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Abstract

The primary resonance and nonlinear vibrations of the functionally graded graphene
platelet (FGGP) reinforced rotating pretwisted composite blade under combined the
external and multiple parametric excitations are investigated with three different
distribution patterns. The FGGP reinforced rotating pretwisted composite blade is
simplified to the rotating pretwisted composite cantilever plate reinforced by the
functionally graded graphene platelet. It is novel to simplify the leakage of the air flow in
the tip clearance to the non-uniform axial excitation. The rotating speed of the steady-state
adding a small periodic perturbation is considered. The aerodynamic load subjecting to the
surface of the plate is simulated as the transverse excitation. Utilizing the first-order shear
deformation theory, von-Karman nonlinear geometric relationship, Lagrange equation and
mode functions satisfying the boundary conditions, three-degree-of-freedom nonlinear
ordinary differential equations of motion are derived for the FGGP reinforced rotating
pretwisted composite cantilever plate under combined the external and multiple parametric
excitations. The primary resonance and nonlinear dynamic behaviors of the FGGP
reinforced rotating pretwisted composite cantilever plate are analyzed by Runge-Kutta

method. The amplitude-frequency response curves, force-frequency response curves,

bifurcation diagrams, maximum Lyapunov exponent, phase portraits, waveforms and
Poincare map are obtained to investigate the nonlinear dynamic responses of the FGGP
reinforced rotating pretwisted composite cantilever plate under combined the external and

multiple parametric excitations.

Key words: Rotating pretwisted composite blade, graphene platelet, leakage of air flow,

external and multiple parametric excitations, chaotic vibrations



1. Introduction

As a key component of the aero engine, the blade is crucial to the flight safety. To
improve the flight efficiency and to enhance the thrust-weight ratio of the aero engine, the
composite materials with the lighter and better mechanical properties are applied in the
airplane and is highly significant. The graphene, as an advanced carbon nano material, has
been widely researched in recent years. The characteristics of the low mass density and
excellent mechanical performance of the graphene reinforcements make it extremely
meaningful to apply in the blade. The service environment of the rotating blade is complex
and changeable, which subjects to various excitations, such as the aerodynamic excitation,
centrifugal force and thermal stress. During the airplane flight, the primary resonance and
nonlinear vibrations of the blade often happen. The blade can be simplified to the rotating
pretwisted composite cantilever plate. It is necessary for us to research the primary
resonance and nonlinear vibrations of the rotating pretwisted composite cantilever plate
reinforced the functionally graded graphene platelet (FGGP) under combined the external
and multiple parametric excitations. The novelty of this paper is to simplify the leakage of
the air flow in the tip clearance to the non-uniform axial excitation. It is found that the
axial excitation and distribution of the graphene have significant influences on the primary
resonance and nonlinear vibrations of the FGGP reinforced rotating pretwisted composite
cantilever plate.

Because of the excellent mechanical properties, the graphene reinforced composites
have attracted attentions for many researchers. The buckling and post-buckling properties
of the FGGP reinforced beams were investigated by Yang et al [1]. Chen et al. [2] used
Timoshenko beam theory to research the nonlinear vibrations and post-buckling on the
porous nano-composite beams reinforced by the graphene platelets. Based on the
non-uniform rational B-spline formulation, Kiani [3] investigated the large amplitude free
vibration of the FGGP reinforced plate and took into account the influence of the
temperature on the material properties. Mao and Zhang [4,5] investigated on the vibration
and stability of the piezoelectric composite plate reinforced by the graphene platelets.
Based on the high-order shear deformation theory, Wang et al. [6] presented an
investigation on the frequency and bending behaviors of the graphene platelet reinforced
doubly-curved shallow shell. Zhao et al. [7] employed the finite element method to
research the nonlinear bending problems of the FGGP reinforced trapezoidal plate and
discussed the influence of the bottom angle on the bending characteristics of the
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trapezoidal plates. Considering an open edge crack, Tam et al. [8] explored the nonlinear
bending of the functionally graded graphene reinforced beam.

Due to the complexity of the geometry features for the blade, many scholars
simplified it as the rotating beam with the high aspect ratio, rotating plate and rotating
shell with the low aspect ratio to analyze the vibration. The linear vibration characteristics
of the rotating blades were studied by many researches. Gupta and Rao [9] presented an
analysis of the torsional frequencies on the pretwisted cantilever plate. The frequency and
critical load of the thick rotating blades with cracked were investigated by Chen et al. [10].
Sun et al. [11,12] respectively proposed the plate model and shell model to study the free
vibration of a rotating pretwisted blade. Cao et al. [13] applied the first-order deformation
theory to investigate the free vibration of a sandwich blade considering the thermal barrier
coating layers. In [14], a thick shell theory was employed to analyze the linear vibration of
the rotating pretwisted functionally grade sandwich blade. The model considering the
couple effect among the stretching, bending and torsion was proposed by Oh and Yoo [15].
The shallow shell theory was utilized in [16] to study the influence of the initial geometric
imperfection on the linear frequency and mode of the rotating pretwisted panel. Using
Chebyshev-Ritz method, Niu et al. [17] and Zhang et al. [18] respectively analyzed the
natural vibration of the rotating pretwisted functionally graded composite cylindrical blade
and tapered blade reinforced with the graphene platelets. The free vibrations of a rotating
pretwisted beam under the axial loading were studied by Ondra and Titurus [19]. Gu et al.
[20] presented a shallow shell model to investigate the dynamic stability of a rotating
twisted plate considering the initial imperfection. Using the couple model, Zhao et al. [21]
researched the free vibration of a rotating pretwisted blade-shaft reinforced by graphene
platelets. Maji and Singh [22] investigated the free vibration of the rotating cylindrical
shell by using the third-order shear deformation theory. Based on the shallow shell theory,
Li and Cheng [23] used the variable thickness model to study the free vibration of the
rotating pre-twisted blades. Xiang et al. [24] adopted the shell model to research the free
vibration of the composite blade.

The vibration behaviors of the blade could not be solved completely by the linear
vibration theory. The nonlinear vibration theory was introduced into the blade vibration
analysis. Avramov et al. [25] investigated the flexural-flexural-torsional nonlinear
vibrations of the rotating beam. Wang and Zhang [26] considered the geometric nonlinear
model to study the stability and bifurcations of the rotating blade. Arvin et al. [27] applied

the flapping nonlinear normal modes to analyze 2:1 internal resonances. Considering the
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influence of varying rotating speed, Yao et al. [28] explored the nonlinear vibrations of the
blade. Bekhoucha et al. [29] utilized Galerkin and harmonic balance methods to research
the nonlinear forced vibrations of the rotating beam. Based on Galerkin and multiple scale
methods, Arvin and Lacarbonara [30] investigated the nonlinear dynamic responses of the
rotating beam. Yao et al. [31] employed a pre-twisted, presetting and thin walled rotating
beam model to analyzed 2:1 internal resonance and primary resonance of the compressor
blade. Zhang and Li [32] studied the nonlinear vibrations of the rotating blade. Wang et al.
[33] used a two-degree-of-freedom model to analyze 1:1 internal resonance of the turbine
blade under the air flows. Roy and Meguid [34] investigated the nonlinear transient
dynamic responses of a rotating blade. Bai et al [35] developed a new method to promote
the computational efficiency of the vibration characteristics and reliability analysis. Yao et
al. [36] employed the cylindrical shell model to study the nonlinear dynamic responses of
the rotating blade. Using the vortex lattice method, Zhang et al. [37] developed an analysis
method of the nonlinear resonances for a rotating composite blade under the subsonic flow
excitation. Niu et al. [38] utilized the backward differentiation formula and Runge-Kutta
Algorithm to analyze the nonlinear transient responses of the rotating FGM cylindrical
panel. Considering the effect of varying cross-section and aerodynamic force, Zhang et al.
[39] researched the nonlinear vibrations and internal resonance of a rotating blade. Hao et
al. [40] investigated the nonlinear transient responses of a rotating pretwisted cantilever
plate. Zhang et al. [41] considered the strong gas pressure to study the super-harmonic
resonances of a rotating pre-deformed blade.

