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Abstract: Recent developments in modeling and analysis of nanostructures are illustrated and
discussed in this paper. Starting with the early theories of nonlocal elastic continua, a thorough
investigation of continuum nano-mechanics is provided. Two-phase local/nonlocal models are
shown as possible theories to recover consistency of the strain-driven purely integral theory, provided
that the mixture parameter is not vanishing. Ground-breaking nonlocal methodologies based on
the well-posed stress-driven formulation are shown and commented upon as effective strategies
to capture scale-dependent mechanical behaviors. Static and dynamic problems of nanostructures
are investigated, ranging from higher-order and curved nanobeams to nanoplates. Geometrically
nonlinear problems of small-scale inflected structures undergoing large configuration changes are
addressed in the framework of integral elasticity. Nonlocal methodologies for modeling and analysis
of structural assemblages as well as of nanobeams laying on nanofoundations are illustrated along
with benchmark applicative examples.
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1. Introduction

According to traditional ideas in continuum mechanics, constitutive equations are
those intrinsic relations providing response variables at a material point of a continuum as
functions of variables assessed at the same point. Thus, classical constitutive laws support
the axiom of local action, stating that response variables at a material point are not affected
by the state of the continuum at distant material points. However, in determining the
application field of local continuum mechanics, notion of length scale plays a crucial role.
Indeed, if a continuum’s external characteristic length (i.e., its structural dimension or
wavelength) is significantly greater than its internal characteristic length (its interatomic
distance or the size of its heterogeneities), then classical constitutive laws can accurately
predict the outcome. In contrast, local theories are unable to capture the effective mechanical
behavior if the external and internal characteristic lengths are comparable, and nonlocality
thus becomes necessary to account for long-range interaction forces. According to nonlocal
continuum field theories, constitutive response at a material point of a continuum depends
on the state of all points and is thus characterized by response functionals [1,2].

Nowadays, modeling and optimization of smaller and smaller smart devices represent
one of the most promising fields of application of nonlocal continuum mechanics due to the
growing interest in nanoscience and nanotechnology. The development of mathematical
tools able to capture size effects in small-scale structures has been pushed by the increasing
attention to miniaturized electromechanical devices, with several potential applications
in engineering science. In this regard, the main purpose consists of conceiving effective
and computationally efficient methodologies to model size-dependent behavior and design
small-scale structures exploiting unconventional tools provided by nonlocal continuum
mechanics, rather than time-consuming atomistic approaches [3–5].
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From the mathematical point of view, nonlocal theories provide enriched constitutive
laws that are not pointwise and in which long distance interactions are described by
internal characteristic lengths. In [6,7], Eringen developed one of the first theories of
nonlocal integral elasticity, according to which stress is the convolution integral between
the elastic strain field and a proper averaging kernel governed by an internal characteristic
length. Such an integral theory is thus referred to as a strain-driven nonlocal theory, as
proposed in [8]. Eringen’s constitutive law has been efficiently adopted to solve screw
dislocation and surface wave problems, but it turned out to be inconsistent when applied to
structural problems due to an incompatibility between the constitutive law and equilibrium
condition. Application of the strain-driven nonlocal model to structural mechanics led to
alleged paradoxical results, as detected in [9,10] and definitely clarified by [11].

In order to address the issues related to the strain-driven nonlocal theory, several
formulations have been conceived in recent years. Among these improved elasticity
formulations, two-phase (local and nonlocal) mixture models stand out as a useful tool to
overcome the ill-posedness of Eringen’s theory and effectively capture scale-dependent
mechanical behaviors. A two-phase model based on a convex combination of local and
strain-driven integral responses was first proposed by Eringen in [12,13]. The mixture
theory of elasticity was then restored in [14,15] to formulate well-posed structural problems,
assuming that the local fraction of the two-phase law was not vanishing [11]. An alternative
mixture theory to bypass difficulties of the strain-driven purely nonlocal law was proposed
in [16], namely the strain difference-based nonlocal model of elasticity.

