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����������A numerical investigation has been done to study the impact of nonlinear magnetic 

field, nonlinear thermal radiation, variable thickness, Brownian motion on flow and heat 

transfer characteristics (i.e. skin friction and surface heat flux) as a physical application. 

Moreover, the impact of these forces on the rate of cooling and the mechanical properties (i.e. 

hardness, ductility…) of the surface that cooled using Nanofluid as a coolant. The governing 

boundary layer equations describing the problem transformed to ordinary differential equations 

using similarity transformation method and then solved numerically using fourth order Runge�

Kutta method with shooting technique by assistance of Mathematica program.  

 

���������: Nanofluids, variable thickness, non�linear thermal radiation, magnetic field.  
 

�
��������������
���

Study of boundary layer behavior over a moving surface is one of the most important problems 

due to their importance to the industry process such as paper production, plastic extrusion, 

fibers … etc. This is not the only applications of the problem. Moreover, it considered as a 

mathematical simulation to the heat treatment processes of the metal surfaces that subjected to 

a rising in temperature and cooling to reach to the required mechanical properties. 

The boundary layer flow caused by a moving surface has drawn the attention of many 

researches [1�13]. Through these papers, the researchers interested in some of external forces 

that acting on the boundary layer such as magnetic field, thermal radiation, heat generation, 

suction/injection process, and the unsteady motion. The concept of using a regular fluid for 

cooling has been changed after defining a new type of fluid called a Nanofluid by Choi [14].   

Choi defined a new type of fluid consisting of suspended particles in Nano size within a regular 

fluid such as oil, water and ethylene glycol, these particles improve the thermal conductivity of 

the flow, which open a new and wide applications in the industry especially in the field of 

cooling and heat treatment process.  

The behavior of the Nanofluid boundary layer over a moving surface has been investigated by 

A zizah et. al. [15] they studied the effect of unsteady motion of a shrinking sheet in presence 

of suction, Rana et al. [16] studied the effect of nonlinear velocity of a stretching sheet in 

nanofluids. Aminreza et al. [17] investigate the effect of partial slip boundary condition on the 

flow and heat transfer of nanofluids past a stretching surface with constant wall temperature. 

Hamad [18] present an analytical solution for natural convection flow of nanofluids with 

magnetic field. Yacob et al. [19] studied the effect of external uniform shear flow with 

convective surface boundary condition on a Nanofluid over a shrinking surface. Elbashbeshy et 

al. [20], [21] deduced an exact solution to the Nanofluid boundary layer problem over a 

moving surface in presence of magnetic field and suction/injection process for both cases 
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steady and unsteady motion. The effect of heat generation on the thermal boundary layer of 

Nanofluid has been studied by Alsaedi et al. [22]. 

The effect of thermal radiation on the boundary of Nanofluid for a different cases has been 

investigated by Magyari et al.  [23], Motsumi et al., [24] and Hady [25], Elbashbeshy et al. 

[26], Astrerios et al.[27], Mohyud�Din et al. [28], Khan et al., [29] and Abdel�wahed et al. 

[30]and [31]. 

It is worth mentioning that all pervious papers considered a uniform distribution of 

nanoparticles within the boundary layer. The effect of Brownian motion and thermophoresis on 

the Nanoparticles distribution within the boundary layer has been investigated by 

Anbuchezhian et al. [32] and Kandasamy et al. [33].  

Since the variable thickness may occur in the engineering applications more frequently than a 

flat surface. Fang et al. [34], Elbashbeshy et al. [35], Abdel�wahed et al. [36] developed the 

study of the boundary layer problem by taking into consider the effect of the surface thickness 

variation on the boundary layer behavior in the presence of different forces. 

The present work investigates the effect of nonlinear Rosseland thermal radiation and nonlinear 

magnetic field on the boundary layer behavior and the impact of these forces on the mechanical 

properties of a surface with variable thickness through the process of cooling.  
 

