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Resumen

Introduccion

La difusién es un proceso natural por el que, por ejemplo, la materia es transportada de un
lugar a otro como resultado del movimiento molecular aleatorio. El experimento clésico que
ilustra este proceso es aquel en el que se coloca una gota de tinta en un recipiente lleno de agua,
y la tinta tiende a extenderse por todo el recipiente y la solucién aparece coloreada de manera
uniforme. (Existen experimentos mas refinados para asegurar que no haya conveccion).

Los modelos de difusién aparece en diferentes areas como biologia, termodindmica, medic-
ina, e incluso economia. En biologia, existen modelos que estudian la dindmica poblacional,
i.e., cambios a corto y largo plazo, en el tamanio y edad de la poblacién, y procesos medioam-
bientales y biologicos que influyen en esos cambios. La dindmica poblacional se enfrenta con
la forma en la que la poblacion se ve afectada por la tasas de natalidad y mortalidad, y por la
inmigracion y la emigraciéon. En medicina, los modelos de difusién se usan, por ejemplo, para
describir crecimientos tumorales. En termodindmica, la ecuaciéon del calor modela la conduc-
cion del calor, esto es cuando un objeto esta a diferente temperatura que otro cuerpo, o que a
su alrededor, el calor fluye de manera que el cuerpo y sus alrededores alcanzan la misma tem-
peratura. En economia, la difusién modela las fluctuaciones del mercado de valores, usando
movimientos brownianos.

Existen dos manera de introducir la nocién de difusién: con la aproximacién fenomenolog-
ica, comenzando con las leyes de difusién de Fick, o con la aproximacién fisica o atomica,
considerando movimientos aleatorios de la difusiéon de particulas.

Primero, introducimos las leyes que rigen los procesos de difusion: Las leyes de Fick. Esta
leyes relacionan el flujo difusivo con la concentraciéon bajo la hipotesis de estado estacionario.
Esta postula que el flujo se mueve de regiones con alta concentracion hacia regiones con baja
concentraciéon, con una magnitud que es proporcional al gradiente de concentracién. Entonces
en dimension 1, tenemos

ou
F= —Da—%7 (1)
donde F es el “flujo de difusion”, u es la concentracion de la substancia que se difunde, y D
es el coeficiente de difusion.
Por otro lado, por la ley de Fick y la conservacion de la masa en ausencia de reacciones
quimicas:
ou 0

4 F=0. 2
ot Tagt =Y (2)
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Entonces, por (1)) y , obtenemos la segunda ley de Fick que predice como la difusién provoca

cambios en la concentraciéon con el tiempo:

ou 0u

—=D—. 3

ot Ox? (3)
Para el caso de la difusion en dos o méas dimensiones, la segunda ley de Fick viene dada por

ou

— = DAu. 4

5 u (4)

Los modelos de difusiéon local vienen dados por méas condiciones iniciales y de frontera,
necesarias para completar el modelo.

Desde el punto de vista atémico, la difusién es considerada el resultado del movimento
aleatorio, (random walk) de particulas difusivas. En difusion molecular, las moléculas que se
mueven, son propulsadas por energia térmica. El movimiento aleatorio de pequeiias particu-
las en suspension en un fluido fue descubierto en 1827 por Robert Brown, y la teoria de
movimiento Browniano y el punto de vista atomico de la difusion, fue desarrollado por Albert
Einstein en 1905.

Otro tipo de modelos de difusién son los modelos de difusién no local. Estos modelos
pueden derivarse de variaciones de procesos de salto (ver por ejemplo [35]). Consideremos
una Unica especie en un habitat IN-dimensional donde se asume que la poblaciéon se puede
modelar por una funcion u(z,t), que es la densidad en x en tiempo ¢. Un modelo continuo
para la dinamica poblacional de especies se puede derivar considerando con detalle una dis-
cretizacion en espacio y tiempo, y después haciendo tender los intervalos de espacio y tiempo
a cero. En particular, la derivacion clasica del laplaciano, , (4) por movimientos aleatorios, se
tiene asumiendo una distribucién binomial. Sin embargo, en el caso de la difusién no local,
consideramos cualquier tipo de distribucion.

A continuacion reproducimos la derivacion del modelo no local para el caso N = 1. Con-
sideramos que el habitat es {2 C R. Primero, dividimos €2 en intervalos contiguos, cada uno
de longitud Az, y discretizamos el tiempo en pasos de tamano At. Sea u(i,t) la densidad de
individuos en la posicién i en tiempo t. Queremos derivar el cambio en el niimero de individ-
uos en esta posicion durante el siguiente intervalo de tiempo. La primera hipétesis es que la
tasa a la que los individuos salen de ¢ para llegar a j es constante. Por tanto, el nimero total
de individuos saliendo de ¢ a j deberia ser proporcional a: la poblacién en el intervalo ¢, que
es u(i,t)Ax; el tamanio del lugar al que llegan, que es Ax; y la cantidad de tiempo durante
el cudl el transito se estd midiendo, At. Sea J(j,i) la constante proporcional, entonces, el
namero de individuos saliendo de i durante el intervalo de tiempo [t,t + At] es

M
> TG, iuli,t)(Az)At. (5)
T

Durante este mismo intervalo de tiempo, el nimero de llegadas a i desde otros lugares es
M
> I fulh, t)(Ax)’At. (6)

j=—M
J#i



Combinando y @, deducimos que la densidad de poblacién en i en tiempo t + At viene

dado por
M M
u(i,t+ M)Az =u(i, ) Az + Y J(i, ju(f,t)(Az)’ At — Y J(j,i)uli, t)(Az)*At, (7)
j=—M j=—M
j#i JFi

entonces, dividiendo entre Ax, obtenemos

u(i, t + At) = u(i,t) E J(i, ))u(g, t) AxAt — g J(7,9)u(i, t) AzAt. (8)
j*;]\f j=—M
J#i jF#i

Entonces, tendiendo At — 0y Az — 0 en (8], tenemos

wn(a, ) = /ﬂ (s )uly, 1) — Ty, 2)u(z, £))dy. (9)

Ahora, reinterpretamos @D, con Q@ C R. Asumimos que J(z,y) es una funcion positiva
definida en 2 x Q que representa la densidad de probabilidad de saltar de y a z, y u(z,t)
es la densidad de poblacion en el punto z € © en tiempo ¢, entonces [, J(z,y)u(y,t)dy es
la tasa a la que los individuos llegan a = desde otros lugares y € 2. Como hemos asumido
que J es la densidad de probabilidad y J esta definida en €2 x €2, entonces fQ J(z,y)dy = 1.
En particular, — — fQ x,y)dy u(z,t) es la tasa a la que los individuos salen de x a
otras posiciones Yy € Q. Entonces, podemos escribir la ecuacién @D con condicién inicial ug,
como

u(x,t) = /QJ(x,y)u(y,t)dy—u(a:,t), x €,
u(z,0) = wup(x), x €.

(10)

Este problema y variantes de él, ha sido previamente usado para modelar procesos de difusion,
por ejemplo en [2], [18], [27], y [35]. Este modelo permite tener en cuenta interacciones a corta
(short-range) y larga (long-range) distancia, y es posible generalizar el problema , para
Q Cc RY, o incluso espacios medibles {2 més generales, (ver Capitulo 1).

El modelo se llama modelo de difusiéon no local, pues la difusién de la densidad u en
x en tiempo ¢ no depende tnicamente de u(x,t), sino que depende de todos los valores de u
en un entorno de x, a través del término de “convolucion” [ J(z,y)u(y, t)dy.

Objetivos

Ahora, fijemos un conjunto abierto Q C RY. Para problemas locales como , las dos
condiciones de contorno mas habituales son la de Neumann y la de Dirichlet. La ecuacion del

calor local con condicién frontera Neumann, viene dada por
u(x,t) = Au(x,t), z€Q, t>0,
—(z,t) =0, red, t>0, (11)

u(z,0) = wup(x), x €,



donde v denota la normal exterior a la frontera 0€), y g—z = 0 modela que los individuos no
entren ni salgan de €. Un problema no local analogo definido en el abierto Q C RY, propuesto
en [18], viene dado por

u(w,t) = /QJ(x,y) (u(y,t) —u(z,t)) dy Z/QJ(wvy)U(y, t)dy — ho(x)u(z,t)
u(z,0) = up(z),

(12)

donde J : RY x RY — R, con Jen J(z,y)dy =1, y denotamos

ho(x) = /QJ(a:,y)dy, Vo e Q.

En , la integral esta definida sobre €2, entonces, este modelo asume que los individuos no
entran ni salen de €2, y la difusion tiene lugar sélo dentro de 2. Ademaés, comparte con
el problema local , que las constantes son equilibrios.

Pro otro lado, la ecuacion del calor local con condicién de frontera Dirichlet homogénea
es
u(x,t) = Au(z,t), z€, t>0,

u(z,t) =0, x eI, t>0,
u(z,0) = wup(z), x € Q.

En este caso, u es cero en la frontera del habitat. Un problema no local analogo propuesto en
[18] con 2 € R¥ abierto, viene dado por

wlat) = [ I g)ulOdy — ulw.0), w0 t>0
R

u(z,t) =0, x ¢ Qt>0,
u(z,0) = ug(x), x €.

(13)

En este modelo la difusion tiene lugar en todo RY, y u = 0 fuera de Q. Entonces, este problema
modela el caso en que los individuos mueren cuando salen del habitat Q. y [pn J (2, y)u(y, t)dy =
Jo J (@, y)u(y, t)dy. Entonces, la ecuacion (13), es

wlant) = [ T y)uly. Oy — ua 1),
Q
Los problemas @, , y se pueden unificar considerando el problema no local

u(x,t) = /QJ(ac,y)u(y,t)dy — h(x)u(z,t), €, t>0,

u(z,0) = up(x), x €,

(14)

con h definida en Q. Este es el tipo de problemas lineales no locales que vamos a estudiar.
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Sobre problemas no lineales, introducimos los modelos no locales de reaccién-difusion,
afiadiendo un término de reaccion local f(z,u(z,t)) al modelo de difusion (14)),

ut(x,t) = /Q J(z,y)u(y, t)dy — h(z)u(z,t) + f(z,u(z,t)), z€Q, t>0,

u(z,0) = up(z), x €,

(15)

donde f : Q x R — R. Este modelo fue considerado en [35], donde modela la dinamica
poblacional de las especies, y f denota la tasa de reproduccién en z de una densidad de
poblacion u(zx,t), que tiene en cuenta el nimero de individuos nuevos en x en tiempo t.

También consideramos modelos de reaccion-difusion, con difusién no local y reaccién no
local. El problema viene dado por

u(z,t) = /QJ(x,y)u(y,t)dy — h(z)u(z,t) + f(z,u)(-,t), € Q, t>0,

u(z,0) = up(z), x €,

(16)

pero ahora f : Q x L'(©2) — R es un término no local. Este modelo ha sido previamente
considerado en [30)].

Los problemas con difusion local y reaccion no local han sido considerados en [I1], donde el
término de reaccién no local tiene en cuenta la saturacién no local o los efectos de competicién
no local.

Otro tipo de modelos de difusion no local, es el que aparece en [12] 19], dado por

ut(x,t) = J(z,y)(C(u(y,t)) — D(u(z,t))dy, z=cRN t>0, (17)

RN
donde T'(u) = sign(u) (|u| — 1)+. Este problema se llama problema de Stefan no local. Mod-
ela la distribucién de la temperatura y la entalpia en una fase de transiciéon entre diferentes

estados, por ejemplo, el cambio de fases entre hielo y agua.

Actualmente, existe un gran interés en el estudio de la difusién en dominios no regulares.
Existen varios intentos de generalizar el operador laplaciano a espacios no regulares: las
formas de Dirichlet (Dirichlet forms), ayudan a describir procesos de salto que se pueden
definir en espacios no regulares. Pro tanto, es posible definir ecuaciones diferenciales en
espacios no regulares, como pueden ser los fractales. Con esta teoria, llamada Analisis en
fractales, se extienden conceptos como el laplaciano, las funciones de Green, niicleos de calor,
(ver [9l 37, B0]).

Por otro lado, los modelos de difusiéon no local, como , , se pueden definir
en espacios métricos de medida (ver Capitulo 1), pues simplemente necesitamos considerar la
densidad de probabilidad de saltar de un punto a otro de 2, que viene dada por J(z,y). Y
este tipo de densidad se puede definir en un espacio métrico de medida general. Lo que nos
permite estudiar la difusion en espacios muy diferentes como: grafos, (usados para modelar
estructuras complicadas en quimica, biologfa molecular o electrénica, incluso pueden repre-
sentar circuitos eléctricos en computadoras digitales); variedades compactas; multiestructuras
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compuestas por conjuntos compactos de diferentes dimensiones, (por ejemplo un conjunto de
Dumbbell, donde es necesario considerar una perturbaciéon del dominio para estudiar proble-
mas de difusion local, como se puede ver en [3]|, mientras que en los problemas de difusion no
local podremos estudiar el problema directamente en el dominio); o incluso conjuntos fractales
como el tridngulo de Sierpinski.

Resultados

Centrémonos en lo que sera hecho a lo largo de este trabajo. Como mencionamos arriba,
en esta tesis estudiamos problemas de difusién no locales generales. Sea p una medida, y
d una métrica definida en €2, consideramos un espacio métrico de medida (€2, u,d), que se
introduce en el Capitulo 1.

Primero, consideramos el problema de difusién lineal no local dado por

ug(z,t) = (K — hl)(u)(z,t), z€Q, t>0
u(x,0) = ug(z), x € Q,

donde
MM@&=Aﬂ%W@ﬁ@

es el operador integral, y
hI(u)(x,t) = h(z)u(z,t)

es el operador multiplicacion con h € L*(Q) o en Cy(2), donde Cp(€2) son las funciones
continuas y acotadas definidas en ). No asumiremos, a no ser que se diga explicitamente, que
fQ J(z,y)dy = 1. Una funcién que sera importante a lo largo de este trabajo es

mwzlyww@,

que no es necesariamente igual a la identidad.

Para estudiar el problema lineal , en el Capitulo 2, primeramente realizaremos un
estudio completo del operador lineal K — hl, estudiando los espacios donde el operador esté
definido, la compacidad y el espectro de K y hl de manera separada.

Después en el Capitulo 3, nos concentramos en la existencia y unicidad de soluciones de
(18)); en las propiedades de monotonia de las soluciones en X = LP(2), con 1 < p < 00 o
X = Cp(Q). Recuperamos y generalizamos el estudio de existencia y unicidad de soluciones
de (18), con h = hg o h = Id. Lo cudl ha sido hecho en L'(Q) en [2, 18], considerando un
dominio © ¢ R abierto.

A continuacion, estudiamos el comportamiento asintotico de las soluciones cuando el
tiempo se va a infinito. Probamos que si ox (K — hl) es la unién de dos conjuntos cerrados
disjuntos o1 y 09 con Re(o1) < d1, Re(oz) < da, con d2 < 47, entonces el comportamiento
asintético de la solucion de en X esta descrito por la proyeccion de Riesz de K —hlI corre-
spondiente a o1. Probamos también que la proyeccién de Riesz y la proyecciéon de Hilbert son
iguales. Ademas, aplicamos este resultado a los casos particulares del problema de difusién no
local con h constante y h = hg. En particular, recuperamos y generalizamos el resultado
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en [18], para X = LP(Q), con 1 < p < oo 0 X = Cp(N2), mientras que en [1§], los autores
obtienen el resultado en L?(Q) si el dato inicial estd en L?(2), y en L>=(Q) si el dato inicial
esta en C(€2), considerando © € RY un conjunto abierto.

El estudio del problema nos lleva a la conclusiéon de que la ecuacion comparte
algunas propiedades con la ecuacién clasica del calor. En particular, ambas tienes Principio
Débil y Fuerte del Maximo, cuando J satisface hipotesis de positividad, pero no comparten
el efecto regularizante, como se indica en [27], para el caso 2 = RN, Esto ocurre porque la
solucién de conserva las singularidades de los datos iniciales. Sin embargo, hemos podido
probar que el semigrupo S(¢) de satisface que S(t) = S1(t) + Sa(t), con Si(t) que con-
verge a 0 mientras ¢ va a infinito en X, y Sa(t) es compacta, entonces S(t) es asintoticamente
compacta, (asymptotically smooth), de acuerdo con la definicion en [32] p. 4].

En el Capitulo 4, consideramos una ecuacién de reacciéon-difusion no local, con término
de reaccién no lineal, y trabajamos con el problema

(19)

ug(xz,t) = (K — hl)(u)(z,t) + f(z,u(z,t), x€Q,t>0
u(x, tg) = up(x), x € €,

con f: QxR — R,y dato inicial ug € LP(2). La funciéon f(x, s) se asumira que es localmente
Lipschitz en la variable s € R, uniformemente con respecto a x € €.
Existe una amplia literatura sobre el estudio de problemas de reaccién-difusion locales

(20)

ug(x,t) = Au(z,t) + f(z,u(z,t)), z€Q,t>0,
u(z, ty) = up(x), x € Q.

Existencia, unicidad y resultados de comparaciéon de la soluciones de con término de
reaccion no lineal localmente Lipschitz, f, como en (19) satisfaciendo condiciones de signo
son conocidas, ver por ejemplo [47, 4]. Los argumentos usados para el problema son
esencialmente argumentos de punto fijo, pero no podemos usar estos argumentos para el
problema no local , porque el semigrupo lineal S(t) asociado a no regulariza.

Probamos primero la existencia para la ecuacién con f globalmente Lipschitz, y
después probamos la existencia con f localmente Lipschitz satisfaciendo condiciones de signo
con argumentos de sub-supersolucion, en X = LP(Q), con 1 < p < 0o 0 X = Cp(2). Por
tanto, recuperamos y generalizamos los resultados de existencia y unicidad de las soluciones
de en [8], donde Q C RY y el dato inicial esta en C(Q). Observamos que en [30], los
autores estudian los exponentes de Fujita para , que coinciden con los clasicos de .

También estudiamos el comportamiento asintotico de las soluciones de ((19). En [44], bajo
condiciones de signo en el término no lineal, los autores prueban la existencia de dos equilibrios
maximales de , con © C RY un dominio acotado y diferentes tipos de condiciones de
contorno. También prueban que la dindmica asintotica de las soluciones entra entre estos
equilibrios maximales, uniformemente en espacio, para conjuntos acotados de datos iniciales.
Como consecuencia, obtienen una cota del atractor global para las ecuaciones de reaccion-
difusion locales, .

Por otro lado, nosotros probamos la existencia de dos equilibrios maximales ordenados ¢,
y ¢um (uno minimal y otro maximal), para el problema , y toda la dindmica asintética
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de las soluciones de (|19) con datos iniciales acotados, entra entre los dos equilibrios maxi-
males ¢, v @, cuando el tiempo va a infinito en LP(2), para todo 1 < p < oo. Ademés
éstos mismos equilibrios extremales, ., ¥ ¢, son cotas de cualquier limite débil en LP(€2),
con 1 < p < oo, de las soluciones de con datos iniciales ug en LP(£2). Observamos que
para el problema no local , obtenemos resultados méas débiles que para el problema local
de nuevo, por la falta de regularizacion del semigrupo asociado al problema lineal no local.

Después de estudiar el comportamiento asintotico, discutimos la existencia y estabilidad
de equilibrios del problema

u(z,t) = /QJ(:c,y)u(y,t)dy — ho(z) u(z,t) + f(u(z,t)), 2€Q,t>0 (21)
UO('T)>

T €€,

Sea F' el operador de Nemitcky asociado a la funcion f, tal que F(u)(z,t) = f(u(x,t)).
Como F : LP(Q2) — LP(2) no es diferenciable (ver Apéndice B), y el semigrupo asociado al
problema lineal no local no regulariza, entonces el Principio de Estabilidad linealizada
falla. Sin embargo, bajo hipoétesis en la convexidad de la funciéon f, probamos que la es-
tabilidad /inestabilidad respecto a la linealizacion, implica la estabilidad/inestabilidad de los
equilibrios del problema no lineal .

También probamos que cualquier equilibrio no constante de (21)) es, si existe, inestable
cuando f es convexa. En [16], [I4] y [40], los autores prueban resultados similares para el
problema de reaccion-difusion local con condicion de frontera Neumann. En [14] y [40],
los autores también prueban que si £ es un dominio convexo, entonces cualquier equilibrio
no constante, es inestable, es decir, no existen patrones (patterns). Hasta donde nosotros
sabemos, este resultado no ha sido probado para el problema no local , y las técnicas que
se usan para el problema local, no parecen ser ttiles para probar la no existencia de patrones
si el dominio es convexo.

Existe un gran interés en el estudio de existencia y estabilidad de equilibrios del problema
(19). En [8], los autores estudian la estabilidad de equilibrios positivos con dato inicial en

C(Q2). En particular, prueban que bajo hipotesis en el espectro del operador lineal K ;, existe

un tnico equilibrio no negativo asintéticamente estable en C(§2) 4

En el Capitulo 5, estudiamos problemas de reaccién-difusion con ambos términos no lo-
cales, i.e., consideramos el problema

(22)

u(z,t) = (K —hl)(u)(x,t) + f(x,u)(-, 1), e, t>0
u(z,0) =wup(x), =€,

donde (K — hI)(u) es el término de difusién no local, y f : Q2 x L'(2) — R es el término de
reaccion no local, y estéa definido como sigue

f=gom,
donde g : R — R es una funcioén no lineal, y m : 2 x L'(Q) — R es la media de u en la bola
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de radio § > 0 y centro z, definido como

1
el ) = Sy [ 0
Primero derivamos una teoria completa de existencia y unicidad para el problema (22)), en
X =LP(Q),con1<p<oooX =0Ch(R), con g globalmente Lipschitz.

El problema no tiene propiedades de comparaciéon en general. Por tanto, damos
resultados de comparaciéon para el problema , con g globally Lipschitz, con constante
Lipschitz suficientemente pequena en comparacién con J, usando argumentos de punto fijo.

Si g es localmente Lipschitz, y satisface condiciones de signo, entonces probamos existencia
y unicidad de solucién para el problema , con término no lineal g, tal que la constante de
Lipschitz de g, es suficientemente pequena en comparacion con J, donde g, es la funcion
truncada en kg asociada a g. De hecho, la existencia y unicidad sera probada para datos ini-
ciales en L>°(2), tales que [|ug|| o () < ko. Ademas, probaremos propiedades de comparacion
para las soluciones de (22)) con g y ug satisfaciendo las condiciones de arriba.

Probamos también que la dindmica asintética de las soluciones de con g globalmente
Lipschitz, entra entre los dos equilibrios extremales ¢, y ¢ar, como hacemos para los proble-
mas de reaccién-difusion no local . Ademas, si suponemos que el promedio en la bola de
radio delta es continuo, entonces probamos que los equilibrios ¢, ar € Cp(€2) v la dindmica
asintotica de las soluciones de entra entre ¢, y ¢y uniformemente en conjuntos com-
pactos de €.

Otra ventaja de este modelo , con reaccion no local respecto al problema de reaccién
difusién no local (19)), es que el término de reaccién no local F : LP(€2) — LP(£2) es compacto,
y probamos que el semigrupo asociado a (22)) es asintoticamente compacto, y entonces usamos
[32, Theorem 3.4.6.], para probar la existencia de un atractor global para el semigrupo de .

En el Capitulo 6, estudiamos el problema de Stefan de dos-fases no local en RY

up = /]RN J(x —y)v(y)dy — v, where v =T'(u),
u(70) =1

donde J es un nicleo de convolucién no negativo suave, u es la entalpia y

(23)

I'(u) = sign(w) (Ju| — 1)+.

El problema de Stefan es un problema no lineal de frontera moévil cuyo objetivo es describir
la distribucién de la temperatura y la entalpia en una fase de transicién entre diferentes
estados. La historia del problema comenzé con Lamé y Clapeyron [39], y después con Stefan,
en [49]. Para el modelo local se puede ver por ejemplo las monografias [I7] y [54] para las
fenomenologicas y modelizacion, [23|, [41], [45] y para los aspectos matematicos del modelo
[53].

El modelo principal usa la ecuacion local vy = Av, v = I'(u), pero recientemente, una
version no local del problema de Stefan de una-fase fue introducido en [12], que es equivalente
a en el caso de soluciones no negativas, y I'(u) viene dada por I'(u) = (u — 1)+.
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Este nuevo modelo matematico es interesante desde el punto de vista de la fisica, pues a
escala intermedia (mesoscopica), explica por ejemplo la evolucion de mushy regions (regiones
que son un estado intermedio entre hielo y agua).

Nosotros estudiamos la existencia, unicidad y comparacién en la linea de los capitulos
anteriores, y estudiamos el comportamiento asintotico en el espiritu de [12], pero para solu-
ciones que cambian de signo, lo que presenta retos muy dificiles sobre el comportamiento
asintotico. Aunque no damos un estudio completo del comportamiento asintotico, que parece
ser bastante dificil, damos condiciones suficientes que garanticen la identificaciéon del limite
cuando el tiempo tiende a infinito.

Conclusiones

e Los modelos de difusion no local, se pueden platear en espacios métricos de medida (ver
Capitulo 1). Lo que nos permite estudiar procesos de difusion en espacios muy difer-
entes como: grafos, multiestructuras compuestas por conjuntos compactos de diferentes
dimensiones, o incluso conjuntos fractales como el tridngulo de Sierpinski.

e El estudio del problema lineal nos lleva a la conclusion de que la ecuacion ([18)
comparte algunas propiedades con la ecuacién clésica del calor. En particular, ambas
tienen Principio Débil y Fuerte del Méximo, cuando J satisface hipotesis de positividad,
pero no comparten el efecto regularizante. Esto ocurre porque la solucion de ([18]) carga
con las singularidades de los datos iniciales. Sin embargo, hemos podido probar que el
semigrupo S(t) de satisface que S(t) = Si(t) + Sa(t), con Si(t) que converge a 0
mientras ¢ va a infinito en X, y S2(t) es compacta, entonces S(t) es asintoticamente
compacta, (asymptotically smooth), de acuerdo con la definicion en [32] p. 4].

e Para el problema no local , probamos la existencia de dos equilibrios maximales
ordenados ¢, v @i, v toda la dindmica asintotica de las soluciones de con datos
iniciales acotados, entra entre los dos equilibrios maximales ¢, y @, cuando el tiempo
va a infinito en LP(Q), para todo 1 < p < co. Ademés éstos mismos equilibrios ex-
tremales, ¢, ¥ @, son cotas de cualquier limite débil en LP(£2), con 1 < p < oo, de las
soluciones de (|19) con datos iniciales ug en LP(2). Estos resultados son mas débiles que
para el problema local , debido a la falta de regularizacién del semigrupo asociado
al problema lineal no local.

e Como F : LP(Q2) — LP(Q2) no es diferenciable (ver Apéndice B), y el semigrupo aso-
ciado al problema lineal no local no regulariza, entonces el Principio de Estabil-
idad linealizada falla. Sin embargo, bajo hipotesis en la convexidad de la funcién f,
probamos que la estabilidad /inestabilidad respecto a la linealizacion, implica la estabili-
dad/inestabilidad de los equilibrios del problema no lineal . Ademaés si f es concava,
probamos que no existen patrones para el problema .

e El problema puede no cumplir las propiedades de comparaciéon. Por tanto, damos
resultados de comparacién para el problema , donde g tiene una constante Lipschitz
suficientemente pequena en comparacion con .J.
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e Probamos la existencia de equilibrios maximales ¢,, y ¢as para el problema . Y
como el término de reaccion no local regulariza, probamos que la dindmica asintética de
las soluciones de entra entre ., y s uniformemente en conjuntos compactos de €.
Ademas podemos probar que el semigrupo asociado al problema es asintéticamente
regular, y por tanto, probamos la existencia de un atractor global para el semigrupo del
problema.

e Para el problema no local de Stefan de dos fases estudiamos el comportamiento
asintotico de las soluciones que cambian de signo en tres casos diferentes: cuando la
parte positiva y negativa de las soluciones no interactiian para ningtn tiempo t > 0;
cuando la parte positiva y negativa de la temperatura I'(u) no interactian para ningin
tiempo ¢ > 0, y cuando la parte positiva y negativa de la temperatura I'(u) interacttan
pero el comportamiento de las soluciones viene dado por el del problema de Stefan de
una fase después de cierto tiempo.
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Introduction

Diffusion is the natural process by which, for example matter is transported from one part
of a system to another as a result of random molecular motions. The classical experiment
that illustrates this is the one in which a drop of ink is leaved in a vessel full of water, and
it eventually spreads out around the container and all the whole solution appears uniformly
coloured. (There exist more refined experiments to make sure no convection is present).

Diffusion models appear in sciences as diverse as biology, thermodynamics, medicine, and
even economics. In biology, population models study the population dynamics, i.e., short-
term and long-term changes in the size and age composition of populations, and the biological
and environmental processes influencing those changes. Population dynamics deals with the
way populations are affected by birth and death rates, and by immigration and emigration.
In medicine, the diffusion models are used to describe the growth of cancerous tumors, for
example. In thermodynamics, the heat equation models the heat conduction, this is when
an object is at a different temperature from another body or its surroundings, heat flows so
that the body and the surroundings reach the same temperature. In economics, the diffusion
models fluctuations in the stock market, by using Brownian motion.

There are two ways to introduce the notion of diffusion: either a phenomenological ap-
proach starting with Fick’s laws of diffusion, or a physical and atomistic one, by considering
the random walk of the diffusing particles.

First, let us introduce the laws that rule the diffusion processes: The Fick’s laws. Fick’s
first law relates the diffusive flux to the concentration under the assumption of steady state. It
postulates that the flux goes from regions of high concentration to regions of low concentration,
with a magnitude that is proportional to the concentration gradient. Then in 1-dimension we

have
ou

F= —D%, (24)
where F' is the “diffusion flux”, u is the concentration of the diffusing substance, and D is the
diffusion coefficient.

On the other hand, from Fick’s first law and the mass conservation in absence of any

chemical reaction:

ou 0
St F =0 (25)

Then form and , we obtain Fick’s second law that predicts how diffusion causes the
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concentration to change with time:

ou 0%u

For the case of diffusion in two or more dimensions Fick’s second law is given by

% ~ DAu. (27)
The local diffusion model is given by plus some boundary and initial conditions which
are needed to complete the model.

From the atomistic point of view, diffusion is considered as a result of the random walk
of the diffusing particles. In molecular diffusion, the moving molecules are self-propelled by
thermal energy. Random walk of small particles in suspension in a fluid was discovered in
1827 by Robert Brown. The theory of the Brownian motion and the atomistic backgrounds
of diffusion were developed by Albert Einstein in 1905.

Another kind of diffusion models are the nonlocal diffusion models. These models can
be derived from a variation of a position-jump process (see for example [35]). Consider a
single specie in an N-dimensional habitat where it is presumed that the population can be
adequately modeled by a single function u(z,t), which is the density at position z at time .
A continuous model for the population dynamics for species can be derived by considering
in detail a situation discrete in both space and time, and then letting the size and time
intervals become small. The classic derivation of the Laplacian, via a random walk is
given assuming a binomial distribution.

We reproduce the derivation of the nonlocal model for the case N = 1. The habitat will
be Q C R. First, divide 2 into contiguous sites, each of length Ax. Discretize time into
steps of size At. Let u(i,t) be the density of individuals in site ¢ at time t. We wish to
derive the change in the number of individuals in this site during the next time interval. The
first assumption is that the rate at which individuals are leaving site i and going to site j
is constant. Thus the total number of individual leaving location ¢ to location j should be
proportional to: the population in the interval i, which is u(,t) Az; the size of the target site,
which is Az; and the amount of time during which the transit is being measured, At. Let
J(j,1) be the proportionality constant. Then, the number of individuals leaving site ¢ during
the interval [t,¢ + At] is

M
> TG huli ) (Ax)At. (28)
e

During the same time interval, the number of arrivals to site i from elsewhere is

M
Z J(i, 7)u(j, t)(Az)?At. (29)

i
Combining and , we deduce that the populations density at location ¢ and time ¢+ At
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is given by

M M
u(i,t+ At Az =u(i,)Ax+ > J(G,j)u(j,t)(Ax)? At — Y T, i)uli,t)(Az)’At, (30)
oy e

then, dividing by Az, we obtain

u(i, t + At) = u(i, t) Z J (1, ju(g, t) AxAt — Z J (g, 1)u(i, t) AxAt. (31)

j=-M i=-M
J#i J#i

Thus, allowing At — 0 and Az — 0 in , we obtain

wlent) = [ (a)utont) = T.)ua.)dy. (32)

Now, let us reinterpret equation , with Q C R. We assume J(z,y) is a positive function
defined in 2 x Q that represents the density of probability of jumping from a location y to x,
and u(z,t) is the density of population at the point z € Q at time ¢, then [, J(z,y)u(y,t)dy
is the rate at which the individuals arrive to location z from all other locations y € €.
Since we have assumed that J is the density of probability, and J is defined in € x €2, then
fQ x,y)dy = 1. In particular, — = —fQ x,y)dyu(x,t) is the rate at which the
individuals are leaving from location T to all other locations y € €. Then, we can write the
equation with initial condition ug, as

ug(x,t) :/S)J(x,y)u(y,t)dy—u(x,t), x €€,
u(z,0) =up(x), x € .

(33)

This problem and variations of it have been previously used to model diffusion processes, in
[2], [18], [27], and [35], for example. This model allows to take into account short-range and
long-range interactions, and it is possible to generalize the problem , for @ c RV, or even
more general type of measurable set €, (see Chapter 1). The model is called nonlocal
diffusion model since the diffusion of the density u at point  and time ¢ does not only depend
on u(x t) but on all the values of u in a neighbourhood of = through the “convolution” term

fQ Yy, t)dy.

Now, let us fix an open set Q C RY. For local problems as the two most usual
boundary conditions are Neumann’s and Dirichlet’s. The local heat equation with Neumann
boundary condition is given by

u(z,t) = Au(z,t), z€Q,t>0,
E(gj’t) =0, €00, t>0, (34)
u(z,0) = wup(x), x €,

where v denotes the (typically exterior) normal to the boundary 052, and % = 0 models that
the individuals do not enter or leave . An analogous nonlocal problem defined in ¢ RY
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open, proposed in [18], is given by

un(,1) = /Q J() (uy, 1) — (e, 1)) dy = /Q J (s y)uly, O)dy — holz)u(z, 1

u(z,0) = uo(z),

(35)

where J : RV x RV — R, with fRN J(x,y)dy = 1, and we denote

ho(z) = /ﬂJ(m,y)dy, Vo € Q.

In , the integral is over €2, then this model assumes that individuals may not enter or
leave €2, and the diffusion takes place only in 2. Moreover, shares with the local problem
, that the constants are equilibrium solutions.

On the other hand, the local heat equation with homogeneous Dirichlet boundary condi-
tions is given by
u(x,t) = Au(x,t), z€Q, t>0,

u(z,t) =0, x eI, t>0,
u(z,0) =up(z), x €.

In this case, u is zero in the boundary of the habitat. An analogous nonlocal problem proposed
in [I8] with © c RY open , is given by
wlat) = [ Ieg)ulOdy = ulw.0), €0 t>0
RN

u(z,t) =0, x ¢ Q,t>0,
u(z,0) = up(z), x € Q.

(36)

In this model the diffusion takes place in the whole RV, and u = 0 outside Q. Hence, this
problem models the case in which the individuals extinguish when they leave the habitat €2,
and [pn J(z,y)u(y, t)dy = [ J(z,y)u(y,t)dy. Therefore, the equation in (B6), is given by

wle,t) = [ Ieg)uly. iy — (e,
Problems , , and can be unified considering the nonlocal problem

wie.t) = [ Tl dy = haue. ), 2 €0, t>0,

U(l’,O) - ’LLQ(.%'), T < Qa

(37)

with A defined in 2. This is the kind of linear nonlocal problems we are going to study.

Concerning nonlinear problems, we introduce the nonlocal reaction-diffusion model, by
adding a local reaction term f(z,u(x,t)) to the diffusion population model (37)),

ut(x,t) = /Q J(z,y)u(y, t)dy — h(z)u(z,t) + f(x,u(z,t)), =€, t>0,

u(z,0) = ug(z), z €1,

(38)
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where f: Q x R — R. This model was also considered in [35], where models the popula-
tion dynamics of species, and f denotes the per capita net reproduction rate at x at the given
population density u(z,t), to take into account the number of new individual at z at time ¢.

We also consider nonlocal reaction-diffusion models, with nonlocal diffusion and nonlocal
reaction. The problem is given by

ug(x,t) = /QJ(x,y)u(y,t)dy — h(x)u(z,t) + f(z,u)(-,t), €, t>0,

U(H},O) - U()(CU), T € €,

(39)

but now f : Q x L'(Q) — R is a nonlocal term. This model has been previously considered
in [30].

The problem with local diffusion, (—A), and nonlocal reaction has been considered in
[11], where the nonlocal reaction term takes into account a nonlocal saturation, or nonlocal
competition effects.

Another kind of nonlocal diffusion model, is the one that appears in [12] 19], given by
ut(x,t) = / J(z,y)(T(u(y, t) — D(u(z,t))dy, zeRY, t>0, (40)
RN

where T'(u) = sign(u)(|u| — 1) .- This problem is called the nonlocal Stefan problem, which
models the temperature and enthalpy distribution in a phase transition between several states,
for example the phase change from ice to water.

Recently, there has been a big interest in studying diffusion in spaces which are non
smooth. There are many attempts to try to generalize the laplacian to nonsmooth spaces.
There are Dirichlet forms, that help describing jump processes which can be defined in spaces
that are nonsmooth. Hence, it is possible to define differential equation on nonsmooth spaces,
like some fractal sets. With this theory, called Analysis at fractals, it is possible to extend
concepts like the laplacian, Green’s functions and heat kernels, (see [9] 37, 50]).

Nonlocal diffusion models like , , can be naturally defined in metric measure
spaces (see Chapter 1), since we just need to consider the density of probability of jumping
from a location x in Q to a location y in , given by the function J(x,y). And this kind of
density can be defined in a general metric measure space, since, we just need the space €2 to
have a measure and a metric. This allows us studying the diffusion in very different type of
spaces, like: graphs, (which are used to model complicated structures in chemistry, molecular
biology or electronics, or they can also represent basic electric circuits into digital computers),
compact manifolds, multi-structures composed by several compact sets with different dimen-
sions, (for example a dumbbell domain, where it is necessary to consider a perturbed domain
to study local diffusion problems, as we can see in [3], whereas in the nonlocal diffusion prob-
lems we will be able study the problem directly in the domain), or even fractal sets as the
Sierpinski gasket.
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Let us focus in what will be done throughout this work. As we said above, in this thesis
we study general nonlocal diffusion problems. Let u be a measure and d a metric defined in
Q, we consider (£, i, d) a metric measure space, which is introduced in Chapter 1.

First of all, we consider the linear nonlocal diffusion problem which is given by

(41)

ug(x,t) = (K — hl)(u)(z,t), z€Q, t>0
u(x,0) = ug(z), x € Q,

where

M@@ﬂZLﬂ%W@ﬁ@

is the integral operator, and

hI(u)(x,t) = h(z)u(z,t)

is the multiplication operator with A € L*(Q) or in Cp(2), where Cy(f2) are the continuous
and bounded functions defined on €). We will not assume, unless otherwise made explicit,
that fQ J(x,y)dy = 1. A function that will be important throughout this work is

mm:xywmw,

which is not necessarily equal to the identity.

To study the linear problem (41), in Chapter 2, we first derive a complete study of the
linear operator K — hli, studying the spaces where the operators are defined, the compactness
and the spectrum of K and hlI separately.

Then in Chapter 3 we concentrate on the study of existence and uniqueness of the solution
of , as well as the monotonicity properties of the solution in X = LP(Q2), with 1 < p < o0
or X = C,(£2). We recover and generalize the study of existence and uniqueness of solution
of , with h = hg or h = Id, and Q C RY a domain, has been previously done in [2] 18] in
LY(9).

After this, we study in detail the asymptotic behaviour of the solution as time goes to
infinity. We prove that if ox (K — hl) is a disjoint union of two closed subsets o1 and o9
with Re(o1) < 61, Re(oz) < 2, with d9 < d1, then the asymptotic behavior of the solution
of in X is described by the Riesz Projection of K — hl corresponding to o1. We prove
also that the Riesz projection and the Hilbert projection are equal. Furthermore, we apply
this result to the particular cases of the nonlocal diffusion problem with h constant or
h = hg. In particular, we recover and generalize the result in [18], for X = LP(Q), with
1 <p<ooor X = Cy(R), whereas in [I8], the authors obtain the result with @ ¢ RV an
open set, in L?(Q) if the initial data is in L?(£2), and in L°°(Q) if the initial data is in C(€).

The study of the problem leads us to the conclusion that equation shares some
properties with the classical heat equation, in particular, they both have weak and strong
maximum principles, when J satisfies hypotheses of positivity, but they do not share the reg-
ularizing effect, as was pointed in [27], in the case Q = R". This happens because the solution
of carries the singularities of the initial data. However, we have been able to prove that
the semigroup S(t) of satisfies that S(t) = S1(t) + Sa(t), with S;(t) that converges to 0
as t goes to infinity in norm X, and S3(¢) is compact, hence S(t) is asymptotically smooth,
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according to the definition in [32] p. 4].

In Chapter 4, we consider a nonlocal reaction-diffusion equation, with a nonlinear reaction
term, and we work with the problem

u(az,to) = Uo(a’j)7 T e Q’ (42)

{ wy(x,t) = (K — hI)(u)(x,t) + f(z,u(z,t), z€Q >0
with f: Q x R — R, and initial data ug € LP(€2). The function f(x,s) will be assumed to be
locally Lipschitz in the variable s € R, uniformly with respect to = € €.

There exists a large literature in the study of the local nonlinear reaction- diffusion equa-
tion

u(z, tg) = uo(z), x € . (43)

{ ut(z,t) = Au(x, t) + f(z,u(x,t), ze€Q,t>0,
Existence, uniqueness and comparison results of the solutions of with nonlinear locally
Lipschitz term, f, as in satisfying sign conditions are well-known, see for example [47] [4].
The arguments used for the problem are essentially fixed-point arguments, but we can
not use these arguments for the nonlocal problem , because the linear semigroup S(t)
associated to does not regularize.

We prove first the existence for the equation with f globally Lipschitz, and secondly,
we prove the existence for f locally Lipschitz satisfying sign conditions with sub-supersolution
arguments, in X = LP(), with 1 < p < oo or X = C(Q2). Hence, we recover and generalize
the results of existence and uniqueness of solutions of , with © € RY and initial data in
C(Q), in [8]. Observe that in [30], the authors study Fujita exponents for (42]), which coincides
with the classical one, .

We will also study the asymptotic behaviour of the solution of . In [44], under sign
conditions on the nonlinear term, the authors prove the existence of two extremal equilibria
of , with @ ¢ RY a bounded domain and different type of boundary conditions. The
authors also prove that the asymptotic dynamics of the solutions enter between these extremal
equilibria, uniformly in space, for bounded sets of initial data. As a consequence, they obtained
a bound for the global attractor for the local reaction-diffusion equations.

On the other hand, we prove that there exist also two ordered extremal equilibria ¢,
and @ps (one minimal and another maximal), for the problem , and all the asymptotic
dynamics of the solutions of with bounded initial data, enter between the two extremal
equilibria ¢, and ¢, when time goes to infinity in X = LP(Q), with 1 < p < co. More-
over, the same extremal equilibria, ¢,, and ¢/, are bounds of any weak limit in LP(Q2), with
1 < p < o0, of the solution of with initial data ug in LP(€2). Observe that for the nonlocal
problem , we obtain a weaker result than for the local problem again by the lack of
smoothing effects.

After studying the asymptotic behaviour, we discuss the existence and stability of equi-
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librium solutions for the problem

ug(x,t) = /QJ(x,y)u(y,t)dy — ho(x) u(z,t) + f(u(z,t)), x€Q, t>0
u(z,0) = wup(x), x € €,

(44)

Let F' be the Nemitcky operator associated to the function f, such that F'(u)(x,t) = f(u(x,t)).
Since F : LP(Q2) — LP(R) is not differentiable (see Appendix B), and the semigroup associ-
ated to the linear problem does not regularize then the principle of linearized stability
fails. However, under hypotheses on the convexity of the function f, we prove that the
stability /instability with respect to the linearization, implies the stability /instability of the
equilibria of the nonlinear problem .

We will also prove that any continuous nonconstant equilibrium solution of is, if it
exists, unstable when f is convex. In [16], [14] and [40], the authors prove similar results for
the local reaction-diffusion problem with Neumann boundary conditions. In [14] and [40],
the authors also prove that if € is a convex domain, then any nonconstant equilibrium, is, if
it exists, unstable for any dimension. Up to our knowledge this result has not been proved
for the nonlocal problem , and the techniques used for the local problem do not seem to
be useful to prove the instability of nonconstant equilibria if the domain €2 is convex.

There exists a big interest in the study of the existence and stability of equilibria of the
problem . In [8], the authors study the stability of the positive steady solutions, with
initial data in C(2). In particular they prove, under hypothesis on the spectrum of the lin-
ear operator K j, that there exists a unique nonnegative equilibrium asymptotically stable in

C)..

In Chapter 5, we study the nonlocal reaction-diffusion problem with both terms nonlocal,
i.e., we consider the problem

{ w(z,t) = (K —hD)(u)(z,t)+ f(z,u)(t), z€Qt>0 (45)

u(z,0) =wp(x), x€Q,

where (K — hI)(u) is the nonlocal diffusion term and f : Q x L'(2) — R is the nonlocal
reaction term, and it is defined as

f=gom,

where g : R — R is a nonlinear function, and m : Q x L!'(Q) — R is the average of v in a ball
of radius § > 0 and center x, defined as

1
o) = s [ 0
We first derive a complete theory of existence and uniqueness for the problem , in X =
LP(Q), with 1 < p < 0o or X = (), with g globally Lipschitz.
The problem with g linear, may fail to have comparison properties. Hence, we give
comparison results for , with g globally Lipschitz, with Lipschitz constant small enough,
using fixed-point arguments.
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If g is locally Lipschitz, and satisfies sign conditions then we will prove the existence and
uniqueness of solution of the problem (45), with nonlinear term g, such that the Lipschitz
constant of gy, is small enough, where gy, is a truncated function associated to g. In fact, the
existence and uniqueness, will be proved for initial data in L°°(92), such that |[uol| () < ko.
Furthermore, we will prove some monotonocity properties for the solution of with g and
ug satisfying the conditions above.

We prove also that all the asymptotic dynamics of the solutions of with g globally
Lipschitz, enters between two extremal equilibria ¢, and @, as we do for the nonlocal
reaction-diffusion problem . In fact, the asymptotic dynamics of the solutions of
enters between ¢, and ¢j,s uniformly in compact sets of (2.

Another advantage of this model , with nonlocal reaction with respect to the nonlocal
reaction-diffusion problem ({2)), is that the nonlocal reaction term f : LP(Q) — L'(Q) is
compact, and we prove that the semigroup associated to is asymptotically smooth, and
then we use [32, Theorem 3.4.6.] to prove the existence of a global attractor for the semigroup

of .

In Chapter 6, we study the nonlocal two-phase Stefan problem in RY

up = /RN J(x —y)v(y)dy — v, where v =TI'(u),
U(,O) =/

where J is a smooth nonnegative convolution kernel, u is the enthalpy and

I'(u) = sign(u) (Ju| — 1)+.

The Stefan problem is a non-linear and moving boundary problem which aims to describe
the temperature and enthalpy distribution in a phase transition between several states. The
history of the problem goes back to Lamé and Clapeyron [39], and afterwards [49]. For
the local model can be seen e.g. the monographs [17] and [54] for the phenomenology and
modeling; [23], [41], [45] and [53] for the mathematical aspects of the model.

The main model uses a local equation under the form u; = Av, v = I'(u), but recently, a
nonlocal version of the one-phase Stefan problem was introduced in [12], which is equivalent
to in the case of nonnegative solutions, and I'(u) is given by I'(u) = (u — 1)+.

This new mathematical model turns out to be rather interesting from the physical point
of view at an intermediate (mesoscopic) scale, since it explains for instance the formation and
evolution of mushy regions (regions which are in an intermediate state between water and
ice).

We study the existence, uniqueness and comparison results along the lines of the previous
Chapters, and we study the asymptotic behaviour in the spirit of [12], but for sign-changing
solutions, which presents very challenging difficulties concerning the asymptotic behavior.
Though we do not give a complete study of the question which appears to be rather difficult,
we give some sufficient conditions which guarantee the identification of the limit when time
goes to infinity.
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Below, we briefly summarize the organization of the work:

In CHAPTER 1 we describe the metric measure spaces (2, i, d), and enumerate the nonlo-
cal diffusion models that will be studied in the following chapters.

In CHAPTER 2 we study the linear operator
(K =hD)@(a) = [ Jewudy @), veo.

We start studying the operator K (u), which has a straight dependence with the kernel J. We
give results of regularity and compactness of the operator K, in terms of the regularity of J.
We study the positiveness of the operator K, and we describe the spectrum of the operator
K. We will give conditions to obtain that the spectrum is independent of the Lebesgue space
where we are working. After that we study the multiplication operator hl, that sends u(z)
to h(z)u(x). In the last part of this chapter we analyze the spectrum of K — hl, and we will
also give conditions to obtain that the spectrum of K — hl is independent of the Lebesgue
space.

In CHAPTER 3 we give a result of existence and uniqueness of solution of . We write
the solution in terms of the group associated to the operator K — hI. We give also mono-
tonicity results. We prove that under some hypothesis on the positivity of the kernel J, the
Weak and Strong Maximum Principle. In the last part of this chapter, we prove that the
solutions of the homogeneous problem (36 converges asymptotically to the eigenfunction as-
sociated to the first eigenvalue of the operator K —hl, and the solution of the problem has
an exponential convergence to the mean value of the initial data ug € LP(Q), with 1 < p < co.

In CHAPTER 4 we work with the nonlinear problem . We give a result of existence
and uniqueness of solutions for f locally Lipschitz satisfying an increasing property. We also
prove the existence of two extremal equilibria solution (one maximal and another minimal).
We prove that all the solutions enter between these two extremal equilibria when time goes
to infinity. We study also in the particular case of the problem that if the reaction term
f is strictly convex, any nonconstant equilibrium solution is unstable, if it exists.

In CHAPTER 5 we are confined to the nonlocal reaction-diffusion problem , with both
terms nonlocal. We give a result of existence and uniqueness and comparison results of so-
lutions of the problem , with g globally lipschitz. We give also a result of existence and
uniqueness of solution of the problem with g locally Lipschitz and sublinear and some
bounded initial data. We prove that the asymptotic dynamic of the solutions enter between
two extremal equilibria when time goes to infinity, and finish proving the existence of a global
attractor.

In CHAPTER 6, we study the nonlocal two-phase Stefan problem in RY. We give results
of existence and uniqueness of solutions of . And we focus in the study of the asymptotic
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behaviour of sign-changing solutions. Since, we have not been able to give a general result
about this asymptotic behavior, we give some sufficient conditions to guarantee the identi-
fication of the limits. This work has been done in collaboration with Professor Emmanuel

Chasseigne at the Université Francois Rabelais in Tours, during my stay for three months in
2011.
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Chapter 1

Nonlocal diffusion on metric measure
spaces

First of all we introduce some Measure Theory, to define the metric measure spaces, [46].
Then we enumerate some examples of metric measure space, in which all the theory throughout
this work can be applied, we consider open subsets of R, which are the most usual in the
literature; graphs, which have plenty of applications; compact manifolds; multi-structures,
that are the union of metric measure spaces of different dimensions, etc.

