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Nonlinear Modeling and Bifurcations
In the Boost Converter

Soumitro BanerjeeMember, IEEE,and Krishnendu Chakrabarty

Abstract—Occurrence of nonlinear phenomena like subhar- — N VYV A N
monics and chaos in power electronic circuits has been reported L et
recently. In this paper, we investigate these phenomena in the D T,
current-mode-controlled boost converter. A nonlinear model in )
the form of a mapping from one point of observation to the - =
next has been derived. The map has a closed form even when Vi 50 ¢ R ’::I
the parasitic elements are included. The bifurcation behavior of
the boost converter has been investigated with the help of this
discrete model.

Index Terms—Boost converter, chaos, nonlinear phenomena. Driver

7

I. INTRODUCTION e
N RECENT times it has been observed that some power ! [i
Clock

electronic (PE) circuits exhibit deterministic chaos [1]-[3],
and it has been suspected that such phenomena may be eI
responsible for the unusually high noise in some PE circuitSy 1. circuit diagram of the boost converter.
Naturally, what was so far branded under the single head
“noise” in PE literature, may actually be due to deterministic
nonlinear phenomena. analysis of the continuous-time system while [9] proposed
It has been demonstrated that current-mode-controlled bRt discrete models should be developed for PE circuits as
converter and boost converter are prone to subharmonic beHB@PPRings of the form
ior and chaos [4]-[6]. Still, very little information is available
today on the parameter domains in which chaotic behavior
may occur, and the possible pathways through which such Xpt1 = f(Xn). 1)
systems may enter chaos. The work referred above only
demonstrates the existence of chaotic mode of operation in the
buck converter and the boost converter. Since these convertush mappings, applied to the state space, would give the state
have wide industrial application, it becomes necessary to stuafythe system at awitching instanin terms of the previous
the bifurcation phenomena in PE converters to understand tiiee. A map-based model would disregard the dynamics be-
change of behavior as parameters are varied. tween switching instants but would capture the nonlinearity
Such studies for the buck converter [7] have recently besince most PE circuits are piecewise linear, with nonlinear
reported. In this paper we present the studies on the bifurcatleghavior contributed only by the switching discontinuity.
behavior of the current-mode-controlled boost converter. It was found, however, that closed-form expressions for the
Once it is recognized that the boost converter has nonlingaap can not be derived for most PE circuits. In such cases,
behavior, it becomes necessary to develop a nonlinear modellef map has to be obtained numerically [9]. One welcome ex-
the system. The method currently in vogue in PE literature, theption is the current-mode-controlled boost converter, where
state-space averaging technique, does not serve this purgbsemapcan be obtained in closed form. Such a map-based
and fails to explain the subharmonic modes and chaos in tmedel for the boost converter was developed in [5] assuming
boost converter. In view of this problem, [8] used a large-sign@lealized circuit elements.
When we checked the predictions of this map-based model
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(@) (b)

Fig. 2. (a) Period 1 phase-plane trajectory of the boost converter. Parameter valugs,are:42 V, R = 20 2. (b) Period 2 phase-plane trajectory

of the boost converter. Parameter values arg, = 35 V, R = 20 Q. (c) Chaotic phase-plane trajectory of the boost converter. Parameter values
are: Vi, = 20V, R = 20 Q.
A. The Boost Converter The system is governed by two sets of linear differential

The boost converter circuit (Fig. 1) consists of a controliggdyations pertaining to then and off states of the controlled

switch S, an uncontrolled switc®, an inductorL, a capacitor tSV\li'tCh' Thte toutpuf[ \l;cl)ltaggc gndt';]he“m(iucto_r gutLrem aret_
C, and a load resistoR. The switching is controlled by a aken as state variables. uring the “on- period the equations

feedback path consisting of a comparator and a flip-flop. TRE

comparator compares the current through the inductor and a di V; Ty .

