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We present a general theoretical method for deriving effective susceptibilitigadojlinear optical scat-
tering processes of arbitrary order using the reciprocity principle. This method allows us to formulate a
generalized treatment of nonlinear optical scattering and deduce selection rules independent of the precise
mechanism of light-matter interaction. We particularize this approach to second-order sum frequency scattering
from an inhomogeneous medium and consider the limiting cases of small particle scattering, refractive index
matched(Rayleigh-Gans-Debyescattering, small refractive index contrggéentzel-Kramers-Brillouin scat-
tering and correlated scattering. We compare the derived expressions to experimental results of sum frequency
scattering from monodisperse particles in suspension with varying sizes.
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I. INTRODUCTION scattering, for which appropriate assumptions exist. In par-
ticular we will consider small particle scattering, index
Nonlinear optical techniques have become well estapMaiched(nonlinear Rayleigh-Gans-Debyecattering, small
lished tools to study the properties of various méedBulk contrast (nonlinear V\_/entze_l-Kramers-l_3rlllou)n scattering
sum- and difference frequency generation are often used t%nd correlated scattering. Finally, we will compare the results

investigate the molecular properties of sofdEven-order of the nonlinear Rayleigh-Gans-DebyRGD) and Wenizel-
) . . . . Kramers-Brillouin (WKB) approximations with infrared-
optical techniques like sum frequency generdtiand five

o . . visible SFG scattering experiments from submicron sized
wave mixing-®are very well suited to study the physical and loids i :
. . . olloids in suspension.
chemical properties of interfaces. One of the key elements o(f
these approaches is the coherent character of the detected
light, which limits these techniques to the study of macro-

scopically flat surfaces. Only recently, attempts have been

made to expand these surface specific techniques to investi- The nonlinear response of a material to incident electro-

gate the properties of nonplanar surfaces, in particular ,agnetic waves is usually described in terms of the nonlin-

particles dispersed in dilute suspensiéris. _ear polarization. The polarization is related to the incoming
Theoretically, several studies have been performed withg|q(s) by the nonlinear susceptibility. Consequently, the

the aim of modelling the radiation emitted in a nonlinearsysceptibility is a measure of how much polarization is built

scattering event. These studies include second harmonic scafp in the medium by the incident fields. The incoming fields

tering from small dielectrfe' and metallié?*3spheres, from  are considered to be composed of monochromatic plane

an ordered latticé and from a small metallic hemispherical waves of the form:

boss!® All of these investigations are aimed at finding a

model for second harmonic generatigBHG) scattering ,

from a typical—mostly spherical—particle shape. No de- EX(r 1) = Eu gD (1)

scription exists of a general scattering event of arbitrary or-

der f“’”." an arbitrary shaped .par'ucle. with £ the scalar amplitude of the wave ang, the unit
Previously, we have experimentally demonstrated the de- . .~ . N, .
olarization vectora denotes the polarization statelhis

velopment of a npvel molecular speC|f|c technique of su estriction limits the further applicability to beams with a low
frequency scatteringThis can result in access to a wealth of intensity gradient in the beam waist, i.e. excludes tightly fo-
information on the physico-chemical molecular properties Of,sa puises as in Refs. 16 and 17. As the fields interact with
the surfaces of vesicles, micelles and nanoparticles. In thig,o medium, there are two effects that modify the build-up of
paper, we introduce the concept of effective susceptibility forne |ocal nonlinear polarization: a microscopic local field
a (nonlinear scattering event of arbitraiyth) order from  correction due to dipole-dipole interactions, and a change in
the reciprocity principle, which provides a general theoreti-the average macroscopic field due to the linear optical prop-
cal framework for nonlinear-optical scattering. This enableserties of the mediungsee Ref. 15, and references theyein
us to derive selection rules for different experimental geom-The first can be taken into account by the local Lorentz-
etries based on symmetry arguments alone. We then consideorenz correctiot® which we will not take into account in
different limiting cases for sum frequency generati®*G  this description(but can be readily doneThe latter can be

IIl. THEORY
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implemented by using Fresnel-type coefficiefitgr ), which EX(r,t) = EL(r)d®reY, 2
describe the modification of the local field by the particle

(note that far from the particl€ (r) —u,), so that the local The most general form of the non-locally-induced nonlinear
field becomes polarization reads as

