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1. Introduction

We consider the design of optimal controllers for the following nonlinear stochastic
system:
System S1

The evolution of the 'stare”™ is described by

2(t) = £(6,x(0), u(t), £(8)) , tefo,tf], ¢h)

with measurements y(t) = g(t,x(t), n(t)) , (2)
controls u(t) = h(t,I(t)) e U , (3)

and performance index J = E{cTx(tg)}. {4)

"state" variables, and the initial "'state" x(0)eX(0)

Here x(t)eEDl isg an n-vector of
with probability one, where X(0)CZED is a given convex, bounded set., The system
noise, £(t)eV w.p.l., and fhe measurement noise, n{t)eW w.p.l., are both vector
stochastic processes and VCET, W<EY are given convex, bounded sets of possible
values. USER is a given set of admissible values for the controls u(t), which are
vector-valued functions h{t,I(t}) of the set of information I(t) available to the
controller at time t; I(t) is a specified subset of the a priori information I(0) and
the measurements y(t), te[b,tf]. In the expression for the performance index, ceEl
is a given vector, and the expectation is taken over all possible initial conditioms
x(0) and all possible realizations of the noise processes g(t) and n(t).
The control design problem is to find the function h(t,I(t)), te[b,tfj which minimizes
the performance index J for specified information sets I(t), te[p,tfj.
Following Joffe and Sargent(l}, we appeal to the theory of ordinary differential
equations with Lebesgue-measurable input functions in order to obtain a set of
assumptions which guarantee the existence and uniqueness of solutions to equation
(1) for given initial condition x(0), noise realization £(t) and admissible control
u(t), te[0,tf]:-

(i) Each admissible control u(t) and each noise realization £(t) is a measurable

function of t on the interval Eb,tf].
(ii) TFor each possible set of values %, u, &, the function f(t, %, u, &) is a
measurable function of t on the interval EO,tf].

{iii) For each te{b,tf], £(t, %, u, £) is continuous in X, U, and £ for 3ll possgible
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values of these variables.
(iv) There exists a function S{t), summable on {C,tf}, and a function ¢(z), positive

and continuous for z 3 O but not summable on [O,w), such that

|1£Ct,x,u,8) || € sy /o] |z

for each possible t, %, u, and &.
{(v) There exists a function M(t), summable on [@,tf], such that
l (X_X, )T(f(tsxsu9€) - f(tax‘ ’uag)}I‘S M(t)- I IX"X' I 12

for all possible t, x, %', u and &.
These conditions also ensure that the set X(tg) of states reachable w.p.l. with some
possible initial condition, control and noise realization, is a bounded set.
We note that by requiring £(t) to be measurable in t we exclude the possibility that
£(t), and hence also x(t), are Markov processes. Thus x(t) does not represent a state
in the stochastic sense, but for a given realization of the system noise it has all
the properties required of a state vector for a deterministic system.
It is well known that systems with more general performance indices than (4) can often
be put in the form of S1 by adjoining extra state variables with appropriate defi-
nitions. These systems can therefore be treated, provided that the adjoined variables
and functions also satisfy the above conditions.
A variety of control problems can be posed for 81 by suitable choice of the information
sets I(t). For example this set may consist of just the current set of measurements
y(t), or perhaps past measurements at a sequence of times or over a specified time
interval. Feed-forward control policies are obtained if I(t) = I(0), teE),tf].

(1

Joffe and Sargent considered the cases of feed-forward control, and feed-back control
based on continuous exact measurement of the state x(t). They also considered sub-

optimal controls based on the functional form;
u(t) = hit,x(t),a(t)) (5

where h(t,x,0) is a given heuristically derived function, and o{t) is a vector of
parameters which are chosen optimally.

Their approach was to assume that the noise £(t) and the initial state x(0) satisfy
certain smallness conditions, and then to derive a deterministic model which predicts
E{x(t)} for a specified control policy. In this paper we shall extend their treatment

to deal with more general feed-back controls.