reference current. - L L' 2)
In a boost converter, the output voltage is always higher than due __ Ve 3)

the input voltage. When the controlled switch is turned on, the dt C(R+r.)

current flows through the inductor and energy is stored in it. ] ) )
When the controlled switch is turned off, the stored energyAnd the state equations during “off” period are
in the inductor drops and the polarity of the inductor voltage di v : Rr, R
chapges so that it adds to the input voltage. The voltage across -1 I <u + Rt 7‘c) — U m
the inductor and the input voltage together charge the output o 1
capacitor to a voltage higher than the input voltage. We assume  —° =———— (Ri —v..) (5)

continuous conduction mode (CCM), where the clock period ¢t C(R+re)

and the value of the inductor are so chosen that the induc{kere the parasitic elementsandr. are the resistance of the

current never falls to zero. inductor and capacitor, respectively. The switching between
There are two states of the circuit depending on whethgfe two sets of equations is governed by the above feedback

the controlled switchS is open or closed. When switchi is process.

closed, the current through the inductor rises and any clocka few experimentally observed trajectories in the phase-

pulse arriving during that period is ignored. The switsh plane (the inductor current versus output voltage) is shown in

opens whern reaches the reference currdpt;. When switch Fig. 2. The nominal values of the fixed parametersiare 27

S is open, the currentfalls. The switchS closes again upon mH, C = 120 uF, R =20 Q, 7. = 02 Q, r, = 0.9 Q and

the arrival of the next clock pulse. clock frequency 500 Hz. Three cases are shown: period 1 (for

(4)
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L —s{ tplet! where
g ) . L+r,C(R+7r.)+ Rr.C
/I\ in tnt+2 \ ] = LC(R g )
' 2T LC(R+r0)
v /Un+1 o = ‘/an
[ ] N L ST LO(R+re)
’ Unt2 / T Lo .
e e If the clock period isT, thent, /T will count the clock
e T —3)| pulses in the on period. The remainder part of it multiplied by
T will give the time of switching off after the last clock pulse.

Time (sec) — Since the next switch on takes place at the arrival of the very

Fig. 3. Time plot of output voltage and inductor current of the boodi€Xt clock pulse, the off period], is given by
converter with clock pulses.

i t, = T[l - <—n>m0d( )} 9)
Vin = 42 V), period 2 (forV;, = 35 V), and chaos (for r

Vin = 20 V).
The general solution of the linear nonhomogeneous differen-

tial equation (8) is the sum of the solution of the corresponding

II. THE MAP-BASED MODEL FOR THE BOOST CONVERTER homogeneous equation and a particular solution.

In this section, we first derive an expression for the mapping The particular solution is given by putting a final value
from one switching instant to the next in tiie? space formed v. = k in (8) after all derivative quantities become zero. So
by v. andi. It would hold under the following assumptions. N VR

1) The value of the inductor and the switching frequency =2 —.

are so chosen that there is no discontinuous conduction. ay R

2) The value of the capacitance is so chosen that the outpuThe solution of the homogeneous equation has three differ-

voltage v, does not go below the input voltage at angnt functional forms depending on the roots of the character-

part of the cyclé istic equation
Fig. 3 shows the typical behavior of the state variables along 5
with the clock pulses. We take the closure of the control switch A\ = M o
ast = 0. At this time let the initial conditions beé = ¢,, and 2 4
Vo = Up. o o?
The switch turns off when the currertin the inductor Az = —5 V73

reaches reference curreft;. The on-timet,, can be calcu-

lated from (2) by integration Case l.a?/4 > ao: In this case, the two roots are real and

