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Abstract

Cubic Schrédinger equations with small initial data (or small nonlinearity) and their spec-
tral semi-discretizations in space are analyzed. It is shown that along both, the solution of the
nonlinear Schrédinger equation as well as the solution of the semi-discretized equation, the
actions of the linear Schrédinger equation are approximately conserved over long times. This
also allows to show approximate conservation of energy and momentum along the solution
of the semi-discretized equation over long times. These results are obtained by analyzing a
modulated Fourier expansion in time.

They are valid in arbitrary spatial dimension.
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1 Introduction
We consider the nonlinear Schrodinger equation
iug = —Au+V s u+ [ufu (1)

with periodic boundary conditions in dimension d > 1, where u = u(z,t), z € T? = R?/27Z,
t > 0. The linear potential V = V(z) € L*(T¢) acts by convolution on u. It is assumed to be
periodic with real Fourier coefficients.

Such equations have been studied by Bambusi and Grébert [3], Bourgain [4], and Eliasson
and Kuksin [7]. Bambusi and Grébert transformed them to a normal form, which allows to show
approximate conservation of the actions of the linear Schrédinger equation iu; = —Au+V xu along
solutions of (1) over long times in case of small initial data [3, Theorem 3.25]. Here instead, we
prove such a result using the alternative technique of modulated Fourier expansions. This technique
of proof has the advantage of being transferable to discretizations of the equation. Here we show
that the approximate conservation of actions remains true after a spectral semi-discretization in
space. Moreover, we show that the energy and the momentum of (1) are approximately conserved
along solutions of the semi-discretized equation. Similar results for a full discretization of (1) using
in addition a Lie-Trotter splitting in time are shown in a separate paper [8].

The technique of modulated Fourier expansions has been used by Hairer and Lubich [9] to study
conservation properties of numerical methods for highly oscillatory ordinary differential equations,
see also [11, Chapter XIII]. Recently, together with Cohen, they extended this technique to semi-
linear wave equations [6], their spectral semi-discretizations in space [10], and full discretizations
with trigonometric integrators and the Stérmer-Verlet method [5].

In Section 2 we state the result of approximate conservation of actions for the solution of (1).
For the proof of this result we study a modulated Fourier expansion in Section 3 and conservation



properties of this expansion in Section 4. In Sections 5 and 6 we extend the results to the standard
spectral discretization in space of (1) and study the long-time near-conservation of energy and
momentum.

2 Near-conservation of actions for the nonlinear Schroding-
er equation

2.1 Statement of the result

In this section we formulate our main result for solutions of the nonlinear Schrédinger equation
(1). To motivate this result we first consider the linear Schrodinger equation iuy = —Au+V xu
and note that the actions

I(w,0) = glus? (G ez (2)

are exactly conserved along any solution of this equation. Here u; = F;(u) denotes the j-th Fourier
coefficient of a periodic function v = ZjeZd ujel(f”:) where j-x = jiz1 + -+ - + jgxq. In fact the
linear Schrédinger equation as an equation for the Fourier coefficients reads i(u;); = wju;, where

wi =i+ F(V) (e’ (3)

are the frequencies with |j|? = j% +--- + j2. The frequencies behave asymptotically like |j|?.

Our main result states that along solutions of the nonlinear equation (1) the actions (2) are
approximately conserved over long times provided that the frequencies satisfy a non-resonance
condition and that the initial data is small. The smallness of the initial data is measured in the

Sobolev norm
1
2
el = (D oyl ls )
jEZL

for s > 0. In this definition w; is replaced by 1 in case of w; = 0. Because of the asymptotics
of the frequencies the norm ||-||s is equivalent to the Sobolev norm of H®. The s-norm of the
initial data is assumed to be of size ¢ < 1. Equivalent to the condition of small initial data we
could require a small nonlinearity and initial data of size 1 in the norm ||-||s by replacing (1) by
iug = —Au+V xu + &2|u*>u. We consider the almost-conservation of actions on time intervals of
length e =% for natural numbers N.

For the precise statement of the non-resonance condition on the frequencies (3) of the linear
part of the equation we introduce the following notations similar to [6]. For a sequence k = (k;);cz4
of integers k; and the sequence w = (wy);eza of frequencies (3) we write

i) ="kl |kl =Y Ikl kw=> kw, w=T[e™ (4)

ez lezd lezd leze

for o € R. In our analysis we have to divide by k - w — w;(k). We collect pairs (j(k), k) with small
denominator in the set of near-resonant indices

Re={(k) :j=7k).,k# (), [k -w—w| <e?, |k <2N +2},

where (j) = (6j1);eze with Kronecker’s delta, and impose on this set the non-resonance condition

d+1

e 2N +4
— g < Cohe (5)
(j,k)ER. |w(s—T)|k|‘

for a constant Cy (independent of £) and a given natural number N. Here again and in the following
whenever the absolute value of the frequencies appears, zero frequencies are replaced by 1. The
proof of the following theorem will be the subject of Sections 3 and 4.



Theorem 1. For given N and s > d+ 1 there exists €9 > 0 such that the following holds: Under
the conditions of small initial data ||u(-,0)||s < e < eg and of non-resonance (5), the estimate

§ e L 50, 1) = L, 00 5O

-N
= for0<t<e

lezd

holds for solutions u(x,t) of (1) with a constant C which depends on Cy, d, N, s, and V but is
independent of € and t.

This theorem slightly refines [3, Theorem 3.26]. We mention that Theorem 1 (and also Theorem
2 below) can be extended easily to nonlinear Schrédinger equations with nonlinearities of the form
g(Jul?)|u|?>u where g is a polynomial (the constants will then depend also on g).

2.2 On the non-resonance condition

We now show that the non-resonance condition (5) is realistic in the sense that it is fulfilled for a
large set of potentials V. We do this by proving that our non-resonance condition is implied by
the one used by Bambusi and Grébert [3]. They show the following proposition.

Proposition 1 (Bambusi and Grébert [3, Theorem 3.22]). Fizm > 4 and R > 0. The space

. 1
(Vi) = D e oy (1 )" /RI < 5 for all j }
jEZA
endowed with the product probability measure has a subset S of measure 1 such that for any V€ S
the following property holds. For any r > 0 there exist v > 0 and a > 0 such that for any L > 1,

S ok|= 1

for any sequence k = (k;)iez of integers ky fulfilling 0 # ||k|| < 7+ 2 and Z\j|>L|kj| < 2 except if
k = (j) = (I) with |j| = [1.

We remark that the exception in Bambusi’s and Grébert’s original version of Proposition 1
covers those k with k; = 0 for |j] < LVe/™ and > ljj=n ki = 0 for all n > LVe/™ Note however

that we can assume a > m as becomes clear from the proof presented in [3] and is also used there,
and hence Proposition 1 as stated above is indeed implied by [3, Theorem 3.22].