2. A Modelling Theorem

Suppose that we have a system as described in S1, and a mathematical model of this
system which enables us to predict the performance index for any initial condition

and any control law of the form of equation (3). More precisely, if Jg(h) is the

value of the system performance index, using the control funetion h(t,I{t)) with speci-
fied I{t), teED,tf] and initial condition x(0), and Jp(h) is the value of the model

performance index using the same control function, information sets and initial con~
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dition, then there exists a § 3 O such that
[Jg(m) - Jp(h)| < 6 (6)

for all possible h(-,-), I(t) and x{(0).

Now suppose that we have solved the control design problem for the system for a given
specification of the I(t), obtaining the optimal system control function hg(t,I(t))
with corresponding performance index Jg(hg). Similarly, we solve the design problem
for the model with the same specification of the I{t), obtaining the optimal model
control function hy(t,I(t)) with performance index J,{(h,). Then we have the following
theorem:

Theorem 1

If the system and model satisfy condition (6), and if hs(t,I(t)) and hy(t,I(t})) are
the optimal system and model control laws respectively for specified information sets

I(t), tel0,tf], then
[Jg(hg) - Jgthg)| § 28, [Ip(hm) - Jg(hg)] ¢ 38 (7)

Proof

From condition (6} we have
|Tg(bp) = In(by) | < 8, [Ts(he) = In(hg)| < 8 (8)
It follows from the triangle inequality that
[Ty - Jplhy) + Jnhs) - Js(he)| s 28
But from the optimality conditions Jg(hg) & Jg{by) and Jpu(hp) & Jy(hy), and hence
sty - Js(hs)| € 28, [In(hg) - In(hy) | & 28
To obtain the second inequality in (7), we use the first part and condition (8):
p(hn) - Jg(he) | = [Inthm) - Jg(hn) + Js(hm) - Jg(hg)]
§ [Im(om) = Jsw | + [Js(bn) - Ts(hsd| < 3
Q.E.D.
This theorem tells us that the model optimal control law applied to the system will
produce a performance index within 0[6] of the true optimal result, and that the optimal

performance index J(hy) computed from the model is an OEQ approximation to the true

optimal value.
It therefore remains to find good manageable models for nonlinear stochastic systems,

and since J is an expected value it is worth looking for deterministic models for its

prediction.

3. Deterministic Models for Small-Noise Stochastic Systems

If, in addition to the conditions listed in Section 1, the second partial derivatives
of £(t,x,u,f) and gl(t,x,n) with respect to x, &, n exist, and are Lipschitz continuous
on X{tg)xv and X{tg)xW respectively, thenm it is possible to use Taylor expansions to

obtain the following models:
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Model M1
() = £(t,x%(8),u(t),E%(t)) , te[0,tf] ©)
y*(t) = glt,x*(t),n*(t)) (10)
J* = ch*(tf) (11)
where £%(t) = E{g()} , n*(t) = E{n(e)} (12)
Model M2

2 (E) = £(t,x%(8),ult) E*(£))+z(t) , te[0,te] (13)
yR(r) = g, x* () ,n*(0))+r {t) 14)
J% = cTx*(tg) (15)
where T zX(t) = } trace [f%XP(t)+fE€Q(t)] (16)
tk(t) =} trace {g%XP(tHgl;nR(t)} (17)
B(t) = £,P+PfL (18)

Q(e) = E{8E(t). 8T (e)] )

R(t) = E{6n(t).6nT ()] 3
Ex(t) = B(E(D)} SE(E) = E()-E*(D) ) a9

() = Eln(t)} () = -1 )

We then have the following basic approximation theorem for Model M2:

Theorem 2
Suppose that, in addition to the agsumptions stated previously for system S1, the

foltowing inequalities hold for some finite, positive constants A, B, C, ¢, and each

