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0. Introduction

In this paper we study the Dirichlet problem for a function « in a bounded
domain € in R" with smooth strictly convex boundary d €. At any point x in Q

the principal curvatures k = (k,,- -+, k,,) of the graph (x, u(x)) are to satisfy a
relation
(1) f(xl’“'"‘n)=‘l’(x)>0?

where v is a given smooth positive function on . In addition, u is to satisfy the
Dirichlet boundary condition

(2) u=0 on 4Q.

The function f is of a special nature as in our papers [3] and [4] (though with
somewhat different properties). It is a smooth symmetric (under interchange of
any two ;) function satisfying

(3) f,.=%tj>0 forall i, Tu.fi>0;
furthermore,
(4) f is a concave function
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defined in an open convex cone I' ¢ R” with vertex at the origin and containing
the positive cone I'*. T is also supposed to be symmetric in the «,.
With

0 <yo=miny < maxy =y,
Q 2
we assume that, for some ¥ < ¥,

(5) fim f(x) < ¢, forevery «,< dT.

K—Kg

In addition we assume that for every C > 0 and every compact set K in I' there
is a number R = R(C, K) such that

(6) f(ky,- -, 6,_1,6,+R)2C forall «e€Kk.

Furthermore we have the following conditions: for some constant ¢, > 0,

(7) 2fi(k) z ¢g>0 whenever f2 4y,
(8) Ywifi(x) 2z ¢, whenever yo<f<y,
9) f() <tf(x) for keT,r21;

and, for some constant ¢, > 0, on the set
{keTlyy < f(x) <y, and k; < 0},
(10)

fize>0.

In case f is non-negative, condition (9) follows from concavity of f, for we have:
forO<e<s<l1, k€T,

f(se+ (1= s)ex) z sf (k) + (1 — 5)f(ex)
> sf ().
Letting ¢ — 0 we obtain f(sk) 2 sf(x) for s < 1, which is equivalent to (9).

DEFINITION. A function u € C%(Q) is called admissible if, at every point of
its graph, x € I.

We shall also assume the existence of a suitable admissible subsolution:

1 there is an admissible », ¥ = 0 on 9%, such that the
(1) principal curvatures k of its graph satisfy

f(k(x)) 2 ¥(x) in Q.
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We can now state the main result of this paper.

THEOREM 1. Under conditions (3)-(11) there exists a unique admissible smooth
solution u of (1), (2) in Q.

ExaMpLE. The function f(x) = (6©(x))*/*, where 0¥ is the k-th elemen-
tary symmetric function

¥ (k) = Y kK,

i1<i2< <ik

satisfies all the conditions of the theorem. Indeed these have all been verified in
[3] (or are obvious) except for condition (10). But that is also easily verified: if
k; < 0, we have

o) = gD (g, - k)
> ok D(k,- -, k)

since ¢k~ 1 is increasing in ;.

Now (see Section 1 in [3]) the connected component in R” containing I'" in
which ¢%> > 0 is a convex cone I' with vertex at the origin. In T all the functions
o1 ... ¢©@ =1 are positive. By inequality (6) on page 11 of [1] we have

67D > constant Y662 in T for j=2,--- k.
It follows easily that in T

— 1-1/k
6*~D > constant * (¢®)' 7V

> constant ¢ y&~!

and hence o{%) > constant * ¢{ %, and (10) is proved.

In [6], N. Korevaar also uses and proves condition (10) for (o‘*))!/%. Up to
now we have not been able to treat more general boundary values, or nonconvex
domains . We may perhaps return to these cases at a later time.

The uniqueness follows immediately from the following form of the maximum
principle.

LEMMA A. Let u be an admissible function; denote its principal curvature at x

(of its graph) by k(x). Letv € C*(2) N C(Q) and assume that at every point x in
Q its principal curvatures §(x) lie outside the set

I={xel|f(A) 2 f(x(x))}.

Ifu<von 39, thenu <vin .
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Proof: If not, v = u achieves a negative minimum at some point x € Q. It
follows that the ordered principal curvatures £(x) at (x, v(x)) of the graph of v
satisfy £,(x) > k,(x). But then, by (3), £ lies in I'; contradiction.