We finish introducing the linear nonlocal diffusion model, and we enumerate the different
problems that will be analyzed in the following chapters.

1.1 Metric measure spaces

In this section we introduce concepts of Measure Theory, for more information see [46].

First of all, let us start defining what is a metric space (X, d) that consists of a set X and
a distance d on X, i.e., a function d : X x X — [0,00) satisfying the following properties:
forall x, y, z € X

i. d(z,y) > 0 and d(z,y) = 0 if and only if x =y,
i d(z,y) = d(y, ),
ii. d(z,y) <d(z,z) +d(z,y).

We will denote the balls in X by B(z,r) ={y € X : d(z,y) < r} where z € X and r > 0.

Let us introduce now several definitions.
Definition 1.1.1.

i. A collection 9 of subsets of X is said to be a o-algebra in X if M has the following
properties:

(a) X € M.



(b) If A € M, then A° € M, where A° = X \ A.

o0
(c) If A= U An, and A, € M formn=1,2,..., then A € M.
1

n=
1. Let X be a topological space, we denote by B the smallest o-algebra in X such that every
open set in X belongs to B. The members of $ are called the Borel sets of X.
Definition 1.1.2.

i. A positive measure is a function u, defined on a o-algebra M, whose range is in [0, 0]
and which is countably additive. This means that if {Ap}nen is a pair-wise disjoint
collection of members of 9, then

© (U An) = ZM(An)
n=1 n=1

To avoid trivialities, we shall also assume that p(A) < oo for at least one A € I,

A#0D.

ii. A measure space, (X, M, u), has a positive measure defined on the o-algebra, M, and
the members of M are called the measurable sets in X.

1i. Let X be a measure space, Y be a topological space, and f: X — Y, then f is said to be
measurable provided that f~1(V') is a measurable set in X for every open set V in'Y.

w. A measure p is called complete measure if every subset of a set with measure zero is
measurable.

v. The measure pu defined on a o-algebra M in X is o-finite measure if X is a countable
union of sets X; with finite measure.

vi. We call total variation of p to the function |u| defined on the Borel o-algebra B in X
by

, EFeB

l(E) = sup ) _ |n(Ei)
i=1

the supremum being taken over all disjoint partitions {E;} of E.

The following Theorem states that every measure can be completed (see [46] p. 28]).

Theorem 1.1.3. Let (X,9M, 1) be a measure space, let IM* be the collection of all E C X for
which there exists sets A and B in I such that A C E C B and u(B — A) = 0, and define
w(E) = p(A) in this situation. Then IM* is a o-algebra, and p is a measure on I*.

Thanks to this result, whenever it is convenient, we may assume that any given measure
is complete.
The following result can be found in [46] p. 40].
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Theorem 1.1.4. Let X be a locally compact Hausdorff space. Then there exists a o-algebra
M in X which contains all Borel sets in X, and there exists a positive measure p on I such
that

i. p(K) < oo for every compact set K C X.
1. For every u-measurable set E C 9N we have that
p(E) =inf{u(V): ECV, V open}.
113. The relation
w(E) =sup{u(K): K C E, K compact}.
holds for every open set E, and for every E € M, with u(E) < oo.
. If E € M with p(E) =0 and A C E, then A € M. (p is complete).

A measure p defined on the o-algebra of all Borel sets in a locally compact Hausdorff space
X is called a Borel measure on X. If y is positive, a Borel set £ C X is outer regular or
inner regular, if E has property ii. or 4., respectively, of Theorem [I.1.4] If every Borel set
in X is both outer and inner regular, u is regular.

Throughout this work we will be working with metric measure spaces, and any time we
mention them, we will be referring to the following definition.

Definition 1.1.5. A metric measure space (X, u,d) is a metric space (X,d) with a o-

finite, reqular, and complete Borel measure p in X, that associates a finite positive measure

to the balls of X.

Remark 1.1.6. Let (X, u,d) be a metric measure space, according to the previous definition,
the measure satisfies the properties in Theorem[I.1.]} The measure p is a complete and regular
measure, which are the properties 1., 1. and . in Theorem |1.1.4), and moreover, since i
associates a finite positive measure to the balls of X, then for every compact set K C X,
w(K) < oo, then the property i. in Theorem is satisfied.

1.1.1 Function spaces in a metric measure space

Let (€2, 1) be a measure space where p is a measure as in Definition m For 1 < p < o0,
if f is a measurable function on €2, we define

1/p
1l = ( / f\”du>

and let LP(£2) consist of all f for which || f[|1r(q) < 00. We call ||f||1r(q) the LP-norm of f.

Let f be a measurable function on €. The essential supremum of f : Q — R, esssup(f),
is defined by

esssup(f) = inf{a € R : p({z: f(z) > a}) =0}.
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For p = oo, if f is a measurable function on €2, we define [|f|[z() to be the essential
supremum of |f|, and we let L>°(€2) consist of all f for which || f||z(q) < oco.
In particular, if ©(2) < co and ¢ > p then L1(Q) — LP(Q).

Let (92, u,d) be a metric measure space, if f is a measurable function on €, we define
[ flle, (@) by the supremum of |f|, and we let Cy(€2) consist of all continuous and bounded
functions f, such that || f{|c,() < oo. Then Cy(2) C L>(Q2).

The results that will be used throughout this work, and are well known properties of
the LP-space are: Holder’s inequality and Minkowski’s inequality; the Monotone Convergence
Theorem and the Dominated Convergence Theorem; Fubini’s Theorem and Lusin’s Theorem.
(These results can be see in detail in Appendix A).

Furthermore, since LP(£2), with 1 < p < oo is a Banach space, we can consider its dual
which is given by L¥ (Q), for p/ satisfying 1/p 4+ 1/p' = 1, and the dual space of L=(Q) is
(L>=(2)) = M(Q), where M(Q) is the set of measures satisfying the properties in Theorem
LI4

1.2 Some examples of metric measure spaces

In the following chapters we will consider a general measure metric space (€2, u,d). In this
section we enumerate some examples to which we can apply the theory developed throughout
this work.

e SUBSET OF RY: Let Q be a Lebesgue measurable set of RV with positive measure.
A particular case is the one in which  is an open subset of RY, which can be even
Q = RY. We consider the metric measure space (£, u1, d) with:

- QCRNV,
— 11 the Lebesgue measure on RV,

— d the Euclidean metric of RY.

e GRrRAPHS: We consider a graph G = (V, E), where V C R¥ is the finite set of vertices,
and the edge set E, consists of a collection of Jordan curves

E={m:[0,1]->R"|je{1,23,.,n}}

where 7; € C'([0,1]) is injective. We consider that each e; := 7;([0, 1]) has its end
points in the set of vertices V', and any two edges e; # ej, satisfy that the intersection
ej M ey is either empty, 1 vertex or 2 vertices.

We consider a graph in RY, non empty, connected and finite. From now on, we
identify the graph G C RY with its associated network.

G=Je=m (0, 1).

J=1 Jj=1



We denote v = ;(t) for some t € [0,1]. For a function v : G — R we set uj :=uom;:
[0, 1] — R, and use the abbreviation

uj(v) = u; (7‘(‘;1(1)))

We define the measure structure of this graph. The edges have associated the Lebesgue
measure in dimension 1, and the length of the edge e; is defined as the length of the

curve ;,

1
(es) = p(m[0,1]) = /0 (8]t (1.1)

A set A C e; is measurable if and only if 7; *(A) C [0,1] is measurable, and for any
measurable set A C e;, we consider the measure p;

) = [ N L0

i

Hence a set A C G is measurable if and only if A N e; is measurable for every

i€{l,2,3,..., n}, and its measure is given by
n
w(4) =3 m(Ane). (1.2)
i=1
It turns out that a function f : G — R is measurable if and only if f., : ¢, — R is
measurable.
n
For 1 <p < oo, weset f € LP(G) = HLp(ei), with norm
i=1
n
£ oy = Y I llLr(en < 00,
i=1
where,

s = (| )P i1t " (f 1 |f(7n(-))|pdui)1/p.

n
For p = o0, f € L*(G) = HLOO(ei), with norm

i=1

£l = max ||l e < o0,

Tty
where,

[fll oo e,y = sup [f(mi(t))] -

te[0,1]

Furthermore, a function f : G — R is continuous in the graph G, if and only if f, :

n
e; — R is continuous. We set f € C(G) = HC(ei), with the norm associated
i=1

[ fllece = ifll?{%anHC(ei) < 00,
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where,

[fllcey = sup [f(mi(t))].
te[0,1]

Now, let us describe the metric associated to the graph. For v, w € G the geodesic
distance from v to w is the length of the shortest path from v to w. This distance will
be the metric associated to the graph G, and we denote the geodesic metric as d,.
Moreover, since the graph is connected, there always exists the path from v to w, and
since the graph is finite the geodesic metric dg is equivalent to euclidean metric in RN,
Let us see this below:

The graph G is compact in (G,dy), the graph with the geodesic metric, and G is
compact in (G, d), the graph with the euclidean metric in R"V. We consider the identity
map I : (G,dy) — (G,d), thus, we have that I is continuous, because for any v, w € G
with d(v,w) < dg4(z,y). Thus, since I is continuous and injective in a compact set, and
Im(G) = G, then I is an homeomorfism. Therefore, the metrics dy and d are equivalent.

To sum up, the metric measure space (G, iz, dy) is given by:

— G is a graph with a finite number of edges and vertices,
— u@ the measure described in (|1.2]),

— dg is the geodesic metric which is equivalent to the Euclidean metric of RN,

1.2.1 Manifolds, Multi-structures and other metric measure spaces

Let us introduce the family of Hausdorff measures below, for which we follow [26] chap.
2]. A d-dimensional Hausdorff measure is a type of positive outer measure, that assigns a
number in [0,00] to a set in RY. The zero-dimensional Hausdorff measure is the number
of points in the set (if the set is finite) or oo if the set is infinite. The one-dimensional
Hausdorff measure of a simple curve in RY is equal to the length of the curve. Likewise,
the two-dimensional Hausdorff measure of a measurable subset of R? is proportional to the
area of the set. Thus, the concept of the Hausdorff measure generalizes counting, length, area
and volume. In fact, there are d-dimensional Hausdorff measures for any d > 0, which is not
necessarily an integer.

Definition 1.2.1.

i. Let (R™,d) be the euclidean metric space. For any subset E C Q, let diam(FE) denote

its diameter,
diam(E) = sup{d(z,y) : =,y € E}, diam(0) = 0.

Let E be any subset of Q, and § > 0 a real number. We define

H3(F) = inf {i (diam(FE;))® : E C [j E;, diam(E;) < (5} )
i=1 i=1



For E and s as above, we define

H*(E) = lim Hj(E) = sup Hj(E).
6—0 §>0

We call H® the s-dimensional Hausdorff measure on R™.

In the following result, we give several properties of the Hausdorff measure.

Theorem 1.2.2. (Elementary properties of Hausdorff measure)

1.

1.

144

w.

H* is a Borel reqular measure in RN for 0 < s < co.
HO is a counting measure.

HN is the Lebesgue measure in RY.

H* =0 on RYN forall s> N.

Let ACRYN and 0 < s <t < oo.

(a) If H*(A) < oo, then H!(A) = 0.
(b) If H'(A) > 0, then H*(A) = +oo.

We define below the Hausdorff dimension of a subset of RY.

Definition 1.2.3. The Hausdorff dimension of a set A C RY is defined to be

Haim(A) =inf{0 < s < oo : H*(A) =0}

Remark 1.2.4. Observe Haim(A) < N. If we denote s = Hgim(A), then H'(A) = 0 for
all t > s and HY(A) = +oo for all t < s; H*(A) may be any number between 0 and oo
included. Furthermore Hgim (A) need not be a integer. Even if Hgim(A) = k is an integer and
0 < H*(A) < 0o, A need not be a k-dimensional surface in any sense.

Let us introduce more examples of metric measure spaces.

e COMPACT MANIFOLD: Let M C RY be a compact manifold that we define as follows:

Let U be an open bounded set of R¢, with d < N, and let ¢ : U — RY be an application
such that it defines a diffeomorphism from U onto its image »(U), then we define the
compact manifold as M = p(U).

A natural measure in M, is the one for which, A C M is measurable if and only if
¢ 1(A) C R? is measurable. Hence for any measurable set A C M, we define the
measure y as, (see |48, p. 48])

H(A) = Vg, (1.3)
p~1(A)

where g = det(g;;) and g;; = <g—;i, (%Dj).



Since the compact manifold M C R¥ is given by (U), with U € R%, then the “ambient
measure” is the d-dimensional Hausdorff measure for the manifold M. In fact, the
measure (1.3 is equal to the d-Hausdorff measure, (see [48], p. 48]).

The natural metric in M: Let ¢(c) be the length of the curve defined as in (1.1)),
then we define the geodesic distance between two points p, ¢ in a manifold M as,
(see [29, p. 164)):

dg(p,q) :=inf{l(c) | ¢:[0,1] — M smooth curve, ¢(0) = p, ¢(1) = ¢}. (1.4)

On the other hand M C R¥ then the “ambient metric” is the euclidean metric, d. Since
the manifold M is compact, and arguing like we did for the graph G, we obtain the the
geodesic metric, dg, and the euclidean metric, d, are equivalent.

To sum up, the metric measure space (M, H?, d) is given by:

— M the compact manifold in RV,
— H? the d-dimensional Hausdorff measure.

— dg is the geodesic metric equivalent to the Euclidean metric of RY.

MULTI-STRUCTURE: Now, we consider a multi-structure, composed by several compact
sets with different dimensions. For example, we can think in a piece of plane joined to
a curve that is joined to a sphere in RY, or we can think also in a dumbbell domain.
Therefore, we are going to define an appropriate measure and metric for these multi-
structures.

Let (X, ux,d) be the direct sum of metric measure spaces composed by a collection of

metric measure spaces {(Xi, i, dl)} with its respective measures, u;, and met-

i€{l,...,n}’
rics, d;, defined as above. Moreover, we assume the measure spaces {(Xi, ,uz)}z (1, .m}
satisfy

,u,,](XZ ﬁXj) = /LJ(X»L ﬂXj) =0,
fori# j,and i, j € {1,...,n}.

We define
x= J x, (1.5)
ie{l,...,n}
and we say that £ C X is measurable if and only if £ N X; is measurable for all
i € {1,...,n}. Moreover we define the measure puy as
NX(E) :Zﬂi(EmXi)- (1.6)
i=1

Furthermore, let us define the metric that we consider in X. We assume that X; ¢ RY
is compact for all i € {1,...,n}, and the metrics d; associated to each X;, are equivalent
to the euclidean metric in RYV. Therefore, the metric d that we consider for the multi-

structure, is the euclidean metric in RV.

To sum up, the metric measure space (X, pux,d) is given by:
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— X the multi-structure in ([1.5)).
— px the measure given by (1.6).

— d is the Euclidean metric of RY.

e SPACE WITH FINITE HAUSDORFF MEASURE AND GEODESIC DISTANCE: We consider
a compact set F C RN, with Hgim(F) = s, and such that F has finite s-Hausdorff
measure, i.e., H*(F) < oo. The metric associated to F' is the geodesic metric, which

may not be equivalent to the euclidean metric in RY.

Therefore, we consider the metric measure space (F, pr,dy) given by:

— Fis a compact set in RV,
— 'H?® the s-dimensional Hausdorfl measure.

— dg is the geodesic metric.

There exist some examples with the previous metric and measure associated, some are
fractal sets like the Sierpinski gasket, (see Figure . The Sierpinski gasket is a fractal
set that has associated a metric and measure like the ones described above, i.e., we
consider the iggg;- dimensional Hausdorff measure H®, and the geodesic metric. For
more information see [37] and [20].

Figure 1.1: Sierpinski Gasket.

1.3 Nonlocal diffusion problems

Now, let us introduce the kind of linear nonlocal diffusion problems we are going to deal
with throughout this work. We describe first the problem in a general metric measure space
(€, p, d), or in subsets of RV:

- DIFFUSION IN A METRIC MEASURE SPACE: Let (€, i, d) be a metric measure space, and
let u(x,t) be the density of population at the point z € £ at time t.

We assume J is a positive function defined in Q x Q, ie., (z,y) — J(x,y) and we assume
that J is the density of probability of jumping from a location y to x, and u(z) is the density
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of population at the point 2 € Q, then [, J(z,y)u(y)dy is the rate at which the individuals
arrive to location x from all other locations y € (). Since we have assumed that J is the
density of probability, and J is defined in Q x Q, then [, J(z,y)dy = 1, for all z € Q. In
particular, —u(x) = — [, J(z,y)dy u(z) is the rate at which the individuals are leaving from
location z to all other locations y € 2. Then, we consider the problem

ut(x,t) = /Q J(z,y) (u(y, t) — u(z,t))dy = /Q J(z,y)u(y, t)dy — u(z,t), ze€, t>0

u(z,0) = ug(z), x €.
(1.7)
In this problem, the integral terms only take into account the diffusion inside €2. Thus the
individuals may not enter or leave Q. In particular, when Q C RY, the diffusion is forced to
act only in € with no interchange of mass between  and the exterior RV \ .

- DIFrusioN IN RY: Let @ C RY and let us assume that J(z,y) is the density of
probability of jumping from z to y defined in R x RY, then we have that [pn J(z,y)dy =1
for all # € RY. Therefore ||J(z, )| 11(q) = 1 and J(z,-) € L' () for all z € Q. Some examples
of J’s in RY are the following:

2
_ ==yl

o J(x,y)=e < , where o > 0 (Normal distribution);

o J(z,y) = ﬁ,wher60<a<1

l[z—y

We are interested in two kind of nonlocal problems, which appear in [18]:

e The nonlocal problem proposed in [I§] as an analogous problem to the local diffusion
problem with Dirichlet boundary conditions, is the following: it is imposed u = g outside
). Hence the nonlocal problem is given by

w(at) = / (e y)uly, Ody — u(et), weQ, 150
R

u(z,t) = g(x), z¢ O t>0
u(x,O) = u0($)7 x € Q.

(1.8)

e Let us consider a nonlocal diffusion problem where the diffusion is forced to act only
in Q C RY, then the integrals over the whole RV that appear in are replaced by
integrals only in €2. The nonlocal diffusion problem proposed in [I8] as the nonlocal
problem analogous to the classical heat equation with Neumann boundary conditions is

given by
t(x,t) /J:J;y u(y,t) —u(x,t))dy, z€Q, t>0

u(z,0) = up(z x €.

(1.9)

Now, we unify the nonlocal problems . ) and (| .

10



The problem ([1.8) can be rewritten as:

wie,t) = [ Tt =@+ | 00y

= (K — Du(z,t) + Gy(x)
where
K)(w.t) = [ a)uly.)dy (1.10)

and
Go) = [ Ty

The problem (|1.9)) can be written as:

u(z,t) =/QJ(w,y)U(yvt)dy—/QJ(fc’y)dyU(w,t)
= (K — ho])u

with K as in (1.10)), and ho(z) = / J(x,y)dy. In particular, since J is nonnegative and
Q

/ J(x,y)dy = 1, for all x € Q, we have that 0 < hg(z) < 1.
RN

We unify the nonlocal problems (|1.8) and (1.9) as follows:

u(z,t) = (K — hI)(u)(z,t) + Gy(z), T€Q, t>0 (L.11)
U($,0) = ’LL()(QZ’), T e Qa '
with
1, for the problem (|1.8) ,
) = ho(x) = / J(z,y)dy, for the problem (1.9) ,
Q
and

G (2) Gy4(z), for the problem (L.8) ,
€Tr) =
g 0, for the problem (1.9) .

We consider now a metric measure space (£, 1, d), which can be even Q ¢ RV, and we
unify the problems (1.7)), (1.8)) and (1.9). Hence the problem we work with through this work
is the following

{ wy(,t) = (K — hl)(u)(z,t), 2€Q,t>0 (1.12)

u(z,0) = ug(z), T € €,

with h € L>(Q) and K(u) = / J(x,y)u(y)dy, where
Q

J:QxQ—-R.
As we can see in ((1.12), the problem is defined for z € , and the integral operator K (u)

acts only in (2.

Now, we enumerate the equations we are going to work with throughout this work. Let
(Q, i, d) be a metric measure space:

11



i. In Chapter 3, we study the evolution linear nonlocal problem

ug(x,t) = (K — hi)(u)(z,t), x €. (1.13)

ii. In Chapter 4, we consider the the nonlocal reaction-diffusion equation. We add a local
nonlinear reaction term f : {2 x R — R to the equation ([1.13)). Thus, we study

ur(z,t) = (K — hI)(u)(z,t) + f(z,u(z,t)), =€ Q. (1.14)

iii. In Chapter 5, we consider a reaction-diffusion equation with a nonlocal reaction term,
f:Qx LYQ) — R, with f = gom, where g : R — R is a nonlinear function, and m is
a average of u in the ball centered in x of radius §. The reaction-diffusion equation is
given by

wi(z,t) = (K — hI)(u) (1) + g(u

1
(Bs()) /B(;(a:) u(y’t)dy) e 19

iv. In Chapter 6 we will study the two-phase Stefan problem in R,

wle,t) = [ I = 9P Ody ~ )z )
where I'(u) = sign(u)(Ju] — 1)+ .
NoOTATION: Throughout this thesis we use the following notation:

o (Q, u,d) will always be a metric measure space , with y as in Definition Sometimes
we will omit the part in which we mention p as in Definition [1.1.5

e LP(Q) is used to denote the Lebesgue spaces with p’ satisfying 1 = 1/p 4+ 1/p’, for
1 <p< o0
e Let LP(Q) be a Banach space. The dual space of LP(2), will be considered as:

/ 1 1
— for 1 < p < oo, (LP(Q)) = L (), where 1 = » + =

;7

— for p = oo, (L®(Q))" = M(Q), where M(Q) is the set of Radon measures, for
more information see [28] chap. 7].
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Chapter 2

The linear nonlocal diffusion operator

Throughout this chapter we will work with (€, u,d) a metric measure space, with the
properties in Definition [I.1.5

We consider the linear nonlocal diffusion problem:

(2.1)

ut(z,t) = (K —hl)(u)(z,t), z€Q, t>0,
u(z,0) =up(z), x €}

where

(K — hI)(u) = / J (o y)uly)dy — h(u,

Q
with J a function such that J : Q x Q@ — R, and h € L*(Q2). In this chapter we give a
comprehensive survey of the linear operator K — hl, and in the next chapter we apply this
theory to study the existence, uniqueness, positivity, regularizing effects and the asymptotic

behavior of the solution of (2.1)).

We will start studying the linear nonlocal diffusive integral operator

K (u) = /Q J (- y)u(y)dy, (2.2)

where J is the kernel of the operator. We will prove that under hypotheses on the integrability
or continuity of J, K is a bounded linear operator in X = LP(Q2) or X = C,(£2). Moreover,
under these same hypotheses on J, we will prove the compactness of the operator K. To
prove the compactness, we will show that K can be approximated by operators with finite
rank, and we will also use Ascoli-Arzela Theorem.

We will denote the operator K by K, to remark the dependence between J and K.
We will also study the particular case of the convolution operator
Ko (u) = /QJo(- — y)u(y)dy,
where Jp : RN — R.
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We give a result of positiveness of the diffusive operator K ;: given a nonnegative function
z, not identically zero, we will describe the set of points in 2 where K j(z) is strictly positive.
For this, we will assume that the kernel J satisfies

J(x,y)>0 for all z, y € Q, such that d(z,y) <R, (2.3)

for some R > 0 and © R-connected (see Definition [2.1.14). This positiveness will be used
later on to prove that the solution of the problem ([2.1)) has a strong maximum principle.

We are also interested in the adjoint operator associated to K j, which will be proved to
be given by (Kj)* = K+, where, J*(x,y) = J(y,z). Moreover, if J satisfies that J(x,y) =
J(y,z), then K; € L(L?(Q), L?(Q)) is selfadjoint. In this case we have that the spectrum is
real and it is bounded above and below by

m=_inf  (Kj(u),u)r2@q) 2@ and M= sup  (K;(u),u)r2) 20

uel? ||ull 2=1 uel? |lull 2=1

Moreover, thanks to Krein-Rutman Theorem, (see [38]), we will obtain that if the function
J satisfies , then the spectral radius in Cp(€2) of the operator K is a positive simple
eigenvalue, with a strictly positive eigenfunction associated. A similar result was proved by
Bates and Zhao [8], for 2 € R open, but their hypothesis on the positivity of J is stronger,
because they assume that J(z,y) > 0 for all z, y € Q.

Let X = LP(Q), with 1 <p < ocoor X =Cp(Q). If K; € L(LY(Q),C,(R)) is compact, then
we obtain that the spectrum oy (K ) is independent of X. Hence, the previous results will be
also satisfied for the spectrum of K; in X. Therefore, ox (K ;) C [m, M] and the spectral ra-
dius of the operator K j in X will be proved to have a strictly positive associated eigenfunction.

Finally, in the last part of this chapter we study the linear nonlocal operator Kj; — hl,
with h € L*>(Q) or h € Cp(2). We will give Green’s formulas for the operator K; — hl when
J(z,y) = J(y,z). A similar result can be found in [2], for Q@ c RY open. Moreover, we will
make a general spectral study of the operator K; — hl, and we will prove that ox (K j — hl)

is composed by I'm(h), and eigenvalues of finite multiplicity. Furthermore, we will prove that
if J(z,y) = J(y,x) and h > hg = [ J(-,y)dy, then ox (K ; — hI) is nonpositive.
2.1 Properties of the operator K

We consider the function .J, defined in € as

Q35 J(z,-) >0

and define Kj(u)(x) = / J(x,y)u(y)dy, with z € Q for v defined in Q. We call J the kernel

of the operator K ;. We will not assume, unless otherwise made explicit, that 2 has a finite
measure.
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2.1.1 Regularity of K

In this section we are going to study spaces between which the linear operator is defined,
depending on the integrability or continuity of the function J. Moreover, we will prove that
the operator is bounded.

The following proposition states that under appropriate regularity of a general kernel J,
we have that K; € L(LP(2), X), where X = LI(Q), Cp(Q) or X = WH(Q), if @ c RV is

open.
Proposition 2.1.1.

i. For1<p, q<oo,if Je LiQ, LV (Q)), then K; € L(LP(Q), LY(Q)) and the mapping
J — K is linear and continuous, and

1Kl 2er),ea) < 1 paa,v (@) (2.4)

it. For1 <p < oo, if J € L‘X’(Q,LPI(Q)) and for any measurable set D C Q satisfying
u(D) < oo,

i [ gy = [ Saody, Ve e 25
T JD D
then Ky e L(LP(Q),Cy(?)) and the mapping J — K is linear and continuous, and
1Kl er@).co) < N1 oo, o ) (2.6)
In particular, if J € Cy(Q, LY (Q)), then K € L(LP(Q),Cy(Q)), and

HKJHE(LP(Q),C;,(Q)) < ||J||cb(Q,Lp/(Q))-

ii. If Q ¢ RN is open, for 1 < p,q < oo, if J € WW(Q, LV (Q)), then K; €
L(LP(Q), W14(Q)) and the mapping J — K is linear and continuous, and

1Kl 2or @) wra) < 1 lwra, e @))- (2.7)
Proof.
i. Thanks to Hélder’s inequality, we have for 1 < ¢ < oo and 1 < p < o0,
1K@y = [ 1Ksw)(a) o
q
= J(x y)uly) dy| dx
< i, 0 [ @M de = a1 )

For ¢ = 0o and 1 < p < o0, for each z € Q,
Ky (u) ()| = \ /Q J(m,yw(y)dy‘ < ull oo 7@ - (2.8)
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Taking supremums in (2.8)) in 2, we obtain
I 5 (u) ]| Lo () = sup (K (u)(2)] < [lull e (o) Sup 1@ Mz ) = lull o1 Lo (v () -

Thus, the result.

. We have to prove, that for all w € LP(Q), Kj(u) € Cp(2), for 1 < p < oco. The
hypothesis (2.5) can also be written as
i [ T oy = [ Jeopol)dy Ve e (29)
=0 Jo Q

what means that K;(yp) is continuous in €, where xp is the characteristic function of
D C Q, with u(D) < oo. Moreover, since J € L>®(Q, L” (Q)), from 4., we have that K; €
L(LP(Q), L*(2)), since u(D) < oo, then xp € LP(Q), for 1 < p < oco. Then K (xp) is
bounded. Thus, Kj(xp) € Cp(2) for any characteristic function xp. Moreover, the space

V =span|[xp; D C Q with p(D) < o],

is dense in LP(Q), for 1 < p < oo. We prove it first for 1 < p < co. Suppose that there exists
a function g € (LP(R))', such that g 1 V| then,

/ xp(x)g(x)dx = / g(x)dr =0, VD C Q with (D) < oo,
Q D

what implies that g(z) = 0 for a.e. x € D, for all D C Q with p(D) < co. On the other hand,
p is a o-finite measure, then Q = (J;2, D;, with p(D;) < co. Thus, we have that g(z) = 0 for
a.e. © € Q. Hence, V < LP(Q) densely, for all 1 < p < 0.

We prove it now for p = co. We suppose that there exists a measure g € (L>®(Q)) =
M(Q), such that g L V', where M(Q) is the set of Radon measures (see Theorem|1.1.4]), then

/ xpdg = g(D) =0, VD C Q with u(D) < oo,
Q

what implies that the measure g = 0 for all D C Q with (D) < co. Arguing like before, we
obtain that V — L*°(Q) densely.

From i. , Kj € L(LP(Q2), L*°(Q2)), and we have already proved that K;: V — C,(f2), and
V — LP(Q) densely, then

K5 (17(Q) = K (V) € K5(V) € Cy(9).

Therefore, Vu € LP(2), with 1 <p < oo, Kj(u) € Cp(Q2).
Finally, taking supremums in  in (2.8)), we obtain the result.

In particular if J € Cb(Q,Lp/(Q)), then the hypothesis (2.5)) is satisfied. Furthermore,
Cy(9, L' (Q)) — L>®°(, LY (Q2)). Thus, the result.
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144 As a consequence of Fubini’s Theorem, and since €2 is open we have that for all
e €CX(N) and Vi = 1,..., N, the weak derivative of K ;(u) is given for all uw € LP(Q2) by

// (2, 1) u(y) s, () dy da
// p(@)uly) do dy
(,y

z,y)0,
) 0z, p) , ) (2.10)
8le ;) 5 u)

//aszw y)e(@)u(y) dz dy

QJQ

Bzz
Therefore 5
o2, (u) = K% (u). (2.11)
Since J € WhH4(Q, L (Q)), and from part i. and ([2-11), we have that for u € LP(12)
1K\l (v (), pa@) < 11 pago, o @) (2.12)
andVi=1,..., N,
I | 1K ol < (213
S Bullcr@),La@) = 1 o sllc(mr(@),La(@) < :
O (LP(),L9(2)) ooz J 1 L(LP (), L9(2) 97" | gz ()

Hence, K; € L(LP(2), Wh4(Q)), for all 1 < p,q < oo and from (2.12)) and (2.13) we have
2. 0

The following result collects the cases in which Ky € £(X,X), with X = LP(Q) or
X = Cp(2).

Corollary 2.1.2.
i. If J e LP(Q, LY (Q)) then Ky € L(LP(Q), LP(Q)), for 1 < p < oo fized.

i, If J € Co(Q, LV(Q)) then Ky € L(Cy(2),Co(Q)).
it If p(Q) < oo and J € L>®(Q, L>°(Q)) then K; € L(LP(Q),LP(Q)), for all 1 < p < oo.

Proof.
1. From Proposition we have the result.

i. If J € Cp(Q, L1(2)) then, thanks to the previous Proposition K ; belongs to
L(L>(92),Cy(£2)). Moreover, since C(£2) C L>(2), we have that Kj € L(Cy(22),C(£2)).

itt.  From Proposition we have that K; € L(L'Y(Q),L>(2)). Moreover, since
w(Q) < oo, LP(Q) — L'(Q) and L>(Q) — LP(R), then

Kj:LP(Q) — LY(Q) — L™®(Q) — LP(Q).
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2.1.2 Regularity of convolution operators

There is a large literature on nonlocal diffusion problems, where = RY and the nonlocal
term is the convolution with a function Jy : RN — R. Hence, the convolution operator is
given by

Ky, (u) = Jo *u.

Some examples in the literature with this operator are [1], [7], [18], [22], [52].
Let © C RY be a measurable set, (it can be © = RY or just a subset Q2 C RY). In this
section, we study the regularity of the operator

K@) = [ Jola = pyuta)ds (2.14)

where Jy is a function in L (RN), for 1 < p < co. Hence the kernel is given by
J(2,y) = Jo(z —y), Yz, y € Q. (2.15)

We want to analyze the spaces where the operator K j,, (2.14)), is defined depending on
the integrability of Jy, as we have done in Proposition for the operator K. Let us see
below the cases that are obtained from Proposition [2.1.1

Corollary 2.1.3. For 1 < p < oo, let Q@ C RN be a measurable set, if Jy € Lp/(]RN),
then Kj, € L(LP(Q2),L>*(2)). In particular if p(2) < oo, then Ky, € L(LP(2),LI(2)), for
1 <g< 0.

Proof. If Jy € LY (RY), we have that J defined as in (2.175) satisfies that it belongs to
L°(Q, L¥'(R2)), since

sup [|J(z, )| 4 () = sup | Jo(@ = )l 1o () < I Joll por vy < 00
e e

Thus, thanks to Proposition we have that Ky, € L(LP(Q),L>(Q2)). In particular, if
wu(2) < oo then Ky, € L(LP(2), L9(R2)), for all 1 < ¢ < oo. O

On the other hand, if u(2) = oo, (like in the case of Q = RY), then K, is not necessarily
in L(LP(£2),L9(2)), for ¢ # oo. In the proposition below we prove the cases which can not
be obtained as a consequence of Proposition [2.1.1

Proposition 2.1.4. For 1 < p < oo, let Q@ CRYN be a measurable set with u(Q) = oo,

i. if Jo € L"(RY) and é = % + 1 —1 then Ky, € L(LP(Q), L9(Q)), and

1K 1ol 2(zr@),za@)) < 1ol Lrmny-
In particular, if r =1 we can take p = q.
ii. If @ C RN isopen, Jo € WY (RN) and | = S+ 5 —1 then K, € L(LP(Q), WH1(Q)),
and

1K 5o |l 2oy wra)y < llJollwrr @y
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Proof.

1 1

i.  We use Young’s inequality (see [I3] p. 104]) for the convolution,
. 1
1 * gl Loy < I fllor@myllgll oo ery, with = r b for 1 <p, q<oo.

Let us consider the following extension of wu,

) u(x), ifrxeQ
(x)—{ 0, ifz¢Q,

thus, we have for z € Q

K gy () (z) = /Q Jo(z — y)u(y)dy = / Jo(z — y)aly)dy = (Jo * @) ().

RN
Now, we define the extension of the operator K, as

I/(?O(u)(x) = (Jox @) (z), for zeRY,

then K, (u)(z) = ([/(;O(u)) ’Q(x), for z € Q. Thanks to Young’s inequality, we have

1K g ()l zay < 1Ko (W)l Loy < [ Joll r@my il po@ny = 1ol @y lull 2o @)

Hence, [|K j,(u)||Le(0) < ||J0||L7~(RN)HU||LP(Q), for all p, g, v such that % ==+ % —1.

1
P

.  Following the same arguments made in Proposition in (2.10), we know that for
T € €,

0 ~
o ) = Ko (1) = (Ryn ()
(%;i oz, Ox; QO
Then, applying part i. to [[K s, (1)l a(a) and [[ Ko (1)] a(a) we have that for p. g, such that
ox;
% = ]% +1 -1, K, € L(LP(Q), W4(Q)). Thus, the result. O

2.1.3 Compactness of K

Under the hypotheses on J in Proposition [2.1.1] in this section we give a result of com-
pactness of the operator K .
The following lemma is a well known characterization of compact operators (see [13|

p.157]).

Lemma 2.1.5. Let E, F be Banach spaces and (T),)nen be a sequence of operators with finite
rank from E to F, and let T € L(E, F) such that || T, — T||z(g,r) — 0, as n goes to oco. Then
T e K(E,F), that is, T is compact.

The lemma below will help us to apply the previous Lemma to the operator K.

Lemma 2.1.6. For 1 < g < oo and 1 < p < oo, let (2, u) be a measure space, then
any function H € Lq(Q,Lp/(Q)) can be approximated by functions of separated variables in
LI(Q, L¥' ().
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Proof. Observe that if h(z,y) = f(x)g(y) is a function with separated variables, with f €
LI(Q) and g € LP (), then h € LY(Q, L (Q)). We consider the space

V = {Finite linear combinations of functions with separated variables } ¢ L4(Q, LF' ().

First we prove that V is densely included in LI(Q, L’ (Q)), for 1 < ¢ < oo and 1 < p < o0
(i.e., all the cases except p = 1). To prove this, we suppose that there exists a function

Le (Do, LMQ)))' e <Q (Lp'(Q)>/>  with I LV, then,

M
/Q/QL(J:,y)ij(x)gj(y)dxdy = 0,YM €N, Vf; € LYR), g; € L' ()
=1
u J
Z/Q/QL(x,y)fj(x)gj(y)dmdy = 0, VM €N, Vf; € LI(Q), g; € L7 (Q)
j=1

M
Z/ng(y)/QL(:E,y)fj(x)dxdy = 0, VM €N, Vf; € LI(Q), g; € L' (Q).
j=1

In particular, if we fix f € LI(2),

/ a(v) / Lz, ) f(z)dedy =0 Vg e IV (),
Q Q

then
/ L(z,y)f(x)de =0 Vfe Li(Q), for a.e.y € Q.
Q

Therefore
L(z,y) =0 for a.e. x,y € Q.

With this, we have proved that V — L%(€Q, Lp/(Q)) densely, for 1 < g < oo and 1 < p < oo.
Now we prove that V is densely included in L7(€2, Lp/(Q)), forl1<g<ooandp=1. To
prove this, we follow the same arguments we have already used, then we suppose that there

exists a function L € (L9(Q, L>(Q))) = L (Q, M(Q)), with L L V, where we denote M (Q)
as the set of Radon measures (see Theorem [1.1.4). Then L € L7 (2, M(Q)) is defined as

x— L(x,-) € M(Q).

Since L L V', we have that
M
/Q/sz]($)gj(y)dy‘[’(x’y) de = 0, VM e N, ij c L‘Z(Q)7 g; € LOO(Q)
i=1
M
Z/Q/ij(x)gj(y)dyL(x,y) dr = 0,YM €N, ¥f; € LY(Q), g; € L®(Q)
i=1

M
> [ 5@) [ a0y La)dz = 0. VM €N, Vf; € 1), gy € 1¥(0).
j=1
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In particular, if we fix g € L>*(Q),

/ /() / 9()dyL(z,y) dz =0 Vf € L9(9),
Q Q

then
/ g(y)dyL(z,y) =0 Vg e L>®(Q), for a.e.z € Q.
Q

Therefore
L(z,)=0 forae x€Q, thus L=0

With this, we have proved that V' < L%(Q, L*°(€2)) densely, for 1 < ¢ < oo and p = 1. O

In the following proposition we prove the main result of compactness. Note that we have
almost the same assumptions as in Proposition (see Remark [2.1.8)).

Proposition 2.1.7.
i. For 1 <p<ooand1 < q< oo, if J € LI(Q,L¥(Q)) then K; € L(LP(Q), LI(Q)) is
compact.

ii. For 1 < p < oo, if J € BUC(Q,L¥ (Q)) (bounded and uniformly continuous), then
Ky e L(LP(Q),Co(Q)) is compact. In particular, Ky € L(LP(Q), L>(2)) is compact.

5. For 1 < p <ooand1 < q < oo, if @ C RN is open and J € Wl’q(Q,Lp/(Q)) then
Ky e L(LP(Q),WhH(Q)) is compact.

Proof.

i. Since J € LY(Q, LY (Q)), for 1 < p < oo and 1 < ¢ < 0o, we know from Lemmam
that there exist M(n) € N and f' € LY((), g} € LP(Q) with j = 1,..., M (n) such that
J(x,y) can be approximated by functions that are a finite linear combination of functions
with separated variables defined as,

Tzy) =Y f(x)g) ()

=1

and [|J — J"|| o1 ()) — 0> as n goes to oo.
First of all we are going to prove that K; can be approximated by operators with finite
rank in £(LPQ), L9(€2)). To do this, we first define

M(n

)
Ky (@) = Kn((@) = - £() [ g wuts)a,
j=1
and we prove that K7 converges strongly to the operator

Kow)(a) = [ Tty
Since Kj — K"} = K j_j», and thanks to Proposition we have that,
HKJ - K}LHL(LP(Q),LLI(Q)) < ||J - Jn”Lq(Q,Lp/(Q))-
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Therefore, thanks to Lemma we have that ||J — J”HLQ(Q o' () — 0, as n goes to co.
Hence, we have proved that

1K — KFllczr@),na@)) — 0, as n goes to oc.

Finally applying Lemma to the operator K;, we have that K; € £ (LP(Q),L%(f2)) is
compact.

i. If J € BUC(Q,LP(Q)), then hypothesis of Proposition is satisfied and
then Kj € L(LP(Q2),Cp(2)). Now, we consider v € B C LP(Q)), where B is the unit ball
in LP(Q2). Now, we prove using Ascoli-Arzela Theorem (see [13, p. 111]), that K;(B) is
relatively compact in Cp(£2).

Let z,z € , u € B, thanks to Holder’s inequality, we have,

(K (u)(2) — Ky(u)(z)|] =

/QJ(z,y)U(y)dy—/QJ(:v,y)U(y)dy‘

< |J(z,-) = J(z, ')”Lp’(Q) HUHL;D(Q)
< () = T )

Since J € BUC(Q, LP (2)), then for all ¢ > 0, there exists § > 0 such that if z, z € Q
satisfy that d(z,x) < 4, then [|J(z,-) — J(@,")|l 1 (q) < € Hence, we have that K;(B) is
equicontinuous.

On the other hand, thanks to Hélder’s inequality, Vx € €Q,

(2.16)

K@l =] J(x,mu(y)dy]

<|J(z, ')HLP’(Q) < oo, Yué€B.

Thus, the hypotheses of Ascoli-Arzela Theorem are satisfied, then we have that K;(B) is
precompact. Therefore we have proved that K; € L(LP(£2),Cp(Q2)) is compact.

The second part of the result is immediate. We have proved that K; € L(LP(Q2),Cy(2))
is linear and compact. Moreover, C,(2) C L*>(£2), then we have that K; € L(LP(S2), L>°(Q2))
is compact.

14. Thanks to the argument in Proposition we have that %Kj(u) =
K% (u). Since J € Wh4(Q, LY (Q)), we have that .J € LI(Q, L¥' (Q)) and g—i € LI(Q, L (Q)),
for all i = 1,..., N. Using part i. we obtain that Kng € L(LP(Q2), LY(Q)) is compact. Thus,
if B is the unit ball in LP(Q2), we have that K J(§3 and K os (B) are precompact for all

Ox;
i=1,...,N.
Now we consider the mapping
T: Q) — (La()"
u o — (Kj(u),Kw(u),...,KaJ (u)>
dxq REIN,

Thanks to Tikhonov’s Theorem (see [42, p. 167|), we know that 7 (B) is precompact in
(La(@)™
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Moreover, we consider the mapping

S: WwhiQ) < (Li@)N*!

0 0,
g (9789591""’8;;)‘

Since S is an isometry, i.e., [[gllw1a@) = HS(g)H(Lq(Q))N+1, then we have that S|, s) :

Im(S) c (L4(Q)N T — W4(Q) is continuous. On the other hand, thanks to the hypotheses
on J and Proposition we have that K; € £ (LP(Q2), Wh4(Q)). Thus, Im(T) C Im(S).
Hence, the operator K : LP(2) — W14(Q), can be written as

K(u) =8 ) o T (u).

Therefore, we have that K; is the composition of a continuous operator S| Im(S), with a
compact operator 7. Thus, the result. ]

Remark 2.1.8. In general, we have proved that Kj is compact, under the same hypotheses
of Proposition [2.1.1) But to prove that K € L(LF(Q2),L>(Q)) is compact, we assume that
J € BUC(Q, L¥ (), instead of J € L®(Q, LP (Q)), that was the assumption in Proposition
211

Moreover we have not proved that Kj € L(LP(2), W1°(Q)) is compact.

We finish this section applying interpolation theorems. The following result is valid for a
general operator K, not necessarily an integral operator.

Proposition 2.1.9. Let (2, ) be a measure space, and let u(2) < 0o. For 1 < py < p1 < 00,
if K € L(LP(Q),LPo(Q)) and K € L(LP(QQ), LP1(Q)) then K € L(LP(QQ),LP(Y)), for all
P € [po, p1].

Suppose that either:

i. K e L(LPo(Q),LP(Q)) is compact,
. K € L(LPY(Q2), LP (Q)) is compact,
then K € L(LP(Q), LP(QY)) is compact for all p € [po,p1].

Proof. Thanks to the hypotheses and Riesz-Thorin Theorem, (see [10, p. 196]), we have that
K € L(LP(2), LP(R)), for all p € [po, p1]. The proof of the compactness can be seen in [21],
p. 4. O

2.1.4 Positiveness of the operator K

In this section, given a nonnegative function z, which is not identically zero, we describe
the set of points where K j(z) is strictly positive, under hypothesis on the kernel J. To do
this, we need first to introduce the definition of essential support associated to a nonnegative
measurable function z.
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Definition 2.1.10. Let z be a measurable nonnegative function z :  — R. We define the
essential support associated to z as:

P(z)={zeQ: V>0, u({y € Q: 2(y) >0} N Bs(z)) > 0}, (2.17)
where 1 is the measure of the set, and Bs(x) is the ball centered in x, with radius 6.

The following lemma will be useful to understand better the essential support of a non-

negative function z.

Lemma 2.1.11. Let z be a nonnegative measurable function z : Q@ — R, then the following
properties are equivalent:

1. z > 0 not identically zero.
ii. P(z) #0.
iti. p(P(z)) > 0.

Proof.
i) = i) From Definition [2.1.10|of P(z), we have that x ¢ P(z), if and only if, there exists
0 > 0 such that

p({y € Q: z(y) >0} N Bs(z)) =0. (2.18)

Then, we have that Bs(z) C P(2)¢. Indeed, since B;(z) is open then for any & € Bs(z), there
exists € > 0, such that B.(Z) C Bs(x). Thus, from (2.18) we obtain that

p({y € Q: 2(y) >0} N B(&)) = 0.

Hence & ¢ P(z), and we have proved that Bs(z) C P(z)°.

This implies that, P(z)° is open and z(z) = 0 for a.e. # € P(z)°. Furthermore, we have
that P(2)¢ is the largest open set where z = 0 almost everywhere.

Now, we assume that P(z) = ), then P(z)¢ = Q. Thus z = 0 a.e. in £, and we arrive to
contradiction. Therefore, P(z) # (.

i) = dii) If w(P(z)) =0, then P(2)¢ = Q\ P(z) satisfies that u(P(2)¢) = u(2). Hence,
z =0 a.e. in Q, and we arrive to contradiction. Therefore, u(P(z)) > 0.

ii) = i) If P(z) # ) then, there exists z €  and 6 > 0 such that
n({y € Q: 2(y) > 0} N Bs(x)) > 0.
Thus, there exists a set with positive measure where z is strictly positive.
iii) = 1) If p(P(z)) > 0, then P(z) # 0. O
Let us introduce the following definitions.
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Definition 2.1.12. Let z be a measurable nonnegative function z : Q@ — R. For R > 0, we

denote
P%(z) = P(z),

the essential support of z, and we define the open sets:

Ph(z) =\ JB(z,R), Pi(z) =|JB(«,R),..., PR(z)= ] B(x,R),...

zeP0(2) 2EPR(2) zePR(z)
for all n € N.

Remark 2.1.13. If the metric of Q is equivalent to the euclidean metric in RN, then the sets

Pp(z) in Definition are equal to
Pr(z) = (P(z) + Bor) N,
where Bypr 1s the ball centered in zero with radius nR.

Definition 2.1.14. Let (Q, u,d) be a metric measure space, and R > 0. We say that Q) is
R-connected if Vz,y € Q, IN € N and a finite set of points {xg,...,xn} in Q such that
xo=2x,xzy =y and d(x;—1,2;) < R, foralli=1,... N.

Lemma 2.1.15. If Q is compact and connected then ) is R-connected for any R > 0.

Proof. Since 2 is compact, given R > 0, there exists n € N and {y1,...,y,} C Q such that
n

Q c U B(yi, R/4). Moreover, Vi =1,...,n, B(y;, R/4) N U B(yj, R/4) # 0, since otherwise
2 J#i

i=1
Q= B(y;, R/4) U | B(y;, R/4), contradicting that  is connected. Analogously, we have
J#i
k
that Viy,...,ip € {1,...,n}, U B(y;,,R/4) n U Bly;,R/4) #0
r=1 ]Q{’Ll,,lk}

Now, let us prove that {2 is R-connected for any R > 0. Then, given any two points x, y
in Q, first of all we consider xy = x, and we choose a ball such that = € B(y;,, R/4), since
is connected, then there exists a ball B(y;,, R/4) that intersects B(y;,, R/4), and we choose
x1 = Yi,. If y € B(yi,, R/4), we finish the proof, if not, following this constructing argument,
we obtain there exists a ball B(y;,, R/4) that intersects B(y;,, R/4) U B(yi,, R/4), and we
choose x9 = y;,. If y € B(yi,, R/4) we finish the proof, if not, with a continuation argument,
we find a finite set of points {xo, ..., z,—1} such that xg = z, zy_1 = y and d(z;—1,2;) < R,
fori=1,...,N, where N <n. Thus, the result. ]

Lemma 2.1.16. Let (Q, u,d) be a metric measure space such that 0 is R-connected. For a
fized xg € Q, and for some R > 0, we set

P:SO ={xo}, P}z’mo = B(xzo,R) and Pﬁ’wo = UB(QZ, R) for all n € N.

n—1
xEPR,zo

Then, for every compact set in K C Q, there exists n(xo) € N such that K C PR for all
n > n(xop).

Furthermore, if  is compact, there exists ng € N such that for any y € Q, Q = Pg for
all n > nyg.
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Proof. Since () is R-connected, fixed z¢ € €Q, for any y € 2, AM = M, € N and a finite set
of points {xo, ...,z } such that zpy = y and d(z;—1,2;) < R, for all i = 1,..., M. Thus,
x1 € B(xo,R) = Ph,,, va € B(z1,R) C P, , B(xi,R) C P;'gq}o, foralli=1,...,M. In
particular, y € P}%\{IO and

B(y,R) C PR’ (2.19)

Arguing analogously, we obtain that zg € P}yy. Then we have proved that if €2 is R-connected,
Vz,y € Q, AN € N such that z € P]]%Vy and y € ng, i.e., there exists and R-chain of N-steps
that joins =z and y, and there exists and R-chain of N-steps that joins y and .

On the other hand, since K is compact, I C Uye,c B(y, R), there exists n € N such that

K c UL, B(yi, R). From (2.19), for every y; there exists M,, such that B(y;, R) C Pg{;’g“

We choose n(zg) = max (M,, + 1), and we obtain that I C Pg(fg). Therefore, K = Py
1=1,....,n ) 5

xo?
for all n > n(zg). Thus, the result.

