
distribution between schemes. By differentiating the Ham
tonian it is easy to find the polarization rotation in the sy
tem:

]f

]z
526ipN

n

c

\d

uEu2
F2z1

41q2

~42q2!2
1z2

826q213q4

~423q2!2 G .

~83!

It is obvious that both interaction chains contribute to t
elliptically dependent NMOR. At the same time different o
ders of the nonlinear susceptibility are responsible for
polarization rotation: if in the case of the M scheme it isx (3)

nonlinearity, for the triple-L scheme it isx (5) nonlinearity,
since there are seven photons involved in the creation of
ground-state coherence. This might be the reason why
triple-L scheme shows more enhancement of the polar
tion rotation for nearly circular polarization compared to t
rotation of linear polarization than does the M scheme (10
20/9 times for theF53→F852 transition!.

V. APPLICATION FOR QUANTUM-INFORMATION
PROCESSING

So far we have consideredL and M schemes of the typ
described in Figs. 3~a! and 3~c!. Here the two-photon detun
-
-

e

e
he
a-

s

ings with respect to statesub1& and ub2& are equal and op-
posite in sign and all the fields are treated classically. T
approach is useful for describing NMOR in alkali-met
atomic vapors. In general, however, the M system may
created by strongly nondegenerate atomic levels, and all
fields connecting corresponding atomic transitions may
independent. This case is especially interesting if we are
ing to use the enhanced Kerr nonlinearity the system p
vides @46#.

In this section we compare the N and M configuratio
shown in Figs. 1~b! and 1~c!. The N system is essentially aL
system with an additional nonresonant transition. Simila
the M system in Fig. 1~c! is a resonant N system with a
additional detuned transition. Since these systems have
tential applications in the field of quantum-information pr
cessing, we discuss them here. Some details concerning
systems have been given earlier@45,46#. The systems seem
to be completely different because the all-resonant N c
figuration demonstrates enhanced three-photon absorp
while the all-resonant M configuration demonstrates co
plete transparency. We show here that the performanc
these schemes as sources of refractive Kerr nonlinearit
very similar.

We assume that theua1&→ub1& andua2&→ub2& transitions
5-11
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are induced by quantized fields, whereas the transiti
ua1&→ub2& andua2&→ub3& are induced by classical fields o
Rabi frequenciesV1 andV2, respectively.

The Hamiltonians for the N and M schemes in the slow
varying amplitude and phase approximations are

HN5\Dua2&^a2u1\~â1ua1&^b1u1V1ua1&^b2u1â2ua2&^b2u

1H.c.!, ~84!

HM52\dub3&^b3u1\~â1ua1&^b1u1V1ua1&^b2u

1â2ua2&^b2u1V2ua2&^b3u1H.c.!, ~85!

where H.c. means the Hermitian conjugate, and the rela
between Rabi frequencies of the probe fields and quan
operators describing the corresponding field mode can
written as

â i5A2p` i
2n i

\Vi
âi5h i âi , ~86!

where ` i is the dipole moment of the transitionuai&
→ubi&, n i is the field frequency,Vi is the quantization vol-
ume of the mode, andâi and âi

† are the annihilation and
creation operators. Proceeding along the same lines a
Sec. III we obtain the effective Hamiltonian for the two co
figurations of the form

Heff5\d̃â1
†â1â2

†â2, ~87!

where the coupling constantd̃ for the two configurations is
of the form @45#

d̃N5
h1

2

D

h2
2

V1
2

~88!

and @46#

d̃M52d
h1

2

uV1u2
h2

2

uV2u2
. ~89!

Any system that may be described by the Hamiltonian
Eq. ~87! has a potential application in implementing a qua
tum phase gate. The transformation for a two-bit quant
phase gate for thej th and kth qubits is given by
Qh

jkua j ,bk&5exp(ihda j ,1
dbk,1)ua j ,bk&, where ua j& and

ubk& stand for the basis statesu0& or u1& of the qubits. Thus
the quantum phase gate introduces a phaseh only when both
the qubits in the input states are 1. A representation of
quantum phase gate is given by the operator

Qh
jk5u0 j ,0k&^0 j ,0ku1u0 j ,1k&^0 j ,1ku1u1 j ,0k&^1 j ,0ku

1eihu1 j ,1k&^1 j ,1ku. ~90!
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It is clear that such a phase gate can be realized via Ha
tonian Heff with the time-evolution unitary operato
exp(2iHefft/\) and the corresponding phaseh5 d̃t wheret
is the interaction time.

