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1 Introduction
In this paper, we investigate the existence of solutions for the following boundary value

problem:

—#'(0) = ge0) - f(L4(0), te), w
X0)=0,  x(1) =Y, axln),
where J=[0,1],0<a; <1for1<i<k,0<m<nm<---<m<lLg:R—>R,f:JxR—>R.
Nonlocal boundary value problems, studied by II'in and Moiseev [1], have been ad-
dressed by many authors; see, for example, [2-9] and references therein. In the related
literature, (1.1) is called resonance when Y% | 4, = 1, and non-resonance when 3"~ a; #1.
For the boundary value problems at resonance, researchers usually use the continuity
method or nonlinear alternative, which involves a complicated a priori estimate for the
solution set; see [7, 10—12]. However, it is very difficult to obtain a related estimate for
general differential equations. Here we list only a classical result about nonlocal boundary

value problems at resonance of the form

—x"(t) = h(t,x(2),x'(¢)) + et), te€],

XO)=0, 2=, ax(n), 12)

where /1: ] x R x R — R is continuous, e: ] — R is continuous and ¢; >0 for 1 <i <k,

k
Yiqai=1,0<m<n< <<l

Theorem 1.1 [13] Suppose that there are two constants M, > 0 such that
(A1) x[h(t,x,0) +e(t)] > 68 forany |x| > M, t €];
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(A2) there exist constants L1,Ly : L1 > M, Ly < —M such that

h(t,x, L) +e(t) >0, V(t,x)e] x[-M,M],

h(t,x,Ly) +e(t) <0, V(tx)e] x[-M,M];
(AB) fOI" (t»x:P) E] X [_M»M] X [LZ:Ll]x

Ity ,p) + elt)] < —2—.
1-m

Then (1.2) has at least one solution.

For (1.1), condition (A2) in Theorem 1.1 implies that f (¢, x) = g(x) for (¢,x) € ] x [-M, M].
It follows that (1.1) has infinitely many solutions (x = C € [-M, M] is the solution of (1.1)).
At this point, Theorem 1.1 has little significance for (1.1). Moreover, there are few papers
considering multiple results at resonance. For the case with non-resonance, there is an
extensive literature; see [14—17] and the references therein.

The main purpose of this article is to discuss the existence of solutions of equation (1.1)
by means of Schauder’s fixed point theorem. We only need to consider the behavior of g
and f on some closed sets. Consequently, information on the location of the solution is
obtained and multiple results are obtained if g and f satisfy the given conditions on distinct
regions. Our approach is valid for the cases at resonance or non-resonance. In addition,
some of our conditions are easily certified (see Corollaries 3.1 and 3.2).

The paper is organized as follows. Section 2 introduces an important lemma. Section 3
is devoted to the existence results of (1.1). In Section 4 we extend some results of Section 3

to the general boundary conditions.

2 Preliminaries
In this section, we consider the following boundary value problem for the linear differen-

tial equation:

+px(t) =h(t), te],
x(0)=0,  x(1) =YX, auxn),

wherep>0,0<ai§1,0<m<1f0r1§i§k,0<a::2f:1aiflandhEC(],R).

Lemma 2.1
(1) Boundary value problem (2.1) has a unique solution x; € C*(J,R).
(2) Ifh=CeRonjJanda=1,thenx,=Clpon].
(3) Ifh(t) =0 forallte ], thenxy, >0on];if h(t) <0 forallt € ], then x;, <0 on].
(4) If|h(t)| < C(C>0)on], then |xy| < Clpon].
(5) Define an operator A : C(J,R) — C(J,R) by A(h) = xy, where ||h|| = max.e; |1(£)|;
then A is completely continuous.

Proof (1) Any solution of the differential equation —x"(¢) + px(£) = h(£) can be written as

x(t) = c1VP + coe” VP 4+ (2),
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where ¢j, ¢, are constants and ¢ € C2(¢,R) is a particular solution of —x"(¢) + px(t) = h(z).
From the boundary conditions, we obtain that

alev? - Zf'(:l a;evPhi] + cyle VP — Zf;l aieVPNi] = Zf'(:l a;ip(n;) — (1),

2.2
Jpler — ) =—¢'(0). 22)

Since the above system has a unique solution (cj, ¢;), (2.1) has a unique solution x; €
C%*(t,R).