Proposition 2. Fix N. For sufficiently large s, the non-resonance condition (5) holds for all
V € S, where S is the set of Proposition 1, with a constant Cy which depends only on N, s, and
V.

Proof. We use the notations of Proposition 1. Let V € S, (j,k) € Re, and | k|| < r + 1. We write
k-w = kiw + < ju kjw; with [I| = L and L > 1 minimal. We have k # (I) since otherwise
I =j(k) =jand k = (j) contradictory to (j, k) € R.. We also have k # (j) + ({I) — (m)) since
otherwise j + (I — m) = j(k) = j and hence again k = (j). Hence, k — (j) is not an exception in
Proposition 1. This proposition then yields 7 < |k w —w;| < 2. The statement now follows as
in the proof of [6, Lemma 1]. O

Note that the non-resonance condition of Bambusi and Grébert in Proposition 1 requires that
all frequencies are nonzero. Our non-resonance condition (5) does not impose this restriction.

3 Modulated Fourier expansions

The analysis of the solution of (1) is done by the method of modulated Fourier expansions. We
follow the lines of [6].

Throughout this section we work under the assumptions of Theorem 1. All appearing constants
will be denoted by C'. The main point is that all these constants do not depend on & and the time
0 <t < e7L; however, they may depend on Cy and N from the non-resonance condition (5), the
dimension d, the regularity parameter s, and the potential V.



3.1 The modulation system

We are looking for a function 4(z,t) which approximates the solution u(z,t) of (1) by a modulated
Fourier expansion

a(xz,t) = Z z}‘(k)(et)ei(j(k)‘r)e_i(k'“’)t: Z zk(x,et)e_i(k"")t (6)
Ikll<K k|| <K

with 2¥(z, et) = z;.‘(k)(at)ei(j(k)'“’). We set z)(et) = 0 for | # j(k). In contrast to [6] the functions

2¥ consist of a single wave. This is crucial for the validity of Theorem 1 in arbitrary dimension as

is seen in the proof of Proposition 2. In the following we choose K = 2N + 2 and tacitly assume
k|| < K unless stated otherwise. We insert (6) in (1) and note that for k = k' +k? — k* we have

S R 7 R
fj( klzkzzﬁ) _ JFHuFaeFaey T = 1K),
0, else
since j(k) = j(k') + j(k?) — j(k®). If we compare the coefficients of ¢/7(R)@)e=ikw)t we thus
arrive at the modulation system
.. 1 2=/ =
i + (@) =wioBug + D Fiao (). (7a)
k!4+k2—k3=k

Here, we denote by z';.‘(k) the derivative with respect to 7 = et. Requiring (-,0) = u(-,0) further
yields

> 2K(0) = u;(0). (7b)
k

3.2 Results on the modulation functions

We will construct an approximate solution of the modulation system (7) for 0 < et = 7 < 1. For
measuring the size of functions z = (%)) = (z;.‘(k)em(k)'z))k we use the norm

llall, = [ 2623, = (X oyl (141) ) (8)

where
{v}(x) = Y fule’™)
JEZA
for a periodic function v(z) = EjeZd vjei(j"‘). This norm yields a mixture between the /2-based
framework of [6] and a more handy /'-based framework. We use the notation * for the scaling

= (B = (Jw ™ )2k,

and prove the following proposition for the approximate solution.

Proposition 3. There exists a function @(z,t) = 3 <on 42 z;.‘(k) (et)etli(k)-z) e =ilkew)t for 4 € T4
and 0 < et < 1 satisfying -
[u(-t) = a(, t)lls < CeM*2. (9a)

Moreover, the following estimates hold:

e U is small,
[a(, )]s < Ce. (9b)

e 7z is small,

2 =0 for (j(&), k) € R, [[2][ans < Ce, D w27 < €<,

JEZA
e\ 2 5 ai1 e\ 2 5 (9c)
Sl (1K) el Sl (Y 18) < 0t
JEeZd k#(j) jezd k#(j)



e 7 is a solution of (7a) up to a small defect d = e+ with e;‘ =0 forj # j(k) or (j,k) € R.
and ff =0 for (j.k) & R.,

llelll, < Ce™*2, llefllapn < CeM2. (9d)

All constants are independent of € and 0 <t < e~ but may depend on Cy, d, N, s, and V.

The proof of this proposition will cover the remaining part of this section except Subsection
3.9. At a first reading it might be useful to skip this highly technical part.
3.3 [Iterative solution of the modulation system

The pairs (j, (j)) play a special role since k - w —w; = 0 for k = (j). We therefore collect those
pairs (j(k), k) which are not of this form and are not near-resonant in the set

Se ={0UKk) 7 =jk),k# (), (k) € Re, [[K]| < K }.

The solution of the modulation system (7) is determined up to a small defect by an iterative
procedure as in [6]. We start by setting

Hﬁ]o =u;(0) and [z}‘(k)}o =0 fork# (j(k))

for 0 <et=7<1. Forn>0and 0 <et =7 <1 we set, motivated by isolating the dominant
terms in (7a),

17 ] 5 ] o) o [ o
K k2—k3=(j) e 3)

Ed "0 for (k) € Re

J

The notation [-]™ means that the n-th iterates of the variables within the brackets are taken. In

each iteration step we have initial value problems for z]<-j ) and algebraic equations for the other z;‘

We stop the iteration after L = 2N + 2 steps. The functions of Proposition 3 will be z = [z].

3.4 Abstract formulation of the iteration

We set 1
K] = {max(z(llkll +1),2),

# (),
WK+ =1, k=

k
k = (j).
We split and scale the variables as follows:

—[[x]] ,k — (i = {q
ak: € Z]? k <.]>7 and bk: 07 k <.7>7
70, k # (j) T ek, k£ (),

and write a = (a¥)) = (a;‘(k)ei(j(k)'w))k, b= (bX) = (b;.‘(k)ei(j(k)'z))k, and ¢ = a+ b. We further
define

i~ 1k

()" {(kwwj)c;& (k) €S-,
ezcy, else

and . _
F(c);‘ — o~ max([[K]],2) Z 7 (5[[k1]]+[[k2]]+[[k3]]Ck2Ck”ckS)_
Kl 4k2_Kk3=k



The iteration in the rescaled variables becomes
n+1 . n n
[bﬂ _ [_ia(n—lb)ﬂ + [(n—lp(c))ﬂ for (j,k) € .,
Hntl A R . n+1
@] ==i[FP]", [ O)]" = tu0) - [ 32 M)
k#(j)

0 (10)

. . ~ 2s—d—1 ~ 2s—d—1
We also use a second rescaling of the variables, ¥ = |w™ 3 |k‘\a;‘, bk = fw™ 3 Ik‘|b§-‘, and

¢=a+b. With
ﬁ(é);‘ —e max([[k”g)\w%Ik\‘
Z 7 <€Hk1”+[[k2”+[[k3” |w_%(\kl\+|k2\+|k3l)|ék1@k2@?)
k!l +4+k2-k3=k

the iteration for b becomes
Sk
G

3.5 Estimating the nonlinearity

n+1
] ;

= [~iz@ )]+ [(@ F@R]" for (k) € 5.

