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Nonlinear Observer Design to Synchronize synchronize hyperchaos irbBsler’s systems. However, this approach
Hyperchaotic Systems via a Scalar Signal cannot be considered a systematic technique for synchronization,
because the coefficients of the linear combination are somewhat

Giuseppe Grassi and Saverio Mascolo arbitrary. Furthermore, the computation of the conditional Lyapunov

exponents is still required in order to verify the synchronization [14].
In this brief a new method is developed to synchronize hy-
Abstract—In this brief control theory is used to formalize hyperchaos perchaotic systems via a scalar transmitted signal. The proposed

synchronization as a non_linear observer d_esign issue. Following this technique is based on nonlinear control theory and has several
approach, a newsystematictool to synchronize a class of hyperchaotic

systems via ascalar transmitted signal is developed. The proposed advantages over the existing methods. In particular
technique has been applied to synchronize two well-known hyperchaotic 1) it enables synchronization be achieved in a systematic way;

systems. 2) it can be successfully applied to several well-known hyper-
Index Terms—Hyperchaotic circuits and systems, synchronization the- chaotic systems;
ory. 3) it does not require the computation of any Lyapunov exponent;

4) it does not require initial conditions belonging to the same
basin of attraction.

L . . _ The brief is organized as follows. In Section Il, the synchronization
In recent years, synchronization of chaotic systems and its pOtenBi"lchaotic systems is restated as a nonlinear observer design issue.

appllc_atlon to secure Comm‘%”_'?a“o”s have received ever increa lowing this approach, a linear and time-invariant synchronization
atte_ntuo_n [1.]—[13]. The possmlllty _of two or more chaotic systemsg system is obtained, for which a necessary and sufficient condi-
oscillating in a synchranized way is not an obvious one. In fact, #dn can be given in order to asymptotically stabilize its dynamics.

chaos is characterized by a sensitive dependence on initial conditiqgﬁm'y, in Section Il the proposed method is applied to synchronize
one could conclude that synchronization is not obtainable, since eygn, \vali-known examples of hyperchaotic systems.

infinitesimal change will eventually result in divergence of nearby
starting orbits [1]. To overcome this problem, different approaches
have been developed. In [2], [3] the suggested scheme consists in
taking a chaotic system, duplicating some subsystem and driving
the duplicate and the original subsystem with signals from the Definition 1: Given two chaotic systems, the dynamics of which
undup”cated part. When all the Lyapunov exponents of the driveéthe described by the fO"OWing two sets of differential equations:

. INTRODUCTION

Il. HYPERCHAOS SYNCHRONIZATION AS
A NONLINEAR OBSERVER DESIGN ISSUE

subsystem (response system) are less then zero, the response system & = f(z) 1)
synchronizes with the drive system, assuming that both systems L . >
start in the same basin of attraction [2]. Instead of searching for y=f) )

a stable subsystem, in [4]-[7] a linear feedback of the error signaldierexz € R™,y € R", andf: R" — R" is a nonlinear vector field,
is used as control input into one of the chaotic systems. In thesgstems (1) and (2) are said to be synchronized if
cases, synchronization is achieved by computing proper elements

of a coupling matrix in order to get negative Lyapunov exponents, e(t) = (y(t) —=(t)) = 0 as t—oc (3)
provided that the initial conditions of both systems are very close {gheree represents the synchronization error [1].
each other [6]. In order to obtain synchronization, system (2) has to receive a

It should be noted that the abovementioned methods mairgyoper synchronizing signal from system (1). From a control theory
concern the synchronization of low dimensional systems with onfint of view, this signal can be considered as an observed quantity
one positive Lyapunov exponent. This feature limits the complexity ¢éeding a nonlinear observer for the stateof the system (1)
the chaotic dynamics and suggests the adoption of higher dimensiqnali—[21]. Informally, an observer is a dynamic system designed to
chaotic systems for applications to secure communications [14]-[16§ driven by the output of another dynamic syst@arft) and having
In fact, the presence of more than one positive Lyapunov exponehé property that the state of the observer converges to the state of
clearly improves security by generating more complex dynamiase plant. More precisely, the following definition is given.