(2) The conclusion is obvious.

(3) Here we only prove the case of z > 0. We consider two cases.

Case 3.1 Assume that x;,(¢£) < 0 for all £ € J. We show that x;,(£) =0, t € J. From (2.1), we
obtain that

x,(8) = prn(t) = h(t) <0, Vte],

which implies that x), is nonincreasing on /. Noting x/,(0) = 0, we obtain that x;, is nonin-
creasing. Thus xy,(1) = mingc; xy(2) < 0.

Since %y, is continuous, by the intermediate value theorem, there exists 8 € (0,1) such
that ax;,(0) = Y1) aixn(n;).

If a =1, one can obtain from the monotonicity of x; that x;(¢) = x,(1) on [6,1]. Hence,

0 > px(1) = —x(£) + pxy(£) = h(t) > 0, te[6,1],

which implies that x;,(1) = 0. Hence, x;,(t) = 0 on /.

If 0 <a <1, then x;,(1) = Y1 aixu(n;) = axy(0) > axy(1), which implies that x(1) = 0.
Hence, x;,(¢£) =0 on /.

Case 3.2 There exist 1, t, € J such that x,(¢1) < 0 and x;,(£,) > 0. We assume that #; < £,.
Otherwise, x;,(t) < 0 for all ¢ € [¢;,1]. Similar to Case 3.1, one can show that x, = 0 for
t € [f,1], which is impossible.

If there is ¢ > 0 such that x,(¢) < 0 for £ € (0,¢), it is easy to check that x,(¢) < 0 for

all £ € J, a contradiction. Since xy(1) > Z{ aixn(n;) = min{xy,(n;) : x(n;) < 0}, there

irxp (1;)<0}
exists r € (0,1) such that x,(r) = min,¢; xy,(£). Noting that x; (r) > 0 and x;,(r) < 0, we obtain

that
0 > pxy(r) = h(r) + x,(r) > 0,
which is a contradiction.
From Cases 3.1 and 3.2, one can easily obtain that x, > 0 for all £ € J.
(4) Since —C < h < C, using the conclusion of (3), we have
Xp-c = 0) XpC = O; t €]~
Noting that x;,_¢ = x — x¢, %3¢ = %4 — ¥_c, we obtain that

X_c=<xp<xc, te]. (2.3)

Ifa=1,thenxc=C/pand x_¢c = —C/p. Thus |x;| < C/p on /.
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Assume that a < 1. There exist £, #, € [0,1) such that
xclt) =maxxc(t),  x-c(t2) =minx_c(t).
Noting that x/.(¢;) < 0 and x” -(£,) > 0, we have
0 <pxc(ti) = C+xi(t) < C, (2.4)
and
0> px_c(ty) =-C+x’ () = -C. (2.5)

From (2.3), (2.4) and (2.5), we obtain that |x;| < C/p on J.
(5) Let h, — hin C(J,R). For any ¢ > 0, there exists N(¢) > 0 such that

!h,,(t) - h(t)’ <g, Vte],Vm>N(e).
Noting that A(h,, — h) = x5, — x5, using the conclusion of (4), we obtain that

loen, —xnl <elp, Vte],¥n>N(e),
which implies that A is continuous. Let D be a bounded set in C(J, R). Then there is M; > 0
such that ||| < M, for all & € D. From the conclusion of (4), we obtain that |A(k)| < M;/p,

which implies that A(D) is a uniformly bounded set. Since A(%), & are bounded for 4 € D
and

t t
(Ah) (¢) :p/ (Ah)(s)ds — / h(s)ds,
0 0
there exists M5 > 0 such that
|(Ah)/(t)| SMZ) te]rhED’

which implies that A(D) is equicontinuous. It follows that A(D) is relatively compact in
C(J,R) and A is a completely continuous operator. The proof is complete. 0

Remark 2.1 Let #=1and

h=1 h=1 .
o = max pxy(f), = min pxy(£).
p  =Maxp n(t) B, =minp n(t)

By a direct computation, one can obtain that 0 < ﬁ;}zl < oszl <1land

el 2(1-a)
=1- )
p e«/ﬁ + e_\/}? — Zle a; [e\/ﬁni + e‘«/ﬁ’h’]

(1-a)(ev? + e vP)
eVP 4 e VP =YK g fevPi 4 emvPni]

Byt =1-
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The following well-known Schauder fixed point theorem is crucial in our arguments.