To account for scale effects in nanostructures, other possible theories assume that
constitutive responses depend on both elastic strain fields and higher-order gradient
strain fields. Eringen’s differential law and the strain gradient model of elasticity were
interestingly combined by Aifantis in [17–19]. Lim et al. coupled Eringen’s nonlocal law
with the strain gradient elasticity [20] to address wave propagation problems in unbounded
domains, leading to a higher-order differential constitutive equation. In the framework of
structural mechanics, the necessity of constitutive boundary conditions associated with the
differential formulation of nonlocal gradient elasticity was inferred by Barretta and Marotti
de Sciarra in [21,22], where the relevant differential constitutive problem was definitely
established. The theory of elastic material surfaces conceived by Gurtin and Murdoch
in [23] is another important tool for the modeling of nano-mechanical behaviors. In this
framework, a combination of nonlocal integral elasticity and surface elasticity was recently
provided in [24] to assess the size-dependent mechanics of nanostructures. Nonlocal
mathematical models have also been proposed to capture non-conventional phenomena,
such as electric polarization in ferroelectric materials [25], and to address diffusion problems
in heterogeneous structures [26].

A total remedy to the issues related to the strain-driven nonlocal elasticity was def-
initely overcome by the stress-driven integral formulation conceived by Romano and
Barretta in [27]. According to this theory, size-dependent mechanical behaviors can be
modeled by a new nonlocal elastic law based on a stress-driven formulation that provides
a consistent approach inside the integral elasticity framework. The nonlocal elastic strain
field at a point of a continuum is given as convolution integral between the local elastic
strain and a scalar averaging kernel. The relevant continuum problem is well posed, and
size effects due to long range interactions can be effectively captured [28–31]. In [32],
the stress-driven nonlocal elasticity was generalized to a two-phase (local/nonlocal) model
that is able to capture both softening and stiffening elastic responses. Moreover, the mixture
methodology based on the stress-driven approach is well posed for any local fraction.
This theory has been successfully applied in recent contributions, such as in [33–35].

Nowadays, growing attention is being paid to modeling and design of ultra-small
structural systems exploiting consistent methodologies of nonlocal continuum mechanics.
A review on the topic was contributed in [36], in which nano-mechanical behavior is
investigated by means of strain-driven-based formulations of nonlocal elasticity. A brief
overview can be found in [37], where a collection of works concerning applications of
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nonlocal theories is provided with a main reference to stress-driven formulations. In
the present treatment, a comprehensive overview of new developments and outcomes in
the framework of nonlocal continuum mechanics applied to nanostructures is provided.
Starting from early formulations of nonlocal mechanics, recent theories of integral elasticity
are illustrated and exploited to solve challenging problems of current nanotechnological
interest. Innovative nonlocal methodologies to solve complex nanosystems are illustrated.
A consistent approach to model nanobeams on nonlocal foundations is finally examined.

2. Eringen’s Theory of Integral Elasticity

Pioneering works on nonlocal continuum mechanics were first contributed during
the 20th century by Rogula [1,38], Kröner [2], Krumhansl [39] and Kunin [40]. Then,
Eringen conceived an integral model of elasticity which was effectively applied to solve
Rayleigh wave propagation and screw dislocation problems [6,7]. With reference to a
three-dimensional continuum, Eringen’s formulation is based on the idea that stress σ at a
point x is output of a convolution integral between the elastic response to the local strain
field εel and a proper attenuation function φλ described by a characteristic parameter λ > 0.
Id est,

σ(x) =
∫

Ω
φλ(x− x̄)E(x̄)εel(x̄) dΩx̄ , (1)

where E is the local elastic stiffness tensor field and x and x̄ are position vectors.
The constitutive law in Equation (1) is referred to as strain-driven model since εel is the
source field, and specifically, it represents a Fredholm integral equation of the first kind in
the unknown elastic strain field. The symbol Ω adopted in Equation (1) denotes the actual
body placement, and dΩx̄ denotes that integration over Ω is performed with respect to the
variable x̄.

In order to formulate the relevant nonlocal elastic problem of equilibrium, the stress
field σ must satisfy the equilibrium differential equation, and the total strain field ε, which
is the sum of the elastic εel and non-elastic εnel strain fields, must fulfill the kinematic com-
patibility requirement. Hence, the integro-differential formulation based on Equation (1) is
obtained as follows: 

div σ(x) = −b(x) ,

σ(x) =
∫

Ω
φλ(x− x̄)E(x̄)εel(x̄) dΩx̄ ,

ε(x) = sym∇u(x) ,

(2)

where x ∈ Ω, u is the displacement field and b represents the body forces. It is worth
noting that when formulating structural problems of nonlocal continua, equilibrium and
kinematics do not depend on the scale under consideration. Indeed, it only affects the
constitutive law that must properly account for the size effects. The averaging kernel φλ

appearing in the integral constitutive law in Equation (1) is a scalar attenuation function
described by a non-dimensional parameter λ > 0. Its physical dimension is [ L−3], and the
nonlocal parameter is defined as the ratio between the internal and external characteristic
lengths. Moreover, the classical constitutive law of local elasticity can be recovered from
Equation (1) for λ→ 0+ at the internal points of Ω. A comprehensive analysis of the limit
behaviors can be found in [41].