The following lemma is crucial for estimations of the nonlinearity. It reflects the fact that for s > g
the Sobolev space H? is an algebra.

Lemma 1. We have for s > g
ol < Cliolss Nowlls < Cllellslwle,  and |3 o{d}| < |t |2oAa]|  av
K, K N

with a constant C which depends on d, s, and V but is independent of €.

Proof. The first inequality is clear from the asymptotics of the frequencies. Using the Cauchy-
Schwarz inequality we get

2 |w;|®
w2 < > sl (D Jorllunl)” < 30 (D0 ol ol nl®) (32 |wki,l‘s)~

jEZA k+i=j jezd k4i=j k+i=j

The term >, ;. @‘:Zdllsls can be bounded independently of j by C' 3 _jcz7a ﬁ where C' depends
on V. We replace the Euclidean norm |-| in the latter series by the equivalent 1-norm |k|; =
|k1| + -+ + |ka| (the constant then will also depend on d). By counting the vectors k € Z¢ with
1-norm equal to a given number n we see that this series converges for 2s > d, cf. [2, Proof of

Theorem 4 in §24]. This gives the second estimate of (11). For the third estimate we just notice

[ Sty = Sty (] esan)])
k,1 jezd k,1
< Sl (32 SrSi) = [ Sesan]: 0
k,1

jezd k+l=j k 1

The second estimate of Lemma 1 is well known, see for example [1, Theorem 5.23]. The proof
presented here does not make use of the Sobolev embedding theorem as in [1]. However, the proof
presented here is in essence well known.

Now, we can study the nonlinearity.

Lemma 2. We have

2 ell, < e 2 lell, (12a)
IE©)lll, < Cellell (12b)
IF(e) = F@)l, < Cellle — &]ll, max([lle]l,, l€]l,)* (12¢)



with a constant C' which depends on d, s, and V' but is independent of €. The same estimates hold
fore, ¢, F, and ||| - |||% instead of ¢, ¢, F, and ||| - ||,, respectively.

Proof. The estimate (12a) follows from the definition of the set R. of near-resonant indices. For
the proof of (12b) we first note that for k! + k? —k® =k

(1)) + (%] + [[k°]) = max([[k]],2) +1 (13)

since [[k']]+[[k]]+ [[&*]] = S (|Ik! [ +]%3]| + k[ +3) > 5([[k[|+1)+1 and [[k']]+[[&*]] +[[k*] = 3.
Using this estimate we get

IF @I = > lwl? (Zefmaxukl | A (e o) )

jezd Kk!+k?—k3=k
1 2 2 1 2= = 2
<é? Z \wj|5( Z ‘fj (ck K ck3> ) = 52H Z {ck K ckg}
jezd Kkl k2 k3 Kkl k2 k3 s
Using (11) from Lemma 1 we obtain (12b). The same calculation is true for ¢, F, and ||| - ||
replaced by ¢, F, and || - | a1, respectively.

For the last inequality (12c) we note that ay---a, —by---b, = 2?21 279 (a1 +by) - (aj—1 +
bj—1)(a; —b;j)(aj41---an +bjp1---by) (used for n = 3). A calculation as above thus yields the
vesult on [[F(c) — F@), and [|F(@) ~ F©)]] ey 0

3.6 Size of the iterated modulation functions

We have

1
2

Ma@ 1, = (X eslla @2 ) < e u)l, + b)),

A
Using Lemma 2 we get for 0 <et=7<1landl>0

O+, < e2 I, + e~ 2 IF([e]™) D,
™, < )] I, + sup [I[&@)]" I,
0<r<1

P41, < IF el U,

where () denotes the I-th derivative with respect to 7 = et. With

_ (Orea
=, 5 2, MO
- b("
B = max noiugllll[ (1" Il
this implies for n = 0,...,L — 1, using again Lemma 2 and the smallness of the initial data,

i1 < 1+ eBp + Celon + Bn)? and By < €28, + Ce2 (0, + 3,) where the constants depend
ond, L, n, s, and V but not on €. The dependence on n is due to the estimates of derivatives
of F with the product rule. Using ag = ||[a(0)]°]], = e |u(0)||s < 1 and By = 0 we get for
n=20,...,L

an < C, B, <Ce? (14)

with a constant C' which depends on d, L, n, s, and V but not on €. With these estimates we now
prove the estimate (9b) of Proposition 3 for @ = [@]L = 3, [K]Le tkew)t,

[ en)] ek e l(3 [esen] )" = el

JjeZ JEZ?

1all? =




We now turn to the size of the variables 4 and b in the second rescaling and set

o = n
b= o max sup (IO s,
3 = b®
o= g s, s B0
The relation [|a]|ass = [|a]||, yields G, = a,. For B, we get the same estimate as for 3, and so
2
forn=0,...,L A 1
dn < C, Bn < Cez2 (15)

with a constant C' which depends on d, L, n, s, and V but not on e. Together with (14) this yields
for z = [z]* the estimates (9c) of Proposition 3.

3.7 Defect of the iterated modulation functions
After n steps the defect in the modulation system (7a) is (with j = j(k))
" .. 1 2—=\ 1"
[dﬂ = {zez;-‘ +(k-w—w))zF — Z F;j (zk 2K zkd)} .
k!+k2—k3=k

This has to be considered for ||k|| < 3K where we set [2X]" = 0 for ||k| > K and all n. We
decompose the defect in (7a) as d;-‘ = e;‘ + f]k —l—g}‘ with e;‘ =0 for (j,k) € S. and k # (j), f]k =0
for (j,k) & R and g¥ = 0 for |[k|| < K. The defect in equation (7b) for the initial condition reads

[@7]" = w0) = [3 )]
k

To estimate f we make use of the non-resonance condition (5). With Lemma 2 and the estimates
(15) we get forn=0,...,L

P = leg\( > Hfﬂn')zzz‘wﬂs( > 6ma»x([[k]m)‘{F(C)ﬂn

jezs k:(j,k)ER. jezd k:(j,k)ER.
2s—d—1
dt1 |w;| =5 gmax((kl2)  r o qmy 2
= 2wl (> | P ) (16)
jETA k:(j,k)ER.