The literature reviews indicate that applying the graphene composites with the
superior properties to the rotating blade is highly meaningful. Studying the nonlinear
vibrations and resonances of the rotating blade are very important to the blade designs and
failure analysis. Few analyses can be found on the primary resonance and nonlinear
vibrations of the FGGP reinforced composite blade under the non-uniform axial excitation
generated by leakage flow at the tip clearance. In this paper, the primary resonance and
nonlinear dynamic responses of the FGGP reinforced rotating pretwisted composite
cantilever plate with three different distribution patterns are studied by considering the
external and multiple parametric excitations. The load generated by the leakage flow at the
tip clearance is simplified to the non-uniform axial excitation. There exists the rotating
speed of the steady-state adding a small periodic perturbation. The aerodynamic load
subjecting to the surface of the blade is simplified to the transverse excitation. Utilizing

the first-order shear deformation theory, von-Karman nonlinear geometric relationship,
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Lagrange equation and mode functions satisfying the boundary conditions,
three-degree-of-freedom nonlinear ordinary differential governing equations of motion are
derived for the FGGP reinforced rotating pretwisted composite cantilever plate.
Runge-Kutta method is applied to analyze the primary resonance and nonlinear dynamics
of the rotating pretwisted composite cantilever plate under the axial and transverse
excitations. The amplitude-frequency and force-frequency response curves, bifurcation
diagrams, maximum Lyapunov exponent, phase portraits, waveforms and Poincare map
are obtained to investigate the nonlinear dynamic responses of the FGGP reinforced
rotating pretwisted composite cantilever plate under combined the external and multiple

parametric excitations.
2. Dynamic Modeling of Vibration

The theoretical formulation is derived for a blade, which is simplified to a FGGP
reinforced rotating pretwisted composite cantilever plate. The aerodynamic load subjects
to the surface of the rotating pretwisted composite cantilever plate. The leakage flows
generated at the tip clearance is simulated as the non-uniform axial excitation. The rotating
pretwisted composite cantilever plate is subjected to the varying rotating speed. Therefore,
the rotating pretwisted composite cantilever plate is subjected to the transverse and
multiple parametric excitations. The length, width and thickness of the FGGP reinforced
rotating pretwisted composite cantilever plate respectively are a, b and h.

There are four coordinate systems to describe the model of the blade, as shown in
Figures 1(a) and 1(b). The coordinate system (X l’Yl’Zl) is defined on the center of the
rotating disk with the radius R and rotating speed €2. The rotating pretwisted composite
cantilever plate is fixed on the disk. The coordinate system (X ,Y,Z) is defined on the
center of the root for the pretwisted composite cantilever plate, in which the axes X and

Y respectively parallel to X, and Y|, and the axis Z coincides with the axis Z,. The
coordinate system (x, yo,zo) is obtained by rotating the coordinate system (X Y, Z) at
angle ¢ around the axis Z, in which the axis y, coincides with the median of the
cantilever plate root. The unit vector in the coordinate system (x, yo,zo) is denoted as
(i, j,k). The coordinate system (x, y,z) is defined to describe the pretwisted of the

cantilever plate. The y axis is equal to the y, axis on the root of the cantilever plate.



The pretwisted angle is denoted as 0 at the top of the cantilever plate. The twist rate is
assumed to be the linear distribution from the root to tip of the plate, which is denoted as
k=0/a.

As show in Figure 1(a), the aerodynamic load subjects to the surface of the blade in
transverse direction and is simplified to the transverse excitation F . Besides, the load on
the top of the plate is induced by the leakage flows at the tip clearance. Based on reference
[42], the sketch map of the airflow through the tip clearance of the blade is obtained, as
shown in Figure 2(a). It is found that the aerodynamic load on the edge of the blade tip is
small due to the presence of the separation bubble and reaches the maximum value P__
after the gas flows goes into the tip clearance. Then, the pressure on the top of the blade

gradually diminishes. Therefore, the aerodynamic load on the blade tip is simplified to the

non-uniform axial excitation, as shown in Figure 2(b).
The non-uniform axial excitation P, of the FGGP reinforced rotating pretwisted

composite cantilever plate is expressed as

4z h h
Pin:(Pnnx_POS)(_7+2j+P037 (ZSZSE), (1a)
4z 2 h h
P =P -P,)|—+=|+P,, |-=<z<= |, 1b
in (ITHX 03)(3]1 3j 03 ( 2 4J ( )
Prmx :R)1+R)2'Cos(g)+l)03’ (IC)

where P, and F,, are the static part of the axial excitation, P, is the static part and

dynamic part of the axial excitation, ® is the frequency of the dynamic part for the axial

excitation.

The aerodynamic load subjects to the surface of the blade and is simulated as the
transverse excitation with the harmonic form. Therefore, the transverse excitation F of
the FGGP reinforced rotating pretwisted composite cantilever plate is written as

F=F_ -cos(Q1), 2)
where F, and €, are the amplitude and frequency of the transverse excitation,

respectively.
As show in Figure 1(b), the location vector r, on the middle surface of the rotating
pretwisted composite cantilever plate is obtained as
r, = xi + ycos(kx)j+ ysn( kxk . 3)

Using the method given in reference [12], Lame parameters of the FGGP reinforced



rotating pretwisted composite cantilever plate are written as

A=r, | =y1+7y7 (4a)
B=|r, |=1. (4b)

The unit vector (a,,a,,a,) in the coordinate (x,y,z) is obtained as

a, = Tox _ %(1 — yxesin (kx)j + yk cos(kx )k ), (5a)
a, = I'O?y = cos(ix)j + sin (1x )k (5b)
a,=a xa, = %(— yki —sin (icx )j + cos(kx )k ). (5¢)

To describe the pretwisted properties of the rotating composite cantilever plate, the

second quadratic form @, 1is derived as

0, = Ldx* + 2Mdxdy + Ndy*, (62)
L=a, 1, =0 (6b)
K
o = ey
N=a;-r,, =0, (6d)

The radii R and R, respectively are located in the x and y directions. The radii

R, Ry and twisted rate ny are obtained by

1 N
—=—=0, (7b)
R, B’
LMk 79
R, AB 1+x’y*

o
The FGGP reinforced rotating pretwisted composite cantilever plate is composed of

N, layers with the same thickness Ah=h/N,, as shown in Figure 3. The reinforcement

and matrix of the rotating pretwisted composite cantilever plate are the graphene platelets
and epoxy polymer, respectively. It is seen from Figure 3 that in each layer, the graphene
platelets are uniformly dispersed in the epoxy polymer. The darker colors represent the

more graphene platelets. The graphene platelets are uniformly distributed among the



whole plate, calling as the U pattern, see Figure 3(a). The plate with the O pattern
exhibited in Figure 3(b) demonstrates that in the middle layer, the graphene platelet
contents are high. From the middle layer to the upper and lower surfaces, the graphene
platelets decrease gradually. The plate with the X pattern has the opposite distribution

pattern with the O pattern, as shown in Figure 3(c).

Based on reference [17], the volume fractions VG(") (k =12,...N L) of the kth layer

graphene platelet are written as

pattern U
Ve =V, (8a)

pattern O
V& =avi(l-|2k =N, -1/ N,), (8b)

pattern X
VO =2V 2k-N, —1|/N,, (8c)

where V, (k =12,...,N L) denote the total volume fractions of the graphene platelets

fs
Vg =
fG +(1_fG)(pG/pM)’

and f, is the total weight fraction of the graphene platelets, p; and p,, respectively

€))

denote the densities of the graphene platelets and epoxy polymer.
Based on Halpin-Tsai model [1], the effective Young modulus E’ of the kth layer
for the FGGP reinforced rotating pretwisted composite cantilever plate is calculated as

oo _31HEMYY o S514E VY

( x E 10
R 7 A N o
where
E 21
N =y G= (11a)
EG G
I +(€L
EM
(Ea)_l
E 2w
=~M7 g =""C (11b)

nw - ’ w ’
E h
{G]—i—gw ¢

where [;, w, and h; are the length, width and height of the graphene platelets, E,,



and E, respectively denote Young's moduli of the epoxy polymer and graphene
platelets.
The v and p!" are Poisson ratios and density of the kth layer for the graphene
platelets, respectively
v =y VI v, (1 2 ) p =p VI +p, (1 -y ) (12)

The displacement components u,, v, and W, along the directions O, x, O,y

and O,z of the FGGP reinforced rotating pretwisted composite cantilever plate are

obtained by using the first-order shear deformation theory

u=u,+20,, (13a)
v=vy +20,, (13b)
w=w, (130

where u,, v, and w, are located in the middle surface along the directions (x, y,z),

respectively, ¢, and ¢, are the angles along the axes y and x, respectively.

The strain displacement relations of the FGGP reinforced rotating pretwisted

composite cantilever plate are

ou w 1{owY ov w 1(ow ’
SH:_+_+_ — 1, e, ==—+—+— =1, (143)
ox R, Ox Yooy R, 2\ 0y
. _Ou 8\/ 5‘w8w+2_w y _@_FG_W_V_O_ﬁ (14b)
o 8y ax oxdy R, " 0z 90 R, R’
u aw U, Vv,
yo =2 Mo Y (14c)

8Z ox R R

Substituting equation (14) into equation (13), the strains can be written as

where
2 2
sﬁ>=%+1(%]’ (0 =Ty | |y O T D0 I 20 (16
Ox Ox Yooy 2\ oy é‘yax@x&yR
e (s
ox R, dy R,
s“):% 8<1>:%’ yU):%Jr% (16¢)

o T Y ey T Y oy ax



The relation between the stress and the strain of the kth layer FGGP reinforced

rotating pretwisted composite cantilever plate are given as

oo _
sl To® 0% o o0 0 Je.

