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Abstract. The Dirac equation of a relativistic free charged particle interacting with one
quantised mode of the electromagnetic field is solved exactly. Stationary eigenstates and
the corresponding eigenvalues (the spectrum) are obtained in closed analytical form for
linear and circular polarisation. The states are parametrised by two quantum numbers, one
of which, corresponding to the four-momentum, is continuous and the other, roughly
corresponding to the photon content, discrete. Based on these results, the cross section of
nonlinear Compton scattering is calculated. It is shown explicitly that the results reduce to
the semiclassical one in the limit of high intensity and small depletion, while in the large
(complete) depletion limit they contain a depletion factor which ensures convergence of the
highly nonlinear processes.

1. Introduction

This paper forms the second part of a series devoted to the theoretical description of the
interaction between a free electron and an arbitrarily intense radiation field mode. In
the first part (Bergou and Varr6 1981, henceforth referred to as I) we dealt with a model
where the electron was described by non-relativistic quantum mechanics and the vector
potential specifying the mode of the radiation field was considered as a quantised field
quantity. The present work is intended to generalise the results of I to the relativistic
case, insofar as the electron will be described by relativistic quantum mechanics (Dirac
equation), and the dipole approximation for the field will never be introduced. In this
sense our model occupies an intermediate place between semiclassical electrodynamics
and QED. Namely, we consider the radiation field quantum mechanically and not as a
classical quantity, but from the beginning we use the one-mode approximation, and
second quantisation is not introduced for the electron field. This is not merely an
academic exercise; the range of intensities in which our results give a reasonably good
approximation is just the one which is of practical importance in the description of the
laser beam—matter interaction, and we think it useful that accurate theoretical predic-
tions be accessible without having to carry out full QED analysis. The only feature
missing from our calculations is pair creation; with optical photons this can almost
always be neglected. Generalisation of the model to several independent modes is
straightforward; however, neglecting the mode-mode coupling still remains question-
able. Nevertheless, the model fills in a gap between QED and semiclassical elec-
trodynamics, since our calculations may serve as a starting point for intense-field QD
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calculations and, in addition, they provide the foundation of semiclassical approxima-
tions, since in the limit of large initial photon number and small depletion, they reduce
to the results of the semiclassical theory.

The starting point of our method is the exact solution to the Dirac equation of the
system ‘electron +quantised electromagnetic mode’. The basic idea is to introduce a
properly chosen unitary transformation—a so-called displacement transformation—in
order to eliminate the interaction term and diagonalise the system of equations. A
similar transformation was introduced by Bloch and Nordsieck (1937) when they solved
the problem of elimination of infrared divergences from QED. In §2 we give the
solution of the eigenvalue problem and stationary states of the system ‘electron+
linearly polarised mode’. The first solution to this problem was given by Berson {1969),
using a special representation for the absorption and emission operators. The main
advantage of our method is that the results are derived by purely algebraic methods in a
representation-independent manner. In § 3 we repeat the procedure for a circularly
polarised mode. The solution in this case was made possible by the use of the projection
technique (Neville and Rohrlich 1971a, b, Becker and Mitter 1974). Essentially similar
problems were treated in the mid-sixties (Fried and Eberly 1964, Eberly and Reiss
1966, Reiss and Eberly 1966, Eberly 1969); however, in these papers attention was
focused on the direct calculation of the Green function rather than on the determination
of stationary states of the system. Furthermore, depletion of the mode (i.e. change of
the photon number) was neglected in the otherwise exact summation of the diagrams
for the Green function, and thus the method was in fact equivalent to the semiclassical
calculations. We note that our results in the aforementioned semiclassical limit reduce
to the Volkov solution (Volkov 1935), and therefore give the generalisation of the
semiclassical wavefunction. In § 4 we discuss statistical properties of the electron and
photon subsystems. Special attention is paid to the role of the spin—field interaction.
Section 5 deals with an application of the results obtained in §§ 2 and 3. In a previous
publication (Bergou and Varré 1980) we outlined a semiclassical method to deal with
intense-field problems. The method was based on the use of the exact Volkov solution
of the electron-external field problem as a basis set for perturbational treatment of
scattering processes. Here we generalise the method by using the exact solutions of §§ 2
and 3, and calculate the cross sections of Compton scattering and higher harmonics
generation. The first such calculation based on the use of the Volkov solution was
performed by Alperin (1944), using the method of transition currents. Later, with the
development of high-power lasers, the problem was reinvestigated (Goldman 1964,
Brown and Kibble 1964, Nikishov and Ritus 1964), also on semiclassical grounds. Our
results reproduce the semiclassical ones in the intense-field limit and give an immediate
generalisation since they contain depletion terms. Section 6 summarises the main
results of the paper and discusses their physical implications as well as their connection
with previous works.

2. A simple algebraic solution for the eigenvalue equation of the system ‘electron+
linearly polarised mode’

The Hamiltonian H of the system ‘electron+one mode’ consists of the energy
operators of the subsystems and their interaction,

H =cap +Bmc’+hw(a*a +3)—eaA(r). (2.1)
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Here A(r) is the vector potential in the Schrddinger picture characterising the trans-
verse photon with polarisation vector € and wavevector k:
2mh

1/2
A(r)=c(—> e(ae* +a* e, ke =0, w=clk| (2.2)
oV

a and a” are absorption and emission operators of the given mode satisfying the
commutation relation

aa"—ata=1 (2.3)

and V is the quantisation volume. It can easily be shown that the operator of the total
momentum of the system commutes with the Hamiltonian. As a consequence, thereisa
system of simultaneous eigenfunctions of the energy and momentum. The present
section is devoted to the determination of these simultaneous eigenfunctions, i.e. we
look for the solution g p of the equations

Hyep=Etfgep (2.4)
and
[p+hk(aa+2)er=Plep. (2.5)

If we express pe p from (2.5) and—taking into account the explicit form of H as given
by (2.1)—substitute it into (2.4), we obtain

{ca[P-tk(a"a+3)]+Bmc*+hw(ata +3)
—eaec(2nh/wV)a e +a” e " Vep=Eysp. (2.6)

With the help of the unitary transformation exp[—ikr(a*a + 1)1, one can easily eliminate
the dependence of the vector potential on space coordinates in (2.6), yielding
{ca[P—tk(ata+1]+Bmc?+hw(a a+3)—eaec2mh/wV)*(a+a*))Pep=EDrp

. 2.7)
where

O p=explikr(a”a+ %)]l/’E,E (2.8)

By using the standard representation for & and 8 (see equation (A1.3)) in equation
(2.7), and introducing upper and lower spinor components—¢(r) and x(r) respec-
tively—of ®g p, we obtain the following coupled system of algebraic equations:

{o[K-k(aTa+3)]-oegla+a )x(r)+ [k —Ko+ko(a a+3)]e(r)=0, (2.9a)
{o[K-k(a*a+3)]-oegla+a}e(r)—[k+Ko—kola a+3x(r) =0, (2.9)
where we have employed the notations
K=P/h, Ky=E/hc, ko=w/c (2.10a)
and
1/2 1/2
O R CIE St

At first sight, the system of equations (2.9a) and (2.95) might seem rather compli-
cated, since each component of the functions ¢ (r) and x (r) contains boson operators, If
we choose the Majorana representation for the matrices @ and B, and choose a
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coordinate system where the polarisation and the wavevector of the electromagnetic
mode coincide with the x and y axis, respectively, then instead of equations (2.9a) and
(2.9b), we obtain a system of equations of considerably simpler structure. We also note
at this point that, quite similarly to this case, the Dirac equation of the corresponding
semiclassical problem is easily solvable without invoking the second-order Dirac
equation (Bergou and Varré 1980).