Let us start by applying Eringen’s integral law to a one-dimensional model.
Specifically, let us consider a Bernoulli–Euler beam of length L and take the abscissa
x along the beam axis. By denoting with M the bending interaction field and with χel

the elastic flexural curvature field, application of Eringen’s theory leads to the following
nonlocal elastic constitutive relation [42], id est
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M(x) =
∫ L

0
φλ(x− x̄) (k f χel)(x̄)dx̄ , (3)

where k f := IE is the local elastic bending stiffness, (i.e., the second moment of the Euler–
Young modulus field E on the beam cross-section). It is worth noting that the unknown
elastic curvature is implicitly defined by Equation (3), since it is input of Eringen’s convolu-
tion integral. As will be discussed in the following, solution of the integral Equation (3) in
terms of elastic flexural curvature χel may not exist for an assigned output, provided by
the bending interaction field fulfilling differential and boundary conditions of equilibrium.

2.1. Averaging Kernel and Green’s Function

The attenuation kernel φλ can be chosen among Gaussian, exponential or power
law function types. As suggested in [7], proper averaging kernels are represented by the
Helmholtz bi-exponential function:

φλ(x) =
1
2c

exp
(
− |x|

c

)
, (4)

and by the normal distribution:

φerr
λ (x) =

1
c
√

π
exp

(
− x2

c2

)
, (5)

where λ is defined as the ratio
c
L

, being c the internal characteristic length. Since the
choice of different kernels leads to technically coincidental results [43], adoption of the
bi-exponential function in Equation (4), as proposed by Eringen in [7], does not affect
the generality but is more convenient from a theoretical and computational point of view.
Indeed, the averaging function in Equation (4) is also called special kernel since it satisfies
peculiar properties [11] that enable inversion of the constitutive integral equation.

Notably, the Helmholtz kernel φλ : < → [0,+∞[ satisfies the following properties on
the real axis:

• Symmetry and positivity

φλ(x− x̄) = φλ(x̄− x) ≥ 0 (6)

• Normalization ∫ +∞

−∞
φλ(x) dx = 1 (7)

• Limit impulsivity

lim
λ→0+

∫ +∞

−∞
φλ(x− x̄) f (x̄)dx̄ = f (x) (8)

for any continuous function f : < → <.

As proven in [27], the following proposition holds:

Proposition 1. The Helmholtz kernel φλ is Green’s function associated with the differential
operator 1− c2 ∂2

x and satisfying the boundary conditions
∂xφλ(0) =

1
c

φλ(0) ,

∂xφλ(L) = −1
c

φλ(L) ,
(9)

where symbol ∂x in Equation (9) denotes derivative along the x axis. For decreasing
values of λ, the kernel’s support reduces, and the peak of the function increases while, for
increasing λ values, more and more abscissae of the domain are involved in the convolution
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integral, thus increasing the propagation of long-range interactions. It is worth noting that
the limit impulsivity property in Equation (8) is defined on the real axis. For bounded
domains (e.g., the interval [a, b] with a, b ∈ <), the property can be reformulated as shown
below. First, let us introduce the following function:

Θ(x) =

{
1, x ∈ ]a, b[ ,
1/2, x = {a, b} .

(10)

Then, the impulsivity property in a bounded domain can be rewritten as

lim
λ→0+

∫ b

a
φλ(x− x̄) f (x̄)dx̄ = Θ(x) f (x) (11)

for any continuous real scalar function f . Equation (11) states that the Helmholtz function
for λ → 0+ is the Dirac delta or the halved Dirac delta if the abscissa of evaluation is
internal or external to the domain [11]; that is, for x ∈]a, b[, in the limit, the source field
f (x) is found as the output of the convolution integral, while for x = {a, b}, we find the
halved response f (x)/2. This boundary effect is caused by the fact that the kernel’s support
exceeds the structural domain at the exterior boundary. Therefore, in the limit for λ→ 0+,
the local constitutive law of elasticity is recovered at the interior abscissae.