distinct, and the solution of (8) is

129 Trer di
dt =1L —_ At Aot | @3
/0 /Z Vi —ir ve(t) = c1e™" + cpe™t 4+ o (10)
I - ~in Putting the initial condition for off condition, we get
th=—In| +—+—-—|. (6)
T Vi _ , Vin&
7 — dref C1 = Vpe tn/ (Rtre)C R+ —C2
The final value ofy. is obtained by integrating the capacitor 1 Vi R Rl
. — _ m )\ _ re
discharge (3) C2 N | R+ Y C(R+ 1)
Ve(tn) = vpe™ i/ (BHT)C 7 /Ry L
+ vpe 1+C’(R+7‘c) .
and v.(t,) should not be less thai;, if the model is to Let the output voltage at the next switom instant bev, 1,
remain valid. the currenti,,4;. These are obtained as
When switch is off, substitutinganddi/dt from (5) into (4) Ny N VinR
we get a second-order differential equationugfin the form Ungl =C1E7HT F €™ + R+ (11)
. C1 7
i}c + Oélr[/c + 2V, = (X3 (8) tnt+l = E [1 + C)\l (R + TC)]G)\ltn
4 ‘/zn
LIf this condition is violated; temporarily exceeds,.; at the beginning + % [1 + C)\Q(R + 7’c)]6)\2t” + m

of the off period. The model would fail if the next clock pulse arrives while

i is still greater thar/,..¢. (12)



BANERJEE AND CHAKRABARTY: NONLINEAR MODELING AND BIFURCATIONS 255

Case 2.a2/4 = ay: In this case the solution of (8) is Since this condition contains the value of load resistance, a
boost converter can change from oscillatory mode to nonoscil-

ve(t) = (e1 4 cot)e™ (/D 4 VinE (13) latory mode during operation. Therefore, this mode must be
Rt included in the model of the system.
where The condition for the different types of behavior divides

the parameter space into two parts, and Case 2 occurs for
specific combinations of parameters representing a surface in
the parameter space. This condition has been included for
the sake of completeness. The mapping for Case 2 would
_ LesR+{Car(R+7.)/2 = 1}er = Vin R/(R+13) have importance if one considers the change of behavior as
N C(R+7.) ' a parameter is varied smoothly across the condition surface,
Isuch as when obtaining a bifurcation diagram. For practical
Surposes, however, this condition would have little importance

—to /(Rer)C _ VindR

c1 = Une
R+

And the mapping from one switching instant to another

given by since a parameter combination falling exactly on the condition
/ VinR surface would be very unlikely.
= Yo—(a/2t, | Tintt _ _
Un1 =(c1 + oty Je T Y R+n (14) it may be noted that the mapping derived here can locate
. 1 , only the peaks of the output voltage waveform. It maps the
ntl =g [e1 + oty + C(R A+ 7e){e2 — cr00/2 state of the system from one switch-on instant to the next and

, —(a1/2) ¢ Vi not in synchronism with the clock frequency. This map-based
= cpauty/2}]e T RE e (15)  model can be used to predict the behavior of the system under
different parameter combinations.
Case 3.a{/4 < az: Inthis case, the oscillatory solution of There is another way of representing the boost converter

the linear nonhomogeneous equation (8) is as a map—by sampling it in synchronism with the clock. The
—ay Vi R map-based model for this case would contain an “if” statement.
ve(t) = exp <T t) [c1 cos wt+co sin wi]+ RZ_’; — (16) If ¢, > T, the values ofs,, andi,, at the next clock instant
" are given by
where ’ 4
- <‘: ! )‘3_(”/” (19)

a2 in-{—l = r n
1 i
w=4/ag— —=
2 4 T Une—T/C(R-i—rc)' (20)

and the initial conditions give If ¢, < 7T, the equations derived far,,; andi,+; under

—tn/(R+ROC _ VinR Cases 1, 2, and 3 hold, with) = T —¢,.

c1 =vpe
R+ r;
LegR—c1+ Corei(R+7.)/2 = Vi R/(R+ 1) lll. BIFURCATION PHENOMENA OF THE BOOST CONVERTER
wC(R+7c). The operation of the boost converter can be seen from

two points of view. Since the clock pulse has an externally

Th ing is gi b
€ Mapping 1s given by determined periodicity, one can identify the system periodicity