(k) (k) (k)

G}’)’ 21 22 0 0 O 8}’)'

(k) | _ (k)

Wi=lo 0 0 0 0 |v.| (17)

A 0O 0 0 OO0 |v,.

¥z

Lo 0 0 0 o

where
) k) (k) 03
& _ A E; & _ Ak _ Ve E. & _ 0 _ 0 E (18)
11 = 22 — 27 12 = X21 T 2 44 T X55 T X66 (k)N °
1-v® -y 20 +v.)

The strain energy for the FGGP reinforced rotating pretwisted composite cantilever

plate is expressed as

1
= (k) (k) (k) ) *
v _JIJE(GH Eoe ¥ ny Syy + TX}' YX} Tl Ve T Tyz Y}'Z )dV
v

weyy ¥y

1
S ©) ) () ) ©) )
_.”2 N.e, +M e +N e ' +M e +N v = +M

N

+040 +0, 70 s, (19)
where
_N)oc Ay, A, O _Sggc) B, B, 0 ng)
N w |= Ay Ay O S(yg) +|B, B,, 0 S(yl\) , (20a)
N, 0 0 A7V ] [0 0 Bg|y!
_Mxx B, B, 0] s(xg) D, D, 0 ggclx)
M, =B, B, 0 8(;1) +| Dy, Dy, O S(yly) , (20b)
_MXy 0 0 By Yg) 0 0 Dg YE:))
HR i o
0, 0 As|vd])

A k41 A gt an Tk+1
_ (k) _ (k) _ (k) 2
A; = E I Q,'dz, B, = E J. Q; 'z, D;= E J. Q, 'z°dz, (20d)
k=1 T k=1 ©%k k=l %k

where the K is shear correction factor and equal to 5/6.
Considering the effect of the deformation, any point location vector of the FGGP
reinforced rotating pretwisted composite cantilever plate is written as

r =xi+ ycos(kx)j+ ysin( kx)k +ua, +va, + (w+z)a,



(e u o) (1 |
_(x A +A 1 )14{ A(Z+LtyK+W)Sll’1(KX)+(y+V)COS(Kx)j

+(%(z +uyk + w)cos(Kx)+(y+v)sin( Kx)jk. (21)

Considering a small periodic perturbation, the rotation speed vector € can be
derived as

Q = Qcos(p)j—Qsin( )k, (22a)
Q=Q,+ fcos(Q2,)t, (22b)
where € is the steady-state rotating spee, f and €, respectively represent the

periodic perturbation amplitude and frequency of the rotating speed.

The total speed v, about the rotating pretwisted composite cantilever plate consists
of the rotating speed component v, and deformation speed component v, . The rotating

speed component v, is obtained as

v, =Qxr=Vi+V j+VKk, (23)
where
V. = Q[(y +v)sin( kx + @) + i(z + yKw + w)cos(Kx + (p)} , (24a)
V, = Q(R +x— %(Zyl( +u— wa)) sin( @), (24b)
vV, = Q( R+x— %(zyK +u-— wa)j cos(Q). (24¢)

The deformation speed component v, is given as

=£=d—ual+@a2+d—wa3. (25)
dr dt dt dt

Va
The total speed v, can be expressed as
V,=V,+V_. (26)

Substituting equations (24) and (25) to equation (26), the components (V1 ' Vi V3)

of the total speed v, in the direction (x, v, z) are derived as

. Voo ygQcos(kx + @) YK U YKw
Vi=vVp-a, =i+—=— R+x—"—4——"r |, 27
1 T 41 A A A A (27a)
. . K U YKW
V,=v,-a,=v-Qsin(kx+ Q)| R+ x——+——— 27b
2 T 4 ( (P)( A A A j, (27b)
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Vi=vi-a,=w-—

yKV, _Qcos(mﬂp)(RH_%Jrﬁ_Mj (27¢)

A A A A

where a point denotes the first-order derivative with respect to the time.
The kinetic energy T of the FGGP reinforced rotating pretwisted composite cantilever

plate is derived as

Ny st ]
] v
k=1 * % 2

JJZI H]lpc (uz +97 + 402 +Qz(ysin(m+(p)+—zcos(zx+(p)

x

L g cos(kx + @)

+vsin( Kx + @) +
A ( 0)

2
wcos(lcx+(p)j +QZ(R+x—

2 . .
u waj s 2QL,{ysm( Zx+ 9, zcos(lcx+(p)j_ 2Qyk cos(icx + Q)i (R

ATa e A

+x— Z).»:lj ZQsm(Ker(p)v(Rer ZZKJ—ZQZKW(ysin(waL(p)

+zcos(1oc+(p) _ 2Qcos(kx + @)w R+x—Zy—K L0 %sin(m+(p)
A A A A

2yKwy sin( kKx + @)

- %sin( Kx + @) + 2uwcos(kx + @) — 2uwcos(kx + @) +

- 2wav sin( icx + (p))dV : (28)

The components N, N, and N_ of the centrifugal force in the directions

cl?

(a1 ,az,a3) are obtained as

a +b/2
N, = IF° -a,Adx, N, = L F.-a,dy, N,=F, a;, (29)
where
F =-Qx(Qxr)=F,i+F_ j+F.k, (30a)
:p99{3+x+%§} (30b)
. z .
F, = pi")Qz(ysm(Kx+(p)+zcos(1cx+(p)}s1n ((p), (30¢)

F, = p£k>Q2(y sin( kx + @) + %COS(KX + (p)jcos((p) . (30d)
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The potential energy U, of the centrifugal force is given as

N k41
U, = J’J‘ZI (N .ty + N ity + N it MV (31)
k=1 "%
where displacements u, (i=1,2,3) of the centrifugal force [12,13] are given as
1 8w02+ v, )’ 20
u, =u, +— —
P02 o ox ’ 4
1 (ow, ) N2 ’ b
Uy, =V, +— —
S 2la) e )
U, =w,. (32¢)

Rayleigh dissipation function D, on the structural damping of the rotating

pretwisted composite cantilever plate is written as follows

D, = ”%ywozds,

where v 18 the damping coefficient.

(33)

The potential energy U,, of the non-uniform axial excitation F, and energy W,

in !

of the transverse excitation F are expressed as

2 2
P
Um:lj‘i MWy A% :jl(Pm +p03) MWy ds,
20 h  ox 4 ox

W, = IFwodS

(34a)

(34b)

The cantilever boundary of the FGGP reinforced rotating pretwisted composite plate

is clamped at the edge x=0 and is free at the edges x=a, y=—é and y=é,

namely

2

x=0: wy=u,=vy=¢,=6¢, =y, =y =0.

2

(35)

The first-order bending, second-order bending and first-order torsional vibration

modes are considered, as shown in Figure 4. According to reference [43], the expansion of

the middle surface displacement w, for the rotating pretwisted composite cantilever plate

is given as

Wo (X, y,0) = w (D X, (DY, (y) + w, () X, (O, (¥) + w3 () X, ()Y, (y),

(36)



where

X,(x)=sin (Mj —sinh (Mj + ai(cosh(ﬂj - COS(MJJ , (i =1,2 ), (37a)
a a a a
2y
N =1, L) =3 =2, (37b)
where
_ sinh A, +sin A, (__1 2) 38
"~ coshi, +cosh,” o) (38)
and A, is the solution of the equation as follows
cosh,coshi, +1=0, (i=1,2). (39)
The u,, v,, ¢, (I)y, v, and vy aregiven as
u,(x,y,1) =u, (t)ﬁ{cos(x'xj — Cosh()L j +a, {smh (k xj_ sin (}L'xjﬂ
a a a a a
+u, (1) M COS(MJ - Cosh(Lj +a, (sinh (;J— sin (jjj J3 2_y}
a a a a a )] b
+u, (t)& cos( zxj — cosh(Mj + a{sinh (ij— sin(xzxj . (40a)
a a a a a
Vo (X, y,0) = v, (t){sin (M) —sinh (Mj + al[cosh(ﬂj— COS(MD}{\% [3 ., (40b)
a a a a b)|
o (3,0 =0, (I)E{COS(LJ —Co h[x j + al( inh (Mj— sin [Mm
a a a a a
+,() hI:COS(M) —cos h(k j + al( inh (Mj— si (MD \/SQ}
a a a a a))lL D
0,072 . —cosh(k }Laz[smh(x xj sin(i ﬂ (40¢)
a a a

Mx

(oo ol

o, (x, y,1) = <I>}1(t){sm

A
Wx(x’y’t) :\Vxl(l‘);1
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Based on Lagrange function, the governing equations of motion for the FGGP

reinforced rotating pretwisted composite cantilever plate are derived as

el in an ZaWF (41)
dr\ oq, ’

d(er\ or ou ouU, oU,
— + + +
oq; oq, oq, dJq, 0Jq, 0q,

where q; = [, (1), 1, (), 13 (1), v, (1), Wy (1), w5 (), W3 (), . (0,05 (0,05 (), B, (D, W7, (1)

Vi (t)’ Vi3 (t)’ Vi (t)]T .