The nonlinearities associated with both the present N
M schemes correspond tox (3). The resonant enhancement
x (5) and higher-order nonlinearities can be obtained by a
ing more L sections to N or M schemes. In general, t
effective Hamiltonian forx (2m21) is

Heff
(2m21)5\d̃mâ1

†â1â2
†â2•••âm

† âm ~91!

where, for extended N systems,

d̃N
m5~21!m21

h1
2

D

h2
2

uV1u2
•••

hm
2

uVm21u2
, ~92!

and, for the extended M system,

d̃M
m5~21!md

h1
2

uV1u2

h2
2

uV2u2
•••

hm
2

uVmu2
. ~93!

Such nonlinearities can be used in implementingm-bit quan-
tum phase gates that are defined via

Qh
(m)ua1 ,a2 ,•••,am&

5exp~ ihda1,1da2,1•••dam,1
!ua1 ,a2 ,•••,am&. ~94!

In other words, a phaseh is introduced when all the qubit
are in stateu1&. Thus, if qubit statesu0& and u1& are defined
via photon number states, them-bit quantum phase gate i
implemented viaQh

(m)5exp(2iĤmt/\), h5d̃t. Such gates
may have important applications in quantum-computing
gorithms such as those related to quantum searches of
sorted databases@59#.

The important question is how large can the phase shih
be. Our initial estimates indicate that phase shifts as larg
3 rad can be obtained form53 via x (5) nonlinearities. How-
ever, there are problems related to phase mismatch betw
different photons which arise because the group veloci
can be different for different pulses. Such problems can
overcome by methods discussed in@41#.

It is interesting to mention that the interaction Ham
tonian for a symmetrical M scheme, given by Eq.~43!, is
identical to that for an asymmetric M scheme, considered
this section—Eq.~87! in the case when one of the circular
polarized components is much stronger than the other~nearly
circularly polarized light!. This means that the quantum
phase gate discussed above can potentially be created
using the Zeeman substructure of alkali-metal atoms,
solved in magnetic field. Unfortunately, in the case of gen
alized M scheme this is not true.

VI. SUSCEPTIBILITIES FOR INHOMOGENEOUSLY
BROADENED L, N, AND M SYSTEMS

It is important to know what changes are introduced
Doppler broadening to the systems discussed above. Fo
5-12
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NONLINEAR MAGNETO-OPTICAL ROTATION OF . . . PHYSICAL REVIEW A 67, 043805 ~2003!
sake of simplicity we restrict ourselves to the asymme
schemes discussed in the previous section. Let us start
the Doppler-broadenedL system shown in Fig. 1~a!. This
system has been widely discussed in the literature@49,60,61#,
so we consider only the necessary steps that allow u
calculate susceptibility for the Doppler-broadened M co
figuration. To sustain EIT in a Doppler-broadenedL medium
the minimum value of the Rabi frequency of the coupli
field V1 (uV1u@ua1u) should exceedWdAg0 /g, whereWd

is the linewidth of the Doppler distribution (WdAg0 /g
@Ag0g) @60#. Then the population of the stateub1& is almost
unity and the density matrix element@cf. Eq. ~24!# for the
probe transition reduces to

rab1.
ia1~g02 id!

~g1 i ~d1kv !!~g02 id!1uV1u2
, ~95!

wherek is the wave vector of the field andv is the atomic
velocity. We simplify the problem by using a Lorentzian pr
file as the velocity distribution functionf (kv) with full
width at half maximum 2WD such that f (kv)
5(1/p)WD /@WD

2 1(kv)2#. Integrating over the Doppler dis
tribution we get

^rab1&v5
ia1~g02 id!

