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Effects of external magnetic field, ion temperature,and vortexlike electron distribution are
incorporated
�

in thestudyof nonlinearion-acousticwavesin a hot magnetizedplasmathat consists
of� a positivelycharged,hot ion fluid andtrapped,aswell as,freeelectrons.It is found that,owing
to
�

thedeparturefrom theBoltzmannelectrondistributionto a vortexlikeone,thedynamicsof small
but
�

finite amplitudeion-acousticwavesis governedby a nonlinearequationof K-dV � Korteweg-de
�

Vries
	 


type.
�

The latter admitsa stationaryion-acousticsolitary wave solution, which has larger
amplitude,� smallerwidth, andhigherpropagationvelocity, thanthat involving isothermalelectrons.
The effectsof externalmagneticfield and ion temperatureon the propertiesof theseion-acoustic
solitary� structuresarealsodiscussed. © 1998
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It
�

is well known from computer simulations1–3 and�
experiments� 4,5 that

�
plasmas,which are strongly excited by

meansof the injection of particlebeams,areoften found to
evolve� toward a coherenttrapped-particlestate, insteadof
developing
�

into a turbulentone. The nonlinearbehaviorof
electrostatic� waves in a plasmawith this trappedparticle
state� 6–8

�
hasreceivedconsiderableattentionandbeenstudied

by
�

a numberof authorsin last few years.6–1
�

1 To
�

the best
knowledge
�

of the author,most of thesestudies6–1
�

1 are� re-
stricted� to the unmagnetizedcaseandcold plasmalimit. As
the
�

effects of externalmagneticfield and ion temperature,
which� have not been considered in these earlier
investigations,
� 6–1

�
1 drastically
�

modifiesthepropertiesof elec-
trostatic
�

solitary structures,12–15 we,� in the presentwork,
havestudiedthe obliquely propagatingion-acousticsolitary
structures� in a hot magnetizedplasmathatconsistsof a posi-
tively
�

charged,hot ion fluid andelectronshavingvortexlike
distribution.
�

We
�

considera plasma,which consistsof a positively
charged,� hot ion fluid andelectronswith trappedparticles,in
the
�

presenceof anexternalstaticmagneticfield � B0
�  ẑ,! where

ẑ is a unit vector along the z" direction
� #

. The nonlinearbe-
havior
$

of ion-acousticwavesin this plasmasystemmay be
described
�

by the following setof fluid equations:%
n&'
t( ) * n& u+ ,.- 0,
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where� n& is the ion numberdensitynormalizedto equilibrium
plasmaT densityn& 0

� ; u+ is
�

the ion fluid velocity normalizedto
the
�

ion-acousticspeedCsU V (
W
T
X

eP /
Y
mZ )
[ 1/2 with� T

X
eP being
�

theelec-
tron
�

temperature\ in energyunits] ,! andmZ being
�

the massof
positivelyT chargedions; ^ is the electrostaticwavepotential
normalized_ to T

X
eP /
Y
e` with� e` being

�
the magnitudeof the elec-

tron
�

charge.acb T
X

i /
Y
T
X

eP with� T
X

i being
�

the ion temperatured in�
energy� unitse . Thetimeandspacevariablesarein theunitsof

the
�

ion plasmaperiod f pg h 1 i (
W
mZ /4
Y j
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� e` 2)

[ 1/2 and� the Debye
length
k l
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pg
is
�

the ion cyclotronfrequencynormalizedto s pg .
To modelanelectrondistributionwith trappedparticles,

we� employ a vortexlike electron distribution function of
Schamel,
� 6,7

�
which� solvestheelectronVlasovequation.Thus

we� have
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where� the subscriptf
t

(
W
t( )[ representsthe free � trapped

�  
elec-�

tron
�

contribution.It may be notedherethat the distribution
function,
¡

aspresentedabove,is continuousin velocity space
and� satisfiesthe regularity requirementsfor an admissible
BGK solution.8 Here, the velocity ¢ is normalizedto the
electron� thermal velocity £ te¤ and� ¥ ,! which is the ratio of
free-electron
¡

temperature(T
X

e fP )
[

to trappedelectrontempera-
ture
�

(T
X

etP )
[
, is a parameterdeterminingthenumberof trapped

electrons.� It hasbeenassumedthat the velocity of nonlinear
ion-acousticwavesis small in comparisonwith the electron
thermal
�

velocity.
Integrating
�

the electrondistribution functions over the
velocity¦ space,we readilyobtaintheelectronnumberdensity
n& eP as�

n& eP § I
¨ ©�ª¬«.­ e` a® ¯° ±³²µ´ erf� ¶¸· ¹»º½¼ ,! ¾À¿ 0,

�
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If we expandthis n& eP for the small amplitudelimit andkeep
the
�

termsup to � 2,! it is found that n& eP is
�

the samefor both��� 0
�

and ��	 0
�

andis finally given by

n& eP 
 1 �
��� 4
�
3
G 1 ���� ������� 3/2

� � 1

2 � 2. � 7�  
In
�

orderto derivea nonlineardynamicalequationfor the
ion-acousticwavesfrom ! 1" – # 3G $ and� % 7� & ,! one must find an
appropriate� coordinateframe where the wave can be de-
scribed� smoothly.To find this frame,we needto know the
width� ' and� nonlinearvelocity ( 0

