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Abstract 

 

The primary resonance and nonlinear vibrations of the functionally graded graphene 

platelet (FGGP) reinforced rotating pretwisted composite blade under combined the 

external and multiple parametric excitations are investigated with three different 

distribution patterns. The FGGP reinforced rotating pretwisted composite blade is 

simplified to the rotating pretwisted composite cantilever plate reinforced by the 

functionally graded graphene platelet. It is novel to simplify the leakage of the air flow in 

the tip clearance to the non-uniform axial excitation. The rotating speed of the steady-state 

adding a small periodic perturbation is considered. The aerodynamic load subjecting to the 

surface of the plate is simulated as the transverse excitation. Utilizing the first-order shear 

deformation theory, von-Karman nonlinear geometric relationship, Lagrange equation and 

mode functions satisfying the boundary conditions, three-degree-of-freedom nonlinear 

ordinary differential equations of motion are derived for the FGGP reinforced rotating 

pretwisted composite cantilever plate under combined the external and multiple parametric 

excitations. The primary resonance and nonlinear dynamic behaviors of the FGGP 

reinforced rotating pretwisted composite cantilever plate are analyzed by Runge-Kutta 

method. The amplitude-frequency response curves，force-frequency response curves, 

bifurcation diagrams, maximum Lyapunov exponent, phase portraits, waveforms and 

Poincare map are obtained to investigate the nonlinear dynamic responses of the FGGP 

reinforced rotating pretwisted composite cantilever plate under combined the external and 

multiple parametric excitations. 

 

Key words: Rotating pretwisted composite blade, graphene platelet, leakage of air flow, 

external and multiple parametric excitations, chaotic vibrations  
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1. Introduction 

 

As a key component of the aero engine, the blade is crucial to the flight safety. To 

improve the flight efficiency and to enhance the thrust-weight ratio of the aero engine, the 

composite materials with the lighter and better mechanical properties are applied in the 

airplane and is highly significant. The graphene, as an advanced carbon nano material, has 

been widely researched in recent years. The characteristics of the low mass density and 

excellent mechanical performance of the graphene reinforcements make it extremely 

meaningful to apply in the blade. The service environment of the rotating blade is complex 

and changeable, which subjects to various excitations, such as the aerodynamic excitation, 

centrifugal force and thermal stress. During the airplane flight, the primary resonance and 

nonlinear vibrations of the blade often happen. The blade can be simplified to the rotating 

pretwisted composite cantilever plate. It is necessary for us to research the primary 

resonance and nonlinear vibrations of the rotating pretwisted composite cantilever plate 

reinforced the functionally graded graphene platelet (FGGP) under combined the external 

and multiple parametric excitations. The novelty of this paper is to simplify the leakage of 

the air flow in the tip clearance to the non-uniform axial excitation. It is found that the 

axial excitation and distribution of the graphene have significant influences on the primary 

resonance and nonlinear vibrations of the FGGP reinforced rotating pretwisted composite 

cantilever plate.  

Because of the excellent mechanical properties, the graphene reinforced composites 

have attracted attentions for many researchers. The buckling and post-buckling properties 

of the FGGP reinforced beams were investigated by Yang et al [1]. Chen et al. [2] used 

Timoshenko beam theory to research the nonlinear vibrations and post-buckling on the 

porous nano-composite beams reinforced by the graphene platelets. Based on the 

non-uniform rational B-spline formulation, Kiani [3] investigated the large amplitude free 

vibration of the FGGP reinforced plate and took into account the influence of the 

temperature on the material properties. Mao and Zhang [4,5] investigated on the vibration 

and stability of the piezoelectric composite plate reinforced by the graphene platelets. 

Based on the high-order shear deformation theory, Wang et al. [6] presented an 

investigation on the frequency and bending behaviors of the graphene platelet reinforced 

doubly-curved shallow shell. Zhao et al. [7] employed the finite element method to 

research the nonlinear bending problems of the FGGP reinforced trapezoidal plate and 

discussed the influence of the bottom angle on the bending characteristics of the 



4 

trapezoidal plates. Considering an open edge crack, Tam et al. [8] explored the nonlinear 

bending of the functionally graded graphene reinforced beam.  

Due to the complexity of the geometry features for the blade, many scholars 

simplified it as the rotating beam with the high aspect ratio, rotating plate and rotating 

shell with the low aspect ratio to analyze the vibration. The linear vibration characteristics 

of the rotating blades were studied by many researches. Gupta and Rao [9] presented an 

analysis of the torsional frequencies on the pretwisted cantilever plate. The frequency and 

critical load of the thick rotating blades with cracked were investigated by Chen et al. [10]. 

Sun et al. [11,12] respectively proposed the plate model and shell model to study the free 

vibration of a rotating pretwisted blade. Cao et al. [13] applied the first-order deformation 

theory to investigate the free vibration of a sandwich blade considering the thermal barrier 

coating layers. In [14], a thick shell theory was employed to analyze the linear vibration of 

the rotating pretwisted functionally grade sandwich blade. The model considering the 

couple effect among the stretching, bending and torsion was proposed by Oh and Yoo [15]. 

The shallow shell theory was utilized in [16] to study the influence of the initial geometric 

imperfection on the linear frequency and mode of the rotating pretwisted panel. Using 

Chebyshev-Ritz method, Niu et al. [17] and Zhang et al. [18] respectively analyzed the 

natural vibration of the rotating pretwisted functionally graded composite cylindrical blade 

and tapered blade reinforced with the graphene platelets. The free vibrations of a rotating 

pretwisted beam under the axial loading were studied by Ondra and Titurus [19]. Gu et al. 

[20] presented a shallow shell model to investigate the dynamic stability of a rotating 

twisted plate considering the initial imperfection. Using the couple model, Zhao et al. [21] 

researched the free vibration of a rotating pretwisted blade-shaft reinforced by graphene 

platelets. Maji and Singh [22] investigated the free vibration of the rotating cylindrical 

shell by using the third-order shear deformation theory. Based on the shallow shell theory, 

Li and Cheng [23] used the variable thickness model to study the free vibration of the 

rotating pre-twisted blades. Xiang et al. [24] adopted the shell model to research the free 

vibration of the composite blade.  

The vibration behaviors of the blade could not be solved completely by the linear 

vibration theory. The nonlinear vibration theory was introduced into the blade vibration 

analysis. Avramov et al. [25] investigated the flexural-flexural-torsional nonlinear 

vibrations of the rotating beam. Wang and Zhang [26] considered the geometric nonlinear 

model to study the stability and bifurcations of the rotating blade. Arvin et al. [27] applied 

the flapping nonlinear normal modes to analyze 2:1 internal resonances. Considering the 
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influence of varying rotating speed, Yao et al. [28] explored the nonlinear vibrations of the 

blade. Bekhoucha et al. [29] utilized Galerkin and harmonic balance methods to research 

the nonlinear forced vibrations of the rotating beam. Based on Galerkin and multiple scale 

methods, Arvin and Lacarbonara [30] investigated the nonlinear dynamic responses of the 

rotating beam. Yao et al. [31] employed a pre-twisted, presetting and thin walled rotating 

beam model to analyzed 2:1 internal resonance and primary resonance of the compressor 

blade. Zhang and Li [32] studied the nonlinear vibrations of the rotating blade. Wang et al. 