~g1WD2 id!~g02 id!1uV1u2
~96!

'
ia1

g1WD1 i uV1u2/d
.

This result was evaluated using the contour integration in
complex plane which contains one pole in the lower ha
(kv)152 iWD . Let us consider the M scheme shown in F
1~c! (uV i u@ua j u). The susceptibility for the fielda2 may be
obtained similarly to theL scheme. The population of leve
ub2& is equal toua1u2/uV1u2 approximately.

The nonlinear interaction appears as the result of the
fraction and absorption of the second probe fielda2, coupled
to the second drive fieldV2, that create aL system. There-
fore, we get the susceptibility

xM52 i
3

8p2
Nla2

3 g2~g02 id!

~g02 id!Wd1uV2u2

ua1u2

uV1u2
, ~97!

whereN is the atomic density,g2 is the decay rate of the
level ua2&, and la2 is the vacuum wavelength of the fiel
a2.

Finally, let us consider the N level configuration shown
Fig. 1~c!. If the conditionD@g2 is satisfied, then the popu
lation of level ub2& is equal to approximatelyua1u2/uV1u2.
The nonlinear interaction appears as the result of the ref
tion and absorption of the second probe fielda2, far detuned
from the corresponding atomic transition. For the cor
sponding two-level system we derive

ra2b2.
ia2

g1 i ~D1kv !

ua1u2

uV1u2
. ~98!
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The corresponding susceptibility for the fielda2 is

xN52 i
3

8p2
Nla2

3 g2

Wd1 iD

ua1u2

uV1u2
. ~99!

The nonlinear phase shift may be increased, formally,
increasing the atomic density or interaction length. This
impossible to implement in practice because of the abso
tion of the medium. Therefore, to compare the nonlinear p
formance of different nonlinear systems one needs to c
pare the ratio of their refractive nonlinearities an
corresponding residual absorption, linear as well as non
ear. The effective ratio between absorption and nonlinea
for the Doppler-broadened N scheme~99! is Wd /D. It is
easy to see that Eqs.~99! and ~97! are interchangeable i
g0→0 andD↔d/uV2u2. Therefore, the M and N scheme
are equivalent in the sense of the effective Kerr nonlinea
they produce.

VII. EXPERIMENTAL STUDY OF NMOR WITH
ELLIPTICALLY POLARIZED LIGHT IN Rb VAPOR

A. Experimental setup

The experimental setup is shown schematically in Fig
We use an external cavity diode laser~ECDL! tuned in the
vicinity of the D1 line of 87Rb (l5795 nm). The initial
linear polarization is produced by a high-quality polariz
P1; the initial ellipticity of the beame @62# is then controlled
by a quarter-wave plate placed after the polarizer. The m
mum laser power delivered to the atomic cell isPmax
52 mW. A cylindrical glass cell of length 50 mm and diam
eter 25 mm is filled with isotopically enhanced87Rb. It is
placed inside a two-layer magnetic shield to minimize t
influence of the laboratory magnetic field. The atomic de
sity is controlled by a heating element placed between
two shielding layers. The longitudinal magnetic field is cr
ated by a solenoid mounted inside the inner magnetic shi

To measure the transmitted laser power and the polar
tion rotation angle a polarization beam splitter~PBS! is
placed after the atomic cell. The signals from the two P
channelsS1,2 are collected while the axis of the PBS is tilte
at 45° with respect to the main axis of the initial polarizati
ellipse. In this configuration the transmitted light power
proportional to the sum of the two signalsS11S2, and the
polarization rotation anglef is given by

f5
1

2
arcsin

S12S2

~S11S2!cos 2e
. ~100!

FIG. 6. Schematic of the experimental setup.
5-13
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It is also possible to detect the ellipticity of the outgoin
laser beam by placing another quarter-wave plate after
cell and before the PBS. When the fast wave plate axi
aligned with the PBS axis and makes 45° with the init
polarization direction, the ellipticitye of the beam can be
found similarly to the rotation angle:

e5
1

2
arcsin

S̃12S̃2

S̃11S̃2

. ~101!