2s—d—1
AN wilT T 2
< NFEPIE: sup (LSS ) < (e,

2 (j,k)ERE |w2874d71‘k‘|

with a constant which depends on Cy, d, N, n, s, and V' but not on €. With the same arguments
as in the proof of Lemma 2 we obtain for g using in addition (14)

> {[gk]”}H =H > e[[li{g[[k}l 3 8[[k1n+uk2n+uk3ncklCkzcﬁ}
K<|k||<3K ° K<|k|<3K kl4+k2_Kk3=k s (17)

< Cer B+ — 0N +3

with a constant which depends on d, N, n, s, and V but not on €.
The remainder of this subsection is devoted to the analysis of e,

A ) [(omy¥] " - {(Qb)ﬂj:l), (j.k) € 5.,
’ ie? ([@a)]" - [@ak] "), k=)
We have
Q([b]" — [b]"*) = —ie([b]" " — [b]")5 + (F([e]* ") — F([e]")f for (k) €S-,

(Q([a(0)]" — [a(0))" )P =2 3 EI=1(pk(0)) T — [pk(0)]™),

k#(5)
Q([a)" — 4" = —ied (F(ie]" ") ~ F(le]")}".



In particular we have with Lemma 2

I2([a(0)]" = [a0)]" I, < ell(bO)"~" = [bO)")-

As in the analysis of the size of the modulation functions we set

= _max sup [|Q([@Y )" — @V )],
1=0,....2L—n 0<r<1

po= _maxsup QO (D]~ BOE] ],
n2l=no<r<1
By Lemma 2 and (14) we have 11 < eupn + Ce(nn + pn) and ppiq < 5%;1“ + C’eé(nn + tn)
forn=0,...,L — 1. We remark that we gain a factor of % in each iteration step whereas in [6,
Subsection 3.11] the variables had to be rescaled once more to gain a positive power of . The
reason is that the nonlinearity in (1) is cubic and not only quadratic as in [6]. Using (14) we get
for the initial values 79 < € (ap + o) < Ce} and o < [IR(BOV]I, < [[F(@)P)]l, < C.
Similar estimates are true for the second rescaling with

s Q((1a® 4(1) n+1 1
= o 2, IEEO RO Dl

fin=_ max sup [ ()" — O]
1=0,...,2L—n 0<r<1 2
(Note that 7, = 7,,.) We have thus proven that for n =0,...,L

T by s fin, < C™5 (18)

with a constant C' which depends on d, L, n, s, and V but not on . Hence with Lemma 2

lllel™ll, < Ce 2" and el axr < Ce"s" which yields together with (16) the estimates (9d) of
2

Proposition 3.

For the defect d in the initial conditions we get using the iteration for k2 2 (0)]™, Lemma 2, and
(18)

QT2 = > e 5 (0) = (i) ~ X)) [
jezd i€zt kAG) (19)
<l <[e<o>]”—1>||| < (CeEe™)?
forn=1,...,L.
3.8 Error

We now turn to the proof of the estimate (9a) of Proposition 3. We write @ = [a]l = 3, [z¥]Le~ ik w)t
and z = [z]F, and estimate the error & —u where u is the exact solution of the nonlinear Schrédinger
equation (1).

3.8.1 Size of the solution

We first determine the size of the solution u of (1). This solution satisfies

(uj)e = —iwju; — iF;(|ul*u)
and the variation-of-constants formula yields

t
uj(t) = e~ (0) — / e I DiF (ful-, 0)Pu(-, 0))db.
0

While ||u(-,t)||s < 2¢ we have using Lemma 1

¢ ¢

Ju(Dlls < llul-0)]s +/0 C?lu-,0)[13d6 < JJu(-,0)lls +/O 4C%E?||uf-, 0)]| .

The Gronwall inequality yields [|u(-, t)||s < |lu(-, 0)||s¢*“*<"t. So we have for & < log(2)/(4C?)
lu(-t))s <2 for0<t<el. (20)



3.8.2 Error on [0,e71]

In ¢t = 0 we have by (19) R
(-, 0) = (-, 0)|s < IlI[d]*[l, < C=™+2

with a constant which depends on d, N, s, and V but not on €.
On [0,e71] we have

(1 — ug)e + iw; (i — uy) + iF5 (|8 — JuPu) = =i Y [dK]Fe Rl — 5,
k|| <3K

The variation-of-constants formula yields
i (t) = u;(t) = e 771 (0) — u;(0))
- /Ot e O GF(jac, 0)1*al, ) — [ul-, 0)[*u(-,8)) — 6;(,6))db.
The integrand is estimated for 0 < ¢ < ¢~ with (16), (17), (18), and
22 — ulPulls < 1= w2l + 1= wu?lls + 13 + 2@ - wlls < C2lli — ul,

by Lemma 1, (20), and the inequality (9b). We thus obtain

[a(-,t) = u D)lls < flal-, 0) —ul-, 0)]s +/0 Ce?||a(-, 0) — u(-, 0)||sdf + tCeN+?

with a constant which depends on Cy, d, N, s, and V but not on e. Together with (21) and
the Gronwall inequality this yields the estimate (9a) in Proposition 3 completing the proof of this

proposition.

3.9 Interface between modulated Fourier expansions

So far, we have constructed an approximate solution z = [z]” of the modulation system (7) for
0 < et < 1. With the same method we can construct an approximate solution z of the modulation

system (7) for 1 < et < 2 taking u(-,e~1) as initial value. Hence, equation (7b) becomes
Z 5;'((1)6_1'(1"“’)571 =u;(e7h).
Kk
The following proposition bounds the difference of z(1) and z(1).
Proposition 4. Assume |[u(-,e~1)||s <. We have

12(1) = 2(1)] a2 < CeNF2

with constants depending on d, N, s, and V' but not on €.

Proof. As in the previous sections we use the notations &, b, a, and b, ¢f. Subsection 3.4. The

iteration for a<j >( 1) reads

. n+1 X _ ~ . 1 n
[dﬁ”(l)} :E—luj(g—l)ezsz o [Z 8[[k]]—1b;_«(]_)e—z(k‘w—(_uj)a 1} )
k#(j)
This yields

lla(1) = &y, < (

i
JEZL k#(j)

< ellb)* =@l +eHlat, e —ul,e ™.

Nl

[[k] 1([bk( )] no__ b;((l))ei(wj—kw)s*l

)

jezd k#(5)
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In addition we have
(b(1) = [B(1)]")% = (@ '(b(1) — [b(1)]“+)% — ie(@ ' (b(1) — [b(1)]"))*
+ Q7 (F(e(1) — FEL)]™))E  for (j.k) €S-,
(a(1) — [a()]"HY = (a(1) - [a@)EHH Y —i(F(c(1) - F(le1)]") .