If Q is compact. From the previous result we know that fixed zo € Q, IN = N(x¢) such
that Q = Pé\{mo. Moreover, ) = P}]%\fxo if and only if Vy € Q, y € Pf{mo and xzqg € P]]%\fy, ie.,
there exists an R-chain of N-steps that joins zg and y. Therefore, for all y1,yo € € there
exists an R-chain of 2/N-steps that joins y; and yo. This is because there exists an R-chain of
N- steps that joins y; with xg, and there exists an R-chain of N-steps that joins xg with s,
then joining both R-chains, we obtain that for any y; € Q, y1 € PI%ZQ, for all yo € 2. Hence

QC PI%ZQ’ for all yo € Q. Thus, we have proved the result with ng = 2N. O

Now, we prove the main result.

Proposition 2.1.17. Let (2, u,d) be a metric measure space, and let J satisfy that J >0 not
tdentically zero, with

J(z,y)>0 for all x, y € Q, such that d(x,y) <R, (2.20)

for some R > 0. If z is a measurable function defined in ), with z > 0, not identically zero.
Then,

P(K'}(z)) D Pr(z), for all ne€N.

If Q is R-connected, then for any compact set IC C 2,
dno(z) € N, such that P(K'}(2)) D K, for all n > ng(z).

If Q is compact and connected, then Ing € N, such that, for all z > 0 measurable and not
identically zero

P(K%(z)) =Q, for all n > ny.

Proof. First of all we prove that P (K ;(z)) D Ph(z). Since z > 0, not identically zero, and
as a consequence of Lemma [2.1.11] we have that p (P(z)) > 0. Then,

K(2)(x) = /Q J(@,y)2(y)dy > / J(2,y)2(y)dy.

P(2)
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From hypothesis (2.20]) on the positivity of J, we have that

K;(z)(x) >0 forallz € | | B(y, R) = Pi(2). (2.21)
YEP(2)

Since P}%(z), is an open set in 2, we have that, if x € P}z(z), then

1 (B(z,8) N PR(2)) >0 forall0<4eR. (2.22)

Thus, thanks to (2.21)) and (2.22)), we have that

P(K;(2)) D Ph(2). (2.23)
Applying K to K (z), following the previous arguments and thanks to (2.23), we obtain

P (K3(2))> Ph(Es ()= | Bl R) B, R) = PA(2).
2€P(K (2) z€PL(2)

Therefore, iterating this process, we finally obtain that
P(K'(z)) D Pr(z), Yn € N. (2.24)

Now consider K C €2 a compact set in €2, and taking xg € P(z), then thanks to Lemma
2.1.16| there exists ng(z) € N, such that K C Pj(z) for all n > ng, then thanks to (2.24]),
K C P(K'}(2)) for all n > ng.

If © is compact and connected, thanks to Lemma[2.1.15] €2 is R- connected. From Lemma
2.1.16| there exists ng € N such that for any y € Q, Q = P"’y7 for all n > ng. Hence, from
(2.24), for any z > 0 not identically zero, taking y € P(z), P(K}(z)) D Py, =, for all n >
no. L]

Remark 2.1.18. In Figure can be seen which is the set where the function J is strictly
positive under hypothesis (2.20)), in the particular case in which Q@ C R.

yEQ

Figure 2.1: Domain where J is strictly positive if Q C R.
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Furthermore, the hypothesis is somehow an optimal condition. We give below a
counterezample in R: if the hypothesis s not satisfied, we find a function zg, for which
the previous Proposition 18 not satisfied.

COUNTEREXAMPLE: Let @ C R, Q = [0,L], with L > 0 and let us fix an arbitrary
xo=1/2 €[0,1], and R > 0 small enough such that (1/2— R,1/2+ R) C [0,1]. We consider
a function J satisfying that J >0 defined as

Jy) =4 5@ »)€([0,1] x [0, 1)\ ((3 = R. 3+ R) x (3 — R, 3 + R)), with d(z,y) <R,
=0 for the rest of (z, y).
(2.25)
_ 1 1 1 1
We remark that, J(z,y) =0, V (z,y) € (5 — R, 5+ R) X (53 — R, 3 + R).

Now, we consider a function zy : 2 — R, zg > 0, such that
P(z) C [1/2,1].

Since zp(y) = 0 for all y & [1/2,1], we have that

1

K y(z0)(x) = /Q J(@,y)z0(y)dy = /P Ty = /1 T )y

Moreover, from (2.25|), we have that for & € [0,1/2), J(Z,y) = 0 for all y € [1/2,1]. Let us

prove this below:
o [fz€(1/2—R,1/2), then
— ify € [1/2,1/2+R), then (Z,y) € (5—R,3+R) x (1 —R,1+R), and J(3,y) = 0;
— ify€[1/2+ R, 1], then d(Z,y) > R, and J(Z,y) = 0.
e Ifz€[0,1/2— R, then fory e [1/2,1], d(z,y) > R, and J(Z,y) = 0.
Thus,

1
K j(20)(7) = / JEDwy =0, %5 < 0,1/2).

Hence
P(K;(20)) C [1/2,1].

If we apply Ky to Kj(29), we obtain that

Kio)(a) = |

1
J(@,y) K5 (20)(y)dy = / J(@, ) K1 (20)(y)dy = / T (2, y) K 1 (z0) (y)dy.
Q 1/2

P(K(20))

Arguing as above, we have that for any T € [0,1/2), J(Z,y) =0, for all y € [1/2,1]. Thus,
P(K3(x0)) © [1/2,1].
Therefore, iterating this process, we obtain that
P(K'"(z0)) C [1/2,1]  for all n € N.

Hence P(K'}(20)) # [0,1] for all n € N, and the hypothesis (2.20) is essentially optimal.
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2.1.5 The adjoint operator of K

In this section we describe the adjoint operator associated to K, and we prove that if
J e L*(Q x Q) and J(z,y) = J(y,x) then the operator K is selfadjoint in L?(€2).

Proposition 2.1.19. For 1 <p<oo, 1<g<oo. Let (Q, ) be a measure space. We assume
that the mapping

x> J(x,-) satisfies that J € LI(Q, L' (),

and the mapping
y— J(y) satisfies that J € LV (Q, L1(Q)).

Then the adjoint operator associated to Ky € L(LP(), L1(Q)), is
K% LY(Q) — LP(Q), with K = K-,

where J*(z,y) = J(y,x).
If J satisfies that

J(x,y) = J(y, @), (2.26)
then for u € LP(Q) and v € LY (Q),
(K (u), U>Lq7Lq/ = <U7KJ(U)>L1>,L1>’~ (2.27)

In the particular case in which p = q =2 and J € L?>(Q x Q), the operator K is selfadjoint
in L?(€2).

Proof. We consider u € LP(Q) and v € L% (). Thanks to Fubini’s Theorem and the hy-
pothesis on J

. U>LQ(Q)’LQ/(Q):/Q /Q Ao ypulu)dyv(e)de :/Q /Q J(, y)v(z)dz u(y)dy,
and /Q/QJ(:L‘,ZJ)U(x)dxu(y)dy: (u, K5(0)) (). (0 With

Kjw)w) = [

J(z,y)v(z)de = / J*(y, x)v(x)dx = K« (v)(y),
Q

Q

and J*(y,x) = J(z,y).
In particular if u € LP(Q) and v € L7 () and J satisfies that J(x,y) = J(y, z), we obtain

(K (u), U>Lq,Lq/ = <u,KJ(v)>Lp’Lp/. (2.28)

An immediate consequence of (2.28)) is the case in which p = ¢ = 2, that we have that K is
selfadjoint in L2(2). O
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2.1.6 Spectrum of K

In this section, we are going to prove that under certain hypotheses on K, ox(K) is
independent of X, with X = LP(Q2), where 1 < p < oo or X = C,(£2). We also character-
ize the spectrum of K; when K is selfadjoint in L?(Q2), and we finish this section proving
that under the same hypothesis on the positivity of J in Proposition the spectral ra-
dius of K; in Cy(12) is a simple eigenvalue that has a strictly positive eigenfunction associated.

The proposition below is for a general compact operator K, not only for the integral
operator K (see Propositions to check compactness for operators with kernel, K ).

Proposition 2.1.20. Let (2, u,d) be a metric measure space with p as in Definition m
and p(§2) < oo.

i. Forl <pg<p <oo,if K € LILP(), LP*(Q)) and additionally K € L(LF°(S2), LP°(Q))
is compact then K € L(LP(), LP(Q)), ¥p € [po,p1], and or»(K) is independent of p .

ii. For1 <py<p <oo,if K € LILP(), LP()) is compact, then K € L(LP(2), LP(Q)),
Vp € [po,p1], and op»(K) is independent of p.

iti. For 1 < py < o0, if K € L(LP°(2),Cp(Y)) is compact and X = Cp(Q) or X = L"(Q)
with v € [po, 00|, then K € L(X,X), and ox(K) is independent of X.

Proof.

i. Thanks to Proposition we have that K € L(LP(Q), LP(Q2)) is compact for all
p € [po,p1]. Thus the spectrum of K is composed by zero and a discrete set of eigenvalues of
finite multiplicity, (see [I3] chap. 6]). Let us prove now that the eigenvalues of the spectrum
ore(0)(K) are independent of p.

We prove first that o e (o) C ore(q): if A € orri (K) is an eigenvalue, then the associated
eigenfunction ® € LP1(Q). Since u(2) < oo we have that LP1 () — LP(€2) continuously, for
all p < pg, then ® € LP(2). Thus we obtain that \ € or»(K) for all p € [pg, p1].

Now, we prove that o7»(q) C opei(q): if A € orp()(K) is an eigenvalue, with p € [po, p1),
then the associated eigenfunction ® € LP(2) satisfies that

(D) = \D. (2.29)

Since LP(Q) — LPO(Q) continuously and K : LP°(Q) — LP1(Q), then K(®) € LP*(Q)). From
(2.29), we obtain that ® € LP1(Q2). Hence, ® € LP(Q) for p € [po, p1]. Thus, the result.

it. We know that K € L(LPo(Q), LP1(Q2)) is compact, and we have that
K : LP1(Q) — LP°(Q2) — LPY(Q)

and

K : LP°(Q) — LPY(Q) — LP°(Q).
Therefore K € L(LP(Q), LP1(2)) is compact, and the hypotheses of Proposition are
satisfied. Therefore K € L(LP(Q), LP(Q2)) is compact for all p € [pg,p1]. From part i., we
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have the result.

iti. We know that K € L(LP°(Q),Cy(£2)) is compact. Since p(§2) < oo, we have that
K : Cy(Q) — LP(Q) — Cp(Q)
and
K : LP(Q) — Cp(Q2) — LPO(Q)

and for r € [pg, ]
K :L"(Q) — LP°(Q2) — Cp(2) — L"(Q)

Therefore, K € L£(X,X) is compact for X = Cp(2) or X = L"(2) with r € [po, oc0]. Hence,
following the arguments in i. we have that ox(K) is independent of X. O

The following result holds for a general selfadjoint operator in a Hilbert space, and the
proof can be found in [13| p. 165].

Proposition 2.1.21. Let H be a Hilbert space and T € L(H) a selfadjoint operator. Take

m= inf (Tu,u)g and M = sup (Tu,u)p.
ueH ueH
llull r=1 llwll gr=1

Then o(T) C [m, M| C R, m € o(T) and M € o(T).

We can apply this Proposition to the operator K ;, obtaining more details about its spec-

trum.

Proposition 2.1.22. Let (2, 11, d) be a metric measure space with p(2) < oco. We assume
Ky € L(LP(9),Cp(Q)) is compact, and po < 2 . Let X = LP(Q), with p € [py, 0], or
X =Cy(2), and J satisfies that

J(,y) = J(y, ).
Then Kj € L(X,X) and ox (K )\ {0} is a real sequence of eigenvalues of finite multiplicity,
independent of X, that converges to 0.
Moreover, if we consider

m = inf Kj(u),u and M= su Kj(u),u ,
Lot () u) e JSup (K u)ie) (2.30)
el 2 () =1 llull 12 () =1

then ox(Ky) C[m, M| CR, me€ox(Ky) and M € ox(K}).
In particular, L*>(Q)) admits an orthonormal basis consisting of eigenfunctions of K.

Proof. Thanks to Proposition K is selfadjoint in L?(Q), then o2(Ky) \ {0} is a
real sequence of eigenvalues of finite multiplicity that converges to 0, (see [I3, chap.6 |).
Furthermore, from Proposition we have that ox (K ) is independent of X. Thus, the
result.

On the other hand, as a consequence of Proposition we have that ox(Kj) C
[m, M] C R, with m € ox(K;) and M € ox(K ), where m and M are given by (2.30).

Thanks to the Spectral Theorem (see [13, chap.6]), we know that L?(£2) admits an or-
thonormal basis consisting of eigenfunctions of K ;. O
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The following Corollary states that under the hypotheses of Proposition [2.1.17] any non-
negative eigenfunction associated to the operator K is in fact strictly positive positive as
well as its associated eigenvalue.

Corollary 2.1.23. Let (Q, u,d) be a metric measure space, let J satisfy the hypotheses of
Proposition [2.1.17 and assume Q is R-connected. If ® > 0, not identically zero, is an eigen-
function associated to an eigenvalue A of the operator Kz, then ® > 0, and the eigenvalue, X,
is also strictly positive.

Proof. Thanks to Proposition we know that, for every function ® > 0, not identically
zero defined in €2, it happens that P(K%(®)) O Pp(®), Vn € N.

On the other hand, since ® is an eigenfunction associated to an eigenvalue A of the operator
K, we have that K’(®) = A\"®, Vn € N. Moreover, from Proposition we know that
for any compact set K C Q, there exists ng € N such that P(K"}(®)) D K for all n > ng.
Thus, K'}(®) = A\"® is strictly positive in K for all n > ng. Therefore ® must be strictly
positive in any compact set I of 2. Hence, A > 0 and ® must be strictly positive in 2. O

Now, let us give some results about the spectral radius of the operator K, where the
spectral radius is
r(K) = sup|o(K)|.

To give these properties about the spectral radius we will use Krein- Rutman Theorem.
The definitions below will be helpful to introduce the following results, (see [51], [38]).
Definition 2.1.24.

i. A real Banach Space X is called ordered if there exists a given closed convex cone C in
X (with the vertex at the origin) satisfying C N (—C) = {0}, i.e. C C X is closed, and

a, B€[0,0) and x,y € C = ax+ Py € C;
zrel, —reC = z=0eC(C.

Then C is called the positive cone of X. This is equivalent to say that = € C' if and
only if *>0; and x>y if and only if v —y > 0.

ii. If C has no empty interior, Int(C), in X, then X is called strongly ordered.

1. In a strongly ordered space, an everywhere defined linear operator T : X — X 1is called
strongly positive if there exists ng € N such that T™(C \ {0}) C Int(C), for all n > ny.

Theorem 2.1.25. (Krein-Rutman Theorem) Let X be a strongly ordered Banach space with
positive cone C'. Assume that T : X — X is a strongly positive compact linear operator on X.
Then

i. the spectral radius of T, r(T) =sup |o(T)|, is a positive, simple eigenvalue of T
ii. the eigenfunction u in X \{0} associated with the eigenvalue r(T') can be taken in Int(C);
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iit. if p is in the spectrum of T, 0 # p # r(T), then p is an eigenvalue of T satisfying
ul < r(T);

. if p is an eigenvalue of T associated with an eigenfunction v in C'\ {0} then u = r(T
Q

).

To apply the Krein-Rutman Theorem to the operator K;, we work in the space Cy(2),
with € compact, and we consider the positive cone C = {f > 0; f € C,(R)}, with Int(C) =
{f € C(Q); f(z) >0, Vx € Q}. Thus, in the proposition below, we prove that the spectral
radius of the operator K is a simple eigenfunction that has an associated eigenfunction that

is strictly positive.

Proposition 2.1.26. Let (2, u, d) be a metric measure space, with Q compact and connected.
We assume that J satisfies

J(z,y) = J(y,z)

and
J(z,y) >0, Va, y € Q such that d(x,y) < R, for some R > 0,

and Ky € L(LP(Q),Cy(2)), with 1 < p < oo, is compact, (see Proposition [2.1.7 ii.).
Then Ky € L(Cy(2),Cp(€2)) is compact, the spectral radius re,qy(Ky) is a positive simple
eigenvalue, and its associated eigenfunction is strictly positive.

Proof. Since € is compact and connected then from Proposition we obtain that, there
exists ng € N such that, for any nonnegative u € Cy(2), Q@ = Pg(u), for all n > ng, (see
Definition[2.1.12)), and we know that for every nonnegative u € Cp(2) and Vn € N, P(K"(u)) D
Pp(u). Therefore Q = Pj(u) C P(K™(u)) for all n > ng, i.e., for any nonnegative u € Cp(€2),
K%(u) > 0in Q for all n > ng. Hence, K is strongly positive in Cy(£2). Moreover K :
Cp(Q2) — LP(2) — Cp(Q?) is compact. Thus, we have that all hypotheses of Krein-Rutman
Theorem are satisfied in the space Cp,(£2) for the operator K, then the spectral radius
Te, ) (K J) is a positive simple eigenvalue with an eigenfunction ® associated to it that is
strictly positive. O

2.2 The multiplication operator hl

Let h be a function defined in €2, A : Q2 — R. In this section be will focus in the study of
the linear multiplication operator hl, that maps

We will start studying the spaces where the operator is defined depending on the integrability
or continuity of the function h.

In particular, we are interested in the multiplication operator hl with h € L*(Q) or
h € Cp(2). We will describe which is its adjoint operator, and we will also prove that if
h € L*>(Q), then the operator hl is selfadjoint in L?(2), and we finish describing the spec-
trum and resolvent set of hl.

The following proposition studies the regularity of hl.

33



Proposition 2.2.1. Let (Q, u,d) be a metric measure space.
i. For1<p,q<oo,ifheL"(Q), and if ]19 + % = c_lz’ then h1 € L(LP(Q2), L9(S?)), and
IRl (e () La(0)) < Al ()
it. If h € L*°(Q2) then hI € L (LP(2), LP(R2)), for all 1 < p < oo, and
1Rl 2(rr (), () < 1Al @)-
iti. If h € Cp(2), let X = LP(Q), with 1 <p < 0o or X = Cp(Y), then hI € L (X, X), and
1A ] 2cx,x) < Blle, @)

Proof.
i. Thanks to Holder’s inequality, and the fact that h € L"(Q2) and v € LP(Q)

el = [ @u()lds
1/a 1/8
< ([ rh<x>|qada:) ([ 1 ay)

= N2l7-@llullzs g,

with é + % =1, gqa = r and ¢ = p, then p, r and ¢ have to satisfy that % + % =1
it. For 1 < p < 0o, we consider u € LP(2). Since h € L>°(2) we have that

=)

Wl = | W)@ Pde < I o el
For p = 0o, we consider u € L>(2). Since h € L>(2) we have that

[[hul oo (@) = ilelg\h(ﬂﬂ)u(x)’ <[Pl oo (o[l Loo (-
Thus, the result.

iti. Since Cp(2) C L*°(Q), then from ii., we have the result for X = LP(Q).
Now, if u € Cp(£2), then hu is continuous. Furthermore, we have that

[hulle, ) = ilelgm(l‘)u(iﬂﬂ < IAlley o lulley@)-

Thus, the result. O
Lemma 2.2.2. Let (2, u,d) be a metric measure space, then

i. hI € L(LP(Q),LP(Q)), for 1 < p < oo if and only if h € L>(Q).

it. hI € L(Cp(2),Cp(Q)) if and only if h € Cp(Q).
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Proof.
i. Thanks to Proposition[2.2.1] we know that if h € L> () then hI belongs to £L(LP(Q), LF(Q)).
Let us see the converse implication. Since hl € L(LP(2), LP(£2)), there exists 0 < C' € R such
that

[hul| ey < Cllullpo@), ¥V ue LP(Q). (2.31)

Now, we argue by contradiction. Assume h ¢ L%°(Q2), then for all £ € R, the exists a set
Ag C €, such that u(Ag) > 0, where h(z) > k, Yo € Ai. Then for any 0 < k € R we can
choose uy € LP(2) such that [ug| rr) = |lurlzr(a,)- From (2.31), we have

1/p
CHUkHLP(Q) > (/;2 \huk]pdx> > k”ukHLp(Ak).

Thus C' > k, for any k > 0. Hence, we arrive to contradiction, and h € L*(Q).

ii.  Thanks to Proposition we know that if h € Cp(2) then hl € L(Cy(£2), Cp(S2)).
Let us see the converse implication. The boundedness is obtained from part i.. Moreover,
since hl € L(Cp(2),Cp(£2)), if we choose u = 1, then hu = h € Cy(2). Thus, the result. O

Remark 2.2.3. Let X = LP(Q), with 1 <p < oo or X = Cy(2). In general, if h € L>(R) is
not identically zero, then the operator h1 : X — X 1is not compact. For instance, in the par-
ticular case in which the function h(x) = 1, Ya € Q, we have that hI is the identity operator,
and the identity is not compact. This is because the unit ball in X is not compact, since the
dimension of X is infinity.

The following result describes the adjoint operator of the multiplication operator hl, and
we prove that it is selfadjoint in L?(£2).

Proposition 2.2.4. Let (Q, ) be a measure space and let h € L*°(Q2) then the adjoint operator
associated to hI € L(LP(SY), LPQY)), with 1 < p < o0, is

(hI)* : LY (Q) — L ().

where (hI)* = hl.
In particular if p = 2, hI is selfadjoint in L?(12).

Proof. For 1 < p < 0o, we have that for h € L>(Q), u € LP(R), and v € L¥' () then,

(hI(u),v) 1 :/Qh(:n)u(:v)v(:v)dx:/u(:v)h(a:)v(a:)dm,

Q

and / u(z)h(z)v(z)dr = (u, (hI)" (v))pp p» for
Q

(hI)* (v)(z) = h(z)v(x).
Thus (hI)* = hI, but in this case hl : L¥ (Q) — LP (Q).

It is immediate that if p = 2, then Al is selfadjoint. O
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Now, we give a description of the spectrum and the resolvent set of the multiplication
operator hl € L(X,X), with X = LP(Q), for 1 < p < o0 or X = Cp(2). We denote as
EV (hI) the eigenvalues of the multiplication operator hl, and Im(h) C R the range of h.

Proposition 2.2.5. Let (2, u,d) be a metric measure space.
i. If X = LP(Q), with 1 < p < o0, we assume h € L.
it. If X = Cyp(Q2), we assume h € Cp(2).

The resolvent set of the multiplication operator is given by

px (hI) = C\ Im(h),

and its spectrum is

ox(hI) = Im(h),

and they are independent of X. Moreover, for X = LP(Q), the eigenvalues associated to hI
exist only when the function h is constant in subsets of £ with positive measure, i.e.,

EV(hI) ={a; p({x € Q; h(z) =a}) >0).

The eigenvalues of the multiplication operator hl have infinite multiplicity.
For X = Cy(92),

EV(hI) D {a; A open with u(A) >0 such that AC{ze€Q; h(zx)=a}} =F

and the eigenvalues of hl in F have infinite multiplicity.

Proof.
i. Thanks to Lemma we know that h € L>°(Q) if and only if hI € L(LP(Q2), LP(2)),
for all 1 < p < oco. We consider f € LP(2) and u € LP(2), then

ha)u(e) — () = f(2)
(h@) - Nule) = fla)
a@) = J@___ 1 g .
h(z) =X h(z)— A ’

Then we have that X\ € prr(q)(h) if and only if (hI — XI)~" € L(LP(Q), LP(2)), and thanks
1
to Lemma [2.2.2, (hI — XI)~1 € L(LP(Q),LP(Q)) if and only if € L*°(Q), and this

happens when

1
’h())\‘ <O, Vxe(, then, there exists § > 0, such that |h(x) —A| >4, Vo € Q,
$ —_—
ie., if and only if A & Im(h). Then, we have proved that pr»q)(hI) = C\ Im(h) and its
spectrum is by definition o(hl) = C\ p(hl) = Im(h). Since I'm(h) is independent of LP(£2),
then the spectrum of hl € L(LP(S2), LP(2)) is independent of p.
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The eigenvalues of hl satisfy by definition that there exists ® € LP(£2) with ® # 0, such
that
h(z)®(x) = AP(x)

and this only happens if there exists a set A C Q, with u(A) > 0, such that h(x) = A for all
x € A C . Then, the eigenfunctions ® associated to A satisfy that

® € LP(A), and ®(z) =0, Yz € Q\ A.

Hence, we have that Ker(hl — AI) = LP(A). Thus, the result.

ii. Thanks to Proposition since h € Cy(2) we have that hl € L£L(X, X). The rest of
the proof follows the same arguments as in .. Moreover, if there exists an open set A C €,
with u(A) > 0, such that h(z) = X for all x € A C Q, then A is an eigenvalue of kI in Cy(2),
and the space of eigenfunctions associated to A is given by Ker(hl — A) = {® € Cp(Q) :
®(x) =0, Vo € Q\ A}, which has infinite dimension. Thus, the result. O

2.3 Green’s formulas for K; — hol

In this section we introduce the Green’s formulas for K; — hol, where
ho(x) = / J(z,y)dy.
Q

We will assume that hg € L>(€2), and this is satisfied if and only if J € L>(Q, L'(£2)).
Green’s formulas will be useful to obtain some properties of the sign of the spectrum of
the operator Kj; — hl.

Proposition 2.3.1. (Green’s formulas) Let (2, u,d) be a metric measure space such that
w(Q) <oo. If J € LP(Q,LPI(Q)), for 1 <p < oo, and hy € L*(Q), and if

then for u € LP(Q) and v € LV (Q),
() = o ), )1 = =5 [ [ T () = ula))(wly) = vla))dyda. (234
In particular, if p = 2 we have that for u € L*(Q)
() = o T(w), oo = =5 [ [ T@)(ute) = u@)Pdyds. (239
Proof. We denote the integral term of the right hand side of by
o= [ I ) - @) ) o@)dyds
— [ [ @) — uyetdyds — [ [ 1)) - ue)o)dyds.
QJo QJo
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Relabeling variables in the first term of the sum, we obtain

= /Q /Q J(y.2)(ul(z) — u(y))o(a)da dy — /Q /Q J(y)(u(y) - ule))o(a)dy d.

Now, since J(z,y) = J(y, x),

I —/Q/QJ(DC,?J)(U(QU)—u(y))v(:r)dmdy—/Q/QJ(IL",Z/)(U(ZJ)—U(JE))U(w‘)dydx.

Thanks to Fubini’s Theorem, we have that

no==2 [ [ S - @)@y

Therefore, we have proved that the integral term of the right hand side of (2.34) is equal to

[ [ 3@ — @) - va)dyds == [ [ I - @)y de.
(2.36)
On the other hand, thanks to the hypothesis on J, hg € L*(£2) and from Propositions
[2.1.1] and [2.2.1) we have that Kj — hol € L(LP(Q2),LP(Q2)), for all 1 < p < co. Hence, if
u e LP(Q) and v € L¥' (Q)

() = ta ), W) = [ ([ Sty [ Seayat)) o) ao

(2.37)
— / / J(@,y) (uly) — u(z))o(z)dy da.
Q0 JQ

Hence, from ([2.36) and (2.37)), we obtain (2.34]). The second part of the proposition is an
immediate consequence of ([2.34)). O

2.4 Spectrum of the operator K — hl

Let (92, u,d) be a metric measure space. In this section we describe the spectrum of
K — hl € L(X,X), and we prove that, under certain conditions on the operator K, it is
independent of X. Moreover, we give conditions on J and h under which the spectrum of
K j — hI is nonpositive.

We start introducing some definitions used in the following theorems, that will be useful
to give a description of the spectrum of K — hl.

Definition 2.4.1. If T is a linear operator in a Banach space Y, a normal point of T is
any complex number which is in the resolvent set, or is an isolated eigenvalue of T of finite
multiplicity. Any other complex number is in the essential spectrum of T'.

To describe the spectrum of K — hl, we use the following theorem that can be found in
[34, p. 136].
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Theorem 2.4.2. Suppose Y is a Banach space, T : D(T) C Y — Y is a closed linear
operator, S : D(S) CY — Y is linear with D(S) D D(T) and S(M\o —T)~' is compact for
some X\ € p(T). Let U be an open connected set in C consisting entirely of normal points of
T, which are points of the resolvent of T, or isolated eigenvalues of T of finite multiplicity.
Then either U consists entirely of normal points of T+ S, or entirely of eigenvalues of T+ S.

Remark 2.4.3. If S: Y — Y is compact, Theorem[2.].9 implies that the perturbation S can

not change the essential spectrum of T .
The next theorem describes the spectrum of the operator K — Al in X.
Theorem 2.4.4. Let (2, u,d) be a metric measure space.
o If X =LP(Q), with 1 <p < oo, we assume h € L>®(Q).
o If X =Cp(Q), we assume h € Cp(R2).
If K € L(X,X) is compact, (see Proposition , then
o(K —hI) = Im(=h) U {p,}2 |, with M € NU {co}.

If M = oo, then {pn},— is a sequence of eigenvalues of K — hI with finite multiplicity, that

accumulates in Im(—h).

Proof. With the notations of Theorem [2.4.2] we consider the operators
S=K and T = —hl.

First of all, we prove that C\ Im(—h) C p(K — hl). We choose the set U in Theorem m
as

U = p(=hI) = p(T) = €\ Trn(—h)

that is an open, connected set. Since U = p(T'), every A € U is a normal point of 7.

On the other hand, if A\g € p(T), then (T—X\g)~! € £L(X, X), and S = K is compact. Then,
we have that S(A\g — T)~! € L(X, X) is compact. Thus, all the hypotheses of Theorem m
are satisfied. Now, thanks to Theorem we have that U = C\ Im(—h) consists entirely
of eigenvalues of T'+ S = K — hl or U consists entirely of normal points of T+ S = K — hl.

If U = C\ Im(—h) consists entirely of eigenvalues of T'+ S = K — hl, we arrive to
contradiction, because the spectrum of K — hl is bounded. So U = C\ Im(—h) has to
consist entirely of normal points of T' 4 5. Then, they are points of the resolvent or isolated
eigenvalues of T+ S = K — hl. Since any set of isolated points in C is a finite set, or a

numerable set, we have that the isolated eigenvalues are
M .
{ttn}n_y, with M €N or M = oo.

Moreover, since the spectrum of K — hl is bounded, if M = oo then {p,},-, is a sequence
of eigenvalues of K — hl with finite multiplicity, that accumulates in Im(—h).
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Now we prove that I'm(—h) C o(K —hI). We argue by contradiction. Suppose that there
exists a A € Im(—h) that belongs to p(K — hI). Since the resolvent set is open, there exists
a ball B.(\) centered in A, that is into the resolvent of K — hl. Then U = B(\) is an open
connected set that consists of normal points of K — hl. With the notation of Theorem [2.4.2]
we consider the operators

T=K-—-hl and S=-K

and the open, connected set

U = B.(\).
Arguing like in the previous case, if Ag € p(T'), we have that S(\g—T)~! is compact, thus the
hypotheses of Theorem are satisfied. Hence U = B.(\) consists entirely of eigenvalues

of T+ S = —hl or U = B:(\) consists entirely of normal points of 7'+ S = —hl.

If U = B:()\) consists entirely of eigenvalues of 7'+ S = —hlI, we would arrive to con-

tradiction, because the eigenvalues of —hlI are only inside I'm(—h), and the ball B.()) is not
inside Im(—h). So U = B.(\) has to consist of normal points of T + S = —hlI, so they
are points of the resolvent of —hl or isolated eigenvalues of finite multiplicity of —hl. Since
p(—hI) = C\ Im(=h), and X\ € Im(—h), we have that A has to be an isolated eigenvalue
of —hlI, with finite multiplicity. But from Proposition [2.2.5] we know that the eigenvalues of
—hl have infinity multiplicity. Thus, we arrive to contradiction. Hence, we have proved that

Im(—h) C o(K — hI). With this, we have finished the proof of the theorem. O

In the following proposition we prove that the spectrum of K — hl is independent of
X =LP(Q2) with 1 <p < o0, or X = Cp(0).

Proposition 2.4.5. Let (Q, p,d) be a metric measure space with p(€)) < oo.

i. Forl <pg<p <oo,if K € LILP(R), LP*(Q)) and additionally K € L(LP°(£2), LP°(Q))
is compact and h € L>*(Q), then K — hl € L(LP(Q),LP(Y)), Yp € [po,p1], and
orr(K — hI) is independent of p .

ii. For 1 < py < p1 < oo, if K € L(LP(Q), LP1(R2)) is compact and h € L>®(Q), then
K — hlI € L(LP(2),LP(Q)), ¥p € [po,p1], and or»(K — hI) is independent of p.

iti. For a fited 1 < py < oo, if K € L(LP(2),Cy(2)) is compact and X = Cy(Q2) or
X = L"(Q) with r € [po, 0], and h € Cp(R2), then K — hl € L(X,X) and ox(K — hl)
is independent of X.

Proof. Following the same arguments in Proposition [2.1.20] we have that in any of the cases
i., 1., or 1., K € L(X,X) is compact, where X = LP(Q) with pg < p < py for the cases
i. and 7., and X = LP(Q) with pg < p < o0, or X = Cp(f2) for the case iii.. Then, from
Theorem [2.4.4l we have that

ox(K —hI)=Im(—h)U {,un}ﬁil, with M € N with orM = oo,
where {p,}, are eigenvalues of K — hl, with finite multiplicity Vn € {1,..., M}.
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Since Im(—h) is independent of X, we just have to prove that the eigenvalues A € ox (K —

hI) satisfying that A ¢ I'm(—h) are independent of X. Let A € ox (K — hl) be an eigenvalue

such that A ¢ Im(—h). We denote by ® an eigenfunction associated to A € ox (K —hl), then

K(®)(x) — h(z)®(z) = \D(x) (2.38)
Since A ¢ I'm(—h), then from we obtain
b(z) = h(x)lHK@)(a;) (2.39)
and (.)1 + € L°°(©). Thanks to the hypotheses on K, we have
; (')1+ K € L(L(Q), L (). (2.40)

We prove first that orri (o) C orp(q): if A € orm (K) is an eigenvalue, then the associated
eigenfunction ® € LP*(Q). Since u(2) < oo we have that LP1(Q) — LP(Q) continuously, for
all p < pg, then ® € LP(2). Thus we obtain that \ € or»(K — hI) for all p € [po, p1].

Now, we prove that o7») C orr (q): if A € op()(K) is an eigenvalue, with p € [po, p1),
then the associated eigenfunction ® € LP(Q) satisfies (2.39). Since LP(§2) — LP(2) contin-
uously, then from ([2.40]), we have that ﬁK (@) € LP1(Q2). Hence, from ([2.39)), we obtain
that ® € LP1(Q). Therefore, ® € LP(Q2) for p € [po, p1], and we have proved the independence
of the spectrum respect the space for the cases 7. and 7i..

The case 4. is analogous to the previous result, using that h € Cp(2) and A € Im(—h),
then

h() + (@) € LILP(€), Cp(€2)). (2.41)

Thus, the result. ]

The following results state hypotheses to know in which cases the spectrum of K; — hl is
nonpositive.

Corollary 2.4.6. Let (2, u,d) be a metric measure space with () < co. For 1 < p; < o0,
let X = LP(QQ), withp € [1,p1] or X = Cp(). We assume that K and h satisfy the hypotheses
in Proposition [2.4.5 with py < 2 and we assume that J is such that

J(z,y) = J(y, ).

i. If h = ¢, with ¢ € R such that ¢ > r(K ), where r(K ) is the spectral radius of Ky then
ox(Kj— hl) is real and nonpositive.

it. If h = ho = / J(x,y)dy € L=(Q) and hy satisfies that ho(x) > a > 0 for all x € Q,
Q

then ox (K j— hl) is nonpositive and 0 is an isolated eigenvalue with finite multiplicity.
Moreover if J satisfies that

J(xz,y) >0, Vz, y € Q such that d(x,y) < R

then {0} is a simple eigenvalue.
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iti. If h € L>°(Q) satisfies that h > hy in Q, then ox (K j — hl) is nonpositive.

Proof. Under the hypotheses and thanks to the previous Proposition [2.4.5] we have that
ox (K — hI) is independent of X. Hence the rest of the results will be proved in L?().

i. From Proposition [2.1.19 and Proposition [2.2.4] we have that K ; and hI are selfadjoint
operators in L?((2), then we have that K; — hI is a selfadjoint operator in L?().

By using Proposition we know that o LQ(Q)(K 7) is composed by real values that are
less or equal to (K ).
On the other hand, op2(q)(Ky — hl) = o12(0)(Ky) — ¢ and ¢ > r(K), then we have that
ULQ(Q)(KJ — hlI) is real and nonpositive. Finally, since the spectrum is independent of X, we
obtain the result.

it.  Under the hypotheses we have that K € £(X, X) is compact, then thanks to Theorem
2.4.4, we know that
ox (K —hol) = Im(—ho) U {pn )2, , with M e N or M = .

Since 0 & I'm(—hyg), then 0 is an isolated eigenvalue with finite multiplicity. If M = oo, then
{pn}22 is a sequence of eigenvalues of K —hol with finite multiplicity, that has accumulation
points in Im(—h).

As in part i. we obtain that K; — hol is a selfadjoint operator in L?(€2). Then, thanks to
Proposition [2.3.1]

(K7 — hoYu, ) pagey 12 = A;LmemwwmwQMx—[;4J@wwf@mmh
1
= =5 [ [ T@wua) — uw)Pdyd <o

(2.42)
Then from Proposition [2.1.21] and the equality (2.42) we know that
O'LQ(Q) (K] — ho) < Suzp <(KJ - ho)u, U>L2(Q),L2(Q) <0. (2.43)
ue L4 (Q

Thus, the spectrum is nonnegative.
Let us prove below that {0} is a simple eigenvalue. We consider ¢ an eigenfunction
associated to {0}. Thanks to Proposition in L?(Q2) we have

0= (K = ho D) Dz == [ [ Ta)e) - pla)Payde. (244)

Since J(z,y) > 0, Vz, y € Q such that d(x,y) < R, then for all x € Q, ¢p(x) = ¢(y) for any
y € Br(x). Thus, ¢ is a constant function in 2. Therefore, we have proved that {0} is a
simple eigenvalue.

7i.  Let us see which is the sign of the spectrum of the operator K j;— hl, with h > hyg.

From ([2.43)), we have

<<KJ - hI)u, u>L2(Q),L2(Q) = <(KJ - ho + ho - h)u,u)Lz(Q)
= (K — ho)u,u)r2(q) + ((ho — h)u, u) 20y < 0.
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Chapter 3

The linear evolution equation

Throughout this chapter, we will assume that (€2, 1, d) is a metric measure space, with u
as in Definition Let X = LP(2), with 1 < p < oo or X = Cp(€2). The problem we are
going to work with in this chapter, is the following

u(z,0) =up(z), x € Q, (3:1)

{ wet) = (K — hI)(u)(, 1) = L(u)(,1), ©€Q1>0
with up € X, K = K; € L(X,X) and h € L>®(2) or h € Cp(€2). This means that the
operator L = K — hl € L(X,X). We will apply the results of the linear nonlocal diffusive
operator K — hl developed in the previous chapter to study the existence, uniqueness, posi-
tivity, regularizing effects and the asymptotic behavior of the solution of ([3.1)).

In this chapter, we will prove the existence and uniqueness of solution of using the
semigroup theory. We will write the solution of the problem (3.1 in terms of the group e,
associated to the linear and continuous operator L. In fact, in Proposition [3.1.2] we prove
that if K —hl € £(X, X), for an initial data ug € X there exists a unique strong solution of
(B-1), such that u € C=(R, X).

The comparison, positivity and monotonicity results are well-known for the classical diffu-
sion problem with the laplacian (see for example [25]). We prove such results for the nonlocal
problem . In particular, we will prove that under hypothesis on the positivity of J,
and Q R-connected (see Definition , we have a strong maximum principle, i.e., if the
initial data ug > 0, then the solution to , u(t), is strictly positive for all ¢ > 0.

One of the main differences between the nonlocal diffusion and the local diffusion problem
is that the solution of does not have regularizing effects in positive time, since the solu-
tion carries the singularities of the initial data. However, we will see that the semigroup S(t)
associated to the operator L = K — hI can be written as S(t) = S1(t) + S2(t), where Si(t) is
the part that is not compact, but it decays to zero exponentially as time goes to infinity; and
Sa(t) is compact. Then S(¢) is asymptotically smooth, according to the definition in [32] p. 4].
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We are also interested in the asymptotic behavior of the solution of , i.e., in describing
the behaviour of the solution when time goes to infinity. We use the Riesz projection, (see
[24, chap. VII]), and we prove Theorem which states that if ox (K — hl) is a disjoint
union of two closed subsets o1 and o9 with Re(o1) < 61, Re(o2) < d2, with do < 41, then
the asymptotic behavior of the solution of in X is described by the Riesz Projection
of K — hI corresponding to 1. We prove also that the Riesz projection and the Hilbert
projection coincide.

Furthermore, we apply this result to the particular cases of the nonlocal diffusion problem
(3.1) with h constant or h = hg = [, J(-,y)dy. In particular, we recover and generalize the
result in [I8], for X = LP(2), with 1 < p < oo or X = Cy(f2), whereas in [I§], the authors
obtain the result with open Q@ C R¥, in X = L2(Q) if the initial data is in L?(Q2), and in

X = L*>*(Q) if the initial data is in C(2).

3.1 Existence and uniqueness of solution of (3.1)

Let Y be a Banach space. We start this section defining the group associated to a general
linear bounded operator F'. For more information, see [43] or [36].

If F € L(Y,Y), the operator e ¥ can be defined by the Taylor series

o Lk ok
—Ft tr

© = A
k=0

teR (3.2)

which converges for any t. Thus e ¥ also belongs to £(Y). It also has the group property
e Fltt) — ¢~ Fse=Ft for s t €R.

We call e~ ¥t the group associated to the operator F, and it satisfies that
d
—e
dt

Moreover, it is a uniformly continuous group (see [43], p. 2]).

—Fi _ —Fe_Ft — _e—FtF

Lemma 3.1.1. Let Y be a Banach space. If F € L(Y,Y) then the unique solution of the

problem
{ (ut = Fw) (3.3)

u(t) = efug,

is given by

that is differentiable in time and the mapping
R>t — u(t)=eluycy
s analytic. Moreover the mapping
(t,ug) — eftug

1S continuous.
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We apply this semigroup technique to prove the existence of solution of the problem
(3.1). The following proposition states the uniqueness and existence of strong solution to the
problem .The hypothesis on the linear operator K, if K is an operator with kernel J, can
be verified using Proposition and the hypothesis on hI can be checked using Proposition
221

Proposition 3.1.2. Let (2, u,d) be a metric measure space.
o [f X =1L1P(Q), with 1 < p < oo, we assume h € L>=().
o If X =Cp(Q), we assume h € Cp(£2).
If K € L(X,X) then the problem has a unique strong solution u € C*(R, X), given by
u(t) = eltug,
where et € L(X,X) is the group associated to the operator L = K — hl.

Proof. Since L € L(X,X), applying Lemma to the problem ([3.1)), and we obtain the
result. O

We denote the group associated to the operator L = K — hl with Sk, to remark the
dependence on K and h. Hence the solution of (3.1)) is

L

u(t,up) = Sk, n(t)uo = e"uy. (3.4)

Remark 3.1.3. Another big difference between the nonlocal problem (3.1) and the local prob-
lem with the laplacian is that for the local problem, the flow is not reversible at all, and as a
consequence of the previous Proposition the flow of the nonlocal problem is reversible.

3.2 The solution u of (3.1) is positive if the initial data w is
positive

We consider the operator Kj(u) = [, J(z,y)u(y)dy, with J nonnegative, then we prove
the Weak Maximum Principle, i.e., the solution u of the problem (3.1)) with a nonnegative
initial data ug(x) is nonnegative.

First of all, let us consider the problem , with h =0,
% = Kjy(u),

u(0) = wup > 0.

(3.5)

Formally, if J > 0 then u;(z,0) = K (ug)(x) > 0, thus u increases with time and then u > 0
since ug > 0. The rigorous proof of this is that thanks to (3.2)) and Lemma the solution

to (3.5)) is given by

Lk rrk
w(z, £) = Krtug(z) = <Z ! ]fJ) o (). (3.6)



Since J is nonnegative, we have that K "}(uo) is nonnegative for any uy nonnegative, Vk € N.
Then we have that the solution u(z,t) is nonnegative. In fact, for any m > 0

o KK
u(z,t) > uo(x) >0, u(x,t) > ug(z)+tK(uo)(xz) >0, and u(z,t) > (Z J) up(x) > 0.

Now, for h # 0, let u be the solution to (3.1). We take the function
v(t) = "Otu(t), for t>0.

This function v satisfies that

U(O) = Uo,
and
v(z,t) = h(z)e"@tu(z, t) + M@ty (z,t)
= h(z)e"@ty(z,t) + @ (K (u)(z,t) — h(z)u(z,t)) (3.7)

e If hin (3.1)) is constant in Q, h(x) = a, Yz € Q, with a € R, then

ve(x,t) :eo‘tK(u)(x,t)
—6‘“/ J(z, y)u(y)dy
Q
- /Q T y)euly)dy = K (v)(z. 1),

Then v(t) = e**u(t) is a solution to the problem

dv
a KW, (3.8)
v(0) =g

We have already proved that the solution to (3.8]) with nonnegative initial data is non-
negative. Thus, the solution u(z,t) = e *w(x,t) of (3.1) with h constant, is also
nonnegative.

e We study now the case for h € L>°(Q2) nonconstant. Thanks to (3.7), we know that v
satisfies

ve(z,t) = K (u)(z, 1), and v(z,0) = uo(x)

then v can be written as
v(x,t) = ug(z) + /Ot @3 K (u)(x, 5)ds.
Moreover u(z,t) = e "®ty(z,t), then
u(z, t) = e M@y (z) + /t e M=) K () (x, 5)ds. (3.9)

0
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Let X = LP(Q), with 1 < p < oo, or X = Cp(Q2). For every wyg € X and T > 0, we
consider the mapping

Fuo 1 C([0,T); X) — C([0,T); X), with

t
Fo () (@, 1) = e "wg(z) + / e M@ [ () (2, 5)ds.
0

Fix T > 0 and consider the Banach space
with the norm
lwll] = max [lw(-,?)[x.

0<t<T

The proof of the following lemma is included for the sake of completeness. It gives us the
inequalities to prove that the mapping F,,, is a contraction in X, and it is valid for a general
operator K, not only for the integral operator K.

Lemma 3.2.1. Let (2, u,d) be a metric measure space.
o If X =1LP(Q), with1 <p < oo, we assume h € L*().
o [f X =Cp(Q), we assume h € Cp(2).

If K € L(X,X), wy, 20 € X, and w, z € Xp = C([0,T); X), then there exist two constants
C1 and Cy depending on h and T, such that

1 F o (@) = Fz (2)]]] < C1(T) [|wo = 20llx + Co(T)[|w = 2], (3.10)

where C1(T) = elr-le=@T o (T) = cTelt-le=@T ¢, : [0,00) — R is increasing and
continuous, and Co(T) — 0, as T'— 0.

Proof. Since K € L(X,X), and considering h = hy + h_, (h4 = max{0,h} and h_ =
min{0, h}), with h € L>®(Q) or h € Cp(Q2), then we obtain
t
1Fu0 (@) (1) = Foo(2) (D) lx < et (wo — 20) || + /enh”m(“)(t_s)HK(w — 2)(s)llxds
0
< elh=le@ Ty — z|lx + Celh-lz>@T T max |jw — 2| x
0<t<T
= Ci(T)[lwo — 20llx + C2(T) [[lw — =]I].
Taking supremum in [0, 77,
1 F o (@) = Fz (2)]]] < C1(T) [|wo = 20llx + Co(T)[|w — 2][]-
Thus, the result. O

In the following propositions we will prove that the solution u written as in is
nonnegative given any nonnegative initial data ug . To do this, we will prove that the mapping
F., has a unique fixed point in X7, and we will prove that u is nonnegative using Picard
iterations. The proposition is valid for a general positive operator K, (i.e., if z > 0, then
K(z) > 0), in particular for K = K; with J > 0.
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Proposition 3.2.2. (Weak Maximum Principle) Let (2, 1, d) be a metric measure space.
o If X =LP(Q), with1 <p < oo, we assume h € L>().
o If X =Cp(Q), we assume h € Cp(Q2).

If K € L(X, X) is a positive operator, then for every ug € X nonnegative, the solution to the
problem (3.1)) is nonnegative for all t > 0, and it is nontrivial if ug Z 0.

Proof. Thanks to (3.9), we know that the solution to (3.1) can be written as
¢
u(a, t) = e M@ty (x,t) + / e M@= [ (4) (2, 8)ds = Fy(u) (2, t). (3.11)
0

We choose T' small enough such that C3(7") in Lemma satisfies that Cy(T) < 1.
Hence, by (3.10) we have that F,(-) is a contraction in X7 = C([0,T]; X). We consider the

sequence of Picard iterations,
Unt1(x,t) = Fup(un)(z,t) Yn>1, 2€Q, 0<t<T.

Then the sequence u,, converges to u in X7. We take wj(x,t) = ug(z) > 0, then for ¢t >0

t
U (x,t) = Fuo(ur)(z,t) = e M@y () +/ e M@= K (o) () ds (3.12)
0
is nonnegative, because K is a positive operator. Thus ug(z,t) > 0 for all t > 0. Repeating
this argument for all u,, we get that u,(z,t) is nonnegative for every n > 1, for ¢ > 0. As
un(x,t) converges to u(x,t) in Xp, we have that the solution u(x,t) is nonnegative in Xrp.

We have proved that for some T > 0, that does not depend on wug, the unique solution
of the problem with initial data u(z,0) = ug(x) > 0 is nonnegative for all ¢ € [0, T].

If we consider again the same problem with initial data u(-,T"), then the solution u(-,t)
is nonnegative for all ¢ € [T, 2T]. Since has a unique solution then we have proved that
the solution of , u(z,t) > 0 for all ¢ € [0,2T]. Repeating this argument, we have that
the solution of is nonnegative Vt > 0.

Since, we have proved that the solution u(-,t) to is nonnegative, and K is a positive
operator, from , we have that

u(-t) > e "Mty () 20, if ug £ 0.
Thus, the result. O

Remark 3.2.3. In the previous proposition we can only prove the positivity forwards on time.

(see C’orollary to see that it is only positive forwards).

We prove below that under the same hypotheses on the positivity of the function J,
assumed in Proposition if the initial data g is nonnegative, not identically zero, then
the solution to (3.1)), is strictly positive for ¢ > 0.

Theorem 3.2.4. (Strong Maximum Principle) Let (2, u,d) be a metric measure space.
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o [f X =1P(Q), with1 < p < oo, we assume h € L>().
o If X =Cp(Q), we assume h € Cp(£2).
If Kje L(X,X), and J > 0 with
J(x,y) >0 forall x,y € Q, such that d(x,y) <R,

for some R > 0 and ) is R-connected.
Then for every uy > 0, not identically zero, in X, the solution u(t) of (3.1)) is strictly
positive, for all t > 0.

Proof. Thanks to Proposition [3.:2:2] we know that u > 0, and it is not trivial, for all z € Q,
and for all ¢t > 0. We take
o(t) = e"Otu(t),

then recalling the definition of the essential support in Definition [2.1.10] we have P(u(t)) =
P(v(t)), for all ¢ > 0. From ({3.7), we know that v satisfies

vy(t) = "OTK (u(t)) >0, V> 0. (3.13)
Integrating (3.13)) in [s, t], we obtain

v(t) = v(s) + /t ve(r)dr > v(s), forany t>s > 0. (3.14)

Then P(v(t)) D P(v(s)), ¥t > s. Moreover, since v(t) = e")*u(t) and thanks to (3.14)), we
obtain
e"Otu(t) > e"Osu(s).

Hence,
u(t) > e MOE)y(s).