Equation (2.7) reads in the Majorana representation (see (A1.6a) and (A1.64))

{ox[-K+gla+a")]+BIK, —ko(a a+3)]—a.K, +aux +ko(a a+3)}PLp
=K-0[I)lE,p, kyEko. (211)

The upper and lower components ¢'(r) and x'(r) of the transformed state @ p now
satisfy the equations

{{-K. +gla+a")lo. —K.0: +kay}x'(r) = (Ko—K,)e'(r) =0, (2.12a)
([-K:+gla+aM)o,—K,o. +xo,}o' (1)~ [Ko+ K, ~2ko(a a +)'(¥) =0.  (2.12b)
We can simply express ¢'(r) from (2.12a) as
¢'(r)=(Ko—K,) " {[-K. +gla+a.)lo, —K.o. + ko }x'(r). (2.12¢)
Substitution of this expression for ¢'(r) into (2.125) yields
{(KZ+K3+K2+k>~K§-2¢gK (a+a™)+g*(a’*+a™®)

+2[g° + (Ko— K, )kol(a a +)hx'(r) = 0. (2.13)

Equation (2.13) serves as a starting point to the theory to be described in the
following. We shall solve it by diagonalising the LHS in the basis of photon-number
eigenstates.

In the first step, we eliminate the quadratic expression g*(a”+ a ) with the help of
the Bogolyubov transformation (Tanabe 1973)

Co=exp[-30(a**-a?)] (2.14)

where @ is a real parameter to be determined later. The effect of Cg on the boson
operators a and a” is the following:

Co'aCe=a cosh ®—g~ sinh O, Co'a*Co=a" cosh ®—a sinh O, (2.14q)

Applying these transformation rules, after simple algebraic operations we obtain from
(2.13) the transformed equation

{K?2 +K§ +K2+k?*-K3-2gK.(a+a") e ®+g’[(a®*+a"? cosh 20
—2(aa+3)sinh 20]+[g*+ (Ko~ K,)kol[2(a*a +3) cosh 20

—(a®+a"?)sinh 201C5'x'(r) = 0. (2.15)
From here one can immediately see that if © is taken to satisfy the relationship
tanh 20 = g*/[g* + (Ko — K, ko) (2.15a)

then the terms containing (a*+a *?) in (2.15) cancel and we are left with the equation
(K2+K2+K2+Kk>-K3-2gK.(a+a"e™®
+2[g”+ko(Ko —-K,))(a"a+3) sech 20}Ca'x'(r) =0. (2.16)
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Elimination of the terms containing (¢ + a) can be performed with the help of the
well known displacement operator D,

D.=exp[r(a” —a)] (2.17)
having the property (Glauber 1963)
D 'aD.=a+r, D'a™D.=a"+r, (2.17a)

Here 7 is a real parameter. If = is chosen to satisfy the relationship

gK, e ®=7[g*+ko(Ko—K,)] sech 20 (2.18)
then, applying D, to (2.16), we obtain
{(KI+K5+K?+1>—Kj5+2[g°+ko(Ko—K,)]

X{a*a+3+7%) sech 20}D; ' Co'x'(r) = 0. (2.19)
From here it transpires that the solution of (2.13) is of the form
X,(r)=C®DT|n>X6(r)9 n=0s 1$ 2;' L] (2'20)

where |n) is a number state of the quantised mode and x(r) is a bispinor independent of
the photon state.

The parameters ® and 7 of the unitary operators Cg and D. defined in (2.14) and
(2.17) are determined by the relationships (2.15a) and (2.18). The four-momentum
K = (K, K) satisfies the equation

K>=K}-K*=«’>+2(Ko— K, )kogx (1), n=0,1,2,..., (2.21)
where
gx(n)=[1+¢*/(Ko—K,)kol(n +3—77) sech 20. (2.21a)

Determination of K, directly from (2.21) would still be rather difficult since gx(n).
contains K also through the parameter @. This difficulty, however, can easily be
overcome if we introduce the four-vector Q as

Q=(Ko—kogx(n), Ky, Ky —kogx(n), K.) =K — gx (n)k. (2.21b)

Since Qp— Q, = Ko~ K, and Q, = K, we have gx(n) = go(n) from equations (2.215),
(2.19) and (2.21a). By using the definition (2.215), from (2.21) one can easily see that
Q is already on the free mass-shell,

Q*=«’, (2.22)
and the four-momentum K of the system can be derived directly from
K = Q+kgoln). (2.23)

The solution of the eigenvalue equation (2.4) reads now, in the Majorana répresen—
tation,

Ukp=y0o = exp[-—ikr(a”a+23)]
% [(QO_ Qy)_l[uoxo-x - on-z + KOy + g(a + a+)0'x]X6 (r)

xo(r) ]CQDTW'

(2.24a)

Quite similarly to ¢ p, £ p is also an eigenstate of the total momentum of the system;
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therefore it satisfies equation (2.5). Substitution into (2.5) of ¢z p as given by (2.24a)
leads to the equation

Bxo(r)=Pxo(r), (2.24b)
the solution of which is
xo(r) = xo expl(i/h)Pr]. (2.24¢)

Here yo is an arbitrary bispinor.
In order to determine the form of the state (2.24a) in standard representation, we
notice that the bispinor

o (QO_Qy)_I(_QxU'x_on'z+K0'y)X6
uo—[ o } (2.25a)

satisfies the transformed eigenvalue equation
(—axQx-l-BQy—a,Q,+ayK)ub#Qou'Q (2.256)

which is the eigenvalue equation for a free particle. Taking into account the definition
(2.15a) of ug, we may now write the bispinor amplitude of the solution (2.24a) as

[(QO - Qy)nl[_oxa'x - Oza'z + KOy + g(a + a+)0'x1X(,)]

X0
=[1+(1+B)agla+a")/2(Qo— Q,)]uo. (2.25¢)

This becomes in standard representation

[1-(+a)agla+a")/2(Qo— Q,)lue. (2.25d)
uq satisfies the eigenvalue equation of a free particle in standard representation:

(aQ +Br)ug = Qouo. (2.26)
We also note that (2.25d) is a special case of the bispinor amplitude

[1+g(Ke/2Qk)(a +a )]ue (2.27)

written in a covariant manner (for the notation see appendix 1). The final form of ¢z p
can be given as

YEp= o =exp[—ikr(a"a + 5)](1 + g%(a + a+)> ug explilQ + kgo(n)lr}CoD,|n).
(2.28)

The physical meaning of the quantum numbers Q and » which appear in the solution
will be discussed in §4. Roughly speaking, Q can be identified with the expectation
value of the four-momentum of the electron, whereas n can be identified with the
expectation value of the number of photons in the mode.

