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P
lasmonic nanostructures play an im-

portant role in the development of

applications in nanophotonics.1 These

nanostructures have unique and interesting

optical properties thanks to surface plas-

mon resonances, which correspond to the

collective oscillations of the conduction

electrons.2 These resonances are associated

with a strong scattering and absorption, as

well as localization of light far below the

diffraction limit.3,4 The coupling and hybri-

dization between plasmon modes is a com-

mon technique for tailoring and controlling

their optical properties.5,6 The interaction

between plasmon modes changes signifi-

cantly with the distance between their sup-

porting structures, allowing the design of

plasmonic nanorulers, the optical responses

of which vary with the conformation of

the different nanoelements that compose

them.7,8 These plasmonic rulers were found

to be very useful for the observation of

biological and chemical processes down to

the nanoscale.9�12 Recently, significant at-

tention was paid to plasmonic nanostruc-

tures supporting Fano resonances.13,14

As examples, Fano resonances have been

reported in ring-disk nanocavities,15�17 dol-

mens18�20 and plasmonic oligomers.21�24

Several theoretical models were developed

to describe Fano resonances and their char-

acteristic asymmetric line shape in terms of

coupling between optical dark and bright

modes.25�28 It was also shown that Fano

resonances can also arise from the coupling

between bright modes only.29 In specific

plasmonic Fano systems, the interaction

between bright and dark modes leads to a

window of transparency similar to the elec-

tromagnetically induced transparency ob-

served in atomic physics.30,31 Because of

their narrower spectral width compared to

conventional plasmon resonances and lar-

ger induced field enhancement, Fano reso-

nances have been used for a variety of

applications including plasmonic rulers32,33

and biosensors.17,34�36 The optical re-

sponse of nanosystems close to a metallic

surface strongly depends on the distance

between this object and the surface allow-

ing measurement of very small separations

with high sensitivity.37,38 Recently, 3-dimen-

sional plasmonic rulers based on Fano re-

sonances were designed in the perspective

of the determination of the complete spatial

configuration of complex macromolecular

entities as well as their dynamic evolu-

tion.39Nevertheless, the fabrication of these

3-dimensional complex plasmonic rulers is

very challenging, and disposing of a way of
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ABSTRACT The evaluation of distances as small as few nanometers using

optical waves is a very challenging task that can pave the way for the

development of new applications in biotechnology and nanotechnology. In this

article, we propose a new measurement method based on the control of the

nonlinear optical response of plasmonic nanostructures by means of Fano

resonances. It is shown that Fano resonances resulting from the coupling

between a bright mode and a dark mode at the fundamental wavelength enable

unprecedented and direct manipulation of the nonlinear electromagnetic sources

at the nanoscale. In the case of second harmonic generation from gold nanodolmens, the different nonlinear sources distributions induced by the different

coupling regimes are clearly revealed in the far-field distribution. Hence, the configuration of the nanostructure can be accurately determined in

3-dimensions by recording the wave scattered at the second harmonic wavelength. Indeed, the conformation of the different elements building the system

is encoded in the nonlinear far-field distribution, making second harmonic generation a promising tool for reading 3-dimension plasmonic nanorulers.

Furthemore, it is shown that 3-dimension plasmonic nanorulers can be implemented with simpler geometries than in the linear regime while providing

complete information on the structure conformation, including the top nanobar position and orientation.
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determining nanoscale distances in 3-dimensions

using a simpler ruler structure would open up new

application possibilities. Here we show that a nonlinear

readout for a simple ruler geometry can provide such

configuration information in 3-dimensions.