We shall rely on some computations from earlier papers in this series. In
Section 1 of [4] we showed that the principal curvatures « of the graph of u are
eigenvalues of the symmetric matrix (summation convention is used)

_ Yo Wil o iy Ul Uty
(12) a;(x) = w{“n w(l +w)  w(l+w) + w21 + W)/’

where w = (1 + [vu|?)!/% At the beginning of Section 3 of [3], we remarked
(rather, we left it to the reader to verify) that

F(all" " ann) =f(IC)

satisfies (for convenience we write the left-hand side as F(a,) = G(Du, D?u)):
. [ dF - ..
the matrix 34 | 18 positive definite,
it

provided u is admissible. It follows easily that the equation
(1) F(a,) = G(Du, D*u) = ¢(x) >0

is elliptic at every admissible function u.

Furthermore, relying on the results of Section 3 of [3] we see that F is a
concave function of the matrix (a;) and hence G is a concave function in its
dependence on the symmetric matrix D?%.

As in all the preceding papers in this series, our proof of existence is based on
the

ContinuiTy MeETHOD. For 0 g7 < 1 set
$(x) =g(x) + (1 - 0)¢(x),

where ¢ = f(x(x)). (Recall & represents the principal curvatures of the graph of
the subsolution u.) For each ¢ we wish to find an admissible solution u‘ in
C**(2),0 <a<1,of

f(x(graph of u’)) =y*(x) in & 0s<t<l, u'=0 on 9,

starting with u® = u. The function #' is then the desired solution u of (1).

As always one has to prove the openness and closedness of the set of ¢-values
in [0, 1] for which such a solution exists. The openness is proved directly with the
aid of the implicit function theorem. To prove the closedness it suffices, since G
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is concave in { D?u}, to obtain a priori estimates for the C* norms of the
solutions u', as explained in the preceding papers {2]-[4]. The rest of this paper is
thus taken up with the derivation of such estimates. For convenience we derive
the estimates for ' = ¢,

In Section 1 we derive an estimate for the C! norm of our (admissible)
solution u. In Section 2 we show how to estimate the second derivatives of u if
we have bounds for them at #Q. In Section 3 we study the effects on the solution
surface of various conformal mappings in R"*!. Some of these will be used in the
proof of the crucial Proposition 1 of Section 4. In Section 5 that proposition is
proved while in Section 4 it is used to establish the desired bounds for the second
derivatives of « at dQ. Section 5 contains the most delicate arguments of the

paper.
1. The C? Estimate
We observe first, see (9) in [3], that there is a § > 0 such that
Sk,28 in theset T= {k € T|f(k) = ¥}

It follows from Lemma A and the usual maximum principle that our solution u
satisfies (see (11)) for each x, € 34,

(1.1) usu<0 in Q.
This implies
(1.2) [vul< C on d9.

To estimate [vu|in £ we shall obtain a bound for

z = |vulet,

where
2 1/2
A= [——maxlvdzl] ,
51

and ¢, is the constant in condition (10). If z achieves its maximum on 3§, then
from (1.2) we have a bound and we are through.

Assume this is not the case; then it achieves its maximum at a point x in .
At that point we may suppose

Vul=u; >0, u,=0, a>1.

Then log u, + Au takes its maximum there. Consequently, at x,

(1.3) U 4 Au,= 0.

i
1
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So u,, = —Au? and u;, =0 for a > 1. After rotation of the coordinates
(x5, ++, x,,) we may assume that u,,(x) is diagonal.
We also have, at x,

2
(1.4) Rui iy 4y

<0 foralli.
U ’h

Furthermore, from (12), we find that a;(x) is diagonal and

2 2 4
1 (“11" ug (uy,) + Uy Uy )

ay =

w(l+w) w21+ w)
(1.5)
2 2
LY 1 — % ) _k
w W(l + w) w3’
while
(1.6) a,;= l—:f for i>1.