P"’O:“’l*"'*“’n(r)=f ---fi?(r,rl,--nrn) CE“Yry) - - EO(r )Py dPry, (3

which also includes any possible interaction with the magincoming waves that emits a field; which is detected at
netic field of the optical wave¥.In particular, this allows us position r,. In the second situation we are dealing with a
to set the optical magnetic permeabilip(w)=1 without dipolar point source located at having a currenj,~ &(r
loss of generality in the following. Apart from assuming —rg) that induces a fiel&, in the particle.
plane waves, we also restrict ourselves to detection in the far Assuming that the detector is placed in the Fraunhofer
field. No other restrictiorge.g., on the nature of light-matter zone, the wave incident from the detector on the particle can
interaction is assumed in this section. be treated as a plane wave. Knowing the relation betygen
and the distribution of the local fielH,(r) it induces in the
particle, we can employ the reciprocity theorem, B, to
evaluate the fieldE; at the detector position, which can have
Consider two different current sourcég(r) and j,(r) two orthogonal polarization components. To calculate its am-
emitting optical fieldsE; andE, at a single frequency. Then plitudeé";g in a given polarization state,, one has to choose
the relationship between the currejits and the field€, ,is  the direction ofj, along the polarization vector. Hete,

A. Reciprocity

given by the following relatiot? denotes the wave vector of the wave scattered into the direc-
tion of the detector. Thus, the calculation of the emitted field
fjl(r) E,(r)der = sz(r) . EI(r)d3r, (4) is now transformed into the problem of finding the local field
distribution induced by a plane wave of frequensey. The

where the integrals are taken over the volumes of the sourcdgSult can be written in the form

and the T denotes that all nonreciprocal interactions must be K ikt KE e ke o ok .

reversed in the calculation of the radiated fi@(r) (see o= €00 Tagar mCagfay " Eay; (6)
Ref. 20. Equation(4) is known as the reciprocity theorem 0

and is one of the basic concepts in physics. In linear opticslere a4, ... ,a, andky, ... k, denote the polarization state
reciprocity arises from the followin¢Onsagey symmetry of —and the wave vectors of the incident plane waves and
the linear susceptibili&f

Situation | Situation Il
ﬁj(r,rl):)?jiT(rl,r), (5) ry» rO/ i,
where y' is the susceptibility of the same medium after ap- E,
plication of the time-inversion operation. The application of
the time-inversion operation is relevant for example, in mag- 1 out 2in

netic materials where it reverses the direction of the dc medie
magnetization. In nonmagnetic media, which can be de-
scribed by a local dielectric response, this leads to a symmet g~
ric dielectric response tensa;(r)=¢;(r). Note that light
absorption, which is an intrinsically nonreversible process,

does not affect the reciprocity. The Onsager symmiy. ‘

Ek1
/
(5)] yields a general relation between results of two experi-  E* E”
mental situations, in which the position of a monochromatic E* - E® -

light source and a detector are exchantfeé’
As the current and polarization are relatedjby(dP/ t),

the reciprocity theorem can be used to desc(i@linear- FIG. 1. Two different current sources. Current source 1 is the
optical scattering from a particle. One can consider the tW@cattering objectwith the center of mass placed at the origim
situations that are sketched in Fig. 1. In the first we ar@yhich the currents are induced by ath order nonlinear optical
dealing with a current sourog;) induced in the scattering interaction.E; is the field measured by a detectorrgt Current
particle by annth order nonlinear optical interaction with  source 2 is a point dipol&, is the field experienced by the particle.

nin n+1 in
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can be interpreted as an effective nonlinear polarizability othe polarization direction of the waves parallperpendicu-
the scattering object. It is analogous to atomic or moleculafar) to that plane are defined g@és). If the particle is sym-
polarizability, which is often introduced to describe the metric with respect to the scattering plane, then, upon reflec-
nonlinear-optical interactions in, e.g., gases with the exception in the symmetry plane alp-polarized waves and/

tion thatF‘;gjﬁll'",l':,';'; is not only a property of the scattering remain unchanged, whereas thgolarized waves change
object, but also depends on the experimental geometry vighase by a factor ofr. The induced polarization should be
the wave vectork,,ky, ... k, of the interacting waves. In the same for both cases. Hence for ratt order scattering

its essence, this treatment replaces an extended scatteripgbcesses all elements Eto";ll---ﬁn with an odd number of
- - - . (oI KRR
object, which could have any complex internal structure withs ojarized waves must equal 0. Drhus, in the case of in-plane

agy n?tu_rt?] %f.intlernal rllpnlinear Iint?ratg{tli?nv by a Sbimg&;mimsecond-order scattering there are only four allowed elements

object with dipole nonlinear polarizability given by E(. %ok K ,

that creates exactly the same scattered field at the position 8F Fag’alllazz (ppp $sp sps andpss. Analogously, for third-

the detector for a given experimental configuration. E{(def scattering there are only 8 allowed elements of
Thus, the reciprocity theorem allows us to reformulate thJagﬁiﬁéﬁé (SSSS PpPPR SSPP PPSS spsp psps pssp and

problem in a way that is symmetric with respect to the inci-sppg. For situations with an additional twofold rotational

dent and outgoing fields. This intrinsic symmetry of E)  symmetry(which is the case in second harmonic scattering,