[33] used a two-degree-of-freedom model to analyze 1:1 internal resonance of the turbine 

blade under the air flows. Roy and Meguid [34] investigated the nonlinear transient 

dynamic responses of a rotating blade. Bai et al [35] developed a new method to promote 

the computational efficiency of the vibration characteristics and reliability analysis. Yao et 

al. [36] employed the cylindrical shell model to study the nonlinear dynamic responses of 

the rotating blade. Using the vortex lattice method, Zhang et al. [37] developed an analysis 

method of the nonlinear resonances for a rotating composite blade under the subsonic flow 

excitation. Niu et al. [38] utilized the backward differentiation formula and Runge-Kutta 

Algorithm to analyze the nonlinear transient responses of the rotating FGM cylindrical 

panel. Considering the effect of varying cross-section and aerodynamic force, Zhang et al. 

[39] researched the nonlinear vibrations and internal resonance of a rotating blade. Hao et 

al. [40] investigated the nonlinear transient responses of a rotating pretwisted cantilever 

plate. Zhang et al. [41] considered the strong gas pressure to study the super-harmonic 

resonances of a rotating pre-deformed blade.   

The literature reviews indicate that applying the graphene composites with the 

superior properties to the rotating blade is highly meaningful. Studying the nonlinear 

vibrations and resonances of the rotating blade are very important to the blade designs and 

failure analysis. Few analyses can be found on the primary resonance and nonlinear 

vibrations of the FGGP reinforced composite blade under the non-uniform axial excitation 

generated by leakage flow at the tip clearance. In this paper, the primary resonance and 

nonlinear dynamic responses of the FGGP reinforced rotating pretwisted composite 

cantilever plate with three different distribution patterns are studied by considering the 

external and multiple parametric excitations. The load generated by the leakage flow at the 

tip clearance is simplified to the non-uniform axial excitation. There exists the rotating 

speed of the steady-state adding a small periodic perturbation. The aerodynamic load 

subjecting to the surface of the blade is simplified to the transverse excitation. Utilizing 

the first-order shear deformation theory, von-Karman nonlinear geometric relationship, 
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Lagrange equation and mode functions satisfying the boundary conditions, 

three-degree-of-freedom nonlinear ordinary differential governing equations of motion are 

derived for the FGGP reinforced rotating pretwisted composite cantilever plate. 

Runge-Kutta method is applied to analyze the primary resonance and nonlinear dynamics 

of the rotating pretwisted composite cantilever plate under the axial and transverse 

excitations. The amplitude-frequency and force-frequency response curves, bifurcation 

diagrams, maximum Lyapunov exponent, phase portraits, waveforms and Poincare map 

are obtained to investigate the nonlinear dynamic responses of the FGGP reinforced 

rotating pretwisted composite cantilever plate under combined the external and multiple 

parametric excitations. 

 

2. Dynamic Modeling of Vibration 

 

The theoretical formulation is derived for a blade, which is simplified to a FGGP 

reinforced rotating pretwisted composite cantilever plate. The aerodynamic load subjects 

to the surface of the rotating pretwisted composite cantilever plate. The leakage flows 

generated at the tip clearance is simulated as the non-uniform axial excitation. The rotating 

pretwisted composite cantilever plate is subjected to the varying rotating speed. Therefore, 

the rotating pretwisted composite cantilever plate is subjected to the transverse and 

multiple parametric excitations. The length, width and thickness of the FGGP reinforced 

rotating pretwisted composite cantilever plate respectively are a , b  and h .  

There are four coordinate systems to describe the model of the blade, as shown in 

Figures 1(a) and 1(b). The coordinate system ( )111 ,, ZYX  is defined on the center of the 

rotating disk with the radius R and rotating speed  . The rotating pretwisted composite 

cantilever plate is fixed on the disk. The coordinate system ( )ZYX ,,  is defined on the 

center of the root for the pretwisted composite cantilever plate, in which the axes X  and 

Y  respectively parallel to 
1X  and 

1Y , and the axis Z  coincides with the axis 
1Z . The 

coordinate system ( )00 ,, zyx  is obtained by rotating the coordinate system ( )ZYX ,,  at 

angle φ  around the axis Z , in which the axis 0y  coincides with the median of the 

cantilever plate root. The unit vector in the coordinate system ( )00 ,, zyx  is denoted as 

( )k,j,i . The coordinate system ( )zyx ,,  is defined to describe the pretwisted of the 

cantilever plate. The y  axis is equal to the 0y  axis on the root of the cantilever plate. 
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The pretwisted angle is denoted as θ  at the top of the cantilever plate. The twist rate is 

assumed to be the linear distribution from the root to tip of the plate, which is denoted as 

a/= .    

As show in Figure 1(a), the aerodynamic load subjects to the surface of the blade in 

transverse direction and is simplified to the transverse excitation F . Besides, the load on 

the top of the plate is induced by the leakage flows at the tip clearance. Based on reference 

[42], the sketch map of the airflow through the tip clearance of the blade is obtained, as 

shown in Figure 2(a). It is found that the aerodynamic load on the edge of the blade tip is 

small due to the presence of the separation bubble and reaches the maximum value maxP  

after the gas flows goes into the tip clearance. Then, the pressure on the top of the blade 

gradually diminishes. Therefore, the aerodynamic load on the blade tip is simplified to the 

non-uniform axial excitation, as shown in Figure 2(b).  

The non-uniform axial excitation inP  of the FGGP reinforced rotating pretwisted 

composite cantilever plate is expressed as   

( ) 0303max 2
4

P
h

z
PPPin +






 +−−= , 






 

24

h
z

h
,              (1a) 

( ) 0303max
3

2

3

4
P

h

z
PPPin +






 +−= , 






 −

42

h
z

h
,             (1b) 

030210max )cos( PtPPP ++= ,                        (1c) 

where 10P  and 03P

 

are the static part of the axial excitation,
 20P  is the static part and 

dynamic part of the axial excitation,   is the frequency of the dynamic part for the axial 

excitation.  

The aerodynamic load subjects to the surface of the blade and is simulated as the 

transverse excitation with the harmonic form. Therefore, the transverse excitation F  of 

the FGGP reinforced rotating pretwisted composite cantilever plate is written as   

)cos( 1tFF =  ,                           (2) 

where F
 
and 

1  are the amplitude and frequency of the transverse excitation, 

respectively.   

 As show in Figure 1(b), the location vector 0r  on the middle surface of the rotating 

pretwisted composite cantilever plate is obtained as    

kjir0 )sin()cos( xyxyx ++= .                     (3) 

Using the method given in reference [12], Lame parameters of the FGGP reinforced 
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rotating pretwisted composite cantilever plate are written as 

  221 yA +== x0,r ,                        (4a) 

1== yB 0,r .                            (4b) 

The unit vector ( )321 a,a,a  in the coordinate ( )zyx ,,  is obtained as  

( ) ( )( )kji
r

a
x0,

1 xyxy
AA

+−== cossin
1

,                  (5a) 

( ) ( )kj
r

a
0,

xx
B

y +== sincos2 ,                        (5b) 

( ) ( )( )kjiaaa xxy
A

+−−== cossin
1

213 .                 (5c) 

To describe the pretwisted properties of the rotating composite cantilever plate, the 

second quadratic form 2φ  is derived as 

 22

2 2φ NdyMdxdyLdx ++= ,                       (6a) 

     0== xx0,3 raL ,                            (6b) 

221 y
M

+


== xy0,3 ra ,

                        (6c) 

0== yy0,3 raN .                            (6d) 