 

�
��������������������������
 

It is assumed that a surface with variable thickness ( ) 2
1 n

bxy
−

+= δ  moving with nonlinear 

velocity ( )  n
w bxa(x)U +=  within steady, laminar, incompressible cooling medium consists of 

nanoparticles and water base fluid. The fluid subjected to nonlinear transverse magnetic field 

with strength of ( ) ( ) 2

1n

bxBxB
0

−

+=  and nonlinear thermal radiation with heat flux 

y

T

∂
∂








−=
4

*

*

3

4
q r α

σ
 . 

Moreover, it is assumed that the surface is sufficiently thin with no induced stream�wise 

pressure gradients and the induced magnetic field produced by the motion of an electrically 

conducting fluid is negligible.  

As shown in figure (1), the temperature of the surface assumed Tw and the ambient temperature 

of the boundary layer taken T∞. 

 

 

 
 

 

Fig. (1) Physical model and coordinate system. 

 

The governing boundary layer equations describing the steady two�dimensional laminar hydro�

magnetic nanofluid flow over a moving surface and subjected nonlinear Rosseland thermal 

radiation can be written as:   

 

x, Uw 

   y  

Slit Nanofluid 

rqB x   )( ↑

Tw 

T∞ 
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With boundary conditions 
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δ

                                     (5) 

 

Where n is the shape parameter. It is assumed n> �1 in this work for the validity of the 

similarity variable and functions.   
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Looking for similarity solution of equations (1�4) with the boundary conditions (5) using the 

following form 
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Assuming the boundary layer temperature and Nanoparticles concentration take the form 

 

 [ ] ( ) [ ] ( )ηφηθ      and     ∞−+∞=∞−+∞= CCwCCTTwTT                             (7) 

 

where η is the similarity variable, and ψ  is the stream function which is defined as  

x
v

y
u

∂
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−=
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ψψ

  and   which satisfies equation (1). 

substituting by equations (6) into eqs. (2�4),  one can obtain the following ordinary differential 

equations: 
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With boundary conditions 

( ) ( ) ( ) ( ) ( ) 10,10,1,
1
1 ===′= +
− φθααα FF

n
n     and    ( ) ( ) ( ) 0,0,0F =∞=∞=∞′ φθ      (11) 
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here primes denote differentiation with respect to ( )η                                         

by defining ( ) ( ) ( )ζαηη ffF =−= , Therefore the similartiy equations (8�10) and the associated 

boundary conditions (11) become 
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With boundary conditions 

( ) ( ) ( ) ( ) ( ) 10,10,10,0
2

1
1
1 ===′= +
+
− φθα ff n

n
n     and     

( ) ( ) ( ) 0,0,0f =∞=∞=∞′ φθ                                                                                             (15) 

   

here primes denote differentiation with respect to ( )ζ                                         

 

"
�#�����������������

�

By assistance of Mathematica program, the Equations (12�14) with the boundary conditions 

(15) are solved using shooting method as an boundary value problem. In this process, it is 

necessary to choose a suitable finite value ∞→ζ , say 
∞

ζ . Moreover, it is required the values 

for ( ) ( ) ( )0 and ,0 ,0 φθ ′′′′f  but no such values are given in the problem. The suitable guess 

values for ( ) ( ) ( )0 and ,0 ,0 φθ ′′′′f  are chosen and then integration is carried out and compare 

the calculated values for ( ) ( ) ( )0and,0,0 φθ ′′′′f  at ζ = 100
max

≅ζ  with the given boundary 

conditions ( ) ( ) ( ) 0,0,0 ===′
∞∞∞

ζφζθζf and adjust the estimated values, 

( ) ( ) ( )0 and ,0 ,0 φθ ′′′′f  using ‘‘secant method’’ to give a better approximation for the solution. 

By taking a series of values for ( ) ( ) ( )0 and ,0 ,0 φθ ′′′′f  and apply the fourth order classical 

‘‘Runge–Kutta method’’ with step�size ζ( = 0.01. The above procedure is repeated until we 

get the converged results within a tolerance limit of 610− . To valid  the accuracy of this 

method, the paper of Astrerios [27] has been resolved by this method and the results obtained 

have been compared with [27] and appears in a good agreement.  