This implies that P(u(t)) D P(u(s)), ¥t > s. As a consequence of (3.14), we have that for all
D cC Q,
¢
vlp (&) = vl (s) + / (" K ()|, dr. (3.15)

Since P(v(t)) D P(v(s)) for all t > s, and from ({3.15), we have that
P(u(t))N D = P(v(t)) N D D P(K(u)(r)) N D, forall re[s,t]. (3.16)
Moreover, applying Proposition to u(s), we have

P(K (u)(r)) D P(K(u(s))) D PL(u(s)) = U B(z,R) forall r € [s, t]. (3.17)
z€P(u(s))

Hence, if we consider the set D = Ph(u(s)). From (3.16) and (3.17)), we have that

P(u(t)) D Pk(u(s)), forall t>s. (3.18)
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Hence the essential support of the solution at time ¢, contains the balls of radius R centered
at the points in the support of the solution at time s < ¢.

We fix t > 0, and let C C 2 be a compact set, then Proposition implies that exists
no € N, such that C C P™(ug) for all n > ny. We consider the sequence of times

t=tp, tho1 =t(n—1)/n, .., t; =tj/n, ..., t1 =t/n, to =0.

Therefore, thanks to , we have that the essential supports at time ¢, contains the balls
of radius R centered at the points in the essential support at time t,_1, Ph(u(tn—1)), which
contains the balls of radius R centered at the points in the essential support at time ¢,,_o,
then PA(u(t,—2)). Hence repeating this argument, we have

P(u(t)) = P(u(ty)) D Pt(u(tn-1)) D Pi(u(tn—2)) D ... D Ph(ug) D C.

Thus, we have proved that wu(t) is strictly positive for every compact set in €, V¢ > 0.
Therefore, u(t) is strictly positive in €, for all ¢ > 0. O

Corollary 3.2.5. Under the assumptions of Theorem [3.2.]], if ug > 0, not identically zero,
and P(ug) # Q, then the solution to (3.1)) has to be sign changing in Q, ¥Vt < 0.

Proof. We argue by contradiction. Let us assume first that there exists ty < 0 such that
u(-,to) = 0. We take u(-,tp) as initial data, then solving forward in time u(-,¢) = 0, for all
t > to. Hence, we arrive to contradiction, and u(tp) is not identically zero.

Secondly, let us assume that there exists ¢y < 0 such that wu(-,%p) < 0, not identically
zero. We take —u(-,tp) > 0 as the initial data, then thanks to Theorem the solution
to , satisfies that u(z,0) < 0, Yz € Q. Thus, we arrive to contradiction.

Now, we assume that there exists ¢y < 0 such that w(z,t9) > 0. Let u(-,t9) > 0 be
the initial data, then thanks to Theorem the solution to , satisfies that u(z,0) >
0, Vx € . Thus, we arrive to contradiction.

Therefore, the solution has to be sign changing for all negative times. O

Remark 3.2.6. As a consequence of Theorem [3.2.4, we deduce that the flow associated to
the problem (3.1]), sends the boundary of the positive cone of X, (see Definition , to
the interior of it, when time moves forward. Furthermore, from Proposition|3.1.2, we obtain
that the flow is reversible, but despite of this, from Corollary we have that the flow is
not symmetric for timet > 0 and t < 0.

3.3 Asymptotic regularizing effects

Let (2, 1, d) be a metric measure space, for K € £(X, X), we consider the equation
ug(x,t) = K(u)(z,t) — h(x)u(x,t), for z € Q. (3.19)

We have seen above, in (3.9), that the group associated to this equation with initial data
ug € X can be written as

t
Skcn(t)uo(z) = e M@ tyg(z) + / e MB35 K () (x, 5)ds. (3.20)
0
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In general, the group (3.20) has no regularizing effects. In particular, the solution of ({3.5))

(i.e. (3.19) with h = 0) is given by ({3.6), then
2 thKE
u(z, t) — up(x) = (Z k!J> uo(z), (3.21)

k=1

and even if K : LP(Q) — Cp(£2), we obtain that the right hand side of is in Cp(€2), but
on the left hand side we have the initial data that is in LP(€2). Hence, the regularity of u is
equal to the regularity of the initial data wg. Moreover, the solution to with A constant
is given by u(x,t) = e"*v(z,t), where v is solution of , then the regularity of u is equal
to the regularity of the initial data ug. Hence there is no regularizing effect.

However, we will prove that there exists a part of the group, that we call Sy(t) that is
compact, so it somehow regularizes. Moreover, there exists another part of the group that we
call Sp(¢) which does not regularize, i.e., it carries the singularities of the initial data, but it
decays to zero exponentially as t goes to oo, if A > 0. Thus, we will have a regularizing effect
when ¢ goes to co. Then Sk ;(t) is asymptotically smooth, according to the definition in [32]
p. 4.

Now, we introduce Mazur’s Theorem (see |24, p. 416]), which is the key to prove that
Sa(t) is compact.

Theorem 3.3.1. (Mazur’s Theorem)
Let X be a Banach space, and let B C X be compact. Then ¢o(B) is compact, where co(B)
is the convex hull or the convex envelope of the set B (smallest convex set that contains B).

Lemma 3.3.2. Let % be a compact set in X, let T >0 and F : [0, T] — X be continuous.
If F(s) €% for all s € [0, T, then for a fized t € (0, T},

1/0 F(s)ds € eo(7).

Proof. For a continuous function, the integral is given by

t
s)ds = 1 F(t,
J, Ferds = fm S r

where #; € [t;_1, t;] belongs to the partition of the interval [0, ], At; = t; —t;_1 and At is the
diameter of the partition.Then

P> FEAL = sy D F(E)A
- ZF( )zm
= ZF( )041,

with «; satisfying 0 < a; < 1, Vi, and Z a; = 1. Moreover F(t;) € % then
ZF )i € co(E).
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1 t
Therefore, we have that n / F(s)ds e co(7). O
0

Proposition 3.3.3. Let (2, u,d) be a metric measure space,

o if X =LP(Q), with1 <p < oo, we assume h € L*>(Q),

o if X =Cp(Q), we assume h € Cp(Q2).
For 0 <t eR fixred, we have that the mapping

M: [0,t]x X — X
(5,f) — Oy

18 ContinuUous.
Proof. Assume we have proved that the mapping

g: 0,1 — L=

S — e_h(') (t—S)

is continuous, then we prove that the mapping M is continuous.
Given (s1, f1) € [0, t] x X, for all € > 0, there exist d1, 62 € R positive, such that for all
(52, fo) satisfying |s1 — so| < 61 and [|f1 — fal|x < d2, we have that

M (s1, f1) —M(s2, fo)|x = [le”"O E=s0) fy — e=h() (E=s2) g
— ||e—h(') (t—31)f1 — e h0) (t—52)f1 + e h0) (t—52)f1 — e k0 (75—52)f2||X

< Nlg(s1) = g(s2) [l oo I 1l x + €O E2) || poo oy || 1 = fallx
< lg(s1) — g(s2) Izl fillx +  sup  [le™" O )| 1 = follx-

‘51—52|<5

Since g is continuous, we can choose d; such that
€
lg(s1) = g(s2)llLo(0) < 577 i |s1—s2| <
@2 Allx

€

and we choose dy < , then we obtain that for these §; and d

2 sup [[e7 O =9 poo(
Bs(s1)
M (s1, f1) — M(s2, fa)llx <e€

Hence, we have proved that M is continuous.
Now, we just have to prove that the mapping ¢ is continuous. Given s; € [0,¢]. Let us prove
that for all € > 0 there exists § > 0, such that if |s; — s2| < § then [[g(s1) — g(s2) [l () <&,

llg(s1) —g(s2)llLe) = e~ E=s1) e_h(')(t_”)HLoo(Q)
= [l (1 = OF) o g
< etlhllizee o) ‘1 _ eHhHLOO(QHSz*SH‘

= O il
We know that the exponential function is continuous, then we have that
1—el2ms1l L0 as sy — s1.

Therefore we have that g : [0, t] — L*°(2) is continuous. O
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In the following proposition, we see that in general, the solution associated to the problem
(B-1), u(t) = Sk n(t) = Si(t) + S2(t), has no regularizing effects. We prove that S5(t) is
compact, but Si(t) is not. However, we prove that if h is strictly positive in €2, then Sp(¢)
decays to zero exponentially as t goes to oo, so we have a regularizing effect when ¢ goes to
00, and Sk ,(t) is asymptotically smooth.

Theorem 3.3.4. Let (2, u,d) be a metric measure space, with (1(§2) < oo.
o I[f X =1LP(Q), with1 < p < oo, we assume h € L*().
o If X =Cp(Q), we assume h € Cp(£2).

For 1 < p <gq < oo, let X = LIQ) or Cp(). If K € L(LP(Q),X) is compact, (see
Proposition , and h satisfies

h(z) > a >0 foral z €,
and ug € LP(QY), then the group associated to the problem , satisfies that
u(t) = Skn(t)up = S1(t)uo + Sa(t)uo
with
i. S1(t) € L(LP(Q)) YVt >0, and [|S1(t)||lz(zr(@),zr()) — 0 exponentially, ast goes to co.
ii. Sa(t) € L(LP(Q), X) is compact, Vt > 0.
Therefore Sk ,(t) is asymptotically smooth.

Proof. We write the solution associated to (3.1, as in (3.9)), then we have that

¢
u(z,t) = Sk n(t)uo(z) = e M@ty (2) +/ e M=) K (w)(z, s)ds, Vo € Q
0
and we define

S (t)uo = €_h(')tuO

¢ t
Sa(t)up = / e PO K (u)(s)ds = / e MO K (S 1, (s)uo)ds.
0 0
i.  Since ug € LP(Q) and h € L>®(Q) with h > a > 0, then S (t)up = e "Otuy € LP(Q) and

151() woll oy = lle ™" Otug ()| o) < e |uol 1o (q)-

&7

Therefore [|S1(t) | 2(zr(0),zr(0)) < €%, with o > 0, then it converges exponentially to 0, as

goes to oo.
. Fixt>0,as heL>®(Q), Sgn(s) € LLP(N)) Vs € [0,t], and K € L(LP(2), X), then

1S2(t)(uo)lx < e /0 1 (St ()uo) | s

< —at .
<e torgsa%(t [ K (Sk p(s)uo)llx < oo
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Thus Sa(t) € L(LP(Q), X).
Let us see now that Sy(t) € L(LP(R2), X) is compact V¢t > 0. Fix t > 0 and consider a
bounded set B of initial data. We know that

t
So(t)uug = / e=hOE=9) K () (-, 5)ds.
0

t
We denote Sa(t)ug = / Fyu,(s)ds, with
0

Fu(s) = e MO K (Sye 1 (s)uo).

Assume we have proved that F, (s) € % were 7 is a compact set in X, for all s € [0,¢] and
for all ug € B. Then applying Lemma to Fy, we have that +S5(t)(ug) € @(g), Yug €
B, and thanks to the Mazur’s Theorem we obtain that 1S5(¢)(B) is in a compact set of
X. Therefore S(t) is compact. Now, we have to prove that Fy,(s) = e =) K (Sg 5 (s)ug)
belongs to a compact set, for all (s, ug) € [0,¢] x B.

First of all, we check that K (Sk ,(s)ug) belongs to a compact set YW in X, for all (s, ug) €
[0,t] x B. Since K is compact, we just have to prove that the set

B = {Skn(s)up: (s, uo) € [0,t] x B}

is bounded. In fact, we have that K — hl € L(LP(Q),LP(R)), then |oppq)(K —hI)| <
| K — hIHL(Lp(Q)) < < o0, thus

Sk n(s)uoll ey = [lul:; 8)|lr @)
< Cel+slug|| 1o
< Ce T ug|| 1o (),

for all (s, ug) € [0,¢] x B. (This inequality will be proved with more details in Proposition
[3.4.2). Then, since B is bounded, we obtain that B is bounded in LP(£2).

Finally, we just need to prove that F,,(s) is in a compact set for all (s, ug) € [0,t] x B,
and this is true thanks to Proposition [3.3.3] that says that the mapping

M: [0,t]xX — X
(s,f) = e M=ol

is continuous. Then M sends the compact set [0, ¢] x W into a compact set & . Thus, Fyu(s)
belongs to a compact set, %, V(s, ug) € [0,t] x B. Therefore we have finally proved that
Sa(t) is compact in X, for all ¢ > 0, and Sk 4(t) is asymptotically smooth. O

3.4 The Riesz projection and asymptotic behavior

In this section we want to study the asymptotic behavior of the solution of the problem
(3.1). For this, we need first to introduce the concept of Riesz projection of a linear and
bounded operator. Moreover, we will prove that the Riesz projection is equivalent to the
Hilbert projection in L?(2). The Riesz projection is given in terms of the spectrum of the
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operator. Since the spectrum of the operator L = K — hl has been proved in Proposition
to be independent of X = LP(Q), with 1 < p < 0o or X = Cp(Q2), then the asymptotic
behavior of the solution of will be characterized with the Riesz projection, and it can
we calculated in X with the Hilbert projection.

Consider a general operator F' € L(Y,Y), where Y is a Banach space. The proposition
below gives a bound of the norm of the group associated to the linear and bounded operator
F. We will also give a general result of asymptotic behavior of the solutions associated to the
problem

ug(z,t) = F(u)(z,1)
{ u(x,0) =ug(z), with ug €Y (3:22)

The definitions below, can be found in [24] chap. VII].

Definition 3.4.1. Let F € L(Y), and f be an analytic function in some neighborhood of
o(F) C C, and let U be an open set whose boundary ' consists of a finite number of rectifiable
Jordan curves, oriented in the positive sense. Suppose that U D o(F), and that U UT is
contained in the domain of analyticity of f. Then the operator

FF) = 55 [ 1)OT = F)tay

is well defined and f(F) € L(Y,Y).

If F' is a continuous operator the eigenvalues of the operator F' are bounded, and there exists
d € R such that Re(\) < 0 for A € o(F'). We can find a closed rectifiable curve I" that contains

olL)

-y

r

Figure 3.1: Bounded spectrum

o(F), without crossing any A\ € o(L), like the curve I' in Figure
In particular, f(\) = eM is analytic in a neighborhood of o(F). Thus, we can apply

Definition [3.4.1] and we obtain that

o0
Pt Fkek 1

At —1
S N A — F)~ L),
¢ R A )

k=0
In the next proposition we estimate the norm of the group ef*:Y — Y.
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Proposition 3.4.2. Let F' € L(Y) be an operator as the one described above with
Re(o(F)) <6,
then Ye > 0 there exists a constant Cy = Cy(g) such that
" || vy < Coe®To vt > 0.

Proof. For every curve I' that satisfies the hypotheses of Definition [3.4.1] we have that
Re(A) <d+e, Ve>0, VA €eT, then for t >0

1 1
le™ ey = |5 /F@”w - F)ldA] <o /F e (AT = F) 7! dIA] < CoelH),

Corollary 3.4.3. Let F' € L(Y) be an operator as the one described above with
—0 < Re(o(F)) <6,
then Ye > 0 there exists a constant Co = Cy(g) such that

e |20y < Coe®Tl vt e R.

Now, we introduce the Riesz projection, that will help us study the asymptotic behavior
of the solution of . The following definitions can be found in [31} chap. 1].

Let F' be a bounded and linear operator on the Banach space Y. If IV is a subspace of Y
invariant under F', then F|N denotes the restriction of F' to N, which has to be considered
as an operator from N into N.

A set o7 is called an isolated part of o(F) if both oy and o9 = o(F) \ 01 are closed
subsets of o(F'). Given an isolated part o1 of o(F) we define Q,, to be the bounded linear

operator on Y given by
1

-1
Qv =5 [T = F)7a,
where I' consists of a finite number of rectifiable Jordan curves, oriented in the positive sense
around o1, separating o1 from oo. This means that o1 belongs to the inner region of I', and
o9 belongs to the outer region of I'. The operator @), is called the Riesz projection of F
corresponding to the isolated part o1, and is independent of the path I' described as above.
The following theorem and corollary describe some properties of the Riesz projection Qg

(see |31, p. 10]).

Theorem 3.4.4. Let o1 be an isolated part of o(F), and put U = ImQy, and V = KerQ,, .
ThenY = U@V, the spaces U and V are F— invariant subspaces and considering F|U = Fy
and F|V = F

o(Fy) =01 o(Fy) =0o(F)\ o1.

Corollary 3.4.5. Assume o1 is an isolated part of o(F'), and oo = o(F) \ o1. Then,

QO’1 + QO’Q =1 QO’l . QO'Q =0.
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The following lemma will be useful to prove the next proposition, that states that the
group, ef*, and the Riesz projection, Q,, commute, with this we will estimate the norm of
the Riesz projection of the solutions to (3.22]).

Lemma 3.4.6. LetY be a Banach space, F': Y — Y and X € p(F) C C, then,
(M —F) 'F* = FEAT = F)~Y,  for all k € N.

Proof. Take x € Y, such that there exists y € Y satisfying (A — F)y =z, this is
= (M — F)'2. Then \y — Fy = x. Applying F, we have A\Fy — F?y = Fx. Thus we have
proved that (A — F)Fy = Fz, applying (A — F)~!, we have that Fy = (\[ — F)~'Fz. Since
= (M — F)~'z, we have proved that F(A\ — F)~! = (M — F)~'F. Following this same
argument, we can prove that (A — F)F*y = FFg, for any k € N. Hence, the result. O

Proposition 3.4.7. Let o be an isolated part of o(F'), then,
Ft OQO’ — Qo’ OeFt — 6F1t,

where, F} = F|ImQ,.

X (Ft)*
Proof. Let eft = > =7 then thanks to Lemma [3.4.6

k=0
(aneFt) = Qo<§ (Ft')’“)
=6 k!
_ 1 L1 [ (FE)E
= o= F(/\—F) (;on o )d)\

F t
_ —1
= 27”2 / A= F)"1 = dx
F’“t’“ 1
- 2mi Z/ dA

PRk -1 Ft
= Z R ()\—F) dx = (ef'oQ,).
k=0
O
Let Y be a Banach space, we study now the asymptotic behavior of the solution of
= F(u)(t ith R
u(0) = uo, with ug € Y

where F' € L(Y,Y) and o(F) is a disjoint union of two closed subsets o1 and o2. Assume
0o < Re(0'1) < d1, Re(ag) <y, with 09 < 41,
like in Figure [3.2]

o7



Applying Corollary we have that the solution to (3.23)), can be written as

u(t) = Qo (W) (t) + Qo, (u)(1)-

On the other hand, the solution of (3.23) is equal to u(t) = ef*ug. Thus, thanks to Proposi-
tions and and since Re(o2) < d2 we obtain that for ¢ > 0

1Qos (u®)lly = || (Qos 0 ™) (u0)lly
= [le™* (Qoy (u0)) Iy (3.24)
< 02 6(52+E)t”Q02 (u0)||Y7 Ve > 07

where, Fy = F|Im Q,,.

)
\/

\._../UI

)

Figure 3.2: o(F) = o1 U 02.

The following Theorem, which is the principal result of this section. It states which is the
asymptotic behavior of the solution associated to (3.23]).

Theorem 3.4.8. Consider F' € L(Y) and let o(F) be a disjoint union of two closed subsets
o1 and og, with 62 < Re(o1) < §1, Re(o2) < d2, with 02 < d1. Then the solution of (3.23))

satisfies

lim [l (u(t) = Qo, (W) (1)) |y = 0, Vpu > 6.

t—o0

Proof. By using the definition of the Riesz projection, taking u > d2 and thanks to Corollary
9.4.0)

e M (ut) — Qo (W)(t) = e Qoy(u)(t)
Thanks to (3.24]), we know that the right hand side of the latter equation satisfies,

e Quu@)@lly < Coe N Quy(uo)lly, Ve >0, V> 0
Furthermore, there exists €9 > 0 such that Ve such that 0 < € < ¢, it happens that
(—p+d3+¢)<O.
Hence, the result. O
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In the following proposition we prove that the Hilbert projection over the space generated
by the eigenfunction associated to the first eigenvalue of F', is equal to the Riesz projection
in X for a general operator ' : X — X. We denote by \; the largest eigenvalue associated
to Fin X. We assume that A; is isolated and simple, and ®; is an eigenfunction associated
to A1, with [|®]|;2(q) = 1. Taking o1 = {A\1}, we know that in the Hilbert space L?(Q2),

P, (u) = (u, ®)®; = /Qu(x)fbl(x)dac dy, Vue LA(Q),

where Py, is the Hilbert projection over the space generated by the eigenfunction associated

to o1.

Proposition 3.4.9. Let (Q, u,d) be a metric measure space, with p, as in Definition |1.1.5
For 1 < py < p1 < oo, with 2 € [pg, p1], let X = LP(Q), with p € [po,p1], or X = Cp(R).
We assume F € L(X,X) is selfadjoint in L?(Q), the spectrum of F, ox(F), is independent
of X, and the largest eigenvalue associated to F', A1 is simple and isolated, with associated
eigenfunction &, € LP(Q) N L' (Q), for p € [po, p1], if X = LP(Q), or &1 € Cp(Q) N LY(Q), if
X = Cb(Q>, and H(I)HL2(Q) =1.

If o1 = {\1}, and T is the curve around A1, such that T' only surrounds {\i}, then for
u € X,

1
2mi

Qo (1) = /F()\I F)- ud)\:/Qu(m) By (2)dz By = (u, B1)B1 = Py (),

where Qy, s the Riesz projection and Py, is the Hilbert projection over the space generated

by the eigenfunctions associated to oy.
Proof. We consider L2(Q) = [®1] @ [®1]F. Let v()\) be defined as,
(M — F)v(\) = u,
then we can write v as follows
v(A) = a(N)P1 + W(N), (3.25)

where W(A) € [®1]* and a(\) = (v(A), ®1). Now we want to describe Qo (u)

1
= I—F
Qo () =5 ()\ ) Lud\
2m/ (A)dA (3.26)
2m A (A)d/\<I>1+/W d.

Since A1 is a simple eigenvalue, we have that

Qo (u) = a®y, with a = (Qs (u), P1). (3.27)

Then, multiplying (3.26|) by ®; and integrating in €2, we obtain

(Qoy (u / o / A)dA B + / W (X) dA®, da (3.28)

Q’]T’L
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Since W(A) € [@1]F and [|[®1]12(q) = 1, from (3.28) we have that

(Qoy (u), 1) = 1./Fa()\)d>\

211

Therefore,
Qo (1) = % /F a(N) dA 1. (3.29)
Now, we compute the Hilbert projection of u in L?(Q). We multiply by ®,
AMo(A), @1) — (Fo(N), @1) = (u, Pq). (3.30)
Since F is selfadjoint in L?(€2), is equal to
Aw(A), @1) = (v(A), F@1) = (u, P1). (3.31)
Now, since ®; is an eigenfunction associated to Ay, becomes

Av(A), @1) — A1(v(A), @1) = (u, 1)

= A, 1) = (u, @), (3:32)
Thanks to definition (3.25)) and (3.32), we obtain that
o) = (ul3), 1) = 2220, 3.59

Finally, from (3.29) and (3.33),

Qo (1) = 5 - / a(\) dAD; = / A“ ‘I’;l AAND; = (u, ®1)®; = Py, (u).

We have proved the equality in the Hilbert space L?(£2), but we want to prove that this is

true also in LP(Q) for p € [po,p1]. Since the spectrum, ox (F), is independent of X, we have

that the projection Py, (u) = (u, ®1)®1 is well defined for u € X because by hypothesis,

®y € L (Q) N LP(Q) for all p € [po, p1], if X = LP(Q), or &1 € Co(Q) N L), if X = Cy(Q).
On the other hand, we consider the set

V =span|[xp; D C Q with pu(D) < o],

where x p is the characteristic function of D C €2. Then, from Proposition [2.1.1] we know that
V C L%(Q) is dense in LP(2), with 1 < p < oo, and L?(2) N Cy(R) is dense in Cy(2). Since
Py, = Q,, in L?(£2), then we have that two linear operators are equal in a dense subspace of
X, then they are equal in X. Hence, the result. ]

3.5 Asymptotic behaviour of the solution of the nonlocal diffu-
sion problem

Let (Q, u,d) be a metric measure space with {2 compact. In this section be apply the
results of the previous section about the asymptotic behavior of the solution for the problem

{ ut(z,t) = (K —hl)(u)(z,t), z€Q, t>0,

3.34
u(z,0) = wup(x), with up € X. (3:34)
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We study two problems to which we apply the results of the previous sections. In particular
we are going to study the asymptotic behavior of the solution of ([3.34)) with:

e h constant

o h=hy= / J(-,y)dy, with J € L=(Q, LY(Q)).
Q

FOr h CONSTANT — For h = a constant we have the problem

{ uy(z,t) = (K —al)(u)(z,1), with a € R, (3.35)

u(z,0) =wup(x), with ug € LP().

In the following proposition, we prove that the exponential decay in X of the asymptotic
behaviour of the solution of (3.35)) is given by the first eigenvalue A\; of K — al, and the
asymptotic behaviour of the solutions is described by the unique eigenfunction, ®, associated
to )\1.

Proposition 3.5.1. Let (2, i, d) be a metric measure space, with @ compact and connected.
Let X = LP(2), with 1 < p < 00, or X = Cy(Q). Let K € L(L*(Q),Cp(2)) be compact, (see
Proposition to check compactness of integral operators K with kernel J, and assume
J(x,y) = J(y,x) with

J(z,y) >0, Vo, y € Q such that d(z,y) < R, for some R > 0. (3.36)

Then the solution u of (3.35) satisfies that

lim e u(t) = C* @1 x =0, (3.37)
. Jouo(x)®i(z)dx ‘ , , ,
where C* = @ (2)2ds and ®1 is the eigenfunction associated to A1. Moreover, &1 €
o ®1 x X

LP(Q) N LY (Q), and 1 € Cy(Q) N LY (Q).

Proof. From Proposition we have that ox(K) is independent of X. Moreover, since
J(x,y) = J(y,x), then from Proposition we know that o(K)\ {0} is a real sequence of
eigenvalues {fi,},cy of finite multiplicity that converges to 0. Furthermore, the hypotheses
of Proposition are satisfied, then the largest eigenvalue, \; = r(K), is and isolated
simple eigenvalue, and the eigenfunction ®; € C(£2) associated to it, is positive. Since the
spectrum does not depend on X, we have that, ®; € X, in particular ®; € LP(Q) N L? (Q),
and ®1 € Cp(Q) N LY(Q).

Thanks to Proposition we know that the spectrum, ox (K — al) \ {—a}, is a real
sequence of eigenvalues {A,}, ey = {tn}pen — @, of finite multiplicity that converges to —a.

Now, we consider 01 = {A1} and o3 = {A2,..., A, ...} U{—a}, and let ®; be a positive
eigenfunction associated to ;.

Since J(z,y) = J(y, z), from Proposition K — al is selfadjoint in L?(Q2), then we
can apply Proposition [3.4.9] Then, it holds that

Qo’l (UO) = PU1 ('LL()) = C*(bh (338)
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Oy (x)d
where C* = fQ uo(2)®1(z)dx
Jo @1(x)%dx
Furthermore, for ug € X thanks to Theorem the solution of ([3.35) satisfies
Tim [l (u(t) = @y (0)(®) | = 0. (339

Since u(x,t) = eK=Dlyy(z), Py, = Qq,, and thanks to Proposition we have that

Py, (u)(z,t) = Py, (B Dyg) (2, t) = e X 7DEP, (ug) (). (3.40)
O, (x)d
On the other hand, since Py, (ug)(z) = C*®;, where C* = Jo to(@) 1 () x, then
Jo @1(x)%dx
=t (ug)(z) = e C* . (3.41)

e(K_a])t _ Z (K—al)™t"

o , then we have

Moreover, ®; is an eigenfunction associated to A; and

K — I"t" —I"@t" AT®yt"
o(K-altg, _ Z (K —a _ Z al)"®, Z 1 =eMiPy. (3.42)
Hence, from ( - and
Py, (u)(z,t) = C*eMidy (). (3.43)

Therefore, thanks to and -

lim |[e *tu(t) — C*®y||x = 0.

t—00
O
FOR h = hg € L*(§2) — We consider the problem
ut(x7t) = (K - hOI)(U)(xat) (3 44)
w(z,0) = wugp(z), with ug € LP(Q) '

In the following proposition, we prove that the solution of (3.44) goes exponentially in
norm X to the mean value in 2 of the initial data.

Proposition 3.5.2. Let (2, i, d) be a metric measure space, with pu(§2) < co. Let X = LP(Q),
with 1 < q < 00 or X = Cp(Q), let K € L(LY(Q),Cp(2)) be compact, (see Proposz'tion
to check compactness of integral operators with kernel J ), and we assume J € L=(Q, L'(f2)),
J(z,y) = J(y,x) and

J(x,y) >0, Va, y € Q such that d(z,y) < R, for some R > 0. (3.45)

We assume that ho(x) > a > 0, for all z € Q.
Then the solution u of (3.44)) satisfies that

G+t [y - L [ @z )| =o, (3.46)
(w01~ Jwtoree) |,

where B < 0, and € > 0 small enough.

lim
t—o0
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Proof. Since K € L(L'(Q),Cy(Q)) is compact, then K € £(X, X) is compact. Thanks to
Theorem [2.4.4] we know that

ox (K — hol) = Im(—hg) U{,un}f\f:l, with M € N or M = cc.

If M = oo, then {u,}52, is a sequence of eigenvalues of K — hol with finite multiplicity,
that has accumulation points in Im(—h). Moreover, from Proposition ox (K — hol) is
independent of X.

From Corollary we have that o x (K —hoI) < 0, and 0 is an isolated simple eigenvalue.
Moreover, the constant functions v in €2, satisfy that

(K — hoI)(v) = 0.

Moreover, since J(z,y) = J(y,z) and thanks to Proposition K — hol is selfadjoint
in L2(12), thus, from Proposition {pn} C R. Hence, we consider o1 = {0} an isolated
part of o(K —hol), with associated eigenfunction ®; = 1/u(Q)"/2, and 3 = (K —hoI)\ {0}.
Thanks to Proposition if up € X,

QUl(U’O):Pm(UO) :/U()(I)ld:r@1
Q

J @)oo 3.47
= [ up(x x .
o @ i 247
).
= —— [ wup(x)dx.
1) Jo (@)

Thanks to Theorem the asymptotic behavior of the solution of ([3.44) is given by

Jim He—wﬁeﬁ (u(t) — Py, (u)(t))HX —0, (3.48)

where 81 < 0 is upper bound of Re(ox (K — hol)\ {0}), and & > 0 small enough, such that
B1 +¢e < 0. We also know that u(z,t) = eE=hoDtyy(z) and P,, = Q,,. Then, thanks to
Proposition [3.4.7] we have that

P, (u)(z,t) = Py, (eE=hoDty) (2, 1) = Ko Dt P (ug) (). (3.49)
On the other hand, since Qy, (uo)(x) = Py, (u0)(z) = (ug, ®1)®1 = C Py, then
eE=holtp (o) (2) = e KM Dt 0P, . (3.50)

Furthermore, ®; is an eigenfunction associated to {0} and e(K—hoDt — $° W, then

we have

(K—holytgy, _ N~ B —hoD)"t" o g~ (K = hoD)" @1 "~ (0" 18" g
(& 0 q)l_z ol (I)l_z ol —Z oy =€ (1)1—@1.
(3.51)

Hence, from (3.49)), (3.50) and (3.51))

PC"l (u)(xv t) = PUl (e(K_hO[)tUO)(x7 t) = e(K_hOI)tPCH (uO)(x> - €0tP01 (UO)(x) = PC"l (uO)(x>
(3.52)
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Therefore, thanks to (3.48), (3.52) and (3.47)), the asymptotic behavior of the solution of
(3.44) is given by

lim
t—o0

o~ (Brtet <u(t) _ u(lﬁ) /Q uo(x)dx> HX _o. (3.53)
O

Remark 3.5.3. With Propositions|3.5.1| and |[3.5.2 , we recover the result of asymptotic be-
haviour in [18], but we obtain the results for a general metric measure space instead of an open
subset of RN, Moreover we give the asymptotic behaviour in norm X = LP(Q) or X = Cy(),
whereas in [18] the results are obtained in an open bounded set  C RY, and the asymptotic
behaviour is given in norm L*(Q) if ug € L*(Q) and in norm L°°(Q) if the initial data is in
C(Q).
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Chapter 4

Nonlinear problem with local reaction

Throughout this chapter, we will assume that (€2, i, d) is a metric measure space, X =
LP(Q), with 1 < p < o0, or X = Cp(Q2), and the operator K € L(X, X). The problem we are
going to work with, is the following

ut(x,t) = (K —hl)(u)(z,t) + f(z,u(x,t) = L(u)(z,t) + f(z,u(z,t), € Q,t>0
u(z,tg) =up(x), =€,
(4.1)
with f:Q xR — R representing the local reaction term, and ug € X.

We will write the solution of the problem , in terms of the group e associated to the
linear operator L = K — hl. In fact, we will write the solution with the Variation of Constant
Formula, , and we will focus in the study of the existence and uniqueness of the solution
associated to , firstly for f globally Lipschitz and secondly for f locally Lipschitz and
satisfying some sign-conditions.

If f is globally Lipschitz, we will prove that the solution of with initial data ug € X, is
a global strong solution such that u € C1([0,T], X) for all T > 0. We will also give positivity
and monotonicity results for the solution, analogous to the results of the local nonlinear
reaction-diffusion problem with boundary conditions, (see for example [4]). In particular, we
will prove the following monotonicity properties:

e Given two ordered initial data, the corresponding solutions are ordered.

o If f(u) > 0 for all u > 0. Given a nonnegative data, ug > 0, the corresponding solution
is nonnegative.

o If f > g. If we denote by uy(t) and wu,(t) the solution of (4.1) with nonlinear term f
and g respectively. Then

up(t) 2 uy().
e Let u(t) be a supersolution, and let u(t) be the solution. If w(0) > u(0) then
u(t) > u(t)
as long as the supersolution exists. The same is true for subsolutions with reversed

inequality.
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We will also prove the existence, uniqueness and monotonicity properties of the solution of
(4.1) when the nonlinear term f, is locally Lipschitz in the variable s € R, uniformly with
respect to x € (), and satisfies sign conditions: there exists C, D € R with D > 0, such that

f(z,8)s < Cs®>+ Dls|, forall z€Q. (4.2)

After that, we give some asymptotic estimates of the solution, and we will finish proving
under hypotheses on f, the existence of two extremal equilibria ¢,, and p,; in L°(2).
In fact, we prove that all the solutions of with bounded initial data will enter between
the two extremal equilibria when time goes to infinity for a.e. point in §2, and if the initial
data ug is in LP(Q2), with 1 < p < oo, then ¢y and ¢, are bounds of any weak limit in LP(€2)
of the solution of (4.1), when ¢ goes to infinity. These results are weaker than the results
for the local reaction-diffusion equation, where the asymptotic dynamics of the solution enter
between the extremal equilibria uniformly in space, for bounded sets of initial data, (see [44]).

After studying the asymptotic behaviour we are confined to study the stability of the
equilibria of the problem with h = hg = [ J(-,y)dy. Since F : X — X globally
Lipschitz is not differentiable (see Appendix B), hence we do not have that if an equilibrium
is stable with respect to the linearization, then it is stable in the sense of Lyapunov. We give
criterions on f to have similar results, and we prove that any nonconstant equilibria in Cy(€2)
of with h = hyg is, if it exists, unstable when f is convex. Similar results are obtained in
[14, [40] for the local reaction-diffusion problem.

4.1 Existence, uniqueness, positiveness and comparison of so-
lutions with a globally Lipschitz reaction term
Let (92, ut,d) be a measurable metric space,
o if X = LP(2), with 1 < p < oo, we assume h € L*°(Q),
o if X =Cpy(R2), we assume h € Cp(Q2),
In this section we focus on the existence and uniqueness of solution of the problem

{ w(z,t) = L(u)(z,t) + f(z,u(z,t)), 2 €Q >0 (43)

u(z,0) =wup(x), x€Q,
with f globally Lipschitz, whose solution will be denoted as u(x,t,ug).

Definition 4.1.1. Let X = LP(2), with 1 < p < oo, or X = C,(f2), the Nemitcky operator
associated to f : 0 x R — R, is defined as an operator

F:X — X, such that F(u)(xz)= f(x,u(x)),
with u € X.

The following theorem gives a criterium to prove the existence of strong solutions. For
more details see [43, p. 109].
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Theorem 4.1.2. Let Y be a Banach space, we assume the linear operator H : Y — Y

Ht

generates a C° semigroup in' Y, denoted by ef't. We consider the problem

{uﬂ)=MW@+W%t>% (4.4)

u(to) =ug €Y.

We assume g € C([to,t1],Y), up € D(H) and u is a mild solution of (4.4) given by

t
u(t) = e FEto)y, +/ e =) g(5)ds.

to

Moreover, assume either
i. g € C([to,t1], D(H)), i.e., t—g(t) €Y andt— Hg(t) € Y are continuous,
ii. g € CY([to,t1],Y).

Then u € C1([to,t1],Y) N C([to, t1], D(H)), and it is a strong solution of inY.

Let us consider now a general globally Lipschitz operator G : X — X, and we study the
problem

u(z,0) = ug(z), T €, (4.5)

{ut(x,t):(K — hI)(u)(z,t) + G(u)(z,t) = L(u)(z,t) + G(u)(x,t), € Q, teR

In the following proposition we prove the existence and uniqueness of the solution to (4.5]).
Proposition 4.1.3.

o If X =LP(Q), with 1 <p < oo, we assume h € L>®(Q).

o If X =Cp(Q), we assume h € Cp(£2).

Let K —hl € L(X,X) and let G : X — X be globally Lipschitz.
Then the problem has a unique global solution u € C((—o00,00), X), for every ug € X,
with .
u(-,t) = eMug + / "G (W) (-, s) ds. (4.6)
0

Moreover, u € C*((—00,00), X) is a strong solution in X.

Proof. This proof is standard, however, we give it for the sake of completeness.
The solution associated to the equation (4.5)) can be written as in (4.6). Denoting by F(u)
the right hand side of (4.6)), we are lead to look for fixed points of F, in

V=C(-T,T],X), forsome T > 0.

Note that V is a complete metric space for the sup norm. First we prove F maps V into itself.
Thus, we prove that for v € V, F(u) € C([-T,T],X). First of all, if u € V then
G(u) € C([-T,T], X), because G : X — X is globally Lipschitz. Since L = K—hI € L(X, X),
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we have that —[|L|lz(x) < |o(L)| < [[L|lz(x), then thanks to Corollary there exists
0 < a, M € R such that
HeLtHE(X) < Me™ for all teR. (4.7)

Then, since G(u) € C([-T,T], X) and thanks to (4.7)), we have that

1))l SlleLtuolirH [ 6 as

X

t
< llePtugllx + \ 1 et
0

t
< Me flug|lx + ‘/ Mel =G (u)(s)||x ds
0

< Me™lug||x + Mltle™ sup [|G(u)(s)] x-
s€[—It],]¢]]
Thus, we have that F(u)(t) € X.
To prove continuity in time, we fix t € [T, 7] and € € R, we have that

Fu)(t+e¢)= 61—45.7:(u)(7§)+/tH_6 M=) G (u)(-, 5) ds

and then

t+e
1F(u)(t+e) = Fu)(t)llx < [[(e" = DF(u)(t)]|x + tHeL(”E*S)Hc(X)HG(U)(S)ledS-

The first term on the right hand side above goes to zero when € goes to zero, because el i
a strongly continuous group and F(u)(t) € X. In the second term, G(u) € C([-T,T], X), for
u €V, and [|elt+==9)| 1 ) < Met*==5l] then the integral term is small if ¢ is small and
continuity follows. Thus F(V) C V.

Now we prove that F is a contraction on V if T is small enough. If uj,us € V and
t € [T, T], then

S

)

[ (u1) () = Fuz)(®)llx < '/0 1" 20 |G ) (-, 8) = Gluz) (-, 8) | x ds

since G is globally Lipschitz, and HeLtHC(X) < Me® we get

[F(u1)(t) = Flu2)(®)llx < Lg /O " 20| (ua(s) = ua(s)) | xds

< MLg \ e (o) = wa(o)les

< MLg|t|ga|t‘ sup  Jlui(s) — ua2(s)||x-
s€[—It],[¢]]
since t € [~T,T], we have that for T small enough, M Lg|T|e*”l < 1. Therefore F is a
contraction and has a unique fixed point.
Arguing by continuation. Since T' does not depend on wug, if we consider again the same
problem with initial data wu(x,T'), then we find that there exists a unique solution for all
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t € [0, 27]. Also, if we consider the same problem with initial data u(x, —7'), then we find
that there exists a unique solution for all t € [-2T", 0]. Thanks to the uniqueness, we have
that there exists a unique solution, w, for all ¢ € [-2T, 2T]. Repeating this argument, we
prove that there exists a unique solution, u € C}([-T,T], X), of for all T > 0.

We have proved that there exists a unique solution v € C([-T,T], X) of VT > 0, that
satisfies the Variations of Constants Formula, ([4.6). Moreover, consider g(t) = G(u(t)). Since
w: [-T,T] — X is continuous, and G : X — X is continuous, we have that g : [-7,7] — X
is continuous. Moreover, since D(L) = X and L € £(X, X), we can apply Theorem
Therefore, u € C' ([T, T], X) is a strong solution in X, VT > 0. O

Now we will prove some monotonicity properties for the problem (4.5)). For the linear
problem the comparison results were obtained for positive time, (see Corollary , then
for the nonlinear problem, (4.5)), the results will be also proved for positive time.

In the following Proposition we prove that given two initial data ordered, the corresponding
solutions remain ordered as long as they exist. Moreover, under the same hypothesis on the
positivity of J in Proposition [2.1.17} the solutions are strictly ordered (i.e. u; > us2).

Proposition 4.1.4. (Weak and Strong Maximum Principles)
o [f X =1LP(Q), with1 < p < oo, we assume h € L>().
o [f X =Cp(Q), we assume h € Cp(£2).

We assume L = Ky —hl € L(X, X), J nonnegative, G : X — X globally Lipschitz, and there
exists a constant B > 0, such that G 4+ 81 is increasing.
(Weak Mazimum Principle): If ug, u; € X satisfy that ug > uy then

uO(t) > ul(t), for all t>0,

where u'(t) is the solution to (4.5) with initial data u;.
(Strong Mazimum Principle): In particular if J satisfies that

J(x,y)>0 for all z, y € Q, such that d(z,y) <R, (4.8)
for some R > 0, and € is R-connected, then if ug > w1, ug # u1,
u®(t) > ul(t), forall t>0.
Proof. We rewrite the equation of the problem as
ut(z,t) = L(u)(z,t) — Bu(z,t) + G(u)(x,t) + Bu(x,t),

where (3 is the constant in the hypotheses.
From Proposition we know that u’(t) is the strong solution of ([4.5)), with initial data
u;i, and u'(t) is the unique fixed point of

Fi(u)(t) = e LDy, + / t eL=BNE=9) (G(u)(s) + Bu(s)) ds (4.9)
0
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in V =C([-T,T], X), because F; is a contraction in V provided T" small enough for i = 0, 1.
We consider the sequence of Picard iterations,

uh1(t) = Fi(ul)(t) Yn>1, for 0<t<T.

Then the sequence u?,(t) converges to u’(t) in V. Now, we are going to prove that the solutions
are ordered for all ¢ € [0, T7.

We take the first term of the Picard iteration as u(x,t) = u;(z), then ud(t) > ul(t), for
all t > 0. We also have

u(t) = Fi(ul) (-, 1) = e P80y, + / eL=BDE=9) (G(w;) + Buy) ds.
0

Since J is nonnegative, then K; is a positive operator. Moreover, h + (3 satisfies the same
hypotheses as h, and the hypotheses of Proposition are satisfied for L—p3 = Kj;—(h+0)1,

then since ug > u1, we have that
eL=BD by, > e (E=BDty, for all t € [0, 7). (4.10)
Moreover, since G + (1 is increasing and thanks to Proposition [3.2.2] we obtain that

e L=ADE=9) (G(ug) 4 Bug) > eFPDE3) (G(uy) + fur) for allt € [0,T] and s € [0,¢].
(4.11)
From ([4.10) and (4.11]), we have that u9(¢) > ud(¢) for all t € [0, T]. Repeating this argument,
we get that

ud (t) > ul(t) for allt € [0,T], for every n > 1.
Since ul (x,t) converges to u'(x,t) in V, we obtain that
ud(t) > ul(t) for allt € [0,T].

Now, we consider the solution of (4.5) with initial data at time 7', u*(T). Then, since
the initial data u®(T) > w!'(T), are ordered, arguing as above, we obtain that u"(t) >
u'(t) forall t € [T,2T]. Therefore, we have that, u®(t) > wu!'(t) for all ¢+ € [0,2T]. Re-

peating this argument, we prove that
u’(t) > ul(t), forall t>0.

To prove the second part, we know from Proposition m that, u’(t), the solution of ([4.5]
with initial data u; is given by (4.9). Moreover, since h + [ and J satisfy the hypotheses of
Theorem [3.2.4] we have that

e(L*ﬁI)tuo = e(K*(]HB)I)tuo > B0ty — e(L*m)tul, for all ¢ > 0.
And, thanks to the monotonicity of G(-) + 81, we obtain that
t t
/ e(L*ﬁI)(tfs) (G(UO)(x7S) + 5u0(x7 S)) ds > / e(L*ﬁl)(tfs) (G(ul)(x,s) + ﬂul(m,s)) ds,
0 0
for all t > 0. Thus, u°(¢) > u!(¢) for all ¢ > 0. O
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In the proposition below, we prove monotonicity properties with respect to the nonlinear

term, for the problem (|4.5).
Proposition 4.1.5.
o [f X =1LP(Q), with1 < p < oo, we assume h € L>=().
o If X =Cp(Q), we assume h € Cp(2).
If L=Kj;—hl € L(X,X), J is nonnegative, G; : X — X 1is globally Lipschitz for i =1, 2,
and there exists a constant 3 > 0, such that G; + (1 is increasing for i =1, 2 and
G1 > Gy
then
u(t) > u?(t), forall t >0,
where u'(t) is the solution to (4.5) with G = G; and initial data ug € X.
In particular if Q is R-connected and J satisfies hypothesis (4.8) of Proposition then
ul(t) > u?(t), for all t> 0.

Proof. Arguing like in previous Proposition we know that u’(t) is the strong solutions
of (4.5) with nonlinear term G;, and u*(¢) is the unique fixed point of

Fi(u)(t) = eF=ADty 4 / t eL=BDE=9) (Gy(u)(s) + Bu(s)) ds (4.12)
0

in V=C([-T,T],X), provided T small enough, for i = 1, 2. We have proved in Proposition
[41.3] that F; is a contraction in V provided T" small enough. We consider the sequence of
Picard iterations,

U1 () = Fiuy)(t) Yn > 1.

Then the sequence u,(-,t) converges to u’(-,t) in V. Now, we are going to prove that the
solutions are ordered for all + > 0. We take the first term of the Picard iteration as u(x,t) =
ug(z), then

t
ub(t) = Fi(ul) (-, t) = eF=80by, +/ e E=BDE=9) (G (ug) + Buo) ds.
0

In Proposition we proved that under the hypotheses in this Proposition then we can use
Proposition [3.2.2] and thanks to the fact that G; + 61 > G2 + (I, we have

eL=BNE=9) (G (ug) + Bug) = eFPDE=9) (Gy(ug) + Bug) , for allt >0 and s € [0, 1.
Hence ud(t) > u3(t) for all t € [0,T]. Repeating this argument, we obtain that
ul(x,t) > ul(x,t) forall te[0,T], forevery n > 1.
Since u’ (t) converges to u‘(t), in V, then
ul(t) > u*(t) for all t e [0,T)].
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Now, we consider the solution of with nonlinear term G* and with initial data
a$(T) = u'(x,T), then arguing as above and since the initial data are also ordered, we obtain
that @!(t) > a%(t) for all t € [T, 2T]. Since the solution to is unique, then the solutions
u’(-,t) are ordered for for all ¢ € [0, 27T]. Repeating this argument, we obtain that

ut(t) > u?(t), forall t>0. (4.13)

To prove the second part, we know from (4.12) that, u’(t), the solution of (4.5) with
nonlinear term G is given by

t
ui(t) = e F=BDy, 4 / eE=ADE=3) (G (u') (s) + Bul(s)) ds.
0

Thanks to (4.13]), and the fact that G; + I is increasing, and G; > G2 we have that

(G (ub)(z,t) + Bu(x, t)) = (G1 (u?)(z,t) + Bu’(x, s)) > (Gg(uz)(:c, t) + Bu®(x, t)),vt > 0.
(4.14)
From (4.14)), since h + 3 € L*(Q), and J satisfies the hypotheses of Theorem we have
that

elL=ADt (G1(u!)(z, 5) + But(z,s)) > elL=ADt (G2(u?)(x, s) + Bu*(z,s)), forall t>0.
(4.15)
Therefore, thanks to (4.15)), we obtain that

/te(L—ﬁf)(t—S) (Gl(ul)(w, s) + Bul(z, s)) ds >/t e(L=BD)(t=s) (GQ(u2)($a s) + Bu®(z, 5)) ds,
0 0

for all t > 0. Thus, u'(t) > u?(t), for all ¢ > 0. O

The following proposition states that if the initial data is nonnegative, the solution of
(4.5) is also nonnegative.

Proposition 4.1.6. (Weak and Strong Positivity)
o If X =LP(Q), with1 <p < oo, we assume h € L>().
o If X =Cy(02), we assume h € Cy(£2).

We assume L = Ky — hlI € L(X,X), J nonnegative, G : X — X globally Lipchitz, and there
exists a constant > 0, such that G 4+ BI is increasing, and G(0) > 0.
If ug € X, with ug > 0, not identically zero, then the solution to (4.5)),

u(t, up) > 0, for allt > 0.
In particular if 0 is R-connected and J satisfies hypothesis (4.8)) of Proposition then

u(t, ug) > 0, for allt > 0.
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Proof. Arguing like in Proposition we know that u(t) is the solution of (4.5)), it is strong,
and u(t) is the unique fixed point of

F(u)(t) = eEADy 4 /t eL=BDE=9) (G (u) (-, s) + Pu(s)) ds (4.16)
0

that is a contraction in V = C([-T,T], X), provided T small enough.
We consider the sequence of Picard iterations,

Upt1(t) = Fluy)(t) Vn>1, forall 0 <t <T.

Then the sequence uy,(+,t) converges to u(-,t) in V. We take ui(x,t) = ug(z), the positive
initial solution, then

t
up(t) = Flup)(t) = eE=AD g + / eL=BDE=9) (G(ug) + Puo) ds.
0

In Proposition [£.1.4) we proved that under the hypotheses in this Proposition then we can use

Proposition then
elL=BDty >0, for all ¢ € [0,T). (4.17)

Moreover, if G(0) > 0, § > 0 and G(-) + (I is increasing, then G(u) 4+ Su > 0 for all
u > 0. Hence, we obtain that

e L=BNE=3) (Q(ug) + Bug) > 0, for all ¢ € [0,7] and s € [0, 1. (4.18)

Hence, from and (4.18)), ua(t) > 0 for all ¢ € [0,7]. Repeating this argument, we get
that uy,(-,t) is nonnegative for every n > 1. Since wu,(t) converges to u(t). Thus, the solution
u(t) is nonnegative in V, for all t € [0, 7.

If we consider again the same problem with initial data tg(t) = u(z,T), then arguing
as above we have that @(t) is nonnegative for all ¢ € [T, 2T]. Thanks to the uniqueness of
solution we have that u(t) > 0 for all ¢ € [0, 2T]. Repeating this argument, we prove that the
solution of is nonnegative Vt > 0.