The radii 
xR  and 

yR  respectively are located in the x and y directions. The radii 

xR , 
yR  and twisted rate 

xyR  are obtained by  

0
1

2
==

A

L

Rx

,                           (7a) 

  0
1

2
==

B

N

Ry

,                           (7b) 

221

1

yAB

M

Rxy +


== .                        (7c) 

The FGGP reinforced rotating pretwisted composite cantilever plate is composed of 

LN  layers with the same thickness 
LNhh /= , as shown in Figure 3. The reinforcement 

and matrix of the rotating pretwisted composite cantilever plate are the graphene platelets 

and epoxy polymer, respectively. It is seen from Figure 3 that in each layer, the graphene 

platelets are uniformly dispersed in the epoxy polymer. The darker colors represent the 

more graphene platelets. The graphene platelets are uniformly distributed among the 
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whole plate, calling as the U pattern, see Figure 3(a). The plate with the O pattern 

exhibited in Figure 3(b) demonstrates that in the middle layer, the graphene platelet 

contents are high. From the middle layer to the upper and lower surfaces, the graphene 

platelets decrease gradually. The plate with the X pattern has the opposite distribution 

pattern with the O pattern, as shown in Figure 3(c).  

Based on reference [17], the volume fractions )(k

GV  ( )LNk ,...,2,1=  of the kth layer 

graphene platelet are written as   

pattern U 

*)(

G

k

G VV = ,                             (8a) 

pattern O 

( )LLG

k

G NNkVV /1212 *)( −−−= ,                    (8b) 

pattern X 

 LLG

k

G NNkVV /122 *)( −−= ,                      (8c) 

where *

GV  ( )LNk ,...,2,1=  denote the total volume fractions of the graphene platelets  

( )( )MGGG

G
G

ff

f
V

−+
=

/1

*

,                       (9) 

and Gf  
is the total weight fraction of the graphene platelets, G  and 

M  respectively 

denote the densities of the graphene platelets and epoxy polymer.   

Based on Halpin-Tsai model [1], the effective Young modulus )(k

cE  of the kth layer 

for the FGGP reinforced rotating pretwisted composite cantilever plate is calculated as 

Mk

Gw

k

Gww
Mk

GL

k

GLLk

c E
V

V
E

V

V
E 

−
+

+
−
+

=
)(

)(

)(

)(
)(

1

1

8

5

1

1

8

3
,              (10) 

where 

L

M

G

M

G

L

E

E

E

E

+








−








=
1

, 
G

G
L

h

l2
= ,                     (11a) 

w

M

G

M

G

w

E

E

E

E

+








−








=

1

, 
G

G
w

h

w2
= ,                    (11b) 

where Gl , Gw  and Gh  are the length, width and height of the graphene platelets, 
ME  
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and GE  respectively denote Young's moduli of the epoxy polymer and graphene 

platelets.    

The )(k

cv  and )(k

c  are Poisson ratios and density of the kth layer for the graphene 

platelets, respectively  

( ))()()( 1 k

GM

k

GG

k

c VvVvv −+= ,
 

( ))()()( 1 k

GM

k

GG

k

c VV −+= . 
          

(12) 

The displacement components 0u , 0v  and 0w  along the directions xO1 , yO1  

and zO1  of the FGGP reinforced rotating pretwisted composite cantilever plate are 

obtained by using the first-order shear deformation theory 

xzuu += 0 ,                            (13a) 

yzvv += 0 ,                            (13b) 

0ww = ,                                (13c) 

where 0u , 0v  and 0w  are located in the middle surface along the directions ( )zyx ,, , 

respectively, x  and y  are the angles along the axes y and x, respectively. 

The strain displacement relations of the FGGP reinforced rotating pretwisted 

composite cantilever plate are  

2

2
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2
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w

y

v

y

yy ,             (14a) 

xy

xy
R

w

y

w

x

w

x

v

y

u 2
+







+



+



= , 
xyy

yz
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u

R

v
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
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
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xyx

xz
R

v

R

u

x

w

z

u 00 −−



+



= .                      (14c) 

Substituting equation (14) into equation (13), the strains can be written as 

)1()0(

xxxxxx z+= , 
)1()0(

yyyyyy z+= , 
)1()0(
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yzyz = ,    (15) 
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The relation between the stress and the strain of the kth layer FGGP reinforced 

rotating pretwisted composite cantilever plate are given as 
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The strain energy for the FGGP reinforced rotating pretwisted composite cantilever 

plate is expressed as 

( )dVU yz
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where 

( )

( )

( )

( )

( )
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
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




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
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

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








+




































=

















1

1

1

66

2221

1211

0

0

0

66

2221
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0

0
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0

0
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A
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N

N

N

,          (20a) 
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( )
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( ) 


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

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
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

















+




































=

















1

1

1

66

2221

1211

0

0

0
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00
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0
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0
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M

M

M

,         (20b) 





















=








)0(

)0(

55

44

0

0

xz

yz

x

y

A

A
K

Q

Q
,                    (20c) 


=

+

=
L

k

k

N

k

z

z

k

ijij dzQA

1

)(
1

, 
=

+

=
L

k

k

N

k

z

z

k

ijij zdzQB

1

)(
1

, 
=

+

=
L

k

k

N

k

z

z

k

ijij dzzQD

1

2)(
1

,     (20d)  

where the K is shear correction factor and equal to 5/6.  

Considering the effect of the deformation, any point location vector of the FGGP 

reinforced rotating pretwisted composite cantilever plate is written as    

321 aaakjir )()sin()cos( zwvuxyxyx ++++++=  
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( ) 





 ++++−+






 

−+


−= )cos()()sin(
1

xvyxwuyz
AA

wy

A

u

A

zy
x i  

( ) k





 +++++ )sin()()cos(

1
xvyxwuyz

A
.                         (21) 

Considering a small periodic perturbation, the rotation speed vector Ω  can be 

derived as  

kjΩ )sin()cos( −= ,                     (22a) 

tf p )cos(0 += ,                       (22b) 

where 0  is the steady-state rotating spee, f  and p  respectively represent the 

periodic perturbation amplitude and frequency of the rotating speed.    

The total speed 
Tv

 
about the rotating pretwisted composite cantilever plate consists 

of the rotating speed component
 sv  and deformation speed component dv . The rotating 

speed component
 sv  is obtained as  

kjirΩv s zyx VVV ++== ,                      (23) 

where 

( ) ( ) 





 ++++++= )cos(

1
)sin( xwwyz

A
xvyVx ,          (24a) 

( ) )sin(
1







 −+−+= wyuzy

A
xRVy ,                (24b) 

( ) )cos(
1







 −+−+= wyuzy

A
xRVz .                (24c) 

The deformation speed component dv  is given as  

321 aaa
r

v
dt

dw

dt

dv

dt

du

dt

d
d ++== .                  (25) 

The total speed 
Tv  can be expressed as 

sdT vvv += .                          (26) 

Substituting equations (24) and (25) to equation (26), the components ( )321 ,, VVV  

of the total speed 
Tv  in the direction ( )zyx ,,  are derived as    







 

−+


−+
+

−+==
A

wy

A

u

A

zy
xR

A

xyq

A

V
uV x )cos(

1


1T av ,       (27a) 







 

−+


−++−==
A

wy

A

u

A

zy
xRxvV )sin(22

avT ,              (27b) 
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

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A
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Vy
wV x )cos(

33
avT ,       (27c) 

where a point denotes the first-order derivative with respect to the time.   