Hence F* = 3F/da,, is diagonal and F" = 3f/dk, = f.
Next we use the equation (1)'. Differentiate it with respect to x,; we obtain

(using summation convention),

|
= F's—a...
‘Pl 3)51 ii
Now, for i > 1,
(1 1 _ Wy Win
a1~ (W)I“n + Wil = ) a;t W
and
1Y\ uy 1 2uiugy, upthy
.1 (W)l w2 W (um w(l +w) w21 4+ w)
+Ell __2 ulz __._Lf.__.
W wl+w) [, w21+ w),
=lﬁl_+“1111 w—1\* uy (1 w~1\2
w/iw? w w w 1
Ui 1
g
Thus

2f1u1u121 Uiy 1 1
5 + w2 4y = _4/1 + _}; Z faulaa + Fflulll'

a>1

w
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Using (1.4) we find

2fyuuiy Wun Ay, f1 u121
WS + W2 i@ u— ‘Pl - aglfa aa # _Aulull .

Thus, by (1.5) and (1.6),

1“11( 2 2)+ u1“11

f: a;; + Aulfr = llbl’

and using (1.3) we obtain

LAt
uw’ (w? -

A
2) + < .
) W ulf;an ‘Pl
Since ¥ f;a,;, = Lf;x; > 0, we see that
5f 2ud(ul — 1) < max|vy|.
By (9) it follows that

up(uf —1) _ maxivy| _ 1
w? = A’ 2’

by our choice of 4. Since w? = 1 + u2, this yields a bound for u, and hence for
max|v uje*
We have derived the a priori estimate |V u| £ C in £ and hence

(1.7) [ula < C.

A natural question is: given a solution u of our equation in £, with |¥| £ C,
can one estimate |V u| in every compact subset of £7 Our method does not yield
such an estimate. N. Korevaar [6] has derived such estimates for f = [o(*)]!/%,
1 < k < n. For k = 1 such estimates were proved many years ago.

In estimating second derivatives we will need an improvement of (1.1),
namely: for some constant g > 0 under control,

(18) ad(x) 5 —u(x) 5 7d(x),

where d(x) represents the distance from x to d%.

The right inequality follows immediately from (1.1). To derive the left one we
use the fact, stated at the beginning of this section, that for the graph of u,
Yk, = p > 0. There is a positive number § depending just on £ such that at every
point x, € dQ there is a ball in & with radius & touching 9 only at x,. Let S
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be a sphere of radius (n + 1)/p lying in R"*!, ie., x, u-space, with center above
the hyperplane u = 0, and such that its intersection with the hyperplane u = 0 is
a sphere S of radius & lying in &. Since each principal curvature of S is less than
p/n, so that their sum is less than p, it follows that the sphere S lies above the
graph of u—since it does so on S. This yields the left inequality of (1.8).

2. Estimates for Second Derivatives from their Bounds on the Boundary

In this section we shall show how to estimate the second derivatives of u in Q
if we know bounds for them on 9£. Our argument is similar to those we used in
[4] and [5]. Let us assume we have a bound

(2.1) luyl<J on 4.
To estimate the second derivatives in @ it suffices, since Z_ k; 2 8 >0, to estimate
max k,, i.e., the maximum of the principal curvatures in Q.

By (1.7) we have a bound for

(2.2) k = 2maxw;
8

recall that w = (1 + |V u|?)'/2 Set

T=1/w,
(2.3) 1 l
a= -E = 3 mr;n'r
Then
1 1
(2.4) T < i k
It suffices to estimate
(2.5) M: = max ——x,(x)
. : D T—4a i ’

where the maximum is also taken over all principal curvatures x,. If M is
assumed on d{} we can estimate it in terms of J and we are through.
Thus suppose M is achieved at some point x° in §. Set

(2.6) w(x%) = w.

It is convenient to use new coordinates, describing the surface by v( y), where
y are tangential coordinates to the surface at the point (x°, u(x°)). Namely, let
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e+, e,,; denote the unit vectors in the directions of the axes, and introduce
new orthonormal vectors

513' "t Sn, 8n+19

¢,., being the normal at x®=w"Y(~u,,---, —u,,1), and ¢ corresponding to
the tangential direction at x° with largest principal curvature. We represent the
surface near (x°, u(x?)) by tangential coordinates y,,-- -, y, and v(y) (summa-
tion is from 1 to n):

xe; + u(x)e, . = xj(‘)ej +u(x%) e, + e+ 0(y)easss

thus vo(0) = 0. Set

w=(1+|vo]?)"