 

Table �. The values of � ( )0θ ′ at different values of  wθ  and dR  at  Pr=5.5 

dR  
wθ  Astrerios  

[27] 

Present 

work 

0.6 

1.10 0.5338 0.5332 

1.50 0.3069 0.3067 

2.00 0.1708 0.1706 

10 

1.10 1.1053 1.1050 

1.50 0.9516 0.9513 

2.00 0.7358 0.7357 
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�

!�����
  values of skin friction, Nusselt number and Sherwood number 

 at M=0.5, Le=2, Pr = 6.2, Nt=Nb=0.1, wθ =1.2 and dR =5 

�

α n ( )0f ′′  ( )0θ ′  ( )0φ ′  Cfx Nu Sh 

0.5 

�0.50 �1.538121 �1.675650 0.418655 �0.00218 596.29 �148.02 

1.00 �1.224745 �0.292469 �0.341444 �0.00346 207.48 241.44 

1.50 �1.182711 �0.260553 �0.305144 �0.00374 206.59 241.24 

1 

�0.50 �2.118823 �2.808684 0.931084 �0.00300 999.49 �329.19 

1.00 �1.224745 �0.292469 �0.341444 �0.00346 207.48 241.44 

1.50 �1.131429 �0.228266 �0.267573 �0.00358 180.99 211.53 

2 

�0.50 �3.413214 �5.229440 1.989354 �0.00483 1860.93 �703.34 

1.00 �1.224745 �0.292469 �0.341444 �0.00346 207.48 241.44 

1.50 �1.036347 �0.168802 �0.198050 �0.00328 133.84 156.57 

�

�

!���� 
  values of skin friction, Nusselt number and Sherwood number 

 at α=1, Le=2, Pr = 6.2, Nt=Nb=0.1 
wθ =1.2 and dR =1 

 

M n ( )0f ′′  ( )0θ ′  ( )0φ ′  Cfx Nu Sh 

0 

�0.50 �1.166667 �2.842126 0.856815 �0.00165 1011.39 �302.93 

1.00 �1.000000 �0.324760 �0.385737 �0.00283 230.39 272.76 

1.50 �0.957891 �0.258670 �0.309025 �0.00303 205.09 244.31 

0.5 

�0.50 �2.118823 �2.808684 0.931084 �0.00300 997.51 �329.19 

1.00 �1.224745 �0.292469 �0.341444 �0.00346 207.48 241.44 

1.50 �1.131429 �0.228294 �0.267769 �0.00358 181.01 211.69 

1 

�0.50 �2.698243 �2.790261 0.963717 �0.00382 992.93 �340.73 

1.00 �1.414214 �0.268218 �0.310326 �0.00400 190.28 219.43 

1.50 �1.283263 �0.207393 �0.252124 �0.00406 164.44 199.32 

�

�

�

!����"
  values of skin friction, Nusselt number and Sherwood number  

at α=1, M=0.5, Le=2, Pr = 6.2, Nt=Nb=0.1 and wθ =1.2 

 

dR  n ( )0f ′′  ( )0θ ′  ( )0φ ′  Cfx Nu Sh 

0.67 

�0.50 �2.118823 �3.570320 1.679334 �0.00300 1274.64 �593.73 

1.00 �1.224745 �0.828226 0.070000 �0.00346 588.51 �49.50 

1.50 �1.131429 �0.538001 �0.075642 �0.00358 427.19 59.80 

1 

�0.50 �2.118823 �2.808684 0.931084 �0.00300 999.49 �329.19 

1.00 �1.224745 �0.709428 �0.027644 �0.00346 503.28 19.55 

1.50 �1.131429 �0.481856 �0.112276 �0.00358 382.05 88.76 

5 

�0.50 �2.118823 �0.843469 �0.963695 �0.00300 298.60 340.72 

1.00 �1.224745 �0.292469 �0.341444 �0.00346 206.94 241.44 

1.50 �1.131429 �0.228279 �0.267668 �0.00358 180.58 211.61 
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!����$
  values of skin friction, Nusselt number and Sherwood number 