Vst = /2oy coswt! + cpsinwt! ] + VinR (17) as the numbt_ar _of clock pulses in a period of the output
R+ waveform. This is how one analyzes a nonautonomous sys-
: _—aqt, 2L Te e / tem. On the other hand, if one is concerned only with the
1 = ¢ / [R o+ R)(cw )} cos Why observable state variables, one can define the periodicity as
+ e—alt;/2[c_2 — 01+ Loy —i—clw)} sinwt/,  the repetitive behavior of the output waveform as seen in
R R the phase space. One can thus view the system also as an
Vi . (18) autonomous system. In the first case, one would sample the
R+ system at the frequency of the clock pulse and obtain the
Thus, v,.41 andi,1 are given explicitly as functions af, Poincare section. The periodicity would be determined from
and i, in all the three cases. this. We call it the “stroboscopic sampling.” In the second

Out of the three possibilities, the third one giving a§ase, one would identify the peaks of the output waveform of
oscillatory solution is the most important from a practical poir@n€ of the variables, and determine the periodicity from that
of view. The normal design procedures, based on obtainiflgta. Since this is the same as sampling it at the switch-on
CCM and low output voltage ripple, usually give parametdpstants, we call it the “switch-on sampling.” In Section II,
values which satisfy this condition. If the parasitic element¥€ derived the map-based model for these cases. We present
r. and r; are ignored, the condition for oscillatory solutiorhere_ the bifurcation diagrams obtained from both these points

The map-based model provides a fast and easy way of

R> L obtaining the bifurcation diagrams. We iterate the map starting
4C from any initial condition, say (0, 0), and eliminate the initial
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Fig. 4. Bifurcation diagram of the boost converter with input voltage as parameter: (a) stroboscopic sampling, (b) switch-on sampling, andirft) spect
of the maximal Lyapunov exponent.

transient to obtain the asymptotic behavior of the system. \§x parameters in the system, it is impossible to present
then vary a system parameter and plot about 500 consecutivese diagrams for all possible parameter values. We therefore
values of one of the system variables against each paramgi@sent only a few typical cases.

value. If the system is periodic, all the points would fall at

the same position and we would see just one point for that V;,, as the Bifurcation Parameter

parameter value. Higher periodicities would appear as therne pifurcation diagram of the boost converter with input

number of dots equal to the periodicity of the system. And fQjy|tage as parameter is shown in Fig. 4. Fig. 4(a) shows the

chaos (period infinity) we would get a smudge of dots, none gffyrcation diagram for stroboscopic sampling and Fig. 4(b)

them falling on the other. In such a bifurcation diagram, ong,ows bifurcation diagram for the switch-on sampling.

can clearly see the change of behavior as a parameter is varj;qg: 4(c) shows the corresponding Lyapunov spectrum. Input
There are six major parameters in the system: the input valitage is varied from 7 to 50 V with a step of 0.1 V with

age, load resistance, inductance, capacitance, reference curegRbr parameters fixed @& = 20 Q, C = 120 uF, L = 27

and clock frequency. In addition, there are the parasitied mH, Lee=4A 7, =128, r. = 0.1 Q, and clock frequency

r.. Since this is a dc circuit, the load is assumed to be purelpg Hz.

resistive. The boost converter shows period-doubling cascade from
It may be noted that if the clock period is much lesperiod 1 to chaos as input voltage decreasedrom 50 V.

than the time constar®(R + r.), the fluctuation in the load The first bifurcation takes place at 34.9 V where the period 1

voltage is very small and the system becomes effectively onsifurcates to period 2. The period 2 behavior again bifurcates

dimensional. Therefore, in order to illustrate the bifurcatiotb period 4 behavior at 24.4 V.