Lemma 2.2 [18] Let X be a Banach space and D C X be closed and convex. Assume that
T :D — D is a completely continuous map; then T has a fixed point in D.

3 Main results
The following theorem is the main result of the paper.

Theorem 3.1 Assume that there exist constants M > m, p > 0 such that g € C([m, M],R),
f e C( x[m,M],R), pu+g(u) is nondecreasing in u € [m, M] and afflm < ,B;‘ZIM. Further
suppose that

1-— h=1 M 1- h=1
g(M) - % Sf(t’ I/t) Sg(m) - %r V(t) M) 6] X [WI,M] (31)
aP ’BP

Then (1.1) has at least one solution x with m < x < M.
Proof From Lemma 2.1, if x is a solution of (1.1), x satisfies
x=(AoH)x,

where A o H is composition of A and H defined as (A o H)x = A(Hx), and the operator H
is defined in C(/,R) as

(Hx)(2) = px(t) + g(x(2)) —f (£ %(2)).
Note that

—[(A o H)x]"(t) + p[(A o H)x](t) = (Hx)(t), te],

3.2
[(AoH)x1'(0)=0,  [(AoH)x](1)= Y1, ail(A o H)x](ny). G2

Obviously, a fixed point of A o H is a solution of (1.1). Set 2 = {x € C(J,R) : m < x(¢) <
M, t € J}. Since the function pu + g(u) is nondecreasing in u € [m, M], we obtain that for
x €,

pm + g(m) < px(t) + g(x(t)) < pM + g(M).

Using (3.1), we have

DI (H)(6) = p(t) + g (x(0)) —f (£,3(0)) < 2

pm
= 7=1
By %

for any x € Q. Since ﬂ;‘ﬂ <pA(l) < apf’:l, and A is one nondecreasing operator, we obtain
that for x € Q,

m M M
m<A PT <(AoHx<A Py :p—A(l)SM.
ﬂp:l ag:l a}];[:l

Hence, (A o H)(2) C Q.
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Also, the fact that A is completely continuous and H is continuous gives that A o H :
Q — Q is a continuous, compact map. By Lemma 2.2, A o H has at least one fixed point
in Q. The proof is complete. d

Remark 3.1 In Theorem 3.1, the condition that pu + g(u) is nondecreasing in u € [m, M]
can been replaced by the weaker condition

pm+g(m) <pu+g(u) < pM +g(M), Yu e [m,M].

Corollary 3.1 Assume that a = 1 and the following condition holds:

(Hy) There exist constants m < M such that g € C*([m,M],R), f € C(J x [m, M],R), and
gM) <f(t,u) <g(m), V(t,u)e] x[m M]. (3.3)
Then (1.1) has at least one solution x with m < x < M.

Proof Since g € C!([m, M],R), there exists p > 0 such that the function pu + g(u) is non-
decreasing in u € [m, M]. When a =1, a)~! = g~! = 1. We directly apply Theorem 3.1 and
this ends the proof. d

Corollary 3.2 Assume that 0 < a < 1 and the following condition holds:

(Hy) There exists constant M > 0 such that g € C([0,M],R), f € C(J x [0, M],R), and
gM) <f(t,u) <g(0), V(t,u)e]x[0,M]. (3.4)
Then (1.1) has at least one solution x with 0 <x < M.

Proof Since g € C}([0,M],R), there exists p > 0 such that the function pu + g(u) is non-
decreasing in u € [0, M]. Condition (3.1) is satisfied if (3.4) holds. The proof is complete.
O

Example 3.1 Consider the differential equation

—x(¢) =sinx + 20, te],

(3.5)
X£(0)=0,  xQ1)=x(n), ne0,1).

