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Nonlinear short-wave propagation in ferrites
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In this paper we discuss the propagation of nonlinear electromagnetic short waves in ferromagnetic insula-
tors. We show that such propagation is perpendicular to an externally applied field. In the nonlinear regime we
determine various possible propagation patterns: an isolated pulse, a modulated sinusoidal wave, and an
asymptotic two-peak wave. The mathematical structure underlying the existence of these solutions is that of the
integrable sine-Gordon equation.

PACS number~s!: 41.20.Jb, 02.30.Jr
ro

t
o

h
ne

of
te
fr

a
a
u

on
ir

e-
s

n
of
at
q

lts
ha
on
o
n

tro-
ess

ela-

-
de

ite
dies

an
lso

iate
his

ical
y

ort-
he

the

rly
is-

h a
sic

ite
ing
W.

nte-
for
s a
dy-

e a

h
ts of

so
t of
ar
The subject of this paper is the propagation of elect
magnetic waves in ferrites. For our purposes, byferrite we
mean a ferromagnet of zero conductivity, a ferromagne
insulator. We will always assume that it is in the presence
an external magnetic field and that it is saturated. In t
case, due to the absence of eddy currents, electromag
waves may propagate. This is interesting not only from
theoretical point of view but also from a practical point
view, particularly in connection with the behavior of ferri
devices such as ferrite-loaded waveguides at microwave
quencies@1#.

The equations that describe this wave propagation
fundamentally nonlinear. It is a simple exercise to show th
in the absence of currents and charges, the Maxwell eq
tions in a medium of scalar permittivity«̃ reduce to

2“~“•H!1¹2H5
1

c2

]2

]t2
~H1M !, ~1!

wherec51/Am0«̃ is the speed of light,m0 is the magnetic
permeability of the vacuum, andM andH are, respectively,
the magnetization density and the magnetic induction.En
passant, we have assumed the usual constitutive relati
D5 «̃E and B5m0(H1M ), where the symbols have the
usual textbook meaning.

Equation ~1! must be supplemented with a relation b
tweenM and H. This is the torque equation, which read
under the hypothesis of zero damping,

]M

]t
52m0gM3H, ~2!

where g is the gyromagne´tic ratio. It is by means of this
equation that nonlinearity sets in.

For sufficiently small amplitudes a linear theory can, a
has, been developed@2,3#. We shall return to the essentials
the linear analysis later. For the moment let us notice th
fully nonlinear theory has not been developed so far, as E
~1! and~2! are not exactly solvable. In order to obtain resu
valid in nonlinear regimes, at least weakly nonlinear, one
to resort to intermediate models, much in the same way
proceeds in hydrodynamics, where effective long-wave
short-wave models are obtained from underlying, fully no
PRE 611063-651X/2000/61~1!/976~4!/$15.00
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linear, equations. These intermediate models usually in
duce a novel perturbative parameter, most often the longn
or shortness of the wave, and then consider particular r
tions between this parameter and the amplitude scale@4#. In
the present case, Nakata@5# carried out a study of the non
linear case investigating the propagation of small-amplitu
long-wavelengthelectromagnetic waves in a saturated ferr
in the presence of an external magnetic field. Further stu
where concerned with wave modulation@6,7# and dissipation
@8#. The propagation of long electromagnetic waves in
isotropic damped ferromagnet with free charges has a
been the object of recent studies@9,10#.

As we stated above, these results refer to intermed
models where a long-wave approximation is supposed. T
turns out, however, not to be the most interesting phys
limit. The main practical interest of ferrites is that the
propagate microwaves. Thus, an opposite limit, a sh
wavelength limit, comes naturally into consideration. T
point is this: is it possible to construct a short-wave~SW!,
nonlinear limit of Eqs.~1! and ~2!? If it is, do the nonlinear
effects show something new? We hold in this paper that
answers for these questions are positive ones.

In basic physical systems asymptotic~nonlinear! SW dy-
namics cannot always be isolated owing to the particula
restrictive conditions required from the associated linear d
persion relations. Hence only few results exist@11,12#. To
our knowledge the case study here is the first one in whic
complete description of SW dynamics is given from ba
physical equations.

We will show that SW’s propagate in a saturated ferr
only in the direction perpendicular to the external saturat
magnetic field. This comes as an existence condition for S
Granted it is satisfied, the nonlinear dynamics obeys an i
grable system of nonlinear evolution equations which,
instance, can be reduced to the sine-Gordon equation. A
consequence, soliton excitations are possible, and the
namics can be solved in this particular limit.