The transverse vibration is the main vibration of the rotating pretwisted composite

cantilever plate. Solving equation (41) on the in-plane displacement terms u,, v, and
rotatory terms ¢, ¢, y, and y , the in-plane displacements and rotatory inertia
terms are transformed into the transverse displacement w,,. Substituting the displacements
Uy, Vo> 0,5 ¢,, v, and vy into the ordinary differential equation of the transverse

displacement w,, three-degree-of-freedom nonlinear dynamical system on the transverse

vibration of the FGGP reinforced rotating pretwisted composite cantilever plate are written

as
Wy W+ (”11f2 cos®(Q, 1) +n,, f cos(Q, 1) +n, By, - cos(@t))w1
+(m,, +n, (P, +2P,))w +(n f2cos®(Q t)+n, fcos(Q t)+n,, P -cos(ox))w
11t Ly 03 )W 15 P 16 P 17502 i)Wy
- 3 2
THpW; + (m12 T (P01 +2P, ))W3 T MWWy + 1 Wy Wy + 1 s Wy + 1 Wy Wy
+ MW Ws + MW W5+ Wi Wy +my Wi =my, F. - cos(Qt), (42a)
Wy + Uy W, + (n21f2 cos’(Q,1) +ny, f cos(Q 1) +ny, Ry, -cos(g))w2
( (P, +2P,)) 2 2 2 2
T,y + 1y \ Loy + 2803 )Wy + Mgy Wi+ Wy W3 + 115, Wy + Mps Wy + My Wy W)
+ My W3 + My W W, Wy + MWy ws =, F. - cos(Q,1), (42b)

Wy + Ly Wy + (n31f2 cos’(Q,1) +ny, f cos(Q 1) +ny, Py, -cos(@t))w1



2 2
+ (m31 +ny, (PO1 +2P, ))w1 + (n35f CcoS (th) +nyf cos(th) +ny, P, - cos((g))w3
. 3 2
+ U3,Ws (m32 R Y (P01 +2F; ))Ws T MWW, + My Wy W3 + MWy + Mg W Wy
+ m37wlw22 + m38w1w32 + m39w§w3 + mmw; =my,, F, -cos(21), (42¢)

where p, (i=1,2,3,j=1,2,3) are the damping coefficients, m, (i =1,2,3)

i

(j=1,2,---,11) are the stiffness coefficients, and n,; (=1,2,3,;=1,2,.--8) are the

excitation coefficients.

In the following analyses, we will investigate the primary resonance and nonlinear
dynamic behaviors of the FGGP reinforced rotating pretwisted composite cantilever plate
under the axial and transverse excitations in equation (42). The amplitude-frequency
response curves, bifurcation diagrams, maximum Lyapunov exponent, phase portraits,

waveforms and Poincare map are obtained by using Runge-Kutta method.
3. Amplitude-Frequency and Force- Amplitude Response Curves

Runge-Kutta methods are used to analyze the primary resonance of the FGGP
reinforced rotating pretwisted composite cantilever plate under combined the external and
multiple parametric excitations. Unless otherwise stated, the physical dimension and

material parameters are given as follows
a=028m, b=01lm, h=0004m, ¢=45, R=01m, 0=18", Q, =4000rpm,
N =20, p; =1060kg/m’, p,, =1200kg/m’, E;=1.01TPa, E, =3.0GPa,
v, =034, v;=0.186, f;=1%, l;=25um, w;=1.5um, h;=15nm,
f=IN, Q =191Hz, Q =191Hz, B, =1600N, ©=191Hz, F,, =4000N ,
P, =200N, F,=T7000N .

Figure 5(a) depicts the amplitude-frequency response curves of the X pattern
graphene platelet reinforced rotating pretwisted composite cantilever plate with three
different vibration modes. Ignoring the nonlinear and damping terms, and external load in

equation (42), the natural frequencies are determined from the eigenvalue problem of

equation (42). The , is the first-order natural frequency of the X pattern graphene

platelet reinforced rotating pretwisted composite cantilever plate. The blue solid line
indicates forward direction sweep frequency and the red dotted line denotes backward

direction sweep frequency. It is found that the amplitudes of three different vibration
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modes all increase when the primary resonance occurs and the hardening-spring
characteristics of three different vibration modes exist for the X pattern graphene platelet
reinforced rotating pretwisted composite cantilever plate. The amplitude is the highest
value of the first-order bending vibration mode and is the lowest value of the first-order
torsional vibration mode when the primary resonance of the first-order bending vibration
mode occurs.

The amplitude-frequency response curves of the first-order bending vibration mode
are demonstrated for the graphene platelet reinforced rotating pretwisted composite
cantilever plate under three different distribution types, as shown in Figure 5(b).
Obviously, the hardening-spring characteristics are kept for the graphene platelet
reinforced rotating pretwisted composite cantilever plate under three different distribution

types. The frequency ratio Q /o, reaching the peak value of the primary resonance

amplitude with the O pattern distribution has the least value and with the X pattern
distribution has the highest value. The amplitude of the primary resonance peak with the O
pattern distribution is the largest value in forward direction sweep frequency. The
amplitude of the primary resonance peak with the X pattern distribution is the smallest
value in forward direction sweep frequency. It is noticed that the amplitudes of the
primary resonance peak for the O and X pattern distributions are close in backward
direction sweep frequency.

Figure 6(a) describes the amplitude-frequency response curves of the first-order
bending vibration mode for the X pattern distribution graphene platelet reinforced rotating

pretwisted composite cantilever plate under three different axial loads P, . The larger the
axial load P, 1is, the earlier the primary resonance occurs. The primary resonance peak is
bigger under the larger axial load P,,. Moreover, the system remains the hardening-spring
characteristic under three different axial loads F,,. Figure 6(b) gives the influence of
three different transverse excitations F, on the amplitude-frequency curves of the

first-order bending vibration mode for the X pattern distribution graphene platelet
reinforced rotating pretwisted composite cantilever plate. It is observed that the
hardening-spring characteristics remain for the X pattern graphene platelet reinforced
rotating pretwisted composite cantilever plate under three different transverse excitations

F.. The lager the transverse excitation F_ is, the more obvious the hard spring

characteristics is. The larger transverse excitation F_ of the system has the larger primary



resonance peak and primary resonance region.

Figure 7(a) presents the influence of three different axial excitations F,, on the

amplitude-frequency response curves of the first-order bending vibration mode for the X
pattern distribution graphene platelet reinforced rotating pretwisted composite cantilever

plate. The frequency ratio €,/m, almost is same under three different axial excitations
P,, when the primary resonance occurs. A hardening-spring characteristic under three
different axial excitations PF,, is obtained for the system. The larger the axial excitation
P, 1is, the bigger the primary resonance peak is. Figure 7(b) describes the
amplitude-frequency response curves of the first-order bending vibration mode for the X
pattern distribution graphene platelet reinforced rotating pretwisted composite cantilever
plate under three different rotating speeds €2,. The primary resonance peak is highest
when Q) =4000rpm and is lowest when €, =100007pm . The hardening-spring
characteristics are more obvious for the lower speed. The frequency ratio Q, /m, reaching
the peak value of the primary resonance is low when the low speed € exists.

Figure 8(a) exhibits the force-amplitude response curves of the X pattern graphene
platelet reinforced rotating pretwisted composite cantilever plate with three different
vibration modes. It is found that the amplitudes among three different vibration modes
increase for the X pattern graphene platelet reinforced rotating pretwisted composite

cantilever plate with the increase of the transverse excitations F,. The increase of the
transverse excitation F_ obviously affects the amplitude w, of the first-order bending

vibration mode. The effect on the amplitude w, of the first-order torsional vibration

mode is least. Figure 8(b) portrays the force-amplitude response curves of the first-order
bending vibration for the graphene platelet reinforced rotating pretwisted composite
cantilever plate under three different distribution types. It is concluded that the amplitudes

increase with the increase of the transverse excitations F,. Obviously, when F, <1930N,

the X pattern cantilever plate has the largest amplitude and the O pattern cantilever plate

has the least amplitude. When 1930N < F, <2440N, the U pattern cantilever plate has

the largest amplitude and the O pattern cantilever plate has the least amplitude. When
2440N < F, <2540N , the U pattern cantilever plate has the largest amplitude and the X

pattern cantilever plate has the least amplitude. When F, >2540N , the O pattern
cantilever plate has the largest amplitude and the X pattern cantilever plate has the least
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amplitude.
The force-amplitude response curves of the first-order bending vibration mode are
illustrated for the X pattern graphene platelet reinforced rotating pretwisted composite

cantilever plate under three different axial loads PF,,, as shown in Figure 9(a). When
F.<1600N, the amplitudes with three different axial loads F,, nearly equal. When
F.>1600N, the amplitude of the rotating pretwisted composite cantilever plate is larger
with the increase of the axial loads PF,,. Figure 9(b) demonstrates the effect of the

frequency ratio (Ql/(x)l =0.5,1.0,1.5) on the force-amplitude response curves of the

first-order bending vibration mode for the X pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate. When the frequency ratio Q,/o, =1.0, the

amplitude of the rotating pretwisted composite cantilever plate is the largest value. In this
case, the nonlinear characteristic of the curve is most obvious. The rotating pretwisted

composite cantilever plate with the frequency ratio Q,/o, =0.5 has the second lager

amplitude. The rotating pretwisted composite cantilever plate with the frequency ratio