t‘e[O,tf]i

£
Z B{[]se(t) || %}ae < tge? E{][8x(0) |3} ¢ A%3
t
‘4 E{| s ()] |2]}se(e") | {}dr ¢ tged E{]|sx(0)|]2]]s(e"y ]|} <« A%e3
13
{ E{] sty ]| |]65¢t™)||?dt ¢ tged E{||sx(0)|].]]6e¢t") | |2} ¢ Ae? (
20)
tf )
S TEGsE @) 8eT (e} |de < tge? [[EC6x(0). 66T (") }]] < Aed
o]
E{|]sn(e)]]3} ¢ B3? E{||sx(e)|].]]6n(e)] ]2} < AB2e3
HE{sx(e).onT(£) ]| « ABe3 2{]]ex() [ 12} len(e) ]} < 42Be3
[|x%(0)-E{x(0)}]] ¢ ce3 | |P(0)-E{6x(0).8xT(0)}]] < Ce3 (21)

where §x(t) = x(t) - E{x(t)}.
Then, for each admissible control u(t), te[p,tf} and given initial conditions x*(0),

P(0), there exists a uniqué solution to equations (13) - (19) of Model M2, and this

Notation Subscripts denote differentiation with respect to the variables concerned,
and superscripts denote elements of vectors. Arguments of functions, where omitted,
are (t,x*(t),u(t),e*(t)).
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solution satisfies the inequalities:

[xx(y-E{x(0)}]] ¢ Kyed , [|P(o)-B{ox{t).oxT () }}] < Kpe? (22)
Hy*()-E{y(0) ] s Kged ,  [3%-7] 5 Kye?]]e]]

where K3, K, and K3 are finite positive numbers.

1

Joffe and Sargent give the proof of this theorem without the results on y*(t), and
on the assumption that C = O, However the required extension of their proof is immedi-
ate and will not be given here. It is useful to note at this point that if C = O then
Ry and Ko are both directly proportional to te.

We also note that if X{0) consists of a single point there is no uncertainty in the
initial state and its rovariance matrix is zero. We may therefore set x*(0) = x(0)

and P(0) = 0, so that C can be taken as zero; it also follows from (18) that P(t) = 0
for all te[O,tf], thereby removing a matrix differential equation from the model and
simplifying z(t).

The same proof shows that Model M1 provides 0[;2] bounds for the quantities in (22),

and again it is not necessary to generate P(t) in order to obtain x*(t).

4, Optimal Controller Design

If the information sets I(t), te(O,tf} are empty the control is simply a function of
time, and Theorem 1 applies with optimal control policies hg(t) and hy(t) for the
system and model respectively. Model M2 satisfies condition (6) with § = kie3tlell,
and it follows that the deterministic optimal control policy for Model M2 is within
O[s?] of the true optimal policy for System S1. Similarly Model M1 approximates the
true policy with an error of 0[?2].

Theorem 2 does not apply as it stands to general feed-back control laws as given by
equation (3). However, if the information sets I(t) are written in terms of the
measurements y(t), which are in turn expressed in terms of x(t) through equation (2),
then substitution of the resulting control law into equation (1) yields an equation
of the same form as equation (1) with a given control policy u(t) substituted, and
Theorem 1 then yields the general result that the optimal model control law is a
suitable approximation to the true stochastic optimal law for any feed-back control
law as defined in equatiomn (3).

We note that the small-noise and smoothness assumptions of Theorem 2 must now apply
to the substituted form of equation (1), and hence to the combined stochastic pro-
cesses E(t) and n(t). Because of the conditions already imposed on g(t,x,n), the
smoothness conditions will be satisfied if £(t,x,u,f) is twice differentiable in u,
and h(t,I(t)) is twice differentiable in its arguments, and all these second deri~
vatives are Lipschitz continuous in the attainable domain of their arguments. Of
course these strong smoothness assumptions may be unduly restrictive, and exclude
control laws giving much more favourable performance. A further difficulty arises

if the information set I(t) invelves information at times other than the current time,
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for the composite substituted equation then describes a generalized dynamical system
falling outside the scope of the theory of differential equations used in Theorem 2.
It turns out that these difficulties can be overcome, and a more general form of

(2)

Theorem 2 obtained ", as will be shown in a separate paper. For the present dis-—
cussion however, we shall restrict ourselves to the subclass of smooth control functions
satisfying the above conditions, with the information sets I(t), te(O,th either empty

or consisting only of current measurements y(t).

