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Nonlinear problems related to the Thomas-Fermi equation

PHILIPPE BENILAN and HAIM BREZIS

Preface by Haim Brezis

Most of the results in this work were obtained over the period 1975-77 and were
announced at various meetings (see e.g. items [3], [4], [5] under Brezis [16]). This paper has
a rather unusual history. Around 1972 I became interested in nonlinear elliptic equations
of the form

—Au+ul” 'u=f inadomain Q Cc RV, (P.1)

with zero Dirichlet condition, where 0 < p < oo and f € L'. The motivation came from
the study of the porous medium equation

0
8—’[’ — A"y =0, (P2)

with 0 < m < oo.

The space L' is a natural functional space associated with (P.2) since (P.2) generates
(at least formally) a contraction semi-group in L'. When trying to apply the Crandall-
Liggett theory in L' to (P.2) one is led to the question whether the nonlinear operator
Av = —A([v|" ') is m-accretive in L', and in particular whether the equation

v— A" ) = f

admits a solution for every f € L' andevery A > 0. Setting u = |v|"*~ v and scaling out A
yields (P.1) with p = 1/m. In the sixties, equations of the type (P.1) had been extensively
studied by F. Browder (see e.g. Browder [27]) and by J. L. Lions (see e.g. Leray-Lions
[46]) using energy estimates and monotonicity methods which are suitable when f € H~',
but not when f € L'. No one in my circles was concerned with L' data for (P.1). The only
result I had seen was stated in Stampacchia [56] and dealt with the linear elliptic equation
in divergence form

0 ou
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Stampacchia asserted that, given any p € L! (or even measure), equation (P.3) admits
a solution u € L9, Vg < N/(N — 2); this was an easy consequence, via duality, of the
DeGiorgi-Stampacchia estimate

lvllizee < CpllflliLe Yp > NJ/2,

for the solution of Lv = f.

In 1972, Walter Strauss and I tackled (P.1) for f € L. We proved, in Brezis-Strauss [25],
that, for every f € L! and every 0 < p < oo, equation (P.1) admits a unique solution
u € L?. More generally, if 8 : R — R is any continuous nondecreasing function (such
that 8(0) = 0), we established that, given any f € L!, there exists a unique solution of

—Au+pu)=f (P4)

with B(u) € L'. We even dealt with maximal monotone graphs 8 in R x R and obtained
the same conclusion for the multivalued equation.

—Au+ B > f. (P.5)

Later, we considered, in Bénilan-Brezis-Crandall [ 10], similar problems in all of RN (instead
of domains).

At the International Congress of 1974, I heard a lecture by E. Lieb reporting on the
paper Lieb-Simon [48]. One of their results asserts that for some values of A, A > 0, the
Thomas-Fermi equation

14
—Au+ [ —TP? =) "mis, in R, (P.6)
i=1

with m; > 0 and §,, = Dirac mass at g;, admits a solution. Of course, the function
B) =[(t — MNP s nondecreasing, continuous and 8(0) = 0 (since A > 0). I became
intrigued and decided that it would be interesting to study (P.1)(or(P.4)) for measures instead
of L! functions. My initial intuition was that measures and L! functions are the same
“creatures” from the point of view of estimates, and therefore the Brezis-Strauss theorem
should extend easily to measures. On the other hand, the method of Lieb-Simon was
totally different from ours. In their variational approach, equation (P.6) appears as the Euler
equation of a “dual” convex minimization problem. Their technique could be adapted to
solve (P.4) for a limited class of nonlinearities 8 and a limited class of measures f.

I mentioned the problem to Philippe Bénilan in the Spring of 1975 and he liked the idea
of working together on this topic. Philippe had been my first Ph.D student, even though he
was about four years older than me (he defended his Ph.D in 1972). He had been sent to
me in 1970 by his mentor, Jacques Deny, who was one of the leaders of the French school
in Potential Theory, jointly with M. Brelot and G. Choquet. He knew much better than me
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the fine properties of harmonic functions and of measure theory. He was the ideal partner
on this project. We had been both invited the following summer to Madison, Wisconsin, by
Mike Crandall. I have nostalgic memories from the long days we spent together working
on the big tables outside the Memorial Union, facing the inspiring view of Lake Mendota.
Philippe, who was an addicted smoker, felt free to finish pack after pack in this open-air
environment. We managed rather quickly to prove that (P.1) has a solution for every measure
f in the case where p < N/(N — 2) for N > 2 and no restriction on p for N = 1, 2 (see
Theorem A.1 in Appendix A). Of course, this was sufficient to handle the Thomas-Fermi
model since N = 3 and 3/2 < 3. Still, we were puzzled and tried hard to remove the
restriction p < N/(N — 2). For a few weeks we had no success, even on the simple
equation

—Au+u’ =6, inR>. (P.7)

I remember vividly the shiny day when we discovered, sitting at “our” table next to the
lake, that (P.7) has no solution: this is the elementary computation in Remark A.4. We were
stunned! There was indeed an unexpected difference between measures and L' and it was
due to the nonlinear nature of the problem. Later, we decided to read carefully the paper of
Lieb-Simon [48]. We thought about some of their open problems and succeeded in solving
two of them (see Section 5 and 6 below). Then came the painful task of writing up our results.
Philippe was a powerful and creative mathematician, able to analyze a concrete differential
equation in its most minute details. However, when the time arrived to write a paper, he
prefered to “hide” the simple illuminating examples and to present instead a grand abstract
framework. He was still strongly influenced by the French school of Potential Theory whose
program was to axiomatize Potential Theory “a la Bourbaki”—carefully hiding the Laplace
operator! Philippe was a perfectionist, always eager to state a theorem in the most general
setting, with minimal assumptions. He wrote a first, partial, draft of our paper (basically,
Sections 1, 2, 3 below). I made drastic changes which he did not like, etc. After several
divergent iterations we stopped and the paper was “buried” unfinished and unorganized. In
the meantime we advertised some of the results through lectures, and some hand-written
partial versions were circulated “under the coat” as “samizdats”. In fact, our unpublished
results gave an impetus to beautiful developments in numerous directions:

a) Solving nonlinear PDE’s with L!, or measures, as data became very fashionable.
There is a vast and flourishing literature starting in the eighties. I have listed some of
the references in Appendix A. Important connections with Probability Theory (E. Dynkin,
J. M. LeGall and their students) have reinvigorated the whole subject in recent years.

b) The nonexistence aspect (e.g. for Dirac masses) has given rise to striking new results
about removable singularities (e.g. point singularities). On the other hand, singular solu-
tions have also been analyzed and classified; see some references in Appendix A.

¢) Our approach turned out to be useful in other models arising in the density-functional
theory of atoms and molecules; see e.g. Bénilan - G. Goldstein - J. Goldstein [11],
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J. Goldstein - G. Rieder [38], G. Rieder [55], G. Goldstein - J. Goldstein - W. Jia [37],
Breazna-G. Goldstein - J. Goldstein [15] and related references.

d) The need for new versions of the strong maximum principle in the case of “bad”
coefficients stimulated new research in that direction; see Appendix C and the references
therein.

e) The solution u of the Thomas-Fermi equation (P.6) tends to zero at infinity. The set
where the density p = [(u — A)T]3/2 is positive plays an important role. When A > 0,
this set is bounded. The regularity of its boundary has been studied by Caffarelli-Friedman
[28].

After the tragic death of Philippe I decided that our work should not remain in a drawer.
Out of respect for the memory of Philippe I have kept his style of presentation. Our notes
were incomplete and the last time we touched them was in 1985. I have tried my best to
put them in good order and fill in missing arguments. My apologies to the reader if there
are still some inconsistencies. I have also added an extensive list of references published
in recent years and which bear some relation to our work.

Haim Brezis
0. Introduction

The principal motivation of this work comes from the important paper of Lieb-Simon [48].
One of their main results is the following. Given I > 0, let

K,:{peLl(R3);p> 0 a.e. and/,o:l}.

Consider the function
¢ .
V) =Y —— m >0, g e R, (0.1)

= I —ail
and set for p € LN L33, p=0ae.,
3 1
E(p) = —/,05/3 —/V,o+ —/f PCIPW) gy 0.2)
5 2 lx — ¥l

It is not difficult to check that £(p) is well defined and bounded below. Consider the
minimization problem

E(I) = inf{E(p); p € K; N L3}, 0.3)

THEOREM 0.1 (Lieb-Simon). Set

)4
Ip = Zm,» 0.4)
i=1
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If I < oy, the minimum in (0.3) is uniquely achieved by some p. Moreover there is a constant
A > 0 such that

P3P —V4+Bp=—-1 in[p >0, (0.5)

—V+Bp> —i in[p=0], (0.6)
where

Bo() = [ L2y ©.7)

In the neutral case, I = Iy, one has p > 0 a.e. and A = 0, so that p satisfies
0P -V 4+Bp=0 ae onR>. (0.8)

The constant A plays an important role; —A is called the chemical potential. It appears
in the Euler “equation” (0.5)—(0.6), corresponding to the minimization problem (0.3), as a
Lagrange multiplier associated with the constraint [ p = I. The dichotomy (0.5)-(0.6) is
standard in variational inequalities involving a constraint of the type p > 0.

It is convenient to introduce

u=V — Bp, 0.9)

and then (0.5)—(0.6) may be rewritten as
1
——Au= Zm,ﬁm —p, (0.10)

o =1[u—»T1P"72 (0.11)

where r+ = max{r, 0} and §, = Dirac mass at a.
Hence we are led to the nonlinear PDE

—Au+4x[u— )PP =47 mis, (0.12)
coupled with a condition at infinity coming from (0.9),
u(x) >0 aslx| - oo (0.13)

(possibly to be understood in a weak sense). Note that here the constant A > 0 is not given;
it is part of the unknown. But we have instead the additional information

f [ =02 =1,

where I > 0 is given.
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REMARK 0.1. When I > Iy, E(I) = E(lp) and the infimum in (0.3) is not achieved.

Our work goes in several directions. First, we replace the function %pS/ 3 by a general
convex function j : R — [0, +00] such that j(0) = 0 and we incorporate the constraint
o = 0into j by assuming

j(r) =400 forr <0. (0.14)

Next, we consider a general measurable function V (x) instead of (0.1). We replace R3
by RY, N > 3, and we replace the Coulomb potential by the fundamental solution k of
(—A), k(x) = c1\//|x|’\"2 with cy = 1/(N — 2)oy and oy is the area of the unit space
in R,

The energy £ takes the form

5(p)=fj(p)—/\/p+ // |f(f)p|§,y)2 edy, (0.15)

whenever it makes sense.
The minimization problem we tackle is

E(I):inf{é'(p);/p:[}. My)
The Euler equation (0.5)-(0.6) is replaced, at least formally, by a multivalued equation
3j(p) —V +Bp>—1 ae onRY, (0.16)

for some constant A, where dj is the subdifferential of ;.
Note that in the special case where j is C! on (0, +00) we have

Jj () forr > 0,
3j(r) = { (—o0, j/(0+)] forr =0,
] forr <0,

and thus (0.16) is equivalent to
j' () =V +Bp=—1 in[p>0], 0.17)
jO+H) —V+Bp> —r in[p=0], (0.18)

which is precisely (0.5)—(0.6) when

rP forr> 0,
0.19
)= {+oo forr <0, ( )

and p = 5/3.
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Usually we will asume that V(x) — 0 as |x| — oo (at least in some weak sense-for
example, meas [|V| > 8] is finite for every § > 0); we will also assume that j'(0+) = 0,
and then (0.17)—(0.18) implies.

A= 0. (0.20)
As above, we introduce

u="V — Bp, (0.21)
so that we obtain

—Au+p=—AV 0.22)
and

aj(p) du— . (0.23)

We now introduce the inverse maximal monotone graph, y = (3;)~!, which is also
equal to 9j*, where j* is the conjugate convex function of j (see e.g. item [2] under Brezis
[16]). In the most important examples (see Section 4), y is singlevalued.

Finally we arrive at the nonlinear multivalued PDE

—Au+yu—2r)s>—-AV, 0.24)
u(x) — 0as |x| — oo. (0.25)
Again, A is unknown, but we have the additional information

/ Aw—V) =1, (0.26)

with I > 0 given, or equivalently when y is singlevalued

/)/(u —A) =1 0.27)
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J(r)

j(r) =4eo for r <0

Figure 1  The function j.

a,j(r)

Figure 2 The graph of 9.

ys) = (@) (s)

Figure 3  The graph of y = @)L
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In Section 1 we study the relationship between the variational formulation (M;) and
the Euler equation (0.16). We prove in great generality (see Theorem 1) that if p is a
minimizer for (M), then p satisfies the Euler equation (0.16). We establish the converse
(0.16) = (M) under the additional condition

j*(V—M)e L' forsome constant M, (H)

which guarantees that £ is bounded below. For example, when N = 3, V(x) = >_ #

and j(r) = %r” for r > 0, condition (H) corresponds to the restriction
p>3/2. (0.28)

In fact, when 1 < p < 3/2, an easy computation (see Section 4) shows that E(/) = —o0
for every I > 0. Despite this fact, we are going to see in Section 4 that the Euler equation
(0.16) does have a solution when p > 4/3.

Therefore, we have a range of p’s,

4 3

= <_s
3PS5

where the variational formation is meaningless while the PDE approach makes sense. This
is the reason why we have taken, in Sections 3, 4 and in Appendix A, a direct PDE route.
In Section 2 we make basically the following assumptions on j:

(0.29)

jis C'on (0, +00), j (0+) = 0, (0.30)

im 2 o 0.31)

r—>+00 r

On the function V we assume V(x) — 0 as |x| — oo in the weak sense that

meas[|V| > §] < oo forevery§ > 0. (0.32)
and that
w=j*((1+0)(V—-M)elL (H')

for some constants 8 > 0 and M > 0. It follows from (H*) that
Vo= —j(p)—o—Mp

and consequently £(p) is well defined in (—oo, +00] for every p € L', p =0 and
j(p) e L.
We then consider the auxilary problem, for every A € R,

m{&m+k/mP>Qp€UmﬂﬂmeLq. (P3)
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We will also make the assumption

esssupV > 0, (0.33)
RN

which is quite natural. If it is not satisfied, then V < O a.e. on RY and the unique minimizer
in (Py)is p = 0.
In Section 2 we prove the following

THEOREM 0.2. Assume (H'), (0.30), (0.31), (0.32) and (0.33). Then, forevery A > 0,
(P,.) admits a unique minimizer p;, and p; satisfies (0.16). Set

I()»):/,o;“ A > 0.

Then the function . —— 1 (A) is nonincreasing, and continuous from (0, 0o) into [0, c0)
More precisely,

1 (A) is decreasing on (0, esssup V), (0.34)
]RN
I(A) =0 VA= esssuppy V  ifesssuppy V < 00, 035
Iimy o0 I(A) =0 ifesssuppy V = o0, 0.35)
Iy =1lim; o I (A) =sup, .o [ (L) < oo ifand only if 036
(Po) admits a minimizerp, and then Iy = f £0- (0.36)
As a consequence, we easily derive,
COROLLARY 0.3. Under the assumptions of Theorem 0.2, we have
for every I € (0, Iy) problem (My) admits a unique minimizer (0.37)
ol = py., where . > 0 is the unique solution of I (\) = I; '
if Ip < oo, problem (My,) admits pg as its unique minimizer; (0.38)
if lp < ooandl > Iy, problem (M) admits no minimizer. (0.39)

In Section 3 we investigate situations where assumption (H) is not satisfied. For example
N = 3, V of the form (0.1) and j(r) = %rl’, r > 0, with p in the range (0.29). We tackle
directly the Euler equation (0.16), first with A > O prescribed and then with A free and
I = [ p prescribed.

The main result in Section 3 is

THEOREM 0.4. Assume (0.30). Let V be any measurable function satisfying (0.32)
and (0.33). Then, there exists A1 € [0, +0o0] such that

for every . > Ai(and ). < +00) there is a unique solution p;_ of (0.16) (0.40)
for A < Ap there is no solution of (0.16). 0.41)
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Moreover the function I1(\) = f Py, IS nonincreasing continuous on (A1, +00), and

I = su /pleim/px
A>£ RS
is finite if and only if (0.16) admits a solution for > = A1.

It may well happen that A; in Theorem 0.4 is 400, meaning that there exists no A
for which (0.16) has a solution. Consider the case N = 3, V(x) of the form (0.1) and
jr) = %rf’, r>0,withl < p< %‘. Then (0.16) is equivalent to

—Au+ [ =TT =% ", (0.42)
and we know from the nonexistence result (Remark A. 4) in Appendix A that for any A > 0,
(0.42) has no solution.

The numbers A and /1 in Theorem 0.4 play a central role and it is important to determine

their value in concrete situations. This is the content of Section 4. Here are some typical
results

THEOREM 0.5. Assume (0.30). Let V be any measurable function satisfying (0.33)
and

V =kx f forsome f € L', ie, f=—AV e L. (0.43)
Then, A1 = 0 and
0<I; < / . (0.44)

Under the additional assumption

jr) ~rP nearr =0withp> 2(N — 1)/N, (0.45)
then
/f< I < /f+ (0.46)

and in particular

I = / Foiffzo. 0.47)

The proof of (0.46) relies heavily on the following ingredient established in Appendix B.
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LEMMA 0.6. Assume

v =k % u, for some bounded measure in RV (0.48)
and

vF e LIRN) for some g < NJ/(N —2) (0.49)
then

/RN u< 0. (0.50)

Assumption (0.43) does not hold e.g. when N = 3 and V is given by (0.1) since AV is
a measure and not an L' function. In this case we have

THEOREM 0.7. Same assumptions as in Theorem 0.5 except that we replace (0.43) by

V =k x f, for some bounded measure f. (0.43")
Assume in addition that

jry~rPasr — oo, withp >2(N — 1)/N. (0.51)
Then all the conclusions of Theorem 0.5 hold.

Putting together all the above results, consider now the case where

jry=r?,r>0, with p > 2(N — 1)/N, (0.52)

V =k x f for some bounded measure f > 0, f £ 0. (0.53)

Set

I = / f

COROLLARY 0.8. Assume (0.52) and (0.53). Given any I € (0, I1] there exists a
unique pair p € LY p =0, and ) > 0, denoted py, Ay, satisfying

PPN —V4kxp=—1 in[p>0], (0.54)
—V+kxp> —A in[p=0], (0.55)
/p =1 (0.56)

When I = I, then p; > 0 a.e. and .y = 0. When I > Iy, problem (0.54)—(0.55)—(0.56)
has no solution. Under the stronger assumption p > N /2, p; is also the unique minimizer
of £(p) subject to the constraint {p € L' N L?, p > 0 and f po=1}
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In Sections 5 and 6 we solve two problems raised by Lieb-Simon [48]. The first one
concerns the uniqueness of the extremal in some minmax principle.

THEOREM 0.9. Consider for simplicity the setting of Corollary 0.8 with

2(N—-1)/N < p< 2. (0.57)
Let I € (0, I1], then Ay given by Corollary 0.8 satisfies
Ar= max essinf{V — pP ! —kxp)} (0.58)
peLll p>0 [p>0]
Jr=1
and
Ar= min esssup{V — p?~ ! —kx p}. (0.59)
peljl,pZO RN
p=I

If1 < I, themax (resp. min)in (0.58) (resp. (0.59)) is uniquely achieved by the solution pj
obtained in Corollary 0.8.

When N = 3 and p = 4/3, assertions (0.58) and (0.59) are due to Lieb-Simon [48].
They asked whether the max in (0.58) and the min in (0.59) are uniquely achieved. The
answer is indeed positive when I < I1. As we shall see in Section 5, the answer is negative
when I = I;. The proof of uniqueness in Theorem 0.9 involves a new form of the strong
maximum principle with “bad” coefficients described in Appendix C.

Our last result concerns the asymptotic behavior of A; as I 1 I.

THEOREM 0.10. Consider for simplicity the setting for Corollary 0.8, with

2N —1)/N <p <2. (0.60)
Then
o = lim —L exists, 0.61)
L (I —I0°

wheret = 2(p—1)/(2—2N + pN) and the positive constant o can be computed explicitly
via the solution of an elementary ODE.

The exact value of « is given in Theorem 9 (Section 6).

1. The variational problem and its Euler equation; conditions for equivalence

Let Q2 be a o-finite measure space with measure dx. Let j : Q@ x R — [0, +o0] be a
normal convex integrand, i.e., j(x, r) is measurable and, for a.e. x € Q, j(x, -) is convex
L.s.c. (= lower semi-continuous). We assume that

j(x,0) =0fora.e. x € Qand j(x,r) = 4ooforae. x € Qandforallr <0. (1.1)
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Set
a(x) =sup{r=0; j(x,r) < oo} (1.2)
Let j*(x, s) denote the conjugate convex function, that is,

J¥(x,s) =sup{sr — j(x,r)} forae. x € Q, foralls € R.
reR

Note that

j¥(x,s) =0 forae x €, foralls<O0,
j¥(x,s) >0 forae x €, foralls> 0.