� of� thewave,which canbe
taken
�

from an equilibrium theory using vortexlike electron
distributions.
� 6,7

�
Thus we find )+*-,/. 1/4 and� ( 0 0

� 1 1) 243 1/2,!
where� 5 is

�
a smallnessparametermeasuringtheweaknessof

the
�

dispersion 6 amplitude� of the perturbation7 . Theselead
immediatelyto the following stretchedcoordinates:8:9<; 1/4= l> x? x@ A l
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where� O
0
� is normalizedto CsU ; l

>
x? ,! l
>

yñ ,! and l
>

zD are� the direc-
tional
�

cosinesof the wave vector k
P

along� the x@ ,! yB ,! and z"
axes,� respectively,so that l

>
x?2~ Q l
>

yñ2~ R l
>

zD2~ S 1. It shouldbe men-
tioned
�

here that in the caseof isothermalelectrons16 the
�

quantitiesT U and� V
0
� behave
�

as W+X4Y[Z 1/2 and� ( \ 0
� ] 1) ^4_ ,! re-

spectively,� andthe ordering ` 8M a is no longerapplicable,and
we� must return to the ordering of Washimi and Taniuty16

yieldingb theK-dV c Korteweg-de
�

Vriesd equation� of standard
form in a cold unmagnetizedplasma.We can expandthe
perturbedT quantitiesn& ,! e ,! and uf x? ,yñ ,zD g where� terms of h 5/4

i
,!j 3/2

�
,! klkmk are� takeninto accountn about� their equilibrium val-

ueso in powersof p ,! including termsof q 3/2
�

:
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Next,
¥

substituting ¦ 7� § – ¨ 9� © into ª 1« – ¬ 3G ­ one� can obtain the
lowest
k

order continuity equation,momentumequation,and
Poisson’s
®

equation which in turn can be solved as n& (1)
¯

° l
>

zD uf zD(1)
¯

/
Y ±

0
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¯
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0
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>
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F ¸
. We can write the

first orderx@ and� yB components� of themomentumequationas
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These,
�

respectively,representtheyB and� x@ components� of the
sum� of electric and diamagneticdrifts. Theseequationsare
also� satisfiedby the secondordercontinuity equation.

Again, using Ô 7� Õ – Ö 9� × in Ø 2Ù and� Ú 3G Û ,! and eliminating
uf x? ,yñ(1)
¯

,! we obtainthenexthigherorderx@ and� yB components� of
the
�

momentumequationandPoisson’sequationas
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The first two of theseequations,respectivelydenotethe yB
and� x� components� of the ion polarizationdrift. Similarly,
following
¡

thesameprocedureonecanobtainthenexthigher
order� continuityequationandz" component� of themomentum
equation� as
�
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Now,
_

using ` 10a – b 13c ,! one can eliminate n& (2)
d
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which� is theK-dV � Korteweg-deVries� type
�

nonlinearequa-
tion
�

with the coefficientsA and� B given� by

A
o � 1 ���� � l

í
z6

1 � 5
F
3
G � ,!

�
15�

B
| � 1

2
K l

í
z6

1 � 5
F
3
G � 1 � 1 � l

í
z62�

cA2 1 � 5
F
3
G � 2

~
.

The
�

steadystatesolution of this K-dV type equationis ob-
tained
�

by transformingthe independentvariables� and� � to
�

�u� �
¡ uf 0
� ¢ and� £¥¤�¦ ,! whereuf 0

� is a constantvelocity nor-
malized§ to CsU ,! andimposingthe appropriateboundarycon-
ditions,
�

viz., ¨ª© 0,
�

d
ò « (1)
d

/
Y
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ò ¬u­

0,
�

d
ò 2
~ ®

(1)
d

/
Y
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~ °
0 a
�

t ±u ²³µ´
. Thus one can expressthe steadystatesolution of this

K-dV type equationas

¶m· 1̧�¹�º
m»¼ 1 ½ sech� 2

~ ¾À¿ÂÁ
Ã
uf 0
� ÄÆÅ /Y ÇSÈ ,! É 16Ê

where� theamplitude Ë m»(1)
d

and� thewidth ÌÎÍ normalized_ to Ï D
m Ð

are� given by Ñ m»(1)
d Ò

(1
W

5uf 0
� /8Y A
o

)
[ 2 and� ÓNÔÖÕ 16B

|
/
Y
uf 0
� ,! respec-

tively.
�

This solutionalsostandsfor n& (1)
d

. It shouldbe noted
here that the perturbationmethod,which is only valid for
small� but finite amplitudelimit, is not valid for largepropa-
gation� angle × ,! which makes the wave amplitude large