The kinetic energy T  of the FGGP reinforced rotating pretwisted composite cantilever 

plate is derived as  

( )
=

+

=
L

k

k

N

k

z

z
i

k

c dVVT

1

2
1

2

1
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2222
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2

1
  



 

−++

+
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A
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xR

A
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A

xuyq 2

2
)cos(

)sin(
)cos(

 

(R
A
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A
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A
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u

A

wy

A

u 


)cos(2)cos()sin(
2

2

2 +
−


+

+

 +

+



−+  

( )sin(
2

)sin(2 +


−





 

−++−

−+ xy

A

wy

A

zy
xRvx

A

zy
x


  



 ++






 
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−
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+ )sin(
2)cos(2)cos(

x
A
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A
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xR

A
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A

xz 
 

)sin(
2

)cos(2)cos(2)sin(
2

+


++−+++− x
A

vwy
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A
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


 

dVx
A

vwy


+


− )sin(

2 
,                                         (28) 

The components 1cN , 2cN  and 3cN
 
of the centrifugal force  in the directions 

( )321 a,a,a  are obtained as    

AdxN
a

x
c  = 1c aF1 , dyN

b

y
c 


=

2/

2 2c aF , 3c aF =3cN ,            (29) 

where 

( ) kjirΩΩFc czcycx FFF ++=−= ,                  (30a) 







 

++=
A

zy
xRF

k

ccx

2)(
,                       (30b) 

( )





 +++= sin)cos()sin(2)(

x
A

z
xyF

k

ccy ,             (30c) 

)cos()cos()sin(2)( 





 +++= x

A

z
xyF

k

ccz .            (30d)  
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The potential energy pU  of the centrifugal force is given as 

( )
=

+

++=
L

k

k

N

k

z

z
cccp dVuNuNuNU

1

332211

1

,                (31) 

where displacements
 iu  )3,2,1( =i

 
of the centrifugal force [12,13] are given as  





















+









+=
2

0

2

0

01
2

1

x

v

x

w
uu ,                     (32a) 

























+










+=
2

0

2

0

02
2

1

y

u

y

w
vu ,                     (32b) 

03 wu = .                                         (32c) 

Rayleigh dissipation function fD  on the structural damping of the rotating 

pretwisted composite cantilever plate is written as follows  

dSwD f

2

0
2

1
=  ,                           (33) 

where   is the damping coefficient.   

The potential energy inU  of the non-uniform axial excitation inP  and energy 
FW  

of the transverse excitation F  are expressed as    

( ) 









+=









=
sv

in

in dS
x

w
PPdV

x

w

h

P
U

2

0

03max

2

0

4

1

2

1
,          (34a) 

=
s

F dSFwW 0 .                           (34b) 

The cantilever boundary of the FGGP reinforced rotating pretwisted composite plate 

is clamped at the edge 0=x  and is free at the edges ax = , 
2

b
y −=  and 

2

b
y = , 

namely  

0=x : 0000 ======= yxyxvuw .               (35) 

The first-order bending, second-order bending and first-order torsional vibration 

modes are considered, as shown in Figure 4. According to reference [43], the expansion of 

the middle surface displacement 0w  for the rotating pretwisted composite cantilever plate 

is given as     

)()()()()()()()()(),,( 1232121110 yYxXtwyYxXtwyYxXtwtyxw ++= ,      (36) 
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where 
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(37a) 

1)(1 =yY , 





=

b

y
yY

2
3)(2 ,                     (37b) 

where  

ii

ii
i +

+
=

coscosh

sinsinh
, ( )2,1=i ,                     (38) 

and i  is the solution of the equation as follows   

01coshcos =+ ii , ( )2,1=i .

                     

(39) 

The 0u , 0v , x , y , x  and y  are given as    
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Based on Lagrange function, the governing equations of motion for the FGGP 

reinforced rotating pretwisted composite cantilever plate are derived as   
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where  )(),(),(),(),(),(),(),(),(),(),(,)( 113213211321 ttttttwtwtwtvtututu xyxxxi =q
 

( ) ( ) ( )Tyxx ttt 132 ,,  .  

The transverse vibration is the main vibration of the rotating pretwisted composite 

cantilever plate. Solving equation (41) on the in-plane displacement terms 0u , 0v
 
and 

rotatory terms x , y , x  and 
y , the in-plane displacements and rotatory inertia 

terms are transformed into the transverse displacement 0w . Substituting the displacements 

0u , 0v , x , y , x  and 
y  into the ordinary differential equation of the transverse 

displacement 0w , three-degree-of-freedom nonlinear dynamical system on the transverse 

vibration of the FGGP reinforced rotating pretwisted composite cantilever plate are written 

as    

( ) 1023121
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( )( ) ( ) 3027336

22

35103104331 )cos()cos()(cos2 wtPntfntfnwPPnm pp ++++++  
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2
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3
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 )cos( 1311

3

33103

2
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2
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2
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where ij )32,1,3,2,1( ，== ji are the damping coefficients, ijm  )3,2,1( =i  

)11,,2,1( =j  are the stiffness coefficients, and ijn  )8,.2,1,3,2,1( == ji
 
are the 

excitation coefficients. 

In the following analyses, we will investigate the primary resonance and nonlinear 

dynamic behaviors of the FGGP reinforced rotating pretwisted composite cantilever plate 

under the axial and transverse excitations in equation (42). The amplitude-frequency 

response curves, bifurcation diagrams, maximum Lyapunov exponent, phase portraits, 

waveforms and Poincare map are obtained by using Runge-Kutta method. 

 

3. Amplitude-Frequency and Force- Amplitude Response Curves 

 

Runge-Kutta methods are used to analyze the primary resonance of the FGGP 

reinforced rotating pretwisted composite cantilever plate under combined the external and 

multiple parametric excitations. Unless otherwise stated, the physical dimension and 

material parameters are given as follows 

m.a 280= , m.b 10= , m.h 0040= , 45= , m.R 10= , 18= , rpm40000 = ,  

02=N , 
3/1060 mkgG = , 3/1200 mkgM = , TPaEG 01.1= , GPaEM 0.3= ,  

34.0=Mv , 186.0=Gv , %1=Gf , mlG = 5.2 , mwG = 5.1 , nmhG 5.1= ,  

Nf 1= , Hzp 191= , Hz1911 = , NP 160010 = , Hz191= , NP 400002 = ,  

NP 20030 = , NF 7000= . 

Figure 5(a) depicts the amplitude-frequency response curves of the X pattern 

graphene platelet reinforced rotating pretwisted composite cantilever plate with three 

different vibration modes. Ignoring the nonlinear and damping terms, and external load in 

equation (42), the natural frequencies are determined from the eigenvalue problem of 

equation (42). The 1  is the first-order natural frequency of the X pattern graphene 

platelet reinforced rotating pretwisted composite cantilever plate. The blue solid line 

indicates forward direction sweep frequency and the red dotted line denotes backward 

direction sweep frequency. It is found that the amplitudes of three different vibration 
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modes all increase when the primary resonance occurs and the hardening-spring 

characteristics of three different vibration modes exist for the X pattern graphene platelet 

reinforced rotating pretwisted composite cantilever plate. The amplitude is the highest 

value of the first-order bending vibration mode and is the lowest value of the first-order 

torsional vibration mode when the primary resonance of the first-order bending vibration 

mode occurs.  