Let V : @ — R be a measurable function (so that |V (x)| < oo for a.e. x € Q). The
following assumption will sometimes play an important role:

there exists a constant M such that j*(-, V() — M) € L' (2). H)

Note that assumption (H) holds for example if V* € L*®(Q).
Define the functional J : L1() — (—o0, +00] to be

) = {fg{j(x, p(¥) = V0p()}dr if j(.p) ~ Vp € L'(@),
+00 otherwise.
with
D) ={peL'(Q); J(p)<-+oo}

In particular, if p € D(J), then p(x) > O for a.e. x € Q.

REMARK 1. If (H) holds, then J is convex Ls.c. on L!'() and bounded below on
bounded sets of L'(2). This is a straightforward consequence of the fact that for every
p € L'(©2) we have J, p(x)) = Vx)px) > — j*x,V(x) — M) — Mp(x) for ae.
x € Q (so that we may use Fatou’s lemma to check the lower semi-continuity of J). Note
that if (H) does not hold, it may happen that D(J) is not convex. Consider, for example
jx,r) = r2 and a function V such that V > O a.e. and V ¢ LZ(Q); then V € D(J) while
IV ¢ D).

Set
L3°(2) = {p € L*(RQ); p = 0 outside a set of finite measure}.

Throughout the paper we shall assume that £ : 2 x & — R is a measurable function
satisfying

k(x,y) =k(y,x)and k(x,y) > O fora.e. x,y € Q, (1.3)



Vol. 3, 2004 Nonlinear problems related to the Thomas-Fermi equation 687

{for every p € Lg°(R), then k(x, y)p(x)p(y) € LY(Q x Q) (1.4)

and [[o, o k(x, y)p(x)p(y)dxdy > 0

(i.e., k is a nonnegative kernel).
Define the functional K : L1(£2) — [0, +00] by

K(p) = { %foXQk(x, Wpx)p(y)dxdy ifp e L'(Q)and p> 0a.e. on Q
+00 otherwise,

with
D(K)=1{peL'(Q): K(p) < +oo}.
Set
E(p)=J(p) + K(p) forpe L'(Q)
and
D(€) = D(J) N D(K);

£ is called the Thomas-Fermi energy functional.
Finally we introduce the mapping B defined for p € L'(Q) with p > 0 a.e. on 2, by

Bp(x) = /Q k(x, y)p(y)dy.
The main result in this section is the following:

THEOREM 1. Let pg € L'(2) with pg > 0 a.e. on 2 be such that

0< /,oo(x)dx < /a(x)dx, (1.5)
and

po € D(E) and E(po) < E(p) Vp € D(E) with /p(X)dx = /,OO(X) dx. M)
Then'

there exists a constant A € R such that )
aj (x, po(x)) + Bpo(x) > V(x) — A fora.e.x € Q2.

Conversely, when (H) holds, then (E) implies (M).

L j (x, r) denotes the subdifferential of j(x, r) with respect to r.
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REMARK 2. A appears in (E) as a Lagrange multiplier corresponding to the constraint

f px)dx = f po(x)dx in the Euler equation (E) associated to the minimization
problem (M).

In proving Theorem 1 we shall make use of the following:

LEMMA 1. The functional K is convex l.s.c. on LY(Q). In addition

[ ko) ds < K@)+ K6 Yo.b € D) (1.6
and equality in (1.6) holds if and only if Bo = BY. Moreover we have?

ifp e D(K)and A C Q with |A| < oo, then xaBp € L' (). (1.7)

Proof of Lemma 1. Let (£2,,) be a nondecreasing sequence of measurable sets in 2 such
that |2,| < ocoVn and U, 2, = Q. Given ¢, ¥ € D(K) N L*°(R) set

On = xQ,¢ and Yy = xq, V.

By (1.4) we have

//Q Qk(x, pn(x) = Y (D)1@n (y) — ¥ (y)]dxdy > 0,
i.e.
//Q Qk(x,y)wn(an(y) dxdy < K (pn) + K ().

Using the monotone convergence theorem we obtain (1.6) for ¢, ¥ € D(K)NL*(R2). The
general case follows by truncation.
The function K is convex since for ¢, ¥ € D(K) and ¢ € (0, 1) we have

1
K((1 =g+ 1) = // kGe I = Dp() + 10 I — D) + 19 (] dx dy

— (1= K@) + PK W) +1(1 1) //k(x, V)Y (x) de dy

<1 —02K (@) +2K@) +1(1 — 1) [K(p) + KW)]
=1 -0)K(p) +tKW).

The lower semi-continuity of K follows from Fatou’s lemma.

2|A\ = meas(A) denotes the measure of A and x4 denotes the characteristic function of A.
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Next, let p € D(K) and A C Q2 with |[A]| < co. We have

/A (Bp)(x)dx = f fg kG P XA dsdy < K () + K (1),

Finally we show that equality in (1.6) holds if and only if Bp = B.
First, suppose that B¢ = B1; then we have

1 1
/gon _ §/¢B¢+ E/W" — K@)+ K(),

Conversely, assume that equality in (1.6) holds. Note that

/w +0)Be < K(@)+ K@) +K(©) +/;Bw, V. ¥.¢ € D(K),

and since (1.6) holds we obtain (B¢ < K(¢) + [¢By. Replacing ¢ by A, A > 0,
we see that (¢ By < [¢{BYyV¢ € D(K). Reversing ¢ and ¢ we find [ {By = [{By
V¢ € D(K)andconsequently [ ¢ By = [ ¢ BYV¢ € L (). Therefore wehave B = B

REMARK 3. The argument above shows that K is a strictly convex function on D(K)
if and only if B is injective.

Proof of Theorem 1. (E) = (M) (under assumption (H)).
Indeed, by (E) and the definition of the subdifferential, we have for p € Ll(SZ)

JGp) = j(, p0) + (V= Bpo—A)(p — po) ae. on 2. (1.3)
In particular, for p = 0, we find
J (¢ 00) — Voo + (Bpo)po < — Appa.e. on 2.

From (H) it follows that j(-, pp) — Vpo is bounded below by some L! function; thus
po € D(E). Now let p € D(E) with fp(x)dx = f,oo(x)dx; integrating (1.8) and using
(1.6) we obtain (M).
M) = (E) (without assumption (H), but with (1.5)).

First let ¢ € D(E) with [ ¢(x)dx = [ po(x)dx and V(¢ — po) € L' ().
Let

pr=0—=8tpo+1t¢ withO <t < 1.
We claim that

pr € D(J) and J(pr) < (1 —1)J(po) + 1J(£). (1.9)
Indeed we have a.e. on €2,

JCop) =V < (=10 po) = Vo) +1(j (. 8) = V). (1.10)
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On the other hand we have, a.e. on €2,

JCop) Z minj(, po), j (-, )}

— this follows from the monotonicity of j(x,-) on [0, +00). Therefore we obtain a.e.
on €2,

JCop) = Vo z min{j (-, po) — Vpo, j(-,8) = VE} =2[V(po — §)I. (1.11)
Combining (1.10) and (1.11) we see that p, € D(J) and integrating (1.10) we find

J(p) < (1 =1)J(po) + 1J(£).
It follows that

E(p) < (1 =0T (po) + 1) + (1 = ?K (po) +*K () +1(1 = 1) f(B,Oo)C-
By assumption (M) we have

E(po) = J(po) + K (po) < E(pr)

and thus
I (po) + 2t — K (po) < tJ(§) + 12K () + (1 —t)/(Bpo)C-

Dividing by ¢ and letting # — 0 we find

J(po) + [(Bpo)po < J (&) + [(Bpo)¢ (1.12)
V¢ € D(E) with [£(x)dx = [ po(x)dxand V(¢ — po) € L' (). '
SetV=V-— Bpo and define the functional J: L' (Q) - (=00, +00] by
Ty = {f{j(x, u(x)) — Veu@)dx if j(u) — Vu e LY(SQ),
400 otherwise.
It is clear that pg € D(J) (since po € D(E)).
We claim that
{7(po) <J(©) v¢eDW) _ (1.13)
with [ ¢(x) dx = [ po(x) dx, (¢ — po) € LF(Q) and V(£ — po) € L'(Q).

Indeed, suppose ¢ satisfies the assumptions in (1.13), then ¢ also satisfies the assumptions
in (1.12). Note that:

a) ¢ € D(K), since £ < po + ¢ — pol € D(K) + D(K); 5
b) £ € D(J)ND(K) = ¢ € D(J),since j(-, &) =VE=j(,§) =V —(Bpo)i;
¢) V(& —po) =V — po)+ (Bpo)(¢ — po)-
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We conclude the proof of Theorem 1 with the help of the next lemma applied to J
(instead of J).

LEMMA 2. Assume pg € D(J) satisfies (1.5), as well as

J(po) < J(p) Yp e D) (1.14)
with [ p()dx = [ po(x) dx, (p— po) € LE(Q) and V(p — po) € L'(@).
Then there exists a constant . € R such that
V—-X€dj(,py) ae onf2. (1.15)

Proof. Set

E_={x € Q;po(x) >0},
Ey ={x e Q;po(x) < alx)}.

It follows from (1.5) that |[E_| > O and |E4| > 0. Let (£2,) be as in the proof of Lemma 1
and set

Q, = {x € Qu; IV + pox) < n},

sothat |[E_ N Q| 1 |E-|and |[EL N Q)| 1 |E+| as n — oo. Fix ng such that
|E-NQ, >0 and [ELNQ,|>0.

In what follows we choose n > ng; for every A € R set

up(x) = +9j(x, ~))_1(V(x) + po(x) —A) forx € Q, (1.16)

I, = / u) (x) dx. (1.17)
2,

Note that I; makes sense since |u; (x)| < n + |A| on Q) and |2/ | < co. Clearly we have

up(x) 1 a(x)asr | —ooanduy(x) | OasA 1 +4o00. Therefore

lim 1)L :/
A——00 Q

On the other hand we have

0</
Q

since n > ng. Thus, there exists a constant A,, € R such that

a(x)dx and lim I, =0.
A—>+00

/
n

,oo(x)dx</ a(x)dx

/ /
n Qn

I, =/ o (x)dx (1.18)
Q

/
n
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(note that I, is a continuous function of A and, in fact, |1 — I,,| < |A — | [€2},]). It follows
from (1.16) that, a.e. on €2,

Uy, (X) +9j(x, 1z, (x)) 3 V(x) + po(x) — An (1.19)
and so

T, po(x)) — j(x, up, (x)) = (V(x) + po(x) — An — uz, (X)) (po(x) — uz, (x)).

Hence a.e. on 2 we find

J(x, up, (X)) — V(x)uy, (x)
< J(x, po(x) — V(x)po(x) — (o (x) — u, (x)) — hn (s, (x) — po(x)). (1.20)

On the other hand we have, a.e. on ),

J s us, () = Vuy, (x) = =V (xXus, (x) = —n(n + |A,)). (1.21)
Combining (1.20) and (1.21) we see that

JCoun) = Vuy, € LN(Q).
Set

o= | on ),
po  on Q\Q.

Therefore p satisfies all the assumptions in (1.14) and we deduce that
/Q/ {7 (x, po(x)) — V(x)po(x)}dx < fQ/ {J(x, uz, (X)) = V(X)uy, (x)} dx. (1.22)

Combining (1.20) and (1.22) we find
po=u;, ae. on.
It follows from (1.19) that
V(x) — Ay € 3j(x, po(x)) forae. x € Q.
For every n > ny, set
Ap={reR; V(x) =1 €dj(x,po(x)) forae. xeQ,}.

We have just established that A, # (. Clearly A, is a closed interval. Moreover A, is
bounded; indeed if, for instance, A, were unbounded below we would have pg(x) = a(x)
fora.e.x € Q] —acontradiction with | E; N€2],| > 0. Since A, decreases with n we obtain

ﬂ Ap £ 0
nz=ngp

and the conclusion of Lemma 2 follows. O
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Our next lemma — which will be used later — is closely related to Theorem 1.

LEMMA 3. Let pg € LY() with po = 0a.e. on Q2 be such that

po € D(E) and E(po) < E(p) Vp € D(E). (1.23)
Then
dj (x, po(x)) + Boo(x) > V(x) forae x € Q. (1.24)

Conversely, when (H) holds, then (1.24) implies (1.23).

REMARK 4. Note that assumption (1.5) is not required in Lemma 3.

Proof of Lemma 3. In order to prove that (1.24) = (1.23) under assumption (H) one
proceeds exactly as in the proof of (E) = (M).

In order to prove that (1.23) = (1.24) one uses the same V and J asin the proof of Theorem 1
and one shows that

T(po) < J(©) V& € D(J) with (¢ — po) € L§*(R) and V(¢ — po) € L'(R).  (1.25)
Next one considers

Q, = {x € Qu: V()| + polx) <n}
and one uses (1.25) with

u on$,
=
po on 2\,

where u(x) = (I + 9j(x, -))_I(V(x) + po(x)). This leads to pp = u a.e. on ), and
V(x) € 3j(x, po(x)) for a.e. x € Q.

REMARK 5. Suppose that (E) and (H) hold. Then we have, in fact, a stronger conclusion
than (M), namely

5(po)+?»/po< 5(p)+)»/p Vo € D(&). (1.26)

This follows from Lemma 3 applied with (V — 1) instead of V. In particular, if we happen
to know that A > 0 (for example Lemma 8 implies that this holds when V, — j'(0+) > 0,
where Vo is defined at the beginning of Section 2), then we have

E£(00) < E(p) Vp € D(E) with / p()dx < / po(x)d. (127)

This explains why one can use a “relaxation” method (see Lieb-Simon [48] and also
Proposition 3 in Section 2). In other words, the constraint f p(x)dx = I in the mini-
mization problem is “relaxed” to f p(x)dx < 1.
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REMARK 6. Assume (H) holds. Then we have

1
D(c‘I)L ={p e L'(€);0< p(x) < a(x)a.e. on Q} (1.28)
and consequently, for every constant / with 0 < I < f a(x) dx, there is some p € D(E)
such that [ p(x)dx = 1. For this purpose, it suffices to show that every function p € L3P ()
1
such that 0 < p(x) < a(x) a.e. on 2, belongs to D(S)L . Indeed, set

(p(x) —&)*
L+ejx, (p(x) —&)F) +elV ()l

e(x) =

)

and note that p, € D(E) and p, — p in L1() as e — 0.

2. Existence via the variational route

Given a constant I with 0 <7 < oo we set

K; = {,0 € D(S);fp(x)dx = I}.
In this section we are concerned with the following problem:
find p € Ky such that £(p) < £(p) Vp € K. M)
For simplicity, we shall now assume that j(x, r) = j(r) is independent of x and we set
a=sup{r>=0; j(r) < oo} < oo.

Of course, we assume that a > 0.

We recall (see Remark 6) that K; # @ for every I < a|2|. When I = a|2| (assuming
a|S2| < 00), then either K is reduced to a single element {a} or K; = {J — so that problem
(M7) has no interest. Therefore we may always assume that I < a|<|.

‘We shall encounter two different situations:

— in CASE], a strong assumption (on V or 2) implies that problem (M) has a solution
for every I < a|2|,

— in CASE II, problem (M) has a solution only for a limited range of I’s, usually
smaller than the interval [0, a|2]).

Throughout Section 2 we make an assumption slightly stronger than (H), namely
there exist constants & > 0 and M € R such that j*((1+6)(V — M)) € LI(Q). (H")

We also assume that j is coercive, i.e.,

i Jj(r)
m — =
r—>+00 r

+o00. @2.1)
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Finally, we set’
Voo = inf{a € R; [V > «] has finite measure}.

Note that there exist «’s such that [V > «] has finite measure (this is so because (H)
holds and j* # 0 since @ > 0). Therefore we have either Voo € R or Voo = —00. Of
course if |2 < oo, then we have Vo, = —o0. In the special case where Q = RY and
V(00) = lim|y|- 0 V (x) exists, then Voo = V(00).

CASE I. We assume here that
Voo = —00. 2.2)

The main result is the following:

THEOREM 2. Assume (HT), (2.1) and (2.2). Then, for every I with 0 <I < a|Q|
there exists a solution of (My).

In the proof of Theorem 2 we shall use

LEMMA 4. Assume (HT). Let (p,) be a sequence in D(J) such that

/j(pn) — Vo, < Cy and /p,, < C1  Vn, for some constant C1 > 0. 2.3)
Then, there exists a constant Co such that

f J(p) < Cs and f Voul < C2 V. 2.4)

Proof of Lemma 4. Set w(x) = j*((1 + 0)(V(x) — M)) so that w € LY(Q) and
A4+6)(V —M)p, < j(pn) + w. It follows that

I
Von < m](pn) +w+ Mp, (2.5

and, using (2.3), we obtain

1
/j(Pn) < C1+m j(,on)—i—fa)+|M|C1.

This leads to [ j(p,) < Ca. Next, set

1
fanj(Pn)'l'w + Mp, — Von

3We use the notations [V>al={xeQ; V(x) >aland [V >a] = {x € Q; V(x) >«a}etc...
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so that f;, > 0 (by (2.5)). From (2.3) we have

1
/j(pn)"’fn_mj(pn)_w_Mpn < G

and thus
/|fn| < C1+/a)+|M|C1.
It follows that
/|Vpn| < c1+2/w+2|M|c1+/j(pn)

and therefore we obtain a bound for f [Vonl.

Proof of Theorem 2. From assumption (H) we have
jp)=Vp> —j*(V—-M)—Mp VpeKj,
so that
E(p) 2 —/j*(V —M)-MI VpeKj,
and consequently
E() = pienlglé'(p) > —00. (2.6)

Let (p,) be a minimizing sequence for (2.6). From Lemma 4 we deduce that

/j(pn) <C 2.7

and
/Ilen < G, (2.8)
for some constant C. We claim that the sequence (p,) is equi-integrable in €2, that is,
Ve >0 36 >0 such that / Pn < € Vn,
VA C Q measurable with |2 | <6, 2.9)

and

Ve > 0 3Q' C Q measurable with || < oo such that / On < & Vn. (2.10)
o\
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Verification of (2.9). Given any k > 0, there is a constant Cy such that
j#r)=Zkr—Cy Vr>=0

(this follows from (2.1)).
Consequently, we have for every measurable set A C Q2

k/pn< /j(pn)+ck|A|
A Q

so that (by (2.7)) we obtain

Cc Ci
< —+ — A
/Apn k+k||

Given ¢ > 0 we fix k large so that % < % and then we choose § > 0 so small that % § < 5.

Verification of (2.10). We recall that
/ [Vonl < C.

Choosek > Osolargethat% < gandsetQ’ = [V > —k]. Itfollows from assumption (2.2)
that |2'| < oo. Clearly, we have

k/ pn</ [Von| < C
Q\Q Q\Q

and thus

C
/ o< —<¢g Vn.
o\ k

We may therefore apply the Dunford-Pettis theorem (see e.g. Dunford-Schwartz [30],
Corollary IV.8.11) and conclude that there exists a subsequence (py, ) such that p,, — p
weakly in L!(€2). It follows that [p = Iand E(p) < inf ek, E(p) (since & is convex
and Ls.c. on L! (RQ)).

‘We now turn to Case I1, which is the most important from the point of view of applications.

CASE II. We assume here that
Voo > —00.

This implies in particular that |€2| = oco. For simplicity we will assume throughout the rest
of this section that

Voo = 0. @2.11)
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This is just a normalization condition since in the problems of interest we may always add
a constant to V. Note that (2.11) implies in particular that ess supg V > 0.
Concerning j we will assume that j : R — [0, +oc] is convex L.s.c.,

j(r) =400 forr <0and j(0) =0, (2.12)

Jj is finite and Cc!on (0, 00), (2.13)

j'(0+) = lim M =0. (2.14)
rd0 r

In addition, we assume that

£ is strictly convex on D(E) (2.15)
and
for every p € D(€) and every § > 0, the set [Bp > §] has finite measure. (2.16)

Condition (2.16) says that, in some weak sense, Bp — 0 at “infinity”.
In order to study problem (My), it will be extremely useful to introduce an auxiliary
problem. For every A € R, consider

inf {5(,0) +A/p; o€ D(E)}. (Py)
The main result is the following:

THEOREM 3. Assume (HV), (2.1), (2.11), (2.12), (2.13), (2.14), (2.15), and (2.16).
Then,

for every . > 0, problem (P,) admits a unique minimizer p;,, (2.17)
forevery . < 0, the infimum in (P,) is —oo. (2.18)
Set

I(A):/p;\, A > 0.

Then the function . —— I()) is nonincreasing, and continuous from (0, 0o) into [0, c0)
More precisely,

1 (V)is decreasing on(0, esssup V), (2.19)
Q
I(A) =0 VA= esssupgV if esssupg V < oo, (2.20)
limy oo I(X) =0 if esssupg V = oo, '
Ip =limy o I (A) =sup, .o I(X) < oo ifandonlyif 591
(Po) admits a minimizer pg € D(E), and then Iy = f 00- (22)
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I\

1
V=0 ess sup V A
Q

Figure 4  Typical shape of 7(}).

The proof of Theorem 3 is based on several lemmas.