As stated before, the Helmholtz function φλ satisfies the peculiar properties that enable
inversion of the integral law to obtain an equivalent differential problem of Eringen’s model
in Equation (3), which is expressed by the following proposition:

Proposition 2. For any λ > 0, the integral constitutive law

M(x) =
∫ b

a
φλ(x− x̄) (k f χel)(x̄)dx̄ (12)

equipped with the bi-exponential kernel in Equation (4) admits either a unique solution or no
solution at all, depending on whether or not the following constitutive boundary conditions are
satisfied by the equilibrated bending interaction field

∂x M(a) =
1
c

M(a) ,

∂x M(b) = −1
c

M(b) .
(13)

If Equation (13) is fulfilled by the equilibrated bending interaction field, then the unique
solution χel is obtained from the second order differential equation

M(x)− c2 ∂2
x M(x) = k f (x) χel(x) . (14)

Therefore, an equivalent differential problem is provided to explicitly find the un-
known field χel . Moreover, the differential formulation represents a direct tool to detect
if the Fredholm integral equation of the first kind represented by Equation (12) admits
solution for an assigned output field M fulfilling the equilibrium requirements. Indeed,
a unique elastic curvature χel can be found if and only if the constitutive boundary condi-
tions in Equation (13) are fulfilled by the equilibrated bending interaction field. Otherwise,
no solution exists.

Several scientific contributions have been proposed by adopting the constitutive
differential law in Equation (14) without prescription of constitutive boundary conditions
in Equation (13), whose necessity was first inferred in [42,44]. Paradoxical cases have
been detected by applying Eringen’s differential law to structural problems. The question
has been definitely clarified in [45], where inconsistency of the strain-driven nonlocal
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formulation was shown. The constitutive boundary conditions in Equation (13) indeed
relate the bending and shearing interaction fields at the boundary for any value of the
characteristic length, and thus they are, in general, in contrast with the natural boundary
conditions. Thus, there is a lack of solution existence due to the fact that the integral
constitutive law is incompatible with equilibrium requirements.

2.2. The Alleged Paradox of the Nonlocal Elastic Cantilever

Eringen’s differential law in Equation (14) has been widely applied to structural prob-
lems, disregarding the prescription of boundary conditions in Equation (13). Accordingly,
application of Eringen’s differential model to small-scale cantilevers under concentrated
loading at the free end led to an alleged paradoxical case, as first detected by Peddieson
in [9] and then by Challamel in [10]. After the discussions provided in [42,44], explanation
of the paradoxical results was finally proposed in [45]. The alleged paradoxical case is
discussed here. For the structural problem under consideration, the bending interaction
field is univocally determined by differential and boundary conditions of equilibrium; that
is, M(x) = F (L− x). By applying Eringen’s differential law in Equation (14), we obtain

M(x) = k f (x) χel(x) , (15)

that is, the nonlocal constitutive model collapses into the local law, and accordingly, no
size effects arise. Moreover, accounting for Equation (15) in the strain-driven convolution
integral in Equation (12) leads to

M(x) =
∫ L

0
φλ(x− x̄)F (L− x̄)dx̄ . (16)

The output of Equation (16) provides the following bending interaction that is a
nonlinear field:

M(x) =
1
2
F L

(
λ exp

(
x− L

c

)
− (1 + λ) exp

(
− x

c

)
+ 2
(

1− x
L

))
(17)

which does not fulfill the differential and boundary conditions of equilibrium. Such a
result has been considered a paradoxical case, but the proper interpretation is that the
strain-driven integral law does not have solution. Indeed, according to Proposition 2,
the equilibrated bending interaction field cannot fulfill the constitutive boundary conditions
shown below: −F =

1
c
F L ,

−F = 0 .
(18)

As emerged from Equation (18), the boundary conditions can be satisfied only for a
vanishing applied concentrated loading that is of no applicative interest. Therefore, the rel-
evant nonlocal problem is ill-posed due to the incompatibility between the constitutive law
and equilibrium conditions.

Figures 1–3 represent the bending and shearing interactions fields and the emerging
loading fields, respectively, revealing that the equilibrium requirements are clearly violated.
This pathological behavior concerns all nonlocal structural problems of applicative interest,
as shown in [45].
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Figure 1. Bending interaction field as function of λ.
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Figure 2. Shearing interaction field as function of λ.
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Figure 3. Emerging loading field as function of λ.