B. Experiments with 87Rb vapor

There are two factors contributing to the rotation of t
elliptical polarization of light propagating through Rb vapo
the nonlinear Faraday rotation, caused by the shifts of
magnetic sublevels in an external magnetic field, and
self-rotation caused by the ac-Stark shifts due to the
resonant interaction of the electromagnetic field with f
detuned levels@63–65#. Since the latter effect does not d
pend on the magnetic field, we eliminate it from th
experimental data either by our measurement procedur
by direct subtraction. In all further discussions we conc
trate on NMOR signals only.

Let us first study the modification of the polarization r
tation by measuring the rotation rate (df/dB)(B50) for
different degrees of light ellipticity. We find the rotation ra
by modulating the magnetic field by a small amount a
dividing the difference between two rotation signals cor
sponding to a small variation of the magnetic field by t
magnitude of this variation. In this way we detect only t
rotation that depends on the external magnetic field.

The rotation rate as a function of light ellipticity is show
in Fig. 7. We observe a polarization rotation enhancemen
predicted theoretically. At the same time, the experimen
data cannot be fitted using Eq.~78! because of the Dopple
broadening of the transition and the ac Stark shift of
magnetic sublevels. However, an exact numerical simula
based on a steady state solution of the Maxwell-Bloch eq
tions for theF52→F851 transition, which takes these e
fects into account, is in excellent agreement with the exp
mental data.

It is also possible to verify that there is no polarizati
rotation enhancement in an isolatedL system. To do that we
tune the laser to theF51→F851 transition of the87Rb D1
line. In this case, the ground-state coherence is formed
only oneL link. The relative rotation rates for theF51,2
→F851 transitions are presented in Fig. 8. Although the
is a slight dependence of the rotation angle on the light
lipticity for F51→F851 transition, this deterioration ma
be determined by Doppler broadening, ac Stark shifts, e

It is important to point out that, even though the theor
ical expression for the relative rotation rate@Eq. ~78!# does
not fit the experimental data precisely, it correctly predi
some of the rotation properties. For example, our exp
ments confirm that the relative rotation rate does not dep
on the sign of the ellipticity~Fig. 7!. If we vary the total laser
power or the coherence decay rateg0 ~by varying the laser
beam diameter!, the absolute value of the rotation chang
according to Eq.~77!; its dependence on the light ellipticit
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is the same within the experimental uncertainty~Figs. 7 and
9!.

All previous data were obtained for an optically thin R
vapor ~transmissionI out/I in.0.85). The dependence of th
relative rotation rate on the ellipticity for higher atomic de

FIG. 7. The normalized slope of the nonlinear magneto-op
rotation as a function of the ellipticity of the incident light. Exper
mental data are shown for opposite values of ellipticity and t
different values of laser power:P52 mW ~hollow up triangles for
positive ellipticity and hollow down triangles for negative elliptic
ity! and P51 mW ~solid up triangles for positive ellipticity and
solid down triangles for negative ellipticity!. The results of the nu-
merical simulations for the case of 2 mW laser power are shown
a solid line. Absolute values of the nonlinear Faraday rotation
the linear polarization were (df/dB)(B50)54.5 rad/G and
6 rad/G forP52 mW andP51 mW, respectively.

FIG. 8. The normalized slope of nonlinear magneto-optic ro
tion as a function of the ellipticity of the incident light for theL
scheme~transitionF51→F851) and theM1L scheme~transi-
tion F52→F851). Dotted lines are to guide the eyes. Input las
power isP52 mW; the atomic densities are chosen to provide 85
absorption at each transition. The absolute values of the nonli
Faraday rotation of linear polarization were (df/dB)(B50)
51.8 rad/G and 4.5 rad/G for theF51,2→F851 transitions, re-
spectively.
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NONLINEAR MAGNETO-OPTICAL ROTATION OF . . . PHYSICAL REVIEW A 67, 043805 ~2003!
sities is shown in Fig. 10. It is easy to see that for nea
circular polarization the rotation decreases as the atomic
sity is increased. This may be caused by optical pumping
the other ground-state hyperfine levels, as well as by
destruction of atomic coherence by radiation trapp
@66,67#.