For
= 1) — 1ad e
pn= L, a2t () = AT,
"= b® (1) = O (1)1
&=, max, (IO~ O,

we note po < ap + e u(e )]s < C and & < B, < Cez. Forn = 0,...,L — 1 we have
with Lemma 2, (14), and (9a) pny1 < e&n 4+ Ce1eN*2 4 em 2y + Ce(pn + &) and &,y <
8_%/% + Ce2é, + C&é(pn + &), and thus p,, &, < C(eNF! + £7 + £%) by (18) with a constant
which depends on d, L, n, s, and V but not on €. The same procedure can be done for the second
rescaling. This proves the estimates of the proposition. O

4 Conservation properties

The modulation system (7a) has invariants close to the actions as we discuss now. Let z be the
functions of Proposition 3.

4.1 Almost-invariants of the modulation system

1 1 2= 71
Uz) = Z o /W 2K K0 2k

d
k! +k2—k3—k1=0 (27)

Let

The transformation z¥ — e/ #0 2k for real sequences p = (u1);ez¢ and 6 € R leaves U invariant
1 Hi)ie

since the sum is over k! + k% — k® — k* = 0. Hence, we have

d ik 1 . ey
U(<e RN) = 3 e [ 20w S
=0 Kk

db|,
k2 —k3—ki=—k

+Z @) / —i)(k - p)2k Z K

0=

k! +k2—k3=k
= —4Re(z (k- p) Z zk]-' ( Z zklzkzz?)),
jezd kl4+k2—k3=k

and with (7a) and 2Re(? k) = £12¥|? we obtain

d
0—2CﬁZ(k-u)|Z§‘(k>2+4Re(zk:Zk %o ())

Hence 1

Tu(z(et)) = 5 D (k- )25 () (22)

k

is an almost-invariant of the modulation system (7a). To quantify the term ”almost” we need the
following lemma.
Lemma 3. Let z and r = p + q with zz‘ = p;‘ =0 for j # j(k) or (j, k) € R. and q;‘ =0 for
(j, k) € R.. The following estimate holds for s > d + 1 with a constant C' which depends only on
d, K, s, and V.

DLl Ikl 1o | < Clllall ag 1B g
k

leze

11



In addition we have for q =0

Zy(r)

< Cl|z = plllag Iz + plll 2z -

lezd
Proof. Since 2§ = 0 for (j, k) € R. we have
a D yegalkillen|® )
Z|wl| Z|kl”’zj(k \|7“j(k| Z |w;| 2 (o= lfﬁ K] d+1| Hpﬂ
lezd k=(j) or (jk)€S: jw [lwj ™2
where S; = {(j,k) : 1 = j(k), k # (4), (4, k) € R, |[k|]| < K }. We now bound

> rezalkillwr]®
sup _ld‘i_zl - T (23)
k=(j) or (j;k)eS. [w™ZIK||w; |5

For k = (j) the fraction is 1. Let now (j,k) = (j(k),k) € S.. We have for the nominator in (23)
Y iezalkil|lwi|® < Clwr|® if L is the index of largest norm |-| with kz # 0. The constant C' depends
only on K, s, and V.

For the estimation of the denominator in (23) we consider two cases. For k with |k| > 1or k; #0
for | # L with [I| > 55|L| we have Jew! (s=45%) K| > Clwp |5~ |wL| 3 because of s > d+ 1 for a
constant which depends on d, K, s, and V. For the other k we have

W= | k| = koLt 3 k| 2120 B> S

lezd < 55=|L]|

and hence |w(s’%)|k|||wj|% > C\wL|S*%|wL|% with a constant which depends on d, s, and
V. Thus, (23) is bounded by a constant depending on d, K, s, and V.

The Cauchy-Schwarz inequality now yields the first estimate of the lemma. For the proof of
the second estimate we just remark

>kl [Z @) — Ty ()] < Y- el Z\kzmz 10l2 = Ik

lezd lezd

and ||z 2 — |r¥?] < |z;‘ —r;?||z}‘—|—7';‘|. O

Using Lemma 3 and Proposition 3 we obtain the following lemma concerning the conservation
of Zyy from (22).

Lemma 4. We have for 0 <t < &1
s d N+3
>kl | £ Ty e0)]| < Ce
with a constant C which depends on Cy, d, N, s, and V but not on £ and t.

4.2 Relationship between almost-invariants and actions

Lemma 5. We have for 0 <t < e !

(WA

IN

Z|wl|5’1<l>(z(-,et))—Il(u(~,t),u(-,t)) Ce

lezd

with a constant C' which depends on Cy, d, N, s, and V but not on € and t.

12



Proof. On the one hand we have using Lemma 3 and Proposition 3

s 1 l 1 s 5
Z'wl‘ ‘I<l>(z) - §|Zz<)|2‘ =3 Z|Wl| ‘ Z kl|2;‘((k)|2’ <Ce

lezd lezad k(1)

is evaluated at et. On the other hand we have using the Cauchy-Schwarz inequality

l ~ s 2 % s 1 %
fwnl =120 < (hu=alls + (D kel (32 121) 7)) (bl + (3 lanl1212) )
lezd k#(l) lezd

where z;‘

Dl

lezd

l N —; N —; ~ ~ ) —4 l
e = |27 12] < g — 2= g + 2 e ) < (Jug — | + [ — 27 e ) (Jug] + |27)).-

With Proposition 3 this can be bounded by Ce%. This yields the inequality stated in the proposi-
tion. O

4.3 From short to long time intervals

By now we have proven Theorem 1 on the short time interval [0,e!]. The extension to long time
intervals [0, "] as stated in the theorem can be done as in [6, Subsection 4.5]:

On intervals [me™!, (m + 1)e~!] for integers m we consider the approximate solution of the
modulation system given by Proposition 3 with initial data u(-,me~1). On each of these intervals
we have conservation of Z;, up to eN*3 by Lemma 4 (by “conservation” we mean conservation in
the sense of this Lemma and Theorem 1). The difference of Z;y at the interfaces of these intervals
is estimated by V3 using the second estimate of Lemma 3 and Propositions 3 and 4. Hence Iy
is conserved up to % on an interval of length =" which consists of e~ V*+! intervals of length 1.
By Lemma 5 this implies the conservation of the actions I; on this interval up to £%. This lemma
also guarantees that the initial data u(-, me™1) remains of size € on the considered short intervals
for € small enough since ||ul|2 = >, |wi|*2L (u, @).

This concludes the proof of Theorem 1.

5 Near-conservation of actions, energy and momentum for
the semi-discretized nonlinear Schrodinger equation
We now counsider a spectral semi-discretization in space of the nonlinear Schrédinger equation (1)

and study the actions (2) along solutions of the semi-discretized equation. Similar results could be
obtained for a semi-discretization in space with finite differences.