 at α=1, M=0.5, Le=2, Pr = 6.2, Nt=Nb=0.1 and dR =0.8 

 

wθ  n ( )0f ′′  ( )0θ ′  ( )0φ ′  Cfx Nu Sh 

1.2 

�0.50 �2.118823 �0.843469 �0.963695 �0.00300 300.54 340.72 

1.00 �1.224745 �0.292469 �0.341444 �0.00346 207.62 241.44 

1.50 �1.131429 �0.228279 �0.267668 �0.00358 181.10 211.61 

1.3 

�0.50 �2.118823 �0.684537 �1.114219 �0.00300 244.43 393.94 

1.00 �1.224745 �0.244647 �0.376534 �0.00346 173.85 266.25 

1.50 �1.131429 �0.193244 �0.290079 �0.00358 153.45 229.33 

1.4 

�0.50 �2.118823 �0.562331 �1.228851 �0.00300 201.28 434.46 

1.00 �1.224745 �0.206251 �0.403629 �0.00346 146.75 285.41 

1.50 �1.131429 �0.164541 �0.307619 �0.00358 130.80 243.19 

1.5 

�0.50 �2.118823 �0.467004 �1.317470 �0.00300 167.63 465.80 

1.00 �1.224745 �0.175112 �0.424861 �0.00346 124.77 300.42 

1.50 �1.131429 �0.140860 �0.321560 �0.00358 112.12 254.22 

 

 

$
�%����� 

 

As mentioned before, the most important application of the Nanofluids is using it as coolants 

because of its high thermal conductivity, one of these applications is heat treatment process 

which aim to improve the mechanical properties of the surface by heating and cooling it in a 

series. The rate of cooling (heat flux) in this process controls the hardness, stiffness, strength, 

ductility, and surface cracking. So this work concern on this point beside the other physical 

parameters such as surface shear stress and the mass flux. 

 

$
����������������������                     
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Since the skin friction coefficient given by     
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Since the Nusselt number given by 
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 ����������������& (rate of mass transfer)             
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Since the Sherwood number given by 

 

( )
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CCD

qbx
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wB
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2

1 φ ′−= +n

eR

Sh
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'
�(����������  
 

This study present the thickness variation as a new and important factor that controls the outer 

surface shape, type of motion and the behavior of the boundary layer. The outer shape of the 

surface depends on the value of  n. such that for n=1 (plotted by Dot�Dash line), the study 

reduced to flat surface with constant thickness (δ) while for  n<1 (plotted by solid line), the 

study deals a surface with increasing thickness. However, for n>1 (plotted by Dash line), the 

study transformed to a surface with decreasing thickness. 

Moreover, the value of n controls the boundary layer behavior such that for n=1 the boundary 

condition (15) reduced to ( ) 00 =f which indicates to impermeable surface. While for, n<1 the 

boundary condition becomes ( ) 00 >f  which indicates to suction process. and for n>1 the 

boundary condition becomes ( ) 00 <f which indicates to injection process. 

The aim of this section is to discuss the above three cases under the effect of the nonlinear 

rosseland thermal radiation and magnetic field in presence of Brownian motion and 

thermophoresis. The surface shear stress, rate of cooling and rate of mass transfer investigated 

through tables (2�5). 

 

 

'
������������������������������

 

The influence of variation of the surface thickness on the boundary layer behavior appears 

through the thickness parameter (α ). Figures 2,3 and 4 present the velocity, temperature and 

the concentration profiles as thickness parameter varies. It is observed that increasing of α  

leads to decreasing of the velocity, temperature and nanoparticles concentration in the case of 

n<1 and the opposite is true for n>1 and no effect of thickness parameter on the boundary layer 

in the case of flat surface n=0. Moreover, one can observe that the thermal and concentration 

boundary layer thickness in the case of n<1 is biggest than that in the case of n>1. In addition, 

it is clear that the concentration of the nanoparticles close to the surface in the case n<1 is 

higher than that in the case of n>1. 