3. A simple algebraic solution for the eigenvalue equation of the system ‘electron +
circularly polarised mode’

The Hamiltonian form of the equation of motion of the system ‘electron + quantised
mode’ is

ih 9W/at = [cap + Bmc* + hw(a”a +3) — eaA(r)]¥ (3.1
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where now

AP)=cQrh/wV)*(ea e +e*at e, ke =0. (3.1a)

In the case of circular polarisation, € is a complex unit vector (* denotes complex
conjugation), which is defined for the right circular polarisation (+) and left circular
polarisation (—) as

e=g,=2""%(e,+iey), =g_=2""(g,—iey), £, 1 ey, (3.16)

el=g** =0, ge*=1. (3.1¢)

In the previous section on the example of the interaction with linearly polarised
photons, we demonstrated that the stationary solutions of the equation of motion of the
type (3.1) can be obtained by a relatively simple method. The two main steps were the
application of the Bogolyubov transformation Cg and the application of the displace-
ment transformation D,. In the case of circularly polarised photons we shall use a
similar elimination technique.

For the sake of brevity and clarity we first bring equation (3.1) to covariant form.
Let us introduce the state ¢ with the definition

¥ = exp[—iw(a a +3)tly. (3.2)
Substituting this into (3.1), we obtain the equation of motion for ¢ as
[id—glea e ™ +g%a" e ) —kly =0. (3.3)

For the notation see appendix 1. Here g is the coupling constant defined by equation
(2.105) with wavenumber dimension, « is the Compton wavenumber and we have
introduced the polarisation vector e ={¢“}=(0, £). As a first step to the solution of

equation (3.3), we eliminate the space- and time-dependent phasefactors e**** of the
vector potential with the help of the unitary transformation

¢ = explikx(a”a +3)1®. (3.4)
Then .

[id—K(a"a+3)—glea+g*a™)~k]®=0. (3.5)
We look for the solution of this equation in the form of a plane wave:

b=, (3.6)
and for @, we obtain

[F—K(a"a+3)-glea+e%a")— k1D, =0. 3.7)

Here p is a four-vector to be determined later.
Quite similarly to equation (2.27) of the previous section, we look for the solution of
(3.7) with the ansatz

@, =[1+(gk/2pk)(ea +£*a) xp (3.8)

Multiplying equation (3.7) by the expression [1—(gk/2pk)(ea +g*a")]=
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[1+(gk/2pk)(ga +£*a™)]"* from the left, we obtain

{p 1([(1+p )(a a+2)+g(§%a+i€; *)

2 2

—%k-(e a’+e*’a ”)] K+2g—k 5 lex* z*z)k}x,,=0. (3.9)
In this step we have achieved that all boson operators have a common matrix coefficient,
and the diagonalisation of the boson part can now be carried out. At this point we
should mention that in the previous section we reached the bispinor amplitudes (2.254)
and (2.27) in a straightforward manner, without introducing any ansatz. Though it is
true that the ansétze (2.27) and (3.8) can be guessed from the form of the corresponding
semiclassical wavefunction (Volkov state, see e.g. Bergou and Varré (1980)), we still
felt it necessary to prove that the solution can be only of this form.

If ¢ is a real polarisation unit vector, then the boson part of (3.9) can be diagonalised
in a way completely analogous to that of the previous section (details of this procedure
will not be repeated here). In the case of circular polarisation, diagonalisation can be
carried out in one step, since the (a”+a *?) term is missing due to > =¢*?=0. Let us
define the displacement operator

D, =explca™—o*a) (3.10)
having the (displacement) properties

D;'aD,=a+o, D;'a*D,=a"+o*. (3.10a)
Application of the D, thus defined to (3.9) yields

2 £ *
— E N, g+l Lk g(ﬁ PE_ & ) pe  PE_ +>]
{p k{(1+ k>(a a+i+lol*+oa”+o*a)+ pka+pk o* )+ pk a+ o a

g_k (ge™— *t)k—K}Dglxp=0. (3.11a)
If now (1+g%/pk)o = —g(pz-:*/pk) then
[ 1((1+ )(a a+i— 10'|2)+-i-—];2(£’£’* )—K]D;1Xp=o. (3.11b)

The solution of this equation is
D;'x, = win), n=0,1,2,..., (3.11¢)

where |n) is a number state of the EM mode and w is a constant bispinor satisfying the
equation

[p—K(1+g%/pk)n+3—|o) +(g2/2pk)s(ee™ ~ £*g) K — kIw = 0. (3.11d)

This equation can be solved with the help of the projection method (Becker and Mitter
1974). As is proved in appendix 2 (see the relations (A2.9)-(A2.13)),

Hee* —g*e) Kw = —Kw. (3.11e)
With the help of this relation equation (3.11d) can be written as
(g—x)w=0 (3.12a)
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where A

q=p-kfp(n) (3.12b)
and

foln)=(1+g°/pk)(n +1—|o*)+g"/2pk. (3.12¢)
Since pk = gk and pe = ge we have f,(n) = f,(n), i.e.

p=q+foln)k. (3.13)

Equation (3.12a) is the well known free electron bispinor equation for w, the solution of
which is

W= U (3.14)

With the help of equations (3.4), (3.8), (3.11¢), (3.13) and (3.14), we obtain finally for
the solution of (3.3)

¢ = explikx(a*a +2)][1+(gk/2qk)(ga +£*a*)lu,D,|n) exp{—ilq + kf,(n)1x}. (3.15)

The elimination technique outlined in the present and previous sections, and which
consists of subsequent applications of certain unitary transformations, is of course a
useful tool for finding the solutions of the corresponding Klein-Gordon equation as
well. The representation-independent use of the boson operators makes it easy to
survey the course of the solution. We also note here that the simplicity of our method
gives the possibility of obtaining the propagators satisfying the corresponding inhomo-
geneous Klein-Gordon and Dirac equations in a tractable form. We shall leave this
problem to a subsequent publication,

4. Some statistical aspects of the electron-one mode system

In the preceding sections we determined the stat\lonary states of the system ‘one
electron +one quantised EM mode’. For circularly polarised photons, from (3.15)

& =(r|y)=expl—ikr(a*a +3)][1+(g/2qk) K (ga + £*a")JuDs|n) e 4.1)
where

p=q+k(1+g/qk)(n+3~|c|)+(g°/2qk)k. (4.1a)
For linearly polarised photons, from (2.28)
& =(rly)=exp[—ikr(aa +3)][1+(g/2qk)Ke(a +a")]usCoD:|n) e ¥ 4.2)
where

p=q+k(1+g*/qk)(n+3—1")sech20. 4.2q)

The total four-momentum of the system can be decomposed in a natural manner into a
four-momentum ¢ lying on the free mass shell, a four-momentum which is roughly an
integer multiple of the four-vector k, and an intensity-dependent shift in the direction of
k. Equation (4.1a), for example, can be written as

p=q+ln+3~(1+g*/ak)loIk +(x*v*/2qk)k (4.3)
where

v =2k"2g%(n+1) =2arpx 2, . 4.3a)
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»* is a dimensionless intensity parameter, « is the fine structure constant, p = (n +1)/V
is the photon density and A is the wavelength of radiation. The intensity parameter v
defined in (4.3a) is the same as the one introduced by Brown and Kibble (1964) in
connection with the interpretation of the corresponding semiclassical state (Volkov
state).