323Phys. Plasmas, Vol. 5, No. 1, January 1998 Brief Communications



enough� to break the condition 1 Ø�Ù n& (1)
d

. As uf 0
� Ú 0,

�
there

exist� solitarywaveswith positivepotentialonly, i.e., solitary
structures� with enhanceddensityonly. It is seenthat as uf 0

�
increases,the amplitudeincreaseswhile the width decreases
and,� that as Û ÜNÝ increases,

�
the amplitudedecreasesfor Þàß 0

�á
a� vortexlikeexcavatedtrappedelectrondistributionâ and� in-

creases� for ãåä 0.
�

It is clearthatdueto the trappedelectrons,
we� have found solitonlike structuresof larger amplitude,
smaller� width, andhigherpropagationvelocity than that in-
volving¦ isothermalelectrons.16

It is alsoobviousthataswe decreasel
í

z6 ,! i.e., increasethe
angle� betweenmagneticfield (B

æ
0
� )[ and propagationvectorç

k
è é

,! the amplitudeof thesesolitonlike structuresincreases,
whereas� their width decreasesfor ê cA ë (1

W ì
l
í

z6 )[ andincreases
for í cA î (1

W ï
l
í

z6 )[ . It hasbeenfound herethat aswe increase
ion
�

temperature,the amplitudeincreases,whereasthe width
decreases
�

for ð cA ñ (1
W ò

l
í

z6 )[ andincreasesfor ó cA ô (1
W õ

l
í

z6 ).[
It is seenthat the magnitudeof the externalmagnetic

field has no effect on the amplitudeof the solitary waves.
However,
ö

it doeshaveaneffecton thewidth of thesesolitary
waves.� It is shownthat aswe increasethe magnitudeof the
magneticfield, the width of thesesolitary wavesdecreases,
i.e., the externalmagneticfield makesthe solitary structures
more§ spiky.

It
�

may be stressedherethat the resultsof this investiga-
tion
�

shouldbeusefulin understandingthenonlinearfeatures
of� localizedelectrostaticdisturbancesin laboratoryandspace
plasmasT wherepositively chargedions andfree andtrapped

electrons� are the plasmaspecies.To conclude it may be
added� that the time evolutionandstability analysisof these
solitary� structuresarealsoproblemsof greatimportance,but
beyond
�

the scopeof the presentwork.

ACKNOWLEDGMENTS
÷

Theauthoris gratefulto ProfessorP. K. Shukla,Profes-
sor� R. A. Cairns,andProfessorH. Schamelfor their various
critical� suggestionsand stimulating discussionsduring the
course� of this work.

1K. V. RobertsandH. L. Berk, Phys.Rev.Lett. 19, 297 ø 1967ù .
2
ú
R. L. MorseandC. W. Nielson,Phys.Rev.Lett. 23, 1087 û 1969ü .

3
ý
P. K. Sakanaka,Phys.Fluids 15, 1323 þ 1972ÿ .

4
�
K. Saeki,P. Michelsen,H. L. Pécseli, and J. J. Rasmussen,Phys.Rev.
Lett.

�
42, 501 � 1979� .

5
�
J.

�
P.Lynov, P.Michelsen,H. L. Pécseli,J. J.Rasmussen,K. Saeki,andV.

A. Turikov, Phys.Scr. 20, 328 � 1979� .
6

�
H. Schamel,Phys.Plasmas14, 905 	 1972
 .

7
�
H. Schamel,J. PlasmaPhys.9, 377 � 1973
 .

8
�
H. Schamel,J. PlasmaPhys.13, 139 � 1975� .

9
�
H. SchamelandS. Bujarbarua,Phys.Fluids 23, 2498 � 1980� .

10S. BujarbaruaandH. Schamel,J. PlasmaPhys.25, 515 � 1981� .
11A. A. Mamun, R. A. Cairns,and P. K. Shukla,Phys.Plasmas3

�
, 2610�

1996� .
12E.

�
Witt andW. Lotko, Phys.Fluids 26

�
, 2176 � 1983� .

13P. K. ShuklaandM. Y. Yu, J. Math. Phys.19, 2506 � 1978� .
14L. C. Lee andJ. R. Kan, Phys.Fluids 24, 430 � 1981 .
15A. A. Mamun,Phys.Rev.E 55, 1852 ! 1997" .
16H. WashimiandT. Taniuti, Phys.Rev.Lett. 17, 996 # 1966$ .

324 Phys. Plasmas, Vol. 5, No. 1, January 1998 Brief Communications