5.1 Spectral semi-discretization in space

The semi-discretization in space is done by a spectral collocation method. As an ansatz for the
solution u of the nonlinear Schrédinger equation (1) we choose the trigonometric polynomial

uM(z,t) = Z qj(t)ei(j'x)
JEM

where M = {—M, ..., M — 1}¢. We require this ansatz to fulfill (1) in the collocation points
™

With uM (2, )kem = Fonr(qj(t))jem, where Fops denotes the d-dimensional discrete Fourier
transform, we arrive at the system of ordinary differential equations

) du]ﬂ
“at

(21, ke = Forr QF pru (z, O kert + (UM (2r, 1) Pu™ (2, 1)) rem (24)

13



where Q = diag((w;)iem) is the diagonal matrix with the frequencies w;, I € M, on its diagonal.

The initial value is u™ (2, 0)rers = u(xk, 0)rerr. We note that the semi-discretized system (24) is

a finite dimensional complex Hamiltonian system with Hamiltonian H s (u (zx, ) ke s, uM (x4, Dierm) =
HM (UIVI, W),

l—T _ 1
Hyy (uM uM) = 3 UM (210, 1) e g Forr QF g g™ (25, emt + i > M ()|
1

— 1
- M2 My, b M4
= 3@nye /[mﬁ]d<Vu [+ (V*u™)uM + 5 Q(Ju™| ))d:c

Here, we use the notation Q(v) for the trigonometric interpolation of a periodic function v =
Zjezd vjez(””) in the collocation points, i. e.

Q(U) = Z ( Z Uj+2M7n)€i(j.z)'
JEM meZd
The semi-discretized equation (24) can be rewritten as

.dUM__ M M M2, M
i = Au™ + Vs u™ + Q([u™ [*u™) (26)

with initial value

5.2 Statement of the result

The nonlinear Schrodinger equation (1) is an infinite dimensional complex Hamiltonian system
with Hamiltonian or total energy

H(u,u) = 2(271”)[1 /[_mr]d (|Vu|2 + (V*u)u+ %\u|4) dx. (27)

Along solutions of (1) this Hamiltonian as well as the momentum

1 o
K(u,a) =1 @) /[mr]d(uVu aVu)dz (28)
are exactly conserved. However, they are not exact invariants of the semi-discretized system
(24). We now formulate our main result for this semi-discretized system which states that energy,
momentum, and all actions (2) are approximately conserved along solutions of the semi-discretized
system over long times.
We use notations similar to those of Section 2, equation (4), but now k = (k;)jem and w =
(wi)iem are finite sequences and

j(k) =Y kil mod 2M € M.
leM

Here, mod 2M denotes the reduction modulo 2M of each component where the representative is
chosen in M. The set of near-resonant indices now consists of pairs (j(k), k) with a finite sequence
k = (ki)iem of integers,

Rer = {(,k) : j = j(k), k # (), [k -w —w;| <, ||k < 2N +2},

and the non-resonance condition reads
d+1

|0Jj‘s— 2 41 -
T e Iy < + %
(j,k)sggs‘M |w(s—%)|k|| € s Cpe (29)

for a constant Cp (independent of €) and a given natural number N. The following theorem
corresponds to Theorem 1.

14



Theorem 2. For given N and s > d+ 1 there exists €9 > 0 such that the following holds: Under
the conditions of small initial data |[u™ (-,0)||s < e < &¢ and of non-resonance (29), the estimates

§ oy L0 0, 1) = BN (. 0). (-, 0)

5 SCE% forOStﬁa‘N,
lemM <
HuM (1) uM(- 1)) — H(uM(- 0). uM ’

| (U (7 )7“’ (7 ))62 (u (a ),’U, (a ))'SCEQM—s fO’I"OStSE_N,
d __ __

Ko (uM (), u (- 1)) — K, (uM (- M (.
Z | (U ( ) )7“ ( ) )) > (U ()0)7u (30))| < Clnin(eg’t&gQMf(sf%)) foro<t< é_fN
r=1

hold for solutions u™ (z,t) of (26) with a constant C' which depends on Cy, d, N, s, and V but is
independent of €, M, and t.

The proof of this theorem is given in the following section.

6 Modulated Fourier expansions for the semi-discretized
equation

The proof of the near-conservation of actions in Theorem 2 is a modification of the proof of Theorem
1 given in Sections 3 and 4. We mainly state the differences.

6.1 The modulation system and its approximate solution

The ansatz for u? is chosen again as a modulated Fourier expansion
w(z,t) = Z z;-‘(k)(st)ei(j(k)'w)e_i(k'w)t = Z zk(x, szf)e_i(k"’")75 (30)
k<K k<K

with 2%(z,et) = 2, (et)e’0®) ™) and K = 2N + 2. Now and in the following k = (ki)iea is
a finite sequence of integers k; with ||k|| < K. For the derivation of the modulation system we
proceed similarly as in Section 3. We insert (30) in (26) and note that for k = k! + k? — k® we
have

1 2 rur-e— . .
f'(Q(Zklzkzsz)) - Z;’{(kl)z;((kQ)Z;'((SkSy j=17k),
’ 0, else

since j(k) = j(k!) + j(k?) — j(k3) (mod2M) and j(k) € M. Comparing the coefficients of
ei(j(k)'z)efi(k'w)t gives

.. 1 2= o
iy + (k- w)5g =@zt D Fo(Q(H ), (31a)
Kl 4k2—k3=k

The only difference in comparison with the continuous modulation system (7a) is the presence of
Q. For the initial condition we obtain

> 2K(0) = u(0). (31b)

For this modulation system we have an approximate solution z as in Proposition 3 with the
same estimates and constants independent of e, M, and 0 <t < e~ ! (and u replaced by u™ and
j € Z% replaced by j € M). To see this, we only have to ensure that the presence of Q in (31a)
does not affect the estimates of the nonlinearity. This is done by the first inequality of the following
lemma which is similar to [10, Lemma 4.2] (but here in arbitrary spatial dimension).

15



Lemma 6. For s > % and s’ > 0 we have
[Steen|, <SSt and 10w vl < 2=l
k k

with a constant C' which depends on d, s, and V' but not on € and M.

Proof. Recall from Lemma 1 that ), ;. ﬁ converges for s > g. This implies that

1
M3 —<C (32)

0£meZ wi2rrm|®

for a constant C' which depends on d, s, and V but not on ¢, j, and M.
We have

2 2 2
ISt < Dl (D2 Yl anml) = |- QD)
K 5 jeM mezd k Kk #

As in the proof of [10, Lemma 4.2] we have with the Cauchy-Schwarz inequality

ooz 3 (X 20 ) S opsasinllossasin

w
JEM meZd| J+2Mm mezd

The term > @il can be estimated independently of j with (32) concluding the proof of

mezd |W]+2M7n‘s
the first estimate of the lemma.