Since the interaction of the electron with the photons is taken into account exactly,
we cannot say that g + (x>»”/2qk )k is the shifted four-momentum of the electron and n
is the number of photons in the mode. We can merely say that this roughly holds for the
expectation values of the corresponding quantities.

Due to the interaction, neither the electron nor the photon can be described by a
pure state; thus we introduce the density operators of these subsystems defined as a
partial trace of the total system’s density operator over the other subsystem, i.e.

)] )]
Wiy’ Wl

Here Tr¢ (Tr.) denotes partial trace over the Hilbert space of the photons (electrons). In
this section we shall investigate in more detail the circularly polarised case.

Taking the partial trace denoted in (4.4), with the help of the concrete wavefunction
(4.1) we obtain for p.

pe=Tr; pe=Tre 4.4)

pur, )= 5 Mi(g, n) explilp — 1+ Dk)r=r) @)
where
1 (0) (+) -
(q9 71) <¢]’J/>( +2 k (Cl E+C *))uq“q
x<c§°> +2gk( e+l )t*)k’) (4.5q)

The coefficients ¢; in (4.5a) are defined as

ei? =c¢(q, n)=|D,|n), e =c7(q, n)=(lla”D,|n), (4.5b)
¢ =¢{7(q n)=laD,|n).

The Fourier transform of (4.5) gives the components of p. in momentum space:
pelp) = ¥ Milg, )8 [p—(I+Dk—p' (4.6)

Consequently, the momentum distribution is given by Tr M;{(q, n). Since the system is
in an eigenstate of the total momentum, the photon-number distribution is also given by
the same matrix elements Tr M;(g, n). This point will be discussed in more detail later
on; here we confine ourselves to the qualitative statement that (4.6) describes the
photon-induced level structure, which can also be derived from the corresponding
semiclassical wavefunction. As we shall see, the quantities Tr M;(q, n) in the case n »> 1
coincide with the distribution obtained in external field approximation where the
weighting factors are Bessel functions.

The coeflicients ¢; appearing in M;(q, n) and defined in (4.5b)—as has already been
pointed out in I—are proportional to certain generalised Laguerre polynomials
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(Abramowitz and Stegun 1964):
exp(—|o|>/2)(n 1 1) e A/ INLE (o), I>n,
exp(—lo>/2)(n! IV (=a*)" A /n LT V(o ?), [<n.

The expectation value of the momentum of the electron is the difference between the
total momentum and the expectation value of the momentum of the mode:

(p)=(~iV)=p—k(a"a+3). (4.8)

From equations (4.8) and (4.1a) it is clear that the transverse components of g are equal
to the transverse components of the expectation value of the momentum of the
electron. The expectation value {(a*a +3) can be obtained by elementary algebra:

(@*a+3=n+5+|o+[(pog/qk)oE — kof2n + Do
+(2g/qk)(2n +|o’) - g*/qkloE — (g°/qk)(n +|o)* + 1)}] (4.9)
X[po—ko(n +3+|oH)] "

g, m={ @)

The quantity
E=g.eku, (4.9a)

depends on the helicity of the bispinor u,, and is summarised in table 1.

Table 1. The values of E = i,£ku, for different electron helicities and photon polarisations
(the three vectors g, £, and k form a right-handed frame). n = ¢/|q|.

Electron helicity

Photon polarisationi +1 -1
€ =(£1+iez)/~/z kolne) ~ko(ne)
e =(e,~i€,)/V2 —ko(ne) ko(ne)

If we take the average of expression (4.9) for (a*a +3) over the two possible helicity
states of u,, then the terms proportional to E vanish because the average of E over spin
states is 0. Thus

ko[2n + Do’ = (g2/qk)(n +|o + vl

+ +l = +l+ 2_
(aa+3=n+3r+|0| po—ko(n +3+o[*)

(4.95)
From here we may conclude that in the general case n cannot be identified with the
expectation value of the number of photons in the mode. In some special cases,
however, this identification can be carried through. If, for example, the transverse
components of g are chosen to be zero, then o =0 and from either (4.9) or (4.95) we
obtain the expectation value as

. kox*v?/2qk
— -+ =
<a a> n 69 8 q0+ k0K2V2/2qk

In the non-relativistic approximation (qn < «), 8 ~ »*/(2 + »?) and n means the number
of photons in the mode to order ~»>. In the ultrarelativistic case (jgn| > k) 8 =1,1i.e. 8
satisfies the inequality

v +2)<8 <1, (4.9d)

(4.9¢)
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In the case of o =0 we have D, =1, and instead of (4.1) ¢ is given by the much
simpler expression

o =exp[—ikr(a®a + )1+ (g/2qk) K (ga +£*a Yugn) e . (4.10)

Besides the photon number eigenstate |n), the excited states |n = 1) also appear in
the wavefunction, due to the interaction of the electron spin with the electromagnetic
mode. The spin may play an essential role at high intensities, as can be shown from the
expectation value of the interaction energy of the electron~photon system:

2go(qe) +2g%(n +|o|*+1)
Po—ko(n +5+ ta'lz)

—2(qk)lo* +2g%(n +1)
po—ko(n +%+|0‘lz) ’

(Hint> = Ch

=ch

(4.11)

Here the contribution proportional to 2g°(n +1+|o|?) arises from the spin. If the
electron possesses longitudinal momentum only, then the interaction energy originates
entirely from interaction of the spin with the Em field and is always positive. The
transverse (perpendicular to k) motion of the electron gives a negative contribution to
the interaction energy (see the definition of o in § 3). The sign of (H,,.) depends on the
relative magnitude of these two opposite actions, i.e. the electron-photon interaction
can be either attractive or repulsive. From (4.11) it can be seen that at high enough
intensities (2g°(n + 1) = «’»”>» 2(gk)|o|*) the interaction energy comes almost entirely
from the spin-radiation field interaction. This statementis further confirmed by the fact
that in the cross sections of the multiphoton direct and inverse bremsstrahlung
transitions of a free electron, the contribution arising from the spin part dominates at
high enough intensities (Bergou and Varrd 1980).

After this short digression we can easily evaluate the expression (4.8) of the electron
momentum. From (4.95) for o = 0 we have

(—ihV) = h[q + (x*v*/2qk)k — 5k ] (4.12)

where 8 is a positive quantity falling between the limits given by (4.9d). Thus the
expectation value of the electron momentum is a free momentum containing an
intensity-dependent shift. Let us consider now the other subsystem, i.e. the electro-
magnetic mode.