ensures reciprocity on the level of the field scattered by thevhen detection is in the forward, or backward direcjioo

whole particle. One can also show that this symmetry iseven-harmonic scattering can occur as the only allowed ele-

needed in nonabsorbing systems to ensure energy conservaents must have both an even numbes-ciind p-polarized

tion and the Manley-Rowe relatioffsrequiring that equal waves. This symmetry is broken if one uses noncollinear

amount of photons are emitted into or absorbed from eacmput waves of different frequencigsvhich occurs for ex-

interacting wave. ample in infrared-visible sum frequency generation

B. Symmetry

. . . IIl. SUM FREQUENCY SCATTERING
In nonlinear optics one often applies symmetry arguments

on the level of the susceptibility. The effective susceptibil- The solutions to Eqe6) and (7) for the scattered fields
ity presented in Eq(7) is an integrated quantity, which is not depend on the order of the scattering event and on possible
a function of the scattering object alone, but also depends osimplifications imposed by the symmetry of the geometry. In
the experimental geometry via the wave vectqrsStill, one  the following description we focus on second-order scatter-
can apply the symmetry operations to the whole scatteringng processes. For dielectric and metaifghericalparticles
geometry?* Thus, particle symmetrylike, e.g., inversion an exact treatmenilie theory) exists for second harmonic
symmetry is no longer the sole factor of relevance. This scattering, in which the amplitude of the scattered wave is
allows us to directly formulate selection rules for different expressed as a set of absolutely converging series of complex
scattering events, independent of the mechanisms of lineaterms, which involve spherical harmonics and Bessel func-
and nonlinear-light-matter interactions. tions of increasing ordér*? For the special case of second-
For example, when using a planar geometig., all in-  order sum frequency scattering the effective susceptibility
cident and scattered beams lie within geeattering plane, [(EQ. (7))] becomes:

Lo f Lo (0) R ryr0) - LG - LEArp)e Forriatarieradfrdrdr,. (8)
[
We will use this expression as a starting point for sum fre- A. Small particles

guency scattering from small particléSec. 1l A). In Secs. To consider the scattering from small particlesth size

B and 111 C we will implement approximations that are gimensionc) we decompose the local-field factors into even
generally employed in nonlinear surface spectroscopy. and odd parts as
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£(ry=ckevenr) + cloddr), (9) The interactions are now split into a centrosymmetq.
(10)] and an anticentrosymmetric pdgqg. (11)]. Expanded
where in powers ofo/\, the lowest order contribution t6%°"*1r)
£eveney = 2k ) + L)), (100 comes from(a/\)°. Likewise £509qr), is determined by
‘ : ‘ (o/\)L
£y = 202K (r) - £7X(r)) (11) If we expand the phase factors in K@) as well, we can
@ -2 a @ ’

decompose the effective susceptibiliyg. (7)] in powers of
where £X and £ are the normalized local fields of the o/\. The zeroth-order contains all even parts of the local
wave, propagating in the forward and backward directions. field

KoKk =f LR ) - LNy - LN ) oy, (12

ao,al,a2

The next order ifa/\) is obtained by expanding the phase factor in @yor by using the odd part for one of the local fields
yielding:

ag ¥, ¥ 0

o2 = j L0 r) - }(r,ra o) - LeE*Nry) - L2 ) d orad,
+ f Lo r) - }(r,ra,ro) - Le2ry) - L2 )b oy,
+ f Loy - X ry,rp) - L) - L2 ) drydr,

0

+i f /:;zo'even'tr) x(r,rory) -ll';i'e"e’(rl)ﬁige"e’(rz) X (kg -1 +ky-ry+ky ry)d3 d¥ d,. (13

For a centrosymmetric particle we have upon inversion of This separates the experimental geométontained ink

the spatial coordinates: andu,) from the particle properties in the field factors. The
- . 14 omitted terms are of second or higher ordefdri\), which
X(rryrg) == x(=1,~ 11,5 14 can be neglected for small particles. For small particles we
and for the local fields we have upon inversion, can expand’ 235&1552 as
EI;'nelver(rm) =£;Ir(n’evert—rm) =£l;}:ver(_rm)y (15) FkO'kllKZ =~ Fd ‘U, U, -U, +FQO'ua . kO'ua U,
@0, @1, 0 1 2 0 1 2
LK) = LM =1 == LM rp). (1) + 11Uy Ugy K1 - Uy,
Thus, for all second-ordgiand other even-ordgnonlinear +FQ2 “Ugy Ug, *Ug, Ko, (17)

processes the leading ordgEg. (12)], vanishes since the . .
contribution to the integral &fr,ry,r,} is cancelled exactly where the third-rand’y and the forth-rank’q tensors de-

by that at{-r,-r,,-r,}. The first nonvanishing terms are scribe the dipolgd) and quadrupol€Q) contributions and
given by Eq.(13). For a noncentrosymmetric obje@tith a  depend on the properties of the scattering object only. For
noncentrosymmetric shape or made of noncentrosymmetriSHG scattering from small spheres the above expression has

materia), Eq. (12) is the leading-order term. been evaluated previously by Dadapal®
In the limit of small scattering particles one can separate
the properties of the scattering objects from the experimental B. Index matched particles

geometry. In the zeroth-order approximatigly®®"is given

by the electrostatidk —0) approximation, which can be In Secs. Il B and Il C we consider nonlinear index-