Let m, = (2n + 0.5)7, M,, = (2n + 1.5)7, g(u) = sinu, f(t,u) = —t>e™ and u be a positive
integer. For any ¢t € ] and u € [m,,, M,,],

g(Mn) =-1 Sf(t, M) =< 1 :g(mn)'

Hence, by Corollary 3.1, (3.5) has a solution m,, < x < M,,. Since n is an arbitrary positive
integer, (3.5) has infinitely many solutions.

Example 3.2 Consider the differential equation

—x"(£) =2 -+ x2(t), te],

/ 1 (3.6)
x'(0)=0, x(1) = 5x(n), n€(0,1).
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Using Corollary 3.2, we obtain that (3.6) has at least a nonnegative solution x. Moreover,
it is not difficult to show that x € (0,5) for any ¢ € J.

4 Generalization

In this section, we extend some results in the previous section to the following equation:

(4.1)

-x"(t) = g(x(8)) - f(t,x(2)), te],
le = 0, sz = 0,

where U; and U, are linear operators defined as
n ny mj my
U= am()+ Y bx'(w),  Uhx=Y ca(v)+ Y dix' k),
i=1 j=1 s=1 I=1

where a;,bj,¢;,d; € R and 0 < A, pj, vk <1for 1 <i<m,1<j<m,1<s=<m,
1<!<m,.

Consider the boundary value problem for the linear differential equation:

{—x”(t) +px(t) =h(t), te], 4.2)

le = 0, ng =0,

where p > 0 is sufficiently large, /1 : /] — R. We introduce the following assumptions.

(P1) The condition & € C(J,R) implies that boundary value problem (4.2) has a unique
solution x;, € C*(J,R).

(Py) The condition &= C € R implies that x;, = C/p on J.

(P3) The condition # e C(J,R): /4> 0 (¢ €]) implies that x;, > 0 on /.

(P4) The condition & € C(J,R) : |A(t)| < C (C > 0) implies that |x,| < C/p on].

We say that the boundary condition Ux = Usx = 0 satisfies Pio3 if (4.2) satisfies condi-
tions (P1), (P3), (P3), and Py34 if (4.2) satisfies conditions (P;), (P3), (P4).

Theorem 4.1
(1) Assume that the boundary condition Uyx = Uyx = O satisfies P1o3 and (Hy) holds.
Then (4.1) has at least one solution x with m <x < M.
(2) Assume that the boundary condition Uyx = Uyx = 0 satisfies P134 and (Hy) holds.
Then (4.1) has at least one solution x with 0 <x < M.

The proof of Theorem 4.1 is similar to that of Theorem 3.1 and we omit it.

Remark 4.1 The solution obtained in Corollary 3.2 or (2) of Theorem 4.1 may be trivial.
Further suppose that

2(0)—f(£,0)#£0, te].
Then the solution obtained is nonnegative and nontrivial.

Remark 4.2 The boundary condition U;x = Uyx = O satisfies Py34 if it satisfies Pyos.
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Remark 4.3 Consider the two-point boundary conditions:

£(0)=+(1) =0, (4.3)
x(0)=x(1),  «'(0)=x'(1), (4.4)
x(0) =x(1) =0, (4.5)
£(0) =x(1) =0, (4.6)
x(0) =/(1) = 0. (4.7)

One can easily check that boundary conditions (4.3), (4.4) satisfy P13, and conditions
(4.5), (4.6), (4.7) satisfy P134.
Next, we consider the boundary conditions

k
Uix = ax(0) — Bx'(0) — Zbix(ﬂi) =0,
=1 (4.8)

Uyx = Ax(1) + ux'(1) — chx(éj) =0,
j=1

where o, 8, A, u, b; (1 <i <k), ¢; (1 <j < n) are constants and &, A € (0,+00), B, i, b;,
¢; € [0, +00), n;,& € (0,1).
Theorem 4.2 Setb=3Y % b, c= > G
(1) If b=, ¢ = A, then the boundary condition Urx = Uyx = 0 satisfies P1a3.
(2) Ifbe[0,a],c€[0,A) or b [0,a), c € [0,1A], then the boundary condition
Uyx = Usx = 0 satisfies Pr3a.