Carrying out the partial trace over the electron variables in the defining equation
(4.4) of p; yields

pe(l, 1N =(llpdl") = pe(1) 81
where
o) ={qolct” I’ + (g/qk) Re[c{Vci™™ (koqe +qoE) +c{"c{7* (koge * — qoE)]
+(kog?/qk)lci” PY po— koln +3+]oHT (4.13)
Here E is defined according to (4.9a4) and the coefficients ¢\”, ¢{™, ¢{™ are in
accordance with (4.56). In the following we shall use the average of p¢(/) over the

helicity directions. We evaluate p(!) in the two limiting cases n » 1 and n = 0.
In the case of n > 1, from the definitions (4.55) it is easy to derive the relations

P =n+oel?, i =(n+a)i’. (4.13a)



Nonlinear scattering processes: 11 2293

Using this and the definition of ¢ in the expression for ps(/), we obtain
pelD)=c”F, n>1.  (4.13b)

Besides (4.13a), the above approximation involves neglecting d = [Re(qge)/(qo—nq)lv
(if ge1 =0 then d =0). The result (4.13b) can be obtained formally from (4.13) by
omitting the spin contributions, and one could then say that this contradicts the previous
statement about the essential role played by the spin at high intensities. However, the
conditions |d|« 1 and n > 1 are in contradiction only at v =1, i.e. at extremely high
intensities, Substituting c® from equation (4.7) into (4.134), the photon-number
distribution can be expressed in terms of generalised Laguerre polynomials as

()= {Icrlz“‘”m/n DL (o )T exp(-lo ), I1<n, “.14)
P P LY (o PP exp(=lol),  I1>n. '
The mean value of the photon number is
O=n+la). (4.144a)

The |o|* contribution is usually negligible with respect to n. However, this is not the
case with the mean-square deviation in the photon number, since it is proportional to
both # and o:

(I~ =2n+ Dol (4.14b)
As was pointed out in I, the distribution (4.14) can be replaced by the following
symmetric distribution in the vicinity of n:

pe)=T2_,(2), n»1,n~ll«<n, (4.15)
where

z=2|o[Vn. (4.15a)

We mention at this point that the same distribution (4.15) can be obtained from the
Volkov solution to the Dirac equation containing a classical vector potential with
amplitude

Ag= 2g\/;/(1 + g2/qk).

The expectation value of the photon number is now n instead of #+|o|* of the
asymmetric distribution (4.14). Besides the special case n > 1, we can obtain an equally
easy to interpret result for p({) in the opposite extreme n = 0 as well:

B kol(g*/qk)L{’ cos ¢ —(1+g*/qk)L{]
o) = B 1 ST & aoloTT ) (416
where
P =|o[* exp(=lal®)/1! (4.16a)

is a Poisson distribution with parameter |o|* and ¢ =arc o.
The expectation value of this distribution can be easily obtained from equation (4.9)
with the substitution

g’ /qk—(1-g*/qk)lo)
qo+kolg®/qk —2(1+ g%/ qk)|o|*]’

=lo*+ko (4.16b)
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The fractional expression on the RHs of equation (4.16) is due to the spin-em field
interaction. If we neglect this term, we are left with the relativistic counterpart of the
distribution obtained in I. This coincides with the photon statistics of one quantised
mode interacting with a Klein—-Gordon particle. Thus we see that the photon statistics
arising from the lowest-energy state of the electron—-photon system at fixed electron
four-momentum g corresponds to a modified coherent state where the modification
comes from the spin-mode interaction. Since in the » =0 case the state (4.1) is the
eigenfunction of the system ‘electron +self field’, the above statement can be formu-
lated in a slightly different way, namely, that the self field of the electron is slightly
different from a coherent state due to the spin-mode interaction.

In the linearly polarised case—as may be guessed from the structure of the factor
CeD.|n) appearing in the state (4.2)—the photon statistics of the state parametrised by
n =0 is essentially different from the Poisson distribution. This difference arises from
the appearance of the operator Cg describing double-photon excitation processes. This
point, however, will not be discussed any further here.

5. Compton scattering

In this section we shall study the interaction of a free electron with two quantised modes
of the radiation field. One of the modes will be taken into account exactly, whereas the
other one will be treated by perturbation theory. This means that we shall consider
nonlinear Compton scattering when the amount of photons in the mode characterised
by polarisation vector £ and wavevector k& may change by an arbitrary number, while
one photon with polarisation £’ and wavevector &' is being emitted or absorbed.

Let us consider, for example, the transition amplitude for emission

Ty = —ig' I d*x due’ exp(ik’x)w; (5.1
where
g=(ar'V'H? (5.1a)

is defined analogously to g.

In (5.1) ¢; and y; are states of the type (4.1) or (4.2) parametrised by quantum
numbers ¢’n’ and gn respectively, i.e. the effect of the mode {k, ¢} is taken into account
up to infinite order in them. As we have already seen in the previous section, g and n
may be approximately identified with the expectation value of the four-momentum of
the electron and expectation value of the photon number in the mode {k, ¢} respec-
tively. Thus, the amplitude (5.1) describes a process where n —n' photons are scattered
by the electron having initially four-momentum g, and the appearing ‘new-photon’ is
parametrised by k', ¢'. After performing the integration over the four-space, we obtain
from (5.1) the result (normalisation factors of the initial and final states are omitted)

Ti=—ig'2m)*8(p' + k'~ )y D, (5.2)

Here ®, and ®, are to be taken from equations (3.4)-(3.7).

The Dirac delta function on the RHS of equation (5.2)—taking into account the form
of p as given by (4.1a) and (4.2a) respectively—expresses the conservation law for the
linearly polarised mode

p'+k'=p



Nonlinear scattering processes: II 2295

or
g +k(1+g%/q'k)n' +3—1) sech20'+k'=q+k(1+g*/qk)(n +3—77) sech 20 53
and for the circularly polarised mode
p'+k'=p
or
q'+k[(1+g%/q'k)(n' +3~|o') +g*/2q'k]+ k'
=q+k[(1+g°/qk)(n+3—|o|*)+g*/2qk]. (5.4)

The parameters ©® and 7 in (5.3) are defined by equations (2.15a) and (2.18) respec-
tively, and the parameter o in (5.4) is defined by (3.11a). The corresponding
parameters of the final state are denoted by primed quantities.