) K eve < ) matched Rayleigh-Gans-Deby®&GD) and small contrast
written as L*"*1r) = Lgaidr) U, Where Leadl) iS @ wentzel-Kramers-BrillouifWKB) scattering. From now on,
second-rank tensor. The next term, linearkinleads to a e shall restrict ourselves to a local form of the second-order
nonzero contribution£X°%r)~ M(r):u,-k, whereM is a  susceptibility, i.e.,}(r ,r1,r2)=x@(r)8(r =r,)8(r -r,). Fur-
third-rank tensor. thermore, we shall assume that the scattering particles are
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made of centrosymmetric material so thé®(r) is nonvan-
ishing only at the particle surface. These assumptions are
very common in nonlinear surface spectroscépiquation

(8) then takes the form of a surface integral,

I :35 L") - xX2A0) - L)

0 @2

- LX2(r )@ kotkatka T2y (18
a

Before considering the cases of index matched and small
index contrast scattering, we remark that the optical fields in
the vicinity of an interface can be strongly screened by the
surface. The local-field factor§® depend on whether the k,
fields are evaluated outside or inside the parfielg® ap-
pearing in Eq.(18) is an effective integrated nonlinear sus- k, 0
ceptibility, which must include the surface screening effects k, 0, :
(that are intrinsically nonlocal Consequently, the values of
the elements of'? depend on the definitions adopted. It is
assumed in this work that the fields are evaluated at the outer Effective surface
side of the particle surface and the nonlinear source is lo-
cated outside. Furthermore, §48) assumes that the curva-  FIG. 2. lllustration of the analogy between a sum frequency
ture of the particle surface is small on the scale of the screergcattering experiment and a surface sum frequency experiment in
ing length so that the concept of the effective surfacdeflection mode from a planar surface. Top panel: Scattering geom-
susceptibility® is applicable. etry with relevant parameters. Bottom panel: Surface analogy.

Equation(18) can be evaluated if the local field factot§
are known. If the refractive index of the partidie,) and the  fective surface(i.e., parallel toq) and|l refers to directions
surrounding mediunin,,) are matched, such thi(n,/n,)  parallel to the effective surface. The solutions for the trans-
-1)| <1, the local fields can be assumed to be identical to/erse scattered sum frequency fields become
the incoming fields. This approximation is known as the
Rayleigh-Gans-Debye approximation in whi€h(r)=u,,.

The effective second-order polarizability can then be writ-
ten as:

w2 iKor 0
Eppplr) = — E91E2 YR COSE[(F(E)J_J_ +I'?})cos B

6
+(T? | -T? )cog0- B+2a)] - S'”g[(rﬁﬂ
Rl =ff U () - X P(r) Uk - Uz o

T = I@)sin g+ (I, + T )sin(6- B + 2a)]},
(19)
(20

with g=-ky+k;+k,=qg the scattering wave vector. For an
arbitrary particle shape we can now find the scattered field, w2elkor P
Eq. (6), in terms of'®. Essdl) =- Swlng—zl“ﬁzh(cosﬂ cos(— + a)

It is enlightening to draw an analogy between sum fre- 2cr
quency scattering and conventional sum frequency genera- 0
tion from an(effective) planar surfacé® We define this ef- +sin g sin(— + 01)), (21
fective surfaceélower panel of Fig. 2to be orthogonal to the
scattering wave vectay (illustrated in the top panel of Fig.
2). Thus, we can envisage the scattering particle as an effec- w2ekor @ 0
tive surface with its norma(z) parallel toq. In sum fre- Eqpdr) = — £1E°2 2c2r %) co 2 tal, (22)
quency generation from a surface it is the interface that
breaks the inversion symmetry, leading to a second-order '
nonlinear response. For a centrosymmetric index-matched L oo, @ o 6
particle it is the spatial variation of the phase faceft', Bpsdr) = = £mE% 2¢r iieos 5 23

which lifts the inversion symmetry. In this picturB® plays

the role of the effective Susceptlblllty of a surface. For awhered is the Scattering ang|a is the ang|e betwednl and
symmetric particlgsimilar to an isotropic surfagehere are (i, +k,), g is the angle betweek, andk,, andp(s) refers to
0?2]))/ four independent element€? |, I'?), I'?, and polarization parallel(perpendicular to the plane of inci-
r

\11» Where L refers to directions perpendicular to the ef- dence.
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If we introduce angled, ; , as in Fig. 2 we can rewrite TABLE I. Values of the elements of the effective second-order
Eqg. (20) as polarizability I'® for sum frequency scattering from a sphere with
radiuso, in terms of the local susceptibilitigg? and experimental
Eppp1) < 2(T'?, | sin g, sin 6, sin 6; observable$, 6 and o.