LEMMA 5. Assume (HT), (2.1), (2.11), and (2.12). Then, for every & > 0 there exists
a function wg € LY(Q) such that

jr) = VX)r +er > w.(x) forae x e, Vr>=0. (2.22)

Proof. Set A = [V > ¢] and so |A] < oo (since Voo = 0). For x € ‘A = [V < ¢]
we have

jr)—=Vxyr+er> jr)=20

and thus we choose w.(x) = 0 on“A.
Given any k > O (to be fixed later) there is a constant Cy such that

jr)=zkr—Cy Vr>=0.
(Here we have used (2.1)). For x € [¢ < V < k] we have
jr)y=Vx)r+er= jr)y—kr> —Cy

and so we choose wg(x) = —Cron[e < V < k].
Finally, we consider the case where x € [V > k]. We now use assumption (H) to write

A+OVx)=M)r< jr) +ol)
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where w(x) = j*((1 + 0)(V(x) — M)). Therefore we have
jr)y=Vx)yr+er>20+6)(Vx) —M)r —w(x) —V(x)r +er

r[-M +0V(x) —0M] —w(x)> —wlkx)

VoWV

provided we fix k so large that —M 460k —6 M > 0. Hence we may choose w, (x) = —w(x)
on[V > k]. O

LEMMA 6. Same assumptions as in Lemma 5. Let (p,) be a sequence in D(E) such
thatfpn < C and p, — p weakly in Ll(Qj)for each j.* Then

E(p) < liminf £(p,).
n—oo
Proof. For every ¢ > 0, let w(x) be as in Lemma 5. We have

E(pn) 2 E(anszj)vL/ ws(X)dx—sf Pn () dx.

Q\Q; Q

For each j, puxa, — o Xg; weakly in L ().
Hence we obtain, for each j,

liminf £(p,) > E(p XQ/-)"'/ we (x)dx — eC.

We conclude by letting j — oo and then ¢ — 0. O

LEMMA 7. Same assumptions as in Lemma 5. Then for every A > 0 there is some
p € D(E) such that

£(5) +k/ﬁ <Ep) +A/p Vo € DE). 2.23)
Proof. Applying Lemma 5 with ¢ = /2, we obtain some function w € L' () such that
A
jr)=Vx)r+ 5" > w(x)ae inQ, Vr >0,
and so
; A )
J@) = VX)r+ir > 5" +w(x)ae inQ, Vr >0.

Therefore, for every p € D(E), we have
A
E(p) + A /025 p—C.

4We recall that (€2) is a nondecreasing sequence of measurable sets in €2 such that [Q2;] < co Vj and
UiQi=Q
JRej
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Thus if (o, ) is a minimizing sequence for (2.23), then [ p, < Candalso [ j(p,)—Vp, < C.
We deduce from Lemma 4 that f Jj(pn) < C. Therefore, the sequence (p;,) is equi-integrable
on each 2; and we may extract a subsequence still denoted (po,,) such that p, — o weakly
in LY(Q ;) for each j. We conclude with the help of Lemma 6 that (2.23) holds. O

A final lemma,

LEMMA 8. Assume (2.12), (2.13), (2.14), (2.16), and suppose p € D(E). Let W be
any measurable function satisfying

3j(p) + Bp>W a.e onf. (2.24)
Then
Weo < 0. (2.25)

Proof. Let o > 0; we shall prove that W, < «. Indeed fix € such that 0 < ¢ < «. By
assumption (2.16) the set 2| = [Bp > ¢] has finite measure. Since « — & > 0 there exists
8 > O such that 9j (r) C (—o0, @ — ] for r € [0, §]. (Here we have used (2.14)). The set
Q, = [p > 8] has also finite measure (since p € L!()). Using (2.24) we see that

[W>a] CQ1UQ
and thus the set [W > «] has finite measure. O

Proof of Theorem 3. We split the proof into 5 steps.

STEP 1. The existence of a minimizer p;, for (P,) when A > 0 has been established in
Lemma 7. We prove that I () = f 0, 1s nonincreasing and continuous on (0, 00).

Proof. Let A, u > 0. We have

{ E(p) + M (W) < E(pp) + A ()
E(op) +ul () < E(px) + I (L)

and thus
A= @) = I(w) <0,
so that the function A —— I (X) is nonincreasing. O

We now prove that /(1) is continous on (0, +00). Let A, — A with A > 0 and set
pn = Py, Itis easy to see (as in the proof of Lemma 7) that [ p, < C and [ j(p,) < C.
Therefore we may extract a subsequence (po,,) such that p,, — 0 weakly in LY( ;) for
each j. We have

E(Pny) + g / P < E(P) + / p ¥peDE); (2.26)
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passing to the limit as k — oo we find

€<ﬁ)+if/3< 5(p)+1/p Vp € D(E),

so that p and p; are both minimizers for the problem (P;). By (2.15) it follows that
p = p;, [p = 1(A). And also liminfy_oo [ pn, = [ = I(X). Next we have, from
(2.26) (choosing p = p)

limsupknk/pnk < E(p) —i—)_»/,é — liminf £(py,) < X//B.
k—o00

k—o00

‘We conclude that

lim sup / P < / 5
k—o00

and so limi—oc [ pn, = [p = I(X). The uniqueness of the limit shows that, in fact,
limy—s o0 1 (n) = 1(3).

STEP 2. Proof of (2.19).

Proof. Indeed let A, u € (0, esssup V) be such that /(1) = I (). We have
Q

5(px)+>~/m< S(pu)Jrk/pu,
E(pu)+/¢/pu< 5(m)+ufm,
and therefore £ () = £(p,). We deduce from the strict convexity of £ that p, = p,. O

On the other hand we have
j(p)+Bpr>V —1 ae,

0j(op) + Bpp >V —p ae,

which means (since j is C!on (0, 0))

j () + Bp;, =V — A ae.on[p), > 0]
BpyzV —A a.e.on [p; = 0]

and similarly for p,,.
If p) = p,, = p is positive on a set of positive measure, then we have

V—.A—Bp=V —u—Bp,
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and thus A = p. Otherwise, pp = py = p = 0, and then V — A <
1e., A > esssupg V and p > esssupg V, but this contradicts the assumptlon A,

(0, esssupg V).
STEP 3. Proof of (2.20).
Proof. By Lemma 3 we have
9j(op) +Bpy >V —XL ae. onQ
and thus
Py €0j*(V — A — Bpy).
It follows that
J*V =M) = j*(V=x—=Bpy) = pr(, = M + Bpy)
and therefore
P < % forA > M.

Using assumption (H) we obtain limj_, 400 I (A) = 0.

From the relation dj (p;) + Bp) 2 V — A a.e. on2 we see that

[I(A)=0] & [pp=0] & [V—-A<0ae] & [A= esssupV].
Q

STEP 4. Proof of (2.21).

Proof. Suppose that (Pg) admits a minimizer pg € D(E). We have

E(pr) +AI(L) < E(po)+)\/po VA >0,
and also

E(po) < E(pa)
sothat (L)< [ poand Ip < [ po < o0.

703
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Conversely, suppose Iy < 00, so that [ p, < CVA > 0. It follows from Lemma 4 that
f Jj(pr) < CVA > 0. Therefore, we may find, as in the proof of Theorem 2, a sequence
An — O such that p), — pp weakly in Ll(Qj) for each j. From Lemma 6 we easily see

that pg is a minimizer for (Py). Moreover, we have

lim inf =1limI(\) = Io.
/,00 1m1n/pxn ff%() 0

n—-+
Combining this with the above argument we find [ py = Io.

STEP 5. Proof of (2.18).



704 PHILIPPE BENILAN and HAIM BREZIS J.evol.equ.

Proof. Suppose by contradiction that, for some Ao < 0, £(p) + Ao | p is bounded below
on D(E). We deduce from Ekeland’s principle (see Ekeland [32]) that for every ¢ > O there
is some p, € D(E) such that

S(p)+>»o/p—5(ps)—/\o/ps+8/|p—ps|> 0 Vpe D).
Applying Lemma 3 and standard convex analysis we see that
0j(pe) +Bp:>V —Ao— f ae on

for some function f, € L°°(2) with || fellzo < e. We deduce from Lemma 8 that
(V — X0 — fe)oo < 0 and consequently Voo — Ag < &, so that —1o < ¢. Choosing € < —Ag
yields a contradiction. O

We may now return to problem (M) described at the beginning of this section and state,
using the notation introduced in Theorem 3, the following:

COROLLARY 1. Under the assumptions of Theorem 3, we have

forevery I € (0, Iy) problem (My) admits a unique minimizer 2.27)
ol = ps., where . > 0 is the unique solution of (1) = I; '
if Ip < oo, problem (My,) admits pg as its unique minimizer; (2.28)
if lp <ooandl > Iy, problem (M) admits no minimizer. (2.29)

REMARK 7. If Iy < oo and I > Iy, any minimizing sequence converges to po weakly
in LY(Q ;j) for every j (this is proved at the end of the section). Note that the constraint
[ p =1 is“lost” in the limit.

Proof of Corollary 1.
Proof of (2.27). We have, by construction,
5(m)+)\/m< 5(,0)+)\/p Vo € D)
and thus
EPH+ A< E)+ A1l Vp e DE) with /,0 =1,
so that p; is a minimizer for (M;).
Proof of (2.28). If Iy < oo, we have

E(po) < E(p) Yp e D)
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and in particular

E(po) < E(p) Yp € D(E) with fp = Io.

Therefore pg is a minimizer for (M,).

Proof of (2.29). Indeed, suppose that problem (M) has a solution 5 for some I > Io.
We deduce from Theorem 1 that there is a constant A € R such that

3j(p)+Bp>V —1 ae.onQ.

Lemma 8 implies Vo — %< 0,ie.,A> 0 (since Vs = 0). From Lemma 3 we see that
cp+i [5<ewi o voeDE).

Since & is strictly convex we must have 5 = p; and thus [ 5 = [ p; < Ip. But, on the
other hand, [ p = I > Iy — a contradiction.
We gather some additional facts in the next propositions.

PROPOSITION 1. Same assumptions as in Theorem 3. Then for every I € (0, Ip) we
have

[p! > 0] has finite measure, (2.30)
ol <y'V) ae, (2.31)
where

Y’ = (7Y~ 0) = lim MOV MO}

t—s
If Iy < oo, we have
00 < v2V) ae. (2.32)
and in particular
Ip = / po < / y’ (V) < oo. (233)

Proof. Since 0 < I < Iy there is some A > 0 such that p! = 03 and thus we have

3j(pH+Bp! 5V -1 ae. onQ. (2.34)
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It follows from (2.34) and (2.14) that
[p! >0l C[V >4l

and so [,01 > 0] has finite measure (since Voo = 0 and A > 0).
We write (2.34) as

pley(V—1—Bp"

where y = 3;* = (3;)~'; (2.31) follows from the monotonicity of y.
When [y < oo, the proof Theorem 3 (Step 4) shows that

o' — po  weaklyin L' (Q;)V,.
111y
We deduce from (2.31) that

P < yO(V) a.e.on 2.

We now introduce two natural expressions

E(l) = inf{€(p); p € D(€) and [ p =1} %fl >0 (2.35)
+00 if I <O,
and, for every A € R,
®(A) = —inf {5(p)+)\/p;p eD(S)}. (2.36)
O
PROPOSITION 2. Same assumptions as in Theorem 3. We have
E is convex, L.s.c. on R, E(0) =0, 2.37)
E is strictly convex and decreasing on (0, Ip), (2.38)
if Iy < oo, then E(I) = E(ly) = E(po) for I = I, (2.39)
® is convex, l.s.c. on R, (2.40)
d(A) =00 VA<, (2.41)
dAM) >0 VaeR, (2.42)
® is finite, C', nonincreasing on (0, 00), (2.43)
) =—-I(A) VYr>0, (2.44)
®(A) =0 forr>= esssupgV, if esssupgV < oo (2.45)
lim) oo ®(A) =0 if esssupg V = oo, ’

d(\) = E*(=.) VA€R and E(I)=®*(—I) VIeR. (2.46)
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D)
E(D)
D(0) =—E() T Ip I
0 :
T E(0)=—®0) F—————= i
V.=0 ess sup V A
Q
Figure 5  Typical shape of ®(A) and E([).
Proof.

Verification of (2.37). It follows from assumption (H) that E(/) > — f J*V-M)—MI
and thus E(/) €e Rfor 1 > 0. Let I}, I, > Oand r € (0,1). Given ¢ > 0 there is some
p1 € D(E) suchthat [ p; = I} and E(p1) < E(I1) + ¢ and there is some py € D(E) such
thatfpz =Dhand&(p) < E(Lh)+e. Setp =tor+(1—1t)p SOthatfﬁ =th+0-tl
and £(p) < tE(I1) + (1 — t)E(I3) + €. Therefore we obtain

E¢h+A—-0h)<tE()+(1—-1E) +e,

and so E is convex.
In view of the convexity of E we already know that E is continuous on (0, +00) and that

limsup E(I) < E(0) = 0. On the other hand if I, — 0 with I,, > 0, there is a sequence
1,0

(pn) in D(E) such that fpn = I, and £(p,) < E(I,) + 1/n. Since & is Ls.c. on L' we
conclude that lim inf E(I,;) > 0. Therefore lim E(/) = E(0) = 0.
n—00 110

Verification of (2.40), (2.41) and (2.42). It is clear that ® is convex and l.s.c. since it
is a sup of affine functions. (2.41) corresponds to assertion (2.18) in Theorem 3. (2.42) is
obvious by choosing p = 0 as testing function in the definition of ®.

Verification of (2.43) and (2.44). We have VA, u > 0,

S(pu)+ufpu<€(m)+ufpx

and thus,

—P(u) < 5(,0x)+/\/px+(,u—/\)/px =—P}) + (u = IQ).
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Hence

Q) =P +IMN)(L—=2)=0 Vi, u>0.
Changing A and p yields

|P(n) = ) + 1MW) (=) < () =T M)] [ —A] VA, u>0.
Assertions (2.43) and (2.44) follow.

Verification of (2.45). We have VA € R,

J) =V =1p= —j (V=21

and thus, for p € D(E),
@i o>~ [ 1w -n.
so that
(1) < /j*(V—)»)-

Ifesssupg V < oo, we see immediately that @ (1) < Ofor A > esssup V (since j*(s) =
Q

0 for s < 0).

Ifesssupg V = oo, weobserve that j*(V—1) < j*(V—-M)ford > Mand j*(V—-21) —
0 ae. as A — +oo. It follows, by dominated convergence that [ j*(V — 1) — 0 as
A — 4o00.

Verification of (2.46). It is clear that, for every A € R,
inf I A = inf {E(l A},
pég(g){ (p) + /p} Ilgo{ (I) + A1}

ie, ®(A) =sup; > o{—Al — E()} = E*(—=X). It follows that E**(I) = ®*(=1)VI €
R. However E** = FE since E is convex and l.s.c. on R.

Verification of (2.38) and (2.39). Let I1, I, € (0, Ip) with I} # I,. We know from
Theorem 3 that there exist p1, p» € D(E) with [ py = I and [ po = I, E(I1) = E(p1)
and E(Ip) = £(py). Since & is strictly convex we have, for ¢ € (0, 1),

Eth+(1-Dh)<Etor+ 1 —1)p2) < tE(p1) + (1 —1)E(p2)

=tE(I)+ (0 —-1HE).
On the other hand, we have from (2.46) and (2.41)

E(I) = sup{—Ix — ®(1)} = sup {—I1 — D(L)}.
LER A2=0
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For A > Othe function I — (—IA—® (1)) is nonincreasing and thus the function I — E(I)
is also nonincreasing on R. It follows that E is decreasing on (0, Ip) since it is strictly
convex on (0, Ip). Finally, E is constant on (Ip, +00). Indeed, if Iy < oo, there exists
(by Theorem 3) some pg € D(E) with f oo = Ipand E(pg) < E(p) Vp € D(E), so that

E(lp) =E(po) < E(p) VYp e D).

In particular, E(lp) < E(I)VI. Since E is nonincreasing on R we conclude that
E(I) = E(lp) for I > Iy. O

REMARK 8. In all the examples related to Thomas-Fermi Iy < oo (see Section 4). It
would be illuminating to construct examples satisfying all the conditions of Theorem 3 such
that o = oco. From the definitions of ® and (2.46) we have

®0)=— inf E(p) =— inf E().
peD(E) 120

It would be useful to construct some examples where Iy = oo and ©(0) < oo, and other
examples where Iy = oo and ®(0) = oco. From (2.44) we see that ®(0) < oo if and only
if [ I(\) d < 0.

The approach via relaxation

Another approach for proving Corollary 1 (without passing through Theorem 3) is the
relaxation method used by Lieb-Simon [48].
Given a constant 0 < [ < oo set

K, = {p € D(e);/p(x>dx < 1}
and consider the relaxed minimization problem
find 5 € K; such that £(3) < E(p) Vp € K. M))

Set, for every 1 > 0,
E(I) = inf {5(,)); p € D(E) and /p < 1}. (2.47)

We keep the assumptions of Theorem 3. Clearly, the function / — E (1) is convex,
nonincreasing and continuous on [0, co) (the argument is similar to the proof of (2.37) in
Proposition 2). It is easy to see that for every I > 0 the infimum in (2.47) is achieved by
some unique element, denoted p; (the argument is similar to the one used in the proof of
Lemma 7). A simple consideration about convex functions shows that there exists some
76 € [0, oo] such that:
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a) Eis decreasing on [0, 76),
b) E is constant on [y, oo](assuming Iy < 00).

PROPOSITION 3. Under the assumptions of Theorem 3, this E) satisfies all the
properties of Iy described in Corollary 1. Moreover E(I) = E(I) VI > 0.

Proof. a)If I < 1o we must have i p! =1, so that 57 is a solution of (M;). Otherwise,
set ' = [ p! < 1. We have

EAd)=€Ep")< Ep) VpeKp.

Choosing p = 5! we obtain E(1") < E(I) — absurd.

b) If I > Iy, problem (M) has no solution. Indeed, suppose, by contradiction, that there
is a solution p of (M) with I > Iy. We know, by Theorem 1, that there is a constant A € R
such that

9j(p) +Bp>V —Ar ae.

and by Lemma 8 we find that A > 0. Therefore we have
S(ﬁ)+)»f;3< 5(,0)—1—)»/,0 Vp € D(&). (2.48)

Choosing p = ,’5[0 in (2.48) we obtain
E(p) + I < E(Io) + Alp.
However we have

E(lp) = inf_&(p)
peD(E)

and this infimum is achieved only when p = ﬁio so that £(p) > E (E)). It follows that
A < 0 —absurd. O

Proof of Remark 7. Let I > Iy (Ip < o0); we have E(I) = E(lp). Thus if (p,) is a
minimizing sequence for (M) we have £(p,) — E(lp). As in Lemma 7 we may extract a
subsequence still denoted p,, such that p, — 5 weakly in L' (2 j) foreach j. By Lemma 6
we have £(p) < E(lp). Hence p is a minimizer for £ on D(E). By uniqueness we have
p = po.

REMARK 9. Throughout this section we have made assumption (2.1), i.e. j is coer-
cive, and it played an essential role in applying the Dunford-Pettis theorem about weak
convergence in L!. When (2.1) does not hold it may be natural to extend the setting of
problem (M;) and to allow solutions p which are measures. This is an interesting direction
of research.
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3. A direct approach for solving the Euler equation
As in Section 2, let j : R — [0, 400] be a convex l.s.c. function such that

j(®) =0and j(r) = 400 forallr <0,
j is finite and c!on (0, 00),
j'(0+) = lim & =0.

rl0 r

Let V : Q@ — R be a measurable function. Assume £ : Q x Q — IR is a measurable
function satisfying (1.3) and (1.4). For every p € L' () with p = 0a.e. we set

(Bo)) = [ kx.3) oy < + o0,
‘We shall make further assumptions on B:
/(B,o -DT < Vp € LI(Q) with p > O a.e.. 3.1

It is equivalent to assume that for every p € L'(R) with p > 0 a.e. we have

/ 4 Bp <00 VA C Q measurable with finite measure 3.1
and for every § > O the set [Bp > §] has finite measure. '

j()and j(r) = —ocoforallr <O,
j is finite and c!on (0, 00),
J(r)

j'04) = lim 22 = 0.
rd0 r

We may thus extend B as a linear operator from L'(Q) into L'(£) + L (). Sometimes
we shall use an assumption slightly stronger than (3.1):

for every M > 0, sup {/(B,o - Dt pE LI(Q),p> Oa.e.,/pg M} <oo. (3.2

We shall also make an assumption related to the maximum principle:

[op(Bp)>0 Vpel'(Q), ¥peP
and
[ pp(Bp)=0 ifandonlyif p(Bp)=0,

(3.3)

where

P={peC®R;R);0< p<1,p>00nR, p' e L2R), and p(¢) = 0 fors < 1}.
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Finally we suppose that
B is injective. (3.4

We are concerned with the following problem:

(E)

Given a constant I, with 0 < I < oo, find a function p € L () and a
constant A € R such that p > O a.e., f,o =1Ilanddj(p)+Bp>V — Lae..

When assumption (H) holds, problem (E’) is equivalent to problem (M) - which has been
solved in Section 2. We emphasize that throughout Section 3 we do not assume (H) and we
solve (E) by a direct method. Our main results are the following.