We shall proceed in three steps. First, we will reproduc
part of the linear analysis of@3#, and study its short-wave
limit. Next, we will construct a SW nonlinear model, throug
the standard multiple scales method, based on the resul
the preceeding step. Finally, we will discuss the equations
obtained from a physical as well as a mathematical poin
view. We will be able to show explicit propagating nonline
patterns.
976 ©2000 The American Physical Society



le

t
th

ur

s

th
er

ve
al
th
re
-
ity

ate
n

the
ch
the
tics.
les,

ari-
qs.
ch

-

rst

s

ich
two

ial

is-

ults.

olu-
e
at
the
ell

PRE 61 977BRIEF REPORTS
In order to clear the notation, let us rescale the variab
as

M→ mog

c
M , H→ mog

c
H, and t→ct. ~3!

This gives us

2“~“•H!1¹2H5
1

c2

]2

]t2
~H1M !, ~4!

]M

]t
52m0gM3H. ~5!

To study the linear limit regime we must look a
small perturbations of a given solution. We choose
uniform state M05(M0cosw,M0 sinw,0) and H0
5(H0 cosw,H0 sinw,0), whereM0 andH0 are positive con-
stants, withH05aM0(a.0) and 0,w<p/2. We linearize
Eqs.~4! and~5! around this state and assume for the pert
bations a plane wave solution propagating along thex direc-
tion, so thatM5M01mei (kx2vt) and H5H01hei (kx2vt),
wherem andh are real vectors of components (mx ,my ,mz)
and (hx ,hy ,hz), and wherek and v are, respectively, the
wave number and the frequency of the wave. This lead
the following dispersion relation:

M0
2@v2~11a!2ak2#@v2~11a!2k2~a1sin2w!#

2v2~v22k2!250. ~6!

The above results can be found in@3#. We will be interested
in studying the short-wave limitk→`. To do so, suppose
that k;«21, with «!1, and furthermore, thatv(k) is
bounded or has a pole of order one ink, that is to say that we
may write

v5
v21

«
1«v11«3v31•••. ~7!

This assumption corresponds just to the requirement
short-waves exist in the linear limit, as with such a disp
sion relation we have that the phase velocityv(k)/k and the
group velocity]v/]k are always bounded in the short-wa
limit, resulting in finite velocity propagation of geometric
characteristics and of energy. Note, furthermore, that
expansion selects one of the branches of the dispersion
tion. A more detailed treatment@3# shows that it is the so
called ordinary branch, with waves propagating with veloc
c, that is chosen. Introducing such an expression in~6! we
get, at the first order in«,

v21
2 5k0

2 . ~8!

In the following we will considerv215k0, hence choosing a
direction of propagation. The next order leads to

sin2~w!51. ~9!
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The meaning of this result is that a SW can propag
only if w5p/2. Condition~9! is thus an existence conditio
for a SW. In what follows we need also to knowv1, which
is given by

v152M0
2 ~11a!

2k0
. ~10!

Having put in focus the short-wave characteristics in
linear limit, we now turn to the nonlinear aspects, whi
constitute the main results of this paper. We will resort to
multiple-scale method, adapted to short-wave asympto
Thus, we will introduce rescaled, space and time variab
such that

]

]x
5

1

«

]

]z
and

]

]t
52

1

«

]

]z
1«

]

]t
.

We will now consider general expansions of the form:

M5M (0)1«M (1)1«2M (2)1•••,

H5H(0)1«H(1)1«2H(2)1•••, ~11!

and we consider that all the functions depend on the v
ablesz andt. Before substituting these expansions into E
~4! and ~5!, let us state the boundary conditions, whi
are M (0)→(0,M0,0), H(0)→(0,H0,0), M ( i )→(0,0,0), and
H( i )→(0,0,0) forz→2`. Moreover, we impose that all de
rivatives ofHi andMi go to zero forz→2`. Using the new
variables, the derivative operators, the expansion forM and
H and using the new boundary values we find, at the fi
orders in «, that M (0) is the constant vectorM (0)

5(0,M0,0) and thatHx
(0)50. The second order equation

lead toM y
(1)5Mz

(1)50 and to the relations

Mx
(1)52Hx

(1) and
]

]z
Mx

(1)5M0Hz
(0) . ~12!

The third order leads to a system of six equations wh
reduces, using the precedent orders, to a system of
coupled equations for the functionsHy

(0) andMx
(1) ,

]

]t
Hy

(0)5
21

2M0
Mx

(1) ]

]z
Mx

(1) , ~13!

]2

]z]t
Mx

(1)5
M0

2
Mx

(1)~Hy
(0)1M0!. ~14!

The above system of equations~13! and~14! is a nonlin-
ear system describing the evolution of the first nontriv
terms in the expansion ofH andM . It is worth pointing out
that the phenomena so described, and which will be d
cussed below, involve effects ofO(1) in H and ofO(«) in
M . We will now discuss the consequences of these res
These will follow from the fact that Eqs.~13! and~14! can be
reduced to an integrable system, which displays exact s
tions. We would like to point out that the importance of th
integrability of this system comes not only from the fact th
we can find exact solutions, but also, and overall, from
fact that the large time asymptotics of such systems is w
determined. Indeed, the solutions for large times~or the in-
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termediate asymptotics@15#! can be qualitatively determine
from the initial conditions. Thus the general picture emerg
where for large enough times the solutions are compose
a train of solitons plus some radiative part.