+ T2 sin 6, cos 6, cos 6,

@ @ 4.2, @
_ Fﬁ)J_COS 6 COS 6, sin 6; I Zﬁ(BXLLL+A(XL\\ XL X))
-T7@ i 2 2
L'} cos by sin 6, cos 6;). 249 1, m(AX?, | +(A+2B)XT - AGT + 0T )
Apart from a geometrical factor, this expression corresponds P " @
exactly to that found for a conventional surface sum fre-I'") a(AK, X F )+ (A+2B)XT -AxT)
quency experimer{tvhen the Fresnel factdi%are neglected,
which is essentially the Rayleigh-Gans-Debye approximar® wA?, | -x7 ) -Ax? +(A+2B)x?)

tion). The difference lies in the nature of the detection. In a
surface sum frequency experiment one detects the Whollg
SFG signal in the far field and has to take into account the
illuminated area of the surfacgesulting in an amplitude
factor that scales with 1/cos). In the scattering experiment B (61 / g2 (202~ 2)sin(qo) - qol 6?o®/ 3 - Dot qo)}
only a small portion of the scattered field is collected, deter-
mined by the solid angle of detection.

For a given particle shapB® can be expressed in terms  If we apply this to scattering by a spherical particle, the
of the local susceptibility elements, the scattering angle antpcal field at theouter sideof the surface can be written as
particle dimensionboth contained ing). For an isotropic K K )
medium we only need to consider the surface contributions. Li(r) = ug explionk; -1 +ki-r[]). (26)
For a spherical particle we can write

(61 /gto?{2(1 - q20?/ 3)sin(qe) - 2q0 cosqa)}

Effectively this restates that the wave becomes phase shifted
. . . iqr 42 as it exits the sphere. Namely, fé&f-r <O (on the illumi-
'Jk(Q)_ 2 Xaﬁ*/ (€, Ui)(eg - Uj) (e, - Ut dT, nated part of the partic]ethe two terms in the exponent
cancel each other anﬁklau i
(25) With the aid of Eq (18) the effective surface polarizabil-

where the integral is over the particle surfagé, are the ity of a sphere in the WKB approximation becomes
elements of the local surface susceptibility, ag; , repre-
sent_ the unit vectors of the sphe_rlcal coordinate system of the (2)a . 38 [uko @(r) . ukl ukz]exp( iq-r)
particle. The resulting expressions for the elementd™éf 12
are given in Table | for an isotropic spherical parti¢fer
whic?w x'? has only four independgnt ellczame]r)ts parte xexpiong(~ko-r+ ko rf) +iony(ky ¥
+lkyr) +idny(ky o1+ ko Tl (27)
C. Small index difference For a centrosymmetric sphere one can also use the symmetry
One of the successful models, that has been used in thaf x'2 upon inversion of the spatial coordinates, namely,
past to describe linear scattering, is the so-called Wentzel-
Kramers-Brillouin(WKB) approximatior?’ It can be applied
to particles, which have relatively small refractive index con- I ‘\
trast (6h=n,—n,) with the surrounding medium, i.elon|
<1. In the RGD approximation the electromagnetic wave is
assumed to travel through the particle, without being modi-
fied in any way by its presence. It has been demonstrated the c
in linear scattering the most important refinement lies in the
phase-shift that an electromagnetic wave experiences as
travels through the particf€. To embed this first correction
in the RGD approximation, one can assume that the wave:
retain their parallel character, without changing direction or
amplitude. Hence the phase on the directly illuminated half
of the particle(the white area in Fig.)3s exactly that of the
incoming wave, whereas the phase of the outgoing wtne
grey area in Fig. Bmust be corrected by an amou#iil k;,
whereédn; is the refractive index contrast at the frequency of  FIG. 3. lllustration of the Wentzel-Kramers-Brillouin approxi-
the ith wave, having wave vectdt; and|; is the distance mation. At the surface of the backsit#ark areathe wave is phase
travelled by the wave inside the particle. shifted.