To prove that the solution u(t) is strictly positive, we know that wu(t) is given by .
Moreover, since h + 3 and J satisfy the hypotheses of Theorem we have that

=80t > 0, for all ¢ > 0. (4.19)

Moreover, since u is nonnegative V¢ > 0, and (G + 5]) (u) > 0 for all w > 0, thanks to
Theorem [3.2.4] we have also that

t
/ eL=BDE=9) (G(u)(x, s) + Bu(x,s)) ds > 0, for all ¢ > 0. (4.20)
0

Thus, from (4.19) and (4.20), we have that u(t) > 0 for all ¢ > 0. O

To prove the following results, we first give the definition of supersolution and subsolution.
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Definition 4.1.7. Let X = LP(Q), with 1 < p < 0o or X = Cp(R2), we say thatw € C([a, b, X)
is a supersolution to (4.5)) in [a,b], if for any t > s, with s,t € [a, b]

a(t) > et 9)u(s) + /t PG (@) (r)dr. (4.21)

We say that u is a subsolution if the reverse inequality holds.

Remark 4.1.8. We assume that e’ preserves the positivity, i.c., we assume J is nonnegative.

If we C([a,b], X) differentiable satisfies that
w(t) > L(w)(t) + G(w)(t), for te la,b] (4.22)

then w is a supersolution that satisfies (4.21). The same happens for subsolutions if the reverse
inequality holds. Let us prove this below for supersolutions.
Since (4.22)) is satisfied, there exists f : R — X, with f > 0, such that

T(t) = L@)(t) + G@)(t) + f(t), for t€ [a, b (4.23)

Then

u(t) = el'u(s) +/ eL(t_r)(G(ﬂ)(r) + f(r))dr, for t,s€[a,b], s <t (4.24)

s

Since f is nonnegative and e’ preserves the positivity, then fst eL(t*’")f('r)dr > 0. Hence,

from (4.24)) we have that (4.21)) is satisfied. Thus, the result.
The following proposition states that a supersolution is greater than the solution to (4.5)).

Proposition 4.1.9.
o If X =LP(Q), with1 <p < oo, we assume h € L>().
o If X =Cy(02), we assume h € Cy(2).

Let L =Kj;—hl € L(X,X), J be nonnegative, G : X — X be globally Lipchitz, and there
exists a constant 3 > 0, such that G + BI is increasing. Let u(t, ug) be the solution to
with initial data ug € X, and let u(t) be a supersolution to in [0,T7.
If u(0) > ug, then
a(t) > u(t, ug), for tel0,T].

The same is true for subsolutions with reversed inequality.

Proof. Arguing like in Proposition we know that u(t) is the solution of (4.5, it is strong,
and u(t) is the unique fixed point of

F(u)(t) = e E=ADty 4 /t eL=BNE=3) (Q(u) (-, ) + Bu(s)) ds (4.25)
0

in C([0,7],X), provided 7 small enough. We choose p < min{r, T}, then the supersolution
u(t) € X exists for all t € [0, p]. Note that u satisfies by definition that

u(t) > F(a)(t), Vtelo,pl. (4.26)
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We consider the sequence of Picard iterations in V' = C([0, p], X),
Unt1(z,t) = Fluy)(z,t) Yn > 1, (4.27)
with u;(t) = u(t). Then the sequence uy,(t) converges to u(t) in V. If we show that,
> uy, ae inV, forn=123, ... (4.28)

then, we have the result in V.
Since wu; = u, then 4 > u; = u, and (4.28) is satisfied for n = 1. Moreover, thanks to

(4.26)), we have that

u > .7:(?]) = U9,

then (4.28]) is true for n = 2. Assume now for induction
a(t) > un(t), forallt e [0, p]. (4.29)

From Proposition we have that F is increasing in V, and thanks to ([#.26), (#.27) and
([4.29), we have that

a Z f(ﬂ) Z f(un> = Up+1, fOI' all ¢ € [0,p]

Then, we have proved (4.28). Moreover, u,(x,t) converges to u(x,t) in V. Then, we have
that
a(t) > u(t,up), forall te€|0,p].

Therefore, we have proved that for p > 0,
u(t) > ult,uo), Vt € [0, p.

Now, we take p < T, then @(t) exists for all t € [p, p], with p < 27. If we consider again
the same problem with initial data tg(p) = u(-, p), then @(¢) is the unique fixed point of

F(a)(t) = eF=DE=rg(. p) + / "l (G(@)(-, 5) + (-, 5))ds
P

inV = C([p, p], X), and the supersolution satisfies by definition that @(t) > F(u(t)). Following
the same argument as above, we obtain that the supersolution, @, and the solution, u, are
ordered for all time ¢ € [p,p]. Thanks to the uniqueness of solution of we have that
a(t) > u(t,up), Vt € [0, p]. With this continuation argument, we prove that the supersolutions
are greater or equal to the solution of (4.5)), in [0, T7. O

4.2 Existence and uniqueness of solutions, with locally Lipchitz

f

Let (€, i, d) be a metric measure space:

o If X = LP(Q), with 1 < ¢ < oo, we assume h € L®().
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o If X =Cp(R2), we assume h € Cp(92).

Let K € £(X,X), in this section we prove the existence and uniqueness of solution of the
problem

(4.30)

u(z,t) = (K — hl)(u)(z,t) + f(z,u(x,t)) = L(u)(z,t) + f(z,u(z,t)), z€Q
u(z,tg) =up(x), =€,

with ug € X, and f : Q@ x R — R a function that sends (z,s) to f(z,s), that is locally
Lipschitz in the variable s € R, uniformly with respect to x € €, i.e., Vsg € R, there exists a
neighbourhood U of sg such that Vsi,s0 € U, |f(x,s1) — f(x,s2)| < Ly|s1 — s2|, Yo € Q, and
f satisfies sign conditions.

First of all, we introduce an auxiliary problem associated to (4.30). For k& > 0, let us
introduce a globally lipschitz function, fi : 2 x R — R, associated to the locally Lipschitz
function f such that

fre(z,u) = f(z,u) for |u| <k, and Vz € Q. (4.31)

Hence, fi is the truncation of the function f.
We introduce the following problem, that is equal to (4.30]) substituting the locally Lips-
chitz function f with the associated globally Lipschitz function f

ug(x, t)=(K — hl)(u)(z,t) + fr(z,u(z,t)) =L(u)(z,t) + Fr(u)(z,t), x € Q t€R
u(z,0) = up(x), x € Q.
(4.32)
where Fj : X — X is the Netmitcky operator associated to the globally Lipschitz function
fr. The solution of the problem will be denoted as

ug(t, ug) = Sk(t)uo.

Since the truncation fi is globally Lipschitz, then the associated Nemitcky operator Fj is
globally Lipschitz (see Appendix B, Lemma , then we can apply Proposition to
obtain the existence and uniqueness of solutions of the problem (4.32)).

Moreover, since fi is globally Lipschitz, there exists G > 0 such that fy + 81 is increas-
ing, then Fj + (1 is increasing (see Appendix B, Lemma |6.4.14)). Hence, the hypotheses of
Propositions [4.1.4] [4.1.5] [4.1.6]and [4.1.9] are satisfied, and we obtain those comparison results
for the problem (4.32)).

Now, we prove the existence and uniqueness of solutions of (4.30) with initial data ug €
L>(Q) or ug € Cp(22), under the sign condition (4.33)) on the locally lipschitz function f.

Proposition 4.2.1. Let X = L>*(Q) or X = Cp(). We assume K € L(X,X), J nonnega-
tive, and h € X, and we assume that the locally lipschitz function f satisfies that there exists
a function go € CY(R), and s, 6 > 0 such that

(ho(-) = h(-))s* + f(-,5)s < go(s)s < —d]s|, V|s| > so, (4.33)
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where ho(z) = [, J(z,y)dy € L>=(), (J € L>(Q, L*()) ).
Then there exists a unique global solution of (4.30) with initial data ug € X, such that
u(-,t) is given by

t
u(-,t) = eltug —|—/ e f (L u(-, 5)) ds. (4.34)
0
Moreover, u € C*([0,00), X) is a strong solution in X, and
Ju(t, uo) || Lo () < max {so, |[uo|l Lo (o } for all t> 0. (4.35)

Proof. Fix M > sgp. We introduce the auxiliary problem

{ié)) 3\04(,2(75)) (4.36)

Since go € C!(R), thanks to Peano’s and Picard-Lindel6f Theorems, we have that there exists
a unique local solution to (4.36)). Thanks to second inequality in , with a continuation
argument we have that z is defined for ¢ > 0.

In fact, from (4.33)), and since 2(t) = go(2(t)), then z(¢) decreases for every ¢ such that
z(t) > sg, and z(t) > —sg for all t > 0. Since z(0) = M, and M > sy we have that

|2(t)| < M, Vt > 0. (4.37)

We consider a truncated globally Lipschitz function fj , (4.31]), associated to f. Let ug(-, t,ug)
be the solution of (4.32)) with initial data ug € X, such that

|uoll poe () < M. (4.38)

Thanks to Proposition we know that there exists a unique strong solution (-, t,ug) €
CY(R, X) that is given by the Variation of Constants Formula,

t
up(-, 1) = eFug —i—/ e By (ug) (-, 8) ds. (4.39)
0

We choose
k=M, (4.40)

then thanks to , we have that
fr(z,2(t)) = f(z,2(t)),Vt >0, Vo e Q. (4.41)
Moreover, since f satisfies , and from , we have that f; satisfies
(ho(-) =h()2(t)* + fiu(-, 2()2(t) < go(2(t))2(t) < —8=(t)], V¢ such that [2()| > so. (4.42)

Now, we are going to prove that z is a supersolution of (4.32). Since z is continuous and
2(0) > sp, we define
t,:=1inf{t > 0: z(t) = so}.
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We have that z(t) is independent of the variable x, then K(z(t)) = hoz(t). Thanks to
and the fact that z(t) > s for every t € [0,%,), we have that for all #5 such that 0 < %y < £,
we have
K(2)(t) = hz(t) + fu(- 2(t)) = (ho — h)2(t) + fr(-, 2(t))
< go(z2(t)) = (¢).
for all t € [0,%p]. Hence, we have proved that z is a supersolution of in [0, Zo].

Analogously, let us consider the auxiliary problem
{ i) = go(w(t)) (4.43)

Arguing as before, we obtain that there exists £, such that for all tp < tw, W is a subsolution

of (4.32)) in [O,@], and
lw(t)] < M, Vt > 0. (4.44)

We choose T' < min{t., 1, }, since the initial data ug € X, satisfies that |lug|| 1) < M,
and M > sg, then z(t) and w(t) are subsolution and supersolution, respectively, of (4.32) in
[0,T]. Therefore from Proposition we obtain that

w(t,—M) < ug(t,ug) < 2(t, M), Vtel0,T). (4.45)
Moreover, thanks to (4.37)), (4.44) and (4.45), we have that
lug(t,up)] < M =k for all ¢t €0,T)]. (4.46)

Thanks to (4.38]) and since M is fixed at the beginning as M > s, we have that
M > max{so, HuOHLoo(Q)}

Thanks to the definition of fi, (see (4.31])), and thanks to , we have that fi(-, ug(t)) =
f(,uk(t)). Therefore, ug(-,t,up) is a solution of ([£.30). Hence, we denote uy(-,t,up) =
u(+,t,up), and we have proved the existence of solution of for all t € [0,T], moreover,
u is a strong solution of in X, given by (4.34), with u € C'([0,7],X), and thanks to
(4.46)), we have that

|u(-, t,up)] < M =k for all te[0,T]. (4.47)

In fact (4.47) is satisfied for
M = max{so, HuOHLoo(Q)} (448)

Arguing by continuation, we consider again the same problem (4.30)) with initial data ay(7") =
u(+, T, ug), then from (4.47)), the initial data is bounded by M, then arguing like we have done

before, considering the auxiliary problems (4.36) and (4.43)), with M as in (4.48), we will
have that there exists an strong solution of (4.30), @ € C([T,2T], X). Since the solution

constructed by truncation is unique, then we have proved that there exists an strong solution

of ([E30), u € C1([0, 277, X), given by (E34), and

lu(-,t,up)| < M =k for all te€]0,27). (4.49)
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Repeating this argument, we prove that for any T > 0, there exists a strong solution of
u € CY([0,T], X), it is given by the Variation of Constants Formula ([4.34), and it satisfies
(E35).

Now let us prove the uniqueness of solution. We consider a solution u € C([0,T], X), of
the problem (4.30) with initial data ug € X that satisfies . Since u € C([0,T7], X), then

sup sup |u(z,t, ug)| < C.
te€[0,T] z€Q

Thus, if we choose k > C, then fr(,u(-,t)) = f(-,u(-,t)) and then the solutions uy of ,
is a solution of . Hence u and wu;, coincide. Furthermore from Proposition we have
that the solution uy € C([0,77], X) is unique, it is strong and it is given by the Variation of
Constant Formula. Thus, we have the uniqueness of the solution of . ]

In the following proposition we prove existence and uniqueness of solution of with
initial data bounded, but now, we assume that f satisfies the sign condition (4.50)).

If C is negative in hypothesis , then the sign condition , would imply the sign
condition with h < hg, in the previous Proposition m Hence in the proposition
below, we assume that C > 0.

Proposition 4.2.2. Let X = L>®(Q) or X = Cp(Q2). We assume K € L(X,X), h,hy € X,
and the locally lipschitz function f satisfies that there exist C, D € R, with C > 0 and D >0
such that

f(-,5)s < Cs* + D|s|, Vs. (4.50)

Then there exists a unique solution of (4.30) with initial data ug € X, such that u(-,t) in
C([0,T],X), forall T >0, with

u(-,t) = eltug + /t =) (- u(-, 5)) ds. (4.51)
0

Moreover, we have that u is a strong solution of (4.30) in X.

Proof. First of all, let us prove that (hg — h)s + f(+, s) satisfies the hypothesis (4.50]). Since
f satisfies (4.50) and h, hg € X, then

(ho — h)s®> + f(-,s)s < (hg—h)s?> 4+ Cs® + D|s|
< (/lho = Rl (@) + C) s* + Dls| (4.52)
< C182 —|—D|8’.

We denote C7 = C to simplify the notation. Fix 0 < M € R. We introduce the auxiliary
problem

2(t) =Cz(t)+ D
4.53
{ z(0) = M. (4.53)
Then the solution of (4.53)) is given by
D D
2 =-5+ e“tCy, Vit eR, with Cy =M + ot (4.54)
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and z(t) > 0 increases for all t € R. Let 7" > 0 be an arbitrary time, then
0<z(t) <z(T)Vvtel0,T]. (4.55)

We consider a truncated globally Lipschitz function f; associated to f. We denote by
ug(+, t, up) the solution of with initial data ug € X, ||uo||x < M. Thanks to Proposition
we know that there exists a unique strong solution ug(-, ¢, ug) € C'(R, X) that satisfies
the Variation of Constants Formula,

ug(-,t) = eFug + /0 t =) Py (ug) (-, 5) ds. (4.56)
Given T'> 0 and M > 0, from we choose
k> z(T).
Thanks to the definition of f, , and we have that

fr(2(t) = (-, 2(8)), vt € [0, T] (4.57)

We prove below that z is a supersolution of (4.32)) for every t € [0,7T]. Since z(t) is nonnegative
for all t € [0, T, then, thanks to (4.57) and (4.52)), and since z(¢) is independent of the variable
x, we have that K (z(t)) = hoz(t). Thus,

K(2)(t) = hz(t) + fi(-, 2(t)) = hoz(t) — hz(t) + fu(:, 2(1))
< Cz(t)+ D = %(t), forallte|0,T],

hence, z is a supersolution of (4.32)) for every t € [0, T].
Let us consider now the auxiliary problem

{ w(t) =Cuw(t)—D (4.58)

Then w(t) = —z(t), and we obtain that
lw(t)] < 2(T) Vtel0,T)]. (4.59)

Arguing as before, since w(t) is nonpositive for all ¢ € [0,7"]. Thanks to (4.59)), and since w(t)
is independent of the variable z, we have that K (w(t)) = how(t). Thus,

K(w)(t) = hw(t) + fi(w(t)) = how(t) —hw(t) + fi(-, w(?))
> Cw(t) — D = w(t).

Thus, w is a subsolution of (4.32) for every ¢ € [0, T].
Since k > z(T) and ||up||x < M, then z(t) and w(t) are supersolution and subsolution of
(4.32) in [0, T, respectively. Therefore, from Proposition we obtain

w(t,—M) < ug(t,ug) < 2(¢, M), vVt e[0,T). (4.60)
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Thanks to (4.55)), (4.59), and (4.60) we have that

lug(t,uo)| < 2(T) < k for all te[0,T].

Thanks to the definition of fy, (4.31), we obtain that fx(-, ux(t,u0)) = f(-, ur(t,ug)). Thus,
ug(z,t,up) is a solution to (4.30). Hence we denote uy(t, uo) = u(t,uo), and we have proved
the existence of solution of for all ¢ € [0,7T], moreover u is a strong solution of
in X, given by the Variation of Constants Formula .

Therefore, given any M > 0 and any 7' > 0, choosing k& > z(T"), then we have proved the
existence of solution of with initial data ||ug||x < M for all t € [0,T].

Now, let us prove the uniqueness, arguing like in Proposition [£.2.1] let us consider a
solution u € C([0,T7], X), of the problem with initial data uo € X, given by (4.51)). Since
u € C([0,7],X), then

sup sup |u(x, t, up)| < C.
te[0,T] z€Q

Thus, if we choose k > C, then f(-,u(-,t)) = f(-,u(-,t)) and then the solutions uy, of (@.32),
is a solution of . Hence u and uy coincide. Furthermore from Proposition we have
that the solution uj, € C'([0,7], X) is unique, it is strong and it is given by the Variation of
Constant Formula. Thus, we have the uniqueness of the solution of . O

Remark 4.2.3. By using Kaplan’s technique, we prove that the hypothesis (4.50) on f in
the previous Propositz'on is somehow optimal, in the sense that if f(-,s) = sP withp > 1,
then we do not have global existence of the solution of (4.30). Let us consider the nonlinear
term

f(s)=sP, with p> 1.

Let X = L*>®(Q), we assume K € L(X,X), h € L*(Q), J(x,y) = J(y,z), and we consider
the problem
= (K = hD)ut f(0) = [ ICputu)dy = byt
Q
u(0) = ug

(4.61)

with ug € L*(9), and ug > 0.
Let ® > 0 be an eigenfunction associated to the first eigenvalue \y of the operator K —hl,
then (K — hI)® = \®. We set z(t) = [u(t)®. Let us see what equation does z satisfy,

%m /way>m

// (z,y)® dm@J@—AM@wmmﬁm+/w@@@m

Q

(4.62)

Relabeling variables in the first term of the right hand side of (4.62)), since J(x,y) = J(y,x)
and ® be an eigenfunction associated to the first eigenvalue \1 of the operator K —hl we have
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that

// x,y)P(y)dy u(x,t) dx—/ h(z )u(a:,t)da:+/9up(:n,t)‘1>(fv)d:r

= / M O(z)u(z, t)dx +/ uP(x,t)®(x)dx
Q Q
=XMz(t)+ [ uP(z,t)®(x)dx
Q
(4.63)
Therefore, if we consider that ®(z)dx is a measure and we denote it by du, then we have
dz
0y =zt + / o (@, 1) dp (4.64)
dt Q

Thanks to Jensen’s Theorem (see [{6, p. 62]), we know that if p is a positive measure on a
o-algebra M in a set Q such that u(Q) =1, and g is a convex function, then

()< o1

In this case g(s) = sP with p > 1 is convex, and if we take an eigenfunction ® such that
fQ x)dx =1, then from (4 and as a consequence of Jensen’s Theorem

E(t) :Alz(t)—i—/ﬂu”(az,t)du

> Mz(t) + </Q u(m,t)@(m)dm)p (4.65)
— M) 4+ (1) = F(2(1)).

In this case, for p > 1, we have that if z2(0) >> 1, fo F( = o0. Thus, we do not have global
existence of solution of (4.61] - ) for all time in t > 0.

Remark 4.2.4. In [30], the authors establish that the Fujita exponent coincides with the
classical one when the diffusion is given by the Laplacian.

In the previous Proposition we have proved that the solution u of the problem ,
with initial data up in L*°(€2) or in C,(Q2) is in fact the solution of the problem (4.32)), with a
truncated globally Lipschitz function fj, associated to f. Then the solution u of satisfies
all the monotonicity properties that we have proved for the problem (4.32). We enumerate
them in the following corollaries.

Corollary 4.2.5. (Weak and Strong Maximum Principles) Let X = L*(Q) or X =
Cp(Q2). We assume J nonnegative, K € L(X,X), h € X, and the locally lipschitz function f
satisfies that there exist C, D € R, with C > 0, D > 0 such that

f(-,8)s < Cs* 4 D|s|, Vs. (4.66)
If ug, u1 € X, satisfy that ug > uy then
u’(t) > ut(t), forall t >0,
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where u'(t) is the solution to (4.30)) with initial data u;.
In particular if J satisfies that

J(z,y)>0 for all x, y € Q, such that d(z,y) <R, (4.67)
for some R > 0, and Q) is R-connected, (see Definition|2.1.14]) then
ud(t) > ul(t), forall t>0.

Corollary 4.2.6. Under the hypotheses of Corollary[{.2.5 If the initial data uy € X, and
the nonlinear terms f, f? satisfy

=
then
u(t) > u?(t), forall t >0,
where u'(-,t) is the solution to ([4.30) with nonlinear term f'.
In particular if J satisfies hypothesis (4.67) of Corollary and € is R-connected then
u(t) > u?(t), forall t>0.

Corollary 4.2.7. (Weak and Strong Positivity) Under the hypotheses of Corollary .
Let f(0) >0, if ug € X, with ug > 0, not identically zero, then the solution to (4.30)),

u(t, up) > 0, for allt > 0.

In particular, if J satisfies hypothesis (4.67) of C’orollary and ) is R-connected then

u(t, ug) > 0, for allt > 0.

Corollary 4.2.8. Under the hypotheses of corollary . Let u(t, ug) be a solution to
with initial data ug € X, and let u(t) be a supersolution to in [0, 7.
If u(0) > ug, then
a(t) > u(t, ug), forall t€0,T].

The same is true for subsolutions with reversed inequality.
In the previous Proposition we have proved the existence and uniqueness of solution
of the problem (4.30) with initial data in L>(€2) or in C(£2). Now we prove the existence and

uniqueness for the problem with initial data in LP(Q2) for all 1 < p < oo, and we prove also
that the solution is a strong solution in L!(£2).

Theorem 4.2.9. Let u(Q)) < oo, we assume J(x,y) = J(y,x), and the locally Lipschitz
function f satisfies that f(-,0) € L>®(Q), and

0

O () < B0) € 1¥(@) (1.68)
and for some 1 < p < 00

S| < o+, (4.69)
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if K € L(LP(Q),LP(Q)) and ho, h € L>(R2), then the equation (4.30) with initial data ug€
LP(Q) has a unique global solution given by the Variation of Constants Formula

u(-,t) = etug + /t e f( (-, 5)) ds, (4.70)
0

with
u € C([0,T], LP(Q)) nc*([0,T], L' (), VT >0,

and it is a strong solution in L*(£).

Proof. We prove that f satisfies the hypothesis in Proposition|4.2.2] i.e., there exists C, D € R,
with C, D > 0 such that
f(-,8)s <Cs*+ D|s|, VscR.

Let s > 0 be arbitrary. Integrating (4.68]) in [0, s], we have
S 8f S
‘. < .
St < [ st )
f(as)_f(70) <ﬂ()$
Multiplying (4.71) by s > 0, and since 3, f(-,0) € L*>(Q2), we obtain
f('u S)S < ﬂ(')52 + f(a 0)8

< 1Bl oo (ys® + £ (- 0l ooy s
< Cs*+ Dls|.

Let s < 0 be arbitrary. Integrating (4.68) in [s, 0],
0 af 0
has < .
f(',O)—f(‘,S) < _B(')S'
Multiplying (4.72)) by —s, since s < 0 and 3, f(-,0) € L*°(Q2), then

f(rs)s < B()s* + f(-,0)s
< 1Bl Leys® + £ (5 0) || o ()8
< Cs?+ Dls|.

Thus, we have that f satisfies the hypotheses of Proposition and we have the existence
and uniqueness of solutions for with initial data uy € L>®(Q).

Since L*>(2) is dense in LP(2), we consider a sequence of initial data {uf }neny C L(£2)
such that ug — up in LP(Q2) as n goes to co. Thanks to Proposition we know that the
solution of associated to the initial data ug € L°°(Q), satisfies

i (2, 1) = (K = hI)(u")(x,t) + f(z,u"(2,)) = L(u") (2, t) + f(z,u"(2,1)).

We want to see first that {u"}, . C C([0,00), LP(€2)) is a Cauchy sequence in compact sets
of [0,00). Then we consider

up () = wl(t) = L(u® = u)(8) + f(ub (1)) = f( 0 (8)). (4.73)
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Multiplying (4.73) by |u* — w7 [P~2(uF — u7)(t), and integrating in ©, we obtain

1d

pdtHu (t) = (Ol = (Llu* —w)(B), [ub =l P72 (u* —!)(1))

‘ ‘ ‘ (4.74)
[ (FCat @) = FCT0) [k = ol = w0,

If we denote
uF(t) — () = w(t) and g(w) = |w|P~*w € L' (Q),

then the first term on the right hand side of (4.74]) can be divided in two parts as follows.
First of all, we write

L(w(t)) = K(w(t)) = ho(-)w(t) + ho(-)w(t) — h(-)w(t). (4.75)
Since J(z,y) = J(y,z), K € L(LP(Q), LP(2)), and thanks to Proposition [2.3.1]
/(K— hol)(w)g(w) dx :/(K—hol)(w)|w\p_2wdaz
Q Q

1
T2 /Q /Q J(z,y)(w(y) — w(z))(g9(w)(y) — g(w)(z))dy dz.
(4.76)
From (4.76)), since .J is nonnegative and g(w) = |w|P~2w is increasing, then

[ =mnwler2wds =5 [ [ I - w@) o)) - gtw)@)dyds <o

(4.77)
Moreover, h, hg € L*(£2), then the second part of (4.75) applied to (4.74) satisfies
| (hola) = @) (@) do < Clulfy g (4.78)

On the other hand, thanks to the hypothesis (4.68|) and the mean value Theorem, there
exists & = £(x,t), such that, the second term on the right hand side of (4.74) satisfies that

(st @n = s ) 1ot = w2 - i) = [ e opp
Q

(4.79)
.
Finally, thanks to (4.74), (4.77)), (4.78)), and (4.79), we obtain
d .
E\Iuk( ) = ()[40 < Cllu™(t) = ()|
Thanks to Gronwall’s inequality,
||Uk(t) — ! (t)Hip(Q) < €Ct||u15 - u{)”ip(g)a (4.80)
and taking supremums in [0, 7] in (4.80), we get
sup_ [0 (8) = ()7, ) < C(DIlk — w2, (481)

te[0,T]

85



The right hand side of (4.81]) goes to zero as k and j go to co. Therefore we have that
{u"}, C C([0,00), LP(Q)) is a Cauchy sequence in compact sets of [0, 00), and there exists the
limit of the sequence {u"}, in C([0,T], LP(f2)), VT > 0, denoted by

u(t) = lim u"(¢)

n—oo

and it is independent of the sequence {ug},. Let us see this below. We choose two different
sequences {u( }, and {vf}, that converge to g, and we construct a new sequence {w( }n,

2n+l _ = ug and w%” = vy, for all n € N. Then, w{ converges to ug. Since

that consists of wy
the sequence of solutions {w™(t)} of associated to the initial values wy( is a Cauchy
sequence, then there exists a unique limit w(t) = ’nlLIIOlO w"(t), and this limit is the same limit
of the sequences {u"(t)}, and {v"(t)},. Thus, the limit is independent of the sequence {ug },.

Let us prove now that the limit u is given by the Variation of Constants Formula (4.70)).

We integrate (4.69) in [0, s], then
J, 5
0

as(-,t)‘dt < /080(1+ [t|P~Y)dt
[FCo8) = [f(50)] < Cls+ 5lsP's)

Therefore, we have that

[F(o8) < Cls+ 5ls) +[£(,0)]
<C+|s| + |sP)
Thus, we have proved
e < CA+ Jul + |uf), (4.82)

then, since 41(2) < oo, and thanks to (.82), we have that f : LP(Q) — L*(€2).

Now we prove that f : LP(Q) — L'() is Lipschitz in bounded sets of LP(£2). Consider
u,v € LP(Q) with [[ul| ey, [[vl|r@) < M, and 0 < M € R, thanks to the Mean Value
Theorem, there exists £ € LP(),

(x) =0(x)u(z) + (1 — 0(x))v(x), forae xz€Q

with 0 < 0(z) < 1fora.e. z € Q, and €| rr(q) < 2M, such that [f(u)— f(v)| = %(5)‘ lu—wvl|.
From hypothesis (4 and Holder’s mequahty, we have that
of
/Qrfw 10 = [ 5@l
< / C(1+1P) fu—ol
. 1/p'
< / €+ ) = vlasgo
1/p'
< (cn@+ ([ lepdn) ) lu= vl
< ( + (lullzoy + lollzo@)” ") u = vlloo)
<CM HU_UHLP Q)
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Then, since u(t) = lim u™(¢t) in C([0,T], LP(2)), VT > 0, we have that

f(u™) — f(u) in C([0,T], LY(Q)) YT > 0. (4.83)

Since L € L(LY(Q), L*(9)), then there exists § > 0, such that Re(o(L)) < §. Hence thanks
to Lemma we know that [le"||z(11(q)) < Coe®. Thus

t t
eLt=8) £(. um(s))ds — eLt=3) £(. wu(s))ds
/ Far@)ds = [ K s

L(9)

) ds
Lo (4.84)

|(f(’un(s)) - f(’u(s)))”Ll(Q) ds

< [ o) - s utsn)
0

S/t/ HeL(t—s)
0 Ja

S/O (| (u(s) = £ ()l ds

L) |

Taking supremums in ¢ € [0,77] in (4.84)), and from (4.83))

/eL(t—S)f(,’un(s))ds_)/ eL(t_s)f(-,u(s))dS in C([O,T],Ll(Q)), YT > 0.
0 0

Let ug € LP(€2) be the limit of the sequence {u{ }nen, we have already proved that u™ — w in
C([0,T],LP()), VT >0, and since [|e™||z(1p(q)) < Coed, we obtain that

eyl — eltug  in C([0,T], LP(Q)) VT > 0.

Moreover, since
t
[ e e (s))ds = (0) - e
0
and, u"(t) — el'uf converges to u(t) — euqy in C ([0, 7], LP(Q)) VT > 0, as n — oo, and we
have that .
/ ePE=9) £ (- u(s))ds = u(t) — e ug. (4.85)
0

Then we have that
' t
/eL(t_S)f(wun(S))ds —»/ P9 £ u(s))ds
0 0

converges in C ([0,7], LP(§2)), VT > 0. Hence, we have proved the global existence of the
mild solution, w in C ([0,T7], LP(€2)) for all T > 0 of the problem (4.30)), because u satisfies
that

t
u(t) = eMug + / ePE=3) £ (- u(s))ds.
0

Moreover, consider g(t) = f(-, u(t)). Since uw : [0,7] + LP(f) is continuous, and f :
LP(Q) — LY(Q) is continuous, we have that g : [0,7] — L'(Q) is continuous. More-
over, L € L(L'(),L'(R)). Then, by using Theorem for the problem ((1.30), we
have that the initial data ug € LP(Q) — D(L) = L'Y(Q) and X = LY(Q), thus u €
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C([0,T], LP(R)) N C ([0, T], L*(Q)) and it is a strong solution in L'(£2).

Finally, let us prove the uniqueness of the solution of with initial data ugeLP(2),
such that u € C ([0, T], LP(2)) N C1([0,T], L(Q)), VT > 0, is a strong solution of and
the solution is given by the Variations of Constants Formula . We consider that there
exists two different strong solutions u and v. If we follow the steps of this proof from
to , replacing u* for u and w/ for v, we obtain

) = 0(E) 2y < € (0) — 0O g (4.5

Since u(0) = v(0) = wyp, then
0 < ||u(t) — v(t)y\ﬁp(m <0 Vt>0. (4.87)
Therefore u(x,t) = v(z,t) for a.e. x € Q and ¢ > 0. Thus, the result. O

Remark 4.2.10. In the previous Theorem the sign condition on f, , we have
not included the case p = 1. This is because if p = 1 in hypothesis (4.69)), then we have that

’%<'7“)‘ < C, then f is globally Lipschitz, and we have proved in Proposition|4.1.8, that if f
is globally Lipschitz, then we have ezistence and uniqueness of solution of (4.3) for any initial
data in ug € L1(Q), with 1 < ¢ < oco.

In the following Corollaries we enumerate the monotonicity properties that are satisfied
for the solution of with initial data uy € LP(2) with p as in Theorem We apply
Corollaries to that state the monotonicity properties of the solution of with
initial data bounded.

Corollary 4.2.11. Let (2, u,d) be a metric measure space, with u(Q) < oo, for 1 < g < p,
we assume that K € L(L1(Q),L1(Q)), and h € L>*(Q). If the locally Lipschitz function f
satisfies that f(-,0) € L>®(Q2), and

of

By (1) < B() € L7(Q)

and, for some 1 < p < oo

< O(1+ [ulP™h).

poas

If ug, up € LP(Q) satisfy that ug > uy then
u’(t) > ul(t), forall t >0,

where u'(t) is the solution to (4.30) with initial data u;.
In particular if J satisfies that

J(z,y)>0 for all x, y € Q, such that d(z,y) <R, (4.88)
for some R > 0, and Q) is R-connected, (see Definition |2.1.14]), then

u®(t) > ul(t), for all t>0.
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Proof. Given ug, u; € LP(Q), with ug > wu;. Since L*°(Q) is dense in LP(Q) with 1 < p < oo,
then we choose two sequences {u{tneny and {u] }pen in L°(Q2) that converge to the initial
data ug and u; respectively,and such that

uy > uy,Vn € N.
Thanks to Corollary [£.2.5 we know that the associated solutions satisfy
ud(t) > ul(t), forall t>0, VneN.

From Theorem we know that u’ () converges to u'(t), for i = 0,1 in C([0, T], LP(2)).
Therefore

u¥(t) > ul(t), forall t>0.
Analogously we arrive to u®(t) > u!(t), for all ¢ > 0. O
Corollary 4.2.12. Let (Q, u,d) be a metric measure space, with u(Q) < oo, for 1 < g <p,

we assume that K € L(L4(2), L9(Q)), h € L>®(2), and the locally Lipschitz functions f* and
f? satisfy that, f(-,0) € L>(Q),

aft ;
) < B o0
< 50 e ()
and for some 1 < p < 00 ‘
af 1
) < p—1y
L] < c
If the initial data ug € LP(Q) and
=7

then
u(t) > u?(t), forall t >0,

where u'(-,t) is the solution to (4.30)) with nonlinear term f' and initial data ug.
In particular if J satisfies hypothesis (4.88]) of Corollary|4.2.11], and ) is R-connected then

ul(t) > u?(t), forall t>0.

Corollary 4.2.13. Under the hypotheses of Corollary|4.2.11. Let f(-,0) > 0, if ug € LP(Q),
with ug > 0, not identically zero, then the solution to (4.30)),

u(t, ug) >0, for allt > 0.
In particular if J satisfies hypothesis (4.88|) of Corollary|4.2.11}, and Q2 is R-connected then
u(t, up) > 0, for allt > 0.

Corollary 4.2.14. Under the hypotheses of corollary|4.2.11}, let ug € LP(Q2), and let u(t) be
a supersolution to (4.30) in [0,T], (see , and let u(t, ug) be the solution to (4.30) with

initial data ug € LP(Q). If u(0) > up, then
a(t) > u(t, ug), forall te€0,T].

The same is true for subsolutions with reversed inequality.
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Under the hypotheses of Propositions and Theorem we define the non-
linear semigroup associated to (4.1)) written as

S(t)ug = u(t,ug) = eltug + /t et £ u(s))ds.
0

4.3 Asymptotic estimates
Let (2, pt,d) be a metric measure space.
o If X =LP(Q), with 1 < p < oo, we assume h € L>®().
o If X =Cp(Q2), we assume h € Cp(9).

Let K € £(X, X). Now, we study asymptotic estimates of the norm X of the solution u of
the nonlinear nonlocal problem that we recall is given by

w(z,t) = (K —hD)(u)(z,t) + f(z,u(z,t)) = Lu)(z,t) + f(z,u(z,t), €O
{ u(z,0) =up(z), xe€Q, (4.89)

with ug € X and f : Q x R — R as in Propositions and Theorem where the
nonlinear term f satisfies that there exist C(-) € L>(£2) and 0 < D(-) € L*°(Q) such that

Flsupu < C( + D()Jul (4.90)
This means that

f(z,u) < C(x)u+ D(x), ifu>0

f(@,u) > C(z)u— D(z), ifu<0. (4.91)

In the following proposition we give more details about C' and D, and we give bounds of

|u(t)|, where u is the solution to ([4.89).

Proposition 4.3.1.
o I[f X =1LP(Q), with1 <p < oo, we assume h € L*(Q).
o If X =Cy(02), we assume h € Cy(2).

Let K € L(X,X), and J be nonnegative. We assume either:

i.ug € X, f: QxR — R globally Lipschitz, and f(-,0) € L>(Q). Then there exists
C =Ly and D= | f(-,0)||p(q), such that

fuw)u < CC)u + D()|ul, Vu. (4.92)

it. ug in X = L*(Q) or X = Cp(Q), f(x,s) is locally Lipschitz in the variable s € R,
uniformly respect to x € Q, and there exist C(-), D(-) € L*>(Q2) with D > 0 such that

fuw)u < CC)u? + D()|ul, Vu. (4.93)
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iit. J(x,y) = J(y,x), f is locally Lipschitz in the variable s € R, uniformly respect to x € €,
and it satisfies that f(-,0) € L*>(Q),

of

%(-,u) < B(-) e L*(Q) (4.94)
and for some 1 < p < 00,

O (w| <o+ ey (4.95)

90 ,u)l < C1(l +|u , .

initial data up in X = LP(Q) and K € L(L1(Q),L9(N2)), for 1 < q < p. Then there
exists C = ||B|pe(q) and D = || f(-,0)|| L~ (), such that

f,u)u < CC)u? + D()|u|, Vu. (4.96)
Let U(t) be the solution of
U(z,t) = L(U(x,t)) + C(x)U(x,t) + D(xz) = Le(U(z,t)) + D(z), x€Q, t>0
U(x,0) = [uo()], xeQ,

(4.97)
where Lo = L 4+ C. Then the solution, u, of (4.89), satisfies that

lu(t)] <U(t), for all t>0.

Proof. We prove this proposition assuming hypothesis 7., the rest of the cases are analogous,

since hypotheses (4.94) and (4.95) imply (4.93), (see proof of Theorem [4.2.9). First of all, we

prove that the solution of (4.97) is nonnegative. We know that the solution U/ can be written
with the Variation of Constants Formula as

t
U(t) = e"'uo| + / et () ds. (4.98)
0

where Lo = L+ C = K — (h — C). Since |ug| > 0, D is nonnegative, and J is nonnegative.
If we denote ho = h — C, then we can apply Proposition to Lo = K — h¢l, and then
we have that

ebtlug| >0 V>0 and et~ 9D >0Vt > 0and s € [0,

Thus, we have that U(t) is nonnegative for all ¢t > 0.
Now, we prove that U is a supersolution of (4.89)). Since U is nonnegative and f satisfies

, we obtain
LU) + f(,U) < LU) + C( WU + D(-) = Uy.

Moreover uy < |ug| = U(0), then from Corollary we have
u(t) <U(L), vt > 0. (4.99)
Now let W = —U be the solution to

Wy =L(OW)+C()W - D(:) = Le(W) — D()
W(0) = —|ug)-
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Since —|ug| < 0 then, we have that W(t) = —U(¢) is nonpositive for all ¢ > 0.
Now, we prove that W is a subsolution of (4.89). Since W is nonpositive and f satisfies

, we obtain
LOV)+ f(-, W) > LOWV) + C(- )W — D(-) = Wh.
Moreover, ug > —|ug| = W(0), then from Corollary we obtain that
u(t) > W(t), vt > 0. (4.100)
Therefore, thanks to and we have that
—U(t) < ult) <Ut), VE>0.
Thus, the result. ]

In the following proposition we give an asymptotic estimate of the norm X of the semigroup

of (5.

S(t)’LLO = u(t7 Uo),

that is given in terms of the norm of the equilibrium associated to the problem (4.97). To
obtain this estimate, we assume that the operator L satisfies that

infox(—L—C)>6>0. (4.101)

Then we have that, ||e“ct||x < et for all t > 0. But first we prove a Lemma that will be
useful.

Lemma 4.3.2. Let X be a Banach space, and let S(t) : X — X be a continuous semigroup.
Assume that ug, v € X satisfy that S(t)ug — v in X ast — oo. Then v is an equilibrium
point for S(t).

Proof. Since v = tlim S(t)up. Then applying S(s) for s > 0, and using the continuity of S(t)
for t > 0,
S(s)v = 5(s) tlim S(t)ug = tlim S(s+t)ug = v.

Then v is an equilibrium point for the system. O

Now, we prove the asymptotic estimate of the solution of (4.97)).

Proposition 4.3.3. Let u(2) < oo, let X = LP(Q), with 1 < p < oo, and h € L*(Q). We
assume K € L(LP(Y), L>(Q)) is compact (see Proposition[2.1.7), J is nonnegative, f and J
satisfy the hypotheses of Proposition and C € L*°(Q), 0 < D € L*(Q). If

infox(—L—C)>d>0, (4.102)
then there exists a unique equilibrium solution, ®, associated to , such that

L(®)+C()®+ D(-) =0, (4.103)
® € L>(Q) and ® > 0. Moreover, if up € X, then the solution u of satisfies that

lim [[u(t, uo)|[x < [|®]x-
t—o0
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Proof. First of all, thanks to Proposition we have that ox(—L — () is independent of
X. Moreover, thanks to hypothesis , we have that 0 does not belong to the spectrum
of Lo, then Lo = L + C' is invertible. Thus, the solution ® of is unique.

On the other hand, since ® satisfies the equation , D € L>*(Q), and Lo €
L(L>(2),L>*(£)), then & € L>(Q).

Now, we want to prove that ® is nonnegative. We write the solution &/ with the Variation
of Constants Formula

t
U(t) = ety +/ elet=5)p(yds >0 Vvt > 0. (4.104)
0
Thanks to hypothesis (4.102)) and Proposition [3.4.2] we have that
lebet| pxx) < e, (4.105)
then -
lim U(t) = / ekesD ds. (4.106)
t—oo 0

Thanks to Proposition we know that elc? preserves the positivity. From (4.106)), since D
is nonnegative, then tlim U(t) > 0. Moreover, thanks to Lemma [4.3.2, we have that 1tlim U(t)
—00

—00
is an equilibrium, and the problem (4.97)) has a unique equilibrium. Then, ltlim U(t) = P, and
— 00

® is nonnegative.

Furthermore, from Proposition [£.3.1] we have that the solution u satisfies that
u(B)] < U(H) =+ e+ ([ug| - @), (4.107)

where U(t) is the solution to (#.97). Let us see below that U(t) = ® + et (|ug| — @) is a
solution to (4.97)). Since Lc = L 4 C'is a linear operator and thanks to (4.103]), we have

U(t) = Lo (e (Juo| — @) = LeU(t) — @) = LeU(t) — Lo(®) = LeU(1) + D.
For up € X, we have that (|ug| — ®) € X, and thanks to (4.105)) we obtain

lu)llx < lU@)]x
< [1@llx + lle"e*(juol — @)1 x

(4.108)
< @llx + "l cx.x) [ (luol — @)l x
< [[@]lx + eI (fuol — @)llx
Since § > 0, then from (4.108]), we have
T u(t)x < [[]x.
Thus, the result. O

Remark 4.3.4. The hypotheses on the spectrum of Lo, (4.102)), can be obtained assuming
that J € L>®(Q, LY(Q)), and h € L>(Q) satisfies that

h—C>ho+9d in Q, with ho(x) = / J(x,y)dy € L>=(), and § > 0,
Q
and J(z,y) = J(y,x). Then, thanks to part i. of C’orollary we have

ox(—L—C)>6>0. (4.109)
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Remark 4.3.5. Another way to prove that ®, the equilibrium solution that satisfies ,
is nonnegative assuming that J(x,y) = J(y,z) is the following. Thanks to Proposition[2.1.19,
we have that L¢ is selfadjoint in L*(Q). Moreover, we know that ® € L>®(Q) C L*(9).

We multiply by @~ := min{®,0} < 0 and we integrate in Q, then we have that

/D( x)dr = //J:c y)®(y)dyd (x )dx+/h( )P( x)dz /C “(x)dx
// x,y)P(y)dy® (z)dz+ h( x)dr— /C
(4.110)

In (4.110), we write ®(y) = ®T(y) + ®~ (y), since —®T®~ = 0, thanks to Proposition
2.1.21| and the fact that the spectrum of —L¢o satisfies (4.102), we obtain

/D(:c) ~(z)dz =

/ / £,9)(®* () + B () dy® () dw+ [ h(w)( @) (x)dz / C()(®7)2(x)da

Q Q

/ / 2, y)® (y)dy®(z)da+ /Q h(z)(®)2(z)dz— / C(2) (@) (z)da

Q

< ),‘P( §L2(f>z) LX)
Lo(uw),w)r2),029)

in SUREACUTE [
ueL?(Q) ||U||L2(Q)

=inforeq )( L-CO)|e~ H >5||(I) ||L2 (Q)°

AV

(4.111)
We have that D > 0 and ®~ <0, then thanks to (4.111)), we have that

0> / D)o~ (@)dz > 3® |20

then @~ = 0. Hence, we have that the solution ® is nonnegative.

4.4 Extremal equilibria

In this section we prove the existence of two ordered extremal equilibria, which give some
information about the set that attracts the dynamics of the semigroup S(t) associated to the

problem (4.89)),
S(t)up = u(-,t,up),

where u(-,t,up) is the solution of (4.89).

A function ¢ = @(z) is said to be an equilibrium solution, or steady-state solution, of
(4.89) if it satisfies the following

(K = hD)(p)(x) + f(z,0(2)) = L(p)(x) + f(z,p(x)) = 0. (4.112)

First of all, we prove the existence of the extremal equilibria for the problem (4.89) with
initial data ug € L*°(Q2), i.e., we prove that there exists ¢, and @y in L°(€2), such that the
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solution of enter between the extremal equilibria ¢, and ¢y for a.e. x € (2, when
time goes to infinity. Secondly, we will prove that the same extremal equilibria ¢,, and s
are the bounds of any weak limit in LP(Q2) for 1 < p < oo of the solution of with initial
data ug € LP(Q2). This is another difference with the nonlinear local problem, with the lapla-
cian, where the asymptotic dynamics of the solution enter between two extremal equilibria,
uniformly in space, for bounded sets of initial data (see [44]). This difference is due to the
lack of smoothness of the linear group e’*.

We prove now the existence of two ordered extremal equilibria for the problem (4.89) with
initial data ug € L>(2).

Theorem 4.4.1. Let (Q, u,d) be a metric measure space with u(Q) < oo, let X = LP(QY), with
1<p<oo,andh € L*(Q). We assume K € L(LP(Q), L>(R2)) is compact, J is nonnegative,
f and J satisfy the hypotheses of Proposition CeL>®Q),0<DeL>*), and

infox(—L—C)>6>0. (4.113)

Then there exist two ordered extremal equilibria, ©m < @ar, in L(2) of the problem ,
with initial data ug € L*°(QY), such that any other equilibria ¢ € L>®()) of satisfies
©m < ¥ < . Furthermore, the set {v € L®(Q) : o < v <} attracts the dynamics of
the solutions S(t)ug of the problem ([4.89), in the sense that, Yuo € L>(RQ), there exist u(t)
and u(t) in L>°(Q) such that u(t) < u(t,ug) < u(t), and

lim u(t) = om
t—o0
lim u(t) = opmr
t—o00

in LP(Q2) for all 1 < p < oo.
Proof. From (4.107) we have that the solution of (4.89) satisfies that
lu(t)] < @+ elot(jug| — @) (4.114)

Since [|eX| g(poe(q)) < e % with § > 0, then for every initial data ug € L°°() and for all
e >0, 3T (up) > 0 such that

le“ (Jug| — @)l o) <&, VE > T(ug). (4.115)
From (4.114)) and (4.115) we have that
— P —c <u(t,up) <P+e, Vt>T(up). (4.116)

We recall that the solution u of is written in terms of the semigroup S(t) as
u(e, t,up) = S(t)up.
Now, we denote T'(ug) = T, to simplify the notation, and we rewrite as
—P—ec<S{t+T)(u) <P+e, Vt>O0. (4.117)
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In the first part of the proof, we consider the initial data ug = ® + €, then we have that there
exists T'= T'(® + ¢) such that

—P—ec<SUt+T)(P+e)<DP+e, VEt>O0. (4.118)

Now, thanks to the order preserving properties, Corollary and Corollary and
applying S(T') to (4.118) with ¢ = 0, we obtain that

— O —e<S2T)(P+¢e)<S(T)(P+e) <P +e. (4.119)
Iterating this process, we obtain that
—P—ec < S(NT)(P+e) <S(n—1)T)(P+e) <--- < S(T)(P+e) < P+e, Vn e N. (4.120)

Thus, {S(nT)(® + ¢)},,cy is @ monotonically decreasing sequence bounded from below. Then
thanks to the Monotone convergence Theorem, the sequence converges in LP(2), for 1 <p <
00, to some function @yy, i.e.

S(nT)(®+¢€) — om as n— oo in LP(Q). (4.121)

Moreover, since |S(nT)(®+¢)| < P +¢, for allm € Nand & +¢ € L>®(Q), then ppr € L>(9).
Now we prove that, in fact, the whole solution S(t)(® + ¢) converges in LP(2) to ¢ as

t — oco. From we obtain that
S(T+t)(P+e)<P+e, forall 0 <t<T. (4.122)
Let {t,}nen be a time sequence tending to infinity. We can assume that ¢, > T". Then
o If (n+1)T +1t, >T, (tn, <nT) then
S(n+1D)T+1t,)(P+e) <P +e. (4.123)
Applying the semigroup at time ¢, on , we have that

S((n+1)T)® + ) < S(t,)(® + ¢). (4.124)

o Ift,—(n—1)T>T, (t, > nT) then
Stn—(n—1DT)(P+e)<DP+e (4.125)
Applying the semigroup at time (n — 1)7 on (4.125), we have that

S(tn)(® +¢) < S((n— 1)T)(® +¢) (4.126)

If t, = nT, we have already proved that S(¢,)(®) converges in LP(2) to pas as n goes to
infinity. Now, let {t,}nen be a general sequence, then taking limits as n goes to infinity in

([4.124]), we obtain that
oM < lgminfS(tn)(CI) +¢) in LP(Q).

n—00
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And taking limits as n goes to infinity in (4.126]), we obtain that

limsup S(t,)(® +¢) < ppr in LP(Q).

tn,—00
Therefore,
lim S(t,)(® +¢) =pp in LP(Q).
n—oo
Since the previous argument is valid for any time sequence {t, },en we actually have

tli)r& St)(P+¢e)=¢n in LP(Q). (4.127)

Now, we prove the result for a general initial data ug € L°°(2). Thanks to (4.117)), for
T = T(up)
— O —e<St+T)(u) <P+e, Vt>0. (4.128)

Letting the semigroup act at time ¢ in (4.128)), we have

S(T + 2t)ug < S(t)(® +¢) = u(t), vt > 0. (4.129)
Thanks to (4.127) and (4.129), we get that
tlim u(t) = pp in LP(Q). (4.130)

Finally, let v be another equilibrium. From (4.130f), with ug = ¥, we get ¥ < ¢ar. Thus
is maximal in the set of equilibrium points, i.e., for any equilibrium, v, we have ¢ < ;.
The results for ¢, can be obtained in an analogous way. O

Corollary 4.4.2. Under the hypotheses of the previous Theorem |4.4.1. If ug € L°(2), and

Uy = OM,
then
lim S(t)(uwo) = o,
t—oo

in LP(Q), with 1 < p < oo, i.e., ppr is “stable from above”. In particular this holds for ug = ®.
If ug € L*(R2), and up < ¢, then
1tlim S(t)(uo) = om, in LP(£2),
— 00

and @, is “stable from below”.