The amplitude-frequency response curves of the first-order bending vibration mode 

are demonstrated for the graphene platelet reinforced rotating pretwisted composite 

cantilever plate under three different distribution types, as shown in Figure 5(b). 

Obviously, the hardening-spring characteristics are kept for the graphene platelet 

reinforced rotating pretwisted composite cantilever plate under three different distribution 

types. The frequency ratio 
11/  reaching the peak value of the primary resonance 

amplitude with the O pattern distribution has the least value and with the X pattern 

distribution has the highest value. The amplitude of the primary resonance peak with the O 

pattern distribution is the largest value in forward direction sweep frequency. The 

amplitude of the primary resonance peak with the X pattern distribution is the smallest 

value in forward direction sweep frequency. It is noticed that the amplitudes of the 

primary resonance peak for the O and X pattern distributions are close in backward 

direction sweep frequency.      

Figure 6(a) describes the amplitude-frequency response curves of the first-order 

bending vibration mode for the X pattern distribution graphene platelet reinforced rotating 

pretwisted composite cantilever plate under three different axial loads 10P . The larger the 

axial load 10P
 
is, the earlier the primary resonance occurs. The primary resonance peak is 

bigger under the larger axial load 10P . Moreover, the system remains the hardening-spring 

characteristic under three different axial loads 10P . Figure 6(b) gives the influence of 

three different transverse excitations F  on the amplitude-frequency curves of the 

first-order bending vibration mode for the X pattern distribution graphene platelet 

reinforced rotating pretwisted composite cantilever plate. It is observed that the 

hardening-spring characteristics remain for the X pattern graphene platelet reinforced 

rotating pretwisted composite cantilever plate under three different transverse excitations 

F . The lager the transverse excitation F  is, the more obvious the hard spring 

characteristics is. The larger transverse excitation F  of the system has the larger primary 
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resonance peak and primary resonance region.  

Figure 7(a) presents the influence of three different axial excitations 20P  on the 

amplitude-frequency response curves of the first-order bending vibration mode for the X 

pattern distribution graphene platelet reinforced rotating pretwisted composite cantilever 

plate. The frequency ratio 
11/  almost is same under three different axial excitations 

20P  when the primary resonance occurs. A hardening-spring characteristic under three 

different axial excitations 20P  is obtained for the system. The larger the axial excitation 

20P  is, the bigger the primary resonance peak is. Figure 7(b) describes the 

amplitude-frequency response curves of the first-order bending vibration mode for the X 

pattern distribution graphene platelet reinforced rotating pretwisted composite cantilever 

plate under three different rotating speeds
 0 . The primary resonance peak is highest 

when rpm40000 =  and is lowest when rpm100000 = . The hardening-spring 

characteristics are more obvious for the lower speed. The frequency ratio 
11/  reaching 

the peak value of the primary resonance is low when the low speed 0  exists.     

Figure 8(a) exhibits the force-amplitude response curves of the X pattern graphene 

platelet reinforced rotating pretwisted composite cantilever plate with three different 

vibration modes. It is found that the amplitudes among three different vibration modes 

increase for the X pattern graphene platelet reinforced rotating pretwisted composite 

cantilever plate with the increase of the transverse excitations F . The increase of the 

transverse excitation F  obviously affects the amplitude
 1w

 
of the first-order bending 

vibration mode. The effect on the amplitude 
2w

 
of the first-order torsional vibration 

mode is least. Figure 8(b) portrays the force-amplitude response curves of the first-order 

bending vibration for the graphene platelet reinforced rotating pretwisted composite 

cantilever plate under three different distribution types. It is concluded that the amplitudes 

increase with the increase of the transverse excitations F . Obviously, when NF 1930 , 

the X pattern cantilever plate has the largest amplitude and the O pattern cantilever plate 

has the least amplitude. When NFN 40241930   , the U pattern cantilever plate has 

the largest amplitude and the O pattern cantilever plate has the least amplitude. When 

NFN 04524024   , the U pattern cantilever plate has the largest amplitude and the X 

pattern cantilever plate has the least amplitude. When NF 2540 , the O pattern 

cantilever plate has the largest amplitude and the X pattern cantilever plate has the least 
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amplitude.     

The force-amplitude response curves of the first-order bending vibration mode are 

illustrated for the X pattern graphene platelet reinforced rotating pretwisted composite 

cantilever plate under three different axial loads 10P , as shown in Figure 9(a). When 

NF 0601 , the amplitudes with three different axial loads 10P  nearly equal. When 

NF 0601 , the amplitude of the rotating pretwisted composite cantilever plate is larger 

with the increase of the axial loads 10P . Figure 9(b) demonstrates the effect of the 

frequency ratio
 
( )5.1,0.1,0.5/ 11 =  on the force-amplitude response curves of the 

first-order bending vibration mode for the X pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate. When the frequency ratio 1.0/ 11 = , the 

amplitude of the rotating pretwisted composite cantilever plate is the largest value. In this 

case, the nonlinear characteristic of the curve is most obvious. The rotating pretwisted 

composite cantilever plate with the frequency ratio 0.5/ 11 =  has the second lager 

amplitude. The rotating pretwisted composite cantilever plate with the frequency ratio 

1.5/ 11 =  has the smallest amplitude.  

Figure 10(a) represents the influences of three different axial excitations 20P  on the 

force-amplitude response curves of the first-order bending vibration mode for the X 

pattern graphene platelet reinforced rotating pretwisted composite cantilever plate. It is 

found that the amplitudes are closer under three different axial excitations 20P  when 

NF 0301 . When NF 0301 , the amplitude is larger with the increase of the axial 

excitation 20P . Figure 10(b) describes the force-amplitude response curves of the 

first-order bending vibration mode for the X pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate with three different rotating speeds
 0 . It is noticed 

that the nonlinear characteristic is not obvious with the rpm70000 =  and 

rpm100000 = . Due to the dynamic stiffness of the rotating pretwisted composite 

cantilever plate, the amplitude is smaller with the increase of the rotating speed
 0 .    

 

4. Effect of Axial Excitation on Nonlinear Vibrations  

 

In this section, Runge-Kutta methods are used to analyze the nonlinear vibrations of 

the FGGP reinforced rotating pretwisted composite cantilever plates under combined the 
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external and multiple parametric excitations. The geometric and material parameters of the 

FGGP reinforced rotating pretwisted composite cantilever plate are listed as follows 

m.a 280= , m.b 10= , m.h 0040= , 45= , m.R 10= , 18= , rpm4000Ω = , 

02=N , 
3/1060 mkgG = , 3/1200 mkgM = , TPaEG 01.1= , GPaEM 0.3= ,  

Nf 1= , Hzp 191= , 34.0=Mv , 186.0=Gv , %1=Gf , mlG = 5.2 , 

mwG = 5.1 , nmhG 5.1= . NP 160010 = , NP 20030 = . 

According to equation (42), we research the influences of the axial excitations 02P  

on the nonlinear dynamic characteristics of the FGGP reinforced rotating pretwisted 

composite cantilever plate with three different distribution types.  

Figures 11-13 demonstrate the bifurcation diagrams and maximum Lyapunov 

exponent diagram of the graphene platelet reinforced rotating pretwisted composite 

cantilever plate with the X, U and O distribution patterns when the axial excitations 02P
 

increase from N
5104.2   to N

5104.6 , respectively. Figure (a) denotes the bifurcation 

diagram of the first-order bending vibration mode, namely, the relation of 
1w  versus 02P . 