Then the normal curvature in the ¢, direction is

Un

TS

In the y coordinates we have the normal

N= —%vjej + ‘3’“8"+1,
and
(2.7) 7=%=N'en+1=:olw——%zajvj,
where a; =¢,%¢,,;, 50 La? < 1.
At the point y = 0 the function
1 n

(28) T-a(1+v})o

takes its maximum equal to M. At this point, since the y, direction is a direction
of principal curvature, we have v,, = 0 for j > 1. By rotating the &,, - -, ¢,, we
may achieve that

v;;(0) is diagonal.

Now we begin to compute. At y = 0, the log of the function in (2.8) takes its
maximum, and hence its first derivatives vanish:

(2.9) S G 200N B gora) g,
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and also

2

(2.10) 0> % - ‘;% - (}I_a) ~ 202 —v% forall i.
11

From (2.7) we also find, at y =0, i=1,---, n,
T = T4V
(2.11) 5

- _ _ B
Ti = T4Yu T -

Next we must make use of our differential equation (1); here we rely on some
computations from [4] and [5]. According to Lemma 1.1 of [4] the principal
curvatures of the surface (in y-coordinates) are the eigenvalues of the symmetric
matrix

1 { buuy DUy, DbV Uik }

G = e\ 0T w(l + @) S w(l+w) (1 + w)2

At the origin we find therefore that

a, = v, is diagonal,

and
da,
3_)’» =8y, = Vyjs
¢
(2.12)
azail 2
37 =ay = vy — vhlvy + 8,0y, + 8,,0y,).
i

In the differential equation (1), the function f is a smooth concave function
which is invariant on interchange of the k;, so f(x) can be written as a smooth
function F of the symmetric matrix 4 = {a,,}. As indicated in [3], F is then also
a concave function of its arguments. It is easy to verify that, at a matrix
A4 = (a,;) which is diagonal,

dF _ 2
(2.13) Eri 5%8.-/ = fidy-

We proceed to differentiate the equation

F(a,) = ¢(x) = §(y),
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first with respect to y;, to obtain

oF ~
Fa, %t~ v

Taking j = 1 and differentiating once more with respect to y, we find, using
the concavity of F,

JF

by < 5—a, 1.
Y S da, %0

Using (2.12) and (2.13) we have then, at y = 0,
(2.19) v, =, forall j,
and

$i < fidiin

- 2 3
—fi(viill - ”iivu) - 2fiom

A

2
Vin 7 2 2 2 3
f,( Ui toulr=2). 2oyy01; + ooy ~ v | — 2fi0m

2
i

11 Ti 2
Ilfl 0%1 ('T - a)i ii 1%

<

= o f|[ =2 (S + vE = vy
117§ T—a T—al; ii 11%ii

1 v} 5
=uvnfi 7 —al "% T 3y | T Vi T buby

~ 1 T 2
“ondi o, t qui[(l e a)”n - Ullvii]'

Therefore,

~

a -~
2 2 — —_— _
quiuii,,. gy + o fivs £ a4 Vi

A

C(1 +vyy)

iIA

and hence

Mea) fol+ M*(r— a)’Y fv, < C(1 + M).



58 L. CAFFARELLJ, L. NIRENBERG, AND J. SPRUCK
With the aid of (8) it follows that
M<C

for a suitable constant C under control. Then if (2.1) holds we have established
the estimate

(2.15) lul<C in Q.