Proof Without loss of generality, we assume that 7 = n = 1. For any sufficiently large p > 0
and /1 € C(J,R), the linear differential equation

—x"(t) +px(t)=h(t), te],

(4.9)
L[lx = 0, sz =0

has a unique solution x;, € C2(J,R).

Suppose that # > 0 on J; if x;, > 0 is not true, by the maximum principle, we get that
%,(0) = minge; x5, (£) < 0 or wy,(1) = mingey x(2) < 0. If x,(0) = min,e; xy,(¢) < 0, then x,(0) > 0.
From the boundary conditions, we have

b b
0> x,(0) = gx},(o) + ;lxh(m) > glxh(ﬂl) > xn(m).

By the maximum principle, we obtain that x;(1;) > 0, which is a contradiction. If x;(1) =
ming; x;,(t) < 0, then x),(1) < 0. From the boundary conditions, we have

0> xy(1) = i—lxh(fsl) - %x’ha) > %xh(a) > (&),

By the maximum principle, we obtain that x,(&) > 0, a contradiction.

Page 8 of 10
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Ifh=Candb=q,c=A,thenx,=Cl/p.
Now suppose that 0 </ <Con/Jand h#0.
If there is 6 € (0,1) such that x;(0) = max;; x(t) > 0, noting that x(9) < 0, we have

0 < pxu(0) < —x5,(0) + pxu(9) = h(9) < C.

If x,(0) = max,e; x(¢) > 0, from the boundary conditions, we obtain that b = «, 8x},(0) = 0,
which implies that x;(1) = x,(0) = max.c;x(¢). The case has been discussed. If x;(1) =
max,e; x(t) > 0, from the boundary conditions, we obtain that ¢ = &, ux;, (1) = 0, which
implies that x;,(&) = x;,(1) = max;;x(t). The case has also been discussed. The proof is
complete. d

Example 4.1 Consider the differential equation

(4.10)

—x"(t) = sin x(t) — 4 (1) + tx(2), te],
%(0) = x(n), x(1) = x(§),

where A > 0, 0 < n,& <1 are constants.

Let g(u) = sin"t u and f (¢, u) = u* — tu. Set m,, = 2nw + (4nm) 1, M, = 2nm + 0.57. If n
is a sufficiently large, positive integer, then for any ¢ € J, u € [m,,, M,,],

1=g(M,) <f(t,u) < glm,) = (4nm)*".

By Theorems 4.1 and 4.2, (4.10) has a solution m, < x < M,,. Hence, (4.10) has infinitely
many solutions.

Example 4.2 Consider the differential equation

—x"(t) + x*(t) cosx(t) =%, te],

) (4.11)
%(0) =x'(0) =x(&1),  x(1) = 3x(52) + Ax(&3),

where 1 >0, 0<&,&,& <1,0 <A <0.5 are constants.

In fact, g(u) = —u** cos u and f(t) = —t2. The boundary conditions in (4.11) satisfy P13, for
A €[0,0.5] and P13 for A = 0.5.

(1) Equation (4.11) has a solution 0 <% <1 and %(¢) > 0, £ € (0,1] forall 0 < A < 0.5.
Set M =1, then g(M) = -1 < f(¢) < g(0) for all £ € J. By Theorems 4.1 and 4.2, (4.11) has
a solution 0 < ¥ < 1. Now we show that X(¢) > 0 for ¢ € (0,1]. Assume that there exists
r € (0,1) withX(r) = 0. Since %(¢) > 0,%(r) is minimum value and X'(r) = 0,X”(r) > 0. On the
other hand, X’ (r) = %*(r) cos®(r) — r* = —r? < 0, a contradiction. If ¥(1) = 0, then %(&;) = 0.
This is impossible.

(2) Equation (4.11) has infinitely many solutions for A = 0.5. Set M,, = 2nnw + 27, m, =
2n7 + 1.5, where 7 > 0 is an integer. Since g(M,,) = -M}; < f(t) < g(m,) = m), forallt €],
(4.11) has a solution m, < x < M,. Hence, (4.11) has infinitely many solutions.
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