THEOREM 4. Assume (3.1), (3.3) and (3.4). Then, there exists Iy with 0 < I1 < 00
such that:

a) forevery 0 < I < Ij(and I < 00) there is a unique solution o! of problem (ED),
b) for Iy < I < oo problem (E") has no solution.

REMARK 10. It may well happen that there is no I > 0 whatsoever for which problem
(E') admits a solution (see an elementary example in Section 4, Remark 15). In this case
we say that /; = 0. In contrast with the situation of Theorem 3 (where the assumption
(H') plays a central role), this may happen even if ess supo(V — Vi) > 0. (Again, in
the example of Section 4, Remark 15 one has Vi, = 0, esssupg V' = +00 but assumption
(H™) fails).

In order to solve (E!) we proceed as in Section 2 and introduce the auxiliary problem:

{ Given a constant A € R, find p € Ll(Q) with p > 0 a.e. such that (E;)
A

0j(p) +Bp>V —Xrae.

Theorem 4 is a direct consequence of

THEOREM 5. Assume (3.1), (3.3) and (3.4). Let V be any measurable function. Then,
there exists Ay € [Vo, +00] such that:

a) forevery . > Ay (and L < +00) there is a unique solution p), of (E,),
b) for A < Ag there is no solution of (E,).

The mapping , — p, defined for A € (Lo, +00) is nonincreasing and continuous with
values into LY (Q); moreover p;, — 0 in LY (Q) as » — +00. Set

I = su /pkzlim/ -
)L>)IL)0 Aro P

If Lo € R the following are equivalent:
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1) I < o©
(ii) (Eyy) has a unique solution py,,
(iii) there exist functions [ € LY(Q), f=20ae, and U : Q — R measurable with
yO(U) € LY(Q) such that V — »o = U + Bf.

where y° has been defined in Section 2, Proposition 1.
In this case p), — p;, in LY() as x 3 Ao and

n< f &OWU) + f) 35)

REMARK 11. Very often we will find that A = Vi (see e.g. Theorem 6). However
it may also happen sometimes that there is no A € R for which (E, ) admits a solution (see
Section 4, Remark 15).

We start with some lemmas:

LEMMA 9. Assume (3.1). Let (py,) be a sequence in LY(Q) such that Pn — p weaklyin
LY(Q) and lon| < f for some f € LY(Q). Then Bp, — Bp a.e. and in LY(Q) + L®(Q).

Proof. We may always assume that p = 0. We recall that for a.e. x € €2 the function
y = k(x, y) f(y) is integrable. We write, for M > 0

(Bpn)(x) = f

k(x, y)pa(y)dy +f k(x, y)pn(y)dy (3.6)
[k(x,) < M]

[k(x,)>M]

It follows that

lim sup | Bon (x)] < / kG y) f(0)dy VM > 0.
[k(x,)>M]

n—oo

As M — oo we see that Bp, — 0 a.e. By dominated convergence we have
f(|Bpn| kT >0 Vk>0.

Finally we note that
1Boull s 1 < k+/(|Bpn| — 0t Yk 0.

and thus

limsup || Bopllp1i 0 <k Vk > 0.

n—o0
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LEMMA 10. Assume (3.1). Then B is a bounded operator from LY(Q) into LY(Q) +
L%(Q) and from L' () N L>®(RQ) into L>®(RQ).

Proof. Let (p,) be a sequence in LY() such that pn — 0in LY(Q). We may extract a
subsequence still denoted (p,) such that |p,| < f a.e. with f € L'(Q). We deduce from
Lemma 9 that Bp, — 0in L'()+ L% (). Thus B is a bounded operator from L' () into
L1(Q)+ L®(R). It follows, by duality, that B is a bounded operator from L' (Q) N L® ()
into L (). O

LEMMA 11. Assume (3.1) and (3.3). Let p € LY(Q) and let k > 0 be a constant. Then
we have

f p=0 3.7
[Bp>k]
and

[Bo< kaeon[p>0]] = [Bpo<kae onf]. 3.8)

Proof. Tt suffices to consider the case k = 1. We have

/pp(Bp)>0 VpeP

and we obtain (3.7) by choosing a sequence (p;) in P such that p,(¢) — 1 Vt > 1. If
Bp < 1on[p > 0] we have for p € P

/pp(B,o) =/ pp(Bp)Jr/ pp(Bp)< 0
[p<0]

[o>0]

since p(Bp) = 0 a.e. on [p > 0]. It follows that p(Bp) = 0 a.e. on £, for every p € P
and thus Bp < 1 a.e. on L. O

LEMMA 12 (A comparison principle via L*°). Assume (3.1) and (3.3). Let V| and V,
be two measurable functions. Let py, p» € L' (2) be such that p1 > 0, p>> 0 and

{ dj(p1) + Bp1 > Vi (3.9)
0j(p2) + Bpz 3 V2. '
Then

(Bor — Bp2) ™[Iz < [[(Vi — V) ¥ Lo (3.10)
In particular

[Vi< Vo ae] = [Bp1< Bpyae.]
and if B is injective

[Vi=Voae] = [p1=prael.
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Proof. Set k = ||(V; — V2)1| 1. On the set [p; — p» > 0] we have, using (3.9),
Vi — Bp1 > Vo — Bpy and so B(p; — p2) < k. It follows from (3.8) that B(p; — p2) < k
a.e.on Q. O

LEMMA 13. Assume (3.1) and (3.3). Suppose that there is some p € L' () with p=0
such that

9j(p)+Bp>V ae. (3.11)
Then, for every A > O there is some p; € L' with p; >0 such that

j () +Bpy >V — i ae.
and

PSP aee.

Proof. We divide the proof into 2 steps:

STEP 1. We claim that for every ¢ > 0 there is some p¢ € L' () with p® >0 a.e. such
that

0j(p°) +ep° +Bp* >V +ep—A ae. (3.12)
and
o< p ae (3.13)

Proof. In what follows ¢ > 0 is fixed and we set V,, = inf{V + ¢p, n}. For every n there
is a (unique) solution p,, of the problem

0j (o) +pn + Boy 3V, — L ae; (3.14)

this is a consequence of Lemma 7. (Note that V., < 0 —Dby (3.11) and Lemma 8§ — and thus
(Vi) < 0. An easy inspection of the proof shows that Lemma 7 still holds if one assumes
Vo <0 instead of Voo = 0). We have

@j +eD)"(Vu — 1 — Bpn)
< @j+eD NV +ep—2)
= @j+e)'(V+ep—Bp+Bp—2)

Pn

L ps 1
< p+8(Bp AT e L(Q).

since (9j 4+ 1)~ ! is Lipschitz with constant 1/e. We may thus assume (for a subsequence)
that

pn — p  weakly in Ll(Q)



716 PHILIPPE BENILAN and HAIM BREZIS J.evol.equ.

and then, by Lemma 9,
Bp, — Bp ae. andin L'(Q) + L®(Q).

Using standard monotone analysis (see e.g. item [1], Lemma 3, under Brezis [16]) we
can pass to the limit in (3.14) and conclude that p satisfies (3.12). Applying Lemma 12 to
(0j + eI) we deduce from (3.11) and (3.12) that 0 < Bp — Bp® < A. Therefore we obtain

Pt =0j +eDT'(V+ep—Bp" =0 < @ +e)” (V+ep— Bp) = p.

STEP 2. We let ¢ — 0. It is easy to see that (for a subsequence ¢, — 0)

p° — p weakly in L(Q)
Bp® — Bp a.e.and inL'(Q) + L(Q)

and p satisfies

0j(p)+Bp>V —1 ae.
p< p ae.

d

Proof of Theorem 5. Uniqueness follows from Lemma 12 since B is assumed to be
injective. Let

A = {X € R; (E,) has a solution} and Ag = inf A

(Mo = +ooif A = ¢J). It follows from Lemma 13 that Ao has all the required properties;
moreover the mapping A — p; is nonincreasing.

In order to check its continuity let A, — A € (X9, +00) be a monotone sequence
so that py, — p in LY() (by monotone convergence). It follows that Bp,, — Bp
in L'(Q) + L®(Q) and thus p satisfies 3j(p) + Bp > V — A ae., ie., p = pr. As
A1 oo, o0 pin LY(Q); since 0. = 0a.e.ontheset [V — j'(0+) < A], we conclude that
p =0a.e. on Q.

For the last assertion in Theorem 5, we note that (i) = (ii) and (ii) = (iii) are straight
forward (choose f = py, and U = V — A9 — Bp;,). It remains to show that (iii) = ().
For A > Ag we have

0j(ox) + Bpy U +Bf + 1o — A

so that p;, < y%(U + Bf — Bp;) and therefore

/ o1 < / yoU). (3.15)
[Bf—Bp; <0]
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On the other hand, we have, by Lemma 11,
/ (f = p1) >0. (3.16)
[Bf —Bpy>0]
Combining (3.15) and (3.16) we see that
f ;< /(yo(m + ).
We conclude with a rather general and useful result.

THEOREM 6. Assume (2.1), (2.12), (2.13), (2.14), (3.2), (3.3) and (3.4). Assume in
addition that there exist a function f € L'(Q), and a measurable function U : @ — R
such that

V=U+Bf (3.17)
and
/ YOU +1) <00 Vi>0, VYo C Qwith|w| < oo. (3.18)
w

Then, forevery A > Vo, problem (Ey) admits a solution, i.e., there exists a p), € L, on >0,
satisfying

3j(ps) + Bpy > V —A.

In particular, if esssupg V > Vo, problem (E') admits a solution for every I € (0, Iy)
where

0<I; = lim '/pkgoo.
M Voo

Proof. Let L > V be fixed and let V;, = min{V, n}. Let p, be the solution of (3.19)

aj(on) + Bon > Vp — A. (3.19)
The existence of p, follows from Lemma 7. We claim that

//On < C. (3.20)
Indeed let 1 be such that A > @ > V. We have

pn <y’ (Vo — = Bo)) < y°(V — = Boy) = y°(U — o + Bf — Bpy)

and therefore

/ pn</y°(U—M)<oo
[Bngpn]
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since [U > u] has finite measure (note that by (3.17), Uy, = Voo = 0). On the other hand
we have, by Lemma 12,

f (f —pn) 2 0.
[Bf >Bpy]

It follows that
fpn < /(yO(U — W+ ).

Clearly p, < y2(V — 1), so that
Supp pp Cw =1[V > u] 3.21)

and |ow| < oo.
Next, we claim that the sequence (p;) is equi-integrable on w. Indeed let ¢ > 0 and let
A C w be measurable. We write

/ Pn < / Pn +/ Pn-
A AN[Bf—Bp, <t] [Bf —Bpn>t]

As above we have

/ pnéfyo(U—uH)
ANIBf—Bpy <11 A

and
f Pn < / f< f f
(Bf —Bon>1] [Bf —Bpu>1] (Bf>1]
Consequently

/pn<f VO(U—M+t)+/ I
A A [Bf>t]

Given ¢ > 0 we first choose ¢ large enough so that f[Bf>t] f < €. Then we choose § > 0
small enough so that |[A| < § implies fA YoOWW —p+1) <e.

It follows from Lemma 12 that the sequence (Bp,) is a nondecreasing. From (3.20) and
assumption (3.2) we have

f(Bpn —kT<Ck) Yk>0, Vn.

Therefore Bp, t ua.e.asn ? ooand [(u —k)* <oo Vk > 0.
From (3.21) we deduce that (up to a subsequence)

pn — p weakly in LI(Q).
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By Lemma 10 we have
Bp, — Bp  weakly in L' (Q) + L®().

It follows that Bp, — Bp weakly in LY () for any ' C  of finite measure. Since
Bp, — ua.e. on Q2 we deduce that u = Bp a.e. on Q2. Using Egorov’s lemma and standard
monotone analysis, we may now pass to the limit in (3.19) and conclude that

9j(p) +Bp>V —)1 ae.

O

REMARK 12. Part of the argument used in the proof of Theorem 6 (e.g. the
equi-integrability of p,) is inspired by the papers quoted as items [2] [3] under Gallouét-
Morel [35].

REMARK 13. If j is coercive, i.e., y? is everywhere defined, then assumption (3.18) is
weaker than (HT). Indeed we write

FF 40V —M) - V+0) =y (V+DOV - M —0M —1].
so that
YOV 4+ < A4V —M) on[dV—M—6M—1t>1]

while

I1+M+60M+1t

y%V+4)<y°< .

—i—t) on[0V —-—M—6M —t < 1].

4. Some examples. Further properties of Iy and [,

In what follows and throughout the rest of the paper we assume that 2 = RV (with the
Lebesgue measure dx) and N > 3.

We take k(x, y) = k(x — y) where k(x) = cn/|x|V =2 with cy = 1/[(N — 2)on] and
oy is the area of the unit sphere in R, so that

k € MV/(N=2(RN)
and
—Ak =68 in the sense of D'(RV).
Here MP(RV)(1 < p < 00) denotes the Marcinkiewicz (or weak L) space, i.e.,

MP@RY) = {u : RN — R; u is measurable and ||u||p;r < 00}
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where the norm ||u|| »» is defined by

1
lullpgp = su —// [u(x)| dx.
o TATTY [,

|A[<o0

Some elementary properties of the spaces M? are discussed in the Appendix of Bénilan-
Brezis-Crandall [10]. In particular we recall that

ap”u”[l:/[p < )SLUPO)JJ meas [[u| > 1] < ||u||1l17/1p (ap > 0).
>

We also recall that, for every f € L'(RY),
Bf =kx feMNN-2
and

IBf Il penvsv-2 < Nkl pgvsv-2 [ fll 1
Moreover we have
—A(Bf) = f in the sense of D'(R")
and, in particular, B is injective. Therefore K defined in Section 1 is strictly convex

(see Remark 3).
We claim that the kernel & satisfies properties (1.4), (3.2) and (3.3).

Verification of (3.2). Let p € L' (R") with p > O and | p|| ;1 < M. We have
/ (Bp — 1)+<f Bp < ||Bpllmr Al
RN [Bp>1]
where p = N/(N —2)and A = [Bp > 1]. But |A| < ||B,o||ﬁ',[,, and therefore
/ (Bo — )T < ||Bpll}y, < CMP.
RN
In order to check (1.4) and (3.3) it is convenient to use

LEMMA 14. Let p € CY(R) with p' > 0 and p(0) = 0. Let p € L'(RN) be such that
o p(Bp) € LY(RN). Then

/ P (Bp)|V(Bp)* < / p p(Bp).
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Proof. We already know (by Lemma A.10 in Bénilan-Brezis-Crandall [10]) that the
conclusion holds if, in addition, p € L°°(R). Inthe general case, let (p,) be a sequence such
that p, € CL(R) N LO(R), p, = 0, pa(0) = 0, [pa()| < |p()| Vi € R, pu(t) = p(©)
Vi e Rand p,,(t) — p'(t)Vt € R.

We have

/ PL(Bp)IV(Bp)P < / p pu(Bp)

and since |p p,(Bp)| < |p p(Bp)| € LY(R") we conclude easily, using Fatou’s Lemma
and dominated convergence. O

Verification of (1.4) and (3.3). Applying Lemma 14 with p(¢) = t we obtain (1.4) (note
that fA |Bp| < oo for every A with |A| < 00). Suppose now p € CH(R) N L®(R) with
p € L*(R), p'> 0and p(0) = 0. Let p € L' (R") be such that [ p p(Bp) = 0. It fol-
lows from Lemma 14 that p’(Bp)|V(Bp)|> = 0 and thus V p(Bp) = p’(Bp) V(Bp) = 0.
Therefore, p(Bp) is a constant. On the other hand, Bp — 0 as |x| — oo in a weak sense
(i.e., for every @ > 0 the set [| Bp| > «] has finite measure) and so does p(Bp). It follows
that p(Bp) = 0.

We recall the main result of Section 3. Let j : R — [0, +00] be any convex l.s.c.
function such that

j(0) =0andj(r) = +oc0 forallr <O.

As above we set y = 9j* = (3j) L.
Let V : RY — R be any measurable function. We are concerned with the two problems

Given a constant I with 0 < I < oo, find a function p € Ll(RN ) and a €]
constant A € R such that p > 0 a.e., f,o =1Ilanddj(p)+ Bp>V — Xrae.

and
Given a constant / with 0 < I < oo find a function M
p €K ={peDE); [ p=I}which minimizes £ on K. Mp)

Corollary 1 says that, under some assumptions, there exists 0 < Ip < oo such that

a) forevery 0 < I < Ip (and I < oo) there is a unique solution pI of problem (My),
b) if Ip < oo and I > Iy problem (M;) admits no solution.

Theorem 4 asserts that there exists /; with 0 < I; < oo such that:

a) forevery 0 < I < I (and I < o0), there is a unique solution p’ of problem (E’),
b) if I; < oo and I > Iy, problem (E) has no solution.
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In what follows we shall examine various examples of functions j and V, discuss the

relation between problems (E') and (M;) and describe some additional properties of Iy
and /.

Some specific examples of functions j are the following:

EXAMPLE 1. Let 1 < p < oo and let

1.p
j(r):{pr forr >0
+oo forr <O

so that, with L4l -,
p'p

j*(S)Z{Lsp/ forSZO

p/

0 fors <0

Pl forr >0
3j(r) =3 (—00,0] forr=0

? forr <0

. o~ p'-1 fors >0
(s) = 8j*(s) = (3)) 1(s)={5 Z
v J / 0 fors < O.

The usual Thomas-Fermi problem (see e.g. Lieb-Simon [48], Lieb [47]) corresponds to the
case p =5/3.

EXAMPLE 2. Let 1 < p < oo and let
jor) = { L +rP =1=pr] forr>0
+o00 forr <0
so that
J*s) = { L+ —1—p's fors>0
0 fors <0

A+rP'—1 forr>0
3j(r) = § (—o00, 0] forr =0
? forr <0

— 9% (s) = (97)" :{(1—{—8)1/_1—1 fors > 0
y(s) =0j7(s) = (3j) (5) 0 for s < 0.

Such a j(with p = 5/3) occurs in the Thomas-Fermi theory of screening (see Lieb-
Simon [48], Section VII). Note that j(r) ~ r? as r — +oo while j(r) ~ rZasr — 0+.
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EXAMPLE 3. Let

i) = {3/0’”3 2WTFE2—1)dt forr>0
+00

forr <0
so that
Jj*(s) = {fos(Zt +12)3/2dt fors >0
0 fors <0
VI+r23 -1 forr>0
aJ(r) - (_007 O] forr =0
0 forr <0
y(s) = 0j*(s) = (0) "' (s) = { @25 +52)%? fors>0
0 fors < O.

Such a j occurs in some relativistic Thomas-Fermi model (E. Lieb, personal communica-
tion). Note that j(r) ~ r*3 as r — 400 while j(r) ~ /3 asr — 0+.

EXAMPLE 4. Letl < g < p < oo and let

Lyp —2pa 4 pr forr > 1

Jr)=10 for0< r< 1
+00 forr <0

wherea = q(p —1)/p(q — 1) and b = (p — q)/p(g — 1), so that

P~V —ard=l 4+ b forr > 1
. <

3j(r) = 0 for0 <r<1
(—o00, 0] forr =0
@ forr <0
0 fors <0

y(s) = { [0,1] fors =0
singlevalued fors > 0.

Note that j(r) ~ r? asr — 4oo while j(r) = 0for0 < r < 1 and y(s) ~ 1 + cs,
fors > 0,s ~ 0 withc = m. Such a j occurs in Thomas-Fermi model with an
“exchange correction” (see Benguria [7], Chapter 3).

In what follows we will assume that N = 3, but there are similar results for N > 3.
Throughout the rest of this section we will assume (this is satisfied in all the examples
above) that

j is C! on (0, co) with j/(04) = 0. 4.1)
We will consider various types of functions V. In all cases we have Vo, = 0.

TYPEL V =k f for some f € L!.
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Thus V € M? and —AV = f. In particular, we know that for every § > 0 the set
[|V] > &] has finite measure. This case is well adapted to the direct approach of Section 3.
Indeed, the equation

—Aug+y@o) > f inR3 4.2)

admits a unique solution ug € M 3 (by Theorem 2.1 in Bénilan-Brezis-Crandall [10]), with
y (uo) € L! (more precisely f + Aug € Ll) and

/ y (uo) < / a 4.3)

(Recall y(t) = 0 for t < 0). If we set
po=f+Aug=A(g—V)
we see (from (4.2)) that
uo € ¥~ (po) = 3j (o)
and therefore
3j(po) + Bop >V ae. 4.4)
More generally, for every A > O there exists a unique solution u; € M3 of
—Au; +yw,—2)> f inR3 4.5)
(since B(t) = y (t — X) is a maximal monotone graph such that 0 € $(0)). Then
on=f+Au, €L
satisfies
w, =k €y TN+ Dup) = 8j(p2)
and therefore we have

3j(pr) + Bpr 2V —1 ae. (Ev)

Set

I1=/f+Auo=/)/(uo)< /f+«

Note that /; > 0 whenever esssupg, V > 0. (Indeed [/] = 0] < [y (uo) = 0] < [uo < 0]
because of assumption (4.1), and then by (4.2) we have ug = V).
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COROLLARY 2. Forevery I € (0, I] there exists a unique solution of problem (E!).
In addition, if we assume

1.,0
/O stf) ds = oo, (4.6)

then

ff<11</f+;

in particular, if f > 0 a.e. then

I = / f. %))

Proof. The conditions of Theorem 5 are satisfied with Ay = Vi = 0. Note that (E,)
has no solution for A < 0. (Indeed, if (E;) has a solution for some A € R we deduce from
Lemma 8 and (4.1) that (V — L)oo = Voo — A = —A < 0, i.e., A > 0). Hence we have the
first assertion of Corollary 2.