 

On the other hand, table 2 shows the effect of thickness parameter on the velocity gradient, 

temperature gradient, and the concentration gradient and the corresponding values of skin 

friction, Nusselt number and Sherwood number. It noted that the increasing of thickness 

parameter leads to increasing of all previous physical properties. 
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It is worth mentioning that increases the rate of heat transfer from the surface leads to 

acceleration of cooling process, which has a direct positive effect on surface mechanical 

properties of the surface such as hardness, stiffness, strength. 

 

'
���������������������)�����������

 

The effect of magnetic field on the boundary layer velocity, temperature, and concentration 

shown through figures 5, 6 and 7. One can observe that the increase of magnetic parameter 

decrease the velocity and decrease the temperature and nanoparticles concentration. Moreover, 

it is clear that the effect of magnetic parameter on the temperature and nanoparticles 

concentration in the case of n<1 is very weak. In addition, at the same conditions, the 

nanoparticles concentration in the case of n<1 near the surface increases gradually and then 

decay to zero rapidly on the contrary of the other cases of n�value.   

The effect of hydromagnetic flow on the skin friction, Nusselt number and Sherwood number 

tabulated in table 3. By comparing, one can observe that using hydromagnetic flow as a cooling 

medium increase skin friction, Sherwood number and decrease Nusselt number. Consequently, 

the surface shear stress and rate of mass transfer increased and rate of heat transfer decreased 

by increasing of magnetic parameter M.   

 

'
 ����������������������������������������

 

The most recent papers investigate the effect of thermal radiation on the boundary layer 

through the linear Rosseland approximation, which appears in the dimensionless system 

through the radiation parameter ( dR ). One of the paper scopes is to study the effect of the 

thermal radiation through the non�linear Rosseland approximation which appears in the 

dimensionless system through the radiation parameter ( dR ) and temperature ratio parameter 

(
wθ ). 

The effect of radiation parameter on the boundary layer temperature and concentration plotted 

through figures 8 and 9. It is clear that the increase of this parameter increase the boundary 

layer temperature. In addition, one can observe that the impact of this parameter be more active 

by increasing of its value. Moreover, the effect of radiation parameter on the nanoparticles 

concentration is very clear especially in the case of n>1 such that the increase of it decrease the 

concentration near the surface before decaying to zero. 

 

On the other hand, the effect of temperature ratio on the boundary layer temperature and 

concentration showed by figures 10 and 11. The figures show that the increase of the 

temperature ration increase the boundary layer temperature and decrease the concentration of 

the nanoparticles near the surface. Moreover, it is clear that at a certain zone into the boundary 

layer the concentration be constant at any value of temperature ratio. 

The effect of nonlinear radiation on the skin friction Nusselt number and Sherwood number 

showed in tables 4&5. It is clear that the presence of thermal radiation increase the temperature 

and the concentration gradient at the surface, which affected the Nusselt and Sherwood number 

by increasing. The same effect on the Sherwood number appears in the presence of temperature 

ratio parameter and the opposite is true for Nusselt number. 

 

'
"�������������*���������������

 

The random movement of the particles suspended in a fluid (nanoparticles) resulting from their 

bombardment by the fast moving atoms or molecules in the fluid called the Brownian motion. 

This motion controls the temperature and the concentration of the particles within the boundary 
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layer over the surface. The Brownian motion parameter Nb is the key of this mechanism in this 

study such that the increasing of Nb leads to increasing of the boundary layer temperature and 

decreasing of the nanoparticles concentration as shown in figures 12 and 13. Moreover, it is 

clear that the impact of the random moving of particles on the concentration decreases by 

increase the value of Brownian motion parameter for all values of shape parameter n. 