behavior of the derived two-dimensional map, we have chosent may be noted that the two diagrams start to show

the parameters such thatis comparable ta”(R + ). difference as input voltage is decreased below 24.3 V. This
In the following sections, bifurcation diagrams for variatiomappens when a pulse arrives during the on time before the

of the above parameters are presented. One parameter is varigtent reached,.;. At this time there are four clock pulses

at a time with the others fixed at some nominal value. it a cycle, though the orbit in the phase space is period 3.

is obvious that the bifurcation structures are dependent onAs V;,, is reduced below 21.8 V, the system enters chaos.

these nominal parameter settings. However, since there @hés is confirmed by the fact that the maximal Lyapunov ex-
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Fig. 5. Bifurcation diagram of the boost converter with load resistance as parameter: (a) stroboscopic sampling, (b) switch-on sampling, enah{c) spe
of the maximal Lyapunov exponent.

ponent becomes positive [Fig. 4(c)]. There are small periodic
windows in the chaotic region, which also exhibit period- | le
doubling cascade. The periodic windows embedded in the
chaotic zone has a sequence of periods 3-6 in the voltage
range of 15.7-15 V and periods 4-8 in the zone of 11.7— 115 .
V. The first periodicities in these windows show period-addin@
cascade.

In Fig. 4(a), a staircase like structure appears in the chaotjt
region. The number of stairs increases with the decrease @f
input voltage. Two stairs are observed from 24.7 to 15.6 V& |,
With decreasing input voltage, there is an increase of size éf
the attractor. As size of the attractor increases it captures ofier= | .
more clock pulse at 15.02 V, thus making the number of stai@
three. This continues up to 11.42 V. Similarly four stairs are 47— ws  ws e a1 w2z 455 44 455
observed from 11.41 to 9.94 V, five from 9.93 to 8.85 V, and LOAD RESISTANCE {Ohuns) —

six from 8.84 to 8 V and so on. Fig. 6. Blowup of a portion of the chaotic region in Fig. 5, with inductor
current as the observed variable.

1.8

VIPLE

B. It as the Bifurcation Parameter 8 to 13.3€2. Period 1 bifurcates to period 2 at 13X% This

The bifurcation diagram of the boost converter with loageriod 2 region exists up to 318 Up to period 2 region both
resistance as parameter is shown in Fig. 5. The load resistaige cases (i.e., stroboscopic and switch-on sampling) behave
is varied from 8 to 500 with a step of 0.1 while other in the same way. At 31.%, the period 2 bifurcates to period
parameters fixed at input voltage 30 V, reference curredtin the switch-on sampling and period 4 in the stroboscopic
4 A, capacitance 12Q:F, inductance 27 mH, and clocksampling. Starting from 31.72, one can observe four clock
frequency 500 Hz. Bifurcation and chaos are observed whpalses in a complete cycle while in the output waveform the
load resistance is increased. Period 1 behavior is observed freeme state repeats after three loops. This behavior continues
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Fig. 7. Bifurcation diagram of the boost converter with reference current as parameter: (a) stroboscopic sampling, (b) switch-on sampling, and (c)
spectrum of the maximal Lyapunov exponent.

up to load resistance of 37 and then goes through period-D. InductanceL as the Bifurcation Parameter

doubling cascade to enter chaos. _ The bifurcation diagram of boost converter with inductance
~ A blowup of the chaotic region with as observed variable oq narameter is shown in Fig. 8. The inductance is varied from
is shown in Fig. 6. It shows that there are periodic Windowg {4 30 mH with step of 0.1 mH and other parameters fixed
that show period-adding cascade, and the width of the windoWs|qa4 resistance 20, input voltage 20 V, capacitance 120

becomes progressively smaller at higher periodicities. Detailﬁgi reference current 4 A, and clock frequency of 500 Hz.
analysis of such phenomena from bifurcation theory is beyokl inq 1 behavior is observed from 1 to 4.3 mH. Period 1
the scope of this paper and will be presented in a separgig cates to period 2 at 4.4 mH which lasts up to 11.4 mH. It

paper [10]. is interesting to note that the two lines corresponding to period
) ) 2 behavior cross at around 6 mH, and at that point the system
C. Ir as the Bifurcation Parameter exhibits a period 1 behavior.