The precise value of the output ellipticity of the las
polarization is required for accurate polarization rotati
measurements@see Eq.~100!#. The experimental observa
tions demonstrate that for optically thin media the elliptic
of the light does not noticeably change due to propaga
effects if the magnetic field is small. As the atomic dens
increases, however, the ellipticity increases@Fig. 10~b!#. Al-
though this change is relatively small (,15%), the associ-
ated error in the calculated rotation is very significant.

C. Polarization rotation of elliptically polarized light
for large magnetic fields

Now let us consider the case of large magnetic fields
the laser frequency is swept across the atomic transition
following effects contribute to the polarization rotation: no
linear Faraday rotation due to theL scheme~experimentally
measured for linear polarization!, self-rotation of elliptical
polarization due to ac Stark shifts, and the magneto-o
rotation of elliptical polarization due to M-scheme-induc
coherence. All these components are shown in Fig. 11.
important to point out that this ‘‘new’’ rotation is comparab
with the polarization rotation for the linear polarization a
the self-rotation, even though this effect is due to high
order nonlinearity. This proves the effectiveness of the
level scheme for the enhancement of nonlinear susceptib
in atomic media.

The magnetic field dependence of the rotation due to
‘‘M-scheme’’ ground-state coherence reveals a very pecu
behavior. When the rotation is independent of the sign of
ellipticity in the vicinity of zero magnetic field~as was dem-

FIG. 9. The normalized slope of nonlinear magneto-optic ro
tion as a function of the ellipticity of the incident light for tw
different beam diameters:d52 mm ~squares! and d510 mm
~circles!. In both cases the laser power is kept at 2 mW. Absol
values of the nonlinear Faraday rotation for the linear polariza
were (df/dB)(B50)54.5 rad/G and 30 rad/G, respectively.
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onstrated earlier!, then for larger magnetic fields the rotatio
becomes asymmetric with respect to both magnetic field
ellipticity. To invert the sign of the rotation, both the ellip
ticity and the magnetic field should change their signs@Fig.
12~a!#. The ellipticity of the outgoing light also changes wit
the magnetic field; although it is equal to the initial elliptici
for small magnetic fields~at least for optically thin samples!,
it grows symmetrically when the magnetic field becom
larger@Fig. 12~a!#. These changes must be taken into acco
when the polarization rotation angle is measured.

D. NMOR for atoms with higher angular momentum

As discussed in Sec. IV, higher orders of nonlinear s
ceptibility may be enhanced in multi-L systems. In practice

-

e
n

FIG. 10. ~a! The normalized slope of nonlinear magneto-op
rotation as a function of the ellipticity of the incident light fo
various atomic densities. Laser power is 2 mW, beam diameted
52 mm. Inset: absolute value of the nonlinear Faraday rotation
linear polarization as a function of atomic density.~b! The output
ellipticity e as a function of the ellipticity of the incident light fo
various atomic densities. Dotted line is for unchanged elliptic
Inset: TransmissionI out /I in of linear polarization as a function o
atomic density.
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this means that atoms with larger ground-state angular
mentum are required. The most convenient candidate for
study of the higher orders of Zeeman coherence is the85Rb
isotope, since the same laser may be used as for our prev

FIG. 11. The polarization rotation angle as a function of la
detuning for ellipticitye525° and magnetic fieldB50.35 G. The
components of the rotation due to various processes are also sh
Zero detuning corresponds to theF52→F851 transition. The
small peak on the right is due to contamination of the cell with85Rb
isotope.

FIG. 12. ~a! The polarization rotation angle as a function
magnetic field for opposite values of ellipticity.~b! The ellipticity of
the transmitted light as a function of magnetic field. Initial ellipti
ity is shown as a dashed line.
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study of 87Rb. In our experiments we use the 5S5/2F53
→5P3/2F852 of 85Rb. The interaction scheme of ellipti
cally polarized light with this transition consists of an M
scheme and a triple-L scheme.