Next we assume (4.6). Applying Lemma B.1 and Theorem B.1 (from Appendix B) to
the function ug we conclude that

/AM()} 0.

Therefore, I} = [ f + Aug > [ f. O

REMARK 14. We emphasize that the first assertion in Corollary 2 applies to Example 1
without any restriction on p. The second assertion holds only under the restriction

Pz 3 (4.8)
(this is an assumption about j near zero). It is clearly satisfied for the standard Thomas-
Fermi exponent p = 5/3.

On the other hand if (4.8) fails, i.e., if p < 4/3, then for f > 0 with compact support,
f #0,wehave I} < [ f. Indeed in this case y(s) ~ s7 ass — O withg = p’ — 1 > 3.
Applying a result of Véron (see item [3], Théoreme 4.1, under Véron [59]) we see that
uo(x) ~ c/|x| as |x| — oo with ¢ > 0. Therefore (by Theorem B.1) we have f Aug <0
and Iy = [ f+ Aug < [ f.

Alternatively, we could also try to apply the variational route of Section 2. This is indeed
possible in Example 1 when

p>3/2 4.9)
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((4.9) is now an assumption about j near infinity). Note that (4.9) holds for the standard
Thomas-Fermi exponent p = 5/3. However (4.9) does not hold in Example 2 (relativistic
Thomas-Fermi).

Indeed, the basic condition (H) (or HY) says that for some constant C € R

(V-CO)telL”. (4.10)

Recall that V € M3 and thus V|, € L9 (w) forany ¢ < 3 and any set @ with finite measure.
If we take C > 0 and w = [|V| > C] we see that (4.10) holds provided p’ < 3, i.e.,
p > 3/2.

When condition (4.9) fails—for example j(r) = r? with p < 3/2—the functional

1
S(p)+/\/p=/j(p)—Vp+kp+§/p3p (4.11)

is usually unbounded from below for any ). > 0. This means that the variational route used
in Section 2 is not practicable for a general V = Bf, f € L.
Here is a sketch of the argument. Suppose that we have a lower bound. Then

1
/Vp< /pp+§/po+C/p+C. 4.12)

It is easy to see from Young’s inequality on convolutions or the L? regularity theory that
1Bpll s < Cllpll o5 and thus

2
/po< lelizersliBelize < Cllollyes-

Since p < 2 we deduce from (4.12) that

f Vp< Cllplzy + llplZes + C)

and by scaling we find

/Vp< Clliplzr + ol es)-

Hence
Vel +1°
so that
VelLl withg=min(p',6).

Since p < 3/2 we have p’ > 3 and then ¢ > 3. On the other hand B does not map L1
into L3 (only into M?3) [otherwise B would also map L*? into L> and then k € L3 —
impossible]. Hence there are some f’s in L! such that V = Bf ¢ L3. For such V’s the
functional (4.11) is unbounded below.
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TYPEIL. V = k % u for some bounded measure .

This case is especially important in the Thomas-Fermi setting because it includes
functions V (x) of the form

14

.
V(x) = Z P —la,-l’ m; € R, (4.13)
i=1

which play a central role in the analysis of Lieb-Simon [48]. Here we have

1
V=kxpu and pu =4ani80i.
i=1
Again it is well suited to the direct approach of Section 3 provided we make the additional
assumption

oo ,,0
f " <i> - c/ r6) s < o (4.14)
Ix|<1 x| st

which is required in order to apply Theorem A.1 (in Appendix A). In the framework of
Examples 1, 2, 4 this corresponds to the condition

4
p>-=. 4.15)
3
Assumption (4.14) is an assumption about j near infinity. It is satisfied for the stan-
dard Thomas-Fermi exponent p = 5/3. However (4.14) fails in Example 2 (relativistic
Thomas-Fermi).

As above we solve the equation

—Aug+y@) >p inR3 (4.16)
with the help of Theorem A.1 and we set
00 =+ Aug e L!

and

11=/M+Auo=/y(uo)< /M+~

Again I} > 0 whenever ess supgs V > 0.
Using the same strategy as in Corollary 2, we have

COROLLARY 3. Assume (4.14). Then for every I € (0, 1] there exists a unique
solution of problem (E").
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In addition, if we assume (4.6), then

/u<11</u+;

in particular if u > 0, then

I1=//L.

REMARK 15. Condition (4.15) is absolutely essential. When it is not satisfied there
is usually no I whatsoever such that problem (E") admits a solution. Take, for example,
j(r) = 3r%3 and then y(s) = (sH)3. Let V(x) = 1/|x| (so that —AV = 478)). If we
had a solution of (E!) for some 1, it would satisfy

0j(p) +Bp>V —A.
Necessarily A > 0 (by Lemma 8) and u = ﬁ — Bp satisfies
—Au+ [ —1*] =6

with (u — )T € L3. But this is impossible, even locally near 0; see the discussion in
Remark A.4. In particular, for the relativistic Thomas-Fermi model (Example 3 above)
with the Coulomb potential V (x) = 1/|x|, there is no I such that problem (E’) admits a
solution; existence holds provided the potential is slightly more “diffuse”.

REMARK 16. Asabove, we see that the variational route discussed in Section 2 holds in
Example 1 when p > 3/2. If p <3/2and V(x) = ), lx"_1—’a| the functional E(p) + A [ p
is unbounded below.

TYPEIIL V € M3(R3).

Clearly this situation is more general than Type II (since k % u € M?). Here we cannot
anymore rely on Appendix A to solve

—Aug + y(up) > —AV

since AV need not be a measure. Instead we will rely on Theorem 6. The conclusion is
less precise since we have little information about /; (we suspect that /1 might sometimes
be infinite).

COROLLARY 4. Assume again (4.14). LetV € M3 (R3) be such that ess supps V > 0.
Then there exists 0 < I} < oo such that

a) for every I € (0, Iy) there is a unique solution of problem (E'),
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b) if I1 < oo, problem (B1Y admits a solution, and problem (EYY has no solution when
1> 1.

Proof. Apply Theorem 6 with the decomposition V = U + Bf and f = 0. We have to
verify (3.18), i.e.,

/yO(V+t)<oo Vi > 0, Yo C Q with |o| < co.
w

This follows immediately from assumption (4.14) and Lemma A.1 applied to the function
up=V+1teM ono. O

REMARK 17. There are many variants of Corollary 4. For instance, in the standard
Thomas-Fermi theory (Example 1 with p = 5/3), it suffices to assume, for example, that
for every 6 > 0, the set [V > §] is bounded and V € L130/C2 (singularities such as |x|™¢,
o < 2 are admissible).

In the relativistic Thomas-Fermi (Example 2), it suffices to assume that for every é > 0,
the set [V > §] is bounded and that V = V| + V, with V| € Ll300 and V; € LllOC with
AV € Llloc. Note that the singularity V (x) = 1/|x| is excluded, but this is consistent with
the discussion in Remark 15 (see also Remark A. 4).

5. A min-max principle for the Lagrange multiplier ); uniqueness of the extremals

Throughout this section we take 2 = RY, N> 3and Bp = k % p as in Section 4.
Let j : R — [0, +00] be a convex L.s.c. function such that

j(©O)=0and j(r) =4ooforallr <0 6.1
jis C'on (0, 00), and j'(0+) = 0. (5.2)

Let V : @ — R be a measurable function such that V., = 0. Recall (see Theorem 5)
that exists A9 € [0, +o0] such that for every A > Ao problem

9j(p)+Bp>V —L ae. (B

admits a unique solution p, € L, ox = 0. As in the previous sections we set

() = /m and I; = sup I(A) = lim I (A) < 0.
A>Ag Ao

Note that /(A) > 0 if and only if A < esssupgy V. Recall that (E;) has no solution for
A < Ag and (E;,) admits a unique solution if and only if /; < oo.
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THEOREM 7. For any Ay < A < esssuppy V we have

A= max essinf{V — Bp— j'(p)}
peLl p>0 [p>0]
[o=1()

and

L= min esssup{V — Bp— j'(p)}.
peLll p>0 N
Jo=1()

J.evol.equ.

(5.3)

(5.4)

Conclusion (5.3) holds for A = Ay < 00 provided I} < oo; conclusion (5.4) holds for

A = Ag provided Ly = 0 and I} < oo.

In (5.4) we use the convention that j'(0) = j’'(0+)(= 0).

REMARK 18. The conclusion of Theorem 7 were obtained by Lieb-Simon [48]
(Theorems I1.28 and I1.29) in the context of the standard Thomas-Fermi model (see Example

1 in Section 4 with p = 5/3, and V (x) given by (4.13) with m; > 0 Vi).

Proof. 1f we take p = p, we have on the set A = [p; > 0] (which has positive measure

because of the assumption A < ess suppny V),
J'(o2) + By =V — A,
so that

essinf {V — Bp; — j'(pp)} = A.
[02>0]

Moreover, on the set [p; = 0] we have
V — A —Bp;, <0.

and in particular
V — Bpy — j'(p) < A

Thus

esssup{V — Bp,, — j'(p)} = A.
RN

(5.5)

To conclude the proof it remains to show that for every p € L', p > 0, with f p=1I0)

we have

essinf {V — Bp — j (p)} < A
[p>0]

(5.6)
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and

esssup {V — Bp — j'(0)} > 1.
RN

731

(5.7)

O

Proof of (5.6). Suppose, by contradiction, that there is some p € L', p> 0, with

[ £ =1(1), such that

A =essinf{V — Bp — j (p)} > A.
[0>0]

Let p* = py+ be the unique solution of (E;»), i.e.,
j(p*) + Bp* >V — A",
Set

j'(p) + Bp on[p > 0],
min{Bj, V —A*} on[p = 0].

Clearly we have
3j(p)+Bp>W ae. onRY,
and
W< V-1 ae onRY,
We deduce from (5.9), (5.10), (5.11) and Lemma 12 that

Bj < Bp*.

Applying Theorem B.1 with u = B(p — p*) < 0, we see that f(,5 — 0" <0, ie,

/,5=1(k)< 1(/\*)=/p*-

Let p; be the solution of (E;). From Theorem 5 we know that
Prx < Pa-
Combining (5.14) with (5.13) we deduce that

p* = px.

(5.8)

(5.9)

(5.10)

.11

(5.12)

(5.13)

(5.14)

(5.15)

Recall that A = [p;, > 0] = [p* > 0] has positive measure. Applying (E;) and (E;+) on A

we find
V—-A=V—-)\* ae.onA,

and thus A = A*— a contradiction.
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Proof of (5.7). Suppose, by contradiction, that there is some p € L!, 5> 0, with
[ p = 1(%) such that

w* =esssup{V — Bp — j'(p)} < A. (5.16)
RN

Fix p such that max{u™®, A1} < u < A. Set

W =j'(p)+ Bp.

so that

dj(p) +Bp>W (5.17)
and

W=V —-u*">V-—pu (5.18)

Let p,, be the solution of
8j(pu) +Bpu >V — 1t (5.19)

(which exists since 4 > A1). Combining (5.17), (5.19) and (5.18), we deduce from the
comparison principle in Lemma 12 that Bp, < Bp. Applying Theorem B.1 once more

yields [(p, — p) < 0, i.e.,

tw=[ o< [5=10.

We conclude that p) = A, and obtain a contradiction as above.
In the limiting case A = Ag, the proof of (5.6) is unchanged. But we cannot use the
above proof for (5.7). In this case we simply observe that

esssup{V — Bp — j(0)} > Voo = 0 = X0.
RN

Lieb and Simon [48] have conjectured the uniqueness of the maximizer in (5.3) and the
minimizer in (5.4) (see Problem 4 in the Introduction and the discussion in Section IL.7).
We will prove that the conjecture is true when A9 < A < esssuppny V for a large class
of problems including the standard Thomas-Fermi model: Example 1 in Section 4 with
p = 5/3. (With the notations of Lieb-Simon [48] this means that the conjecture holds
when N < Z). A basic ingredient is a sharp form of strong maximum principle described
in Appendix C.

However we will see that the conjecture fails (even for the standard Thomas-Fermi
model) in the “neutral” case A = 0 (i.e., N = Z with the notations of Lieb-Simon [48]).
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A counter example in the neutral case.

Consider for simplicity the case N = 3 and the Example of Section 4 with p > 4/3. In
the neutral case, the Thomas-Fermi p is the unique solution of the equations

1
PP +Bp=V = (5.20)
Z Ix — ail
with m; > 0Vi. In other words u = p”~! is the unique positive solution of
—Au+uPY =4x > " mys,,. (5.21)

1

Moreover we have, by Corollary 3,

f p=dn Y m;. (522)

Clearly the function p satisfies p > 0, f p=1=4n) m;, and

essinf(V — Bp — P =0 (5.23)

R

esssup(V — Bp — pP~1) = 0. (5.24)
RN

We will now construct two functions p1, p2, distinct from p, satisfying p; > 0, pp > 0,
[oi=[p=1,

essinf(V — Boj — pP =0, (5.25)
R

esssup(V — Bpy — ,0571) =0. (5.26)
RN

Given k > 0, let u; > 0 be the solution of

—Aug + k) PV = 41y s, (5.27)
and set
por = ku)/ PV, (5.28)

From the results of Appendix B we deduce that

fpk=1=4n2mi VK.
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On the other hand, we see from (5.27) and (5.28) that

m;

ko)’ + By =V =3
lx — a;l

and therefore
—1 —(p— —1
V= Bpx—p{ =GV —Dp

We obtain the desired p; and p, satisfying (5.25) and (5.26) by choosing p; = ok, and
P2 = Pk, withky < land kp > 1.

Uniqueness of the extremals in the “ionic” case, 0 < I < I

In addition to the standard assumptions (5.1) and (5.2) on j, we assume here that

j' is concave on (0, 00), (5.29)
and

fim 2~ oo (5.30)

r—oo r

As a result, it is easy to see that y = (9j)~! is a continuous nondecreasing function on R
such that

y(s) =0fors <0, (5.31)
and
y is convex on R, (5.32)

so that y/(s—) exists at every s € R, and will be denote simply y'(s).
A typical example is
. . Ly forr >0,
jry=4r

5.33
+oo forr <0, ( )

with 1 < p < 2 and then y(r) = (r+)”/_l; recall that the standard Thomas-Fermi model
corresponds to p = 5/3 and then y(r) = (r+)3/2.
Let A > 0 and let V be any measurable function such that, for some R > 0,

V(x) < Afora.e. x with |x| > R. (5.34)
We will assume that

y'(V—2) e L'®RY). (5.35)
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lx’f; T in R? and satisfies
1

The standard Thomas-Fermi model corresponds to V(x) = >
all the required assumptions (any p > 5/4 would be acceptable).
Letp € LY p = 0, be a solution of the problem

dj(p)+Bp >V — A

ae. on RV, (5.36)
Suppose now that p; is a maximizer for (5.3), i.e., p; € LY p1 = 0, satisfies
[ei=]0 (537)
and
e[ifig]f{V — Bp1 — j'(p1)} = A (5.38)
Similarly, suppose that p; is a minimizer for (5.4), i.e., oy € L 02 = 0, satisfies
/ p2 = / P (5.39)
and
eSSiuP{V — Bpy — j'(p2)} = & (5.40)
R

(with the convention that j'(0) = 0).

THEOREM 8. Assume (5.1), (5.2), (5.29), (5.30), (5.34)~(5.40). Then
pL=p2=p.

The key ingredient in the proof is the following:

LEMMA 15. Assume (5.1), (5.2), (5.29) and (5.30). Let y1, Y2 € L' withr; > 0 a.e.
on RN, Y2 > 0a.e on RY be such that

[w= v

(5.41)
Let f1, f> be measurable functions on R such that
A< fr ae onRY, (5.42)
H(x) <0 forae. x,|x| > R, (5.43)
y'(foeLl.

(5.44)
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Assume
dj(y1) + By > fi  ae onRY,
and
3j(Y2) + BYn > f» ae onRV.
Then
Y1 = vo.
Proof of Lemma 15. From Lemma 12 and (5.42) we already know that
By < Byn.

Setu = B(yrp — Y1) = 0 and

- on [u > 0],

{ y(f1=By1)—y(f/i—By»)
a =
0 on [u = 0],

sothata > 0 a.e.
Clearly we have

—Au+au = (Yo — Y1) +au
y(f2 — BY2) —y(fi — BY1) +au
= y(fi — Byn2) — y(fi — BY) +au = 0.

From the convexity of y we see that
v (fi = BYn) — y(fi — BY1) = y'(fi = BY)(BY1 — Byn),
and thus, by (5.44),

a(x) <y'(fi)yeL.

J.evol.equ.

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

On the other hand u € MN/N=2 Ay e L' and f Au = 0 (by (5.41)); moreover

—Au=1yr —¥1=2 —y(f1),

since Y» > 0 and ¥ = y(f1 — By1) < y(f1). From (5.43) we infer that

—Au>0 forae. x,|x| > R.

(5.51)

Applying Corollary B.3 we see that u = O in [|x| > R]. We may then invoke Theorem C. 1

to conclude that u = 0, i.e., Y| = Y.
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We may now go to the
Proof of Theorem 8. Set
W = j'(p2) + Bpy a.e. on RV,
so that
3j(02) + Boy > W ae.
and by (5.40)
W>V —Xae.

Applying Lemma 15to ¥y = p, f1 =V — A, ¥ = pp and f> = W, we find that p = p3.
Next, letting

7 _ | J'(p1) + Bpi on [p; > 0],
min{Bp;, V — A} on[p; =0],
we see that

3j(p1) +Bp1>Z ae onRY
and
WLV —-A ae. on RV,

Applying Lemma 15 to ¢| = p1, f1 = W, ¥ = p and f, = V — X we find that p; = p.

6. Asymptotic estimates for /(1) as A | 0; behavior of the chemical potential in the
weakly ionized limit

In this section we assume that (where the symbol ~ means, as usual, that the ratio tends
to 1),

y(s)~s? ass |0, forsomel <g < ——, 6.1)
N -2
and
f = —AV is anonnegative, nonzero, measure in RY with compact support, (6.2)

where V.e MN/N=2(R™") If f ¢ LY(RY), we suppose, in addition, that

1
y° (W) e Ll .(RY). (6.3)
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Using Theorem 2.1 in Bénilan-Brezis-Crandall [10] if f € LI(RN ), or Theorem A.1
in Appendix A if f ¢ L'(R"), we know that for every A > 0, there exists (u;, py) €
MN/N=2) » L1 such that

o €y, —A) ae. and —Auy +p, = f inD'[RY). (6.4)

We start with a result which is basically known (see e.g. Hille [39], Lieb-Simon [48],
item [3] under Véron [59]):

PROPOSITION 4. We have

B\K
ug(x) ~ <m> as |x| — oo, (6.5)
where
k= q% and B = B(k,N) = (k(k — N +2))"/%. (6.6)
We now set

10 = / P (x) d,

R, =inf{r > 0; u;(x) < A ae. on[|x]| > rl},
R, =sup{r >0; up(x) > rae. onllx| <r]}

Clearly, we have R, < R;, supp ;. C [|x| < R;], and py(x) > O ae. on [|x| < R,].
The main result of this section is the following

THEOREM 9. We have, as A | 0,

1/k
- A 0,1-06
R.~R, ~B — o — I (L) ~ aAfal =", 6.7)
with
N -2
0= — a= (N —2)B" %0y, (6.8)

where oy = |SN71|, k and B are given by (6.6), Ag = 2k — N +2)AY>(N —2)~!, and
A = h(0) is a constant, depending only on g and N, defined via the solution of an ODE
described in Lemmas 17 and 18.

In order to prove Proposition 4, we need the following lemma, essentially due to Hille
[39, Theorem 4] (see also Lemme 2.2 in item [3] under Véron [59]):
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LEMMA 16. Let N>3, 1 < g < %5, Ry > 0, £ > 0, ¢o > 0, and vy €
C?([Ro, o0)), v = 0, be the solution of

{vé’—l— N;lvézﬁvg in [Ro, 00), ©.11)
vo(Ro) = ¢o.
Then
B k
U()(V) ~ (m) asr — o0, (612)

where k and B are given by (6.6).