The bifurcation diagram of the boost converter with refer- The period 4 region starts at 11.5 mH. After a very narrow
ence current as parameter is shown in Fig. 7. The referenegion lasting up to 11.6 mH, the two diagrams begin to differ.
current is varied from 1.4 to 7 A with a step of 0.01 A withThereafter, the behavior is period 3 in the switch-on sampling
other parameters fixed at input voltage 30 V, load resistanaed period 4 in the stroboscopic sampling. Chaotic behavior
20 2, capacitance 12Q:F, inductance 27 mH, and clockstarts at 18 mH following a period-doubling cascade.
frequency of 500 Hz. These diagrams show clear period-
doubling bifurcations at 3.46 and 4.94 A. At 5 A, the two ) )
viewpoints exhibit a difference as one clock pulse appearsfn € @s the Bifurcation Parameter
every cycle that does not cause a switching. Chaotic behaviolOne has to exercise some caution when using the capac-
starts from 5.51 A and has periodic windows at higher valugance as the bifurcation parameter. This is because of the
of reference current. second assumption under which the map was derived. For low
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Fig. 8. Bifurcation diagram of the boost converter with inductance as parameter: (a) stroboscopic sampling, (b) switch-on sampling, and r{c) spectru
of the maximal Lyapunov exponent.

values of the capacitance, the inductor current may shoot ab
the reference current for a part of the cycle, and the map-ba:
model fails. One needs to keep track of the value,gfand
if it goes negative the map-based model should not be use
In order to avoid using two different kinds of models in twc
parts of the same bifurcation diagram, we have computed 1
bifurcation diagram from the continuous time model of th ¢
system while keeping a check on the continuity of inductc?
current. The capacitance was varied from 25 to 2B0with a =
step of 0.1uF. The input voltage and load resistance are ke
constant at 20 V and 2Q, respectively, with other parameters
fixed at inductance 27 mH, reference current 4 A, and clo
frequency at 500 Hz. We find that the behavior is chaotic ov
the whole parameter range.

e

10 20 id]
Input woRoge

F. The Frequency of Clock as the Bifurcation Parameter

To investigate the change of system behavior with clo jg. 9. Parameter space map of the boost converter showing regions of
ifferent periodicities with stroboscopic sampling. Darker shades imply higher

frequency, the frequency of the clock is varied from 500 Hgeriogicities.

to 20 kHz with a step of 10 Hz with other parameters fixed at

load resistance 202, capacitance 120F, inductance 27 mH,

reference current 4 A, and input voltage 30 V. It is found th&tor the parameter values chosen, the system remains chaotic
the clock frequency does not affect the topological property tifroughout. This means that it is possible to increase or de-
the orbit qualitatively, though there are quantitative changesease the system frequency while maintaining the topological
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orbital equivalence. The bifurcation diagram is not presentedSince a converter’s behavior is expected to be robust against

here for the sake of brevity. modest changes in parameters, the present study shows that
there is a necessity of working out the bifurcation patterns
G. The Effect of the Parasitic Elements in the parameter space at the design stage to place the nom-

. ] . . inal operating point away from boundaries marking different
The parasitic elements andr. do not affect the bifurcation %symptotic behaviors.

structures but they are found to shift the points at whic
bifurcation occurs when other major parameters are varied.
For example, when load resistance is used as the bifurcation
parameter, the period-doubling bifurcation occurs for a lower The authors thank Dr. D. Hamill and Dr. J. Deane of the
value of R if the inductor has a parasitic resistance. Thigniversity of Surrey, U.K., for their helpful suggestions in
justifies the inclusion of the parasitic elements in the modeimproving the paper.
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