However, this approach raises the question of whether synchroDefinition 2: Given dynamic system (1) with output= s(x) €
nization can still be achieved by transmitting a scalar signal. Uni}”, the dynamic system
now, only some attempts have been made to give an answer to this .
question. In [17] the conjecture that the number of synchronizing y=7F)+9(z-sy) )
signals had to be equal to the number of positive Lyapunov exponefissaid to be a nonlinear observer of system (1¥ i€onverges to
led to the adoption of two scalar signals to synchronizesdRer's statexr ast — oo, whereg: R" — R" is a suitably chosen nonlinear
hyperchaotic system. Recently, some interesting results have bgiction [18]. Moreover, system (4) is said to be a global observer of
reported in [14]-{16]. In particular, in [14] a scalar signal representagstem (1) ify — x ast — oo for any initial conditiong(0), z(0)
by a linear combination of the original state variables is used fo0].

A block diagram of a nonlinear observer for the statef system
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Fig. 1. Synchronization as a nonlinear observer issue. (a) System (1). (b) System (2). (c) Structure of the observer (4).

has a (globally) asymptotically stable equilibrium point tor= 0 Proposition 2: Given a dynamic system satisfying Assumption 1,
[18], [20]. and the functionss(z) and g(z — s(y)) defined by (7) and (8),

It is known that control theory offers no general method to choosespectively, a necessary and sufficient condition for the existence
a functiong(z — s(y)) such that the nonlinear and nonautonomousf a feedback gain vectde such that system (4) becomes a global
system (5) has a (globally) asymptotically stable equilibrium poimtbserver of system (1) is that all the uncontrollable eigenvalues of
for e = 0. In the following, a proposition will be stated in order tothe error system (9), if any, have negative real parts.
give a functiong for synchronizing a class of hyperchaotic systems. Proof: For linear system (9) a proper coordinate transformation

To this purpose, an assumption is made. e = [T, T-]e can be found, where the columns’Bf form a set of
Assumption 1: The dynamic system (1) can be written as basis vector for the controllable state subspace and the columns of
. . T, are orthogonal to these [22], [28]. Since the orthogonal basis set
&= flz) = Az +bf(z) +c (©) givesT~' = TT, system (9) can be transformed to the following
whered € R"*", b e "%, c € R**' andf: R* — R. Kalman controllable canonical form [28]:
Remark 2: Several well-known chaotic systems belong to the class . TTAT, TTAT,)[e. T
individualized by (6). For example, Chua’s circuit [1],085ler’s {ém} = { 0 T%ATJ {Em} { 0 }“
hyperchaotic system [23], the hyperchaotic circuits in [24], [25] and 1 4 - 3
the n-dimensional Chua’s circuit in [26], [27] all satisfy Assumption = FC —12} {, ¢ } { C} (10)
1 0 Apc||énc 0

Regarding the synchronizing signal, it is worth noting théat) is where the eigenvalues ofl, are controllable, i.e., they can be
an artificial output of the system (1) which can be properly design@thiced anywhere by proper state feedback= —ke, whereas the
to feed the nonlinear observer (4). Since the adoption of a scatagenvalues ofd,,. are uncontrollable, i.e., they are not affected by
signal is a suitable feature for secure communications applicatiotise introduction of any state feedback. Therefore a necessary and
it is assumed that = s(x) € R. sufficient condition to globally asymptotically stabilize system (10)
Now, a proposition is given, so that the error system (5) becomissthat the eigenvalues ol,. lie in the left half plane [22], [28].
linear and time-invariant whes(z) and g(z — s(y)) are properly Sincee — 0 impliese — 0, this completes the proof.

chosen. Remark 3: If system (4) becomes an observer of system (1), then
Proposition 1: Given a dynamic system (1) satisfying Assumptioy — =,s(y) — s(z) andg — 0 ast — oc (see (8)). As a
1, let consequence, the dynamics of systems (1) and (2) are identical.

s(z) = f(x) + ka ) Rem_ark 4 If sy_stem (9) is controllable, then all the_ mpdes can
be arbitrarily assigned and, consequently, synchronization can be

be the scalar synchronizing signal wikh= [k1, k2, - k,] € R'*",  achieved according to any specified feature.