Q),/o, =1.5 has the smallest amplitude.
Figure 10(a) represents the influences of three different axial excitations F,, on the

force-amplitude response curves of the first-order bending vibration mode for the X
pattern graphene platelet reinforced rotating pretwisted composite cantilever plate. It is

found that the amplitudes are closer under three different axial excitations F,, when
F, <1300N . When F, >1300N, the amplitude is larger with the increase of the axial
excitation P, . Figure 10(b) describes the force-amplitude response curves of the

first-order bending vibration mode for the X pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate with three different rotating speeds €. It is noticed
that the nonlinear characteristic is not obvious with the €, =7000rpm and
Q, =10000rpm . Due to the dynamic stiffness of the rotating pretwisted composite

cantilever plate, the amplitude is smaller with the increase of the rotating speed €2,,.

4. Effect of Axial Excitation on Nonlinear Vibrations

In this section, Runge-Kutta methods are used to analyze the nonlinear vibrations of

the FGGP reinforced rotating pretwisted composite cantilever plates under combined the
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external and multiple parametric excitations. The geometric and material parameters of the

FGGP reinforced rotating pretwisted composite cantilever plate are listed as follows
a=028m, b=01m, h=0004m, =45, R=01lm, 0=18, Q=4000rpm
N =20, p; =1060kg/m’, p,, =1200kg/m’, E;=1.01TPa, E, =3.0GPa,
f=IN, Q, =191Hz v, =034, v;=0.186, f;=1%, I;=2.5um,
w; =1.5um, h, =1.5nm_ F,, =1600N , F,; = 200N .
According to equation (42), we research the influences of the axial excitations P,,

on the nonlinear dynamic characteristics of the FGGP reinforced rotating pretwisted
composite cantilever plate with three different distribution types.

Figures 11-13 demonstrate the bifurcation diagrams and maximum Lyapunov
exponent diagram of the graphene platelet reinforced rotating pretwisted composite

cantilever plate with the X, U and O distribution patterns when the axial excitations F,,
increase from 2.4x10°N to 4.6x10° N, respectively. Figure (a) denotes the bifurcation
diagram of the first-order bending vibration mode, namely, the relation of w, versus F,,.
Figure (b) represents the bifurcation diagram on the relation of w, versus F,, for the
first-order torsion vibration mode. Figure (c) is the bifurcation diagram on the relation of
w, versus P, for the second-order bending vibration mode. Figure (d) illustrates the
relation on the maximum Lyapunov exponent versus F,,. The transverse excitation
frequency €, and axial excitation frequency  all are 191Hz . The transverse
excitation is F,=7x10’N . The initial conditions are chosen as w, =-0.0014,
w, =-0.0026, w, =-0.002, w, =-0.0011, w, =-0.006, W, =-0.002 and r=0. It

is clearly observed that the vibration laws of the FGGP reinforced rotating pretwisted
composite cantilever plates are the periodic to chaotic vibrations through twice periodic
doubling bifurcations, as shown in Figures 11-13. For the cases of the U and O distribution
patterns shown in Figures 12 and 13, the FGGP reinforced rotating pretwisted composite
cantilever plates have a small periodic window after the chaotic vibrations. In the X
distribution pattern shown in Figure 11, the periodic window does not appear in the FGGP

reinforced rotating pretwisted composite cantilever plate.

Figure 11 demonstrates that in the periodic region F,, (2.40 x10°N ~ 4.60x10° N ),

twice period-doubling bifurcations occur for the X pattern graphene platelet reinforced

rotating pretwisted composite cantilever plate when the axial excitations are
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P, =3.566x10°N and P, =3.876x10°N . The short chaotic vibrations appear
between the periodic vibrations when the axial excitation P,, is around 4.0x10°N .

When the axial excitation increases to P,, =4.20x10° N, the chaotic vibrations happen
in the X pattern graphene platelet reinforced rotating pretwisted composite cantilever
plate.

Figure 12 exhibits that through a periodic region P, € (240x10° N ~3.76x10°N),
the chaotic vibrations occur for the U pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate when the axial excitation is P,, =3.76x10° N . In

addition, a short periodic window exists when P, € (4.34><105 N ~4.40x10°N ) in the
chaotic region, which is denoted by a red circle. In the periodic region
P, e (2.40><105N ~3.76x10°N ), twice period-doubling bifurcations happen in the U
pattern graphene platelet reinforced rotating pretwisted composite cantilever plate when

the P, =3.22x10°N and P, =3.58x10°N .

It is seen from Figure 13 that the periodic regions of the O pattern graphene platelet

reinforced rotating pretwisted composite cantilever plate are respectively located in
P, €(2.40x10°N ~3.40x10°N) and P, €(3.94x10°N ~ 4.07x10°N). The chaotic
regions of the O pattern graphene platelet reinforced rotating pretwisted composite

cantilever plate are respectively located in P, E(3.40><105N ~3.94x10°N ) and
F, e (4.07><105N ~4.60x10° N ) The periodic region between two chaotic vibration
regions in P, € (3.94><105 N ~4.07x10°N ) is indicated by a green circle. When the

axial excitations respectively are P,, =2.86x10°N and P, =3.24x10°N , there are

two periodic doubling bifurcation windows in the bifurcation diagram. Lyapunov
exponent shown in Figure 13(d) completely corresponds to the nonlinear vibrations in the
bifurcation diagrams for the O pattern graphene platelet reinforced rotating pretwisted
composite cantilever plate.

Based on the aforementioned analyses, it is found that the stiffness of the X pattern
graphene platelet reinforced rotating pretwisted composite cantilever plate is greater than
that of the U pattern distribution thin plate. The stiffness of the U pattern graphene platelet
reinforced rotating pretwisted composite cantilever plate is greater than that of the O
pattern distribution thin plate. Therefore, it is observed from Figures 11-13 that the
nonlinear vibrations of the O pattern graphene platelet reinforced rotating pretwisted
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composite cantilever plate have the largest amplitude. The nonlinear vibrations of the U
pattern distribution graphene platelet reinforced rotating pretwisted composite cantilever
plate have the second lager amplitude. The nonlinear vibrations of the X pattern graphene
platelet reinforced rotating pretwisted composite cantilever plate are of the smallest
amplitude.

Figure 14 plots the chaotic vibrations of the X pattern graphene platelet reinforced

rotating pretwisted composite cantilever plate when the axial excitation is
B, =4.40x 10°N. Figures (a), (c) and (e) respectively represent the phase portraits on the
planes (wl,wl), (wz,wz) and (w3,v'v3). Figures (b), (d) and (f) respectively give the
waveforms of the first-order bending, first-order torsional and second-order bending
vibration modes on the planes (t, wl), (t, wz) and (t, w3). Figure (g) demonstrates
three-dimensional phase portrait in the space (w1 s Wy, w3). Figure (h) denotes Poincare

map of the first-order bending vibration mode. Figure 15 illustrates the chaotic vibrations

of the O pattern graphene platelet reinforced rotating pretwisted composite cantilever plate
when the axial excitation is P,, =4.40x10° N . We obtain a conclusion from Figures 14
and 15 that the amplitudes w, and w, of the bending vibration modes are larger than
the amplitude w, of the torsional vibration mode in the graphene platelet reinforced

rotating pretwisted composite cantilever plate.

5. Effect of Transverse Excitation on Nonlinear Vibrations

We investigate the effects of the transverse excitations F, on the nonlinear dynamic

characteristics of the FGGP reinforced rotating pretwisted composite cantilever plate
under three different distribution types.