A 4
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x2(=1)==x?(r). lated scattering, i.e.§(q)=1. Consequently, the total scat-
tered intensity can be described by an incoherent sum of the
scattered intensity of the individual particles. For a dense
suspension, the particle positions become correlated, leading
to correlations of the phases of the scattered fields, so that

The integral in Eq(27) runs over the whole spherical surface
and, thusy can be replaced byr-We can rewrite the inte-
gral as a half of the sum of these two forifi&., withr and

-r). This gives S(g) # 1. In a disorderedfluid) suspension the structure fac-
tor S(g) will reflect the short-range order between the neigh-
F(azg,al,af ijg U';g x2(r) U';i : u'jéexp(i nglko - r| bors, while if the particles form a regular periodic structure
(as in colloidal crystals, for examplethe long-range corre-
+idn|ky | +idnyky - r|)sin(q - r = dngkg -1 lation between the particle positions leads to development of
£ oKy T+ Ok, - 1) 28) t/k;itlgﬁzgg peaks i18(q) at specific values of the scattering

If we compare these expressions to the ones obtained using Thus, the effect of particle correlations on nonlinear scat-
the RGD approximation it is clear that if the refractive indextering is very similar to that in linear optics. However, an
contrastén, becomes appreciable and frequency dependerihteresting aspect appears in the forward scattering,gfor
ong# 8ny # dny,, the scattered intensity in the phase matched=0. In linear scattering and diffraction extraction of useful
direction(g=0) is not necessarily 0. information in the forward directioriq=0) is complicated
due to the presence of the strong primary beam. In contrast,
this is not necessarily the case for nonlinear scattering as one
can directly measure the scattered field in the forward direc-
So far, we have considered scattering from only one partion. At q=0 the waves scattered by different particles have
ticle. In general, even the linear-optical problem of light in- the same phase, which should lead to a development of a
teraction with scattering media consisting of many scattererBragg-type forward peak even in disordered structures with-
could be very complex and could include such effects a®ut long-range order. For periodjcrystalling arrangements
weak localization of light and coherent backscattefhgf.If of scattering particles comparison of the “true” Bragg peaks
scatterers are organized in a periodic structure, photonitat g+ 0) and the forward peakat q=0) could open novel
band gaps can be open&f! Here, we restrict ourselves to approaches to access information on e.g. long-range ordering
much simpler situations when scattering is weak so that onéfom a nonlinear diffraction experiment.
can neglect the effect of the scatterers on the wave propaga- As discussed above, the forward scattering intensity of a
tion (i.e., one can ignore multiple scattering of the incidentsingle particle could be very weak, which could complicate
waves. For a system of many scatterers one has to take intthe observation of the forward nonlinear scattering peak. In
account the fact that the phases of the scattered waves cire case of second harmonic generatieh=w,) the inten-
become correlated. In the following we assume that thesity scattered exactly into the forward direction should van-
sample consists oN identical particles, which are spheri- ish due to symmetry reasons. A forward SHG peak observed
cally symmetric, i.e., their scattering field does not dependn Ref. 16 in transmission through a system of silicon nano-
on their orientation. Furthermore, it is supposed ffiaear-  clusters in a silica matrix was associated with spatial inho-
optical) scattering is weak so that one can neglect the effectnogeneities in the medium on length scales exceeding the
of the scatterers on the wave propagatioa., one can ig- wavelength or a gradient of the light intensity in a tightly
nore multiple scattering of the scattered wave focused laser beafi.Both explanations imply that the for-
We then have to sum up all the scattered welzpsGiven ~ ward SHG peak must be broader than the angular width of
the assumptions mentioned above, these fields have the satie excitation beam, in agreement with experiniénn the
amplitude but may possess a different phase that arises fronase of sum frequency generation, # w,) with a noncol-
a position-dependent delay of the fundamental fields and thknear excitation geometry, however, the symmetry does not
varying path length of the scattered fieldbe distance be- forbid forward scattering from a single particle even if the
tween the scatterer and the detectny}). In the Fraunhofer latter possesses spherical symmetry. As shown in the preced-
zone (i.e., |rj—rk|<\s‘°)\|ro|) we can write for the scattered ing section and further illustrated in Sec. V, the forward scat-

D. Correlated scattering

intensity, tering intensity remains finite for a finite refractive index
- . e el remark te that for given directions of th

_ 20—y — P iq(ri-ry) s a final remark, we note that for given directions of the

(@) glgi [E[*e NIE| Ele : k’ (29 fundamental beamsy can be finite for any detection direc-

tion since its lengthigiven by |g|=|-ko+k,+k,|) is deter-
where the brackets denote an ensemble average. This bragkined by both the incidence angle and the refractive indices
eted term is known as the structure factsiiq) in x-ray  for each different wavelength. In this case the resulting in-
diffraction3233If the concentration of scattering particles is tensity should depend on the sample thickriéssthe direc-

low there is no positional correlation between the emittection at whichq reaches its minimum valug,,,. For dgun
fields of the individual particles and the only nonzero contri-< 1 the whole sample volume will coherently contribute to
bution to the sum in Eq(29) arises from terms witj=k.  the forward peak. Otherwise, falg,,,> 1, the intensity of
This means that we are dealing with independent scatteretae forward scattering will display beatings as a function of
and that the scattered intensity can be described by uncorrére sample thickness.
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IV. EXPERIMENT