 

'
$�����������������������������������������������

�

Thermophoresis is a phenomenon observed in mixtures of mobile particles where the different 

particle types exhibit different responses to the force of a temperature gradient. Influence of 

this phenomenon appears in this study through the thermophoresis parameter Nt such that 

increasing this parameter leads to increasing of boundary layer temperature and nanoparticles 

concentration as shown in figures 14 and 15. In addition, figure 15 show that the effect of this 

phenomenon on the concentration is more clear in the case of n>1.   

 

+
�,���������

�

This study present a mathematical model of a continuous moving surface with variable 

thickness embedded into a Nanofluid under the effect of nonlinear thermal radiation and 

magnetic field. The behavior of the boundary layer under the suggested forces and the 

influence of these on the heat and mass transfer characteristics and the mechanical properties of 

the surface were the goal in this study and the following results obtained: 

 

•� Thickness parameter (α) and shape parameter (n) both play an important role in the 

thermal and concentration boundary layer behavior.  

•� The boundary layer thickness in the case of n<1 is bigger than that in the case of n>1. 

•� Hydro�magnetic flow has no strong effect on the boundary layer temperature and 

concentration in the case of n<1. 

•� The non�linear Rosseland thermal radiation has a clear impact on the thermal and 

concentration boundary layer. 

•� The Brownian motion and thermophoresis both have a clear impact on the nanoparticle 

concentration especially in the case of n>1.  

•� The rate of heat transfer from the surface (Nusselt Number) increases in presence of 

thickness and radiation parameters and the opposite is true for magnetic and 

temperature ratio parameters. 

•� Generally, the rate of heat transfer from the convex outer shape surface (n<1) is higher 

than that in the case of concave outer shape surface (n>1).   
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��)�0�1: The velocity profiles with increasing of thickness parameter (α ). 
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��)�0"1: The concentration profiles with increasing of thickness parameter (α ). 
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��)�0$1: The velocity profiles with increasing of magnetic parameter (M). 
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��)�0+1: The concentration profiles with increasing of magnetic parameter (M). 
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��)�0-1: The temperature profiles with increasing of radiation parameter ( dR ). 
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��)�021: The concentration profiles with increasing of radiation parameter ( dR ). 
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��)�0�/1: The temperature profiles with increasing of temperature ratio (
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��)�0��1: The concentration profiles with increasing of temperature ratio (
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��)�0��1: The temperature profiles with increasing of Brownian parameter Nb. 
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��)�0� 1: The concentration profiles with increasing of Brownian parameter Nb. 
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��)�0�"1: The temperature profiles with increasing of Thermophoresis parameter Nt. 
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��)�0�$1: The concentration profiles with increasing of Thermophoresis parameter Nt. 
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u , v      velocity components in the x and y directions, respectively 

υ           kinematic viscosity 

ρ         Density of the base fluid, 

σ          electrical conductivity,  

( )xB      strength of the magnetic field  
×α         thermal diffusion, 

B
D        Brownian diffusion coefficient, 

T
D        Thermophoretic diffusion coefficient 

*ρ         Boltzmann constant, 
*α         Rosseland mean absorpation 

 b          constant  

( )ηφ      Dimensionless concentration 
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η           similarity variable 

ψ          stream function  

α          thickness parameter υδα a=  

wθ         temperature ratio 
∞

=
T

Tw
wθ  

Pr          prandtl number 
α
υ

=Pr  

Le         lewis number, 
B

D
Le

υ
=  

M          magnetic field parameter, 
ρ
σβ

a
M

2

0=  

Nb         brownian motion parameter, ( )∞−= CC
D

Nb w
B

υ
τ

 

Nt          thermophoresis parameter, ( )∞
∞

−= TT
T

D
Nt w

t

υ
τ

 

dR          radiation parameter, 
*

3*

 

 4

α
σ
k

T
Rd

∞=  

τ            ratio between the effective heat capacity of the nanoparticles and heat capacity of the                           

              fliud, 
( )
( )

f

p

Cp

Cp

ρ

ρ
τ =  
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