The relative rotation rate for this transition as a functi
of the light ellipticity is shown in Fig. 13. The polarizatio
rotation enhancement observed in this case is notice
smaller than for87Rb. The reason for this may be the small
hyperfine splitting of the excited state (362 MHz vs 8
MHz for 87Rb), which is completely overlapped by the Do
pler broadening (DDoppler'500 MHz!. This overlap results in
efficient ‘‘mixing’’ of the coherences induced through diffe
ent excited states, which may significantly change the pr
erties of the system. That is why it would be very interesti
to measure the rotation due to high-order coherence,
cussed above, in a cloud of cold atoms. In this case we
pect to see a much stronger effect@Eq. ~83!#, since all prob-
lems caused by the overlapping transitions due to the mo
of the atoms would be eliminated in a cold gas.

The spectral dependence of the rotation of the ellipti
polarization on laser frequency for the case of a large m
netic field is shown in Fig. 14. As for87Rb, the high-order
Zeeman coherence significantly modifies the rotation spec
and the contribution of the nonlinear rotation is compara
with the rotation of the linear polarization and self-rotatio

One can see additional sub-Doppler structure on top
the rotation resonances. These peaks appear due to the
roreflection of the laser beam inside the atomic cell. T
additional beam interacts with atoms and causes a redistr

r

wn.
FIG. 13. The normalized slope of nonlinear magneto-optic ro

tion as a function of the ellipticity of the incident light for theF
53→F852 transition of 85Rb ~diamonds!, and for the F52
→F851 transition of 87Rb ~circles!. Input laser power isP52
mW; the atomic densities are chosen to provide 85% absorptio
each transition. Absolute values of the nonlinear Faraday rota
for linear polarization were (df/dB)(B50)52.9 rad/G and
4.5 rad/G, respectively. Inset: the theoretical dependences for n
rally broadened Rb isotopes, from Eqs.~77! and ~83!.
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NONLINEAR MAGNETO-OPTICAL ROTATION OF . . . PHYSICAL REVIEW A 67, 043805 ~2003!
tion of the atomic population similar to Doppler-free satu
tion spectroscopy.

VIII. CONCLUSION

We have studied the nonlinear magneto-optic rotation
elliptically polarized light interacting with various transition
of rubidium atoms. We have shown that this rotation can
described by means ofL, M, and higher-chainL schemes.
For the simple three-levelL scheme, the rotation does n
depend on the light ellipticity. For more complicated sy

FIG. 14. The polarization rotation angle in85Rb as a function of
laser detuning for ellipticity e525° and magnetic fieldB
50.35 G. The components of the rotation due to various proce
are also shown. Zero detuning corresponds to the cross reson
F53→F852.3 transition. The distortions of the resonances
due to reflected light beams.
.
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tems, the multiphoton processes are responsible for the
ation of high-order ground-state coherence resulting
ellipticity-dependent nonlinear magneto-optical rotation. W
have derived simple analytical expressions for this rotat
for the M interaction scheme@Eq. ~77!# and we showed tha
this effect results from the coherently induced hexadecap
moment.

Since the modification of NMOR is associated with
enhancement of nonlinear atomic susceptibility, we ha
analyzed the effectiveness of this process by comparing
nonlinear susceptibility for M and N interaction schemes. W
have demonstrated that, although the enhancements of
linearity in these schemes are caused by different mec
nisms, they exhibit the same absorptive and refractive n
linearity magnitudes. We have also shown that t
generalized M scheme may be used to create resonantly
hanced nonlinear susceptibility of any given order, simila
to the generalized N scheme@45#. We have discussed th
possible implementation of the generalized M scheme
quantum computer algorithms.

To verify our theoretical calculations, we have studied t
polarization rotation of elliptically polarized laser ligh
propagating through Rb vapor. The M interaction scheme
realized on theF52→F851 transition of 87Rb, and the
triple-L scheme is observed on theF53→F852 transition
of 87Rb. Although the experimental points cannot be fitt
perfectly by the theoretical expressions@Eqs.~32! and~77!#,
the basic properties of the rotation are confirmed.
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