4,1 Problems with Known Initial State

In an important class of problems the initial state x(0) is knowmn to good accuracy -
for example in problems of optimum start-up 6f a process, or change of regime from

one steady state to another, or where the state variables can all be measured with
negligible error,

In such cases the smallness conditions concerning the initial state are satisfied with
A = 0, and we may set x*(0) = x(0), P(0) = O in Model M2, satisfying (21) with € = 0.
The model then generates second-order estimateé of expected quantities conditioned

on the known initial state, and Theorems 1 and 2 show that the optimal model control
law is a second-order approximation to the stochastic optimal control for the system
for any feed-back control law.

However, we note that Model M2 is a deterministic system with given initial conditions,
which generates for itself second-order approximations to the measurements y(t) for all
te[@,tf}. Thus the optimal feed-forward policy based on the given initial state will
be within a margin of O[ﬁ%] of the optimal result for any feed-back control law, and

it follows that little advantage is to be gained from the use of measurements in a
feed-back controller in such a situation.

On the other hand, we noted in Section 3 that Kj, and hence the error, is directly
proportional to tg, so that the uncertainty grows with time. If the time interval

of operation is large it may therefore be worth utilizing the extra information gained
from measurements to compensate for this growth of uncertainty, and this brings us to

the case where the initial state is no longer determined to high precision.

4,2 Problems with Unknown Initial State

We now consider the situation where we know only the expected value of the initial
state with its corresponding covariance matrix, conditioned on the initial information
available I1(0).

If we set x*(0) = E{x(0)|1(0)} and P(0) = E{6x(0)6xT(0)|1(0)}, then Model M2 generates
approximations to the corresponding conditional expectations, and we obtain the same
result for the optimal model and system control laws for a given specification of the
information sets I(t). The design of the optimal feed~back control for the determinis~
tic model is still much simpler than for the original stochastic system, but it is

nevertheless a substantial problem, and it is worth seeking further insight.

If the information sets I(t), te(O,tf] are empty, then the model control is simply a



826

feed-forward control policy, and the optimum policy for the given initial state is
easily obtained by standard methods. With non-empty information sets it is clear that
the optimal feed-back conmtrol must implicitly make use of the additional information
to improve the estimate of the state, and it is of interest to examine the conjecture

(3

that an approximate form of Womham's Separation Theorem will apply to the nonlinear
stochastic system. This would imply that the optimal controller can be split into an
estimator, producing an estimate x*(t) of the state from the measurements, and an
optimal feed~back controller based on continuous observation of the state, which uses
x*(t) in place of the actual state.
In this connection we have the following theorem:
Theorem 3
The performance of System S1 is compared under the two control laws
u(t) = hie,zx{&)) (23a)

and ult) = hit,x*(t)) (23b)
giving rise to states xa(t) and xp(t) respectively, where x*(t)eX(tg) and h(t,x) are
measurable functions of t on [b’ti]’ and h(t,x) is Lipschitz continuous in x on X(tf).

Then if the corresponding performance indices are Ja and Jp we have
t
(| |xa(0) =20 () [} ¢ K S B [mp (0)=x* (0] | Jar

Lf (24)
l3a=3u| < K[ le] [ B Pxp () —x% (1) [ | 2

for all teEG,tf] and some Ke{O,m).

Proof

We compare performances with a given noise realization and initial state:
ka(6) = £(t,%a(0),0(E,xa(0)),6()) . xal0) = %o 25
g (r) = £(t,x, (8),h(e,x*(£)),6()) , =xp{0) = %o

From the properties of £{(t,x,u,&) and h(t,x) we have w.p.l.
HECe,xa,0,8)-£(t,%p,0,8) || € L[ lma-m ] [,
HE(e,x,ua,0)-£(6,%,u5,8) || € Lyllua-upl ], (26)

[Th(e,xg)-n(r,xp) || € Lnllxa=mol],
for some finite, positive constants Ly, Ly, Lh. Then from (25) and (26):

d | [xa () ~xp ()] < TTECE, %0 (£) ,h(t,%a (£)),E(£))=E (£, xp (£) ,h(E, 3, (£)) ,E(EN) ||
dt

it

]