Proof. As a consequence of Corollary 4.2.11] the associated solutions of (4.89) satisfy

S(t)UQ > S(t)(pM =y, Vi>0, (4.131)

and from (4.129) and (4.131)), there exists T' = T'(ug), such that

o <S(T+tug < S(Ht)(P+¢), ViE>0. (4.132)
Taking limits as t — oo in (4.132)), we obtain

tlim S(t)(uo) = onm in LP(Q). (4.133)
— 00
Therefore, @y is “stable from above”. The proof for ¢,, is analogous. O
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Remark 4.4.3. If the extremal equilibria pr € Cp(Q2), then the result of the previous Theorem
could be improved because we would obtain the asymptotic dynamics of the solution of
(4.89) enter between the extremal equilibria uniformly on compact sets of Q). Thanks to Dini’s
Criterium (see [0, p. 194]), we have that S(nT)(® + €) in , converges uniformly in
compact subsets of Q) to ppr as n goes to infinity. Thus we have that

Jim S@)(P +¢) = omrin Lige(9). (4.134)

Since there is no reqularization for the semigroup S(t) associated to (4.89), we can not assure
that opr € Cp(R2), as happens for the local reaction diffusion equations. In fact, we give later

an ezample of L>®(Q) discontinuous equilibria for the problem (4.89)), (see ezample [4.5.7).

Now, we want to prove that the previous two ordered extremal equilibria, ¢, orr € L*(Q2)
in Theorem are the bounds of any weak limit as ¢ goes to infinity in LP(2), of the solution
of the problem (4.89) with initial data ug € LP(Q).

Proposition 4.4.4. Let (2, p,d) be a metric measure space with u(Q) < oo, let X = LP(Q),
with 1 < p < oo, and h € L>®(Q). We assume K € L(LP(2),L>®(Q)) is compact, J is
nonnegative, f and J satisfy the hypotheses of Proposition C e L>*Q),0<De
L>(Q), and

infoy(—L—C) >8> 0. (4.135)

Then there exist two ordered extremal equilibria, o, < @ar, in L(Q) of , with tnitial
data uy € LP(Q), with 1 < p < oo. Moreover any other equilibria v of satisfies
Ym <Y < v, and the set

{vel™(Q):om<v<opu}

attracts the dynamics of the system, in the sense that for any ug € LP(QY), if (-, uo) is a weak
limit of S(t)ug in LP(Q) for 1 < p < oo, when time t goes to infinity, then
(@) < iz, u0) < orr(x) for ae. z €9,

Proof. We consider as initial data, ®, the equilibrium solution of (4.97). From Corollary
we have that the solution to (4.89)) with initial data ® € L*°(2), converges in LP(2) to the
maximum equilibrium ¢ys € L*(),

lim S(t)® = oy in LP(Q). (4.136)

t—o00

On the other hand, thanks to Proposition we know that given an initial data ug € LP(Q)
S(t)up = u(t,up) < ® + eXt(jug| — @) (4.137)

Applying the nonlinear semigroup S(s) to (4.137)), and thanks to Proposition we have
that
S(s)u(t,ug) = u(t + s,ug) < S(s)(® + eLct(Jug| — @)). (4.138)

Since the semigroup is continuous in LP(£2) with respect to the initial data, thanks to Propo-
sition we have the following convergence in LP({2)

lim S(s)(® + eXt(Jug| — ®)) = S(s) Jim (@ + el (jug) — @)) = S(s)P. (4.139)

t—o0
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Therefore, thanks to (4.138)) and (4.139), and since {u(t + s,up)}s>0} is bounded in LP(€2),
then let {¢, }nen be a sequence that converges to infinity, such that there exists the weak limit

in LP(Q) of {u(tn + s,u0) }neny when n goes to infinity, denoted by (-, ug).

In (4.138) we consider t = t,, we multiply (4.138]) by 0 < 1) € Lp/(Q) and integrate in €,
then

/ u(z, tn + s, up)(x)de < / S(s)(®(z) + e~ (|ug(z)| — ®(x)))(v)dz (4.140)
Q Q

We take limits in (4.140) when n goes to infinity, and thanks to (4.139)), we have

/ (e, uo)(z)ds < / S(5) (@) () d. (4.141)
Q Q
Then, we have that

u(z,up) < S(s)®(x), fora.ex e, Vs>D0. (4.142)

Taking limits now, in (4.142) when s goes to infinity, thanks to (4.136))

a(z,up) < lim S(s)®(x) = pum(x), for a.e.x € Q.

§—00

for all ug € LP(R2). Thus, the result. The reverse inequality can be proved analogously for
the minimal equilibrium . O

The following proposition proves that under the hypotheses of Proposition [£:3.3] and if
f(-,0) > 0, then the maximal equilibria @7, in Theorem is nonnegative. In fact, if J
satisfies the hypotheses of Proposition then any nontrivial nonnegative equilibria, 1,
of the problem , is strictly positive.

Proposition 4.4.5. Let (Q, i, d) be a metric measure space with j1(€2) < oo, let X = LP(2),
with 1 < p < oo, and h € L>®(Q). We assume K € L(LP(Q),L>(2)) is compact, J is
nonnegative, C € L*°(Q), 0 < D € L>*(Q), and
infox(—L—-C)>6§>0. (4.143)
If f and J satisfy the hypotheses of Proposition[{.5.1, and f satisfies also that
f(" 0) >0,

then the extremal equilibria of (4.89), ¢ar > 0.
Furthermore, if J satisfies that

J(z,y) >0, Vx, y € Q such that d(z,y) < R, (4.144)

for some R > 0, and 2 is R-connected, (see Definition|2.1.14}), then any nontrivial nonnegative
equilibria v of (4.89)) is in fact strictly positive.
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Proof. Since f(-,0) > 0, then 0 is a subsolution of (4.89). Under any of the hypotheses on f in

Proposition [£.3.1] thanks to Corollary [£.1.9] Corollary and Corollary [£.2.14] respectively,
we know that the subsolutions of the problem (4.89)) are below the solution, u(-,t, ug), of the

problem (4.89)), as long as the subsolution exists. Thus, we have that if ug > 0, then
0 <wu(z,t;ug), VreQ,t>D0. (4.145)

From Proposition we know that the solution of (4.103), & € L°°(f2), satisfies that
d > 0.

Thanks to (4.145)), since @ > 0, then the solution associated to the initial datum & satisfies
that

u(-,t,®) >0, Vt > 0. (4.146)

From Corollary .4.2]
lim u(-,t,®) = pp, in LP(Q). (4.147)

t—o00

Taking limits as ¢ goes to infinity in (4.146)), and from (4.147)), we have
om = 0.

Hence, )/ is nonnegative.
Moreover, if ¥ is a nonnegative equilibria of and if J satisfies , then thanks
to Corollary then
Y =u(t,p) >0 Vi>0.

Thus, the result. O

Under the hypotheses of Proposition the following proposition states that if f satis-
fies (4.149) and J satisfies (4.144)), then there exists a unique nontrivial nonnegative equilibria.

Proposition 4.4.6. Let (2, u,d) be a metric measure space with u(2) < oo, let X = LP(Q),
with 1 < p < oo, and h € L>®(Q). We assume K € L(LP(2),L>*(R)) is compact, J is
nonnegative, C € L*(Q), 0 < D € L>(Q), and

infoy(—L—C) >8> 0. (4.148)
If f and J satisfy the hypotheses of Proposition[[.53.1, and f satisfies also that

f(ao) > 07

and
f(a,s)
s
and J(z,y) = J(y,x) satisfies (4.144).
Then there exists a unique nontrivial nonnegative equilibrium, pns, of , and the
equilibrium s strictly positive.

is monotone in the variable s, Vx € , (4.149)
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Proof. From Theorem let ppr € L®(Q) be the maximal equilibria of . Now,
assume that v is another nontrivial nonnegative equilibria, then 1) < . Thus, ¥ € L>®(9Q).
Since f(-,0) > 0, and thanks to Proposition ¥ >0 and @y > 0.

On the other hand, ¥ and s are equilibria, then they satisfy

A;N%yﬂwdwdy—hﬁmmw@)+f@%¢M)=0 (4.150)

AmewwMy—mmww+fmwo—o (4.151)

We have that ¢y and ¢ belong to L>(2) C LP(2), for 1 < p < oo, then multiplying (4.150)
by 4, and (4.151)) by ¢, and integrating in 2,

//J@wwmw@w@m—[j@mmmw@m+/f@wmw@mza (4.152)

// 2, ) (y)dyoar (x )dm—/ﬂh( You dm+/f 2)dz =0, (4.153)

We substract ( m ) from (4.152). Then, we obtain

// (2, y)om (y)dyy (= dw—// (2, y)¥(y)dypm (v)dx +

S st - [ A anesteris <o

Relabeling variables in the first term, we have

// (y, x)om(w)daip(y)dy // y)dypn (z)dx +
flx

o ;M<>)¢ wr- [ i;> (zylz)de =0.

Since J(z,y) = J(y,x), we obtain

L

) oym(x)Y(z)de =0

m? :1:7

Moreover, is monotone in the variable s, then, we have that f@ om) f( ¥) <0
5 . pu(r) (@

on sets with positive measure. Moreover p); and @ are strictly positive. Hence, ¢ =

Thus, the result. D

Remark 4.4.7. Let elt be the linear semigroup. We know fmm Theorem that e is
asymptotically smooth. The nonlinear semigroup associated to 18 denoted by S(t), and
given by

t
S(t)uo(z) = eug(x) +/ P9 f (2, u(x, 5)) ds. (4.154)

0
If f  LP(Q) — LY(Q), was compact, (which is not), since e“*=%) is a continuous operator, then
fg eLt=3) (. u(s))ds would be compact, and we would be able to apply [32, Lemma 3.2.3.], to

prove that S(t) is asymptotically smooth. But, due to the lack of smoothness of the semigroup
elt, the semigroup S(t) is not asymptotically smooth in general.
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4.5 Instability results for nonlocal reaction diffusion problem

Let (2, i, d) be a metric measure space with p(2) < oo. Let X = LP(2), with 1 < p < oo.
We shall deal with the following nonlocal reaction-diffusion problem, that is the nonlinear
problem with h = hg, and reaction term f, depending only on u,

gz, 1) = /Q Tz, y) (w(y, t) — u(z, D)) dy + Fu(z,1), z€Q, >0
u(x,0) = ug(z), x € €,

(4.155)

where we assume J(z,y) = J(y,x), J > 0, hg = [ J(,y)dy € L®(Q), and f : R — R,
f € CL(R) is globally Lipschitz.
The equation (4.155) can be rewritten as

up = (K — hol)u+ f(u).

It shall be shown that if f is convex or concave then any continuous nonconstant solution
of (4.155)) is, if it exists, unstable, in some sense to be made precise below.
We first introduce a concept of Lyapunov stability with respect to the norm in X.

Definition 4.5.1. Let u(x,t,up) be the solution to with initial data vy € X. An
equilibrium solution w is Lyapunov stable is for each ¢ > 0, there exists § > 0 such that, if
up € X and ||up —ul||x <9, then ||u(-,t,ug) —ul|x <e&, Vt > 0. An equilibrium is unstable if
it s not stable.

Let us define the concept of instability defined with respect to linearization of the problem
(4.155]). The linearization of (4.155) around the equilibrium @ is given by

or(z,t) = /Q J(,y) (0. t) — o, ) dy + F(@(@))o(a,t), e Q, t>0
(;0("57 0) = (;00(1')7 x e Q.

(4.156)

Since f is globally Lipchitz, then f'(u) € L*(Q).

Definition 4.5.2. The equilibrium u is stable with respect to linearization if for each
initial data o € X, the solution of (4.156|) satisfies

sup [|¢(t, o)l x < oo.
t>0

The equilibrium u is asymptotically stable with respect to linearization if it is stable
and if for any initial data pg € X, the solution of (4.156)) satisfies

tlim o(x,t,00) =0 in X.

The equilibrium w is unstable with respect to linearization if there exists an initial data
wo € X, such that the solution of (4.156) satisfies

sup [|p(t, @o)l| x = +o0.
t>0
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If F: X — X is C!, then the stability from linearization implies the stability in the sense
of Lyapunov, (see [33, p. 266]). In fact, let A € £(X,X), and let F : X — X be C!. We
consider the problem

u = Au+ F(u) wup € X. (4.157)

Let 4 be the equilibrium of (4.157)), then

A+ F(@) =0 (4.158)
We rewrite (4.157)) as follows
w = Au+ F(u) = A(u —u) + Au+ F(u) + DF(u)(u — u) + g(u — u), (4.159)

with g(u — u) = ||F(u) — F(u) — DF(a)(u — u).

If we consider v = u — %, then v satisfies
vy = Av+ DF(u)v + g(v). (4.160)

Since F': X — X is C!, then |lg(v)|lx = o(||v|]|x). Let us consider the linearization of the
problem (4.157) around the equilibrium .

o = Ap + DF(u)ep. (4.161)

In fact, if |ju — @||x << 1 then ||g(u —@)|[x << 1, and the problems (4.160|) and (4.161) are
almost equal. Therefore, if F': X — X is C', the stability of the equilibrium of can
be studied in terms of the stability of the linearized problem .

Hence, we have that the stability from linearization implies the stability in the sense of

Lyapunov.

On the other hand, we know that the Nemitcky operator associated to f € C'(R), F :
LP(Q) — LP(R) is Lipschitz, but it is not C!, unless it is linear, (see Appendix B). Hence
F : LP(Q) — LP(Q) Lipschitz is not differentiable. The following result gives conditions
on f under which the stability /instability respect to the linearization implies the
stability /instability in the sense of Lyapunov, even if F': LP(Q) — LP(Q) is not differentiable.

Proposition 4.5.3. Let (2, u,d) be a metric measure space, with p(2) < oo, X = LP(Q),
with 1 < p < o0, and Ky € L(X,X), hop € L™(Q), and let a < ¢ < d < b. We assume J
nonnegative, f € C%(R), nonlinear and globally Lipschitz, and u € L™(Q) is an equilibrium

solution of (4.155) with values in [c,d].

i. If f” >0 in [a,b], and the equilibrium @ is unstable with respect to the linearization then
4 is unstable in the sense of Lyapunov in X.

it. Let X = LP(Q), with 1 < p < oo, let K € L(LP(Q),L>®()) be compact and hy €
Lo(Q). If f” <0 in [a,b], ox (K — (ho — f'(w)I) < =6 <0, and the equilibrium
1s asymptotically stable respect to the linearization then u is stable from above, in the
sense that, if an initial datum ug takes values in [a,b] and satisfies that ug > u, then the
solution of with initial datum ug converges to u in X when time goes to infinity.
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Proof. Let z be the solution of the nonlinear problem

a(nl) = /Q T2, 9) (20 8) — 2(2. )y + F(2(2,8)), 2 EQ, t> 0.

(4.162)
z(x,0) =wup(z), =€
with ug € L*>(Q), and let @ be the equilibrium solution of (4.162)), then
| I at@) ~ a)dy + rlat) = o. (4.163)

Let us consider the linearization of (4.162)) around u,

pir(z,t) = /QJ(%@/) (p(y:t) = oz, 1) dy + f'(a(x))p(w, 1) = L(p)(z,1), z€Q, t>0,

‘:0($a 0) = ‘;00(1')7 z € (),
(4.164)

then we consider
z(x,t) = u(x) + v(z, t). (4.165)

From (4.165) and (4.162)), v satisfies

e t) = [ Ieaw) (o) vl dy + [ T(w9) (0) = i) dy + £ (a(e) + o(o.0)
v(z,0) =up(z) — u(x).
(4.166)

i. Since f” > 0 in [a, b], we have that f satisfies that
fla+wv) > f(a) + f'(a)v, (4.167)

for v small enough such that @ + v takes values in [a, b].
Applying inequality (4.167) to (4.166)), we obtain that

vi(, 1) Z/QJ(fL‘, y)(v(y, t)=v(z,t)) dy +/J(w, y)(uly) — u(x)) dy + f(u(x)) + f'(a(@))v(z,1),

Q
(4.168)
for all ¢ such that @ + v(t) takes values in [a, b].
Since @ is an equilibrium, it satisfies equality (4.163)), then
wlest) 2 [ ) 0t) = o) dy + (@), ) (1.169)
Q

for all ¢ such that u + v(t) takes values in [a, b].
If v(0) > ¢p, then v is a supersolution of (4.164]), and from Proposition

v(z,t) > @(x,t), €, for t>0such that u+ v(t) takes values in [a,b].  (4.170)

Since @ is unstable with respect to the linearization, then we prove below that there exists
wo € L*(Q), with g > 0 such that

sup [|¢(t, o)l x = +o0. (4.171)
t>0

104



Let us prove that there exists g > 0 that satifies (4.171)). First, we argue by contradiction in
X = L*°(Q), then for all pg € L*°(Q) with g > 0, we have that supq [|¢(t, o)) < o0,
and since is a linear problem, we have that for all o < 0, sup;q [l (%, o) || £ (@) < oo
Hence, for any initial data ¢g = ¢ — ¢, , it happens that ¢(t, po) = (¢, ¢f) — @(t, ¢y ), and
[ (t, w0)|| oo (@) < 0o. Arguing by density we obtain that [¢(Z, ¢o)|[x < oo. Thus, we arrive
to contradiction with the fact that u is unstable with respect to the linearization.

Thanks to Propositionwe have that if pg > 0, then p(z,t, @) > 0, for all z € Q and
t > 0. Since ¢ is nonnegative and from (4.170]) and (4.171) we have that

Cllo@®)llzee () = lv@®)llx = [le(t; o)l x, (4.172)

for all ¢ such that @ + v(t) takes values in [a, b].
On the other hand from (4.171), for all 6 > 0, there exists x> 0 such that ||upo|l < 9,
and there exists tg such that

[ (to, ppo)llx = max{]al, [b]}. (4.173)

Hence, thanks to (4.172)) and (4.173)), for all 6 > 0, if we choose v(0) = pypo as above, then
lv(0)|lx = |luo — @l|x <, and there exists tg > 0 such that

I2(t0) — ullx = llv(to)llx = lle(to, o)llx = max{lal, |b]}.
Hence, the equilibrium « is Lyapunov unstable.
ii. Since f” < 0 in [a,b], we have that f satisfies that

fu+v) < f(u) + f(a)v, (4.174)

for v small enough such that u+wv takes values in [a, b]. Applying inequality (4.174)) to (4.166)),

we obtain that

ve(z,t) S/QJ(OC, y)(v(y, t)—v(z,t)) dy +/J(aﬁ, y)(u(y) — a(z)) dy + f(a(z)) + f'(a(x))v(z, ),

Q
(4.175)
for all ¢ such that u + v(t) takes values in [a, b].
Since @ is an equilibrium, it satisfies equality (4.163]), then from (4.175]) we have
w(e,t) < [ Ta) (0. t) = ol ) dy + @), (4.176)
Q

for all ¢ such that @+ v(t) takes values in [a, b]. Thus, if v(0) < ¢p, then v is a subsolution of

(4.164]), and from Proposition m

v(z,t) < @(x,t), for t> 0 such that u+ v(t) takes values in [a,b]. (4.177)

Since we want to prove the stability from above, we consider an initial datum wg > @, then
thanks to Proposition [4.2.11] we know that z(x,t,ug) > z(z,t,u) = u(zx) for all z € Q for all
t >0, then v(z, t,ug — u) = z(x,t,up) — u(x) > 0 for all x € Q for all ¢ > 0.
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Let us prove that under the hypotheses in the statement, % + v(t) takes values in [a, b] for
all ¢ > 0. If p9 > 0, thanks to Proposition we have that (¢, p0) > 0, for all t > 0.
Moreover, from (4.177) and since v(t,ug — u) > 0 for all ¢ > 0, we have

u<u+ov(t) <u+p(t), for t>0such that u+ v(t) takes valuesin [a,b] (4.178)

Moreover, from , we have that a < a+v(t) < b, for all t > 0, if u + p(t) < b, for all
t >0, ie., if [|o(t)|l (@) < b—infu(z) =b—d, for all £ > 0. Thanks to Proposition
ox (K — (ho— f'(w))I) is independent of X. Moreover, since ox (K — (ho— f'(u))]) < -6 <0
and thanks to Proposition then

e (t, o)l o) < Coe |0l () < Collpollze(qy, for all ¢ > 0.

Hence if we choose an initial datum ¢o € L*(Q2), such that Col¢ol/r>~@) < b — d, then
l(t, po)ll L) < b—d for all £ > 0. Thus, a < u+v(t) < b, for all t > 0, and thanks to

(4.177), we obtain that
v(z,t) < (P(.%',t), for all ¢ > 0. (4179)

Furthermore, since @ is asymptotically stable with respect to the linearization, then for any
initial data g € L>°(Q2)
Jim ([o(- 2, 0)l oo (o) = 0. (4.180)

If we choose an initial data small enough such that v(0) < o, with ¢ satisfying Co||¢ol| Lo (@) <

b — d, then from (4.179), (4.180)), and since v(t) > 0, we have
Tim o1, 0(0)) [y = 0 (4.181)

Furthermore, since z(x,t) = u(x)+v(x,t) then z converges to u in L*°(2) when ¢ goes to oco.
Since we have the convergence in L*°(£2), and p(€2) < oo, we have also the convergence in
X. Thus, the result. O

In the following result we give a criterium to prove that an equilibrium @ is unstable with
respect to the linearization.

Theorem 4.5.4. Let (Q, u,d) be a metric measure space, with p(2) < oo. For 1 < py < 2,
let X = LP(Q), with po < p < oo, and we assume K € L(LP°(2),L>*(Q)) is compact, J
nonnegative, f € C2(R) nonlinear and globally Lipschitz, and w € L>(Q) is an equilibrium of
[@.155). For ¢ € L*(2), we define

19) == [ [ Iwnlet) = e@)dydo+ | 7).

If there exists @ € L*(Q) such that I1(@) > 0, then U is unstable with respect to linearization
n X.

Proof. Multiplying (4.156)) by ¢ and integrating in 2, we obtain
[ etetenie = [ [ 360 (0.0 - w0 dypla,tide + [ f(@@)e @ .
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Thanks to Proposition (Green’s formula),

9 [ ¢*(z,t)

1 I
5 [ = =5 [ [ I@ae.0 — etan)Pyde+ [ faa)ee s

Thus, we denote

1
10) = =5 [ [ T - p@)Pdyde + | 7@
Now we assume that there exists @ such that I(@) > 0. We define

N=  sup I(p) >1(p) >0.
peL?, [lell=1

Thanks to Proposition A* > 0 belongs to the spectrum of L = K — (hg — f'(@))I in
L?(2). Moreover, thanks to the hypotheses, and Proposition X e ox(L).

Now we prove that @ is unstable with respect to the linearization. We argue by contra-
diction, we assume that @ is stable with respect to the linearization, then for any ¢ € X,
lo(t, 0)llx < oo, for all t > 0, i.e. for any o € X, [lelpo|x < M(po), for all ¢ > 0, then
applying Banach-Steinhaus Theorem to the family of operators {eLt}tZO, we have that there
exists M > 0 such that |[e™| z(x x) < M for all ¢ > 0. Hence, for all £ > 0,

e pox x) < e 7'M (4.182)

Furthermore for all A > 0, the resolvent can be written as follows, (see |24, p. 614]),
(A+e)—L)" = / eL=o)te=N gy, (4.183)
0

Therefore, from (4.182) and (4.183) we have that

~ 0 ~ [o%e) 1
1AL+l = L) Y| gixx) < / e e £ x xydt < M / e At = M ——.
’ 0 ’ 0 A +¢€

Then (M 4+ el — L)™' € £(X,X) for all A\ > 0. Then {\ € RT : X > e} C px(L) for all

e > 0. Hence, R™ C px(L), and we arrive to contradiction with the fact that \* € ox (L)
and \* > 0. Therefore, % is unstable with respect to the linearization. ]

The zeros of f are the constant equilibriums of (4.155)), and thanks to the criterium of
the previous Theorem we have that a constant equilibrium @ is unstable if there exists
¢ such that

10) =3 [ [ I@niet) - e@Pdyde+ | 1) >o.

Thus, if we take ¢ constant, we will have that
1) = | f'@)de
Q
10
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Therefore, a constant equilibrium « is unstable with respect to the linearization if
f'(m) > 0.

In the Theorem below, we find conditions guaranteeing that for a nonconstant equilibrium
u, there exists @ such that I(®) > 0. The instability results depend on the function f.
First we make the observation that if u is a nonconstant equilibrium such that

/f ))dx >0

then u is unstable with respect to the linearization . This follows from the fact that
I(p) >0 for p=1.

The following result states that if the function f is strictly convex or strictly concave, then
any continuous and bounded nonconstant solution is unstable with respect to the linearization.

Theorem 4.5.5. Let (Q, u,d) be a metric measure space, with p(2) < oo. For 1 < py < 2,
let X = LP(QY), with pg < p < o0, and let a < ¢ < d <b. We assume K € L(LP°(2), L>°(2))
is compact, J nonnegative, f € C*(R) nonlinear and globally Lipschitz. Let u € Cy(2) be a
nonconstant equilibrium solution of with values in [c,d]. If either f” >0 on [a,b] or
" <0 on [a,b], then u is unstable with respect to the linearization in X .

Proof. Consider first the case f” > 0. Let ¢ = ing2 u(x), then we establish instability by
B[S
showing that I(u — ¢) > 0, and applying Theorem Now

I(u—c)= —% /Q /Q J(z,y)(a(y) — a(z))*dy dz + /Q f(a(x))(a(z) — c)*da. (4.184)
Since @ is an equilibrium solution of ,
[ @iy~ [ Jedyat) + fal) <o (1185)
Q Q
Integrating in Q

:/Q/QJ(:n,y)ﬂ(y)dy—/ J(x,y)dya(x)da:+/Qf(a(:v))dfv
_/Qf(u(g;))d;[j :/ﬂ/ﬂj(w,y) dydx—//Jx y)u(z)dy dx.

Since J(z,y) = J(y, ), and relabeling variables, we get

/f d:):—// (z,y)u dydx—// (y,x)u(y)dy dx = 0. (4.186)

Now, multiplying (4.185) by @, integrating in Q and thanks to Proposition 1} (Green’s
formula), we obtaln

_ _ 1 _ _
/Q (@)t dr = /Q /Q T () (a(y) — a(x))2dy d. (4.187)



From (4.184)), (4.186) and (4.187),

I(a—c) = - /Q (i) — o) [f(a(x)) — F (a()) (@(x) — )] da. (4.188)

Now, we prove that f(c) < 0. Since u € Cp(2) is an equilibrium solution, u satisfies the
equality (4.185)), and considering that € {z : u(x) = ¢}, then

70 = [ I@a)(e—atw)dy < 0.
From the condition on f” we have that if u(z) # ¢, then

fle) > flu(z)) + f'(a(x))(c — u(x)).

Since f(c) <0, then 0 > f(u(x)) — f/'(u(x))(u(x) — ¢). Moreover, since @ is nonconstant, if
u(z) >c= iné@(x), then I(u — ¢), given by (4.188), satisfies that I(u —¢) > 0.
Te
The proof of the case when f” < 0 follows in a similar argument except now we take

¢ = max u(z) and note that when f” < 0, we will have f(c) > 0. O
z€Q

Corollary 4.5.6. Under the hypotheses of Theorem . Let u € Cp(2) be a nonconstant

equilibrium solution of (4.155)) with values in [c,d]. If f satisfies that f” > 0 on [a,b] D [e,d],
then u is unstable in the sense of Lyapunov.

Proof. From Theorem we know that if f” > 0, then the nonconstant equilibrium « is
unstable with respect to linearization. And thanks to Proposition if f7 >0, and @ is
unstable with respect to linearization, then it is unstable in the sense of Lyapunov. Thus, the
result. O

Remark 4.5.7. (Example of non-isolated and discontinuous equilibria) We construct
a particular example of the problem , in which we give an explicit expression for non-
isolated and discontinuous equilibria. This is different from the local problem, since for the
local reaction-diffusion problem the equilibria are continuous, thanks to the reqularization of
the semigroup associated to —A.

If we choose J(z,y) = 1, for all z, y € Q, and f(u) = Au(u® — 1), then the equilibria of
(4.155) satisfy

/Q T ) (u(y) — u(@))dy + flu(z)) = 0,

then
/Qu(y)dy = w(Qu — Mu(u® - 1). (4.189)

The left-hand side of (4.189)) is
/ u(y)dy = A, with A € R
Q

We denote the right-hand side of (4.189)) by
g(u) = p(Q)u = Au(u® - 1).
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Hence, given A, we take the solutions u of g(u) = A.

In figure we can see a particular example, in which there are three different roots, that
satisfy g(u) = A, and we denote them by u1, ug, us. If the divide the set  in three arbitrary
subsets Qq, Q9, Q3, then we can construct the equilibria

u(x) = u1 xq, () + uz X, () + uz X, (x).

This family of equilibria is not isolated, because we can build a new partition of €2, denoted by
Q1, Qa, Q3, and we consider the equilibrium t(x) = u1 xg, (*) + uz Xg, (v) + us xg, (), such
that @ is as close as we want, in LP(Q), to the equilibrium w.

>
S ~7

=
%)

Figure 4.1: Roots of A = g(u)
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Chapter 5

Nonlocal reaction-diffusion equation

Let (€, u,d) be a metric measure space.
o If X =LP(Q2), with 1 <p < oo, we assume h € L*>(Q).
o If X =Cy(2), we assume h € Cp(£2).

Let Kj € £(X,X). In this chapter, we study a nonlinear nonlocal problem with nonlocal
diffusion and nonlocal reaction, given by

{ w(z,t) = (K —hDw)(z,t)+ fz,u)(t), z€Qt>0 51)

u(z,0) =wup(z), x€Q,

where f : Q x L}(2) — R that maps (z,u) into f(x,u) is the nonlocal reaction term. We will
consider the nonlocal term given by

f=gom, (5.2)
where ¢ : R — R is a nonlinear function and m : Q x L'(Q) — R, that sends (z,u) into
m(x,u), is the average of w in the ball of radius ¢ and center x in €,

1
m(z,u) = M(B(S(:C))/Bé(x)u(y)dy. (5.3)

In the previous chapter we have studied the problem with nonlocal diffusion and local reaction.
In this chapter, first of all, we analyze the Nemitcky operator associated to the nonlocal
reaction term f, (5.2). Then we will focus in the study of the existence and uniqueness of
the solution associated to , firstly with ¢ globally Lipschitz and secondly with g locally
Lipschitz satisfying sign conditions. To prove all these results we will follow arguments similar
to ones in chapter 4.

The existence and uniqueness of with ¢ globally Lipschitz, is obtained from the
result of existence and uniqueness in Chapter 4, since the Nemitcky operator associated to
the nonlinear term is globally Lipschitz. But we do not have comparison results for the
problem (.1]) in general. To obtain them, we will ask the Lipschitz constant of the nonlinear
term g to be small enough compared with the kernel J.

If g : R — R is locally Lipschitz, and satisfies sign conditions then we will prove the exis-
tence and uniqueness of solution of the problem , for g, such that the Lipschitz constant
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of gi, is small enough compared with J, where gy, is a truncated function associated to g.
In fact, the existence and uniqueness, will be proved for initial data in L*°(), such that
|| uoll (@) < ko. Furthermore, we will prove some monotonocity properties for the solution
of with ¢ and ug satisfying the conditions above.

We also give some asymptotic estimates of the solution of with nonlinear term, g,
globally Lipschitz. We prove the existence of two extremal equilibria ¢, and ¢a; in L*(Q).
If the initial data uy € L*°(Q2), then the asymptotic dynamics of the solution enters between
©m and s . Moreover, ¢, and ¢ are bounds of the weak limits in LP(Q2), with 1 < p < oo,
of the solutions of with initial data in LP(Q), with 1 < p < co. Furthermore, we prove
the existence of two extremal equilibria ¢,, and p,s in Cp(€2), and in this case, the asymptotic
dynamics of the solution of enters between ¢, and ¢j; uniformly in compact sets of (2.

In Chapter 4, the semigroup of , was not asymptotically smooth, but now, since the
operator F' associated to the nonlinear term f is compact, then we prove that the semigroup
of is asymptotically smooth, and with this property, we prove the existence of a global
attractor for the semigroup of , by using [32] Theorem 3.4.6.].

5.1 The nonlocal reaction term

Let (£2, u,d) be a metric measure space, we consider m(z,u), the average of u in a ball of
radius d and center x, given by

1
m(z,u) = 2(By(2)) /Ba(z) u(y)dy. (5.4)
We denote
a(z) = ——
1(Bs ()

Observe that, if s is a constant, then m(z,s) = s.

Furthermore, let ¢ : R — R be a nonlinear function. We can think for example in
g(s) = e9s — e1]s|™ s, with 9,1 > 0 small positive constants. Hence, the nonlinear term
f:Qx LYQ) — R is defined as f = g om, and given by

fau()) =g <a<x> /B ( )u(y)dy) . (5.5)

To have everything well-defined throughout this chapter, we assume that €2 satisfies that

3Cp >0 and Cj > 0 constants, such that C7 > p(Bs(z) N Q) > Cy, forall x € Q,
(5.6)
with Cp = Cy(d) and C; = C1(9). Thanks to this assumption we have that a(x) is bounded,

1 1
— < < — Q. .
0<C'1 _a(m)_co, Vo e (5.7)

Hence, a € L*™(€2). Sometimes, we will assume that a € C(2).
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Now, we are interested in the Nemitcky operator associated to f,
F:X — X, such that F(u)(z) = f(z,u) = g(m(z,u)).

To study the properties of F', we study first M (u)(z) = m(x,u).
In the following lemma we prove that the Nemitcky operator M associated to m is con-
tinuous, globally Lipschitz and compact.

Lemma 5.1.1. Let (2, u,d) be a metric measure space, such that () < oo, the operator
M) =a(e) [ uly)dy, 65)
Bs(x)

satisfies that:

i. since a € L>®(Q), (B.7), then M € L(L'(Q),L>*()), and M : LP(Q) — L) is
compact for 1 <p < oo and 1 < q < oo;

ii. if a € Cp(Q2) and for any measurable set D C Q with p(D) < oo

lim pu(Bs(z) N D) = pu(Bs(zo) N D) for all zy € Q, (5.9)

T—T0

then M € L(L'(Q),Cy(Q)).

Proof.
i. Letue LY(Q),
M) @y = sup ota) [ u(y)dy\
e Bs(x)
< Ly
— U 1 .
= Gl

Then M € L(LY(Q), L>(Q)).

Now, we prove that M : LP(2) — L9(Q) is compact. Since u(Q) < oo, LP(Q) — LY(Q)
and L*>(Q) < L4(Q) are continuously embedded. Hence, M € L(LP(Q2), L1(2)).

We rewrite the operator as follows,

M(u)(z) = /Q a(2)XBy(0) () u(y)dy (5.10)

We consider J(x,y) = a(T)XBy(x)(y) € L(Q x Q). Since L>(Q x Q) — LI(Q, LY (Q)), for
every 1 <p < oo and 1< qg < oo. Thus J satisfies the hypothesis of Proposition m, then
M : LP(Q) — L4(2) is compact.

i.  We consider M rewritten as in (5.10). Since a € Cy(Q), then J(z,y) = a(T)X By (z)(Y)
satisfies that J € L®(Q x Q) «— L®(Q, LP'(Q)) for 1 < p < co. Moreover thanks to we
have that for any measurable D C 2 with p(D) < oo,

lim [ J(z,y)dy = lim [ a(z)xps@)(y)dy = lim a(z)u(Bs(z) N D)

z—w0 Jp z—zo Jp T—xo

— a(awo)u(Bs(xo) N D) = /D a(20)X g0 () = /D T(wo.y)dy, Ve € Q.
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Hence, the hypotheses of Proposition are satisfied, and then for any u € L'(Q), we have
that Ky =M € L(LY(Q),Cy(2)). Thus, the result. O]

Let us consider a general globally Lipschitz operator, denoted with G. In the Lemma
below, we analyze the properties of the operator given by F = G o M, where M is given by

6.

Lemma 5.1.2. Let (2, u,d) be a metric measure space, with u(Q) < co:

i. Let X = LP(Q) with 1 < p < oo, or X = Cp(Q), if G : X — X is globally Lipschitz,
then the operator F' = G o M satisfies that, F': X — X s globally Lipschitz.

ii. For 1 <p<oo, if G:LP(Q) — LP(R) is globally Lipschitz, then
F=GoM:LP(Q) — LP(Q)
1s compact.

Proof.

7. Thanks to Lemma we have that the Nemitcky operator associated to m satisfies
that M € L£(X,X). Thanks to the hypotheses we have that G : X — X is Lipschitz, then
F=GoM:X — X is globally Lipschitz.

it. From Lemma we have that M : LP(Q) — LP(Q) is compact for 1 < p < oo.
Since G : LP(Q2) — LP(Q) is Lipschitz, then we have that F' = G o M : LP(Q) — LP(Q)
is the composition of a compact operator, M, with a continuous operator, G. Therefore,
F: LP(Q) — LP(2) is compact. O

5.2 Existence, uniqueness, positiveness and comparison of so-
lutions with a nonlinear globally Lipchitz term
Let (2, p,d) be a metric measure space:
o If X =LP(Q), with 1 < p < oo, we assume h € L>®().
o If X =Cp(Q2), we assume h € Cp(92).

Let L =K — hlI € £(X, X), then we study the general problem

ug(x,t)=(K — hl)(u)(z,t) + f(z,u)(x,t) = L(u)(z,t) + g(z,m(u))(z,t), € Q, t€R
u(z,0) = ug(x), x €,

(5.11)

where g : R — R is globally Lipschitz. Then G : X — X the Nemitcky operator associated

to g is globally Lipschitz, and from Lemma F=GoM:X — X is globally Lipschitz.

The results in this section are similar to the ones that appear in section [£.1]for the problem
with nonlocal diffusion and local reaction. Hence, some of the results written in this section,
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are an immediate consequence of the results in the previous chapter, but we write the results
for the problem for the sake of completeness. Therefore, some of the proofs will not
be given and we will refer the corresponding result in chapter 4. In some other results, there
will be a similar argument to the respective result in chapter 4, and we will write in detail
the parts of the proof that is new, referred to the problem , with FF'=Go M.

In the following result, we apply Proposition to the problem (5.11), and we obtain
the existence and uniqueness of the solution to ([5.11)).

Proposition 5.2.1. Let (Q, u,d) be a metric measure space:
o If X =LP(Q), with 1 <p < oo, we assume h € L>(Q).
o If X =Cp(Q), we assume h € Cp(€2).
Let K € L(X,X) and let g : R — R be globally Lipchitz, then F = Go M : X — X is globally

Lipschitz, and the problem (5.11) has a unique global solution for every ug € X, with

u(-,t) = etug + / t M=) ) (-, s) ds. (5.12)
0

Moreover, u € C!((—o00,00), X) is a strong solution in X.

Remark 5.2.2. For the problem , the comparison results are not always satisfied, and

we will need to add some conditions on the nonlinear term g. Below we give an example in

which the solutions of a linear problem associated to do not have comparison results.
Let us consider the linear problem

Ut($,t) = /Q J($,Z/)U(yat)dy - a(x> La(x) u(y7t)dy7 €, t>0 (513)
u(m,O) :ug(x), x € Q.

If J >0, and there exist xog € Q and 6 > 0 such that

J(l’,y) - a(x)XBg(m) (y) <0, forall z,y€ B5/2(l‘0)’ (514)

then there exist nonnegative initial data such that the the solution of (5.13)) is negative for
some points in ) at some time ty > 0.

We can rewrite the problem (5.13)) as follows

wn (i ) = /Q (I, 9) — ale)xsy ) (4) uly, D)dy.

If we denote J(z,y) = J(z,y) — a(z)XBy(x)(y), then the problem (5.13)) is given by
ug(z,t) = K5 (u)(z,1) (5.15)

If we choose a continuous nonnegative initial data ug > 0 with
supp(uo) = Bs/a(zo),
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then
uy(z,0) = Ky(u

0)(z)
i J(, y)uo(y)dy (5.16)

= / J (@, y)uo(y)dy.
Bjs/4(z0)

Then, thanks to (5.14) and (5.16), we know that u;(x,0) < 0 for all x € Byy(wo). Hence,
u(w,t) decreases in time t = 0 for all x € Bs/(wo). Moreover, K5 is a linear and bounded
operator, then thanks to Lemma the solution of s continuous in time and space.
Thus, there exists to > 0 such that u(x,t) <0 for all z € Bs/s(w0)\ Bsja(zo) for allt € (0, to).
Therefore, in this particular case, we do not have a comparison result for the linear nonlocal

problem with nonlocal reaction.

Now, we will give some monotonicity properties for the problem , with g globally
Lipschitz, with Lipschitz constant small enough. In particular we will give some results with
respect to the initial data and the nonlinear term.

The following Proposition proves that if two initial data in X are ordered, the correspond-

ing solutions remain ordered.

Proposition 5.2.3. (Weak and Strong Maximum Principle) Let (2, u,d) be a metric

measure space.

o I[f X =1LP(Q), with1 <p < oo, we assume h € L*(Q).

o If X =Cu(Q), we assume h € Cp(Q2).
Let K € L(X,X), J be nonnegative, and 3 be a constant defined as

(B := sup {)\ tJ(z,y) — Aa(2)xBy(2)(¥) = 0, Vo, y € QF > 0. (5.17)
If g : R — R s globally Lipschitz and the Lipschitz constant of g, Ly, satisfies that
Ly <3,
then, if ug,u1 € X satisfy that ug > uy1, then
ud(t) > ul(t), for allt >0,

where u'(t) is the solution to (5.11) with initial data u;.
In particular iof J satisfies that for X < 3 such that Ly < A

J(z,y) — Aa(2)XBs(2)(y) >0, forallz,y € Q such that d(z,y) < R, (5.18)

for some R > §, and Q) is R-connected, (see Definition |2.1.14), then if ug > u1, not identical,
we have that

ud(t) > ul(t), for allt > 0.
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Proof. We consider the Nemitcky operator F' = G o M, and we rewrite the equation of the
problem ([5.11)) as follows for some A < 3 such that Ly < A,

ut(z,t) = L(u)(x,t) — AM (u)(z,t) + F(u)(z,t) + AM (u)(z,t). (5.19)
We denote L — AM = Lyys € L(X, X). We rewrite Ly as
L) = (L= AM)()
= /Q (7(.y) = Aa()xBs () (¥)) uly)dy — h(-)u
If we denote by j(a:, y) = J(x,y) — Aa(x)X B, (2)(y), then J satisfies the hypotheses of Proposi-
tion On the other hand, since A > Ly, we have that G+ Al is increasing, (see Appendix

B, Lemma|6.4.14]). Moreover, M is increasing in X, then F+AM = (G+AI)oM is increasing.
Hence, following the same arguments of Proposition {4.1.4] we obtain the result. O

In the proposition below, we prove monotonicity properties respect to the nonlinear term,

for the solutions of (5.11]).

Proposition 5.2.4. Let (2, i, d) be a metric measure space.
o [f X =1LP(Q), with1 < p < oo, we assume h € L>=().
o If X =Cp(Q), we assume h € Cp(€2).

Let K — hl € L(X, X), J be nonnegative, and 3 be a constant defined as

B = sup {/\ 2 J(m,y) — Aa(®) X By () (Y) = 0, Vo, y € 2} > 0. (5.20)
We assume g' is globally Lipschitz for i = 1,2, and Lgi is the Lipschitz constant of g, that
satisfies
Lgi < p.

If g' > ¢°, then
ut(t) > ul(t), for allt >0,

where u'(t) is the solution to (5.11)) with initial data uo € X, and nonlinear term g°.
In particular if J satisfies the hypothesis (5.18)) of Proposz'tion and §2 is R-connected,
then, if g > g2, not equal, we have that

ul(t) > u?(t), for all t > 0.
Proof. Arguing like in Proposition [5.2.3] and from Proposition Thus, the result. [

The following proposition states that if the initial data is nonnegative, the solution of

(5.11)) is also nonnegative.

Proposition 5.2.5. (Weak and strong positivity)

o if X = LP(Q), with 1 <p < oo, we assume h € L>(Q).
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o If X =Cy(Q), we assume h € Cp(2).
Let K — hl € L(X,X), J be nonnegative, and 3 be a constant defined as

Bi=sup{:J(z,y) - Aa(T)XBs () (Y) = 0, Vo, y € 2} > 0. (5.21)
We assume g is globally Lipschitz and Ly is the Lipschitz constant of g, such that
L, <8,

and we assume g(0) > 0. If up € X, with ugp > 0, not identically zero, then the solution to

1.

u(t,up) >0, for allt > 0.

In particular if J satisfies the hypothesis (5.18) of Proposition m and Q is R-connected
then, if ug > 0, not identically zero, we have that

u(t,up) >0, for allt > 0.

Proof. Arguing like in Proposition and following the same proof as in Proposition
we obtain the result. O

Let us recall the definition of supersolution to ([5.11))
Definition 5.2.6. We say that u € C([a,b], X) is a supersolution to (5.11) in [a,b], if for
t > s, with s,t € [a, b
¢
(-, t,up) > eXE97(s) + / L @) (-, r)dr

We say that u is a subsolution if the reverse inequality holds.

The following proposition states that the supersolutions and the solutions of ([5.11)) with
same initial data, are ordered as long as both exist.

Proposition 5.2.7.

o If X =LP(Q), with1 <p < oo, we assume h € L>().

o If X =Cu(Q), we assume h € Cp(Q2).
Let K — hl € L(X,X), J be nonnegative, and 3 be a constant defined as

Bi=sup{A: J(z,y) — Aa(x)xps(z)(y) =0, V, y € Q} > 0. (5.22)
We assume g is globally Lipschitz and Ly is the Lipschitz constant of g, such that
L, <p.

Let u(t, ug) be the solution to with initial data ug € X, and let u(t) be a supersolution

to G.11) in [0,7).
If u(0) > g, then
a(t) > u(t, ug), forall te€0,T].

The same s true for subsolutions if the reverse inequality holds.

Proof. Arguing like in Proposition [5.2.3] and from Proposition [£.1.9] we have the result. [
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5.3 Existence and uniqueness of solutions, with a nonlinear lo-
cally Lipschitz term

Our aim in this section is to prove the existence and uniqueness of solution of the problem

ug(x,t) = (K —hl)(u)(x,t) + f(z,u)(-,t) = L(u)(x,t) + (gom)(u)(z,t), x€Q teR
u(z,0) = up(z), x € Q,

(5.23)
with ug € L>®(Q) or Cp(£2) and ¢ : R — R locally Lipschitz. To prove this, the nonlinear term
must satisfy sign conditions and the Lipschitz constant has to be small enough compared with
J. We also need to introduce an auxiliary problem associated to .

Let us introduce the globally lipschitz function, fi, associated to the locally Lipschitz
function f, that appears in the nonlinear problem (5.23) . The truncation of the function
f, denoted as fi, with k£ € R is defined as follows. First of all, we consider gx, a truncated

globally Lipschitz function, associated to g, satisfying that
gr(s) = g(s), forall |s| <k, (5.24)

and we define

Je = grom,

with m : Q x LY(Q) — R, m(z,u) = a(x)/ u(z) dz.
Bs(x)
If |u| <k, then |m(-,u)| < k. Thus, fi satisfies that

fre(z,u) = f(z,u) for all usuch that |u| < k.

We introduce the following problem, that is equal to substituting the locally Lipschitz
function f with a truncated function fy,
aaik(:z,t):(K — hI)(ug)(z,t) + fe(z,ug) (- t)=Lug)(z,t) + Fr(ug)(x,t), 2 € Q, te R
ug(z,0) =wup(x), x€Q,
(5.25)
where Fj : X — X is the Nemitcky operator associated to the nonlinear term f = g o m.
The solution of the problem will be denoted as wug(t, up).

Since the truncated operator F}, is globally Lipschitz, then all the results of the previous
section are satisfied for the problem ([5.25). Thus, we can apply Proposition to obtain
the existence and uniqueness of the solution to the problem , and if Ly, is small enough,
we can apply also the Propositions [5.2.3] [5.2.4] [5.2.5] and to obtain those comparison

results for the problem ([5.25)).

In the following propositions we give a result of existence and uniqueness of solutions
to the problem with the nonlinear term ¢ such that the associated truncated globally
Lipschitz function gi has a Lipschitz constant small enough, and the initial data ug is bounded
by a constant that depends on the Lipschitz constant of gy.
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Proposition 5.3.1. Let X = L>®(Q) or X = Cy(N2), we assume K € L(X,X), and h € X,
ho € L*>(Q). Given the nonnegative kernel J, let 3 be a constant defined as

B := sup {)\ s J(2,y) — Aa(x)XBy(2)(y) = 0, Vo, y € Q} > 0. (5.26)
Let g be locally Lipschitz such that there exists C, D € R with C < 0 and D > 0 such that
(ho(x) — h(z))s® + g(s)s < Cs®> + Dls|, Vs, Yo € Q (5.27)

with ho(x) = [ J(x,y)dy.
Let Lgk0 be the Lipschitz constant of gy,, where gy, is a truncation of g, and

Lgko < 0.

We assume that % < ko and uyg € X satisfies that ||ugl|x < ko.
Then the problem (5.23) with initial data as above, has a global solution, and the solution
is given by the variation of Constants Formula

t
() = eblug + / L= (. (-, 5))ds. (5.28)
0

Moreover, u € C1([0,T], X) is a strong solution of (5.23) in X, for all T > 0, and the solution
u € CH[0,T], X) is unique in {u € C([0,T],X) : HUHC([O,T],X) < ko}.

Proof. The proof is similar to the one in Proposition We introduce the auxiliary problem

1 220
Then the solution of is given by
2(t) = —g +eCCy,  with Cy = M + g, vt € [0,7].
Since C < 0 and kg > % then
0<z(t)<ky Vt>D0. (5.30)

Thanks to Proposition we know that there exists a unique strong solution wuy, (¢, ug) €
CY(R,L>(Q)) that satisfies the Variation of Constants Formula.
Thanks to the definition of fi = gx o m, (5.30) we have that

fe(,2(1) = (gr om) (-, 2(1)) = (g om)(-, 2(1)) = f(-, (1)), ¥t = 0. (5.31)

Moreover, since g satisfies (5.27)), z(¢) > 0, m(-, 2(t)) = 2(t), and from (5.31]), we have that
fr satisfies

(ho = W)(=(0) + fi(,2(8) = (ho — h)(2(8)) + g(m(-, (1)) (532)
< Cz(t)+ D, vt > 0. ’
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Hence, thanks to (5.32), and since z(t) is independent of the variable =, we have that K (z(t)) =
hoz(t). Thus,

K(2)(t) = hz(t) + fu(, 2(8) = hoz(t) — hz(t) + fi(, 2(1))
< Cz(t)+ D = 2(1), for all t > 0.