To test the theory presented above we have performed
infrared-visible sum frequency scattering experiments on o
colloidal suspensions consisting of submicron particles. In- g ppp
formation about the local environment on the particle surface 5 |a
can be obtained by analysis of both the spectrum and the S L
angle dependence of the spectral features. From the spectrum > | ssp 0=342 nm
information about the local structure can be obtained, as the '@ " ppp
abgence or presence of local inversion symmetry leads to g ssp =123 nm
distinct spectral featurésThe angle resolved data can be =
used to extract information about the orientation. The sum 8 WDBP st e
frequency scattering experiments were performed using @ - ssp 5=69 nm
10 1J (120 f9 infrared (IR) pulses(repetition rate 1 kHz, I I I ] 1 I

FWHM bandwidth of ~180 cnm') centered around 2700 2800 2900 3000 3100 3200
2900 cm? and 3.0uJ, 800 nm visiblg(VIS) pulses with a IR Frequency (cm™)

10 cm! bandwidth. The selectively polarized IR and VIS
pulses were incident under a relative angle of (&°and

IS
o
T

were focused down to &0.4 mm beamwaist. Note that the zjgzé";‘m
beam diameter at the focus is three orders of magnitude 0 — o=342nm |

larger than the particle radius, so that field inhomogeneities
across single particles are negligiBf’ The scattered light
was collimated with a lens, polarization selected and dis-
persed onto a gated, intensified charge coupled d¢GC®)
camera*3° The angular resolution was controlled by an ap-
erture placed in front of the collimating lens and was typi-
cally 12°. The samples consist of dry stearic alcohol
(C1gH370H) coated® silica particled” dispersed in CGl Angle 6(deg)
(99.9%, Baker Analyz'eleth radii (‘T_) of 342 nm, 123 nm, FIG. 4. Top panel: SFG spectfgray lineg and fits(black lineg
and 69 nm. The colloid volume fractions where, respectivelyyptained at different polarization conditiotthe three letter codes
5% (0=342 nm, 4% (0=123 nm, and 6.7%(s=69 NM.  next to the spectra indicate polarizatiofs for horizontal, s for
The sample cell consists of 2 Caplates separated by a 1 vertical with respect to the plane of incidence for SFG, VIS, and IR,
mm Teflon spacer. respectively at a scattering angle of 26°. The angular resolution
was 12°. The intensities are corrected for polarization dependent
detector sensitivity. The solid lines are fits as described in the text.
V. RESULTS AND DISCUSSION Bottom panel: Calculated intensities as a function of scattering

. . angle. The shaded area indicates the angle for which the spectra in
Figure 4 shows SFG spectra of stearyl-coated silica pafgg top panel have been recorded.

ticles with radii of 69 nm, 123 nm, and 342 nm, respectively.

Only two (pppandssp polarization combinations are shown at 2930 cm. The central frequencies were obtained from a
(top pane). The intensity ratio is very well reproduced by the |inear infrared spectrum and a Raman spectrum of the same
RGD theory as witnessed by the bottom panel, which showgipig sample. This fit procedure is justified, because for a
calculated scattered power over a solid angle of(h2drked  iyen scattering angle, the transverse component of the scat-
by the shaded argaThe solid lines in Fig. 4 are fits to the (areq field is a linear combination of the components of the
data, obtained by convoluting the effective susceptibilitygffactive nonlinear spherical polarizabilify.2

2 . . .
I'?(w,) with the electric field envelope of the upconversion Figure 5 shows the scattered intensity for the symmetrical

Intensity (arb. units)
= N
==

o
3
P
.
e

pulseE(w,) 2253839 CH; stretch vibration(|Agm cf?) of the stearyl groups at-
S @ 2 tached to the surface of the 342 nm and the 123 nm particles
lo(ws + wp) = - ' () ® E(wp)| as a function of the scattering anghe As the contrast be-

tween the particles and the solvent is relatively small, we see
that the RGD approximations provides a good description of
An (30) the scattered field. Both fits were generated with the same