Figures 16-18 respectively depict the bifurcation diagrams and maximum Lyapunov
exponent of the FGGP reinforced rotating pretwisted composite cantilever plates with the

X, U and O distribution patterns when the transverse excitations F, increase from

1.00x10°N to 1.30x10° N . Figure (a) denotes the bifurcation diagram of the first-order

bending vibration mode, namely, the relation of w, versus F,. Figure (b) represents the
bifurcation diagram of the first-order torsion vibration mode, namely, the relation of w,

versus F_. Figure (c) is the bifurcation diagram of the second-order bending vibration
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mode, namely, the relation of w, versus F,. Figure (d) illustrates the maximum
Lyapunov exponent diagram of the FGGP reinforced rotating pretwisted composite
cantilever plate. The transverse excitation frequency €, and axial excitation frequency
o all are 318.3Hz. The axial excitation P,, is 2x10°N. The initial conditions are
chosen as w, =-0.0014, w, =-0.0026, w, =-0.002, w, =-0.0011, w, =-0.006,
w,; =-0.002 and ¢=0. The vibration laws of the X, U and O distribution patterns for
the FGGP reinforced rotating pretwisted composite cantilever plate are demonstrated as
follows, the periodic vibration — periodic doubling bifurcation — chaotic vibrations.

It is observed from Figure 16 that the nonlinear vibrations of the X pattern graphene

platelet reinforced rotating pretwisted composite cantilever plate vary from the periodic to

chaotic vibrations when the transverse excitation is F, =1.18x10°N . The periodic
doubling bifurcation occurs in the periodic region F, (1.00><105 N ~1.18x10°N ) when
the transverse excitation increases to F. =1.12x10° N . It is noticed that a quasi-periodic

region F. e (1.238><105 N ~1.274x10° N ) exists in the X pattern graphene platelet
reinforced rotating pretwisted composite cantilever plate after the chaotic vibrations
happen, which is indicated by a blue circle.

When the transverse excitation increases to F, =1.21x10° N, it is found from Figure
17 that the nonlinear vibrations change from the periodic to chaotic vibrations in the U
pattern graphene platelet reinforced rotating pretwisted composite cantilever plate. The

periodic doubling bifurcation happens when F. =1.158x10° N . Figure 18 demonstrates

that through a periodic region F. e(l.OOxlOSN ~1.23x10°N ), the chaotic vibrations
appear in the U pattern graphene platelet reinforced rotating pretwisted composite
cantilever plate when F.=1.232x10°N . A periodic doubling bifurcation again happens
in the FGGP reinforced rotating pretwisted composite cantilever plate when the transverse
excitationis F,=1.196x10°N .

It is seen from Figures 19-20 that the amplitudes of the nonlinear vibrations have

little difference for the FGGP reinforced rotating pretwisted composite cantilever plate

with the U and O distribution patterns when the transverse excitations F. increase from

T

1.00x10°N to 1.30x10° N . Figure 19 illustrates the chaotic vibrations of the U pattern

graphene platelet reinforced rotating pretwisted composite cantilever thin plate when the
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transverse excitation is F. =1.25x10° N . Figures (a), (c) and (e) respectively denote the

phase portraits on the planes (w,,w,), (w,,w,) and (w,,w;). Figure (b), (d) and ()
respectively gives the waveforms of the first-order bending, first-order torsional and
second-order bending vibration modes on the plane (£,w,), (z,w,) and (z,w,). Figure ()
illustrates three-dimensional phase portrait in the space (w1 , wz,w3). Figure (h) is
Poincare map of the first-order bending vibration mode. Figures 20 demonstrates the
chaotic vibrations of the O pattern graphene platelet reinforced rotating pretwisted

composite cantilever thin plates when the transverse excitations all are F. =1.25x10°N .
It is found from Figures 19 and 20 that the relationships among the amplitudes w, , w,
and w, are similar to the results obtained in Figures 14-15 for the FGGP reinforced

rotating pretwisted composite cantilever plate under combined the external and multiple

parametric excitations.
6. Conclusions

The primary resonance and nonlinear vibrations are investigated for the FGGP
reinforced rotating pretwisted composite cantilever plate under combined the external and
multiple parametric excitations. Utilizing von-Karman nonlinear geometric relationship
and Lagrange equation, three-degree-of-freedom nonlinear governing equations of motion
are obtained. The primary resonance and nonlinear dynamic behaviors are analyzed by
Runge Kutta method. The hardening-spring characteristics are found for the graphene
platelet reinforced rotating pretwisted composite cantilever plate. The primary resonant
amplitude of the O pattern distribution plate reaches the peak firstly and is largest. The
vibration amplitude of the X pattern distribution plate reaches the peak latest and is
minimum. The primary resonant amplitude of the X pattern distribution plate reaches the

peak earlier and is larger with the increase of the axial loads F,,. The larger the transverse
excitation F_ is, the more obvious the hardening-spring characteristics is.
With the increase of the axial excitations PF,,, the bigger primary resonant peak

occurs. The primary resonant amplitude of the X pattern distribution plate reaches the

peak later and is larger with the decrease of the rotating speed €,. For the

force-amplitude response curves, when F, >2540N , the O pattern rotating pretwisted
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composite cantilever plate has the largest amplitude and X pattern rotating pretwisted

composite cantilever plate has the least amplitude. When F, >1300N, the amplitude is
larger with the increase of the axial excitations F,, and PF,,. The amplitude of the X
pattern distribution plate is larger with the decrease of the rotating speed €2,. When the
frequency ratio €,/m, =1.0 or rotating speed €, =4000rpm , the nonlinear
characteristic of the curve is obvious.

When the axial excitations PF,, increase from 24x10°N to 4.6x10°N , the
FGGP reinforced rotating pretwisted composite cantilever plate under the transverse
excitation has the chaotic vibrations through twice periodic doubling bifurcations. When

the transverse excitations F. increase from 1.00x10°N to 1.30x10°N , the FGGP

T
reinforced rotating pretwisted composite cantilever plate under the axial excitation has the

chaotic vibrations through once periodic doubling bifurcation. When the transverse
excitations F, increase from 1.00x10°N to 1.30x10°N , the amplitudes of the

nonlinear vibrations for the X, U and O pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate have little difference.

When the axial excitations P,, increase from 2.4x10°N to 4.6x10°N , the

nonlinear vibrations of the O pattern graphene platelet reinforced rotating pretwisted
composite cantilever plate have the largest amplitude. The nonlinear vibrations of the U
pattern graphene platelet reinforced rotating pretwisted composite cantilever plate have the
second lager amplitude. The nonlinear vibrations of the X pattern graphene platelet

reinforced rotating pretwisted composite cantilever plate have the smallest amplitude.
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Figure Captions

Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

Figure 6

Figure 7

The dynamic model of the functionally graded graphene platelet (FGGP)
reinforced rotating pretwisted composite blade under the axial and transverse
excitations is given, (a) model, (b) cantilever plate model and coordinate
systems.

The sketch map of the airflow and axial load on the tip clearance of the blade
is given, (a) airflow passes through tip clearance, (b) distribution for axial
load in tip clearance

The sketch map of different graphene platelet distribution types is obtained.
The first third vibration mode shapes are obtained for the FGGP reinforced
rotating pretwisted composite cantilever rectangular plate, (a) first-order
bending vibration mode, (b) first-order torsional vibration mode, (c)
second-order bending vibration mode.

The amplitude-frequency response curves are obtained for the graphene
platelet reinforced rotating pretwisted composite cantilever plate with three
different vibration modes and three different distribution types, (a)
amplitude-frequency response curves of X pattern graphene platelet
reinforced plate  with  three different vibration modes, (b)
amplitude-frequency response curves of first-order bending vibration with
three different distribution types.

The amplitude-frequency response curves of the first-order bending vibration
mode are depicted for the X pattern distribution graphene platelet reinforced
rotating pretwisted composite cantilever plate with three different axial load

P,, and three different transverse excitations F_, (a) amplitude-frequency
response curves with three different axial load F,,, (b) amplitude-frequency
response curves with three different transverse excitations F.

The amplitude-frequency response curves of the first-order bending vibration
mode are given for the X distribution graphene platelet reinforced rotating

pretwisted cantilever plate with three different axial excitations F,, and
three different rotating speeds €, (a) amplitude-frequency response curves

with three different axial excitations F,,, (b) amplitude-frequency response
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Figure 8

Figure 9

Figure 10

Figure 11

Figure 12

curves with three different rotating speeds €2,,.

The force-amplitude response curves are obtained for the graphene platelet
reinforced rotating pretwisted composite cantilever plate with three different
vibration modes and three different distribution types, (a) force-amplitude
response curves of X pattern graphene platelet reinforced plate with three
different vibration modes, (b) force-amplitude response curves of first-order
bending vibration mode with three different distribution types.

The force-amplitude response curves of the first-order bending vibration
mode are depicted for the X distribution graphene platelet reinforced rotating

pretwisted cantilever plate with three different axial loads F,, and three
different frequency ratios (Ql/(x)1 =0.5, 1.0,1.5), (a) force-amplitude response
curves with three different axial loads P, , (b) force-amplitude response

curves with three different frequency ratios (Ql/(o] =0.5,1.0, 1.5).

The force-amplitude response curves of the first-order bending vibration
mode are obtained for the X distribution graphene platelet reinforced rotating

pretwisted cantilever plate with three different axial excitations F,, and
three different rotating speeds €, (a) force-amplitude response curves with
three different axial excitations P,,, (b) force-amplitude response curves with
three different rotating speeds Q.