The system of equations~13! and ~14! is a ~111!-
dimensional reduction of a~211!-dimensional integrable
system found in@13#. But instead of proceeding through d
mensional reduction, we will prefer to present a straightf
ward transformation from the system in question to the si
Gordon equation@14#, and then map some well-know
solutions of this equation to solutions of the system~13! and
~14!.

The transformation referred above is best understoo
made in two steps. First, we define

Mx
(1)56Q, ~15!

Hy
(0)52M01

4

M0
hz , ~16!

which leads us to the system

]2h

]z]t
522Q

]Q

]z
, ~17!

]2Q

]z]t
52Q

]h

]z
, ~18!

which, through the following transformation:

]h

]z
5u cos~v !, ~19!

]Q

]z
5u sin~v !, ~20!

takes us to the system

]u

]t
50, ~21!

]2v
]t]z

52u sin~v !. ~22!

The corresponding boundary conditions are

lim
z→2`

u56M0
2~11a!/4,

lim
z→2`

v5np,

with n an integer. It is then obvious that one solution is
take u constant,u56M0

2(11a)/4 and consider the evolu
tion of v given by the sine-Gordon equation, which rea
after the transformationz5j/Au,t5t1 /Au:

]2v
]j]t1

5sin~v !. ~23!

This equation has extensively been discussed in textbo
@16#. Let us see how the solutions to Eq.~23! are reflected in
s
of

-
-

if

,

ks

the original physical variables. Here we shall treat two d
tinguished cases: the kink solution and the breather solu
to Eq. ~23!.

The kink solution of the sine-Gordon equation is given

v54 arctan@exp~z!#, ~24!

with z5kj1t1 /k. We can obtain the functionHy
(0) by going

through the reversed transformations. We omit the deta
which are purely algebraic manipulations. The result is

Hy
(0)5aM022M0~11a!sech2~z![F~z!, ~25!

and is depicted in Fig 1. The result implies the possibility
propagation of short electromagnetic pulses in ferrites.
this case we can also calculate the functionMx

(1) , which
turns out to be

Mx
(1)56M0

2~11a!sech~z!. ~26!

The breather solutions to Eq.~23! are a family of solu-
tions parametrized bym, given by:

v524arctanF m

A12m2

sin~A12m2y!

cosh~mw!
G , ~27!

where y5A2u(z1t), w5A2u(z2t), with u5M0
2(1

1a)/4. It is possible to write down the expression forHy
(0)

as

Hy
(0)2aM0524M0~11a!F X

11X2G 2

, ~28!

where

X5
m

A12m2

sin~A12m2y!

cosh~mw!
.

This is a quite involved expression and it is worth looking
some particular cases. The first case, form!1, gives a
modulated wave

Hy
(0)2aM0524M0~11a!m2

sin2@A2u~z1t!#

cosh2@mA2u~z2t!#
.

~29!

FIG. 1. The solitary-wave profile of the functionF[Hy
(0) com-

ing from the kink solution to Eq.~23! with M05a51.



ud
e.
n
v

its
me

sid-
ely
etic
der
lin-
ort
It
to
e

don
ed

of
r to
y a

S,

PRE 61 979BRIEF REPORTS
This represents a wave of small wavelength whose amplit
is modulated by the cosh21 term over a larger space scal
Indeed the envelope propagates in the opposite directio
the wave itself, with the same speed, and the typical wa
number is proportional tom!1.

Finally, from Eq.~28! in the casem51 we get

Hy
(0)2aM0524M0~11a!F ~z1t!2sech2~z2t!

@11~z1t!2sech2~z2t!#2G .

~30!

FIG. 2. Plot ofG(z,t)[(Hy
(0)2aM0)/@24M0(11a)# given

by Eq. ~31! for t550.
er

-

e

as
e-

This expression does not describe a solitary wave, but
large time limits composed of two single waves of the sa
amplitude. In Fig. 2 we plot the function

G~z,t!5
Hy

(0)2aM0

24M0~11a!
~31!

for t550.
Let us now summarize these results. The system con

ered is a ferromagnetic insulator, modeled to be infinit
extended, and under the influence of an external magn
field. Propagation of electromagnetic waves is possible un
these circumstances. This propagation is essentially non
ear. We have studied this system asymptoticaly, for sh
wavelengths, which we knew to exist in the linear limit.
turns out that~i! propagation can occur only perpendicular
the external field;~ii ! the system of equations describing th
SW limit is integrable and can be mapped to the sine-Gor
equation;~iii ! propagation of pulses as well as of modulat
waves are predicted. We note also that when speaking
pulses, we refer here not to sinusoidal waves but rathe
propagating magnetic field configurations accompanied b
magnetization wave.
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