As in the preceding equation one may ask: under what conditions is it
possible to establish purely interior estimates for |u; |, knowing a bound for the
C! norm of u? This is possible under the additional condition (see (i) in [5])

(2.16) lk2Y.f,(x) < BYfix?,

whenever ¥, < f(x) < ¢,. Indeed consider a solution of (1) in a ball |x| < R and
let { be a cutoff function as in Section 2 of [5]; in that section we considered

M. = max{
Jx]<R

x(x)_

~ max k; :(0),

and derived an inequality at the maximum point ((19) there):

nt ?—i_a_”llaj‘pj = Uani[(%)z - (%)i— Xn 22

{ 7—a Tir-—al

Multiplying this by ¢{? we see that

Uu,,. —a fovu = vqu( Cf Ivul ) +C(1+ M)

T —

It follows that (recall that 2a < 75 1)

2
o Ak S vug L+ €1+ M)

or, by (2.16),

R vz L+ C(1+ M),

Consequently, with a different constant C,

M(MZ— RC—)Zf <C(1+ M)
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or, by (7),
2 C
MM~ 2] < CL+ M),

This yields a bound for M and hence the bound

'uij(o)l é C'

Remark. Condition (2.16) is not satisfied by f = [0‘®]*/* for k > 1.

3. Effect on the Solution Surface of Conformal Mappings of Space

When we derive bounds on the second derivatives of u at 32 we will make
use of various barrier functions. Some are obtained by comparing the solution
surface with its image under some conformal mapping in R”*1. In this section we
first compute the effect of such mappings.

1. Infinitesimal rotation of the independent variables. Since f(x) is invariant

under such a relation, it follows that for the operator x;d = x j(?,., i # j, which is
the infinitesimal generator of a rotation, we have

(3.1) L(xu; — xu) =x3, — x¥,.

Here L is the linearized operator of G (see (1) in the introduction) at u.

2. Infinitesimal stretching. If ¢ is close to one, then the principal curvatures
of the surface (x/¢, (1/t)u(x)) are tx(x).

Thus if we consider the stretched surface (setting y = x/1): (y,(1/t)u(y)),
its principal curvatures at y are tx(¢y). Hence for this surface we have (renaming
y to be x), see (1) in the introduction,

f(t(tx)) = G(Dv, D%),

where v(x) = (1/t)u(tx).
We find that, at ¢t = 1,

d d
G (Do, D) = L(Ev)

= L(ru, — u).
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Here r is the polar coordinate |x| Furthermore, at ¢ = 1,
d
2 p(ae(1x)) = Tf (), (x) + 21 (x(1x))

= Tk + Sy (ex)
= Trd, + i ().
Thus
(32) L(ru, = u) 2 o + i, by (7).

3. Infinitesimal rotation in R"*!, Keeping the coordinates x' =
(x5, +» X,_y) fixed let us rotate by df in the (x,,, u) variables. To first order in
d@ the image of (x, u(x)) under such a rotation is

(x, x, — u(x) d8, u(x) + x,d8).

The principal curvatures do not change under such a rotation. Thus to first order
in df, the image of

[x', x, + u(x) db, u(x’, x, + u(x) d6)]
is

(x, x, u(x’, x, + u(x) do) + x, ).
Hence if

v(x) =u(x’, x, + u(x)d) + x, d8 + higher order in 46,
we have, at x,
G(Dv, D) = y(x’, x, + u(x) db).

Consequently, if we compute the first-order term in d@ we find

(3.3) L(x, + u(x)u,(x)) = u(x)¥,(x).

Next we take up the more interesting effect of

4. Reflection in a sphere in R"*1. Consider a hypersurface S in R"*? with
principal curvatures k,,- - -, k,. Let us perform a reflection (or inversion) J in a
sphere with center at the origin and radius R, § = I(S). For convenience we
suppose that the origin does not lie on S. The image of X on S is

Y

X _, 2
=YY= = —R>.
(3.4) 1(X) = xR thus e
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A useful observation is the following:

LEMMA 1. The directions of principal curvature of S map into directions of
principal curvature of I1(S) at the corresponding image. Furthermore, the principal
curvature «’ of I(S) at I( X) corresponding to the principal curvature x of S at X is
given by

2
(3.5) f=ﬁgxﬁ+jpx-m

where v is the normal to S at X.

Proof: Consider the surface S near X and let » denote differentiation with
respect to a parameter on some tangent curve. According to the formula of
Rodriguez this direction of the curve is a direction of principal curvature if and
only if # is parallel to X as X moves on the curve. In that case, if « is the
corresponding principal curvature, then

b+ kX =0.