3. Strain-Driven Nonlocal Methodologies

To overcome the issues emerging from the application of the strain-driven model,
a mixture model of elasticity was proposed by Eringen in [12] and then restored in [14,15].
Eringen’s two-phase model was proposed in [46] for buckling analysis of slender beams,
free vibration analyses of Euler–Bernoulli curved beams have been performed in [47],
post-buckling of viscoelastic nanobeams has been analysed in [48], bending problem of
two-phase elastic structures has been addressed in [49], mixture nonlocal integral theories
have been adopted in [50] for functionally graded Timoshenko beams.

With reference to an inflected beam, Eringen’s two-phase theory expresses the bending
interaction field as a convex combination of the local and nonlocal responses by means
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of a mixture parameter. Since the mixture model is a two-parameter theory, it provides
a generalization of the purely strain-driven nonlocal model and thus is able to capture
the size-dependent behavior of a wide class of applications. According to the two-phase
strain-driven theory, the bending interaction field M is a convex combination of the local
response s := k f χel and the convolution integral between the local source field s and the
attenuation function φλ, id est

M(x) = α s(x) + (1− α)
∫ L

0
φλ(x− ξ) s(ξ) dξ , (19)

where α is the mixture parameter 0 ≤ α ≤ 1 and λ > 0 is the nonlocal parameter
describing the averaging kernel. For α = 0, the purely nonlocal response is got M(x) =∫ L

0
φλ(x− ξ)

(
k f χel)(ξ) dξ while for α = 1, the local case M = k f χel is recovered. It is

worth noting that Equation (19) represents a Fredholm integral equation of the second kind
in the unknown source field s (see [51,52]).

If the special kernel is adopted, then an equivalent differential problem can be de-
rived [11]:

M(x)
c2 − ∂2

x M(x) =
(k f χel)(x)

c2 − α ∂2
x(k f χel)(x) , (20)


∂x M(0)− 1

c
M(0) = α

(
∂x(k f χel)(0)−

(k f χel)(0)
c

)
,

∂x M(L) +
1
c

M(L) = α

(
∂x(k f χel)(L) +

(k f χel)(L)
c

)
.

(21)

The strain-driven two-phase model provides a well-posed structural problem only for
a strictly positive mixture parameter α > 0, while for α = 0, the purely integral Eringen’s
law is recovered.

An alternative theory to bypass the ill-posedness of the strain-driven fully integral
formulation was proposed in [16], namely the strain difference-based nonlocal elasticity
model. This constitutive theory was conceived on the basis of the so-called “locality re-
covery condition”; that is, the nonlocal stress response is required to be uniform if the
source local strain is uniform. A critical analysis of locality recovery can be found in [53].
Fulfillment of the above-mentioned requirement leads to the following constitutive lo-
cal/nonlocal integral law:

M(x) =
(

1− γ(x)
)
(k f χel)(x) +

∫ L

0
φλ(x− ξ) (k f χel)(ξ) dξ , (22)

where the function γ is defined as the integral of the attenuation kernel over the domain

(i.e., γ(x) :=
∫ L

0
φλ(x− ξ) dξ) such that Equation (22) can also be rewritten as follows:

M(x) = (k f χel)(x) +
∫ L

0
φλ(x− ξ)

(
(k f χel)(ξ)− (k f χel)(x)

)
dξ . (23)

The latter form clarifies the strain difference appellation given to this elasticity theory.
It is worth noting that for decreasing λ values, the function 1− γ(x) is vanishing in a
non-empty core domain such that the model tends to collapse into the purely nonlocal
strain-driven theory. A correction to this drawback was proposed in [54] by modifying
Equation (22) as follows:

M(x) = β(x) (k f χel)(x) +
∫ L

0
φλ(x− ξ) (k f χel)(ξ) dξ , (24)
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where β(x) := e + 1− γ(x) being e � 1 a constant corrective factor. Equation (24) still
represents a Fredholm integral equation of the second kind in the unknown field of the
elastic curvature.

Among the strain-driven nonlocal methodologies, a recent contribution was provided
in [55], in which the differential law in Equation (14) was reconsidered to predict the
size effects in small-scale beams. It is important to underline that the differential law,
without prescription of the constitutive boundary conditions, is not equivalent to Eringen’s
integral nonlocal theory. Thus, the differential model provided by Equation (14) represents a
local constitutive law of elasticity that differs from the classical one for the term −c2 ∂2

x M(x),
which accounts for size effects and can be rewritten as −c2 q(x) by exploiting the differential
equilibrium condition of the Bernoulli–Euler beam theory. Equation (14) can be rewritten as
M(x) = k f

(
χ(x)− χnel(x)

)
, where the term taking into account the size effects χnel(x) :=

− c2

k f
q(x) is interpreted as a fictitious non-elastic curvature. This latter term was modified

in [55] by including both reactive and active distributed and concentrated loadings, id est

χnel(x) := − c2

k f

(
q(x) +

n

∑
i=1
Fi δ(x− xi) + R0 δ(x) + RL δ(x− L)

)
(25)

where Fi is the ith concentrated force, R0, RL represents the reactive forces and n is
the number of concentrated loadings. The proposed differential model may not be able
to capture long-range interactions in general structural problems. An exemplar case is
provided by a simple cantilever under a concentrated couple, for which the fictitious
non-elastic curvature is zero and thus no size effects arise.