Figure (b) represents the bifurcation diagram on the relation of 
2w  versus 02P

 
for the 

first-order torsion vibration mode. Figure (c) is the bifurcation diagram on the relation of 

3w  versus 02P
 
for the second-order bending vibration mode. Figure (d) illustrates the 

relation on the maximum Lyapunov exponent versus 02P . The transverse excitation 

frequency 
1Ω  

and axial excitation frequency 
 

all are Hz191 . The transverse 

excitation is NF
3107= . The initial conditions are chosen as 0014.01 −=w , 

0026.01 −=w , 002.02 −=w , 0011.02 −=w , 006.03 −=w , 002.03 −=w  and 0=t . It 

is clearly observed that the vibration laws of the FGGP reinforced rotating pretwisted 

composite cantilever plates are the periodic to chaotic vibrations through twice periodic 

doubling bifurcations, as shown in Figures 11-13. For the cases of the U and O distribution 

patterns shown in Figures 12 and 13, the FGGP reinforced rotating pretwisted composite 

cantilever plates have a small periodic window after the chaotic vibrations. In the X 

distribution pattern shown in Figure 11, the periodic window does not appear in the FGGP 

reinforced rotating pretwisted composite cantilever plate. 

Figure 11 demonstrates that in the periodic region ( )NNP
55

02 104.60~102.40  , 

twice period-doubling bifurcations occur for the X pattern graphene platelet reinforced 

rotating pretwisted composite cantilever plate when the axial excitations are 
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NP
5

02 103.566=  and NP
5

02 103.876= . The short chaotic vibrations appear 

between the periodic vibrations when the axial excitation 02P  is around N
5104.0 . 

When the axial excitation increases to NP
5

02 1004.2 = , the chaotic vibrations happen 

in the X pattern graphene platelet reinforced rotating pretwisted composite cantilever 

plate.  

Figure 12 exhibits that through a periodic region ( )NNP
55

02 103.76~102.40  , 

the chaotic vibrations occur for the U pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate when the axial excitation is NP
5

02 103.76= . In 

addition, a short periodic window exists when ( )NNP
55

02 104.40~104.34   in the 

chaotic region, which is denoted by a red circle. In the periodic region 

( )NNP
55

02 103.76~102.40  , twice period-doubling bifurcations happen in the U 

pattern graphene platelet reinforced rotating pretwisted composite cantilever plate when 

the NP
5

02 103.22=  and NP
5

02 103.58= .   

It is seen from Figure 13 that the periodic regions of the O pattern graphene platelet 

reinforced rotating pretwisted composite cantilever plate are respectively located in 

( )NNP
55

02 1003.4~102.40   and ( )NNP
55

02 104.07~103.94  . The chaotic 

regions of the O pattern graphene platelet reinforced rotating pretwisted composite 

cantilever plate are respectively located in ( )NNP
55

02 103.94~103.40   and 

( )NNP
55

02 1004.6~104.07  . The periodic region between two chaotic vibration 

regions in ( )NNP
55

02 104.07~103.94   is indicated by a green circle. When the 

axial excitations respectively are NP
5

02 102.86=  and NP
5

02 103.24= , there are 

two periodic doubling bifurcation windows in the bifurcation diagram. Lyapunov 

exponent shown in Figure 13(d) completely corresponds to the nonlinear vibrations in the 

bifurcation diagrams for the O pattern graphene platelet reinforced rotating pretwisted 

composite cantilever plate. 

Based on the aforementioned analyses, it is found that the stiffness of the X pattern 

graphene platelet reinforced rotating pretwisted composite cantilever plate is greater than 

that of the U pattern distribution thin plate. The stiffness of the U pattern graphene platelet 

reinforced rotating pretwisted composite cantilever plate is greater than that of the O 

pattern distribution thin plate. Therefore, it is observed from Figures 11-13 that the 

nonlinear vibrations of the O pattern graphene platelet reinforced rotating pretwisted 



23 

composite cantilever plate have the largest amplitude. The nonlinear vibrations of the U 

pattern distribution graphene platelet reinforced rotating pretwisted composite cantilever 

plate have the second lager amplitude. The nonlinear vibrations of the X pattern graphene 

platelet reinforced rotating pretwisted composite cantilever plate are of the smallest 

amplitude. 

Figure 14 plots the chaotic vibrations of the X pattern graphene platelet reinforced 

rotating pretwisted composite cantilever plate when the axial excitation is 

NP
5

02 1004.4 = . Figures (a), (c) and (e) respectively represent the phase portraits on the 

planes ( )11, ww  , ( )22 , ww   and ( )33, ww  . Figures (b), (d) and (f) respectively give the 

waveforms of the first-order bending, first-order torsional and second-order bending 

vibration modes on the planes ( )1,wt , ( )2, wt  and ( )3, wt . Figure (g) demonstrates 

three-dimensional phase portrait in the space ( )321 ,, www . Figure (h) denotes Poincare 

map of the first-order bending vibration mode. Figure 15 illustrates the chaotic vibrations 

of the O pattern graphene platelet reinforced rotating pretwisted composite cantilever plate 

when the axial excitation is NP
5

02 1004.4 = . We obtain a conclusion from Figures 14 

and 15 that the amplitudes 
1w  and 3w  of the bending vibration modes are larger than 

the amplitude 
2w  of the torsional vibration mode in the graphene platelet reinforced 

rotating pretwisted composite cantilever plate.  

 

5. Effect of Transverse Excitation on Nonlinear Vibrations 

 

We investigate the effects of the transverse excitations F  on the nonlinear dynamic 

characteristics of the FGGP reinforced rotating pretwisted composite cantilever plate 

under three different distribution types.    

Figures 16-18 respectively depict the bifurcation diagrams and maximum Lyapunov 

exponent of the FGGP reinforced rotating pretwisted composite cantilever plates with the 

X, U and O distribution patterns when the transverse excitations F  increase from 

N
51000.1   to N

51030.1  . Figure (a) denotes the bifurcation diagram of the first-order 

bending vibration mode, namely, the relation of 1w  versus F . Figure (b) represents the 

bifurcation diagram of the first-order torsion vibration mode, namely, the relation of 2w  

versus F . Figure (c) is the bifurcation diagram of the second-order bending vibration 
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mode, namely, the relation of 3w  versus F . Figure (d) illustrates the maximum 

Lyapunov exponent diagram of the FGGP reinforced rotating pretwisted composite 

cantilever plate. The transverse excitation frequency 
1Ω  

and axial excitation frequency 


 
all are Hz318.3 . The axial excitation 02P  is .102 3

N  The initial conditions are 

chosen as 0014.01 −=w , 0026.01 −=w , 002.02 −=w , 0011.02 −=w , 006.03 −=w , 

002.03 −=w  and 0=t . The vibration laws of the X, U and O distribution patterns for 

the FGGP reinforced rotating pretwisted composite cantilever plate are demonstrated as 

follows, the periodic vibration → periodic doubling bifurcation → chaotic vibrations.  

It is observed from Figure 16 that the nonlinear vibrations of the X pattern graphene 

platelet reinforced rotating pretwisted composite cantilever plate vary from the periodic to 

chaotic vibrations when the transverse excitation is NF
51018.1 = . The periodic 

doubling bifurcation occurs in the periodic region ( )NNF
55 1018.1~1000.1   when 

the transverse excitation increases to NF
51012.1 = . It is noticed that a quasi-periodic 

region ( )NNF
55 10274.1~10238.1   exists in the X pattern graphene platelet 

reinforced rotating pretwisted composite cantilever plate after the chaotic vibrations 

happen, which is indicated by a blue circle.   