As in the proof of [10, Lemma 4.2] we further have

1Q(v) = wllZ < D log | =67 huwy oy

JEM

Jrz( 2. l” |)< > |Wj+2Mm|S|vj+2Mm|2).

| Wit2Mm

JEM 0£mezd 0#£mezd
With (32) this can be estimated by CM =25 ||y||2. O
6.2 Near-conservation of actions
Let ) I
U(z) :k1+k2§7k4:0W » Q2 2% 2K 2K dx.
Using ﬁ Jpa Q(0)dx = m and Q(vw) = Q(Q(v)Q(w)) we get for finite real se-

quences p = (Mz)leM

U((ei(k'”)ezk)k) = Z ﬁ /W 2i(k - u)Q(zk Z szW) dx
k

k2—k3—ki=—k

+ zk: ﬁ /W 2(—1)(k - “)Q(ZT‘ Z zklzkzz?> dzx

6=0

k!+k2—k3=k
) - 1 2— =
= _4R€(¥l(k ) j; Z;‘{fj(g(kurkzzka_ka * zks)))’

and with (31a) and 2Re(? k) = dt|z |* we obtain

— diZk u|z](k \2+4Re(zlk H)z ](k ](k))
. k

16



Hence

Tu(a(11)) = 5 320k 1) 2 (1)
k
is an almost-invariant of the modulation system (31a).
For the estimation of ;.\ Jwi|*| £ Zyy (-, €t)| we need Lemma 3 for the semi-discrete setting.
In the proof of this lemma we concluded |j(k)| > 3|L| from |Y,c5a kil| > %|L|. However, this
conclusion is not true any more (recall j(k) = ), .;4 kil mod 2M). We therefore adapt this part
of the proof of Lemma 3.

Adapted proof of Lemma 3. We need to (re)bound

Z:le/\/1|]<5l||"‘)l|S
sup EEEERTY a1
Gk)ESear JwE™ 2K w; |5

where Sc pr = {(,k) 1 § # j(k),k # (4),(J, k) € Reas, k|| < K}. For this purpose let again
(7, k) = (j(k),k) € Scar. Let ||max be the maximum norm on R? which is equivalent to the
Euclidean norm |-,

17 < dllfax < dlif*. (33)

Using this and the asymptotics of the frequencies we have ), \/[killwi|* < Clwr|® if L € M is
the index of largest norm |-|max with kr # 0. The constant C' depends only on d, K, s, and V.
For |kr| > 1 or k; # 0 for I # L with |l|max > 5%|L|max we have using s > d + 1 and (33)
|w(3_%)‘k|| > C\wL|3_% |wL|% for a constant which depends on d, K, s, and V. For the other
k we have

K-1

3
a L max L max a1
Ll > | + =5

|L|max Z ‘kLL + Z kll
1<z L

max

1
- ‘ > k;lz) > 5| Llmas.
leza

From this we can conclude |j(K)|max > 3|L|max. Hence, we get with (33) |w(5*%)|k|\|wj|%

v

C|wL|S’d%|wL|% with a constant which depends on d, s, and V.

So, Lemma 3 is true in the semi-discretized situation with constants independent of M. Now,
the approximate conservation of actions along solutions of the semi-discretized equation can be
shown as in Section 4.

6.3 Near-conservation of energy

The conservation of actions as stated in Theorem 2 implies |||u™ (-, t)[|2 — ||« (-,0)||2| < Ce? and
hence
[u™ (-, )lls < 2¢ (34)

for times 0 < t < e~V provided that ¢ is sufficiently small. This spatial regularity and the
Hamiltonian structure of the semi-discrete system are the main tools to prove the long-time near-
conservation of energy and momentum with the arguments of [10, Section 6].

We have from (25) and (27)

— 1

H(uM (-, 8),uM (1)) = Har (u (1), uM (-, 1)) = 1) /[_ . (|uM(.,t)\4 - Q(\UM(-,t)|4))dx.

As in [10, Subsection 6.2] the right-hand side can be bounded using Lemma 6 with s’ = 0 by
CM ™= ||[u™ (- )*ls < OM~¢*

for 0 < ¢t < ¢~V by (34). This implies the long-time near-conservation of energy as stated in
Theorem 2 since the Hamiltonian H; is exactly conserved along solutions u™ of (24).
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6.4 Near-conservation of momentum

Let v(z,t) be the exact solution of (1) with initial value v(-,0) = u™(-,0). Along this solution the
momentum (28), whose r-th component is

1 du du
i =i [ B T
(u U) 1(27()(1 /[71' mld “ dz, " dx, v : J |uj|
, jezd

is exactly conserved. With the arguments from Subsection 3.8 we get ||v(-,t)||s < Ce for 0 <t <

€71, For the difference v — u™ we have
i(vj =g )y = wi(v; —uj") + F5(Qv[Pv — [ Pu™)) + Fj(juv — Q(|v[*v)). (35)
With the second inequality of Lemma 6 with s’ = % and Lemma 1 the last term is bounded by

|v]?v — Q(|’U‘2U)||d% < CM~(=")3 The arguments from Subsection 3.8 applied to (35) yield
Jo( ) = uM ()l ags < CteP M50
for 0 < ¢ < e~!. This implies using in addition Proposition 3

d+1
)

|K (uM (1), uM (- 1)) — K (v(-, 1), 0(-, )| < Cte* M~

for 0 < t < e~1. The extension to long time intervals can be done as in [10, Subsection 6.1] which
yields

d+1

K (uM (- 0), uM (-, 8)) = K (uM(,0), 0 (-, 0))] < Cte* M)
for 0 <t < e~N. On the other hand we have using the conservation of actions
K (u™ (-, 8),uM (-, 1)) = Ky (u™ (-, 0),uM (-, 0))|

<2 Ll @M G t), M (1) = (M (-, 0), 0™ (-, 0))] < Ce
jeM

[V

for 0 <t<e N andr=1,...,dsince |j.| < C|w;|*. This concludes the proof of Theorem 2.

7 Conclusion and comparison

In this paper the long-time near-conservation of actions has been shown for the nonlinear Schro6-
dinger equation (1) and its spectral semi-discretization (24) in the weakly nonlinear setting of
small initial data, over time scales far beyond a linear perturbation analysis. The implied spatial
regularity allowed to show the long-time near-conservation of energy and momentum for the semi-
discretized system. These results have to be compared with [6, Theorem 1] and [10, Theorems
3.1, 3.2, 3.3] where the corresponding quantities of semilinear wave equations and their spectral
semi-discretizations are studied.

The method of proof presented in the present paper is the same as in [6] and [10]: A modulated
Fourier expansion of the solution of (1) or its semi-discretization (24) is established, and the
coefficients of this expansion are determined up to a small defect on a time interval of length ¢~!
(Sections 3 and 6.1). The system determining these coefficients has invariants which are conserved
up to e~N*3 on a time interval of length e~ and which are close to the actions (Sections 4 and
6.2). The result for the long time interval of length e ¥ is obtained by patching together the short
time intervals.