Here, for the sake of simplicity, we shall deal only with the detailed evaluation of
(5.4). In the case of an electron which is initially at rest in the average (q = 0, whence
o =0), we obtain the following quadratic equation from (5.4) for the wavenumber kg of
the emitted photon:

k3 sin® @
kko—koks(1—cos 8)+g>

kkb + kb (1—cos 8)(kol + kv2) =k (kol + kv28)+g° (5.4a)

where
=n-n'>0, vi=(g*/k)(n+3) =27 aprrl, (5.4b)

# is the scattering angle (the angle between the wavevectors of the incoming and
scattered photons), p = (n +3)/V is the initial photon density and A.= h/mc is the
Compton wavelength. We furthermore introduced the parameter

d=(n—-n")/n (5.4¢)

which describes the relative depletion.
The solution of equation (5.4a) is

kb =[lko(1—cos 8)+ B+ k{[1+v2(1—cos 8)]* —4v28 sin® 8}'/>

Bko(1—cos 6)+ g*sin® 6)]_1
x[z( as (5.5)
where
B =k« +(lko+kv2)(1—cos ). (5.5a)

If »2 =~»2 =17, ie. if we neglect the change in the intensity parameter and omit the
terms g2 sin” @ and g2 in the denominator of (5.5), we obtain two values for o' = cky,

w' =w./(1-cos 8) (5.50)
and
lw
"1+ [(lw/we) + 7)1 —cos 8)’
We note that w’ gives w!. as a limiting case (Goidman 1964)
lim o’ = | (5.5d)

>0

(5.5¢)

’
[¢) .
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From the semiclassical description of the very same problem, one can obtain an
expression in complete analogy with (5.5¢) (Brown and Kibble 1964). If we neglect the
second term on the RHS of (5.4a), then we are left with a linear equation for kg yielding
the solution for w'=ck}

o + w8

T 1+ [(w/w)+v°)(1—cos 6)

’
w

(5.6)

According to (5.6), if we do not neglect depletion of the mode, then there is a
contribution proportional to w.»>8 in addition to the usual frequency shift. If, for
example, »>~ 1 and w =~ 10" %w, (optical frequency) and the parameter & of the relative
depletion is 107°, then w'=~ (I + Dw/[1+ (I x 107°+1)(1 —cos 6)], i.e. in the scattering
process of / photons, instead of the /th harmonics (w'=/w) the next-order (w'=~
(I+1)w) harmonic appears. Thus, the effect of depletion can be substantial in certain
cases.

After this analysis of the frequency condition of the nonlinear Compton scattering,
let us proceed now to the evaluation of the transition amplitude. The matrix elements
®,z®, appearing in (5.2) have the form

= 17} 's'/ﬂ]_‘u s
3, ={ @5 llitta 5.
v ED, By vllcity, (5.7a)
where
/%Lz(n’]DZIC(;}(g'Jr g, (a+aeke
2q'k
2
g + g 2
+—=—(a+a)e'ke+————(a+a ZJ(K'J(E)C D.|n 5.7b
rcataekd + St oDln)  (57b)
in the case of a linearly polarised mode {k, ¢} and
M= (n"D;}(E’-FL,(ta +g*a K +iz’jc’(ga +e*a”)
2q9'k 2qk
2
g 4 +
+——=——(ga+g%a ) Ke'K(ga +e*a )Da n 5.7c
2@k ( ))Dq|n) (5.7¢)

in the case of a circularly polarised mode.

The transition probability of the scattering process is proportional to the quantity
|igsMugs. The evaluation of this quantity is greatly facilitated if we notice that
&, k'®,=0. From the conservation law (5.4) we have p’+ k' = p, and using equation
(3.7) yields

&, kD, =3,(p-p)P,=0.

From here it follows that the matrix element ®,.#®, is invariant under the substitution

[ —

e'»¢e"=¢'+uk' where u is an arbitrary c-number. It is convenient to choose u =
—(ke'/kk') since then

ke"=0 where e"=¢'—(ke'/kk")k'. (5.8)
With the help of this relationship

- 17} 'S'MLM s
O,e'D ={ a B 5.
»€ Pp ﬁq's'Mcuqs (5.9a)
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where
My=Aoe"+(g/2q'k)Aeke" +(g/2qk)A 1 &" K, (5.9b)
A,=(n|D7'Cs' (a+a")CeD,|n) (i=0,1) (5.9¢)
and
Mc=Bog"+(g/2q'k)(eB_+g*B.)Ke"+(g/2qk)e" K (¢B-+#*B.), (5.9d)
Bo={n'|Ds'D,n), B_={(n'|D;'aD,|n), c=@'|D;'a"D,ln).  (5.9¢)

We average over initial and sum over final spin states in the usual manner in the
expression Iﬁqreruqslz, yielding for linearly polarised photons (with the normalisation
du=1)

ltfi sz% Z’ Iaq‘s’ML“qsl2
55

1 |
{200+ (@) - kY AP

+ g[(kk’)(-‘i,—‘i—ﬁ) —4(q€”)(se”)] Re AXA,
a'k qk

2 ___.E.]f.]i "2 2
8 (2(qk)(q’k)+2(“ ) )'A" } (5.10)

and for circularly polarised photons
]tfi)z?v E% Z’ ‘ﬁq's’MCuqs}z

1
== {1266+ (ag) - *1BoP

4 q_'s__ﬁ o " I
+gRe[(kk)(q,k qk) 4(qe")(ee )}(3§3_+303f)
of (kK'Y
* (2<qk><q'k>

(Re denotes real part). We note that (5.10) is formally identical to the result obtained
by Nikishov and Ritus (1964) in the semiclassical description of the same problem.

Equation (5.11), which is valid for circularly polarised photons, can be brought to
the form

+2]gs”]2)(|3_12+|B+'2)+4g2 Re B_B+(es”)2} (5.11)

|tal2, = |CI* + (kk'/26*)|D? (5.11a)
where

C=(1/x)qBo—g(eB-+¢*B.)]e" (5.115)
and
IDP=[n—n'~(~&1Bol*+3g(1/q'k —=1/qk)(B_|* +|B.|")

+g Rel(q'e/q'k)(B§B_+ BoBY)]. (5.11¢)
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The meaning of the parameters ¢ and ¢ in (5.11c¢) is given by

¢=(g%/q'k)n' + 1)~ (g%/qk)(n+1) (5.11d)

and
r 12 2
2 lq'e] 2 lge | (5.11
= - : Ale)
S TRk g) & okt
Equations (5.11a)-(5.11d) are formally in complete analogy with the solution of
the corresponding semiclassical probiem (Brown and Kibble 1964). Let us investigate
now the behaviour of the quantities B defined in equation (5.9¢). We assume that the
electrons are at rest in the average before scattering (¢ = 0 so that o =0). Application
of the Baker-Hausdorft théorem (eg Messiah 1964) leads to

Bo=(n|D5'|n)=(n'| exp(c’'a”) exp(-a™*a)ln) exp(=3lo["),  (5.12a)
B_=(n'|D;'ajny=n""*n'| exp(c’a”) exp(~c'*a)|n — 1) exp(-3|c'%), (5.12b)
B.=(n'|D;'a*|n)=(n+1)"*n'| exp(c’a™) exp(~a"*a)ln + 1) exp(—i|o’P). (5.12¢)
It can be verified by elementary algebra that

(n'| exp(c'a™) exp(—o'*a)|n)