When the transverse excitation increases to NF
51021.1 = , it is found from Figure 

17 that the nonlinear vibrations change from the periodic to chaotic vibrations in the U 

pattern graphene platelet reinforced rotating pretwisted composite cantilever plate. The 

periodic doubling bifurcation happens when NF
510158.1 = . Figure 18 demonstrates 

that through a periodic region ( )NNF
55 1023.1~1000.1  , the chaotic vibrations 

appear in the U pattern graphene platelet reinforced rotating pretwisted composite 

cantilever plate when NF
510232.1 = . A periodic doubling bifurcation again happens 

in the FGGP reinforced rotating pretwisted composite cantilever plate when the transverse 

excitation is NF
510196.1 = .   

It is seen from Figures 19-20 that the amplitudes of the nonlinear vibrations have 

little difference for the FGGP reinforced rotating pretwisted composite cantilever plate 

with the U and O distribution patterns when the transverse excitations F  increase from 

N
51000.1   to N

51030.1  . Figure 19 illustrates the chaotic vibrations of the U pattern 

graphene platelet reinforced rotating pretwisted composite cantilever thin plate when the 
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transverse excitation is NF
51025.1 = . Figures (a), (c) and (e) respectively denote the 

phase portraits on the planes ( )11, ww  , ( )22 , ww   and ( )33, ww  . Figure (b), (d) and (f) 

respectively gives the waveforms of the first-order bending, first-order torsional and 

second-order bending vibration modes on the plane ( )1,wt , ( )2, wt  and ( )3, wt . Figure (g) 

illustrates three-dimensional phase portrait in the space ( )321 ,, www . Figure (h) is 

Poincare map of the first-order bending vibration mode. Figures 20 demonstrates the 

chaotic vibrations of the O pattern graphene platelet reinforced rotating pretwisted 

composite cantilever thin plates when the transverse excitations all are NF
51025.1 = . 

It is found from Figures 19 and 20 that the relationships among the amplitudes 
1w  , 2w  

and 3w  are similar to the results obtained in Figures 14-15 for the FGGP reinforced 

rotating pretwisted composite cantilever plate under combined the external and multiple 

parametric excitations.   

 

6. Conclusions 

 

The primary resonance and nonlinear vibrations are investigated for the FGGP 

reinforced rotating pretwisted composite cantilever plate under combined the external and 

multiple parametric excitations. Utilizing von-Karman nonlinear geometric relationship 

and Lagrange equation, three-degree-of-freedom nonlinear governing equations of motion 

are obtained. The primary resonance and nonlinear dynamic behaviors are analyzed by 

Runge Kutta method. The hardening-spring characteristics are found for the graphene 

platelet reinforced rotating pretwisted composite cantilever plate. The primary resonant 

amplitude of the O pattern distribution plate reaches the peak firstly and is largest. The 

vibration amplitude of the X pattern distribution plate reaches the peak latest and is 

minimum. The primary resonant amplitude of the X pattern distribution plate reaches the 

peak earlier and is larger with the increase of the axial loads 01P . The larger the transverse 

excitation F
 
is, the more obvious the hardening-spring characteristics is.  

With the increase of the axial excitations 20P , the bigger primary resonant peak 

occurs. The primary resonant amplitude of the X pattern distribution plate reaches the 

peak later and is larger with the decrease of the rotating speed 0 . For the 

force-amplitude response curves, when NF 2540 , the O pattern rotating pretwisted 
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composite cantilever plate has the largest amplitude and X pattern rotating pretwisted 

composite cantilever plate has the least amplitude. When NF 0301 , the amplitude is 

larger with the increase of the axial excitations 10P  and 20P . The amplitude of the X 

pattern distribution plate is larger with the decrease of the rotating speed 0 . When the 

frequency ratio 1.0/ 11 =  or rotating speed rpm40000 = , the nonlinear 

characteristic of the curve is obvious.  

When the axial excitations 02P
 
increase from N

5102.4  to N
5104.6 , the 

FGGP reinforced rotating pretwisted composite cantilever plate under the transverse 

excitation has the chaotic vibrations through twice periodic doubling bifurcations. When 

the transverse excitations F  increase from N
51000.1   to N

51030.1  , the FGGP 

reinforced rotating pretwisted composite cantilever plate under the axial excitation has the 

chaotic vibrations through once periodic doubling bifurcation. When the transverse 

excitations F  increase from N
51000.1   to N

51030.1  , the amplitudes of the 

nonlinear vibrations for the X, U and O pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate have little difference. 

When the axial excitations 02P
 
increase from N

5102.4  to N
5104.6 , the 

nonlinear vibrations of the O pattern graphene platelet reinforced rotating pretwisted 

composite cantilever plate have the largest amplitude. The nonlinear vibrations of the U 

pattern graphene platelet reinforced rotating pretwisted composite cantilever plate have the 

second lager amplitude. The nonlinear vibrations of the X pattern graphene platelet 

reinforced rotating pretwisted composite cantilever plate have the smallest amplitude.  
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Figure Captions 

 

Figure 1 The dynamic model of the functionally graded graphene platelet (FGGP) 

reinforced rotating pretwisted composite blade under the axial and transverse 

excitations is given, (a) model, (b) cantilever plate model and coordinate 

systems. 

Figure 2 The sketch map of the airflow and axial load on the tip clearance of the blade 

is given, (a) airflow passes through tip clearance, (b) distribution for axial 

load in tip clearance  

Figure 3  The sketch map of different graphene platelet distribution types is obtained.    

Figure 4   The first third vibration mode shapes are obtained for the FGGP reinforced 

rotating pretwisted composite cantilever rectangular plate, (a) first-order 

bending vibration mode, (b) first-order torsional vibration mode, (c) 

second-order bending vibration mode.  

Figure 5 The amplitude-frequency response curves are obtained for the graphene 

platelet reinforced rotating pretwisted composite cantilever plate with three 

different vibration modes and three different distribution types, (a) 

amplitude-frequency response curves of X pattern graphene platelet 

reinforced plate with three different vibration modes, (b) 

amplitude-frequency response curves of first-order bending vibration with 

three different distribution types.    

Figure 6 The amplitude-frequency response curves of the first-order bending vibration 

mode are depicted for the X pattern distribution graphene platelet reinforced 

rotating pretwisted composite cantilever plate with three different axial load 

10P  and three different transverse excitations F , (a) amplitude-frequency 

response curves with three different axial load 10P , (b) amplitude-frequency 

response curves with three different transverse excitations F .  

Figure 7 The amplitude-frequency response curves of the first-order bending vibration 

mode are given for the X distribution graphene platelet reinforced rotating 

pretwisted cantilever plate with three different axial excitations 20P  and 

three different rotating speeds
 0 , (a) amplitude-frequency response curves 

with three different axial excitations 20P , (b) amplitude-frequency response 
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curves with three different rotating speeds
 0 .   

Figure 8 The force-amplitude response curves are obtained for the graphene platelet 

reinforced rotating pretwisted composite cantilever plate with three different 

vibration modes and three different distribution types, (a) force-amplitude 

response curves of X pattern graphene platelet reinforced plate with three 

different vibration modes, (b) force-amplitude response curves of first-order 

bending vibration mode with three different distribution types. 