Over the past decade, a significant effort has been

devoted to the study of the nonlinear optical proper-

ties of plasmonic nanostructures.40 Among the differ-

ent nonlinear optical processes, second harmonic

generation (SHG), whereby two photons at the funda-

mental frequency are converted into one at the second

harmonic (SH) frequency, is the simplest and the most

studied.41�48 The polarization and shape dependence

of the SH intensity has been investigated for both

centrosymmetric and noncentrosymmetric metallic

nanostructures.41�48 Several studies have reported

the observation of SHG from single metallic nanostruc-

tures, paving the way for the design of practical

applications as nonlinear plasmonic sensing,49 sensi-

tive shape characterization50,51 and imaging,52�54 as

well as detailed determination of the surface plasmon

resonance properties.55�57 For practical applications, it

is also important to increase the nonlinear conversion

at the nanoscale and multiresonant plasmonic nano-

structures were found to be an efficient method to do

so.58�60 However, the use of Fano resonances in non-

linear plasmonics has barely been studied, compared

to the linear case.61�63

In this article, the SHG from gold nanodolmens

supporting Fano resonances is numerically investi-

gated using a surface integral equations method. The

influence of the structure asymmetry on the funda-

mental and SH near-field intensity distributions is

discussed in detail. The SH waves induced by the

nonlinear sources supported by the top bar, and the

two parallel nanorods interfere in the far-field leading

to specific SH emission patterns. The influence of the

top nanorod position is systemically investigated,

demonstrating that its position can be accurately

determined in 3-dimensions by recording the SH wave

scattered in the far-field. These results demonstrate

that SHG is promising for reading the complete con-

figuration of plasmonic rulers, allowing simpler geo-

metries than in the linear regime to be used.

RESULTS AND DISCUSSION

The nonlinear plasmonic ruler discussed in this

article is shown in Figure 1, where the different geo-

metrical parameters are introduced. The considered

nanostructure is composed of three nanorods: A gold

nanorod is placed on top of twoparallel gold nanorods.

The three nanorods are 100 nm long, and their width

w is 40 nm. The separation between the two parallel

nanorods d is 60 nm. This gold nanodolmen is excited

by an incident plane wave polarized along the x-axis

and propagating along the z-axis. The top nanorod

supports a dipolar plasmonic modewhich can strongly

couple to an incoming plane wave and can efficiently

radiate light. On the contrary, the two bottom parallel

nanorods support a quadrupolar plasmonic mode

arising from plasmonic hybridization.5 The out of

phase dipole moments supported by each parallel

nanorod prevent this quadrupolar mode from effi-

ciently radiating light in the far-field. As a consequence,

the quadrupolar mode cannot be excited by the

homogeneous field of an incoming plane wave.

The backward scattered intensity is evaluated using

a surface integral equation method64,65 as a function

of the incident wavelength for different values of the

symmetry breaking parameter s (Figure 2(a)) (see the

Methods section for details). In the symmetric case,

corresponding to s = 0 and the top bar situated at the

center of the two parallel nanorods, a strong en-

hancement of the backward scattered intensity is

observed at 780 nm, corresponding to the resonant

excitation of the dipolar mode supported by the top

nanorod.33 Indeed, the coupling between the dipolar

and the quadrupolar modes vanishes in the sym-

metric case and only the dipolar mode is excited by

an incoming plane wave (see Figure 2(b,d)). As the

asymmetry of the nanostructure increases, the opti-

cal response of the dolmen nanostructure dramati-

cally evolves from a strong resonance to an anti-

resonance (dip).31,33 For intermediate values of

the symmetry parameter s, asymmetric spectral re-

sponses are observed as a consequence of the cou-

pling between the dipolar and the quadrupolar

modes. Even though the quadrupolar mode is not

coupled to far-field radiation, this mode can be

excited through its coupling with the dipolar mode,

thanks to the Fano resonance (see Figure 2(e)).33,36,66

In the following, we will show that a change in the

near-field intensity distribution induced by excitation

of the quadrupolar mode dramatically modifies the

nonlinear optical response of the gold nanodolmen,

Figure 1. Schematic of the dolmen nanostructures studied
in this work and definition of the geometrical parameters:
l=100nm,d=60nm, andw=40nm. Theparameters s and e
are modified, and their values are specified throughout the
manuscript.
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allowing designing efficient nonlinear plasmonic

nanorulers.