However, there are some remarkable differences between the semilinear wave equation and the
nonlinear Schrodinger equation, which we collect in the following.

A major difference lies in the validity for arbitrary spatial dimension of Theorems 1 and 2 for
the nonlinear Schrédinger equation (so far, the results for semilinear wave equations have only
been established for the one dimensional problem). This is due to the fact that the frequencies of
the Schrodinger equation behave milder than those of the wave equation in arbitrary dimension,
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cf. [3] where a theorem similar to Theorem 1 is shown by transforming (1) to a normal form. To
make use of this fact in the context of modulated Fourier expansions, it is essential to observe that
it suffices to consider modulation functions consisting of a single wave, cf. Proposition 2.

Another difference in the statements of the results is that the actions divided by 2 are conserved
up to % for the nonlinear Schrodinger equation (instead of € for the semilinear wave equation).
This is explained by the cubic (instead of quadratic) nonlinearity in (1). For this reason, one
could even expect a conservation up to €2, but it is not clear how to achieve €2. Note however
that in the near-conservation of energy and momentum divided by &2 along solutions of the semi-
discretized equation we get a factor €2 as expected since these proofs only rely on the spatial
regularity established by the conservation of actions. In [6], the enhancement from €% to ¢ in
the conservation of actions is derived by bounding the denominator |qu2 — (k - w)?| from below
independently of € for (amongst others) k = £(k) + (I) and j = k + [, cf. equation (30) and the
proof of Theorem 4 in [6]. Here, we should accomplish this for k = £(k) £ (I) & (m) due to the
cubic nonlinearity, but this is not true. However, the conservation of the actions in Theorems 1 and
2 can be enhanced to e2~ for any integer m > 2 with a new definition of the set of near-resonant
indices R )

R:={(,k):j=7k),k# () |k -w—w;| <em, |k <2N+2}.

Then we get 5, < Cel=w instead of Bn < Ce? in Subsection 3.6, and this yields £4=% instead of
£% in Lemma 5.

Due to the cubic nonlinearity a linear perturbation analysis allows estimates over times £2.
This suggests to consider the time scale 7 = £t instead of 7 = et for the coefficients z;‘ of the
modulated Fourier expansion. However, this time scale leads to difficulties in the estimations of
the defect in Subsection 3.7 since a result corresponding to [6, equation (22)] is not true for the
cubic nonlinearity. The usage of the time scale £t in combination with the cubic nonlinearity
even simplifies the estimation of the defect in the modulation functions in comparison with [6,
Subsection 3.11]: Yet another rescaling of the variables as in the estimation of the defect in [6] is
no longer necessary.

The technical differences arising in the analysis of the modulation functions are mainly caused
by a different structure of the wave and the Schrodinger equation. While the wave equation is
a second order partial differential equation with asymptotically linear frequencies, the Schréding-
er equation is of first order with asymptotically quadratic frequencies. This leads to different
linear parts in the modulation systems. For the nonlinear Schrodinger equation, this linear part is
(k-w-— wj(k))z;.‘(k) (equation (7a)) whereas it reads

(k- w)? = 02)2% = (k- @] +w;)([k - w| - wy)2¥
for the semilinear wave equation (equation (15) in [6]). Hence, in the case of the wave equation
(Jk - w| + w;)b¥ can be estimated and not only b¥ as for the Schrédinger equation.

The first consequence is that in the proof of Lemma 3 we no longer have the factor |k -w|+1
in the denominator of (23), but the absence of this term can be compensated by our knowledge
that the modulation functions consist of single waves.

The second more fundamental consequence is that we need to use a different norm for the
analysis of the modulation functions. Our mixture between [2- and [!'-framework described by (8)
replaces the [2-framework of [6] where the norm

(S )

is used instead. With this norm from [6] another rescaling of the variables is needed for the
estimation of the nonlinearity, namely ¥ = wlle~lKl2k with a slightly different definition of
[[k]] due to the quadratic nonlinearity, cf. [6, Subsection 3.5] (recall that we scaled the variables
by introducing c¥ = ¢~lKI2K). This rescaling introduces a factor (wj — k - w) before bz‘ in the
modulation system for the initial values in [6] (to be more precise, it is responsible for the w; in
this factor), cf. [6, Subsection 3.6]. This is no problem since (|k - w| +w;)b¥ can be estimated. In

N

the case of the nonlinear Schrédinger equation a factor w; would appear before b;‘ in the formula
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(10) for aé-j ) (0) which we cannot handle by this argument. For this reason we choose the norm
(8). A further advantage of this norm is that it simplifies many estimations in the analysis of the
modulation functions.

Acknowledgement

This work was supported by DFG, Project LU 532/4-1.

References

1]

2]

R. A. Adams. Sobolev spaces. Academic Press, New York-London, 1975. Pure and Applied
Mathematics, Vol. 65.

V. I. Arnold. Geometrical methods in the theory of ordinary differential equations, volume
250 of Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, New York, 1983.
Translated from the Russian by Joseph Sziics, Translation edited by Mark Levi.

D. Bambusi and B. Grébert. Birkhoff normal form for partial differential equations with tame
modulus. Duke Math. J., 135(3):507-567, 2006.

J. Bourgain. Quasi-periodic solutions of Hamiltonian perturbations of 2D linear Schrodinger
equations. Ann. of Math. (2), 148(2):363-439, 1998.

D. Cohen, E. Hairer, and C. Lubich. Conservation of energy, momentum and actions in
numerical discretizations of nonlinear wave equations. To appear in Numer. Math., 2008.

D. Cohen, E. Hairer, and C. Lubich. Long-time analysis of nonlinearly perturbed wave equa-
tions via modulated Fourier expansions. Arch. Ration. Mech. Anal., 187(2):341-368, 2008.

L. H. Eliasson and S. B. Kuksin. KAM for the non-linear Schrédinger equation. To appear in
Ann. of Math., 2008.

L. Gauckler and C. Lubich. Splitting integrators for nonlinear Schrodinger equations over long
times. Preprint, http://na.uni-tuebingen.de/preprints.shtml, 2008.

E. Hairer and C. Lubich. Long-time energy conservation of numerical methods for oscillatory
differential equations. SIAM J. Numer. Anal., 38(2):414-441 (electronic), 2000.

E. Hairer and C. Lubich. Spectral semi-discretisations of weakly nonlinear wave equations
over long times. To appear in Found. Comput. Math., 2008.

E. Hairer, C. Lubich, and G. Wanner. Geometric numerical integration. Structure-preserving
algorithms for ordinary differential equations, volume 31 of Springer Series in Computational
Mathematics. Springer-Verlag, Berlin, second edition, 2006.

20