The bifurcation diagram and maximum Lyapunov exponent are depicted for

the X distribution graphene platelet reinforced rotating pretwisted cantilever

plate when the axial excitations P,, increase from 2.4x10°N to

4.6x10°N and transverse excitation is F =7x 10°N , (a) bifurcation
diagram of first-order bending vibration mode, (b) bifurcation diagram of
first-order torsional vibration mode, (c) bifurcation diagram of second-order
bending vibration mode, (d) maximum Lyapunov exponent diagram of
first-order bending vibration mode.

The bifurcation diagram and maximum Lyapunov exponent of the U pattern
graphene platelet reinforced rotating pretwisted composite cantilever plate are

shown when the axial excitations P,, increase from 2.4x10°N to

4.6x10°N and transverse excitation is F.=7x10°N , (a) bifurcation
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Figure 13

Figure 14

Figure 15

Figure 16

Figure 17

diagram of the first-order bending vibration mode, (b) bifurcation diagram of
the first-order torsional vibration mode, (c) bifurcation diagram of the
second-order bending vibration mode, (d) maximum Lyapunov exponent
diagram of first-order bending vibration mode.

The bifurcation diagram and maximum Lyapunov exponent of the O pattern

graphene platelet reinforced rotating pretwisted composite cantilever plate are

indicated when the axial excitations P,, increases from 2.4x10°N to

4.6x10°N and transverse excitation is F = 7x10°N , (a) bifurcation

diagram of the first-order bending vibration mode, (b) bifurcation diagram of
the first-order torsional vibration mode, (c) bifurcation diagram of the
second-order bending vibration mode, (d) maximum Lyapunov exponent
diagram of first-order bending vibration mode.

The chaotic vibrations of the X pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate are obtained when the axial excitation is

P, =44x 10° N and transverse excitation is F. =7x10°N, (a), (c) and (e)

phase portraits on planes (wl,v'vl), (wz,v'vz) and (w3,w3), (b), (d) and (f)
waveforms of first-order bending, first-order torsional and second-order
bending vibration modes, (g) three-dimensional phase portrait in space

(wl,wz,w3), (h) Poincare map of first-order bending vibration mode.

The chaotic vibrations of the O pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate are depicted when the axial excitation

is P, =4.4x10°N and transverse excitationis F,=7x10°N .

T
The bifurcation diagram and maximum Lyapunov exponent of the X pattern

graphene platelet reinforced rotating pretwisted composite cantilever plate

are obtained when the transverse excitations F. increase from 1.0x10°N

T

to 1.3x10°N and axial excitation P, is 4x10°N , (a) bifurcation

diagram of the first-order bending vibration mode, (b) bifurcation diagram of
the first-order torsional vibration mode, (c) bifurcation diagram of the
second-order bending vibration mode, (d) maximum Lyapunov exponent
diagram of first-order bending vibration mode.

The bifurcation diagram and maximum Lyapunov exponent of the U pattern

graphene platelet reinforced rotating pretwisted cantilever plate are illustrated
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Figure 18

Figure 19

Figure 20

when the transverse excitations F. increase from 1.0xI10°N to

1.3x10° N and axial excitation P, is 4x10>N, (a) bifurcation diagram

of the first-order bending vibration mode, (b) bifurcation diagram of the
first-order torsional vibration mode, (c) bifurcation diagram of the
second-order bending vibration mode, (d) maximum Lyapunov exponent
diagram of first-order bending vibration mode.

The bifurcation diagram and maximum Lyapunov exponent of the O pattern

graphene platelet reinforced rotating pretwisted composite cantilever plate

. . . 5
are shown when the transverse excitations F_ increases from 1.0x10° N

to 1.3x10°N and axial excitation P, is 4x10°N , (a) bifurcation

diagram of the first-order bending vibration mode, (b) bifurcation diagram of
the first-order torsional vibration mode, (c) bifurcation diagram of the
second-order bending vibration mode, (d) maximum Lyapunov exponent
diagram of first-order bending vibration mode.

The chaotic vibrations of the U pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate are obtained when the transverse
excitation is F, =1.25x10°N and axial excitation P,, is 4x10>N, (a), (c)
and (e) phase portraits on the planes (wl,wl), (WZ,WQ) and (w;,,), (b), (d)
and (f) waveforms of first-order bending, first-order torsional and

second-order bending vibration modes, (h) three-dimensional phase portrait

in space (w,,w,,w, ), (f) Poincare map of first-order bending vibration mode.

The chaotic vibrations of the O pattern graphene platelet reinforced rotating

pretwisted composite cantilever plate are given when the transverse

excitationis F, =1.25x10°N and axial excitation P,, is 2x10°N .

34



z
=]
=
5@
Ay g
=

% 'm
=
)
=y
=
g
(=]
wn
=
]
[*]

e
=

—
-
-

Transverse load F

(b)

Figure 1

35



Casing

eparation,

/ed—%;:t;_”i——}
S N\E
/7;/%/;/\/‘/7) %

bubble |

L

|
q :x
M
A
Pressure I Suction
surface surface Vortex
(a)
The maximum amplitude
of axial excitation
Pa= Pyt Pyycos(at)+ Py;
max ., T %
Py r [ S
b l [T
% i /]
/ | /]
/ | /
| /|
% | /
/ j /
/ |
|
Pressure // |\ /
surface : /\,/
| Suction
(b) surface

Figure 2

36



(a) U Pattern

(b) O Pattern

T —

NL_ 1

I —..., N

(c) X Pattern

Figure 3

37



(b)

(©)

Figure 4

38



w /h

wl/h

3.5

—— forward direction -------- backward direction
3.0- First-order bending
(w/h)
2.5
Second-order bending
20- (w3/h)
| First-order torsional
1.0 -
i &
0.0 =]

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0

T ®* LT 1l =0 %“5 ° 1 =1 % & 1 & | =
06 07 08 09 10 11 12 13 14 15 16 17

Q/‘*’l
(a)

—— forward direction -------- backward direction

X pattern

U pattern

O pattern

e
e ¢
W H
X '
5 '
[ ¢
R '
e '
e '
X ’
R H
' '
e x
by 4

—r - L -f "% T & """ """
06 07 08 09 10 11 12 13 14 15 16 1.7
Q]/w]

(b)

Figure 5

39



3.5

forward direction -------- backward direction

3.0+ P, =2000N

2.5
P, =8000N
2.0
=
= P,,=14000N
had i
1.0
0.5+ \
ot T T T T T
06 07 08 09 10 11 12 13 14 15 16 1.7
Q]/w]
3.5 (a)
| — forward direction -------- backward direction
s F =7000N
2.5
F =5000N
2.04
=
= F =3000N

1.5

1.0

0.5+

0.0

~—T T 7 T T T "t T T T T
06 07 08 09 10 11 12 13 14 15 16 1.7
Q/w,

(b)
Figure 6

40



3.5

| — forward direction -------- backward direction
3.0 1 s
P,,=0 A
2.5
204 P,,=20000N
=
N
159 P_,=40000N
1.0 -
l.l
0.5+ \
00— T T T T T
06 07 08 09 10 11 12 13 14 15 16 17
Q/w,
(a)
35 I L 1 Y I A 1 I i 1 I I 1 I
1 Q=4000rpm
3.0 1 -
: Q=7000rpm
2.5 -
Q,=10000rpm
2.0 1
=
N
1.5
1.0
0.5
00— T T T T T
06 07 08 09 10 11 12 13 14 15 16 17
Q/w,
(b)
Figure 7

41



2.0 T T T T y T y T
First-order bending
(w,/h)
1.5+ -
= :
> 1.0 Second-order bending a
(wy/h)
0.5 -
First-order torsional
, (w,/h)
0.0 . l - T . 7 \ 7 -
0 2000 4000 6000 8000 10000
F,(N)
(a)
25 ) T y T T | ¥ T
1 X pattern
204 U pattern i
O pattern i
1.5 4 -
=
g‘_ E
1.0 1 .
0.5 1 -
0.0 J T i T T T y T ¥
0 2000 4000 6000 8000 10000
F.(N)
(b)
Figure 8

42



2.0 T T T T T T T T
1.5 4 -
P, =14000N
< P, =8000N
1.0+ .
=
P, =2000N
0.5 4 i
0.0 T T T T v T 4 [ >
0 2000 4000 6000 8000 10000
F,(N)
(@
2.0 T T T T T T v T

0.0 + ' T ’ T ! T ¥ T .
0 2000 4000 6000 8000 10000

F, ()
(b)
Figure 9

43



2.0

I 1 I I
1.5 1 -
P,,=40000N
= P,,=20000N
S 50 g
2
PD2=
0.5 1 =
0.0 T T T . T T T
0 2000 4000 6000 8000 10000
F,(N)
(a)
2.0 T v T y T T
Q,=4000rpm
1.5 - -
<10
= ] ]
Q,=7000rpm
0.5 1 Q,=10000rpm -
0.0 T 1 T ' T T P
0 2000 4000 6000 8000 10000
F.(N)