Hence, z is a supersolution of ([5.25)) for every ¢ > 0.

Now, let w(t, —M) = —z(t, M) be the solution of
[ = -D
{m@ Cuw(t) (5.33)

Then w satisfies that
0> w(t)>—ky Vt>0, (5.34)

Arguing as above, we have that, w is a subsolution of - for every t>0.
We have also that |[ug|| () < ko. Therefore from Proposition we obtain

'U}(t, —ko) < Uk (t,uo) < Z(t, /{30), Vi > 0. (5.35)
Moreover, thanks to (5.30)), (5.34) and (5.35)), we have that
luk (-, t,up)| < ko for all ¢ > 0. (5.36)

Since fr,(u) = f(u) for all w such that |u| < ko, and thanks to (5.36), we have that
Jeo (5 upo (8) = f(+, uky (t)). Therefore, ug,(-,t,up) is a solution associated to ([5.23) and we
denote it as u(-, ¢, up). Moreover from (5.36) we have that

u(t, uo)|lx < ko, Vit 0. (5.37)

Therefore, the solution u(t, ug) exists, is given by the Variation of constants Formula ,
and u € C'([0,00), X). Thus, u is a strong solution in X. Moreover, thanks to , we
have that [ullcr, x) < ko

Now, let us prove the uniqueness. We consider a solution u € C*(R, X) of , such
that [|ulle(r,x) < ko. Then, if we choose ko, then fi(-,u) = f(-,u), and then the solutions uy
of and u of are the same. Furthermore, from Proposition we know that
the solution uy € C1([0,T], X) is unique, strong and it is given by the Variation of Constants
Formula. Thus, we have proved the uniqueness for the solutions that satisfy |lullcmr, x) <

ko. O

Remark 5.3.2. All the comparison results that are satisfied for the solutions of the truncated

problem (5.25)) are obtained also for the solution of the problem (5.23), if the hypotheses of
the previous Proposition are satisfied.

Remark 5.3.3. If h < hg, the hypotheses on g in the previous Proposition|5.3.1| are satisfied

for the function

’mfl

g(s) =eos —e1ls s,
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with €g,e1 > 0. Let us see this below.
First, we consider s > 0, then by using Young’s inequality, we have

g(s) =eps—e18™
= gps — Aggs + )\606%5‘ —g18™

1 m
< (1= XNeos+ —; <)\€0> + <8 - 51> s™.
m m

€
Choosing 0 < X\ < 1, then (1 — A)eg < 0 and choosing € small enough such that = —e; <0,
we obtain that

g(s) <Cs+ D,
where C = (1 —A)eg <0 and D = %, Agﬂ > 0.

For s < 0, we argue analogously and we obtain the result.

Moreover, we can choose the constants ey and €1 of g small enough, such that the Lipschitz

constant
Lgk = (60 + €1Nkm_1>

is as small as needed in Proposition[5.53.1]

5.4 Asymptotic estimates and extremal equilibria

Let (92, i, d) be a metric measure space and let X = LP(Q), with 1 < p < oo, or X = C3(Q2).
In this section, we study asymptotic estimates of the norm X of the solution u of the nonlocal
reaction-diffusion problem with reaction term g globally Lipschitz, that we recall is given by

ut($a t):(K - hI)(u)(fa t) + f(x,u)(-,t):L(u)(x,t) + (g o m)(u)(:ﬂ, t)? reQ, teR
{u(x,O) =ugp(x), =e€Q,
(5.38)
with ug € X, g : R — R globally Lipschitz and m(z,u) = a(z) fBg(Z) u(y)dy. We assume that
g satisfies that there exist C, D € R, with D > 0 such that

g(s)s < Cs* + DJs|. (5.39)
This means that

flz,u) =g(m(xz,u)) < Cm(z,u)+ D, if m(x,u) >0

f(z,u) = g(m(z,u)) > Cm(z,u) — D, if m(z,u) <0. (5.40)

The results in this section are similar to ones obtained in chapter 4 for the problem
with nonlocal diffusion and local reaction, . Under the hypotheses above, we prove the
existence of two ordered extremal equilibria, ., @ar, which give some information about the
set that attracts the dynamics of the semigroup S(t)ug, associated to , with ug € X,
where

S(t)uo = u(t, up).
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In particular, if ug € L*°(£2) then the solutions of associated to these initial data enter
between ¢,, and ¢y for a.e. = € Q; and if ug € LP(Q), with 1 < p < oo, then ¢, and ¢y
are bounds of the weak limits when time goes to infinity in LP(Q2) with 1 < p < oo of the
solutions of when time goes to infinity. Moreover, if a = 1/u(Bs(+)) € Cp(Q2), then we
prove that the solutions of enter between ¢, and s uniformly on compact sets of 2
when time goes to infinity.

In the following proposition we give bounds of |u(t)|, where u is the solution to ([5.38).
Proposition 5.4.1. Let () < oo,

o if X =LP(Q), with 1 <p < oo, we assume h € L*°(Q),

o if X =Cp(Q), we assume h € Cp(Q).

Let L=K — hlI € L(X,X), J be nonnegative, and let 3 be a constant defined as

B := sup {)\ (2, y) — Aa(@)XBy(2) () = 0, Vo, y € Q.} (5.41)

We assume g is globally Lipscgitz, Ly is the Lipschitz constant of g, with Ly, < [ and we
assume there exists C; D € R with C > —( and D > 0 such that

g(s)s < Cs*+ D|s|, Vs. (5.42)

Let U(t) be the solution of

U(z,t) = L(U(x,t)) + Cm(z,U(x,t)) + D = Ly, (U(x,t))+D, z€, t>0 (5.43)
U(z,0) = [uo(2)], T €Q, '
where Lj, = Kj, — hl, with
Jo(z,y) = J(z,y) + Ca(z)X B, () (Y)- (5.44)

Then the solution, u, of (5.38)), satisfies that
lu(t)| <U(t), for all t>0.

Proof. First of all, we prove that the solution of ([5.43) is nonnegative. We know that the
solution U can be written with the Variation of Constants Formula as

t
U(t) = eret|ug) —i—/ el1ct=9) p gs. (5.45)
0

where Lj, = L +Cm = K, — hl. Since J¢ is given by and C' > —(, we have that
Jo(z,y) >0 for all z,y € Q.

Moreover, |ug| > 0, D > 0, and J¢ is nonnegative, then we can apply Proposition to
L, = Kj, — hl. Thus, we have that

elictiug) >0 Ve >0 and e D >0Vt > 0and s € [0,].
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Hence, we have that U(t) is nonnegative for all ¢t > 0.
Now, we prove that U is a supersolution of (5.38)). Since U is nonnegative and g satisfies

, we obtain
L) + f(U) = LU) + g(m(-,U)) < LU) + Cm(U) + D = Us.
Moreover uy < |ug|, then from Proposition we have
u(t) <U(t), vt > 0. (5.46)
Analogously, considering W = — U, the solution to

W, = LOW) + Cm(-,W) = D = L;,(W) = D
W(0) = —|uo|.

We obtain that W is a subsolution of ([5.38)), i.e.

u(t) > W(t), vt > 0. (5.47)

Therefore, thanks to (5.46)) and (5.47)) we have that

—U(t) < u(t) <UL), VE>0.
Thus, the result. ]

In following proposition we give an asymptotic estimate of the norm X of the solution of
(5.38), that is given in terms of the norm of the equilibrium associated to the problem ([5.43)).

To obtain this estimate, we assume that the operator L ;. = L + Cm satisfies that
infox(Lj,)>d>0. (5.48)
Then we have that, |[el7/c?||x < et for all t > 0.
Proposition 5.4.2. Let (2, u,d) be a metric measure space with u(Q) < 0o.
o If X =LP(Q), with1 <p < oo, we assume h € L>().
o If X =Cy(Q), we assume h € Cp(2).

Let K € L(LP°(£2),Cp(2)) be compact. We assume J is nonnegative, g and J satisfy the

hypotheses of Proposition[5.4.1}
If CCDeR, C>—-0Fand D >0, and

inf O'X(—LJC,) >0 > 0, (549)
then there exists a unique equilibrium solution, ®, associated to (5.43)), such that
L(®)+Cm(,®)+ D =0, (5.50)
& € L>®(Q) and & > 0. Moreover, if ug € LP(Q), then the solution w of (5.38)) satisfies that
i [Jut, wo)l Lo (@) < @] o)
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In particular if h € Cp(2), a € Cp(2) and for any measurable set D C Q with pu(D) < oo

lim pu(Bs(z) N D) = pu(Bs(zo) N D)  for all z¢ € €, (5.51)

T—xo

then ® € Cp(Q) and ® > 0. Moreover, if ug € X, then the solution of (5.38) satisfies that
lm [Ju(t, uo)llx < [|®]|x-
t—o0

Proof. First of all, thanks to Proposition we have that ox(—L.) is independent of X.
Moreover, thanks to hypothesis , we have that 0 does not belong to the spectrum of
L. = Ky, — hI, then L, is invertible. Thus, the solution ® of is unique.
On the other hand, since ® satisfies the equation (5.50)), D € L>°(Q2), and L, € L(L*>(12))
is invertible, then ® € L>°(Q2). Following the proof in Proposition we obtain that ® > 0.
From Proposition [5.4.1] the solution u satisfies that

lu(t,ug)| <U(t) = D + eLJCt(\u0| — D), (5.52)

where U(t) is the solution to (5.43). For ug € LP(12), we have that (|ug| — ®) € LP(Q2), and

we obtain

u(t, wo)llzr) < U@ Lr()
< 1@l o () + lle™ et (Juo| = @)l Lo (a)
< 1@l o) + lle™ e e | ([uol = @)l zr(o)
<[Pl 2o () + € I(uol — @) Lo ()

(5.53)

Since § > 0, then
Jim [[ull e @) < 9] 2e(@)-

Thus, the result.

Let us prove the second part of the Proposition. Since the hypotheses of Lemma [5.1.]]
are satisfied, then the Nemitcky operator associated to m satisfies that M € L(L'(2),Cy(Q)),
then Ly, € L(Cy(2)). Since ® satisfies (5.50), D € Cp(Q), and and Ly, € L(Cy(Q)) is
invertible, we obtain that ® € Cy(€2). The rest of the proof is analogous to the previous one
with ® € L>®(9). O

Now we give the results which state the existence of two ordered extremal equilibria, which
give some information about the set that uniformly attracts the dynamics of the semigroup

S(t)ug = u(t, ug)

associated to ([5.38]), as was proved in section

The following results proves the existence of extremal equilibria for the problem ([5.38))
with initial data in L>°(2).

Theorem 5.4.3. Let (2, u,d) be a metric measure space with u(2) < oo.
o [f X =1L1P(Q), with 1 < p < oo, we assume h € L>=().

o If X =Cp(Q), we assume h € Cp(€2).
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Let K € L(LP°(£2),Cp(2)) be compact. We assume J is nonnegative, g and J satisfy the

hypotheses of Proposition[5.4.1]
If C;DeR, C>—-0Fand D >0, and

inf O'X(—LJC,) >0 > 0, (554)

then there exist two ordered extremal equilibria, ¢, < @pr, in L°(Q) of the problem ((5.38),

with initial data ug € L*°(Q), such that any other equilibria 1 of satisfies oy <
¥ < @nr. Furthermore, the set {v € L>®(Q) : pom <v < pup} attracts the dynamics of the
solutions S(t)ug of (5-38), i.e., Yug € L>(2), there exist u(t) and u(t) in L>(Q) such that
w(t) < S(t)up <u(t), and

lim u(t) = om, tlim u(t) =on in LP(Q), with 1 <p < oc.

t—o0

Moreover, if h € Cy(2), a € Cp(2) and for any measurable set D C Q with u(D) < oo

lim u(Bs(xz) N D) = u(Bs(zo) N D) for all zy € Q, (5.55)

T—TQ
then o, and opr in Cp(), and

lim u(t) = ¢m, lmat) =eyn i Lig(Q),

t—o0

that is, uniformly in compact sets of §2.

Proof. To see the details of this proof, go to Theorem [£.4.1] where the proof is analogous.
From Proposition we know that & € L*°(Q2), and thanks to Proposition with
X = L*>(9), we have that the solution u of (5.38]) satisfies that

lu()ll o) < 1@l pee() + ||€L"Ct||£(Loo(Q))H|UO| =@ peo() VE>0. (5.56)

Since HeLJCt”E(Loo(Q)) < e % with § > 0. Then if we fix € > 0, then for every initial data
ug € L>®(), there exists T'(ug) > 0 such that

— 0 —c<u(-,t,up) <P+e, Vt>T(up). (5.57)

We write the solution u of (5.38) in terms of the semigroup S(t) associated to the problem.
Then
’U/(', t? 'LL()) = S(t)uo

Now, we denote T'(up) = T, to simplify the notation. Furthermore, thanks to (5.57)), we
obtain that
—P—ec<S{t+T)(ug) <P+e, Vt>O0. (5.58)

First of all, we consider the case in which the initial data is ug = ® + ¢, and we prove by using
the Monotone convergence Theorem that
lim S(nT)(®+¢) =¢n, in LP() with 1 <p < oo. (5.59)

n—oo

Arguing as in Theorem [£.4.1] we obtain the convergence as ¢ goes to infinity.
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Now, we consider a general initial data ug € L>°(£2). Thanks to (5.58)), for T' = T'(uo)
e < SEt+T)(u) <P +e, VE>O. (5.60)
thus, letting the semigroup act at time ¢, we have
S(T + 2t)upg < S({t)(P +¢) =u(t), vt > 0. (5.61)

Thanks to ([5.59)) and ([5.61)), we get that

tlgéloﬂ(t) <@m, in LP(Q). (5.62)
Finally, let 1 be another equilibrium. From , with ug = ¢, we get ¥ < ppr. Thus @)y is
maximal in the set of equilibrium points, i.e., for any equilibrium, v, we have ¢ < ;. The
results for ¢, can be obtained in an analogous way.

Now, let us prove the second part of the Theorem. Since a € Cy(£2) and thanks to (5.55))
the hypotheses of Lemma [5.1.1] are satisfied, and we obtain that the operator associated to
m satisfies that M € L(LY(2),Cy(2)), and since h,C € Cp(), then L. € L(Cp(2)). On
the other hand, thanks to Proposition we have that ox(—Ly,) is independent of X.
Moreover, thanks to hypothesis , we have that 0 does not belong to the spectrum of
Lj, = K, — hi, then L, is invertible. Let ¢ be an equilibrium solution of , then ¢
satisfies that

LJcSD = LSD + Cm(a 90) = _g('7 m('? 90)) + Cm(? 90)'

Since Ly, € L(Cp()) is invertible and M € L(L'(£2),Cp(£2)), then ¢ € Cp(€2). Hence the
extremal equilibria ¢, and ¢y belong to Cy(€2). Therefore, thanks to Dini’s criterium, we

have that the limit (5.59) satisfies in this case that
tlim S(nT)(®+¢e) =pnm, in L3 (Q)
— 0

converges uniformly in compact subsets of 2. To obtain the convergence for any initial data
in L>°(Q), we follow the arguments above. Thus, the result. O

Now, we prove the previous extremal equilibria, are bounds of the weak limit in LP(Q),
with 1 < p < oo of the solution to ([5.38]) with initial data ug € LP(2), with 1 < p < cc.

Proposition 5.4.4. Let (Q, u,d) be a metric measure space with p(§) < oo.
o Forl1<py<2 if X =LP(Q), with po <p < 0o, we assume h € L>(Q).
o If X =Cp(Q), we assume h € Cp(R2).

Let K € L(LP°(§2),Cp(2)) be compact. We assume J is nonnegative, g and J satisfy the
hypotheses of Proposition|5.4.1]
If CCDeR, C>—-0Fand D >0, and

inf O'X(—LJC) >6 >0, (563)
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then there exist two ordered extremal equilibria, p.,, < @pr in L(Q), of (5.38), with initial
data ug € LP(Q), with 1 < p < 0o such that any other equilibria 1 of (5.38)) satisfies pm, <
P < wpr. Furthermore, the set

{ve L¥(Q) s om < v < pu}

attracts the dynamics of the system.
Let u(-,up) be a weak limit in LP(Q2) of S(t)ug, when time t goes to infinity, then

om(x) < a(z,ug) < pp(x)  for ae. z€Q
for all ug € LP(Q).

Proof. The proof is the same as in Proposition 4.4.4] but now, we apply the results in Propo-
sition [b.4.2] ]

Like in chapter 4, we write the result in which we give a criterium to know when the
extremal equilibria is nonnegative, and we give sufficient hypotheses to obtain that any non-
negative equilibria is strictly positive for the problem ([5.38)).

Proposition 5.4.5. If the hypotheses of Proposition [5.1.9 are satisfied, and g satisfies also
that
9(0) =0,

then the extremal equilibria of (5.38)), ¢ar > 0.
Furthermore, if J satisfies that

J(x,y) + Ca(r)xBy(x)(y) > 0, Vz, y € Q such that d(x,y) < R, (5.64)

for some R >0, and Q is R-connected, then any nonnegative equilibria ¢ of (5.38)) is in fact

strictly positive.

Proof. The proof is the same as in Proposition 4.4.5 O

5.5 Attractor

In this section we prove the existence of an attractor for the problem (|5.38]).

The following proposition states that the the semigroup associated to (5.1]) is asymptoti-
cally smooth.

Proposition 5.5.1. Let u(Q) < oo, and let h € L>®(Q). For 1 < p < oo, we assume
K € L(LP(),LP(Q)) is compact, h satisfies

h(z) > a >0, forall x €9,

G : LP(Q) — LP(Q) is globally Lipschitz and ug € LP(). Then S(t), the semigroup associated
to the problem, (5.38)), is asymptotically smooth.
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Proof. In this proof we follow arguments analogous to the proof of Proposition
We write the solution of (5.38)) with the Variation of Constants Formula

t
S(t)uo = ePug + / L9 P(0) (-, ) ds. (5.65)
0
Thanks to Proposition the linear semigroup e can be written as
¢
eFug = e M@ty + / e PO K (w) (-, s)ds.
0

and eltug is asymptotically smooth. Hence, if we prove that fg e =) F(u)(-, s) ds is compact,
then S(t) is asymptotically smooth.

Let us prove that fg e =) F'(u)(-, s) ds is compact. Thanks to Proposition |5.2.1) we know
that u(-, s) € LP(Q), for all s > 0, and thanks to the second part of Lemmal[5.1.2] we have that
F: LP(Q) — LP(Q) is compact. Since e € L(LP(Q), LP(Q)), then et F(u)(-,s) € LP(Q)
is compact for all s € [0,t]. Moreover, thanks to Lemma and Mazur’s Theorem m
we obtain that fg eP(t=5) f(x,u(-,s)) ds is compact. Thus, the result. O

Let X be a Banach space, we give some definitions related with a semigroup 7'(¢) : X — X.
Definition 5.5.2.

o The semigroup T(t) : X — X is said to be point dissipative if there is a bounded set
B C X that attracts each point of X.

o An invariant set A is said to be a global attractor if A is a mazximal compact invariant
set which attracts each bounded set B C X

The Theorem below states under which circumstances a semigroup 7'(¢) : X — X has an
attractor. The proof can be found in |32, Theorem 3.4.6.].

Theorem 5.5.3. If T'(t) : X — X, t > 0, is asymptotically smooth, point dissipative, and
orbits of bounded sets are bounded, then, there exists a global attractor A. If additionally X
is a Banach space then the global attractor is connected.

The following Theorem proves the existence of a global attractor of the problem (|5.38]).

Theorem 5.5.4. Let p(2) < oo and 1 < p < oo. Under the hypotheses of Proposition
and Proposition [5.5.1, Let S(t) : LP(2) — LP(Q2) be the semigroup associated to the problem
(5.38])), with ug € LP(S2), then there exists a global attractor A, and A is connected.

Proof. From Proposition We have that S(t) is asymptotically smooth. Thanks to Propo-
sition we have that the orbits of bounded sets in LP(2) are bounded. We just need to
prove that S(t) is point dissipative, and this is true because |u(t)| < U(t) = ®+elt(|ug| —®),
and EHUHLP(Q) < [|®]|r(), then for any up € LP(Q2), there exists a time T'(ug) > 0 such
that
lu@llzr) < 1@llpr) + 1, vt > T (up).

Hence, the closure of the ball of radius ||®[|zr(q) + 1 in LP(Q) attracts each ug € LP(2).

Therefore, the hypotheses of Theorem are satisfied. Thus, the result. O
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Chapter 6

A nonlocal two phase Stefan problem

The aim of this chapter is to study the following nonlocal version of the two-phase Stefan

problem in RY
up = / J(z —y)v(y)dy —v, nRY
RN
u(-,0) = f, in RN,

where J is a smooth nonnegative convolution kernel, then J is defined in this chapter as

(6.1)

J:RY SR,
u is called the enthalpy and

v =TI(u) = sign(u) (|u| — 1)+

is the temperature, (see below more precise assumptions and explanations). We study this
nonlocal equation for sign-changing solutions, which presents very challenging difficulties con-
cerning the asymptotic behavior.

In general, the Stefan problem is a non-linear and moving boundary problem which aims
to describe the temperature and enthalpy distribution in a phase transition between several
states.

The main model uses a local equation under the form u; = Av, v = I'(u), [39, 49], but
recently, a nonlocal version of the one-phase Stefan problem was introduced in [12], which is
equivalent to in the case of nonnegative solutions.

Let us mention some basic facts about the one-phase Stefan problem: this problem models
for instance the transition between ice and water: the “usual” heat equation (whether local
or nonlocal) governs the evolution in the water phase while the temperature does not evolve
in the ice phase, maintained at 0° C. The free boundary separating water from ice evolves
according to how the heat contained in water is used to break the ice.

In the two-phase Stefan problem, the temperature can also evolve in the second phase,
modeled by a second heat equation with different parameters. In this model, the temperature
v = I'(u) is the quantity which identifies the different phases: the region {v > 0} is the first
phase, {v < 0} represents the second phase and the intermediate region, {v = 0} is where the
transition occurs, containing what is called a mushy region.
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In all the chapter, the function J : RV — R in equation (6.1)) is assumed to be continuous,
non negative, compactly supported, radially symmetric, with

R
RN

In particular, J € L>®(RY) N LY(RY). We denote by R; the radius of the support of .J,

supp(J) = Bg,,
where Bp, is the ball centered in zero with radius Rj;. The graph v = I'(u), is defined

generally as follows

ci(u—ep), ifu<e;

I(u) =4 0, ife; <u<e (6.2)

co(u—ez), if u> eo.
with ej, e, ¢ and ¢y real variables, that satisfy that e; < 0 < ey and ¢1, c2 > 0 (see Fig-
ure below). After a simple change of units, we arrive at the graph of equation (6.1)):
['(u) = sign(u) (Ju| — 1), where we denote by s the quantity max(s,0), as is standard and
sign(s) equals —1, 41 or 0 according to s < 0, s > 0, or s = 0.

Figure 6.1: A typical graph I’

In [12], the authors proved several qualitative properties for the nonlocal one-phase Stefan
problem. Most of them are also valid in the two-phase problem, but the asymptotic behavior
is far from being fully understood when solutions change sign.

Actually, up to our knowledge, there are no results for the asymptotic behavior of sign-
changing solutions even in the local two-phase Stefan problem. The aim of this chapter is to
try to provide at least some partial answers.

Going back to the one-phase Stefan problem, to identify the asymptotic limit for u, it is
used the Baiocchi variable,

w(t) = /0 o(s)ds, (6.3)

where v = T'(u), (see [5]). If [;° ()| 1 erydt < oo, then w(t) converges monotonically,
(since v > 0 in the one-phase Stefan problem), in L'(R"™) as t goes to co to

Woo = /Oov(s)ds e LY(RY),
0
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and u converges point-wise in L*(RY) to
Pf=f+J*Woo — Woeo- (6.4)
Moreover, we 18 a solution to the nonlocal obstacle problem at level one, with data f:

Given a data f € L! (RN), find a function w € L* (RN) such that
(OP) 0<f+Jrxw—-w<1l, (6.5)
(f+J*w—w—1)w=0.

This problem is called “obstacle" since the values of the solution are cut at level 1. The
asymptotic behavior of the solution u starting with f is given by Pf, .

A key argument in the one-phase Stefan problem is the retention property, which means
that once the solution becomes positive at some point, it remains positive for greater times.
In this case, the interfaces are monotone: the positivity sets (of u and v) grow. With this
particular property, the Baiocchi transform gives all necessary and sufficient information to
derive the asymptotic obstacle problem.

In the case of the two-phase Stefan problem, the situation is far more delicate to handle,
due to the fact that sign-changing solutions do not enjoy a similar retention property in gen-
eral: a solution can be positive, but later on it can become negative due to the presence of a
high negative mass nearby. This implies that the Baiocchi transform is not a relevant variable
anymore in general and many arguments fail. However, we shall study here some situations
in which we can still apply, up to some extent, the techniques using the Baiocchi transform
and get the asymptotic behavior for sign-changing solutions.

In this chapter, we first briefly derive a complete theory of existence, uniqueness and
comparison results for the nonlocal two-phase Stefan problem. Then we concentrate on the
asymptotic behavior of sign-changing solutions. Though we do not provide a complete picture
of the question which appears to be rather difficult, we give some sufficient conditions which
guarantee the identification of the limit. Namely, we first give in Section a criterium
which ensures that the positive and negative phases will never interact. This implies that
the asymptotic behavior is given separately by each phase, considered as solutions of the
one-phase Stefan problem.

Then we study the case when some interaction between the phases can occur, but only
in the mushy zone, {|u| < 1}. We consider the same Baiocchi variable used for the
one-phase Stefan problem. And in the two-phase Stefan problem, we will prove that if
Jo~ (e M 1 wwydt < oo, then w(t) converges in LY (RY) as t goes to oo to

oo
Woo = / v(s)ds € LY(RY),
0
and u converges point-wise in L'(RY) to

Pf=f+J %W — Woo. (6.6)
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Now, w is a solution to the nonlocal biobstacle problem with data f:

Given a data f € L! (RN) , find a function w € L' (]RN) such that
(BOP) 0 <sign(w) (f+Jxw—w) <1,
(f +J*w—w—sign(w))|w| =0.
This problem is called “biobstacle" since the values of the solution are cut at both levels +1
and —1.

Hence, we prove that the asymptotic behavior of the solutions of the nonlocal two-phase
Stefan problem can be described by the bi-obstacle problem, (BOP), the solution being cut
at levels —1 and +1. We prove that this obstacle problem has a unique solution in a suitable
class, and then we extend the operator which maps the initial data to the asymptotic limit to
more general data by a standard approximation procedure. Notice that for the local model,
such a result would be rather trivial since the mushy regions do not evolve. However, here
those regions do evolve due to the nonlocal character of the equation.

Finally, we give an explicit example when the enthalpy becomes nonnegative in finite time
even if the initial data is not, so that the asymptotic behavior is driven by the one-phase
Stefan regime.

Throughout the chapter, we consider the spaces:
o C, (RN) ={pecC (RN) : ¢ compactly supported };
e Co(RY)={peC(RYN): ¢ —0as |z| = co};

Recall that throughout this chapter, J is nonnegative, radially symmetric, compactly
supported with [J = 1 and supp(J) = Bpg,. Finally, we denote by s; = max(s,0) and
s— = max(—s,0).

6.1 Basic theory of the model

In this section we will develop the basic theory for the solution of the two-phase Stefan
problem following arguments similar to the ones in [I2]. This is due to the fact that for the
one-phase Stefan model, T'(u) = (u — 1)4, while here, we deal with a symmetric function
I'(u) = sign(u)(Ju| — 1)4+. However, for the sake of completeness, we shall rewrite the proofs.

6.1.1 Existence, positiveness and comparison of solutions

Let X = LP(RY), with 1 < p < 0o or X = Cy(RY). We start with the theory for initial
data in X. In this case the solution is regarded as a continuous curve in X. Below, we

introduce the definition of solutions of (6.1]).
Definition 6.1.1. Let f € X.
e A solution of (6.1) is a function u € C ([0,00); X) such for every t >0, u(t) € X and

u(t) = f +/0 (J*T(u)(s) — T'(u)(s))ds. (6.7)
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e A function u € C'([0,T],X) is called strong solution of (6.1) if u(z,0) = f(x) and
u = J*I'(u) —T'(u) in [0,T].

If the solution u(t) is in LP(RY), with 1 < p < oo, then the equality (6.7) is satisfied a.c.,
and if the solution u(t) is in Cy(R™Y) then the equality (6.7)) is satisfied for all z € RY.

Theorem 6.1.2. Given any f € X, there exists a unique solution of (6.1)), u € C1([0, 00), X),
that is a strong solution in X.

Proof. Since I' : R — R is globally Lipschitz, with Lipschitz constant Ly = 1, then the
Nemitcky operator I' : X — X is also globally Lipschitz, with Lipschitz constant Lpr = 1.
(see Appendix B, Lemma . Let X, be the Banach space consisting of the functions
u € C ([0, t]; X) endowed with the norm,

= t .
Il = mass [fu(®)x

For any given f € X, we define the operator 7y : Xy, — Xy, through

(Tru) () = | + / (J * D(w)(s) — D(u)(s)) ds. (6.8)

Given u € Xy, since I' is Lipschitz, J is continuous and f € X, we have that Tyu € Xj,.
Moreover, since I' is Lipschitz continuous, and thanks to Proposition[2.1.4] we have the estimate

1T — Tpwl| < / "1 % (D(u)(s) = T(w)(s)) + (D(u)(s) — T(w)(s))]|| o ds
< / " (17 gy + D)llu(s) — w(s) | xds
—o / " lu(s) — w(s) | xds < 2tolu— wl]].

Hence if tg < 1/2, the operator 7; turns out to be contractive.

Existence and uniqueness in the time interval [0, ¢g] follow by using Banach’s fixed point
Theorem. The length of the existence and uniqueness time interval does not depend on
the initial data, so, we can iterate the argument to extend the result to all positive times
by a standard procedure, and we end up with a solution in C ([0, 00); X). Moreover, since
I'(u) € C(]0,00); X), from we also have u € C! ([0,00); X), and the equation holds a.e.
in x for all ¢t > 0. Thus, the solution u of is a strong solution in X. O

Notice that the solutions depend continuously on the initial data, on any finite time interval.

Lemma 6.1.3. Let X = LP(RY), with 1 < p < 0o or X = C(RY). Let u' and u? be the
solutions of (6.1) with initial data respectively fi, fo € X. Then, for all T € (0,00) there
exists a constant C' = C(T) such that

lu' (1) = () |x < C(D)lIfr — follx, te[0,T].
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Proof. Since u; is a fixed point of the operator 7y,, . Repeating the arguments in Theorem
6.1.2) we have that

lu (8) = w*(®)llx < |1 = follx + 2t0ts[1[;1;5)} lu' (2) = (@), t € [0, to].
€10,t0

Taking to = 1/4, we get

sup [[u' (t) — w?(t)||x < 2/lf1 = fallx,
te(0,1/4]

from where the result follows by iteration, with a constant C(T) = 24T O]

Now, we will prove that the solution u of (6.1) with a nonnegative initial data f, is

nonnegative.
Proposition 6.1.4. Given any f € X nonnegative, the solution of (6.1) is also nonnegative.

Proof. Since —TI" is Lipschitz, then there exists a constant \g > Lr = 1 such that H(u) =
Aot — I'(u) is monotonically increasing, (see Appendix B, Lemma [6.4.14). We rewrite the

problem ([6.1)) as follows

up = J *T(u) + Aou — T'(u) — Nu,
{ oy £ (6.9)
We take the function
v(t) = e lu(t), (6.10)
then
vi(t) = AoeMtu(t) 4+ erotuy(t)
= Aov(t) + €M (J * T(u(t)) + Aou(t) — T(u(t))) — Aov(?).
Then, v(t) is the solution of the problem
vy = M (J % T(u(t)) + Mou(t) — D(u(t))),
{ oo 0) = f (6.11)

Integrating (6.11)) in [0, ¢], we have that
t
o(t) = f+/ 205 (] % T(u(s)) + Aou(s) — D(u(s)))ds.
0
Therefore, u(t) = e~ (t) is given by

u(t) = e—)\otf +/0 <e—)\0(t—s)J «T(u(s)) + e—Ao(t—s)()\Ou(S) _ F(u(s)))) ds. (6.12)

Like in Theorem let X;, be the Banach space consisting of the functions u €
C ([0, tp]; X) endowed with the norm,

Il = pmae fu(t) -
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For any given f € X, we define the operator 7 : X;, — Xy, through

(Tju) (t) = e ot f + /0 e 200=5) (J % T(u(s)) + Aou(s) — D(u(s))) ds.

Since A9 > 0 and I' is Lipschitz continuous, and thanks to Proposition we have the
estimate

1770 = Tyl < 10 (C)6) = Tw)(6) + Qo) = Aaos) +(T(w)(s) = T(w)s)) s
< /O " (17 gy + 2o + 1) lu(s) — w(s) L xds
= 2+20) [ uls) = wls)llxds < 2+ Aotallu — wl|
0

Hence if ¢y < ﬁ, the operator 7y turns out to be contractive.

Now, we want to prove that the solution w written as in is nonnegative given any
initial data f nonnegative. We have that the mapping 7; has a unique fixed point in X;,, we
will prove that u is nonnegative using Picard iterations.

We consider the sequence of Picard iterations,

Unt1(x,t) = Tr(uy)(x,t) Vn > 1,

with u; = f. Then the sequence u,(x,t) converges to u(z,t) in Xy, .
Since wj(x,t) = f(x) is nonnegative, then for ¢ > 0

t

ug(z,t) = Tp(uy) (z,t) = e U f + / e M) Jw T(f) 4+ e W) (N\of —T(f))ds (6.13)
0

Since J * I'(f) is nonnegative, \gI — I' is increasing, and (Mgl — I')(0) = 0, then wua(t) is

nonnegative.

Since up41(x,t) = T(up)(x,t), if u, is nonnegative, then following the arguments for
ug, we obtain that u,4+; is nonnegative for every n > 1, for t > 0. As wu,(x,t) converges to
u(z,t), we have that the solution u(x,t) is nonnegative in X;,. Hence, we have proved that
for some tg > 0, that depends on Ag, but does not depend on ug, we find a unique solution
u € Xy, of the problem with initial data u(z,0) = f(x) nonnegative that is nonnegative
for all t € [0,%p]. With a continuation argument, we have that the solution u(-,t) to is
nonnegative, not identically zero, for all ¢ > 0. O

In the following proposition we prove that given two initial data ordered, the corresponding
solutions remain ordered.

Proposition 6.1.5. If fi, fo € X satisfy that f1 > fa, then
ut(t) > u(t), Vt>0,

where u® is the solution of (6.1) with initial data f;.
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Proof. Let u'(t) be the unique fixed point of

T ()(0) = it [ €00 (7D (9) + Aaw(s) = T (5) ds

in Xy, = C([0,t0]; X). From the previous Proposition we know that 7%, is a contraction
in Xy, provided ¢y small enough. We consider the sequence of Picard iterations

ub oy (2,t) = Ty, (uh) (2, ) In>1,2€Q, 0<t <T.

Then the sequence u’,(x,t) converges to u’(z,t) in X;,. Now, we are going to prove that
the solutions are ordered for all ¢ > 0. We take the first term of the Picard iteration as
ul(z,t) = fi(z), then ui(t) = f1 > fo = u3(t), for all t > 0, and

t
u(t) = Ty, (u) (1) = e U f, + /0 2009 (]« T(f;) + Aofi — D(f:)) ds.

Since fi1 > fo, and I' and Aol — I" are increasing in X, we have that
us(t) > us(t), forall t € [0,tg].
Following this argument, we get that

ul (t) > u(t), for all t € [0,t0], ¥n > 1.
Since ul (t) converges to u'(t) in Xy,, we obtain that

ul(t) > u?(t), for all t € [0,t0).
With a continuation argument, we prove that u!(t) > u?(t), for all ¢ > 0. O

To prove the following results, we need first to give the definition of supersolution and

subsolution to (6.1)).

Definition 6.1.6. We say that u € C([a,b], X) is a supersolution to (6.1)) in [a,b], if for
t > s, with s,t € [a, b

t
a(-,t) > e g (. s) + / e (T« D(a(r)) + Mou(r) — D(a(r))) dr. (6.14)
We say that u is a subsolution if the reverse inequality holds.
Remark 6.1.7. Ifu € C([a,b], X) satisfies that
uy > Jx(u) — T'(u) (6.15)

Adding and subtracting A\ou to (6.15)). Repeating the arguments in Proposition and
integrating in [s,t], we obtain that u is a supersolution that satisfies (6.14)).
The same happens for subsolutions if the reverse inequality holds.

The following proposition states that the supersolution is greater than the solutions to

(@}
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Proposition 6.1.8. Let u(-,t, f) be a solution to (6.1)) with initial data f € X and let u(-,t)

be a supersolution to (6.1)) in [0,T]. If u(-,0) > f, then
a(t) > wu(t, f), forall te]0,T).
The same is true for subsolutions with reversed inequality.

Proof. Let u(t) be the unique fixed point of

Tru)(t) = et f + / e=20(=5) (7 4 Tu(s)) + Aou(s) — T(u(s))) ds

0

in C([0,7]; X) provided 7 small enough. We choose ty < 7 such that ¢z < T, then the
supersolution @(t) € X exists for all ¢ € [0, tg]. The supersolution « satisfies by definition that

a(t) > Ty(a)(t)
and u(0) > f. We consider the sequence of Picard iterations,
w1 (1) = Tp(un) (1) Vi 2 1.
Then the sequence u,(x,t) converges to u(x,t) in Xy,. If we show that,
U > up, ae. in Xz, forn=1,2,3,...,

then, we have the result. We take u(t) = @(t), then

N

> up = 1,
and is satisfied for n = 1. Moreover, thanks to , we have that
u(t) = Tp(a)(t) = ua(t), t€[0,t],
then is true for n = 2. Assume now for induction
u(t) > up(t), forallt e [0,to].
Since u(t) satisfies , 7y is increasing, and from , we have that
a(t) = Ty (@)(t) = Ty (un)(£) = unsa(t), for all € [0, 4]

Thus, we have that
w(t) — ups1(t) >0, for allt € [0, ).

Hence, 4(t) > un41(t), for all n € N, and u,(t) converges to u(t) in Xy,. Therefore,

a(t,up) > u(t, up)
for all ¢t € [0,tp]. With a continuation argument, we have the result.
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We recall that given a nonlinear function g : R — R globally Lipschitz, if we consider
the Nemitcky operator G : LP(RY) — LP(R™), then G is not differentiable (see Appendix
B). Then, in the following results, we will consider the derivative in the sense of distributions.

Let X = LP(RY) with 1 < p < 0o or X = Cp(RY), and let us introduce the definition of
derivative in the sense of distributions, (see [15, p. 10]).

Definition 6.1.9. Let h € L} ([a,b], X) We define the distributional derivative of h, h' by

loc
(B, 0) = —(h, ¢),
for all p € CX(RN).
This concept of distributional derivative is equivalent to the following concept of derivative:

Proposition 6.1.10. Let g € L, ([a,b], X), to € [a,b] C R and let h € C([a,b],X) be given
by h(t) = ftz g(s)ds. Then

i. ' = g in the sense of distributions.
it. h is differentiable a.e. and h' = g a.e.

Definition 6.1.11. We denote by Wl’p([a, b], L (]RN)) the space of functions
he L ([a, b], L? (RN)) such that ' € L' ([a, b, LP (RN)), in the sense of distributions.

Moreover, the derivative in the sense of distributions satisfy also the Fundamental Theorem
of Calculus, see [I5, Th. 1.4.35].

Theorem 6.1.12. Let h € L*([a,b], LP(RY)), with [a,b] C R. Then the following properties
are equivalent:

e h € WhP([a,b], LP(RY)),

e there exists g € Ll([a, b],Lp(]RN)) such that the Fundamental Theorem of Calculus is
satisfied, i.e.,

h(t) = h(to) + /tg(s)ds.

to
From now on, we are interested on L'-solutions, for which we have conservation of energy.

Theorem 6.1.13. (Conservation of energy of the L'-solutions) Let f € L' (RN). The
L'-solution u to (6.1) satisfies

/ u(t) = f, for everyt > 0.
RN RN
Proof. Since u(t) € L (RN ) for any t > 0, we integrate equation 1) in space:

/RNu(t)Z/RNf-F/Ot(/RNJ*F(U)—/RNF(UOdS.

By Fubini’s Theorem, and since [J = 1, we have that [J«T'(u) = [J- [T'(u) = [T(u),
(where the integrals are taken over all RY), which yields the result. O
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L'-contraction property for L'-solutions.
In order to obtain the contraction property, we need first to approximate the graph I'(s)
by a sequence of strictly monotone I'y,(s) such that:

(i) there is a constant L independent of n such that [T, (s) — T, (t)| < L|s—t|, for all n € N;
(79) for all n € N, I';(0) = 0 and I',, is strictly increasing on (—oo, 00);
(i7i) |Tn(s)| <s|, for all n € N;
(iv) T, = T as n — oo uniformly in (—o0, 00).

Take for instance

(s+1), fors< =2
s
n+1

+1
(s—1), fors> "=,

Pu(s) = for ==l <5 < 2

Since Iy, is Lipschitz, thanks to Theorem [6.1.2] for any f € L! (RN) and any n € N, there
exists a unique L'-solution w,, € C ([0, o0); L (R“ )) of the approximate problem

Oyun = J # T () — T (un) (6.20)

with initial data u,(0) = f. Moreover, I'(u,) € C([0,00); L' (RY)), and hence, u, €
Cl([O, o0); Lt (RN ) ) Thanks to Theorem [6.1.13] the conservation of energy also holds for
the solutions wu,,.

Now we state the L'-contraction property for the approximate problem. This property
can only be obtained if I';, is strictly decreasing, and this property is needed in order to obtain

that x(r>s) = X{Tn(r)>Tn(s)}-

Lemma 6.1.14. Let up 1 and up2 be two L'-solutions of (6.20) with initial data f1, fo €
Lt (RN). Then,

/ (un,1(t) = un2(t))4de < / (fi — f2)4dz, ¥t >0, (6.21)
RN RN
[ ) = mna®)-do < [ (7= f)ode, vizo (6.22)
RN RN
and
[(un,1 = un2) (@)l p1@yy < 11 = foll ey,  VE=0. (6.23)

Proof. We begin by proving a contraction property for the positive part (w1 —un2)+. To do
so, we subtract the equations for u, 1 and u, 2 and multiply by X{tn1>un2}- Since Uy, 1 —Up 2 €
C1([0,00); L*(RY)), then in the sense of distributions, we have that

8t(un,l - un,Q)X{un71>un72} = 8t<un,1 - un,Q)—l—-
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On the other hand, since 0 < x(y, ;>u,,} < 1, we have

J * (Fn(un,l) - Pn(un,Q))X{un,1>un,2} < Jx (Pn(un,l) - Fn(un,Q))—i--

Finally, since I, is strictly monotone, X{u, ;>un.0} = X{T'n(un.1)>Tn(un.2)}- LHUS,

(L (tn) — Fn(un72))X{un,1>un,2} = (Pn(un) — Tn(un2))+-

We end up with

at(un,l - Un,2)+ < Jx (Fn(un,l) - Fn(“n,?))+ - (Fn(un,l) - Fn(un,Q))—i—-

Integrating in space, and using Fubini’s Theorem, which can be applied, since (I'y,(un,1(t)) —
Li(una2(t)+ € L'(RY), we get

@/'wmrwmgAwgo,
]RN

which implies
[ na(®) = wnat)sdo < [ (i~ fa)de.
RN RN

Then, a similar computation gives the contraction for the negative parts, so that the L'-
contraction holds. O

Then we deduce the L!-contraction property for the original problem after passing to the
limit.
Corollary 6.1.15. Let u1 and us be two L'- solutions of (6.1) with initial data f1, fo €
L' (RN). Then for every t > 0,

[(ur —u2) ()l wyy < 11 = fallLrwny (6.24)

and the same result holds for the positive part of (u; — ug),

(w1 = u2)+ (Ol 1@y < 101 = f2)+ L mny s (6.25)

and for the negative part of (uy — uz),

I =)~ (llzagey < A = fo)- sy - (6.26)

Proof. Passing to the limit in the approximated problems requires some compactness argu-
ment which is obtained through the Fréchet-Kolmogorov criterium.

The first step is to prove that the solutions u,, of converge to the solution u of .
Let w be an open set whose closure is contained in R x (0,00), w CC RY x (0,00). By the
conservation of energy, Theorem lun ()|l L1y = (| fll L1 @y Hence {up} is uniformly
bounded in L!(w). Therefore, in order to apply Fréchet-Kolmogorov’s compactness criterium,
we prove that

I://w\un(:r—l—h, L+ 8) = (a, 1)] da dt (6.27)
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goes to zero as h and s go to zero.
On one hand, thanks to the L'-contraction property, and since the translations are con-
tinuous in L'(RY), we get

T
// |un(z + h, t +5) — up(z,t + s)| dr dt
0 JRN

T (6.28)
s/O/RN|f<w+h>—f<a:>|dxdt.

Then (6.28) goes to zero as h goes to 0, uniformly in s and n. On the other hand, using the
regularity in time, then Fubini’s Theorem, and finally the fact that |T',,(s)| < |s| and the L!-

contraction property, we get
T
/ / |un, (x, t +8) — up(x,t)|dedt
0 RN

T t+s
< / / / \Oytin|(z, 7) d da dt
0 RN J¢

< /OT /tm /RN\J*F,Z(un) — T (un)|(z, 7) da dr dt (6.29)

T prt+s
<[ (e 1) Il () e
< 5T (Il + 1) 1 e

Taking T such that w C RN x (0,7T), and using the estimates (6.28) and (6.29) we get that
(16.27]) goes to 0 as h and s go to 0.

Summarizing, along a subsequence (still noted wu,), u,, — 1 in L} _(RY x (0,00)) for
some function 7. Moreover: (i) since the sequence {u,(t)} is uniformly bounded in L*(RY),
we deduce from Fatou’s lemma that for almost every t > 0, n(t) € L*(RY); (ii) using that
the nonlinearities I';, are uniformly Lipschitz, and their uniform convergence, we get that
Tp(un) — T(n) in L (RN x (0,00)); (iii) as a consequence, since J is compactly supported,
J x Tp(un) — J*T(n) in L} _(RY x (0,00)). All this is enough to pass to the limit in the

integrated version of , .
o) =+ [ 5T 0(s) ~ Tln(s)s,
for almost every ¢ > 0. In particular the integral
10 = [ (74T - ) as (6.50)

makes sense for every ¢ > 0, and it is continue in time ¢ with values in L'(R™). Let us prove
this below. Let 0 <t < s, then

V() = I(3)] 12 ey < / 17 5 0(r) = ()| s vy < / ()l ydr. (631)
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Since 7 € LL (RN x (0,00)) and n(t) € LY(RY) for all ¢t > 0, then is bounded and
[1(t) — I(s)||L1 vy goes to zero as s goes to t. Hence, we can extend n(t) to all ¢ > 0 by
continuity, so that it belongs to the space C* ([O, o0); L' (RN )), we get that 7 is the L!-solution
o with initial data f, i.e., » = u. As a consequence, convergence is not restricted to a
subsequence.

Now we turn to the contraction property. Let ui, us be the L'-solutions with initial
data f1 and fo respectively. We approximate them by the above procedure, which yields
sequences Un;, i = 1,2, such that u,; — u; in L} ((0, o0), LY(RY)) (and hence a.e.). The
approximations satisfy . Using Fatou’s lemma to pass to the limit in the inequality
, we get that holds for almost every ¢ > 0. Finally, since the solutions are in
C([0,00); L*(RY)), we deduce that this inequality holds for any ¢ > 0.

The contractions (6.25) and (6.26]) are obtained as above, taking into account that the

approximations wu, ; satisfy (6.21]) and (6.22), respectively. O

The following Lemma shows that the positive and negative parts of I'(u) are subcaloric,
in the sense that (6.32) is satisfied.

Lemma 6.1.16. Let f € L' (]RN) and u the corresponding L'-solution. Then the functions
(D(w))_, (F(u))+ and |T'(u)| all satisfy the inequality:

Xe < Jxx— X (6.32)
in the sense of distributions a.e. in RN x (0, 00).

Proof. We do the computation for x = |I'(u)| = (Ju| — 1), with the proof being the same
for the other functions. We take w € C*(RY x [0,00)), we consider a test function ¢ €
C (RN x (0,00)), then

(IT(W)I, ¢ / / (Jw| — 1) 4 (2, 8)pi(x, s)dx ds

/ (w—=1)(x, s)p¢(x, s)dx ds + / (—w+ 1)(x, s)pi(z, s)dx ds.
{(z,t):w(z,t)>1} {(z,t):w(z,t)<—1}
(6.33)

Integrating by parts (6.33]), and since ¢ has compact support in RY x (0,00), the terms in
the boundary disappear, and we get

t)w>1} z,t):w<—1}

(IT(w)], 1) ——/{( ) wt(m,s)cp(x,s)dacds—/{( —wi(z, s)p(z, s)dx ds

= —/ sign(w)wi(x, s)p(z, s)dx ds
{(z,t):|w|>1}
Therefore, we have,
IT(w)l, = sign(w) X{jw|>1} wt (6.34)
in the sense of distributions and for any w € C*(RY x [0, 00)). Now, since C°(RY x [0, 00))
is dense in C*([0,00); L' (RY)), given u in C'([0,00); L' (RY)), we consider a sequence of
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functions w" € C°(RY x [0,00)) such that w" converges to u and in C*([0,00); L' (RY))
as n goes to oo. Moreover, since sign(w") X{jn|>1} Wt converges to sign(u) x{ju|>1} Ut in
CH([0,00); L' (RY) ). Then |I'(w™)|, converges to |T'(u)|, = sign(u) X{Ju|>1} Ut in the sense of
distributions.

Now, given u € C!([0,00); L' (RY) ), let us see below that |T'(u)|, < J |T'(u)] — |T'(w)| in
the sense of distributions:

e On the set {(z,t) : |u| < 1} we have |I'(u)| = |I'(uw)|, =0 while 0 < J  |I'(u)|, so that
the following inequality necessarily holds:

P(u)], < J* ()] = [T(u)]. (6.35)

e On the set {(z,t) : |u| > 1}, using that sign(u)J = T'(u) < |J * I'(u)| < J * [T'(u)| and
sign(u)'(u) = |T'(u)|, we obtain

IT'(u)|, =sign(u)J *I'(u) — sign(u)I'(u)

< J o D(u)] - [T(u)]. (6.36)

Thus from (6.35) and (6.36]) we have that

IP(w)]; < J*[C(u)] = [T(u)]

in the sense of distributions. Moreover, since |I'(u)|, and J*|T'(u)| —|T'(u)| belong to L(RY),
then |I'(u)|, < J * [I'(u)| — |T'(u)] a.e.. O

Let us prove below, that in fact, (I'(u))_, (F(u))+ and |I'(u)| are subsolutions of the
problem

Vi=JxV -V, V(0)=|D(f)| e L*RY). (6.37)
But first, we need first to give the definition of supersolution and subsolution.

Definition 6.1.17. We say that V' € C([a,b], L'(RY)) is a supersolution to (6.37) with
initial data |U(f)| in [a,b], if for t > s, with s,t € [a, D]

V(,t)>V(,s) —I—/ (J*«V(r)=V(r))dr.