Let us now consider the SH optical response of a

gold nanodolmen. It is well-known that SHG is forbid-

den in the bulk of centrosymmetric media within the

electric dipole approximation.67 Nevertheless, this

symmetry is broken at the interface between two

centrosymmetric media and SHG arises from metallic

nanostructure surfaces.67 Surface integral equations

methods only require the discretization of the surfaces

of the metal nanostructures, exactly where the SHG

sources are located, and are therefore extremely well

suited for accurate SHG computations, as recently

demonstrated byMäkitalo et al.68 The numerical meth-

od used for SHG computations is described in the

Methods section. Figure 3 shows the SH near-field

intensity close to the dipolar nanorod antenna and to

the two parallel nanorods evaluated for an incident

(fundamental) wavelength λ= 780 nm for the sym-

metric case (s = 0) and a nonsymmetric case (s =

25 nm). In the symmetric case, the SH near-field

intensity is localized close to the top nanobar. Indeed,

the SH sources, i.e., the nonlinear polarization sheets

standing at the metal-dielectric interfaces, are propor-

tional to the squared normal component of the local

fundamental electric field evaluated just below the

metallic surface (see Methods for details).69 Since the

fundamental wave is localized close to the top nano-

rod, this is also the case for the SH wave, and the

SH intensity observed close to the two parallel nano-

particles is weak. As previously discussed, the quad-

rupolar mode supported by the two parallel nanorods

is excited if the symmetry is broken.31,33,36 As a

consequence, the strength of the SH sources standing

at the surface of the two parallel rods increases result-

ing in an increase of the SH intensity at their vicinity

(see Figure 4(d)). Note that the intensity enhancement

related to the quadrupolar mode depends on the

symmetry parameter s and reaches a maximum value

in the intermediate coupling regime.33 These results

indicate that the nonlinear sources distribution on

plasmonic nanostructures can be controlled using a

Fano resonance at the fundamental wavelength. In the

following, the influence on the SH far-field radiation

will be investigated in detail with the aim of designing

sensitive nonlinear remote sensors.

Figure 2. (a) Backward scattered intensity as a function of the wavelength computed for values of the parameter s ranging
between 0 and 25 nm. Normalized near-field intensity maps close to (b,c) the dipolar nanorod antenna and to (d,e) the two
parallel nanorods evaluated for an incident wavelength λ = 780 nm for (b,d) s = 0 and (c,e) s = 25 nm. The same colorscale is
used for the four maps.

Figure 3. SH near-field intensity maps (shown in a logarith-
mic scale) close to (a,b) the dipolar nanorod antenna and to
(c,d) the two parallel nanorods evaluated for an incident
wavelength λ= 780 nm for (a,c) s = 0 and (b,d) s = 25 nm. The
same colorscale is used for the four maps.
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Far-field properties of nonlinear optical processes

are key to the design of remote sensing applications in

the nonlinear regime. Figure 4 shows for different

values of the parameters s and e the normalized SH

intensity scattered in the vertical (O, x, y) plane as a

function of the scattering angle, considering the SH

scatteredwave polarized into the vertical plane. The SH

emission pattern evolves from a symmetric four-lobes

pattern similar to a quadrupolar emission for s = 0 to

asymmetric emission patterns for s 6¼ 0. Indeed, SHG

from metallic nanostructures with centrosymmetric

shapes is forbidden in the electric dipole approxima-

tion explaining why high multipolar modes are in-

volved in the nonlinear optical response.44,45,70 In

order to confirm this assumption, the SHG from a

single gold nanorod was computed, and a nondipolar

response was clearly observed (see Supporting Infor-

mation, Figure S1). In the case of the symmetric gold

nanodolmen (s = 0), SH field is generated by the top

nanorod, and a SH emission pattern similar to that of a

single rod is then expected. For asymmetric nanodol-

mens, the total SH emission pattern observed in a

specific configuration arises from the interference

between the SH emissions from the top bar and from

the two parallel ones, and their relative weights in the

overall signal is controlled by the Fano resonance

occurring at the fundamental wavelength. For a given

value of the symmetry parameter (s 6¼ 0), the asym-

metry of the SH emission pattern increases as the

distance between the top rod and the two parallel

rods decreases, i.e., as the coupling between the

dipolar and quadrupolar modes at the fundamental

wavelength increases. The same effect on the SH

emission pattern is observed if the parameter e is kept

constant and the symmetry parameter s increases,

which also results in an increase of the mode coupling.

Note that themode couplingmodifies the directivity of

the nonlinear emission as observed in the linear regime

for Yagi�Uda nanoantennas.71,72 These results clearly

demonstrate that the SH far-field distribution depends

on the two parameters e and s giving a hint that

efficient 3-dimensionnal nonlinear plasmonic nanoru-

lers can be designed.

In order to quantitatively compare different nano-

dolmen configurations and their emission patterns, an

asymmetry parameter A is introduced as

A ¼
I1 � I2

I1
(1)

where I1 and I2 are the maximal SH intensity scattered

in the upper (y > 0) and lower (y < 0) parts of the polar-

plot, respectively. The asymmetry parameter A is re-

ported as a function of the symmetry parameter s for

different values of the distance e between the top

nanorod and two parallel nanoparticles. The asymme-

try parameter A evolves from 0 for symmetric emission

pattern where the four-lobes are observed for s = 0 to

almost 100% for the highest values of the symmetry

parameter s. The asymmetry parameter A dramatically

depends on the distance e, emphasizing the role

played in the nonlinear response by the coupling

between the dipolar and the quadrupolar modes at

the fundamental wavelength. Figure 6 shows the SH

far-field distribution computed considering an incident

wavelength longer (λ = 860 nm) and shorter (λ =

700 nm) than the Fano dip wavelength. The obtained

Figure 4. Normalized SH intensity scattered in the vertical (O, x, y) plane as a function of the scattering angle considering the
SH scatteredwave polarized into the vertical plane. The geometrical parameter e = 10 nm (first row), 20 nm (second row), and
30 nm (third row), and the parameter s = 0 (black curves), 5 nm (red curves), 10 nm (orange curves), 15 nm (green curves), and
25 nm (bleu curves). The fundamental wavelength is 780 nm. The outer circle corresponds to same intensity for each polar-
plots of a given row. Some plots have been multiplied for clarity.
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value of the asymmetry parameter A for a given