(b)
Figure 10

44



wy (1)

X 10’ %10
8 L
0f 6
& " 4 |
A ol
-2 /""\.\l\. 0 L
-3 -
2.4 2.9 2.
-3 (@)
5210 . _ 100
2t g
1 2 50]
L ._,.-' : ‘:I
X = o
-1 / =
2 \ y .- 50t
3t
-4 : ‘ ‘ ‘ -100 : : : :
24 29 34 39 4446 24 29 34 3.9 4446
P02 (N) ><105 P02 (N) X105
(c) (d)
Figure 11

45



wl{m}
o o N A o AN

w3{m}
Ko O s €3 RO o o S RS &)

x103

507

(&)
o

Max Lfm 1i11116v él]]ﬁlné-llt
(=]

-100

Pox (V)

5
© x10

Figure 12

46

A 2.9 3.4 3.9 4446 24

3.4
Poz2 (N)
()




w, ()

wS{m}
Y, I A RN SN OISO

o A o Ao oW

x107

2.9

34
Po2 (N)
(c)

39

=3 100 A
4446 24 29

Figure 13

47

3.4
Po2 (N)
d)

99

4446
><105



%107

6 8
2 4 1
i g
< 3 M ’ h
&
-6 -4 1
-10 : : : -8 : . : :
-0.01 -0.005 0 0.005 0.01 495 496 497 498 499 50
wy (m) t(s)
4 @ 10 x 107 )
2t 5
O E
g ?0
i ol
-4 M M _5 i A M i
5 0 5 10 495 496 49.7 498 499 50
WZ(m) 10_4 3 t(S)
X ) d
10 (c) . i x10™ _@
5t 1 2 1
|
20 @oH»MH km ﬂ n‘
5 {2 | X
-10 . - . -4 : . : :
4 2 0 2 4 495 496 49.7 498 499 50
t(s)
9
.?lu:ggo
. .'... e.:o
. l: . e
-2 0 2 4
wy (m) -3
© ) x10

Figure 14

48



%1073

10 8
E £o HN | |
5 -5t Y '
10} K
-0.01 -0.005 0 0.005 0.01 495 496 49.7 498 499 50
t(s)
-3 ®)
4 1 x10
2 0.5
%‘ 0 £ 0]
=2} “0.5
-4 -1 .
-1 495 496 49.7 498 499 50
t(s)
5 %1073 ' ' )
£ f
= |
-5 |
-5 ? ) 5 495 496 49.7( )49.8 49.9 50
w3 (m =3 t(s
(e) x10 (f)
3 5
X1O .
54 .,.',;... St A?'-ﬁ.?' s
o
E o B2 | Mo
[} = . o
2 Tl o
-15.
; ?(O 0 0.01 10
AT TR 4 001 K wy ) :
2) (h) x10
Figure 15

49



wy ()

w ()

><10'3‘

-1
_3-
_7-
11
-15¢
o o
1 105 11 115 12 125 13 1 105 11 115 12 125 13
F. N x10° F. O x10°
-3 (a) (®)
2><10 | | | | 150 | | .
g
0t 15100
2| S
=
At B Or
67 fe o0
12
g ) —————
1 105 11 115 12 125 13 1 105 11 16 12 185 13
F. N «10° F. ) 10°
(c) (1))
Figure 16

50



w (e}

'
[{=]

-18

Wy (1)

a0 x10°

[l ' '
D L —

12
157

UMb o o

3
L L s s ) _2 L L ) L L
1105 11 115 12 125 13 1 105 11 115 12 125 13
F. M x10° F r(b()N) x10°
-3 (a)
x10~ . . . 100
1z
g
R
g
5 0
g
PRl
=
=
I
1105 11 115 12 125 1. 1 105 14 115 12 125 13
Fo %10° F. (N) 10°
) (d)
Figure 17

51



x0° x10°

-1 3
_3-
2.
_6-
B9
Rt
151
g .
1 105 11 115 12 125 13 1 105 11 115 12 125 13
F. ) %10° F. (N) «10°
-3 (@) )
x10
YA 45() ———————
g
0t R
EQ % 50+
g4 Bl
2
6t {2 50
=
g P
1 105 11 115 12 125 1. 1 100 11 115 12 125 13
F. (N) ©10° F. (N) 0P
(c) @)
Figure 18

52



40 - : - 0.02
20t
)
20
£
_20.
-40 ‘ : -0.02 - . : :
-0.02  -0.01 0 0.01 002 495 496 497 498 499
t(s)
-3 b
2><10 _ (b)

50

d)
0.01
20
-";_I‘- -
2o £y
Ny S
-20
-40 : - - -0.01
-0.01 -0.005 0 0.005 0.01 495 496 49.7 498 499 50
w3 (m) t(s)
(e) )
40 -
0.01
20 Sy
— oy i . anis
E o g .
m - t : Y
& a 0 . . .‘?
-0.0;
0.02 5,
% 0 001  -0.005 0 0.005  0.01
<107 By 2 002 GNP | | ’ :
“’1(’")
9] (h)

Figure 19

53



40
20t
T
£ o
&
-20 ¢
_40 i i . p .02 . " " .
-0.02  -0.01 0 0.01 0.02 495 496 497 498 499 50
Wl(m) 3 t(S)
i ()
20 (@) g x10~ —
10¢
£ 0
£
10t
..20 = = — _2 s s N N
-2 -1 0 1 2 495 496 497 498 499 50
wo(m) 3 t(s)
(© x10 (d)
40 » 0.01 .
20
T
£ of
&
-20 ¢
_40 " i . -0. " " " "
-0.01  -0.005 0 0.005 0.01 495 496 497 498 499 50
“’3(’") L(s)
(e) 0
20 y
e ..z
- S :
.0 . . .
- Ny 0 (4
107 K7 5 AN -0.01  -0.005 0 0.005  0.01
2 -0.02 wy ()
® (h)
Figure 20

54



Figures

In-plane load P,
_caused by tip leakage flow

Manmrse load F

fal

w0 \® | Y

Figure 1

Figure 1

The dynamic model of the functionally graded graphene platelet (FGGP) reinforced rotating pretwisted
composite blade under the axial and transverse excitations is given, (a) model, (b) cantilever plate model
and coordinate systems.
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The sketch map of the airflow and axial load on the tip clearance of the blade is given, (a) airflow passes
through tip clearance, (b) distribution for axial load in tip clearance
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The sketch map of different graphene platelet distribution types is obtained.
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Figure 4

The first third vibration mode shapes are obtained for the FGGP reinforced rotating pretwisted composite
cantilever rectangular plate, (a) first-order bending vibration mode, (b) first-order torsional vibration mode,
(c) second-order bending vibration mode.
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Figure 5

The amplitude-frequency response curves are obtained for the graphene platelet reinforced rotating
pretwisted composite cantilever plate with three different vibration modes and three different distribution
types, (a) amplitude-frequency response curves of X pattern graphene platelet reinforced plate with three
different vibration modes, (b) amplitude-frequency response curves of first-order bending vibration with
three different distribution types.
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Please see the Manuscript PDF file for the complete figure caption.



) forward direction -------- backward direction

30 P,,=0

o2

1-.'|.I’I':

0.0

BT T T S [Fea P FESLE Ry Dy et N
06 07 08 09 10 11 12 13 14 15 18 17
Q/w,

3'-5"1-1'|r|-|{a¥I

€2 =4000rpm

T T T T | L L

3.0 4
(2 =T7000rpm
2.5+
€ =10000rpm

2.0
=
" 45
1.0
0.5
0.0 +——r—r—T——T""T""T T T T T T
06 07 08 09 10 11 12 13 14 15 16 17
Q lw,
(&)
Figure 7
Figure 7

Please see the Manuscript PDF file for the complete figure caption.



2.0 T T T T ¥ T T T
First-order bending
{w jfi'l'}
1.5+ -
_= .
;= 1.0 4 Second-order bending =
{“'I'g'llh}
0.5+ -
First-order torsional
(w./h)
0.0 i 1 - | - I 2 1 =
0 2000 4000 &oo00 8000 10000
F_(N)
(a)
2.5 T T L I ¥ | o |
X pattern
2.0 U pattern 4
O pattern
1.5 =
E‘_
1.04 -
0.5 4 -
0.0 z T " T T T T T !
0 2000 4000 6000 &000 10000
F_(N)
(&)
Figure &
Figure 8

The force-amplitude response curves are obtained for the graphene platelet reinforced rotating pretwisted
composite cantilever plate with three different vibration modes and three different distribution types, (a)
force-amplitude response curves of X pattern graphene platelet reinforced plate with three different
vibration modes, (b) force-amplitude response curves of first-order bending vibration mode with three
different distribution types.
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