+ [TE(t,x (£) ,h(,mp (£)), E(E))=F (£, 35 (1) ,h(t,x% (£)),6 () | |
¢ QL) ] [xa (050 | 141 [ xp () €0 || @

Taking expectations of (27), noting that i‘xa(o)—xb(o){\ = 0, and applying Halkin's
"Generalized Gronwall Lemma”<1), we obtain the first relation in (24) with
K = LyLpexp (Ly+Lylylts < o
and the second relation follows immediately from the definition of J.
Q.E.D.
Of course, Models M1 and M2 can themselves be used as estimators, and with additional

smoothness conditions we can, for example, prove the following:
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Theorem 4
The performance of System S1 is compared under the control laws given in (23a) and
(23b), where h(t,x) is measurable in t and has continuous derivatives with respect
to x on [p,tf]xx(tf), and x*(t) is the solution for Model M1 with u(t) given by (23b)
and initial condition x*(0) = E{x(O)lI(O)}. Then with the small-noise conditions of
(20):
) 3
HE{xa (D) == ()] < Kyéq [E{xp(t)=x* (1)} lar + Kpe2 (28)

for some finite Kj; and K;, where all expectations are conditioned on the initial
information I(0).
Proof
Write 8xa (B)=x, (B)=x* (1), Sxp(t)=xp(t)-x*(t)
SE(E)=E(t)~E*(t), &*(t) = E{&(t)|1(0)}

Using (26) with a similar Lipschitz condition for £:

[EC,xu,0)-£(e,x,0,69) || ¢ Lg||e-gx]], (26")
we obtain from (9) and (25)

d Heoxa(O]] & @yl [[6xa(e) ] + Lellse@) (],

t

d [exp (o) || < Lx|loxp () || + L] ]se(o)]],
dt

and using the Generalized Gronwall Lemma these yield

Hex, ()] ¢ {]]6x,00)]] + Lgdﬁ [18£(t)|]|dt}.exp (Lol Lp)t,
[a]

(29)
[6xp(t) ] € {]]|6xpC0) ]| + Lguﬁ [182(t)|]dt}.exp(Lyt).
0
Taking expectations of (29) and using (20) we obtain
E{[[6xa () ||}  Kae , Ka = (A+Lgt).exp(Ly+Lylp)t,
(30)
E{]|oxp(t) ||} € Kpe , Kp = (A*Lgt).

Also from (20), (29) and (30), using the HBlder inequality for both expectations and

integrals, we can obtain

B [sxace) |22 <ge, el I
FIE(] [6xa(0) || |62 (e)] [ Hat < Kae? d;fE{‘l@Xb(t)]I.Ifﬁg(t)!}}dt < Kpe?
¥4 4

Now from (25), expanding about the values t, x*(t), £{t) we have

k(1) = £+ (fxrfuby) 0xa(t) + va(®) , |lvall < Lalloxa(0)]]2

Bp(t) = £ + £ 0xp(t) + vp(t) s Hvell < Lyl loxy(e)]]2
for some finite, positive L,, Ly. But we may now expand the derivatives fx, £, about
the value £*(t), and since the second derivatives fxr, fyg are bounded there exists
an L < « such that

d {xa(t) = xp ()} = (FRrEghi){xa(6) - xp(e)} + fohpdup(t) + w(t) (32)
dt

* % s s
where fg, fﬁ, hx are evaluated for t, x*(t), £%(t) - and hence are deterministic - and

w(t) satisfies:
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Hw@ [ < 1l [oxg (0 ] [2+] [smp () |12+ oma (o) [ [foa (o) []+] [oxp (o) [ . 86 C0)[ [} (33)

Taking expectations and then norms of (32) leads to
a HE{xg () -xp(e) 3] € Etluln) | 1E{xa () —xp (£) 3] [+Luln| [E{Sxp () H +EL ] [w(e) | |3 3%
dt

and applying the Generalized Gronwall Lemma and using (33) and (31) finally yields
(28) with Ky = Lylhexp (Lx+Lylh)t and Ky = {Kg+Kp+Ka?+Ky? . Lexp (LytLuly) te
GQ.E.D.