The tangent curve through X maps into a tangent curve to S at I(X). We have
only to establish the corresponding formula:

(3.6) F+RY =0

at I(X), where 7 is the norfal on §.

Since angles are preserved, the normal # on S is given by the direction of the
tangent to the image (circle) at s = 0 of the line X + s», s real. Since X + s»
maps into

- Xtsv
| X+ sv|2
and, at s = 0,
v (X+»)
Z = R?*-2X~—-~R?,
TP X
we see that
V=Z/\Zj|
X
=p—-2(X- V)W
Next we have
Y= Rr-oxXXpe
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while (recall X « » = 0)

S a(xe ) Xo .,,_X_ o\ X )X
V=19 2(X V)|X|2 2(X )]X|2+4(X )(X X)IXI4

X X X
R E X)tXP) Z(X'”)(IXP AX Dy

= - %(.qxﬁ +2X-»)Y.

Thus the lemma holds with & given by (3.5).
More generally, if we reflect S in a sphere of radius R with center W, then the
new principal curvature of S at I( X) corresponding to « is

- K 2
R = EE]X— W+ —R—2(X— W) v(X).

4. Bounds for Second Derivatives at the Boundary

In this section, assuming Proposition 1 below we shall establish the estimate
2.1):

(4.1) lul<C on 49.

PROPOSITION 1. Let u be the admissible solution of (1), (2). Given any ¢ > O
there exists a number p > 0 depending only on ¢,  and the functions f and ), such
that in a p-neighborhood of 3§ we have

where u, is the derivative of u in the interior normal direction.

This proposition will be proved in the next section. We shall now establish
(4.1) at any point on d§. We may suppose that the point is the origin and that
the x,-axis is interior normal there. We may assume that the boundary near 0 is
represented by

M| —

n—1
(42) x,=p(x) =5 X Axi+ O(|xT).
1

Here A, > 0 are the principal curvatures of d{ at the origin,
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We first establish the estimates
(4.3) lu,,(0)] £ C, a<n.
For a < n, let T, be the operator

T,=3d,+A(x,3,— x,3,).
Applying 3, to u(x’, p(x")) = 0 we find
u, +u,p,=0.

Since p = O(]x’|?) and p, = A x, + O(|x’|?), it follows that
(4.4) [T.u| < C|x|> on d§ near the origin.

Since Lu, = ¢, and since (3.1) holds, we find
(4.5) ILT,u) < Gy,
where we recall that L is the linearization of G in (1)’ at u.

In the following, 25 will represent the small region £ N {x, < 8}. For §, B
small, set

(4.6) h=ru —u- %(x,,+uu,,).

LeMMA 4.1.  For suitable choice of 8 small, then B = B(8) small, and then A
large, the function Ah satisfies in Qg the following conditions:

(4.7) L(AR) 2 C, in Q,
(4.8) Ah < ~C|x|* on lower boundary of Qs (i.e., on 3R there),
(4.9) Ah < ~|Tu| onupper boundary of Q5 (i.e,onx,=8).

Proof: First, we require 8 < u of Proposition 1. By that proposition we have
in 2,
n—1

ez u,= Z v, + v,

iv

For B small the », are small and », is close to 1; hence

(4.10) u

A

3
n 2¢€.
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Now by (3.2) and (3.3) we have

Lhzcy+ ry, — %u\pn

> 2~ C8 if B is small,
with C independent of 8 and 8-—since u = 0 on J€. Thus
Lh > —633 if 8 and B are small.

For A large it follows that (4.7) holds.
On the lower boundary of £, since # = 0 there, we have |ru,| < C,|x|%; also
> a|x|?, a > 0. Hence

Il‘_

r n

h=ru —%x

IIA

(C2 - %a)lxlz.