It is well-known (see item [8] under Brezis [16]) that (6.11) has a unique solution,
even without prescribing a condition at infinity. Moreover, there exists a constant C > 0
(depending on the given data) such that

C
vo(r) < " Vr > Ro. (6.13)
r

Proof of Lemma 16. By a simple scaling argument, it suffices to prove the lemma for
€= 1. Setvo(r) = (£)kwo(r"), with

n=2k—(N-2), (6.14)

so that wg € Cz([ao, 00)), wo = 0, satisfies

{ozwg = Lwo(wgfl — 1) in [0y, 00), (6.15)
wo(00) = Yo,

where 09 = R, Yo = qbo(%)k ,and L = (g)z. Clearly, in order to prove (6.12), it suffices
to show that

lim wo(o) = 1. (6.16)
o —>00

Note that the function (wg — 1)2 is convex; indeed,
2
2do?
by (6.15).
Suppose, by contradiction, that (6.16) does not hold. Since (wo — 1)2 is convex and

bounded (for this last property we just apply (6.13)), there would exista § > 0 small enough
so that (wg — 1)2 > 82 on [00, 00). We now split the argument into two cases:

(wo — 12 = (wo — Dwy >0

CASE 1. wo(og) > 1.
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In this case, one has wg > 1 + § on [0g, o0) and
o?wi =8=LA+8)((1+8)71—1)>0 onl[og, c0). (6.17)

In particular, wy itself is convex and bounded. Thus it is also decreasing. We then conclude
that

lim owy(o) = 0. (6.18)
o—>00

In fact, by the convexity of wg, we can write
0< —Gw(’)(o) < 2(wo(o/2) — wo(o)) foro > 20yp.

Since wq(o) converges as o — 00, (6.18) follows.
On the other hand, it follows from (6.17) that

s

o0
—wy(o) =/ wg(v)dt > o Yo > oy,
o

which contradicts (6.18). This proves (6.16) in Case 1.

CASE 2. wqg(op) < 1.
We have 0 < wy < 1 — § on [og, 00), so that wq is concave. We deduce that wq is
increasing,

ali_)mooow(’)(o) =0 and o’wj(o)< —38
for some § > 0. As before, this gives a contradiction.

Proof of Proposition 4. By the maximum principle, we have 0 < o < V on R¥. Since
V is harmonic outside some large ball, lim|y|— oo V (x) = 0. Then for any pair of positive
numbers ¢, £ with 0 < <1< £, there exists Ry > 0 such that

fud < po< Lud  ae. on[lx| > Rol.

We may also assume that the support of f is contained in [|x| < Ro/2]; in particular, ug is
C%on [Ix] = Ro] (see e.g. Theorem 3 in item [8] under Brezis [16]).

Set 50 = max|x|=g, Y0(x), and consider the solution vy € Cz([Ro, 0)), vg = 0, of
(6.11) with £ and ¢ replaced by ¢ and ¢, respectively. By the maximum principle, we
have ug(x) < vo(|x|) on [|x| = Ro], so that, by Lemma 16,

Ix] k 1\k/2
lir?sup[(g> uo(x)]< (?) . (6.19)

We now claim that ug > O on [|x| > Rg]. Fora.e. x € RN, let

x)
aG) = { ey ifuo) #£0,
0 if ug(x) =0,
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so that ug satisfies
—Aug+aug = f>0 inDRV). (6.20)

Using (6.1), we deduce that a € L' (R™); moreover, a is bounded on [|x| > Ro]. By the
strong maximum principle, then either ug > O on [|x| > Rg], or ug = O on [|x| = Rp]. Sup-
pose, by contradiction, that ug = 0 on [|x| > Rp]; in this case, Theorem C.1 in Appendix C
would imply that ug = 0 in RY, which is not possible because, by assumption (6.2), f is a
nonzero measure. We deduce that ug > 0 on [|x| > Rg], as claimed.

Set q_&o = minjx =g, o(x) > 0, and consider the solution v, € Cz([Ro, 00)), v =0,
of (6.11) corresponding to £ and ?0' We have ug(x) = v(]x]) on[|x| = Rol, and then

fiminf ( ‘ W= (1 o 6.21)
imi — ) ugx) = |- . .
lx|>00 \ B 0 J4

Since (6.19) and (6.21) hold for every 0 < £ < 1 < £, the proposition follows.
In order to prove Theorem 9, we need the following

LEMMA 17. Let K € C([0, 1]) with K > 0 on (0, 1), and K'(1) < 0. Then there
exists a unique solution h € C'([0, 1]) of

{ W@ +h©V2+ K@ =0 inl0, 1], 622
h(1) =0, h(§)>0 VE&el0,1].

Proof. (We present a modification due to M. Crandall of our original proof). Given
e >0, set

sU2 ifs> e,
F.(s) = EIST if0<s <e,
0 if s <O0.

Then F; is Lipschitz continuous, and there exists a (unique) solution 4, € C L0, 17) of

{ LRL(E) + Fe(he(8)) + K(€) =0 in[0, 1],
he(1) = ¢.

Since h, < 0, we have h, > ¢, and
1
SHe® +he@®' + K@) =0 V& €[0,1].

Moreover, € —> h.(£) is increasing, and the limit /¢ of 4, as ¢ | 0 is a solution of (6.22).
We now turn to uniqueness. Let & be any solution of (6.22). Since A’ < 0 on (0, 1), we
have h > O on [0, 1); also, h < hg on [0, 1) for every ¢ > 0, and so & < hg on [0, 1].



742 PHILIPPE BENILAN and HAIM BREZIS J.evol.equ.

Take &) € [0, 1) so that K’ < Oon [£),1]. For0 < § < 1 — &, let 1% be a function
defined on [&yp + &, 1] by h‘s(é) = fz(é — 8). We have

dh’ Sen1/2
E(E)"’h &))"+ KE =K -K(E-08)<0,
(1) = h(l —§).
Thus if we take ¢ = A(1 —8) > 0, then h® > h, on [£y +38, 1]. Atthe limitass | 0,/ > ho

on [&p, 1], and so h= hg on [&p, 1]. In particular, if we now choose ¢ = fl(“g‘o) = ho (%),
then both / and hy satisfy the initial value problem:

{ $h' (&) + Fo(h(§)) + K (&) =0 in[0, &),

h(éo) =&,
since ﬁ, ho> ¢ on [0,&], and F.(s) = sV2if s> e, By uniqueness, we conclude that
h= hg on [0, &], and hence on the entire interval [0, 1]. O

We now prove the following

LEMMA 18. Let N> 3,1 < q < 75, Ry > 0, £ > 0, ¢9 > 0, & > 0, and v;, €
C2([Ro, 00)) be the solution of

{ v;{ + #Ui = Z[(v)» - )")+]q in [R(), OO), (623)
v (Ro) = ¢, lim,_ oo vp(r) =0.
Then v, (r) is decreasing with respect to r on [Rg, 00).
For every 0 < A < ¢y, let R), € [Rg, 00) be such that vy (R)) = L. We have
(N—=2)p nA'”2 B \f
/ = ~
—v (Ry) = R R, 12K, as A} 0, (6.24)

with k and B given by (6.6), n given by (6.14), and A = h(0), where h is the solution of
(6.22) corresponding to

B 2
K(#) = (;) E(1—g97h),

Proof. By a simple scaling argument, it suffices to prove the lemma for £ = 1. Firstly,
we have

di(rN*‘v;(r» =V () =0 T17 =0 Vr> Ro.
-

In particular, since v) (Rg) > 0 and lim,_, v;(r) = 0, it follows from the maximum
principle that v;, > 0 in [R, 00). We claim that v{ < 0 in [Ry, 00). In fact, if v} (rg) > 0
for some ro > Ry, then we would have

rN_IU;\(V) = V(I)V_lvi(ro) >0 foreveryr = ro.
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In other words, v;\ (r) = 0 forr > rg, and so

liminf vy (r) > vy (rg) > 0.
r—>00

But this contradicts lim, _, o vy (r) = 0. We then deduce that v; < 01in [Rg, 00).
For each 0 < X < ¢y, it follows that there exists a unique R, € [Rp, 0o) such that
vy (Ry) = A. Moreover, if r > R, then % (rN_lv;\(r)) = 0. Thus

(N =2xr (R\V!
R (_> .

R N-2
v (r) = A <i> and v, (r) =
r

-
In particular,

(N =2)Ar

Vi (R = — R,

(6.25)

Now set, as in Lemma 16, v, (r) = (g)kwk(r") + A, so that w,, satisfies

w;. € C*([o, 03]),  wo > 0,
otw] = wa(wz_l — 1) in[op, 0a], (6.26)
w;(00) = ¥, wx(ox) =0,

where 09 = R{j, 0 = R, ¥ = (¢o — A)(%)k, and L = (g)z. Using this notation, we

can rewrite (6.25) as

k
/ _n B /
v, (R)) = 7\ % o w; (03).

In order to establish (6.24), it suffices to show that

lim(oy w}, (03))* = A. (6.27)
240

Before proving (6.27), we first remark that if vg and wq are the functions introduced in
Lemma 16, it follows from the standard maximum principle that

vy v and vy —XA1tuvy asi O, (6.28)
so that
oy too and w) twy asi 0. (6.29)

As in Lemma 16, we split the proof of (6.27) into two cases:

CASE 1. wo(og) < 1.
Since (wg — l)2 is convex and limy _, 5o wo(0) = 1, we have wo < 1, and then w) < 1
for 1 > 0. It follows from (6.26) that wj, is strictly concave.
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Let m) = max w;, and o, € [0y, 0] be such that wy (¢)) = m,. We have w’A < Oon
(0, 02, and, by (6.29), m; 1 1.

Define ¢, : [0, my] — [0, 0,] to be the inverse function of w; |7, 6,]-
Set

(&) = [w} (g1 (8)) 92.(E)]°.
We have
PLE) Wi (pa(§)) = 1,

P(E) W) (@a(8)) = —ha ()2,
Pa(E) wl (@a(§)) = LEET™" — 1),

so that &, satisfies

{ LW &) +h(®) 2+ LEQ —E771) =0 in [0, m;],
hy.(my) = 0.

Since £, (0) = (o, w; (U;L))2 and m; 1 1, the lemma follows in this case.

CASE 2. wg(og) > 1.

For A > 0 small enough, w; (c9) > 1 by (6.29). It then follows from the convexity of
(wy, — l)2 that there exists a unique o, € (0p, 0;) such that w; () = 1, and wi < Oon
[T, oal-

Define ¢y, : [0, 1] — [0, 04 ] to be the inverse function of w; |[7, 4,]. As before, set
() = [w; (¢2.(6) . (O,
so that &, satisfies
%h;@) +h2 + LA -5 =0 in[0, 1].
Note that
13,(0) = (03w} (02))*.

By Lemma 17, to conclude this second case it suffices to show that lim o 2, (1) = 0; in
other words, we only need to prove that

1}}118 Ekw& (o) =0. (6.30)

The convexity of w; on [og, 7] implies that

0<w, @) —75) Swp(r) —wr(@y) Vr €[00, 54];
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consequently
- o) _
020wy (0,) 2 = [1 —w,()] Vr € log,0,]
r— T
Taking A | 0O, and then r — oo, we get (6.30) as desired. O

Proof of Theorem 9. Let 0 < <1< £. Since 0 < ug < V, there exists Ryp > 0 such
that

L — V1< pp < Ll — M)]? ae. on[|x]| > Rol.

‘We may also assume that the support of f is contained in [|x| < Rg/2].
Set

¢, = min up(x) and @y = max up(x),
=0 =Ry [x|=Ro

and consider v,,v; € C 2([Ry, 00)) to be the corresponding solutions given by Lemma 18.
By the maximum principle, we have

v, (Ix]) < wun(x) <vi(lx]) on[lx]| = Rol. (6.31)
It is clear that

R, =v;'W< R <R.<T,' (W) =R,
and then, by Lemma 18,
nAl/? B \X P —k nAl/2 B \*
—— | =5 ) < liminfAR, < limsupAR, < —— =5 ) -
N -2 £1/2 240 240 N -2 21/2

Since the estimates above hold for any 0 < £ < 1 < £, we conclude that

_ nAl2 Nk
BANR)LNB<M) as)»iO.

Take u,, u; € MN/WN=2) ith Au,, Au) € M, tobe any extensions inside [|x| < R]
of v, (|x]) and v, (|x]), respectively. By Corollary B1 in Appendix B, and by (6.31), we
have

/ Ag)L}/ Au,, 2/ Au,,. (6.32)
RN RN RN

Then, for A > 0 sufficiently small (so that R’ > Rp),

/R L Au = /| g M = W ED YIRS, (6.33)
x| <R
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since Au, = Oon |x| > R’. Similarly,
/ N / Aty =on(R)N 1T, (R)). (6.34)
RN |x\<§;
Thus, for A > 0 small enough, it follows from (6.32), (6.33) and (6.34) that

on (RN (R)) > /

—/ 11— —/
L Aux = oy (R)VTITL(R)).
R

Using Lemma 18, at the limitas £ | 1 and € 1 1, we obtain
—/ Auy ~aAf217 asa |0, (6.35)
]RN

where a is given by (6.8) and Ap = ';\’;‘1/22 We now apply Corollary B.2 and Lemma B.1

(with p = N/(N — 2)) in Appendix B. By (6.1), we have fRN Aug = 0, so that

In—1I(A\) = / (Aug — Auy) = —f Auy,. (6.36)
RN RN
Combining (6.35) and (6.36), we conclude that
Io—I(A) ~aAf2'=? asa | 0.

Behavior of the chemical potential in the weakly ionized limit

We consider the standard Thomas-Fermi model and we follow now the notations of

Lieb-Simon [48] (except that we set © = —&F, instead of ¢y, where ef is the chemical
potential). The functions ¢, and p,, satisfy, with ;. > 0,

—Agu+anl(p — PP =4y 5, (6.37)
and

pu = (@ — w12 (6.38)
Set

J(w) = / Pu
and

J<0>=fpo=2zi=z

Lieb-Simon [48, Problem 5] raised the following problem: prove that

. 12 .
lim —————— exists. 6.39
w0 [Z — J ()3 (6.39)

The answer is indeed positive and can be easily derived from Theorem 9.



Vol. 3, 2004 Nonlinear problems related to the Thomas-Fermi equation 747

COROLLARY 5. We have

" 7_[2 1/3
li = 6.40
w10 1Z — TGP (63A1/2> (©40
where A = h(0), and h is the unique solution h > 0 of the differential equation
1 12 .
{Z?Sagh(sﬂ/%@su —§%) =0 in(0,1), (6.41)

REMARK 19. Solving numerically (6.41) yields A = h(0) = 1.129359... and then

. w
lim —— =0.52826...; (6.42)
wl0 [Z — J(u)]*/3

with the notation of Lieb-Simon [48], (6.42) reads

er(N)

= —0.52826.... 4
lim, a7 = 052826 (6.43)

This exact value is consistent with a lower bound for —er(N) near N = Z obtained by
Benguria-Yanez [8] with the help of a new variational characterization for ¢ ; we refer the
reader to the paper of Benguria-Yafiez [8] for other comments on this question.

Proof of Corollary 5. Let M = 1/1672 and set
u=M"g,. (6.44)

From (6.37) we obtain

3/2
—Au+ |:(u - %f] = /M) Y 2ida,. (6.45)

We may apply Theorem 9 with A = /M, g = 3/2, k = 4, B = (12)'/2, 6 = 1/4,
a = 47{(12)1/2, Ag = 7AY2 and we obtain

Io — I(A) ~ 4 (12) 12 (7AV2) 143714, (6.46)

Here Iy = %Z = (47)3Z and

) = / [(u — %y]m' (6.47)

Note that

J(w) = / pu = f (o — ) P2 = f [(Mu — ) 1% = M321 (),
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and

J(0) = Z =M.
Thus, by (6.46),

J0) — J(w) = MLy — I(V)]
;(12)1/2(7A1/2)1/4[16n2,u]3/4

(4m)?
= (4m)"12(12) 2 (TAV2) VA 314

2

which is the desired result (6.39).

7. Another dual variational formulation

J.evol.equ.

In this section we assume that (H) holds, and that meas[V > §] < oo for every § > 0.

Set

u is a measurable function, A > 0,
L=1{w,|j*w—-relLl,
u—VeMNN=2and Vu—V) e L?

Fix I > 0; consider the following convex functional defined on L:

@(u,k):%/|V(u—V)|2+/j*(u—V)+)J.

THEOREM 10. Let (ug, Ag) be such that

ug is measurable, Lo > 0,

uo—V e MNWN=D " A@wo—V)eL' and [ Aug—V) =1,

—A(wg—V)+y@mo—r) >0 a.e.
Then

(ug, 20) € L and O (ug, ro) <Pu,r) V(u,A) €L.

Proof. Set pg = A(ug — V), so that pg € L', pg > 0, [ po = I, and

9j(po) + Bop>V —A ae.

By Theorem 1, pg € D(K); it follows from Lemma 14 that VBpg = V(V —uyg) € L% and

/pono = / IV(ug — V)I* = —f(uo — V) A(ug — V).



Vol. 3, 2004 Nonlinear problems related to the Thomas-Fermi equation 749
Using the fact that y = dj*, we have, for any (u, A) € L,

Jru—A) — j* (o — o) = Ao — V) [(u — 1) — (uo — Ao)]
=Aw—V)[u—-V)—(uo— V)]
+ (o — 1) Adug — V). 7.1)

Take first u = V and A > 0 such that j*(V — 1) € L' (here we use assumption (H)); we
deduce from (7.1) that

J¥ o — 20) < j¥(V — 1) + po (Bpo + (A — 20)) € L,

and thus (ug, Ao) € L.
Now suppose (¢, 1) € L issuchthatu —V € L*. In this case, all the functions in (7.1)
are integrable, and we find

/j*(u—)»)—/j*(uo—)»o)

>/A(u0—V)(M—V)+/|V(uo—V)|2+(/\o—)»)1
—/V<uo—V>-V(u—V>+/|V<uo—V>|2+<Ao—x>1
1 2 1 2
>—E/|V<u—vn +§/|V<uo—V)| + (o= W1,

ie., ®(ug, Ag) < ®(u, A).
[Here we have used the fact that

/ Aoy = / Vo VY

Vo, ¥ withp € MN/ V=2 Ay e L' Vo € L?, € L* N MN/N=2 vy e L?; and
this may be easily justified by a smoothing argument. ]
For a general (u, A) € L, setu, = T,(u — V) 4+ V, where

n ifr >n
T,.r)=1r if[r|<n

—n ifr <-—n

sothatu, —V e MN/N=-DN[® V(u,—V)e L? and V(u, — V) — V(u — V) in L?
as n — 00. Moreover,

J¥n =) < j P — 1) onfu—V=> —nj,
J¥up —X) = j*(V—-—n—2x) on[lu—V < —n].
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Note that forn > M — A, we have j*(V —n — 1) < j*(V — M) € L' (by (H)); thus, for n
sufficiently large,

J*un—2) e L' and  j*(up, —1) —> j*w—2) inL'asn — oo.
Therefore, (u,, A) € L for n large, and
D (ug, ro) <Py, ) > O, A) asn — oo.

This completes the proof of the theorem. O
Appendix A

The equation —Au + B(u) > pn with 1 measure

Let B be a maximal monotone graph on R with 0 € 8(0). Let M (RY) denote the space
of bounded measures on RY with the usual norm:

il pmg = sup {/(pdu; @ € CoRY) and [|¢l| L= < 1},

where CO(RN ) is the space of continuous functions on RN tending to zero at infinity. In
this Appendix we assume that N > 3.

THEOREM A.1. Assume B satisfies
1
DB) =R and ,30( + W) eL] ®"). (A.1)

Then, for every measure i € M(RN) there exists a unique solution u € M /(N=2) (RN
of the problem

—Au+Bu)>u ae in RV (A2)
such that
w=Au+pe L' RY). (A.3)

Moreover if U is the solution corresponding to i1 we have

llw —ullpynvsov-2) + IV @ =l vy < Cli — &l s (A4)

w — )" < =) Mg, (A.5)
and

[u<mw inM] = [u<u ael. (A.6)

The proof of Theorem A.1 relies on the following
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LEMMA A.l1. Let 2 be a measurable space of finite measure. Let (u,) be a bounded

sequence in MP(S2) for some 1 < p < oo. Let B : R — R be a nondecreasing function
such that

1B ()]
A;>1 st < Q. (A7)

Then (B(uy)) is bounded in LY(Q) and equi-integrable.

Proof. We may always assume that 8(0) = 0. Set y(s) = B(s +0) — B(—s — 0) for
s > 0, so that y is also nondecreasing and satisfies

foo v(s) ds < 0.
1

sp+l

Let
oy, (A) = meas[|u,| > Al.

Since (u,) is bounded in M” (S2) there is a constant C such that o, (A) < C/AP, VA > 0.
Let A C 2 be measurable and let ¢+ > 0. We have

/|ﬁ<un)|dx</y(|un|>dx
A A

<f y(|un|>+/ y (lun)
AN[luy| < 1] [lun|>t]

< |A|y<t>+an<z>y<r)+/ () dy (1)
t

y () > 1
< |A|y(t)+c<t_1’+/, )\—pdl/()b)>

Cy@)

Fd}\..