We say that V is a subsolution if the reverse inequality holds.
We prove below that (T'(w))_, (F(u))+ and |['(u)| are subsolutions of (6.37)).

Lemma 6.1.18. Let f € L! (RN) and u the corresponding L'-solution of (6.1)). Then the
functions (T'(u))_, (F(u))+ and |T'(u)| all are subsolutions of

Vi=JxV =V, V(0)=I(f)l (6.38)
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Proof. We do the computation for x = |I'(u)| = sg(u)(Ju| — 1)+, with the proof being the
same for the other functions. Since u is the L'-solution of , then u € C! ([0, 00), Ll(]RN)),
and u € WH(RY x [0,77), for all T > 0. Thanks to Definition we have that |T'(u)| €
WEHRYN x [0,T]), for all T > 0. From Lemma we have that

IT(uw)] < J *|T(u)| — |T(u)| ae. (6.39)
We integrate (6.39) in [s, t],
t

t
/ ID(w)]sds < / (] D) (s)| — [T(u)(s)) ds, e,
and thanks to Theorem we have that

IT(w)|(t) < \F(U)!(SH/ (7 [T(w)(s)] = [T(u)(s)])ds.
Thus, the result. ]

The following result states that the solution of V; = JxV —V | with initial data integrable,
goes to zero asymptotically like ct=V/2. (See the proof in [IZ, Th. A.1])

Theorem 6.1.19. Let g € LY(RY), let V be the solution of
V;‘/:J*V_V7 V(O):gv
and let h be the solution of the local problem hi(t) = Ah(t) with the same initial condition
h(0) = g. then there exists a function €(t) — 0 (depending on J and N ) such that
P max V(1) — g — h(t)| < gl s )

The property of the previous Lemma allows to estimate the size of the solution
in terms of the L°-norm of the initial data. In particular, we have that if the initial data
1]l oo (mvy < 1, we have that u(t) = f for any ¢ > 0. Observe also that since [pn J = 1, the
constant functions are solutions of .

Lemma 6.1.20. Let f € L' (RN) N L> (RN). Then the L'- solution u of satisfies
[w(®)[| oo vy < 1 f || ooy for any t > 0. Moreover,

lim sup u(t) <1 and lim inf u(t) > —1 a.e. in RV,

t—o0 t—o0

Proof. First, the result is obvious if || || feomny < 1, since in this case u(t) = f for any ¢t > 0.
So let us assume that || f||pec@ny > 1. Since x = |I'(u)] is subcaloric by Lemma [6.1.16] we
may compare it with the solution V' of the following problem:

Vi=JxV =V, V() =) e L}RY)nL®RY). (6.40)
The constant functions are solutions of (6.40), and 0 < V' (¢) < ||[V(0)|lcc = |IT(f)|loc- Now,
from Lemma [6.1.18] we know that x = |I'(u)| is a subsolution of (6.40]), and thanks to
Proposition we obtain

0 < [IX(O)lLoe@ny < NIV ooy < NT N poo@ny = 1 fl Lo mary — 1.

Therefore, [|u(t)||peomny <1+ [IX(E)[ Lo @y < If [l oo mry-
Thanks to Theorem [6.1.19] we have that V goes to zero asymptotically like ct=V/2, and
then I'(u) — 0 almost everywhere, which implies the result. O
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6.1.2 Free boundaries

In the sequel, unless we say explicitly something different, we will be dealing with L!-
solutions. Since the functions we are handling are in general not continuous in the space
variable, their support has to be considered in the distributional sense. To be precise, for
any locally integrable and nonnegative function g in RY, we can consider the distribution T,
associated to the function g. Then the distributional support of g, suppp(g) is defined as the
support of T}:

suppp/ (9) = RN\ O, where O C RY is the biggest open set such that T,| O = 0.

In the case of nonnegative locally integrable functions g, this means that = € suppp(g) if and
only if

Vo € C°(RY), ¢ > 0 not identically zero , happens that / 9(y)e(y)dy > 0.
RN

If ¢ is continuous, then the support of g is nothing but the usual closure of the positivity set,
suppp(9) = {g > 0}.
We first prove that the solution does not move far away from the support of I'(u).

Lemma 6.1.21. Let f € L' (RY). Then, suppp (u(t)) C suppp (I'(u)(t)) + Br, for any
t > 0, where Bg, is the support of J.

Proof. Recall first that the equation holds down to ¢ = 0 so that we may consider here ¢ > 0
(and not only ¢ > 0). Let ¢ € C°(A°), where A = suppp/ (I'(u)(t)) + Br,. Notice that the
support of J * I'(u) (which is a continuous function) lies inside A, so that

/ (J «T'(u))p = 0.
RN

Similarly, the supports of I'(u) and ¢ do not intersect, so that

/RN up = /RN(J*I‘(u))cp _ /RN I(u)p = 0,

which means that the support of u; is contained in A. O

The following Theorem gives a control of the support of the solution u(t) and the corre-
sponding temperature I'(u)(t).

Theorem 6.1.22. Let f € L' (]RN) be compactly supported. Then, for anyt > 0, the solution
u(t) of (6.1) and the corresponding temperature I'(u)(t) are compactly supported.

Proof. ESTIMATE OF THE SUPPORT OF I'(u). Since |['(u)| is subcaloric, we have that
1T 1@~y < [Tl 1@y, then

J# D) < ([Tl e @y IT (W) 22 @y < 11 poe @) [Tl 21 vy - (6.41)
We denote co = [|J]| poo ey [T ()| 1 (rv). Now, we multiply equation (6.1 by sign(u), then
sign(u)uy = sign(u)J * I'(u) — sign(u)I'(w) (6.42)
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Since sign(u)J * I'(u) < [J * I'(u)| < J * |I'(u)|, and sign(u)'(v) = [I'(u)|, from (6.42) we
have that
sign(u)uy < J *|T'(w)| — [T'(u)]. (6.43)

Since sign(u)u; = |ul; in the sense of distributions and integrating (6.43) in [0, ¢],

[ sientwuds < [ (74 P@E)] - P@E)ds, ac.
0 0

and thanks to Theorem [6.1.12] we have that

u(t)] < \f\+/0 (7 [T(u)l(s)) = T(w)[(s)ds (6.44)

Multiplying (6.44)) by a nonnegative test function ¢ € C°((suppp f)¢), integrating in space,
and from (6.41)), we have

/RN \u(t)lsoé/Ot/RN(J*|r(u)WSCOt/RN N

Taking tg = 1/¢p, we get / (lu(t)] — 1) < 0 for all ¢ € [0,%], for any nonnegative test
RN

function ¢ € C°((suppp f)€), then |u(t)] —1 < 0. Thus, I'(u(t)) = 0, for all ¢ € [0, %] in

(supppr f)€. Therefore

supp(T'(u)(t)) C supp(f), for all ¢t € [0,to]. (6.45)
D’ D’

ESTIMATE OF THE SUPPORT OF u. Thanks to Lemma [6.1.21| we know that suppp/ (u(t)) C
suppp (I'(u)(t)) + Br, C suppp(f) + Br,, forallt € [0,t9]. This means that for any
¢ € C°((suppp/ (f) + Br,)©), we have,

t
/ ugDZ/ wp — fg;:// ugp =0, for all t € [0, to]
RN RN RN 0 JRN

supp(u(t)) C supp(f) + Br,, forallt e [0,t]. (6.46)
D! D!

that is,

ITERATION. Consider now u(tp) as initial data at time t(, whose support satisfies that,

S%E/)P(U(to)) C Stg;p(f) + Br,,

then, thanks to (6.45)) and (6.46|), repeating the arguments, we obtain

supp(u(t)) C supp(f) +2Bpg,, forallt e [0,2t].
D’ D!

Iterating this process we arrive to,
suDQp(T(u)(t)) C SuDQp(f) +nBg,, withn = t/t],

and

supp(u(t)) C supp(f) + nBr,, withn = [t/to]| + 1,
D’ D’

where |x] is the integer part of x. Thus, we have proved that the speed of expansion of of
the support of u(t) is less or equal to R;/to. O
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The last results have counterparts for Cyp-solutions:
Theorem 6.1.23. Let f € Cy(RY), and let u be the corresponding Cy-solution. Then
(i) sup(ue(t)) C sup(I'(u)(t)) + Br, for all t > 0.

(i) If supg>g [f(z)| < 1 for some R > 0, then I'(u)(:,t) is compactly supported for all
t > 0. If moreover f € C.(RY), then u(-,t) is also compactly supported for all t > 0.

Proof. (i) The proof is similar (though even easier, since the supports are understood in the
classical sense) to the one for L!-solutions.

(ii) Since x = |I'(u)]| is subcaloric, we get

(7 D) (@,8)] < 17121 @) IT @) ()l vy < T e e, (6.47)

This estimate comes from comparison in L with constants, exactly as in Lemma [6.1.20
Therefore, from the integral equation, (6.7

u(z,t) = f(x) +/O (J « T(u)(s) — I‘(u)(s))ds
(6.48)

t
< f(z) +/0 IT(w)(8)[| oo mvy + 1T (w) ()] oo vy ds
Hence, thanks to (6.47)), (6.48) and hypothesis in (i7), for |x| > R we have

u(z,t) < f(x) + 1 2[D(f)]| ooy < |S|u>13%|f($)| + £ 2[C(F)l| oo ey »

w(z,t) > f(x) = 2[[T(f)]| e @ry = = |S|u>13%!f(w)| = L2|[T(f) | oo rry -

(6.49)

Thus, for all |z| > Rand t < (1—SUP\x|2R \f(x)\)/(2||F(f)\|Loo(RN)) we have —1 < u(z,t) < 1.
Hence, for such z,t, we have I'(u)(x,t) = 0. Then, by (i), u(x,t) = f(z) for all |z| > R+ R;
and t = (1 — SUP|y|> R |f(:17)|)/(2||F(f)||Loo(RN)). We finally proceed by iteration to get the
result for all times. O

6.2 First results concerning the asymptotic behavior

In the following sections we study the asymptotic behavior of the solutions of the two-
phase Stefan problem, with different sign-changing initial data chosen in such a way that the
solutions, u(t), satisfy either:

(i) the positive and negative part do not interact, in any time t > 0;
(74) the positive and negative temperature v = I'(u) do not interact, in any time ¢ > 0;

(731) the positive and negative part of I'(u) interact but the solution is driven by the one-phase
Stefan regime after some time.
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In order to describe the asymptotic behavior, we write the initial data as

f=f—f

separating the positive and negative parts where we recall the notations fy = max(f,0) and
f— = max(—f,0). Let us first introduce the following solutions of : the solution U™,
corresponds to the initial data Ut (0) = f1 and the solution U™, corresponds to the initial
data U~ (0) = f_.

Lemma 6.2.1. The functions Ut and U~ are solutions of the one-phase Stefan problem:
ou=Jx(u—1)1 —(u—1)4.

Proof. By comparison in L! for the two-phase Stefan problem (see Proposition , we
know that U" and U~ are nonnegative because their respective initial data are nonnegative.
Hence, for any (z,t) we have in fact I'(U*(z,t)) = (U(x,t) — 1)+. Thus, the equation for U™
reduces to the one-phase Stefan problem. The same happens for U™. O

Lemma 6.2.2. Let U" be a solution of the one-phase Stefan problem, the supports of UT
and T (U") are nondecreasing

suppp (UT(s)) C suppp (UT(t)), 0<s<t

suppp (L (UT) (s)) € suppp (T (UT) (1), 0<s <t (6.50)

We denote this property as retention. It is satisfied also for U~ and T (U™).

Proof. We have
(UH), = T * (U = 1)4 — (UF - 1),

since J > 0 and (UT — 1), > 0, then

which after integration, yields
Ut (x,t) > Ut(z,s)e ), t>s.

This implies retention for UT.
Concerning I'(UT) = (U — 1), following the same arguments for (U"),, above, we have
that the time derivative of I'(U") in the sense of distributions satisfies

(Ut —1
(at)+ = U xques1y > —(UF = 1),
that is T(U'); > —T'(U"), from where retention follows. O

We shall use the results concerning the asymptotic behavior studied in [12] Cor 3.10, Cor
3.11], of the L'-norm of the temperature I' (UT) and T' (U~), of the one phase Stefan problem,
and we need to add new hypotheses for J.
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Corollary 6.2.3. Let us assume that f € LY(RY), if J is non increasing in the radial variable,
and if 0< f <g for somege L' (RN) NCo(RN), radial and strictly decreasing in the radial
variable. Then there are constants C,k > 0 such that

ITUH) ()l vy < Ce™
for all t > 0. It is satisfied also for T'(U™).

Corollary 6.2.4. Let f € L'(RY). Then T 1wy = Ot=N2). It is satisfied also
for T'(U7)

We know that in particular if f satisfies the hypothesis of Corollaries and Ut
and U™ have limits as t — oo which are obtained by means of the projection operator P,
described in . We recall that this operator maps any nonnegative initial data f to Pf,
which is the unique solution to a nonlocal obstacle problem at level one, . For UT, the
limit is P f; and for U™, the limit is P f_. Now the relation between u the solution of ,
Ut and U™ is given in the following result.

Lemma 6.2.5. For anyt >0, —U~(t) < —u_(t) < u(t) <uy(t) <UT().

Proof. This result follows from a simple comparison result in L'(R"). Since initially we have
Ut (0) = fy > u(0), from Proposition for any t > 0, UT(¢) > u(t). On the other hand,
since UT(0) = f > 0, thanks to Proposition we have also that for any ¢ > 0, UT(¢) > 0,
then for any ¢t > 0, Ut (¢) > uy(t).

The other inequalities are obtained the same way, since I' is an odd function. O

This comparison allows us to prove that the asymptotic limit is well-defined:

Proposition 6.2.6. Let us assume that f € L'(RY) and if N = 1,2, assume in addition
that J is non increasing in the radial variable, and fy < g1, f— < go for some g1, go €
Lt (RN) N Co(RY), radial and strictly decreasing in the radial variable. Let u be the L'-
solution of (6.1)). Then the following limit is defined in L*(RY):

Uoo () := lim u(x,t).

t—o0

Proof. From ([6.7]), we have that

u(t) = f+/0 J*T'(u)(s)ds —/0 [(u)(s)ds. (6.51)

Then we recall that under the hypotheses of this proposition, thanks to Corollaries [6.2.3] and
[6.2.4] the integrals

t t
/ (Ut(s) —1),ds and/ (U™ (s) —1)4ds converge in LY(RY) ast — oo. (6.52)
0 0
Using the estimate from Lemma [6.2.5
()] < max {(U* — 1), ; (U — 1), }, (6.53)
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then, from (6.52)) and (6.53]) and we have that

[e.9]

[ IO lenas <max{ [T107 - Delgs: [
<C.

Tige 1>+HL1<RN)ds}

We obtain that the right-hand side of (6.51) has a limit as ¢ — oo. Hence we deduce that
u(t) has a limit in L'(RY) which can be written as:

t—o00

lim w(t) = f + /OOO T+ T(u)(s)ds — /OOO D) (5)ds = oo () -
0

The question is now to identify this limit us, and we begin with a simple case when
the positive and negative parts, UT and U™, never interact. In particular, we assume that
the limits of UT and U™, denoted by Pf; and Pf_, respectively, are at an strictly positive
distance, where we consider the distance between two sets as follows: Given A, B ¢ RY

dist(A, B) = mejlﬁlnyfeB |z —yl,

which is not the Hausdorff distance.

Lemma 6.2.7. Let us assume that J and f satisfy the hypotheses of Proposition and
that

dist (supp(Pf+),supp(Pf-)) > r > 0. (6.54)

Then for any t > 0, dist (supp(u—(t)),supp(u4(t))) > r.

Proof. By the retention property (6.50)) for UT and U™, and hypothesis (6.54) we first know
that for any ¢ > 0,

dist (supp(U*(t)),supp(U~ (1)) > r.

Thanks to Lemma we have 0 < uy(t) < U™ (t). Thus, the support of u, (¢) is contained
inside the one of UT(t). The same holds for u_(¢) and U~ (¢) so that finally, the supports of
u_(t) and uy(t) are necessarily at distance at least r, V¢t > 0. O

Now, we prove the main result.

Theorem 6.2.8. Let us assume J and f satisfy the hypothesis of Proposition [6.2.6, and let
supp(J) = Br,. If
dist (supp(P f+),supp(Pf-)) > 2Ry, (6.55)

then the solution of (6.1)) with initial data f is given by u(t) = UT(t) — U™ (t), and the
asymptotic behavior is given by

oo (z) = Pfi(z) = Pf(x).
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Proof. Since the supports of Ut (t) and U™ (¢) are always at distance greater that 2R, we
have that

Ut) =U"(t) - U (t).

Moreover, the convolution J * I'(U(¢)) is either equal to J x T'(U™(¢)), or to —J x T(U™(¢)),
and those last convolutions have disjoint supports. Hence we can also write

JxT(U®) =J+«T(UT(t)) — J+T(U (1)).
This implies that U is actually a solution of the equation:

(9th == 8t]U+ - (9th
= J+D(UT(t)) =T(U (1)) = J =« T(U (1)) + T(U(2))
— J+T(U(®t)) — D(U®)).

But since U(0) = f+ — f- = f, we conclude by uniqueness in L'(R") that u = U is the

solution of (6.1)) O

6.3 Asymptotic behavior when the positive and the negative
part of the temperature do not interact

The aim of this section is to identify the limit us,, that is the limit of the solution w
of (6.1) when time goes to infinity, in the case when the positive and negative part of the
temperature, I'(u), never interact, this is,

dist (supp (T(Pf+)), supp(l (Pf))) >Ry, (6.56)
D/ D’

but
supp (Pfy)N Supp (Pf-) #0. (6.57)

These hypotheses are less restrictive that the ones in the previous section (see hypothesis

(6.55) in Theorem [6.2.8]).

We know that there exists the retention property for Ut and U™, i.e., the supports of
Ut and U™ are nondecreasing, which holds since these are solutions of the one-phase Stefan
problem. We use the Baiocchi transform, to describe the asymptotic behavior of the solution
to (6.1), as in [12].

On the other hand, we can not say that the solution is u(t) = UT(t) — U™ (¢), like in the
example we have studied in the previous section, because the supports of Ut and U~ may
have a nonempty intersection.

6.3.1 Formulation in terms of the Baiocchi variable

Our next aim is to describe the large time behavior of the solutions of the two-phase
Stefan problem satisfying hypotheses (6.56]) and (6.57]). We make a formulation of the Stefan
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problem as a parabolic nonlocal biobstacle problem. To identify the asymptotic limit for w,
we define the Baiocchi variable, like in [12]

The enthalpy and the temperature can be recovered from w through the formulas
u=f+J*xw—w, I(u) = wy, (6.58)
where the time derivative has to be understood in the sense of distributions.

Lemma 6.3.1. If
dist (suDI?p (D(Pfy)), st;)gp(f‘(?ﬁ))) >Ry, (6.59)

then the function T'(u) satisfies the following retention property: for any 0 < s < t,
supp (P(u(s))-)  supp (D(®)+) . supp (F(uls))-) € supp (P(u(t))-) . (660
As a consequence, we have for any t > 0:

supp (T'(u(t))+) = supp (w(t)y), supp (C(u(t))-) = supp (w(t)-) .
D’ D’ D D’
Proof. We use the same ideas as in the previous section. From Lemma [6.2.5] we have that

supp (I'(u(t))+) C supp (D(U*(¢))) and supp (C(u(t))-) C supp (T(U(¢))). (6.61)
D’ D’ D D

From ([6.61]) and the retention property (6.50) for I'(UT) and I'(U™), we know that for any
t > 0, there holds:

dist (supp (T(u(t)+); suDEp (F(u(t)),)) > dist (suD[?p (F(Per));SLg?p(F(Pf,))) , (6.62)

'D/

and this distance is at least Ry under assumption (6.59)). Take now a nonnegative test function
¢ € C*°(RY) (not identically zero) with compact support in suppp (I'(u(s))+) and consider
t > s. Using that 0;['(u)+ = x{u>0y0¢u, in the sense of distributions, we get

jt(/RN F(u(t))”)) B /RN (# T(u()) X qus0y — /RN L(u(t)) X {u>0} -

From ([6.62)), for any ¢ > 0, the support of I'(u(t))+ is at least at distance R; from the support
of T'(u(t))—, then we have (J % T'(u(t)))xguso0y = (J * T'(u(t))+) > 0 for any ¢ > s. Hence

(L rwoie) = - [ rae,
which can be written as h/(t) > —h(t) where h(t) := [ponIT(u)(t);+p.  Hence

h(t) > h(s)e==%) > 0 which proves the retention property for I'(u);. The property for
I'(u)_ is proved analogously.
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Now, take a nonnegative test function ¢, not identically zero, with compact support in
suppp (T'(u(t))+). We know from the first part that for 0 < s < ¢, the support of ¢ never
intersects the support of the negative part of I'(u(s)), hence

/ wdx—// godxds—// s))+pdrds.
RN RN RN

Moreover since the space integrals are continuous in time, we know that the integral
fRN +pdx is not only positive at time s = ¢, but also in an open time interval around
t. So, we get S~ w(t)e da > 0 which proves that suppp (I'(u(t))+) C suppp (w(t)+)-

On the other hand, if ¢ is a nonnegative test function such that [ I'(u(t))4pdz = 0, the
retention property, , implies that this integral is also zero for all times 0 < s < ¢, which
yields [pn wy(t)pdz = 0. We conclude that the distributional support of w. (t) coincides
with that of I'(u(t))+. The proof is similar for the negative part. O

The Baiocchi variable satisfies a complementary problem, that is introduced in the follow-
ing result.

t
Lemma 6.3.2. Under hypotheses (6.56|) and (6.57)), the Baiocchi variable, w(t) = / '(u)(s)ds,
0

satisfies the complementary problem almost everywhere

0 <sign(w) (f+J*xw—w—w;) <1,
(f+J*w—w—w —sign(w))|w| =0, (6.63)
w(0) =0.

Proof. The graph condition I'(u) = sign(u)(Ju| — 1)+ can be written as
0 <sign(u)(u—T(v) <1, (sign(u)(u—T(u)) —1)T(v) =0,

almost everywhere in R™ x (0,00). In order to translate this condition in the w variable, we
first notice that that if sign (I'(u)) > 0 then sign(u) > 0 and similarly, sign (I'(u)) < 0 implies
sign(u) < 0 (only the condition I'(u) = 0 does not imply a sign condition on u). Hence we
can also write

0 <sign (T'(w))(u—T(u)) <1, (sign (I(w))(u—T(u)) —1)T(u) =0. (6.64)

Now we use the retention property of I'(u), Lemma which implies that the distributional
supports of I'(u) and w coincide for all times. Then replacing the equalities (6.58)) in terms
of w in (|6.64)), then we have

{Ogsign(w)(f—i-J*w—w—wt)g1,
(sign(w) (f+Jxw —w —w;) — 1) w = 0.

Therefore, we obtain that w solves a.e. the complementary problem ((6.63]). O
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6.3.2 A nonlocal elliptic biobstacle problem

If [T (w)(t)]| 12 vy At < o0, the function w(t) converges in L' (RY) as t — oo to
Weo = / I'(u)(s)ds € L' (RN) .
0
Thus, thanks to (6.58), u(-,t) converges point-wise and in L! (]RN ) to

.]E:f+J*woo_woo'

Passing to the limit as ¢ — oo in (6.63), we get that w is a solution with data f to the
nonlocal biobstacle problem:

Given a data f € L* (]RN) , find a function w € L! (RN) such that
(BOP) 0 <sign(w) (f+J*xw—w) <1,
(f +J xw—w —sign(w))|w| = 0.

This problem is called “biobstacle" since the values of the solution are cut at both levels +1
and —1. Under some conditions we have existence:

Lemma 6.3.3. Let f € LY(RYN) satisfy the hypotheses (6.56) and (6.57), and assume in
addition, if N =1 or N = 2, that J is non increasing in the radial variable, and fi < ¢,

f- < g2 for some g1, g2 € L* (RN) N Co(RY), radial and strictly decreasing in the radial
variable. Then, problem (BOP) has at least a solution we € L'(RY).

Proof. Given the assumptions, we construct the solution u of (6.1) associated to the initial
data f. Then we use the estimate

()| < max ((UF = 1)4; (U™ —1)4).

If N > 3, we use Corollaryto get |[T(u(®) |1y = O(t~N/?). For dimensions N = 1,2,
we use the extra assumption and Corollary which states ||[T'(u(t))|| L1 gyy < Ce™* for
some C,k > 0. In both cases, we obtain that [;T'(u(s))ds converges in L'(RY) to some
function wee, and w; = I'(u) converges to zero in L'(RYV), then passing to the limit in
we see that we is a solution of (BOP). O

We now have a more general uniqueness result (without extra assumptions in lower di-
mensions). To prove the uniqueness we will need the following Lemma, from [12, Lemma
5.2.].

Lemma 6.3.4. Let w € L'(RY) such that w >0, w < J xw a.e. Then w =0 a.e.

Proof. Assume first that w is continuous, and fix € > 0. Since w is integrable, there is a
radius R such that

(9
w< —.
/x|2R [Tl oo vy
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Hence, for |z| > R+ R

wwganwstwmm@w/

Br;(2)

w < ||JHLOO(RN)/ w<e  (6.65)
iR

So, let us assume that for some z € RY, w(z) > . Then, the maximum of w is attained at
some point T € Bry g, and

max w = w(Z) > e. (6.66)
Using that w < J x w, then
e < w() < J xw(z) = / Iz — y)w(y)dy. (6.67)
Br,;(2)

From (6.66) and (6.67), we obtain that w(x) = w(Z) in Bg,(Z) and then, spreading this
property to all the space by adding each time the support of J, i.e., arguing like above for any

point z € Bgr,(Z), we obtain that w(z) = w(Z) for all z € Bag,(Z). Iterating this process we
conclude that w = w(z) > ¢ in all RY. But this is a contradiction with (6.65). So, we deduce
that 0 < w < ¢ for any € > 0, hence w = 0.

If w is not continuous, we argue by density and we take a sequence of functions {wy, }, C
C.(RN), such that w, — w as n — oo in L'(RY). The continuous functions w, satisfy all the
hypotheses of this Lemma, and we have proved that w, = 0. Letting n go to oo, we obtain
w=0a.e. in L'(RY). O

Below, we prove the uniqueness of solution of the problem (BOP).

Proposition 6.3.5. Given any function f € L'(RYN), the problem (BOP) has at most one
solution w € LY(RY).

Proof. The proof follows the same arguments as in [I2, Thm 5.3|. For the sake of completeness
we reproduce here the argument: a solutions of (BOP) satisfy,

f=f+Jxw—w, feplw)ae.,
where (3(-) is the graph of the sign function: f(w) = sign(w) if w # 0, and B({0}) = [—1, 1].
We take two solutions w;, i = 1,2 of (BOP) associated with the data f and let fi be an
associated projection, defined as

fi=f+J*w —w, feﬂ(wi) a.c. .
Since f; € 3(w;) we have

0 < (i = )X qunswsy = (J % (w1 — w2) — (W1 — W2)) X{un>uwg}  B-E.- (6.68)

We then use the following inequality, that is the nonlocal version of Kato’s inequality,
valid for integrable functions:

U*w—wmwm=<1 ﬂawww@+A ﬂ%@ﬂ@@)nwm—wmwm

w>0} w<0}

< / J(z, y)w(y)dyXx fw>oy — W+
{w>0}
< Jxwi—wi ae,
(6.69)
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and imply

(w1 —wa)y < J*(wg —wz)+ .

We end by using Lemma from which we infer that (w; —wz)4+ = 0. Reversing the roles
of w1 and w9 we get uniqueness. O

Combining the results above, we can now give our main theorem concerning the asymptotic

behavior for solutions of (6.1)).

Theorem 6.3.6. Let f € L' (RN), under the hypotheses of Lemma . If u is the unique
solution to the problem (6.1) and ws is the unique solution of the problem (BOP), we have

u(t)ﬁf::f_kj*woo_woo inLl(RN) ast — 0.

6.3.3 Asymptotic limit for general data

Up to now we have been able to prove the existence of a solution of (BOP) for any
felLt (]RN) satisfying and only if N > 3. For low dimensions, N = 1, 2,
we have needed to add the hypotheses of Lemma [6.3.3] Hence, for lower dimensions the
projection operator P which maps f to f

Pf:f:f+J*woo_woo

is in principle only defined under the extra assumptions.

However, P is continuous, in the L'-norm, in the subset of L' (RN ) of functions satisfying
the hypotheses of Lemma Since the class of functions satisfying those hypotheses is
dense in set of function in L' (RY) satisfying (6.56) and (6.57)), we can extend the operator
to all L' under assumptions and by a standard procedure. We consider a se-
quence {f,}, in L*(RY) satisfying the hypotheses of Lemma that converges to f in
L' (RN ) satisfying and . Then we define the projection P f as the limit lim Pf,

n—oo

in LY(RY). Furthermore, we prove that the limit does no depend on the sequence {f,}n

we choose: given two sequences {f,}, and {g,}, such that f, — f and g, — f, then we
construct a new sequence {hy,}n, that consists of ha,y1 = f, and ha, = g, for all n € N.
Then, h,, converges to f as n goes to oo in L'(RY), and the limit lim Ph,, is the same limit

n—oo

of the sequences {P f}n and {Pgp}n. Thus, the limit is independent of the sequence { f,, }n.

Let us prove below that P is continuous, in the L'-norm.
Corollary 6.3.7. Let f;, i =1,2, satisfy the hypotheses of Theorem[6.3.6. Then
11 = foll sy < 11 = Foll iy

Proof. Since (BOP) has a unique solution, any solution with initial data satisfying the hy-
potheses of Theorem [6.3.6] can be obtained as the limit as ¢ — oo of the solution of the
nolocal Stefan problem . Hence the result is obtained passing to the limit in the contrac-
tion property, , for this latter problem. O
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Now, we prove the main result.

Theorem 6.3.8. Let f € L! (]RN) satisfy (6.56) and (6.57), and let u be the corresponding
solution to problem (6.1). Let P f be the projection of f onto f. Thenu(-,t) — Pf in L (]RN)

ast — oo.

Proof. Given f, let {f,} C L' (RN ) be a sequence of functions satisfying the hypotheses of
Lemma which approximate f in L' (]RN ) Take for instance a sequence of compactly
supported functions. Let u, be the corresponding solutions to the nonlocal Stefan problem.
We have,

[u(t) = Pfllpr@ny < llut) = un (@)l @yy + [[un() = Plall iy + 1P fo = PFllr@ny-

Using Corollary [6.1.15] which gives the contraction property for the nonlocal Stefan problem,
and Theorem [6.3.0] that states the large time behavior for bounded and compactly supported
initial data, we obtain

h?lSUP Ju(t) — PfHLl(RN) <|[f- anLl(RN) + P fn— Pf”Ll(RN)’

By using Corollary and letting n — oo we get the result. O

6.4 Solutions losing one phase in finite time

In this section we we give some partial results on the asymptotic behavior of solutions for
which either u or I'(u) becomes nonnegative (or nonpositive) in finite time. In this case, we
can prove that the asymptotic behavior is driven by the one-phase Stefan regime, however we
cannot identify the limit exactly.

6.4.1 A theoretical result

In the following theorem we describe the asymptotic behaviour of the solution u of (6.1))
if the temperature I'(u) becomes nonnegative in finite time.

Theorem 6.4.1. Let f € L'(RY) and let u be the corresponding solution. Assume that for
some tg > 0, there holds f* := u(ty) > —1 in RN. Then the asymptotic behavior is given by:
u(t) — Pf* ast goes to infinity.

Proof. We just have to consider u*(t) := u(t—to) for t > to. Then u* is the solution associated
to the initial data f*. That satisfies that u*(t) > —1 for all ¢ > 0, then f* satisfies (6.56)
and (6.57)). Hence we know that u*(t) — Pf*, as t — oco. Therefore, the same happens for
u(t). O

Of course a similar result holds if I'(u) becomes nonpositive in finite time. However, the
problem remains open as to identify P f* since we do not know what is exactly f*.
Below, we give an example where such a phenomenon occurs, v = I'(u) becomes positive

in finite time.
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6.4.2 Sufficient conditions to lie above level —1 in finite time

In this subsection we assume for simplicity that the initial data f is continuous and
compactly supported, and that J is nonincreasing in the radial variable. We assume f; < g1
and f_ < go, for some g1, go € L* (RN ) N Co(RY) radial and strictly decreasing in the radial
variable. The following result states that under the previous hypotheses, the support of I'(U™T)
is a subset of Bg, where R = R(g1), (see proof in [12, Lemma 3.9]).

Lemma 6.4.2. Let J be nonincreasing in the radial variable. We assume 0 < fi < g, for
some g € Lt (]RN) N Co(RY) radial and strictly decreasing in the radial variable. Then there
exists some R = R(g) such that

supp (I'(U")(¢)) C Bgr, for all t>0.

Thanks to Lemma [6.4.2] under the previous hypotheses on fy and f_, we have that there
exists R = R(g1, g2) such that

supp (T'(U*)(t)) C Bg, and supp (D'(U7)(t)) C Bg, for all ¢t > 0.
Moreover, thanks to Lemma [6.2.5
supp(u(t)) © supp(T(U* (£))) U supp(D(U~ (1)) € Bp, forany £>0,  (6.70)

(recall thatwe denote by v = I'(u)). Notice that R does not depend on .J, only on the L!-norm
of g1 and go.
We make first the following important assumption:

a(vg, J) := inf J(z —y)vy(y,0)dy > 0 (6.71)
rEBR RN

(see in Remark below some comments on this assumption). Let us also denote

B(J):= sup J(z).

rEBoR

Then we shall also assume that the negative part of vg := v(0) = I'(f) is “small” compared to

the positive part in the following sense:

Jo- O lzsemy < 25257 6.7

In such a situation, we first define
1 := a(vo, J) = B(J)|[v—(0)[| 1wy > 0.
Then, for n € (0,7) we introduce the following function

— nln a(Uo,J)
el) = (77+5(J)Hv—(0)HL1(RN)> =0

and set

r:=max {¢(n) : n € (0,7)} > 0.
Since actually, x depends only on J and the mass of the positive and negative parts of v(0),
we denote it by (v, J). We are then ready to formulate the following result.
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Proposition 6.4.3. Let f be continuous and compactly supported, and J be nonincreasing in
the radial variable. We assume fi < g1 and f_ < go, for some g1, go € L* (RN) N Co(RN)
radial and strictly decreasing in the radial variable. Assume and moreover that the
negative part of f is controlled in the sup norm as follows

1 ~lloo < 1+ (w0, J) -
Then in a finite time t; = t1(f), the solution satisfies u(x,t1) > —1 for all z € RV.

Proof. By our assumptions, for all z we have f(z) > —1 — k(vg, J). Then for any x € Bp,

J 5 v(z,0) =Amew—yM@ﬁMy+AKmJ®—yW@ﬁMy

> afvo, ) — BC)lo-(0) |1 gy > 0.

Thanks to (6.70)), for the points x ¢ Bpr, we have vg(z) = 0 and also v(x,t) = 0 for any time
t > 0 (though we may —and will— have mushy regions, {|v| < 1}, outside Bpr of course).
Thanks to the continuity of u (and v), the following time is well-defined:

to :=sup{t > 0:Jxv(z,t) >0 for any z € B} > 0.
This implies that
uy > —v, in Bg x (0,t),

so that
at1)+ = X{v>0}atu > —UX{v>0} = —VU+ in Bp X (O,t()).

Hence, in Br x (0,tp), v4+ enjoys the following retention property:
vy (x,t) > e tuy(2,0), Vt € [0,1p). (6.73)

This implies in particular that if v(z,0) is positive at some point, v(z,t) remains positive at
this point at least until ¢g.

Now, let us estimate tg. First we use , and then Corollary which gives the
L'-contraction property for v_. Thus, for any € B and t € (0,tp), we have

J % vo(z,1) z/ ﬂxww%mw+/’ J(@ — y)o(y. H)dy
{v>0} {v<0}

e_t Tr—y)v — v_ 1N
> Awmj( y)o(y, 0)dy — B(T)[o— (&)l 1 ey
> a(vo, Dt — B [o— (0)]] 1 vy

So, if we take n reaching the max of ¢(n) = k and set

. a(vg, J)
ti(n) =1 <77+ﬂ(J)||v(0)HL1(RN)> ’

then for any t € (0,t1), we have a(vo, J)e™ = B(J)|[v—(0)|| 11 gay > 1 > 0. This proves that
to > 1.

161



Since vy has the retention property in (0,%p), the points in
Ct:={z cRY :v(z,0) > 0}
remain in this set at least until ¢y. Then, for any x € C~ := {z € RY : v(x,0) < 0}, we define
t(z) :=sup{t > 0:v(x,t) <0}.

If ¢(x) = 0, this means that v(z,t) becomes positive immediately and will remain as such at
least until ¢; so we do not need to consider such points. We are left with assuming t(x) > 0 (or
infinite). Then if ¢(z) > 0, we shall prove that ¢(x) < t; by contradiction: let us assume that
t(x) > t1 and let us come back to the previous estimate. We then have, for any ¢ € (0,¢1):

ur(z,t) = J xv(z,t) —v(z,t) > Jxv(z,t) >n>0.
Thus, integrating the equation in time at = yields
u(z,t) > —1—k(vo, J) +n-t, Vtel0,t1].

By our choice we have precisely x(vg, J) = ¢(n) = n - t1(n). Therefore, at least for t = t1, we
have

u(z,t1) > =1 —k(vo, J) +n-t1 > —1,

which is a contradiction with the fact that ¢(z) > ¢;. Hence ¢(z) < t;, which means that at
such points, the solution becomes equal to or above level —1 before t;.

So, combining everything, we have finally obtained that for any point z € RY, wu(x,t)
becomes greater than or equal to —1 before the time ¢;, which ends the proof. O

Remark 6.4.4. Hypothesis (6.71) expresses that for any x € Bpg, there is some positive
contribution in the convolution with the positive part of vg. So, this implies that at least the
following condition on the intersection of the supports should hold:

Vo € Br, (x+ Bg,(0)) Nsupp ((vo)+) #0.

Actually, if the radius Ry is big enough to contain all the support of vy this is satisfied. But
even if it is not so big, and there are positive values of vy which spread in many directions,
this condition can be satisfied.

Then, s a condition on the negative part, which should not be too big so that all the
possible points such that v(x,0) < 0 will enter into the positive set for v in finite time. The
exact control is a miz between the mass and the infinite norm of the various quantities.
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Appendix A: LP-spaces

In this appendix we enumerate several well known results for the LP-spaces: Holder’s
inequality and Minkowski’s inequality; the Monotone Convergence Theorem and the Domi-
nated Convergence Theorem; Fubini’s Theorem and Lusin’s Theorem. These notes have been

written following [46].

Let (2, ) be a measure space where p is an outer regular Borel measure in ) that
associates a finite positive measure to the balls of €2, we give below the results that are used

throughout this work.

Theorem 6.4.5. For 1 < p < oo, if p and p’ satisfy 1/p+ 1/p' =1, and if f € LP(Q) and
g€ LP(Q), then fg € LY(Q), and

1/p . 1/p
[ \rglan < ( / Iflpdu> ( Lo du) (6.74)
1/p 1/p ) 1/p’
( / !f+g\pdu> < ( / !f!pdu) . ( [ ot du) (6.75)

The inequility (6.74) is Holder’s inequality and (6.75|) is Minkowski’s inequality.

and

Let p be a positive measure then we have the following Convergence results.

Theorem 6.4.6. (Monotone Convergence Theorem): Let {f,}.en be a sequence of
measurable functions in Q, and assume that

1.0< fi<fo<--- <00,
2. fn— f asn — oo.

Then f is measurable, and

/fndu%/fd,u as mn — oo.
Q Q

Theorem 6.4.7. (Dominated Convergence Theorem): Suppose {f,}nen is a sequence
of measurable functions in 0 such that

f= lim f,.

n—oo
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If there exists a function g € L'(Q) such that

fn<g, Yn=12,...,
then f € L1(Q)

Jan [ 1f = fldn =0,

i [ [fuldn = [ |fldn

APPROXIMATION BY CONTINUOUS FUNCTIONS: Let (€2, i1, d) be a metric measure space, like
in Definition Under these circumstances, we have the following theorems:

and

Theorem 6.4.8. (Lusin’s Theorem): For 1 <p < oo,
o C.(R) is dense in LP(Q).
o C.() is dense in Cp(2).

Theorem 6.4.9. (Fubini’s Theorem): Let (1, 11) and (Q2, p2) be o-finite measure spaces,
and let f be a p1 X po-measurable function on 21 x Qo. If 0 < f < o0, and if
p(r) = A [, y)dpa(y), () = A f@,y)dp(z), © €, ye
2 1
then o s p1-measurable and i is pa- measurable, and
[e@dn@) = [ fepdn@ duw = [b0dnw. e ye .
Ql Ql XQQ 92
Theorem 6.4.10. (Dual Space of LP(Q)): Suppose 1 < p < o0, p is a o-finite positive
measure on S, and ® is a bounded linear functional on LP()). For p and p' satisfying 1/p +
1/p =1 there is a unique g € L’ (Q), such that

o(f) = [ fadn. 1@, (6.76)
Moreover, if ® and g are related as in , we have
11 = 9] .

In other words, LV (Q) is isometrically isomorphic to the dual space of LP(2), under the stated

conditions.

Theorem 6.4.11. (Dual Space of Cy(f2)): If Q is a locally compact Hausdorff space, then
every bounded linear functional on ® on Cy(Q)) is represented by a unique regular measure pu,

satisfying the properties in Definition|1.1.5, in the sense that

Mﬁzéﬂm VS € Co(9). (6.77)
Moreover, the norm of ® is the total variation of u
@I = |1l(€2).

Since C,(2) is a dense subspace of Cy(€2), relative to the supremum norm, every bounded
linear functional on C.(Q2) has a unique extension to a bounded linear functional on Cy(€2).
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Appendix B: Nemitcky operators

In this appendix we analyze some properties of the Nemitcky operators associated to the
nonlinear terms f.

Let us start introduce some definitions.

Definition 6.4.12. Let X = LP(Q2), with 1 < p < o0, or X = Cy(N?), the Nemitcky operator
associated to f : Q x R — R, that sends (x,u) to f(z,u) is defined as an operator

F:X — X, such that F(u)(z)= f(z,u(x)),
foru:Q —R.

Definition 6.4.13. Let X = LP(Q2), with 1 < p < oo, or X = Cp(Q2) be an ordered Banach
space. An operator F € L(X, X) is increasing if given wy, wo € Y such that wy > wo then
F(wl) Z F(WQ).

In the Lemma below, we give a relation between the properties of the function f and its
associated Nemitcky operator, F', and properties of globally Lipschitz functions f.

Lemma 6.4.14. Let X = LP(Q), with 1 <p < oo or X = Cy(N), and let F: X — X be the
Nemitcky operator associated to the function f: Q x R — R, that maps (x, s) into f(x,s):

i. if f is increasing respect the variable s € R, uniformly with respect to x € 1, then F is

INCTEasing;

1. if f is globally Lipschitz in the variable s € R, uniformly with respect to x € €0, then F
1s globally Lipschitz;

3. if f is globally Lipschitz in the variable s € R, uniformly with respect to x € Q, then for
a constant 3 > Ly, where Ly is the Lipchitz constant of f, f(x,s) + (s is increasing,

i.e.,

for all s, t € R such that s >t, f(x,s) + s > f(z,t) + pft, Vae€Q.

Proof.
1. Since f is increasing in the second variable, we have that

f(z,s) — f(x,t) >0, for s, t € Rsuch that s> ¢, and for all z € Q.
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Consider now u, v € X, with u > v, then
F(u)(z) — F(v)(x) = f(z,u(x)) — f(z,v(z)) >0, forall xe .

Thus, F' is increasing.

it. Since f is globally Lipschitz, there exists a constant Ly € R such that for s, t € R, it
is satisfied that
|f(x,s) = f(z,t)] < Lgls —t|, Vo e

We prove first that F' is globally Lipschitz in X = LP(Q), for 1 < p < oo. Let u, v € LP(Q)
then

1/p
1F() — F0) iy = ( [ 1@ - F<v><x>|pd:c)
1/p
- ( (@, u(2) — f<x,v<m>>|pdx)
Q

< ([ Bute) —veypas)

= Ly|lu — v o)
Thus, F' is globally Lipschitz in LP(£2), with 1 < p < occ.
Let us prove it now for X = L>*(2) or X = Cp(Q?). Let u, v € X then
[F(u) = F(v)llx = Sup |F(u)(x) — F(v)(z)]
= sup |f (2, u(x)) — f(z,v(x))|
Te
< sup Ly [u(z) — v(a)|
z€eQ
= Lyllu—vlx.

Thus, F' is globally Lipschitz in X.
iti. Since f is globally Lipschitz, we have that |f(z,s) — f(x,t)| < Ly¢|s—t|, then for s > ¢
—Lf(S—t) < f(st) - f($7t) < Lf(s_t)
If we choose 3 > Ly, then we obtain the result. We prove that for s > ¢

(f(z,s) + Bs) = (f(x,t) + 8t) = f(x,s) = fz,t) + B(s — 1)
—Lf(s — t) —|—5(8 — t)
(,B—Lf)(s—t) ZO.

Hence, f(x,s) + (s is increasing. O

v

DIFFERENTIABILITY OF THE NEMITCKY OPERATOR: We say that a Nemitcky operator
F : LP(Q) — L1(Q) is differentiable at ug € LP(Q) if there exists a continuous linear map
DF(ug) : LP(Q) — L%(Q) so that

1 (u) = F(uo) = DF (uo)(u — uo)llLag) = o([lu — uollro(e)),  as u— uo. (6.78)
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In this case DF(ug) is called the Frechet derivative at a. The map is continuously differen-
tiable on an open set U C LP(Q) if it is differentiable at each point of U and the mapping
u+— DF(u) defined in U — L(LP(Q), L1(2)) is continuous.

In the following Lemma we prove that if f is not an affine function and it is Lipschitz then
F: L1(Q)) — LP(R) is differentiable if ¢ > p, but F': LP(Q2) — LP(2) is not differentiable.
Lemma 6.4.15. Let (2, 1) be a measure space with u(€)) < oo.

(i) If f : R — R is Lipschitz with f € C2(R), and f, f' and f" bounded then for q > p,
F : L9(Q) — LP(Q) is differentiable, and in fact, F € CY9(L9(Q), LP(Q)), for 6 =

min 3 1, %— 1¢ and
DF(u)v = f'(u)v. (6.79)
(i) If f : R — R not an affine function and it is Lipschitz, then F : LP(2) — LP(Q2) is not
differentiable.
Proof.

i. Let us prove that DF(u) defined as

DF(u): LU(Q) — LP(Q)

v —  fl(u)

with u, h € L4(Q), is the Frechet derivative, i.e., DF(u) satisfies (6.78)).
Thanks to the Mean Value Theorem, there exists £ € L4(2) such that

IF(u+h) = Fu) = f'(w) (M)l o) = [1(F/(€) = f'(w) Al Lo (e) (6.80)

Since f’is bounded, then |f'(£) — f'(u)| < 2C, and by the Mean Value Theorem | f/(£) — f/(u)| <
C|¢ — u] < C|h|. Then, for any 0 <0 <1

£1(€) = ' (u)] "©) = F@E©) = £

= |
< (20)0C0n)? (6.81)

Hence, from (6.80) and (6.81)
1Pt )~ F(u) — @) |zs(e) < CIR ey = CIRIE
Hence, if ¢ > p(1+6) and 0 < 6 < min{1, 1 — 1}, then

|F(u+h) = Fu) = f'(w)(W)] e
1]l Lo

— 0, as [|hl|La@) — 0.

Therefore, DF (u)v = f’(u)v is the Frechet derivative that satisfies (6.78]).
Let us see now that F' € C19(L(Q), LP(Q)). Thanks to Holder’s inequality

|DF(u) — DE()|lz(ra(),cr)) = sup £ (w)w = f'(v)wl| o)
weL(€),lull =1

< (1 (w) = f' ()l (@),
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where r = qp L. Moreover, thanks to , we have that for any 0 <0 <1
1 (w) = @)l r() < Cll(u = )|l Lr) = Cllu = vl|for ) < Cllu = 0] Fa(ay-

for ¢ > r6, then ¢ > p(1 4 6). Thus, the result.

1. First, we will prove that F' is not differentiable at 0. On one hand, since f is not an
affine function, given § > 0 there exists a € R such that

|f(a) = £(0) = f(0)a| = 4. (6.82)
We define h as
a, if r€ A
h(z) ={ 0. if e Q”\ A, (6.83)

where A, C € is a set such that p(A,) > 0 and p(A,) — 0 as p — 0. We have that
1
[llzn(@) = apn(Ap)'". then 1] 1oy — 0 8 p — 0.

On the other hand, from part 4., we know that if ¢ > p then F : L1(Q) — LP(Q)
is differentiable and DF(0)v = f’(0)v. Moreover, i : L1(Q) — LP(Q) is continuous then
F =Foi:LP(Q) — LP(Q), and for any v € LP(2), DF(0)v = (DF(0) o i)v. Hence, if F is
differentiable at 0, from (6.79)), we have that for any v € LP(Q),

DF(0)v = f'(0)v.

Let us prove that F' is not differentiability at 0. We argue by If F' was differentiable at 0,
then we have is satisfied

|1F'(h) — F(0) — DF(0)A|7, / £ (h £(0) = f/(0)h(x)[Pda.
For h as in , we have that
IF ()~ F(0) = DEOh) = [ 15(@) = £0) = £/ (0)aPda

P

Thanks to (6.82),

|F(h) = F(0) = DF(O)hI, ) = &"(A)
LI (6.84)
= EHhHLP(Q)

Since ¢ in is strictly positive, we do not have that || F'(h)—F(0)—D F(O)h||ip(9)/||h|]ip(9)
goes to 0 as ||hHLp goes to 0. Hence, F' is not differentiable at 0.

Now, we will prove that F' : LP(Q) — LP(Q) is not differentiable at any function v € LP(().
Since f is not affine, given § > 0, for all s € R there exists ¢t € R such that

[F(8) = f(s) = f'(s)(t = )| > 6,

then given 6 > 0, for every x € Q and u(x) = s € R, there exists b(z) = ¢ such that
|F(0(x)) = f(u(@)) = ['(u(x)) (b(z) — u(@))| > 0. (6.85)
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Since u € LP(Q), for b constructed as above, there exists a set A, C Q such that p(A,) >0
and p(A,) — 0 as p — 0, such that [[b — ul|fe(4,) < oo. Let us prove this by contradiction,
if there is no set A, with positive measure where ||b — u||peo(4,) < 00, then b —u = oo for
almost every = € Q. This contradicts the fact that v € LP(Q).

Now, we define

) b)) —u(x), if zeA
Mz) = { 0, e\ A, (6.86)

with ||| oy < IIb = ull g a,)2(Ap) 7, then B Logey — 0 as p — 0.
On the other hand, if F is differentiable at v € LP(2), arguing as above for zero, we would
have that for any v € LP(Q),

DF(u)v = f'(u)v.

Let us see now, if the definition of differentiability at u is satisfied for h as in ([6.86)),

| (h +u) = F(u) = DF(u)h|},q) = /A |[F(b(2) = flu(@)) = f'(u(@)) (b(x) — u())|"dz,

p

thanks to (6.85)),
IF(h+u) = F(u) = DF(whl},q) > 5%(«43;2
» (6.87)
2ol o)
P

Since 6 in (6.82)) is strictly positive, we do not have that
|F(h+u) — F(u) = DE @RI /I

goes to 0 as ||k zr(q) goes to 0. O
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