1281
TNV - o) '
(n'tn1)"(c") ,go(n'—n+l)!(n—l)!l!’ e
_ , o (5.12d)
(n,!n!)l/Z(_a_r*)n—n’ Z (—ia'l ) n>n'.

=on—n'+D1n'-D1IY

With the help of this last expression we can easily show that the B coefficients are
proportional to certain generalised Laguerre polynomials (Abramowitz and Stegun
1964), namely, by using (5.12a) and (5.124)

_ {(n’!/n N2 =o*)" L (o) exp(= o), n'<n,

2o 5.12
*TUnt/ ) @) LY T (0P exp(= 3o P), n<n'. (5-12¢)

B. and B_ have similar expressions in terms of the Laguerre polynomials L ™' ~"" and
L&+ 1t can also be shown that if n' = noxn and no> 1 and no > n, then the RHS of
(5.12d) can be approximated by Bessel functions of integer order (Abramowitz and
Stegun 1964) as

(noxn|explo’a™) exp(—a"*a)|no) = J.n 2o |ns’?) exp(zing). (5.12f)

If in the argument 2g(q'e/q'k)r’? of the Bessel functions we identify 2gn¢’? with the

amplitude of the vector potential of the corresponding classical radiation field, then the
transition amplitudes (5.11) are in full agreement with the semiclassical amplitudes
obtained from Volkov states (Brown and Xibble 1964). Thus, not very surprisingly, we
are led to the conclusion that if the initiai expectation value of the photon number in the
mode {k, ¢} is large, and if the relative depletion of the mode during scattering is
negligible (n < no), then our results reproduce the semiclassical results.

Let us consider therefore such processes where the depletion of the mode is maximal
(6 =1), i.e. the expectation value of the photon number in the scattering mode
decreases from n to 0. Ir: the case n = 1 we can easily obtain the matrix elements (5.11)
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with the help of the conservation law (5.4) and frequency condition (5.6):

)2, = (5)2211-(9-,+%—2+4|ss'|2) exp[—(f>zllé'el2]. (5.13)

K w

Here k' is a unit vector in the direction of the scattered wave. Apart from the
exponential factor, (5.13) is the well known Klein-Nishina formula. In computing
(5.13) we kept only terms of the order of g2/« in |t{]’|?, since usually g*/x >« 1 (g°/k?is
the intensity parameter corresponding to photon density 1/ V). We also note that in the
expression (5.11b) for C the terms of the order g2/ «? containing (qe")Bo and (k'e)B_
cancel. Similarly, in the expression (5.11c) for |D|* the terms |Bof and
g Re(q'e/q'k)BEB_ cancel. It can be shown that the same is true for the transition
matrix elements of an arbitrary nth-order (n - 0 type) process. The transition prob-
ability of the two-photon Compton scattering can be calculated quite similarly to the
previous one from equation (5.11):

1|2 _(Zg) 4<2w wa_2+4|£8 | )2|k el exp[ ( g)zllé"t-,']z]. (5.14)

K

Here we should mention that in deriving (5.13) and (5.14) we have neglected the
intensity-dependent shift in the frequency equation (5.6). In the general case, intro-
ducing the above simplifying assumptions, the following formula is valid:

2n 2
0 B= 2 (12 s gee ) ST et el (EY(fef]. 9

The transition probability of the nth-order nonlinear Compton scattering thus differs
from the usual value j(nw/w’'+w'/nw —2 +4|ee’*) by the factor

[(u?n®)"/nt] exp(—u>n?), w=(g/K)|k'e|. (5.16)

This factor depends on the order of the process. The study of processes more
general than the ones of type n - 0 is beyond the scope of the present work.

6. Summary and discussion

In paper I we set forth that for the description of nonlinear transitions of a free electron
in an intense field semiclassical methods are not always applicable. This is the case
especially if the depletion is comparabie to the initial number of photons in the intense
mode. A perturbation theoretical treatment of such highly nonlinear processes using
the full QED formalism is, on the other hand, extremely complicated. Therefore in I we
worked out a relatively simple method to handle such problems. That method is
developed further in the present paper, irasmuch as it is generalised to the relativistic
case and the dipole approximation is dropped. In § 5 we illustrated, using the nonlinear
Compton scattering (harmonic generation), how one can determine in one step the
amplitude of transition for the process of absorption of » photons from the intense
mode and simultaneous appearance of one photon in the scattering mode. To perform
this, in §8 2 and 3 we solved exactly the Dirac equation of the system ‘electron+one
quantised EM mode’ for linear and circular polarisation. The solutions are given by
equations (2.28) and (3.15). With the help of these soluiions, we have calculated
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analytically the cross section of the nonlinear Compton scattering. We have explicitly
shown that in the limit of large initial photon number and small depletion, equation
(5.11) reduces to the semiclassical results obtained with the help of the Volkov solution
(Alperin 1944, Brown and Kibble 1964). In the other extreme case of complete
depletion we also obtained a closed-form result, equation (5.15).

This result can be regarded as the generalisation of the semiclassical result to the
large-depletion case. It contains the depletion factor (5.16), and so it takes into account
explicitly the depletion of the intense mode due to the highly nonlinear scattering
process.

In both cases (linear and circular polarisation) we have found that the spectrum of
the full system ‘electron+ quantised mode’ belonging to stationary states can be
parametrised by two quantum numbers p and n. The continuous parameter p specify-
ing the total four-momentum of the system can be decomposed in a natural manner into
afour-momentum g lying on the free mass-shell, a four-momentum which is roughly an
integer multiple of the four-momentum k of the free mode and an intensity-dependent
shift in the direction of k (see equation (4.3)). Thus, the total four-momentum—though
it is a good quantum number—is not simply a sum of the four-momenta of the electron
(q) and EM mode (nk), but, in addition, contains correction terms arising from the
interaction. The discreteness of the parameter » is related to the fact that one of the
component subsystems (the EM mode) can be excited in discrete steps, though in the
interacting case n cannot be identified with the photon content in the mode (excitation
level of the mode) in the strict sense of the word. This point is discussed in more detail
together with the statistical aspects of the problem in § 4. Here we briefly recall just one
interesting property of the photon distribution function, namely that the distribution
corresponding to the lowest-energy state of the full system at fixed electron four-
momentum g describes a slightly modified coherent state which is, in fact, very similar
to the coherent state found in I. The slight modification is due to the spin-mode
interaction.

Finally, we mention that the Dirac equation in a classical external field was first
solved exactly by Volkov (1935). Anindependent solution was obtained and applied to
nonlinear Compton scattering by Alperin (1944). The exact solution of the eigenvalue
problem and stationary states of the system ‘Dirac electron + one quantised EM mode’
was given for the linearly polarised case by Berson (1969) using the coordinate
representation for the boson operators. In the present paper we reobtained this
solution in a representation-independent manner by purely algebraic methods. This
solution can be immediately obtained by the usual Volkov ansatz (2.27) for the bispinor
amplitude but, as we have demonstrated, there is no need to introduce this ansatz since
this form of the solution derives automatically in the Majorana representation. The
solution for the circularly polarised case was made possible by using the projection
technique (Neville and Rohrlich 1971a, b, Becker and Mitter 1974). For the sake of
brevity in this case we introduced the Volkov ansatz in equation (3.8) instead of a
detailed algebraic derivation.