and let Remark 5: A technique similar to the one developed herein has
been proposed in [11]. Both the methods generate an error system

g(s(z) = 5(y)) = b(s(z) — 5(y)) ®) which F;s IFi)near and[tirr]1e-invariant. Howeverg,J since the error sy;/tem

be the functiong in (4). Then the error system (5) becomes linean [11] is ¢ = Ae, its eigenvalues cannot be moved by any state

and time-invariant, and can be expressed as feedback and, consequently, synchronization can be achieved only

if the eigenvalues ofA have negative real part. In this brief less

¢ = Ae — bke = ae + bu ©) restrictive conditions are given, because the controllable eigenvalues
whereu = —ke plays the role of a state feedback. of the error systené = Ae + bu can be shifted via a state feedback
Proof: By substituting (7) and (8) in (5), the error systenw = —ke.
becomes: Remark 6: An interesting approach ta&haos synchronization,
e=f(y) +g(s(x) — s(y)) — f(z) = Ay +bf(y) + ¢ based on thc_e concept of ob_seryer (_:Iesign,_ has been pro_po;ed in
, [13]. In particular, synchronization is achieved by considering
+b(s(z) — s(y)) — (Az + bf(z) +¢) a linear output for the drive system, whereas for the response
=Ae+b(f(y) — f(x) +b(f(x) + kx — f(y) — ky) one a Luenberger observer is chosen. This leads to a nonlinear

— Ae — ble = Ae + bu and nonautonomqus synchrop_ization error system for_V\_/hich it is
B not easy to obtain the stability properties of the origin. Thus,

This completes the proof. the conclusion of the analysis developed in [13] is that local
Now, by exploiting linear control theory [22], [28], the following synchronization is possible under relatively mild conditions, whereas
result can be stated: global synchronization can be achieved only if the system can be
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transformed to Brunowsky canonical form. Unlike the method ju&y considering the circuit parameters reported in [24], the dynamics
mentioned, the technique developed herein chooses a nonlinear outpnt be written as

for the drive system and a nonlinear observer for the response one, sor;, 0 0 =2 0 o 2
that global synchronization can be easily achieved if the conditions |, 0 0 0 =20 |a —20
of Proposition 2 are satisfied. =11 0 1 o0 |le|T| o [9lz—a0)
By 0 1.5 0 0 T4 0
lll. EXAMPLES (14)

In this section the proposed tool is applied to synchronize th(\}herec () is the piecewise-linear function given b
examples of nonlinear systems which exhibit hyperchaotic dynamics. g P g y

glwo — 1) = 3(x2 — 1) — 1.6(Jz2 — 21 — 1] — |22 — @1 + 1]).
A. Synchronization of é8sler's System From Proposition 1, it follows:

Rossler’s system [23] can be written in the form of Assumption

1 as s(z) =g(xy —x1) + ka
.’;,‘1 0 -1 -1 0 X i=1
B2 (10250 L gs(@) —s(y) =2 =20 0 0)"(s(x) - 5()
i 0 0 0 0 @3
i 0 0 =05 005]| | whereas (4) becomes
0 0 U1 0 0 -2 0 Y1
oy 0 920 _ 10 0 0 =20y
=+ 1 r1a3 + 3 (ll) ?)3 — 1 0 1 0 Y3
0 0 U4 0 15 0 0 Ya
This system exhibits a hyperchaotic behavior starting from proper ?20 ZO
initial conditions [23]. Proposition 1 gives + _0 glya — 1) + _0 (s(x) — s(y)).
1 0 0
s(x) =x123 + Zlk]‘l']' (15)
o
g(s(x)—s() =0 0 1 07 [s(zx)— s(y)] Since the controllability matrix of the error system is full rank, its
eigenvalues can be moved anywhere. By placing ther@iit results
whereas (4) becomes k = [0.8022—0.3698 0.0381-0.0308] and system (15) becomes a
U 0 -1 =1 0 v 0 global observer of system (14).
o 1 025 0 1 Yo 0 Remark 7: In [11] the attention is focused on synchronization of
gs| 0 0 0 0 Y R PR EAEE chaotic systems. When dealing with hyperchaos, the hypothesis in
ia 0 0 =05 0.05 ;th4 0 [11] (that is, eigenvalues ok in the open left half plane) seems hard
0 0 to be satisfied. In fact, by examining the systems considered herein,
0 0 it can be pointed out that the matrik of Rossler's system has three
Tl T (s(x) — s(y)) (12) eigenvalues with positive real part whereas the one of Example B
0 0 has two eigenvalues with positive real part. The same consideration
can be made for other examples of hyperchaotic systems [25].
with the error system given by
61 0 -1 -1 0 IV. CONCLUSION
é2 | [1 025 0 1 In this brief a new technique to synchronize a class of hyperchaotic
ées| [0 0 0 0 systems via a scalar transmitted signal has been developed. The
€4 0 0 =05 005 proposed approach exploits the concept of nonlinear observer and
0 el represents aystematictool which can be successfully applied to
0 s obtain global synchronization of nonlinear systems in the form (6) if
11 [k1 ke ks k] es | (13)  structural properties ol andb hold.

0 €4
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