=|Aly () + Cp/
t

Given ¢ > 0 we fix g large enough so that

o0
A
c,,/ Y& <o,
0]

ap+l
Then we have fA |B(uy)| < € forevery A such that |A| < §=¢/2 y(t). O

Proof of Theorem A.1.
Uniqueness. Let u be another solution. We have

“Au—-4+w—w=0 inRY
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and thus, by Kato’s inequality (see Kato [43]), we obtain
—Alu —7] + (w—w)sign(w —1) < 0 inD'RY).

Since w € B(u) and w € B(w) it follows that (w — W) sign (u — i) > 0. Therefore, the
function ¢ = |u — u] is subharmonic and, for a.e. xg, we have

@(x0) < @(x) dx

[Cn(x0)| Jc, (xo)

where Cp,(x9) = {x € RV:n < |x — xp| < 2n}. From the fact that ¢ € MN/IN=2 e
deduce that

f @(x) dx < C|Cy(x0)[*N.
Cn(xO)

Letting n — oo we conclude that ¢ = 0 a.e.

Existence. We already know (see Bénilan-Brezis-Crandall [10, Theorem 2.1]) that if
w € L'(RY) all the conclusions of Theorem A.1 hold, even without assumption (A.1). If
JIS M(RN ), we let f,, = p, * u where (p,) is a sequence of mollifiers. We have

fo € L'NC®, I full < llullag and  fy = g in the w* — topology of M.
Let u, € MN/(N-2) (RN ) be the (unique) solution of

—Auy + pun) 3 fa
with w, = Au, + f, € L'(RY). We already know that

lunllpygvsov-2 + IVunll yvio-n < Cll full 1
and

lwallpr < Hfullpr

It follows that (u,) is relatively compact in LllOC (RM). On the other hand, assumption

(A.1) implies (A.7) with p = N/(N — 2). We deduce from Lemma A.1 that (w,) is equi-
integrable on every bounded set of RY. Applying the Dunford—Pettis theorem (see e.g.
Dunford-Schwartz [30, Corollary IV.8.11]) we may choose a subsequence such that

Up, — U In LIIOC(RN),
wy, — w weakly in LIIOC(RN).

We have u € MN/NV-2D@RN), w e L'RY) and (by standard monotone analysis; see
e.g. Lemma 3 in item [1] under Brezis [16]) w € B(u) a.e. Therefore u is a solution
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of (A.2)-(A.3). Properties (A.4), (A.5) and (A.6) follow easily5 from the corresponding
properties for u,, #,. Indeed f,, — f, = pp * (1 — ) so that

o= Fallpt < e =Tl and (1 — F) Tl < G = ) e

REMARK A.1. The case N = 2 has been investigated by J.L.. Vazquez item [1] under
Vazquez [58].

REMARK A.2. Let @ ¢ R be a bounded domain with smooth boundary. Under
assumption (A.1), the same method as above shows that, for every bounded measure © on
2, there exists a unique solution u € WO1 'L (£2) of the problem

—Au+Bu)>pu inQ
u=20 on 092
withw = Au+u € LY(Q).

REMARK A.3. Local regularity. Assume o is an open subset of RY. Suppose
€ Li’oc (w) for some 1 < g < o0, then the solution u of (A.2) satisfies u € Wli’cq (w) (see
Brezis [8, Theorem 3]).

REMARK A.4. Non existence without (A.1). Assume D(8) = R but (A.1) does not
hold—for example

of 1\ o
/|x|<1/3 <|x|N2> dx = co. (A.8)

Then, for each ¢ > 0, problem
—Au+Bw)>cs inRY (A.9)

has no solution (with w = ¢ + Au € L).
Indeed, suppose u is a solution of (A.9), then u is radial (by uniqueness) and
u € CH(RN\{0}) (by Remark A.3). We have

/ wdx:c+/ Audx =c+onrN N/ (r)
|x|<r |x|<r
and therefore

"r) ¢ + 1 asr — 0
W' (r)y=— 0 r )
N1 Py

ONT

5Note that if (vp) is a bounded sequence in MP (1 < p < 00) such that v, — v weakly in Llloc’ then v € MP
1
by

and ||v]|pp < liminf ||v,||pp. This is clear since {v € MP; |v|pyp < C}is a closed convex set in Lioe

Fatou’s lemma.
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It follows that

c 1
u(r):aN(N—Z)rN2+0<rN2> asr — 0.

This contradicts (A.8) since f 1B%(u)| < oo.

In the special case where B(u) = |u|9'u assumption (A.1) holds if and only if
g < N/(N —2). Whenq > N /(N —2) the nonexistence of solutions for © = ¢§ may also
be viewed as a consequence of results about removable singularities (see Brezis-Véron [26]
and also item [1] under Baras-Pierre [3]). Wheng > N /(N —2), the measures u for which
the equation —Au + |u|?"'u = p has a solution u € L4 have been completely charac-
terized; see item [1] under Baras-Pierre [3] (and also item [2] under Gallouét-Morel [35]).
The result of Baras-Pierre asserts that, for | < g < 0o, the equation

—Au+u?'u=p RN (A.10)

has a solution u € L4(R") if and only if the bounded measure x satisfies
w(E)=0 VE C RY such that cap, (E)=0, (A.11)

where cap, . is the capacity associated to the Sobolev space W24’ and qg =q/(g—1.
An equivalent form asserts that (A.10) has a solution if and only if

we L'+ w24, (A.12)

Prior to our study very few authors had considered nonlinear PDE’s involving measures
as data (see however the pioneering nonexistence result in item [1] under Kamenomost-
skaia [40] and the paper of Bamberger [2]). Theorem A.1 and the nonexistence result stated
above has been the starting point and the motivation for many subsequent works in various
directions:

A) Removable singularities. A typical resultis the following (seee.g. Brezis-Véron [26],
items [6], [7] under Brezis [16]).

Assume 0 € © < RY and ¢> N/(N — 2). Let f € LY(), and suppose
u € L1 (Q\{0}) satisfies

loc
—Au+u?'u=f inD(Q\{0}).

Then u € L?OC(Q), and we have

—Au+u?'u=f inD(RQ).

A similar resulthas been established by Baras-Pierre (see item [1] under Baras-Pierre [3]),
when the point 0 is replaced by a closed set E C 2 with cap, ,/(E) = 0 (following earlier
works by Loewner-Nirenberg [49] and Véron [1]).

B) Classification of singularities. When the singularities are not removable it is an
important task to understand the nature of the singularities and possibly classify them.
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A remarkable result of Véron asserts that if u € C 2(Q\{O}), u > 0, and u satisfies
—Au+u? =0 in Q\{0} (A.13)
withl < g < N/(N — 2), then:

a) either u is smooth at 0;
b) orlimy—o |x|N_2 u(x) = c, where c is an arbitrary positive constant;
2

¢) orlimjx-o [x|7T u(x) = C(q, N), where C(g, N) is an explicit constant such that

2
C(g, N)|x| 47T is an exact solution of (A.13). For example, if ¢ = 3/2 and N = 3,
then C(g, N) = 144. Following the terminology introduced in Brezis-Peletier-
Terman [22], this type of solution is called very singular (VSS).

For the proof we refer to item [2] under Véron [59]; see also Brezis-Oswald [21]. A
variety of other results are presented in the book of Véron (item [4] under Véron [59]).

C) Measures as boundary data. Similar questions can be asked for nonlinear equations
involving measures as boundary condition. A typical example is the problem

—Au+u?'u=0 ingQ, (A.14)
u=p onds, (A.15)

where u is a positive Borel measure on 9€2. The detailed investigation of such questions
was initiated by Gmira-Véron [36], and has vastly expanded in recent years; see the papers
of Marcus-Véron [50]. Important motivations coming from the theory of probability—and
the use of probabilistic methods—have reinvigorated the whole subject; see the pioneering
papers of LeGall [45], the recent book of Dynkin [31], and the numerous references therein.

D) Singular solutions and removable singularities for other nonlinear problems.
Questions concerning the existence (or nonexistence) of solutions with measure data,
removable singularities, and classification of singularities have been investigated for a large
variety of nonlinear problems (elliptic and parabolic), such as

ou
— - A a—ly = ¥,
o7 u—+ul?"u=f

ou

Z_A m—1 = f

o~ A"l = f,
—div (a(x, Vi) + |u|!"u = f,
—Au + u|Vul> = £,

ou ou

o TV e

—Au=0, with0<|y|<l,

see Brezis-Friedman [17], Baras-Pierre (item [2] under Baras-Pierre [3]), Brezis-Peletier-
Terman [22], Brezis-Nirenberg [20], Boccardo-Gallouét [13], Boccardo-Gallouét-Orsina



756 PHILIPPE BENILAN and HAIM BREZIS J.evol.equ.

[14], Boccardo-Dall’ Aglio-Gallouét-Orsina [12], Oswald [52], Pierre [54], and the
numerous references in these papers. The study of nonlinear parabolic equations with
a Dirac mass as initial data is closely related to the analysis of self-similar solutions; see
Barenblatt [4], Barenblatt-Sivashinski [5], Friedman-Kamin [33], Kamenomostskaia (item
[2] under [40]), Kamin-Peletier [41], Kamin-Peletier-Vazquez [33], [42], Pattle [53], and
Zel’dovich-Kompaneec [60].

E) “Forcing” solutions to exist. Assume 8 : R — R is continuous and nondecreasing,
with (0) = 0. We make no assumption about the behavior of g at infinity, so that (A.1)
may fail. Our goal is to solve

—Au+Bu)=upn ingQ, (A.16)
u=0 ondf. (A.17)

In general, (A.16)—(A.17) need not have a solution, but we may still consider approximations
of (A.16)-(A.17), and try to understand how they fail to converge to a solution of (A.16)-
(A.17). There are several natural approximations. For example, we may solve

—Auy + By(uy) = in Q, (A.18)
u, =0 onoaS2, (A.19)

where (8;,) is a sequence of continuous nondecreasing functions with 8, (0) = 0, such that
Bn — B, e.g. uniformly on compact sets. Assume that each 8, has at most a linear growth
at infinity, e.g. B, = B truncated at £n, or B, is the Yosida approximation of 8. Then
(A.18)—(A.19) admits a unique solution. Another reasonable approximation is

—Auy + B(uy) = pp * 10 in 2, (A.20)
u, =0p, xu ono2, (A.21)

where (p;,) is a sequence of mollifiers.

Let us start with the case B(u) = |u|9™'u. Itis not difficult to see thatif g < N /(N —2),
then the solutions (u,) of (A.18)—(A.19) or (A.20)—(A.21) converge to the solution of
(A.16)—(A.17), which exist for every measure . The difficulty arises wheng > N /(N —2)
and (A.16)—(A.17) has no solution, e.g. when u = §,(a € 2). In this case, it has been
proved by H. Brezis (see item [7] under reference [16]) that u, — 0. More generally, if
w= f + 8, with f € L', then u,, — u*, where u* is the solution of

—Aut+ ¥ = f inQ,
u*=0 ondQ.
Observe that u* does not satisfy —Au* + [u*|9"'u* = f + 8,. An interesting aspect to

the same phenomenon is that when B(u) = |u|?"'u and ¢ > N/(N — 2), the solution of
(A.16)—(A.17)—assuming it exists—is “not sensitive” to large perturbation of the data .,
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provided these perturbations are localized on sets of small capacity (in the sense of cap, ./);
this is quantified in a recent estimate of Labutin [44] (see also Marcus-Véron, item [4]
under reference [50]). For a general measure p > 0, it has been proved in Brezis-Marcus-
Ponce [19] that u,, — u™*, where u* is the unique solution of

—Au* + ¥ = nf inQ,
u* =0 ondS.

Here, u* denotes the “regular” part ¢ of u in the decomposition

M= Q1+ Q2,

where 11 (E) = 0, VE with cap, , (E) = 0, and uy is concentrated on a set ¥ with
cap, . () = 0; recall that this decomposition exists and is unique—see e.g. Fukushima-
Sato-Taniguchi [34].

Returning to a general continuous nondecreasing function 8 : R — R, the convergence
of the sequences (u,) has been thoroughly investigated for a general measure © > 0 in
Brezis-Marcus-Ponce [19]. The sequences (u,) always converge to a well-defined limit u*
independent of the approximation method. In addition, 8(«*) € L' and Au* is a bounded
measure, so that one may define the “reduced” measure

W= —Au* + Bu’).

The measure u*, which is a kind of “projection” of 1 on the class of “admissible” measures,
has a number of remarkable properties. It is the largest measure v such that v < u and

—Av+B(Ww)=v inQ,
v=0 onodf,

admits a solution, and therefore u™* is the largest subsolution of (A.16)—(A.17). Moreover,
(u — w*) is concentrated on a set X with cap; , (¥) = 0.

Applying a result of Vazquez (item [1] under reference [58]), one may identify the
measure u* when N = 2 and B(¢) = (¢’ — 1). The identification of u* in more general
situations is an interesting direction of research:

OPEN PROBLEM 1. What is u* when 8(t) = (e’ — 1) and N > 3 ? What is u* when
B(t) = (e —1)and N> 27

Similar questions arise when 8 admits vertical asymptotes. Suppose for example that
B : (—1,1) — R is a continuous nondecreasing function such that §(0) = 0 and
lim;— 41 B(¢) = +oo0.
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OPEN PROBLEM 2. What are the properties of the mapping p — u* in this case ?

Other multivalued graphs g are of interest—for example the graphs

0 ifr<a
B(r)=11[0,00) if r =a
? ift >a

(for some a > 0), and

] ifr<—landr > 1
| (=00, 00 it r=—1
pir) = 0 if —1l<r<l1

[0,00) ifr=1.

They correspond respectively to one-sided and two-sided variational inequalities. The
objective is to solve in some natural “weak sense” the equation

—Au+ B(u) > u,

where p is a given bounded measure. There are some partial results; see e.g. Baxter [6],
Dall’ Aglio-Dal Maso [29], Orsina-Prignet [51], Brezis-Serfaty [24], and the references
therein.

Appendix B
Some properties of [ Au

It is clear that if a (smooth) function u decays “very fast” at infinity on R" — for example
if u has compact support — then [ Au = 0; on the other hand, if u decays at infinity like
1/1x|N=2 then J Au # 0. In this paragraph we investigate the relation between [ Au and
the behavior of « at infinity. Throughout this Appendix we take N > 3.

THEOREM B.1. Assume u € MN/N=2(@RN) with Au € M@RN). Then
LN/ (N=2)
lim (AN/(N_Z) meas[u > A]) exists and equals dy |:<—/ Au) :|
210 RN

where dy is a positive constant depending only on N.

Before proving Theorem B.1 we deduce some corollaries

COROLLARY B.1. Assume u € MN/N=2 RN with Au e MRN). If

limiionf AN N=2) meas[u > A]) = 0,
A
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then

fAu}O.

In particular if u(x) < 0 for |x| > R, then f Au> 0.
COROLLARY B.2. Assume u € MN/N=2 (RN with Au € M(RYN). Then
N/(N-2)
lxi?(} ()»N/(Nfz) meas[|u| > A]) exists and equals  dy /Au

Proof of Corollary B.2. Without loss of generality we may assume that [ Au < 0. By

[ au

Theorem B.1 we have
N/(N-2)

lxii% AN/ N=2 meas[u > A]) = dy

and
lim WY/ N =2 meas[—u > A]) = 0.
)

The conclusion follows since

meas[|u| > A] = meas[u > A] + meas[—u > A].

It is convenient, in the proof of Theorem B.1, to use the following notations:

p=N/(N—=12),

M (u) = limsup (A? meas[u > A]),
20

M (u) = liminf (A meas[u > A]).
20

Notice that, for any functions u1, u;, we have

— 1— |
M(uy +uz) < ;_pM(ul) + mM(uz) vt e (0,1) (B.1)

and

1 | E—
M(uy +uz) < 5 M(uy) + (1——t)1’M(u2) Vi € (0, D). (B.2)

These relations follow from the fact that

[ug +ur > Al Cluy > tA]Ufupy > (1 —1)A] Vr e (0,1).
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Proof of Theorem B.1. Set A = — [ Au. Given ¢ > 0, we fix R large enough so that

/ |Au| < e.
x| >R

Let k(x) = cy/|x|V =2 where cy = 1/(N — 2)oy and oy is the area of the unit sphere in
RY (so that —Ak = &)). Set

fi=((Au)Xp, and fo = (—Au)(1— Xpg),
uy=kxfi and ur=kx fa,

where X p, is the characteristic function of B = {x € R |x| < R}.
We have

uytu =kx(—Au) = u
and
luzllmr < lklimr ll 2l < Ce. (B.3)

We claim that there is some R > R such that

286‘1\1
= |x|N_2

ACN

up(x) — FiE for |x| > R. (B.4)

Indeed we have

ui(x) = /BR 2 y|N_2f1(Y)dy

and thus

ne - 5 = e [ ama - o [ o
X~ S T

CN
+— = / fl()’)dy_A>'
|-x|N_2 ( Br
/ 1 1
< cen
Br

e —yN=2 |x V-2
On the other hand, we have

It follows that

ACN

ECN
ui(x) — W

|f1(Y)|dy+W-

1 1
v —yIN=2 [x V2

(N —2)R
(Ix| = RN~

provided |y| < R < |x|

~
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[it suffices to write that | (1) —¢(0)| < fol l@'(s)|ds with@(t) = 1/|x—ty|N_2]. Therefore,
we obtain

C ECN

Acy n
(Ix| = R)N-1  [x|N=2

u1(x) - |.X|N_2

provided |x| > R

~

and we deduce (B.4) easily.
We now distinguish two cases:

(i) A<0
(ii) A > 0.

CASE (i). It follows easily from (B.4) that

M(u1) < 2ecn)’by (B.5)
where by denotes the measure of the unit ball in RV, Using (B.1), (B.3) and (B.5) we find

Mu) <Ce?

and since ¢ is arbitrary we conclude that M@u) =0.

CASE (ii). It follows easily from (B.4) that
[(A —2e)en]Pby < M(u1) < M(u1) < [(A +2¢)en]? by (B.6)

provided ¢ < A/2. Using (B.1), (B.3) and (B.6) we find

Cel Vie(0,1)

— 1
M(u) < t_P[(A +2e)en]” by + Y

Letting ¢ — 0 and then t — 1 we are led to
Mu) < AP L by.

On the other hand we have (by (B.2))

M(—uy) Vit e (0,1),

1 1
M) < M@ + 5

which implies

Ce? vVt e (0,1).

1 1
(4= 20)enll by < M) +

Letting ¢ — 0 and then ¢t — 1 we are led to

M(u) > APcRby.
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We conclude that
Mu) = M@u) = AP by.

This establishes Theorem B.1 with
1 ON 1

dy=cby= ——o N _ -
N (N=2%cy N NN -—2rel”!

Here is another useful application.

COROLLARY B.3. Assume u € MN/V=2D(@®RN), Au € M@RN) and

/ Au = 0. B.7)
RN

Suppose that, for some R > 0,

u>0 aeinl|x| > R] (B.8)
and

—Au>0 ae in[|x|] > R]. (B.9)
Then

u=0 in[|x| > R].
Proof. From (B.8), (B.9) and the strong maximum principle we know that either
u=0 in[|x|] > R]
and the proof is finished, or
u>0 in[|x| > R]. (B.10)

More precisely, for every open set w with compact closure in [|x| > R] there is a constant
8w > 0 such that

u>9d, ae ino.

We will show that (B.10) is impossible. Suppose that (B.10) holds. Fix R; > R; then for
some § > 0 we have

u>48 ae.in[R; < |x| <2Rq].
Fix ¢ > 0 so that

u(x) = le% ae. in[R) < |x| < 2Ry]. (B.11)
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Note that by (B.9) we have
A L )>0 i R
— (u —'I;FVZE) = m Hxl > ].

Applying the maximum principle in the region [R < |x| < p] with p > 2R we see that

€ .
u(x) — V=2 > TN in[R; < |x| < p].

As p — oo we conclude that

& .
u(x) > W in[|x] > Rq].

From Corollary B.1 applied with v(x) = IXI% — u(x) we obtain [ Av> 0. But
Av = —&§p/cy — Au, and thus by (B.7), [ Av = —g/cy < 0. A contradiction. O

It is sometimes convenient to combine Theorem B.1 with the following:

LEMMA B.1. Let 2 be a measurable space (with |2| < 00). Let B : R — R be a
nondecreasing function such that

' B(s)
BO)=0 and / 7 ds =00 forsomel < p < oo. (B.12)
0

Letu : Q — R be a measurable function such that

/ Bt (x))dx < oo.
Q

Then

lil}»]ii()nf (AP meas[u > A]) = 0. (B.13)

REMARK B.1. Condition (B.12) is also necessary. More precisely, if u satisfies (B.13)
one can show that there exists a function 8 : R — R, convex, nondecreasing, Lipschitz
continuous, such that B(s) = 0 for s < 0, fol B®) 45 = 00 and Jo Bt (x))dx < 0.

sp+1

Proof of Lemma B.1. Assume, by contradiction, that

lim inf (A meas[u > A]) > 0.
A0

There exist A9 > 0 and & > 0 such that

&
o (LX) = meas[u > A] > v for0 < A < Ag.
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We have, for 0 < § < Ao,
Ao
/ Bu(x)) dx = — / B da(h)
[§<u<Xp] )
Ao
= —B(o)a(ro) + B(8)a(d) +/(s a(r)dB()
e g
z —Bo)a(ro) + 37’3(8) +/5 A—pdﬁ(k)

) 1
= —BO0)a(ho) + %ﬂ(ko) +ep /8 B0 i

It follows that flkudo]ﬂ(u(x))dx — 400 as é — 0. A contradiction.