nanodolmen configuration is always lower than the

one obtained for an incident wavelength correspond-

ing to Fano dip. This observation confirms the impress-

ive influence of the modes coupling at the funda-

mental wavelength on the SH response and the active

role of the Fano resonance in the designed nonlinear

plasmonic ruler.61 Furthermore, for all values of the

distance e, the variation of the asymmetry parameter A

is stronger for small values of the symmetry parameter

s, i.e., small symmetry breaking. Indeed, it was reported

that the properties of themode are extremely sensitive

to small geometric perturbations in the weak coupling

regime.33,36 Figure 5 indicates that ultrasensitive mea-

surement of the top nanorod displacement (resolution:

∼1 nm) can be achieved recording the variation of the

asymmetry parameter A. Note that the predicted re-

solution can be modified by the presence of defects in

fabricated nanostructures (additional simulations per-

formed considering a realistic gold nanodolmen are

shown in the Supporting Information (Figure S2) and

indicate that even in such a realistic geometry the

relative position of the different parts in the structure

can be retrieved with a nonlinear readout).51 Fur-

thermore, the resolution is predicted to decrease as

the distance e increases. Nevertheless, the coupling

strength depends on both the symmetry parameter s

and the distance e, and identical values of the asym-

metry parameter A could be obtained for different

parameter sets (e, s). As a consequence, the position

of the top bar cannot be accurately determined in

3-dimensions recording the asymmetry parameters A

only. In the following, we will show that considering

the SH emission in another scattering plane overcomes

this limitation.

In order to demonstrate that the gold nanodolmens

discussed in this work can be used as 3-dimensional

nonlinear plasmonic rulers, the normalized SH inten-

sity scattered in the horizontal (O, x, z) plane has been

computed as a function of the scattering angle for

different couples (e, s) corresponding to an asymmetry

A of ∼60% (see Figure 7). The emission patterns

observed in this plane are different despite similar

values of the asymmetry parameter A. These results

demonstrate that the position of the top bar can be

accurately determined recording the SH intensity scat-

tered into two specific planes. Let us now compare this

3-dimensional nonlinear plasmonic ruler with the lin-

ear one previously reported in the literature.39 The

linear 3-dimensional plasmonic ruler is composed of

five gold nanorods (a single rod placed in close proxi-

mity to two pairs of parallel nanorods).39,73 One nano-

rod pair is longer, modifying the spectral position of

Figure 6. (a) Normalized SH intensity scattered in the
vertical (O, x, y) plane as a function of the scattering angle
considering the SH scattered wave polarized into the ver-
tical plane. The geometrical parameter is e = 20 nm, and the
parameter s equals 0 (black curves, left side panels) and
10 nm (orange curves, right side panels). The fundamental
wavelength is 700 nm (first row), 780 nm (second row),
860 nm (third row). (b) Asymmetry parameter (as defined in
eq 1) as a function of the parameter s evaluated for an
incident wavelength λ = 700 nm (blue triangles), 780 nm
(green squares), and 860 nm (red circles).

Figure 5. Asymmetry parameter (as defined by eq 1) as a
function of the parameter s evaluated for different values of
the parameter e increasing from 10 nm (black curve) to
35 nm (purple curve). The fundamental wavelength is
780 nm.
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the supported quadrupolar mode. A modification of

the central nanorod position results in a change in the

coupling between the dipolar and the quadrupolar

modes and then in the recorded transmittance.39,73 In

the case of SHG from asymmetric nanodolmens, the

scattered wave takes origin from the top bar and the

two parallel nanorods leading to interferences in the

far-field, and the relative weight of the nonlinear

sources is controlled using the Fano resonance occur-

ring at the fundamental wavelength. The results pre-

sented in this article demonstrate that the accurate

determination of the top nanorod position can be

realized using the coupling with only one quadrupolar

mode if SHG is used instead of the linear optic. This

higher sensitivity to the configuration of plasmonic

systems is explained by the symmetry properties of

SHG. Indeed, SHG is extremely sensitive to minute

variation from symmetric configuration.51 For compar-

ison, the relative linear intensity scattered in the vertical

(O, x, y) plane and in the horizontal (O, x, z) plane as a

function of the scattering angle is shown in the Support-

ing Information (Figure S3). As anexample, it is observed

that the lobes intensity varies by less than 3% in the

linear regime (see Figure S3(a), Supporting Information),

while the valueobtained for SHG is 45%(see Figure S3(c),

Supporting Information) for s = 5 nm and e = 20 nm.