(01— o) +iY,' vazlues ;or the elementzs of ;[he susceptibility teznsor,znamely,
wheren refers to a vibrational modey,, is the resonance Xiﬂl‘/xi)%i:—O.ZQ, XI(IL)M/X(L)M:Q'ZS' and x7, /x?)
frequency, and, the spectral half width at half maximum. =0.32. Figure 6 shows a comparison between the RGD and
The fits were obtained using all five well-known CH stretch WKB approximations. Angular distributions are 2calculated
resonance® the symmetric CH and CH stretches at for different radii. The input parameters arg’” =1,
2890 cm® and 2853 crfi, the asymmetric Ciland CH  x',=0, x|7,=0, x{7, =0, and\,;=3448 nm,n;=1.49, \,

stretches at 2980 crhand 2910 cmt and a Fermi resonance =793 nm,n,=1.46,\,=645 nm,n,=1.46 and a realistic re-

I'?(wy) =

115106-8



NONLINEAR OPTICAL SCATTERING: THE CONCEPT. PHYSICAL REVIEW B 70, 115106(2004

L ©=342 nm —~ 29T, 5n,=0 5n,=-05, sn=05 [, _
- 2 -« 8n=1,8n,=-0.5, 3n,=-0.1 [
H c — 8n,=0,8n,=0, 3n,=0 ;
3 S 15
< g
S
e - 1.0
80 2
Angle 6(deg) g 05
Tt 6=123 nm 00
St T TN e 40 20 0 20 40
- Scattering angle 6(deg)
-"‘ 1 1 1 1 7
20 40 60 80 o
Angle 6(deg) —_ 5 E '
% i ““ "', Il
FIG. 5. The angular distribution of SFG intensity for the sym- = s
metrical CH; stretch mode for silica particles witth=342 nm(top g | N
pane) and 0=123 nm(bottom panel The dashed lines are fits to XS . g N
the data using Eq20). = g
] % S ’
i< * , ’
= |-~ 6n=0,5n=-05, 6n2=-0.5““ p /)
- - ---8n=1,8n,=-0.5, 8n,=-0.1 * X e /’
RGD approximation o= 10 Tiifs — 8n,=0 ,5n,=0, 8n,=0 R O
L -- WKB approximation ! | oLL | !
P . — -4 2 0 2 4
B 7 N Scattering angle 6(deg)
/ \
| // \‘\.\ FIG. 7. Scattered intensity for a single sphere with a radius of
/ N 1000 nm in the Wentzel-Kramer-Brilliouin approximation, with dif-
| /,/ N\ - ferent values ofdng;, demonstrating that in contrast to the
/ \'\\ Rayleigh-Gans-Debye approximatiofng ; ,=0) there can be scat-
7_,,/ | | | | tered intensity in the phasematched direction if the index contrast
| increases.
N\ =342 nm

~ [ fractive index contrast ofn;=—0.1(defined as the difference
between the solute and the partjcl€or these values both
n A . approximations produce the same radiation pattern for the
/ ! . small (10 nm particles. For larger sizes, the phase shift be-
i comes significant and the scattering patterns start to differ.
For relatively large particleél um) the difference becomes
appreciable, especially at larger angles. This effect was also
observed when the RGD and WKB approximation were
o= 1000 nm - compared in linear scattering experime#t3his shows that
for samples like the stearyl-coated silica particles in Qo
N Rayleigh-Gans-Debye approximation is valid and that typi-
cally for micron sized particles one needs to take into ac-
count the phase shift that the waves experience as they travel
Lo\ n through the particle.
i ,,-" \ Figure 7 shows several calculations for the scattered SFG
\: )/ \i /A ,« intensity as a function of the scattering angle for several
V1MV NS e refractive index contrasts. It shows that, in contrast to the
0 20 40 60 80 Rayleigh-Gans-Debye approximation there can be scattered
Scattering angle (deg) @ntensity in the phase matqhed direction if the index contrast
increases. If we also take into account the notion that at this
FIG. 6. Comparison of the Wentzel-Kramers-Brillouin approxi- Scattering angle the scattered intensity becomes proportional
mation to the Rayleigh Gans Debye approximation for sphericafo the square of the number of particles in the suspension, we
particles, with a radius of 10 nm, 342 nm, and 1000 nm. It showgnight expect a peak in the phase matched direction. In our
that for larger particles the phase shift becomes significant and thexperiments with colloidal particles dispersed in C8bw-
scattering patterns start to differ. ever, we were not able to observe a peak in this direction.

SFG Intensity (arb. units)
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This could be due to the small contrast in our sampleBrillouin) scattering and correlated scattering. We have com-
(|én| < 0.1 for all wavelengthy in combination with the rela- pared these results to data from sum frequency scattering
tively small radii. For a drieddrop-casteglsample of col- experiments and found that for particles with radii up to
loids we did observe a small signal in the forward direction.several hundred nanometers the RGD approximation gener-
Due to a poor resolution we were not able to collect anates a good description. Phase differences upon traversing
angular dependent intensity plot. It does, however, corrobothe particle need to be incorporated for larger parti¢fes

rate our predictions. comparable refractive index contrast
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