Figure 9 The force-amplitude response curves of the first-order bending vibration 

mode are depicted for the X distribution graphene platelet reinforced rotating 

pretwisted cantilever plate with three different axial loads 10P  and three 

different frequency ratios
 
( )5.1,0.1,0.5/ 11 = , (a) force-amplitude response 

curves with three different axial loads 10P , (b) force-amplitude response 

curves with three different frequency ratios
 
( )5.1,0.1,0.5/ 11 = . 

Figure 10 The force-amplitude response curves of the first-order bending vibration 

mode are obtained for the X distribution graphene platelet reinforced rotating 

pretwisted cantilever plate with three different axial excitations 20P  and 

three different rotating speeds
 0 , (a) force-amplitude response curves with 

three different axial excitations 20P , (b) force-amplitude response curves with 

three different rotating speeds
 0 .  

Figure 11 The bifurcation diagram and maximum Lyapunov exponent are depicted for 

the X distribution graphene platelet reinforced rotating pretwisted cantilever 

plate when the axial excitations 02P  increase from N
5102.4  to 

N
5104.6  and transverse excitation is NF

3107= , (a) bifurcation 

diagram of first-order bending vibration mode, (b) bifurcation diagram of 

first-order torsional vibration mode, (c) bifurcation diagram of second-order 

bending vibration mode, (d) maximum Lyapunov exponent diagram of 

first-order bending vibration mode. 

Figure 12 The bifurcation diagram and maximum Lyapunov exponent of the U pattern 

graphene platelet reinforced rotating pretwisted composite cantilever plate are 

shown when the axial excitations 02P  increase from N
5102.4  to 

N
5104.6  and transverse excitation is NF

3107= , (a) bifurcation 
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diagram of the first-order bending vibration mode, (b) bifurcation diagram of 

the first-order torsional vibration mode, (c) bifurcation diagram of the 

second-order bending vibration mode, (d) maximum Lyapunov exponent 

diagram of first-order bending vibration mode.  

Figure 13   The bifurcation diagram and maximum Lyapunov exponent of the O pattern 

graphene platelet reinforced rotating pretwisted composite cantilever plate are 

indicated when the axial excitations 02P  increases from N
5102.4  to 

N
5104.6  and transverse excitation is NF

3107= , (a) bifurcation 

diagram of the first-order bending vibration mode, (b) bifurcation diagram of 

the first-order torsional vibration mode, (c) bifurcation diagram of the 

second-order bending vibration mode, (d) maximum Lyapunov exponent 

diagram of first-order bending vibration mode. 

Figure 14   The chaotic vibrations of the X pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate are obtained when the axial excitation is 

NP
5

02 104.4=  and transverse excitation is NF
3107= , (a), (c) and (e) 

phase portraits on planes ( )11,ww  , ( )22,ww   and ( )33,ww  , (b), (d) and (f) 

waveforms of first-order bending, first-order torsional and second-order 

bending vibration modes, (g) three-dimensional phase portrait in space 

( )321 ,, www , (h) Poincare map of first-order bending vibration mode. 

Figure 15  The chaotic vibrations of the O pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate are depicted when the axial excitation 

is NP
5

02 104.4=  and transverse excitation is NF
3107= .    

Figure 16 The bifurcation diagram and maximum Lyapunov exponent of the X pattern 

graphene platelet reinforced rotating pretwisted composite cantilever plate 

are obtained when the transverse excitations
 F  increase from N

5100.1   

to N
5103.1   and axial excitation 02P  is N

2104 , (a) bifurcation 

diagram of the first-order bending vibration mode, (b) bifurcation diagram of 

the first-order torsional vibration mode, (c) bifurcation diagram of the 

second-order bending vibration mode, (d) maximum Lyapunov exponent 

diagram of first-order bending vibration mode. 

Figure 17 The bifurcation diagram and maximum Lyapunov exponent of the U pattern 

graphene platelet reinforced rotating pretwisted cantilever plate are illustrated 
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when the transverse excitations
 F  increase from N

5100.1   to 

N
5103.1   and axial excitation 02P  is N

2104 , (a) bifurcation diagram 

of the first-order bending vibration mode, (b) bifurcation diagram of the 

first-order torsional vibration mode, (c) bifurcation diagram of the 

second-order bending vibration mode, (d) maximum Lyapunov exponent 

diagram of first-order bending vibration mode. 

Figure 18 The bifurcation diagram and maximum Lyapunov exponent of the O pattern 

graphene platelet reinforced rotating pretwisted composite cantilever plate 

are shown when the transverse excitations
 F  increases from N

5100.1   

to N
5103.1   and axial excitation 02P  is N

2104 , (a) bifurcation 

diagram of the first-order bending vibration mode, (b) bifurcation diagram of 

the first-order torsional vibration mode, (c) bifurcation diagram of the 

second-order bending vibration mode, (d) maximum Lyapunov exponent 

diagram of first-order bending vibration mode. 

Figure 19 The chaotic vibrations of the U pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate are obtained when the transverse 

excitation is
 

NF
51025.1 =  

and axial excitation 02P  is N
2104 , (a), (c) 

and (e) phase portraits on the planes ( )11,ww  , ( )22,ww   and ( )33,ww  , (b), (d) 

and (f) waveforms of first-order bending, first-order torsional and 

second-order bending vibration modes, (h) three-dimensional phase portrait 

in space ( )321 ,, www , (f) Poincare map of first-order bending vibration mode. 

Figure 20 The chaotic vibrations of the O pattern graphene platelet reinforced rotating 

pretwisted composite cantilever plate are given when the transverse 

excitation is NF
51025.1 =  

and axial excitation 02P  is N
2102  .  
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Figures

Figure 1

The dynamic model of the functionally graded graphene platelet (FGGP) reinforced rotating pretwisted
composite blade under the axial and transverse excitations is given, (a) model, (b) cantilever plate model
and coordinate systems.



Figure 2

The sketch map of the air�ow and axial load on the tip clearance of the blade is given, (a) air�ow passes
through tip clearance, (b) distribution for axial load in tip clearance



Figure 3

The sketch map of different graphene platelet distribution types is obtained.



Figure 4

The �rst third vibration mode shapes are obtained for the FGGP reinforced rotating pretwisted composite
cantilever rectangular plate, (a) �rst-order bending vibration mode, (b) �rst-order torsional vibration mode,
(c) second-order bending vibration mode.



Figure 5

The amplitude-frequency response curves are obtained for the graphene platelet reinforced rotating
pretwisted composite cantilever plate with three different vibration modes and three different distribution
types, (a) amplitude-frequency response curves of X pattern graphene platelet reinforced plate with three
different vibration modes, (b) amplitude-frequency response curves of �rst-order bending vibration with
three different distribution types.



Figure 6

Please see the Manuscript PDF �le for the complete �gure caption.



Figure 7

Please see the Manuscript PDF �le for the complete �gure caption.



Figure 8

The force-amplitude response curves are obtained for the graphene platelet reinforced rotating pretwisted
composite cantilever plate with three different vibration modes and three different distribution types, (a)
force-amplitude response curves of X pattern graphene platelet reinforced plate with three different
vibration modes, (b) force-amplitude response curves of �rst-order bending vibration mode with three
different distribution types.



Figure 9

Please see the Manuscript PDF �le for the complete �gure caption.
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