Appendix C
A form of the strong maximum principle for — A + a(x) with a(x) € L!

The strong maximum principle asserts that if u is smooth, # > 0 and —Au > 0 in a
domain Q@ c RY , then either u = 0in Q or u > 0 in . The same conclusion holds
when —A is replaced by —A + a(x) witha € L?(2), p > N/2 (this is a consequence of
Harnack’s inequality; see e.g. Stampacchia [56], and also Trudinger [57], Corollary 5.3).
Another formulation of the same fact says that if u(xg) = 0 for some point xg € €2, then
u = 0in Q. A similar conclusion fails when a ¢ L?(2), p > N/2. For example
u(x) = |x|? satisfies —Au + a(x)u = 0 witha = % ¢ LN/2,

However if u vanishes on a larger set, not just at one point, one may still hope to conclude
that u = 0 in Q2. Here is such a result.

THEOREM C.1. Assume u € Ll _(RY) with u> 0 a.e. and Au € L. (R"). Let
ae LllOC RN), a > 0 a.e. Assume u has compact support and satisfies
—Au+au>0 aein RV, (C.1)

Then u = 0.

Proof. (We present a modification due to R. Jensen of our original proof). Set
ap(x) = minfa(x), n}
and

&n = —Au+ayu, (C.2)
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so that g, is a nondecreasing sequence of functions in L' (R") and
gn1 g=—-Au+au ae.

Note that g need not belong to L'; g is just measurable and g > 0. Fix R sufficiently large,
so that u(x) = 0 for |x| > R — 1. Solve

Ab, = a, in Bgr =[|x]| < R]
b, =0 on dBr = [|x| = R],

so that b, € W>P(Bg) Vp < 00, b, < 0in Bg, 0< ¢’ < 1in B, with
Aebn = b (|Vb,|? + Aby).
Asn — 00, b, — bin WHP(Bg) Vp < %, where b is the solution of

Ab=a in BR
b=0 on dBg.

From (C.2) we have
—/ uAg +/ anu :/ gn¢ V¢ € Wz’q(BR) for some g > N/2. (C.3)
Bg Bg Bg

Note that the first integral in (C.3) makes sense since u € L" Vr < % (recall that
Au € LY). [One may first prove (C.3) for ¢ € C%(BR) and then argue by density.]
Choosing ¢ = e’ in (C.3) yields

- / ue’ (|Vb,|* + Aby) + / (Aby)ue = / gne?
Br Bg Br

and, in particular,

/ gneb" <0.
Bgr

Therefore

/ (gn — gD < — / g1eh < f 2il. (C4)
Bg Bg Bg

Since g, — g1 > 0 forn > 1, we conclude by Fatou’s lemma that (g — g1)e” € L' and thus
geP € L. Returning to (C.4) we also have

(g —gne’ < —f g€’

Br Bpr
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and thus
/ geb <0.
Br
Since g <0 a.e. (by hypothesis (C.1)) we deduce that g = 0 and consequently —Au < 0.
Therefore u <0 a.e. By assumption, # > 0 a.e. and thus u = 0. O

REMARK C.1. Theorem C.1 is a special case of a much more general result due to
Ancona [1]:

THEOREM (Ancona [1]). Assume u € Ll (), QC RN open connected, u > 0 a.e.,

loc

Au e M(Q),a € L}, (Q), a>0ae., satisfy
Au < au in the sense of measures,

Le.,
/ Au < f au forevery Borel set E C Q. (C.5)
E E

(Note that the integral on the right-hand side is well-defined in [0, oo] since au > 0 a.e.).
Assume that u vanishes on a set E C 2 of positive measure, then u = 0.

The proof of Ancona relies on Potential Theory. The interested reader will find another
proof based on PDE techniques in Brezis-Ponce [23].

There are several interesting questions related to Theorem C.1:

OPEN PROBLEM 3. Can one replace in Theorem C.1 the assumption a € Lllo .bya
weaker condition, for example al? e LllOC (oral/? e Lf;c for some p > 1)?
Note that one cannot hope to go below L!/2. For instance the C? function u given by

(1 —Ix»H* for|x|< 1

ux) = {o for x| > 1

satisfies —Au 4+ au > 0 for some function a(x) such that a(x) ~

x| close to 1. Here a® € L', Va < 1/2,buta'/? ¢ L.
Still one more:

1
a2 for |x| < 1 and

OPEN PROBLEM 4. Assume u € CO, Au € L} ,u>0,a € L _for some g > 1,
a> 0 ae., satisfy (C.1). Assume that u = 0 on a set £ with capy o, (E) > 0, where
cap », refers to the capacity associated with the Sobolev space W 124 Can one conclude
that u = 0?

Ancona [1] (see also Brezis-Ponce [23]) has shown that the answer is positive when
g = 1. The answer is again positive when g > % by the strong maximum principle

mentioned above.



Vol. 3, 2004 Nonlinear problems related to the Thomas-Fermi equation 767
Acknowledgments

We thank M. Crandall for simplifying our original proof of Lemma 17 and we thank
R. Jensen for useful discussions concerning the version of the strong maximum principle
presented in Appendix C. Juan Davila and Augusto Ponce helped with the figures and
the typescript of part of the paper. Augusto Ponce also checked carefully the arguments
in Section 6 and made the numerical computations leading to Corollary 5. The second
author (H. B) is partially sponsored by an EC Grant through the RTN Program “Front-
Singularities”, HPRN-CT-2002-00274. He is also a member of the Institut Universitaire
de France. Most of this work was done during visits of the authors at the Mathematics
Research Center of the University of Wisconsin in Madison, over the years 1975-1977.
They thank M. Crandall and P. Rabinowitz for their invitation and warm hospitality.

REFERENCES

[1] ANCONA, A., Une propriété d’invariance des ensembles absorbants par perturbation d’un opérateur
elliptique, Comm. PDE 4 (1979), 321-337.

[2] BAMBERGER, A., Etude de deux équations nonlinéaires avec une masse de Dirac au second membre,
Rapport 13 du Centre de Mathématiques Appliquées de I'Ecole Polytechnique, Oct. 1976.

[3] BARAS, P. and PIERRE, M., [1], Singularités éliminables pour des équations semi-linéaires, Ann. Inst.
Fourier (Grenoble) 34 (1984), 185-206; [2], Probléemes paraboliques semi-linéaires avec données mesures,
Applicable Anal. /8 (1984), 111-149.

[4] BARENBLATT, G. L., “Scaling, self-similarity, and intermediate asymptotics”. Cambridge Texts in Applied
Mathematics, 14. Cambridge University Press, Cambridge, 1996.

[S] BARENBLATT, G. L. and SIVASHINSKI, G. L., Self-similar solutions of the second kind in nonlinear filtration,
Prikl. Mat. Meh. 33 (1969), 861-870 (Russian); translated as J. Appl. Math. Mech. 33 (1969), 836-845.

[6] BAXTER, J. R., Inequalities for potentials of particle systems, Illinois J. Math. 24 (1980), 645-652.

[7] BENGURIA, R., The von Weizsdcker and exchange corrections in the Thomas-Fermi theory, Ph.D. Disserta-
tion, Princeton Univ. 1979.

[8] BENGURIA, R. and YAREZ, J., Variational principle for the chemical potential in the Thomas-Fermi model,
J. Phys. A 31 (1998), 585-593.

[9] BENGURIA, R., BREZIS, H. and LIEB, E., The Thomas-Fermi-von Weizsdcker theory of atoms and molecules,
Comm. Math. Phys. 79 (1981), 167-180.

[10] BENILAN, PH., BREZIS, H. and CRANDALL, M., A semilinear equation in L'(RY), Ann. Sc. Norm. Sup.
Pisa, Serie 1V, 2 (1975), 523-555.

[11] BENILAN, PH., GOLSTEIN, G. and GOLDSTEIN, J., A nonlinear elliptic system arising in electron density
theory, Comm. PDE 17 (1992), 2907-2917.

[12] BOCCARDO, L., DALL’AGLIO, A., GALLOUET, T. and ORSINA, L., Nonlinear parabolic equations with
measure data, J. Funct. Anal. 147 (1976), 237-258.

[13] BOCCARDO, L. and GALLOUET, T., [1], Nonlinear elliptic and parabolic equations involving measure data,
J. Funct. Anal. 87 (1989), 149-169; [2] Nonlinear elliptic equations with right-hand side measures, Comm.
PDE 17 (1992), 641-655.

[14] BOCCARDO, L., GALLOUET, T. and ORSINA, L., [1], Existence and uniqueness of entropy solutions for
nonlinear elliptic equations with measure data, Ann. Inst. H. Poincaré, Anal. Non Linéaire /3 (1996),
539-551; [2], Existence and nonexistence of solutions for some nonlinear elliptic equations, J. Anal. Math.
73 (1997), 203-223.

[15] BREAZNA, A., GOLDSTEIN, G. and GOLDSTEIN, J., Parameter dependence in Thomas-Fermi theory, Comm.
Appl. Anal. 5 (2001), 421-432.



768

[16]

[17]
[18]

[19]
[20]

[21]
[22]
[23]
[24]
[25]
[26]

[27]
[28]

[29]

[30]
[31]

[32]
[33]

[34]

[35]

PHILIPPE BENILAN and HAIM BREZIS J.evol.equ.

BREZIS, H., [1], Monotonicity methods in Hilbert spaces and some applications to nonlinear partial differen-
tial equations, in “Contributions to nonlinear functional analysis” (E. Zarantonello ed.), Acad. Press 1971,
101-156; [2],“Opérateurs maximaux monotones et semigroupes de contractions dans les espaces de
Hilbert”, North-Holland, Amsterdam, 1973; [3], Nonlinear problems related to the Thomas-Fermi equa-
tion in “Contemporary developments in continuum mechanics and partial differential equations” (Proc.
Internat. Sympos., Rio de Janeiro, 1977), (de la Penha and Medeiros ed.), North-Holland, 1978, pp. 81-89;
[4], A free boundary problem in quantum mechanics: Thomas-Fermi equation, in “Free boundary problems
vol II, (Proc. Sympos. Pavia, 1979), Ist. Naz. Alta Mat., Rome, 1980, pp. 85-91; [5], Some variational
problems of the Thomas-Fermi type, in “Variational inequalities and complementary problems: theory and
applications”, (Proc. Internat. School, Erice, 1978) (R. W. Cottle, F. Giannessi and J.-L. Lions ed.), Wiley,
1980, 53-73; [6], Problémes elliptiques et paraboliques non linéaires avec données mesures, Seminaire
Goulaouic-Meyer-Schwartz, 1981-82, XX.1-XX.12; [7], Nonlinear elliptic equations involving measures,
in “Contributions to Nonlinear Partial Differential Equations” (Madrid, 1981), (C. Bardos, A. Damlamian,
J. 1. Diaz and J. Hernandez ed.), Pitman, 1983, 82-89; [8], Semilinear equations in RN without conditions
at infinity, Appl. Math. Optim. /2 (1984), 271-282.

BREzIS, H. and FRIEDMAN, A., Nonlinear parabolic equations involving measures as initial conditions,
J. Math. Pures Appl. 62 (1983), 73-97.

BREZzIS, H. and LIEB, E., Long range atomic potentials in Thomas-Fermi theory, Comm. Math. Phys. 65
(1979), 231-246.

BREZIS, H., MARCUS, M. and PONCE, A. C., Nonlinear elliptic equations with measures revisited (to appear).
BREZzIS, H. and NIRENBERG, L., Removable singularities for nonlinear elliptic equations, Topol. Methods
Nonlinear Anal. 9 (1997), 201-219.

BREZIS, H. and OSWALD, L., Singular solutions for some semilinear elliptic equations, Arch. Rat. Mech.
Anal. 99 (1987), 249-259.

BREZIS, H., PELETIER, L. and TERMAN, D., A very singular solution of the heat equation with absorption,
Arch. Rat. Mech. Anal. 95 (1986), 185-209.

BREZIS, H. and PONCE, A. C., Remarks on the strong maximum principle, Diff. Int. Equations /6 (2003),
1-12.

BREZIS, H. and SERFATY, S., A variational formulation for the two-sided obstacle problem with measure
data, Commun. Contemp. Math. 4 (2002), 357-374.

BREZIS, H. and STRAUSS, W., Semilinear second-order elliptic equations in Ll, J. Math. Soc. Japan 25
(1973), 565-590.

BREZIS, H. and VERON, L., Removable singularities of some nonlinear elliptic equations, Arch. Rat. Mech.
Anal. 75 (1980), 1-6.

BROWDER, F., Nonlinear elliptic boundary value problems, Bull. Amer. Math. Soc. 69 (1963), 862-874.
CAFFARELLI, L. and FRIEDMAN, A., The free boundary in the Thomas-Fermi model, J. Diff. Eq. 32 (1979),
335-356.

DALL’AGLIO, P. and DAL MASO, G., Some properties of the solutions of obstacle problems with measure
data, Ricerche Mat. suppl. 48 (1999), 99-116.

DUNFORD, N. and SCHWARTZ, J. T., “Linear operators”, Part I, Wiley Interscience, 1958.

DYNKIN, E., “Diffusions, superdiffusions and partial differential equations”, American Mathematical
Society Colloquium Publications, 50. American Mathematical Society, Providence, RI, 2002.

EKELAND, 1., On the variational principle, J. Math. Anal. Appl. 47 (1974), 324-353.

FRIEDMAN, A. and KAMIN, S., The asymptotic behavior of gas in an n-dimensional porous medium, Trans.
Amer. Math. Soc. 262 (1980), 551-563.

FUKUSHIMA, M., SATO, K. and TANIGUCHL, S., On the closable part of pre-Dirichlet forms and the fine
supports of underlying measures, Osaka Math. J. 28 (1991), 517-535.

GALLOUET, TH. and MOREL, J. M., [1], On some properties of the solution of the Thomas-Fermi problem,
Nonlinear Anal. 7 (1983), 971-979; [2], Resolution of a semilinear equation in Ll, Proc. Roy. Soc.
Edinburgh, 96A (1984), 275-288; [3], On some semilinear problems in L', Boll. Un. Mat. Ital. 4 (1985),
123-131.



Vol. 3, 2004 Nonlinear problems related to the Thomas-Fermi equation 769

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]
[49]

[50]

[51]
[52]
[53]
[54]

[55]
[56]

[57]

[58]

GMIRA, A. and VERON, L., Boundary singularities of solutions of nonlinear elliptic equations, Duke J.
Math. 64 (1991), 271-324.

GOLDSTEIN, G., GOLDSTEIN, J. and JIA, W., Thomas-Fermi theory with magnetic fields and the Fermi-
Amaldi correction, Diff. Int. Equations 8 (1995), 1305-1316.

GOLDSTEIN, J. and RIEDER, G., [1], A rigorous Thomas-Fermi theory for atomic systems, J. Math. Phys
28 (1987), 1198-1202; [2], Spin polarized Thomas-Fermi theory, J. Math. Phys 29 (1988), 709-716; [3],
Thomas-Fermi theory with an external magnetic field, J. Math. Phys. 32 (1991), 2901-2917.

HILLE, E., Some aspects of the Thomas-Fermi equation, J. Anal. Math. 23 (1970), 147-170.
KAMENOMOSTSKAIA (KAMIN), S. L., [1], Equation of the elastoplastic mode of filtration, Prikl. Mat. Meh. 33
(1969), 1076-1084 (Russian); translated as J. Appl. Math. Mech. 33 (1969) 1042-1049; [2], The asymptotic
behavior of the solution of the filtration equation, Israel J. Math. 14 (1973), 76-87.

KAMIN, S. and PELETIER, L. A., Singular solutions of the heat equation with absorption, Proc. Amer. Math.
Soc. 95 (1985), 145-158.

KAMIN, S., PELETIER, L. A. and VAZQUEZ, J. L., [1], On the Barenblatt equation of elastoplastic filtration,
Indiana Univ. Math. J. 40 (1991), 1333-1362; [2], Classification of singular solutions of a nonlinear heat
equation, Duke Math. J. 58 (1989), 601-615.

KATO, T., Schrodinger operators with singular potentials, Israel J. Math. 13 (1972), 135-148.

LABUTIN, D., Wiener regularity for large solutions of nonlinear equations, Arkiv for Math. (to appear).
LEGALL, J. F., [1], The Brownian snake and solutions of Au = u? in a domain, Probab. Theory Related
Fields, 102 (1995), 393-432; [2], A probabilistic Poisson representation for positive solutions of Au = u?
in a planar domain, Comm. Pure Appl. Math. 50 (1997), 69-103.

LERAY, J. and LIONS, J. L., Quelques résultats de Visik sur les problemes elliptiques nonlinéaires par les
méthodes de Minty-Browder, Bull. Soc. Math. Fr. 93 (1965), 97-107.

LiEB, E. H., [1], The stability of matter, Rev. Mod. Phys. 48 (1976), 553-569; [2], Thomas-Fermi and
related theories of atoms and molecules, Rev. Mod. Phys. 53 (1981), 603-641; [3], “The stability of matter:
[from atoms to stars”, Selecta of E. Lieb (W. Thirring ed.) Springer, second edition, 1997.

LIEB, E. H. and SIMON, B., The Thomas-Fermi theory of atoms, molecules and solids, Advances in Math.
23 (1977), 22—-116.

LOEWNER, C. and NIRENBERG, L., Partial differential equations invariant under conformal or projective
transformations, in “Contributions to Analysis”, Acad. Press, 1974, 245-272.

MARCUS, M. and VERON, L., [1], The boundary trace of positive solutions of semilinear elliptic equations:
the subcritical case, Arch. Rat. Mech. Anal. 144 (1998), 201-231;[2], The boundary trace of positive solu-
tions of semilinear elliptic equations: the supercritical case, J. Math. Pures Appl. 77 (1998), 481-524;[3],
Removable singularities and boundary traces, J. Math. Pures Appl. 80 (2001), 879-900:[4], Capacitary
estimates of solutions of a class of nonlinear elliptic equations, C. R. Acad. Sc. Paris 336 (2003), 913-918.
ORSINA, L. and PRIGNET, A., Nonexistence of solutions for some nonlinear elliptic equations involving
measures, Proc. Royal Soc. Edinburgh 730 (2000), 561-592.

OSWALD, L., Isolated positive singularities for a nonlinear heat equation, Houston J. Math. 74 (1988),
543-572.

PATTLE, R. E., Diffusion from an instantaneous point source with a concentration-dependent coefficient,
Quart. J. Mech. Appl. Math. 72 (1959), 407-409.

PIERRE, M., Uniqueness of the solutions of uy — Ag(u) = 0 with initial datum a measure, Nonlinear Anal.
6 (1982), 175-187.

RIEDER, G., Mathematical contributions to Thomas-Fermi theory, Houston J. Math. 16 (1990), 179-201.
STAMPACCHIA, G., “Equations elliptiques du second ordre a coefficients discontinus”, Presses de
I’Université de Montréal, 1966.

TRUDINGER, N., Linear elliptic operators with measurable coefficients, Ann. Scuola Norm. Sup. Pisa 27
(1973), 265-308.

VAZQUEZ, J. L., [1], On a semilinear equation in R2 involving bounded measures, Proc. Roy. Soc. Edin-
burgh, 95A (1983), 181-202; [2], A strong maximum principle for some quasilinear elliptic equations,
Appl. Math. Optim. /2 (1984), 191-202.



770 PHILIPPE BENILAN and HAIM BREZIS J.evol.equ.

[59] VERON, L., [1], Singularités éliminables d’équations nonlinéaires, J. Differential Equations 4/ (1981),
87-95; [2], Singular solutions of some nonlinear elliptic equations, Nonlinear Anal. 5 (1981), 225-242;
[31, Comportement asymptotique des solutions d’équations elliptiques semi-linéaires dans RN | Ann. Mat.
Pura Appl. 7127 (1981), 25-50; [4],“Singularities of solutions of second order quasilinear equations”,
Pitman Research Notes, vol. 353, Longman, 1996.

[60] ZEL’DOVICH, Y. B. and KOMPANEEGC, A. S., On the theory of propagation of heat with the heat conductivity
depending upon the temperature, Collection in honor of the seventieth birthday of academician A. F. Ioffe,
pp. 61-71. Izdat. Akad. Nauk USSR, Moscow, 1950.

Philippe Bénilan

Departement de Mathématiques
Université de Franche-comté
25030 Besangon Cedex

Haim Brezis

Analyse Numérique

Université P. et M. Curie, B. C. 187
4 PL. Jussieu

75252 Paris Cedex 05

Rutgers University

Dept. of Math.

Hill Center, Busch Campus

110 Frelinghuysen RD

Piscataway, NJ 08854

USA

e-mail: brezis@ccr.jussieu.fr;
brezis@math.rutgers.edu

To access this journal online:
http://www.birkhauser.ch