From the analogue of Theorem 2 for Model Ml we note further that the integral on the
right-hand side of (28) is 0[62]. A similar proof will show that Model M2 provides
an 0[93] error for ||E{x,(t)-xp(t)}]] and hence for the difference in performance
indices.
Theorem 3 is of interest since it does not depend on the form of the estimator and
shows that the loss in performance of the "separated" controller depends only on the
integral error of the estimate, allowing for example a poor estimate provided that
the time over which it is used is short. Note however that the error also depends
on the magnitude of the noise £(t) since xp(tr) is the actual state, and in fact,
Theorem 3 places quite strong conditions on both noise and estimate to ensure a small
loss in performance.
Condition (28) of Theorem 4 is weaker, but the small-noise conditions (20) in essence
require that the uncertainty in the estimate of the initial state is small. This
brings us back to the situation considered in Sectiom 4.1, and indeed, since Models
Ml and M2 as given in Section 3 simply predict states from the initial state estimate,
without utilizing information from measurements, it is not surprising that we reach
the same conclusion. However Theorem 4 is also of use if the state estimate is updated.
Suppose, for example, that the state can be measured with negligible error at a sequence
of times ty = O, ty, ts, . » . and Model Ml is used for prediction of the state within
these intervals, with x*(ty) = xp(tg) as initial condition. Then we may set A = 0 and
note from (30) that Ky and Ky, are 0[;]. If the integral conditions in (20) apply over
each subinterval [tk,tk+1], more careful integration of (34) then shows that

E{xg (ef)~xp (££) H] ] is O[eztf.Aq], where At is the duration of the largest interval
between measurements., Hence, as would be expected, the loss in performance can be
reduced by increasing the frequency of measurement.
If only noisy measurements are available, as in (2), then Model Ml or M2 can be used
as a predictor in an estimator which makes use of these measurements. For example,
if measurements y(tk), k = 0, 1, 2, . . . are available, then an estimator based on
Model M2 is as follows:

(i) Given estimates x*(tk-lli(tk-1)), P(tk-lil(tk-l)), these are used as initial

conditions with equations (13) - (19) to generate predictions x*(tk!I(tk_l)),
P | Tegp-1))
(ii) These predictions are updated using the measurements at t] by the equations:

K(tr) = Pl TCt-1)) - (89T 8P (b | T(t-1)) (g T + R(e)] 7T
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Pt T(t)) = Pltk] T(ti-1)) - K(t) ghP (g | T(ty-1)) (35)

(1| T(E)) = % (b T(tkm1)) = (i) (v (1) - v*(tg))
where g* is the partial derivative with respect to x of the right-hand side of equation
(14); in the iterated form of the estimator it is the arithmetic mean of the values
at tg-1 and tg.
The proof of Theorem 4 makes no use of the nature of the conditioning in the expec-
tations, and hence the method of proof remains valid for the above estimator, the up-
date of (35) serving to reduce the magnitude of the error due to the integral in (28).
It is important to note that the update also reduces the variance of the state, and
hence the variance of the performance index, so that feed-back increases the probability

(2

of the achieved performance being close to the expected optimal value.

(4>

The analogy with the extended Kalman filter is obvious, and a similar estimator
and corresponding theorem can be developed for the case of continuous measurements.
The small-noise assumptions concerning the initial state are still restrictive, and
in essence are made necessary by the fact that comparison is made between use of the
estimator and continuous exact measurement of the state. What is really required

is a comparison with the true optimal controller based on the same information sets,
but since all the past information is available to the controller this inevitably
leads -us to consideration of a generalized dynamical system, which is outside the

scope of the present paper.
5. Conclusions

Stochastic control problems for a rather genmeral class of nonlinear systems have been
considered in this paper. Deterministic models for the prediction of expected perfor—
mance have been presented, and it has been shown that optimal controllers designed
using the models are good approximations to the true optimal controllers for the sto-
chastic system. Some results have been presented on the use of an estimator coupled
with an optimal controller based on continucus observation of the state.

The problems associated with the non—Markov nature of the system, and relaxation of
the smoothness conditions imposed on the state and control laws will be the subject

of a separate paper.
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