For 8/8 and A large we obtain (4.8).
Finally, on x, = 8 we have, using (4.10) and 0<-ug (B,

n—1
h=Bu,+ zxaua—u(l+%u,,) -6
1

A

3eB + CBVZ—u(l + %-%e) -8

lef + CBY/* + CB + 3C8e — 8

A

A

CBY? + 8(3Ce — 1)
with (different) C independent of ¢, 8, §. Now choose £ and # so that
ey, B”s3.

and 8/8 large as required in the preceding paragraph. Then we obtain

and so (4.9) follows for A4 large. The lemma is proved.
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Using Lemma 2 and the maximum principle we see that
h<s+Tu in $.
It follows that at the origin, where 4 and T, u vanish,
|0, Tul < —h,
or

4an 0)] 5 5 (1 + 42(0)) 5 G

(3.3) is proved.

To complete the proof of (4.1) we have to show that |u,,(0)| £ C. Recall that
the principal curvatures of the solution surface at the origin are the eigenvalues of
the matrix a,(0) given by (12). Since u,(0) = 0 for a < n, one finds easily that
a,;,(0) has the block form

n—-1
P i
u wlu
1 aff an
a;(0) = W
wlu,, wlu,,

Now since u(x’, p(x’)) = 0 we have at the origin

Ugg + UyPog = 0, a, B <n,
ie.,
Upg + 1,A 5,5 = 0.
Hence from (1.8)
n-1

] %)zluapgag,, = aY A &2 2 bjg?, b>0.
Thus if d; £ --- <d,_, are the eigenvalues of u,4(0) we see that
(4.11) b=d; g C.

Suppose that |u,,(0)| can be arbitrarily large. Apply Lemma 1.2 of [3]. (It is
only formulated for a5 a diagonal (n — 1) X (n — 1) matrix, but ours may be
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diagonalized.) According to the lemma the eigenvalues x,,- - -, k,, behave like

Ka ™ %da'l"o(l)s a<n,

= 21+ 0 5

as |u,,(0)] = co. Since T' lies in the half-space ¥k, > 0 it follows that u,,(0) is
arbitrarily large. But by (4.11) we see that at the origin (k;,---, «,_;,1) licin a
compact subset K of I' and so if «,, is arbitrarily large we obtain a contradiction
to (6) since f(xy,- -+, k,) < ¥;.

The proof of (4.1) is complete except for that of Proposition 1.

5. Proof of Proposition 1

Suppose as in the preceding section that the origin belongs to d2 and that the
x,-axis is interior normal there. Given £ we want to find a number g > 0 (which
will work for any boundary point) such that

(5.1) u,(0,---,0,x,)<e for 0<x,<p.

Without loss of generality (after a stretching) we may suppose that the graph § of
u over Q lies in the ball B, ,, with center at (0,0, --,4,0) in R"*%,

From (1.8) we know that u, < 0 at the origin and so this remains true in
some undetermined neighbourhood. Consider the family of reflections I; de-
pending on a parameter § > 0, in the boundary of the unit ball in R"*!:
B,(e®) = B® with center e; = (0,---,0,1 + &,C8), where € > 1 is a large
constant to be chosen. S is contained in B°. As § becomes positive a portion of
S near the origin in R"*! lies outside B%. For very small 8, the reflection
I;(S N €B?%) does not touch S N B?; furthermore at any point X° € S N BS,
I(S N €B?%) is not tangent to S. Suppose there is a first value of 8 for which this
statement fails, i.e., for which either

(a) I,(S N €B?) touches S at a point I;( X°),
or
(b) I(S N %B?) is tangent to S at some point X° € 9B’ N S.
We shall prove that there is a &, (under control), with €28, < 1, such that for
8 < §, both cases are impossible. It then follows that, for § < §,, if a point

X € S belongs to dB?, then

(X —e5) »(X)<0.
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In particular, if we take X = (0,---,0, x,, u(0, x,)), then
(x,=1=8)r(X) + (u~ C)y,,,(X)<0.
Here

)7 = (1 1vu?) 2 gy > 0.

v, = —u,(1 +|vu?

n

Thus for x, and 8, small we have 1 + 8 — x,, > 4 and so
u,(0, x,) < 2|C8 — y|
<e
if x,, and so 8, are sufficiently small (under control).

Proposition 1 would then be proved.

Suppose case (a) first occurs for some X% = (x, u(x)). Since case (b) has not
occurred for smaller 8’ we know that for X°® € § N €B? there is a 8’ < 8 such
that X° € 9B% and
(5.2) (X%~ es) = »(X°) <.