Essentially similar problems were treated in a series of papers (Fried and Eberly
1964, Eberly and Reiss 1966, Reiss and Eberly 1966, Eberly 1969), where instead of
stationary states the Green function of the system was calculated. An almost exact
summation of the diagrams for the Green function was carried out. By ‘almost’, we
mean that the photon number in the intense mode was the same fixed value in diagrams
of different order, i.e. depletion was neglected. Here we also note that our method is
applicable to the Green function problem, yielding a simple algebraic solution to it
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which also describes depletion of the mode. This point is left, however, to a future
publication.

We have also shown how our results reduce to the semiclassical ones in the limit of
large initial photon number and small depletion. Nonlinear Compton scattering was
investigated by semiclassical methods in a number of papers (Goldman 1964, Brown
and Kibble 1964, Nikishov and Ritus 1964). Closed-form analytical results, equation
(5.15), are also given for the other limiting case, i.e. for complete depletion. The
depletion factor (5.16) ensures the convergence of the sum of different high-order
contributions, thus giving credit to the power of the method outlined here and in L

Appendix 1. Notation

The scalar product of two four-vectors a ={a“}=(ao,a) and b={b"}=(by, b) is
defined as

ab=g,.a"b” = a"b, = aoho— ab. (A1.1)
Here '
gu =0 fu#v(u,v=01,23)
and
goo=—gi=1 (i=1,2,3).
The definition of the four-gradient is
a=1{d,}, 8. =0a/0x", where {x“} = (ct, x). (A1.2)
In § 2 we used concrete forms of the @ and B matrices. In standard representation
w0 ) 0=

Here o ,,, are the 2 X 2 Pauli matrices and Tstands for the 2 X 2 unit matrix. The Diracy
matrices are defined as

V=8, v =Bay (A1.4)
The y matrices satisfy the relations
YuYo + ¥oYu = 28u

Throughout the present paper we use the Feynman dagger (or slash) notation for scalar
products of the type ay = a*y,, i.e.

ay=4d. (Al1.5)

We make the transition from the standard representation of @ and 8 to the Majorana
representation with the help of the unitary matrix

U™=(1/V2)(a,+8). (AL.6)
In this representation
UMa, UM = —a, UMa, U™ =, (Al.6a)

UM, UM-1= _g UMBU™M =g, (A1.6b)
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Appendix 2, Light-like formalism and the projection technique

The light-like formalism is based on the fact that the null vectors

c 1 1
n={n"}=——{k"}=—=(1,n), A={i*t=—(1, —-n), (A2.1a)
20 V2 V2
together with the space-like unit vectors
E,E(O, 8,’), i=1,2, €1J.82, (A21b)

form a complete set in Minkowski space. This complete set is used as a basis for the
decomposition of the four-vectors (Neville and Rohrlich 1971a,b). The light-like
components of an arbitrary four-vector a are defined as

a =na,+Aa, —eaq; (summation over i =1, 2) (A2.2)
where
a, =Ha, a, =na, a;=—ea. (A2.2a)

The scalar product of two four-vectors @ and b can be given in terms of light-like
components as

ab=a.b,+a,b,—ab,. (A2.3)
For the light-like components of {y*} it can easily be shown that
yi=vi=0, Ya¥i = =YV Yo¥i = = YiYer A24)
YuYo T YoV =2, Y = ~E Y YoE =~V
Let us define the projection operators P, and P, and the bispinors w, and w, as
P. =27V Po=3YuYer (A2.5)
Wi = YuW, Wy = YW (A2.6)
Using the properties (A2.4), the following relations can be shown to be valid:
P.w,=P,w, =0, P.w, = w,, P.w, = w,. (A2.7)

After these preliminaries we proceed to the solution of equation (3.10d). Let us
introduce the four-vector

p'=p—k(1+g*/pk)(n+i-|o|); (A2.8)

then by taking into account equation (A2.6), equation (3.104) can be written in
light-like components as

piws +piw, —(piyi+Kkiw +(g°/2p.)3(ee™ — g*)w, = 0. (A2.9)

(Here we have made use of p, =p}.)
If we multiply (A2.9) by P, from the left and take into account the projection
properties (A2.7), then we find the following simple connection between w, and w,:

wu =[(pivi+K)/ 201w (A2.10)
On the other hand, by multiplying (A2.9) by P,, from the left, we obtain

pLWv - (p:‘)’z + K)%Yuwu + (82/2[?;)%(}3%’* —E*E)WU =0. (A211)
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Substitution of w, from (A2.10) into (A2.11) yields
[A+g”3(ee™ —£¥£)Iw, = 0

where
A=2p.p,—pipi—«k>=p?—«>.

We see from equation (A2.12) that
8> 3eg* — ¥ ) kw = —Akw.
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(A2.12)

(A2.12a)

(A2.12b)

Upon multiplication by [A—g”3(ge* — £*#)] the solution of the eigenvalue equation

(A2.12) is derived automatically:
A==+g2,

(A2.13)

In the treatment of this paper we used the value A =g’ since in the case of
A=—g’—according to (A2.12a)—from the relation p'>=«*—g> we find imaginary
values of p}, if g>> «* (long-wavelength photons) which is physically inadmissible. The

concrete form of w is derived in the text (equation (3.14)).

References

Abramowitz M and Stegun I A 1964 Handbook of Mathematical Functions (London: Dover)

Alperin M 1944 Zk. Eksp. Teor. Fiz. 14 3

Becker W and Mitter H 1974 J. Phys. A: Math., Nucl. Gen. 7 1266

Bergou J and Varrd S 1980 J. Phys. A: Math. Gen. 13 2823

—— 1981 J. Phys. A: Math. Gen. 14 1469

Berson 1 1969 Zh. Eksp. Teor. Fiz. 56 1627

Bloch F and Nordsieck A 1937 Phys. Rev. 52 54

Brown L S and Kibble T W B 1964 Phys. Rev. 133 A 705

Eberly J H 1969 Progress in Optics vol VII, p 361 (Amsterdam: North-Holland)
Eberly J H and Reiss H R 1966 Phys. Rev. 145 1035

Fried Z and Eberly J H 1964 Phys. Rev. 136 B 871

Uslauber R J 1963 Phys. Rev. 131 2766

Goldman I 11964 Phys. Lett. 8 103

Kibble T W B 1965 Phys. Rev. 138 B 740

Messiah A 1964 Quantum Mechanics vol 1 (Amsterdam: North-Holland) p 442
Neville R A and Rohrlich F 1971a Nuovo Cimento 1A 625

——1971b Phys. Rev. D 3 1692

Nikishov A I and Ritus V 1 1964 Zh, Eksp. Teor. Fiz. 46 776

Reiss H R and Eberly J H 1966 Phys. Rev. 151 1058

Tanabe K 1973 J. Math. Phys. 14 618

Volkov D M 1935 Z. Phys. 94 250