Contrary to SH far-field distribution, the asymmetry of

the dolmen nanostructures is clearly revealed in the

linear scattered field distribution only for the highest

values of the symmetry parameter (s > 15 nm for e =

20 nm) emphasizing the benefit of using SHG for the

readout of plasmonic nanorulers. In order to demon-

strate that the complete structure configuration can

be determined using SHG, additional computations

considering rotation of the top nanorod are shown

in Figures S4 and S5 (Supporting Information). These

calculations indicate that a rotation as small as 10� leads

to an asymmetry of 10%, which is clearly observable.

CONCLUSIONS

In summary, the SHG from gold nanodolmens has

been numerically investigated using a surface integral

equations method. The role played by the Fano reso-

nance arising from the coupling between the dipolar

and quadrupolar modes at the fundamental wave-

length has been discussed in detail. In particular, the

influence of the near-field intensity distribution over

the nanodolmen on the nonlinear response has been

emphasized demonstrating that the SH far-field dis-

tribution is dramatically modified when the quadrupo-

lar mode is resonantly excited. Interestingly, a dis-

placement of the top nanorod is clearly revealed in

the SH far-field distribution, and its position can be

accurately determined in 3-dimensions, while this

cannot be achieved using linear optics. These results

show that SHG allows an accurate determination of the

plasmonic nanostructure configurations and that SHG

is a promising alternative to linear optic for optical

sensing at the nanoscale. This work paves the way for

the design of nonlinear plasmonic rulers with less

complicated geometry than plasmonic rulers working

in the linear regime. Furthermore, nonlinear plasmonic

rulers are particularly promising for biomedical and

chemical applications for which compact nanorulers

are expected to be more efficient.

METHODS

The linear optical responses have been calculated using a
surface integral formulation. A plane wave polarized along the

x-axis and propagating along the z-axis is always considered. All

the nanostructures are considered in water (n = 1.33), and the

dielectric constants for gold are taken fromexperimental data at

both the fundamental and second harmonic wavelengths.74

For the SHG computations, the linear surface currents, which are

expanded on Rao�Wilton�Glisson (RWG) basis functions,64,68

are used for the evaluation of the fundamental electric fields

just below the gold surfaces and then used for the calculation

of the surface SH polarization. For the sake of simplicity, only

the component χsurf,nnn of the surface tensor, where n denotes

the component normal to the surface, is considered. Recent

Figure 7. Normalized SH intensity scattered in the horizon-
tal (O, x, z) plane as a function of the scattering direction
evaluated for different couples (e, s) corresponding to an
asymmetry of ∼60% (see Figure 5): (10 nm, 6 nm) (black
curve), (15 nm, 7.5 nm) (red curve), (20 nm, 10 nm) (orange
curve), (25 nm, 13.5 nm) (green curve), (30 nm, 20 nm) (blue
curve), and (35 nm, 35 nm) (purple curve). The outer circle
corresponds to the same intensity for all the polar plots.
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experimental results show that this term dominates the surface
response of metallic nanoparticles.75 Note that other contribu-
tions to the SH signal, namely, the component χsurf,ttn of the
surface tensor (where t denotes the component tangential to
the surface) and bulk contribution, are theoretically allowed, but
these terms contribute only weakly to the total SH wave.75,76

Furthermore, the present work is focused on the nonlinear
plasmonic rulers, and the obtained results are valid whatever
the nonlinear sources. The SH surface currents are obtained
solving the SIE formulation taking into account the nonlinear
polarization and enforcing the boundary conditions at the
nanostructure surfaces.77 As the linear surface currents, the SH
surface currents are expanded on RWG basis functions. The
expanding coefficients are found applying the method of
moments with Galerkin's testing.64,68 A Poggio�Miller�
Chang�Harrington�Wu formulation is used to ensure accurate
solutions even at resonant conditions.64,68 The SH electric field
is then deduced from the SH surface currents using a two-term
subtraction method for the evaluation of the Green's
functions.64
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