A principal curvature x of S at X° has corresponding to it a principal curvature
& of I,(S) at I;(X°) given by Lemma 1 of Section 3:

(5.3) B=kX0— es2+ 2( X% = ;) + v(X°).
Now, with 4 denoting various constants under control,
| X0~ 5] = |X° - ep + e — e5)*
= 1 + 2(X0 - esr) '(esl - es) + lesl - 68]2
(5.4) . . _
<1+4(8-8)+C(8 - 8’)(C8’ - u(x)) + C%(8-8)
<14 4(8 - &)+ AC(8 ~ &)x,,

since €28 < 1 and —u(x) < Cx,,
Since | X° ~ e5] = 1 we have, for x = (x, x,),

)2+ (1468 = x,)" +|C8 — u(x)? =1.
Hence

2+ (3= %)+ 23 - %)+ 8) + (3 +8) +(C6 + 4x,)’ 2 1.



68 L. CAFFARELLI, L. NIRENBERG, AND J. SPRUCK
The sum of the first two terms is at most %, and it follows that
x,(1+28) <28 + AC*%"? + Ax?
< A8 + x})

(the A4 keeps changing). It follows that

x, < AY.
Inserting this in (5.4) we find
(5.5) (X°—esl* <1+ 4(8 - 8).
Using this one finds also that
(5.5) X0 = I,(X°)] < (5 - &).

For the last term in (5.3) we have
2(X° - e5) v(X°) =2(X% - e5)  v(XO) + 2(e5 — €5) * ¥(X°)
< ey ~ €)= ¥(X°) by (5.2)
(5.6) 3
=2y,(8' — 8) + 2v,,,C(8 - &)
< —cC(8-8),
with ¢ > 0 (under control) since
b= (1+1wu?) 2 a,> 0.
Inserting (5.5) and (5.6) into (5.3) we infer that
(5.7) R<k(l+A4(8-8)) - cC(8~8).

Now at the point I;( X°) of contact, the principal curvatures & are not less
than the principal curvatures of S at I,(X°). Hence

f(&y,e o &) 2 f(e(1s(X0)) = ¢ (1:X°)
(5.8) 2 y(x) - B|X° - I, X9
2y(x) - B(8-9),

by (5.5y —for suitable constants B under control.
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On the other hand, by (5.7), if we set 8§ — 8’ = ,
F(&) = f(&, - &) < f(x,(1 + A7) = cCr,- -, k(1 + A7) — cCr)
<f(x(1 + A7) = cCr 2 f, (x(1 + 47)),
by concavity of f. According to (9)
fle(1 + A7) < (1 + A7) f(x)
= (1 + A7)y(x)
and so
(5.9) () £ (1 + Ar)Y(x) — cCr L f, (x(1 + A7)).
By (3), f(k(1 + A7) = ¢(x) and hence, by (7), Zf,(k(1 + A1) 2 c,. Therefore,
(5.10) f(®) £ (1 + Ar)¥(x) — ceCr.
Combining this with (5.8) we see that
$(x) — Br < (1 + Ar)y(x) — cocCr
or
coecC < B+ AY(x) s B+ A¢,.

If now C were chosen so large that this cannot hold, it follows that for our
corresponding small 8, case (a) cannot occur.

Turn now to case (b). For any X € (SN¥B?%), X € 3B¥, some of the
computations above, in particular (5.10), hold. If X=1I(X) = (% %, +1), then
Y(x) £ $(X) + A(8 — &) so that from (5.10) we find

f(R) s 9 (&) + (4 = coeC) 7
< (%),

(5.11)

for C sufficiently large.
Thus the reflected surface with coordinates (X, X,.,) lies above S, ie.,
%,+1 > u(X). Setting %,,, = #(X) we see that #(X) > u(X) and

G(Dii, D*a) < G(Du, D*u) at X.
The function # — u has a minimum, namely zero, at (X2, -+, X°_,) = x° By

the Hopf lemma the tangency there in case (b) cannot occur. Proposition 1 is
proved and so therefore is Theorem 1.
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