4. The Stress-Driven Nonlocal Model

To completely overcome the ill-posedness of strain-driven formulations, a consistent
theory was proposed in [27], obtained by swapping the roles of stress and elastic strain in
Equation (1) to find a stress-driven integral law which is not the inverse of the previous
one. The stress-driven methodology has been effectively applied to study the scale effects
in axisymmetric nanoplates [56], to investigate size-dependent bending problems [57],
to examine the buckling of nanobeams [58], to address vibration problems in nanorods [59],
to perform nonlinear dynamic analyses of functionally graded porous nanobeams [60],
to model carbon nanotubes conveying magnetic nanoflow [61] and to analyze the size-
dependent buckling problems of cracked micro- and nano-cantilevers [62].

With reference to a three-dimensional continuum, the stress-driven nonlocal model is
written as follows:

εel(x) =
∫

Ω
φλ(x− x̄)C(x̄)σ(x̄) dΩx̄ , (26)

where C := E−1 is the elastic compliance tensor field. The constitutive integral Equation (26)
explicitly expresses the elastic strain εel as a convolution integral between the averaging
kernel and the stress field σ. The stress field σ must satisfy the equilibrium requirements,
while the geometric strain field ε, sum of the elastic and non-elastic strain fields, must
fulfill the kinematic compatibility requirement.

Applied to a slender beam of length L := b− a, the integral law in Equation (26) is
written as follows:

χel(x) =
∫ b

a
φλ(x− x̄) (k−1

f M)(x̄)dx̄ , (27)

where k−1
f is the elastic flexural compliance. It is useful to note that according to the

strain-driven model in Equation (12), the bending interaction field is expressed as

M(x) =
(

φλ ∗ ( k f χel)

)
(x) , (28)
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where φλ ∗ is the linear convolution operator. Thus, the strain-driven law in Equation (28)
provides an implicit definition of the unknown elastic curvature field χel , and it represents
a Fredholm integral equation of the first kind, which is known to generally lead to no
solution at all or to multiple solutions. Conversely, in the stress-driven formulation, the
operator φλ ∗ is directly applied to the equilibrated bending interaction field to explicitly
find the nonlocal elastic curvature:

χel(x) =
(

φλ ∗ ( k−1
f M)

)
(x) . (29)

By virtue of the properties of the special kernel in Equation (4), the following equiv-
alence can be stated. The nonlocal elastic curvature found by the stress-driven convolu-
tion integral

χel(x) =
∫ b

a
φλ(x− x̄) (k−1

f M)(x̄)dx̄ (30)

provides the unique solution of the differential problem made of the second-order differen-
tial equation

χel(x)− c2 ∂2
xχel(x) = (k−1

f M)(x) , (31)

equipped with the constitutive boundary conditions
∂xχel(a) =

1
c

χel(a) ,

∂xχel(b) = −1
c

χel(b) .
(32)

The solution in terms of the elastic curvature is unique, since the corresponding
homogeneous differential problem admits only the trivial solution. According to the stress-
driven nonlocal model, the relevant structural problem is well-posed since no conflict arises
with equilibrium conditions. Moreover, there is no incompatibility with the kinematic
boundary conditions, since the constitutive boundary conditions in Equation (32) involve
only the elastic curvature field and its first derivative. This is a fundamental requirement
for a constitutive law, since it must be independent of the prescribed kinematic constraints.

A basic example is provided below concerning a doubly clamped beam under uni-
formly distributed loading whose size-dependent behavior is modeled by the stress-driven
nonlocal approach. Figure 4 shows the maximum transverse displacement adimensional-
ized with respect to the maximum local response versus the nonlocal parameter. The struc-
tural response exhibits a stiffening effect for increasing λ values, in agreement with the
outcomes collected in [63].
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Figure 4. Clamped beam’s maximum non-dimensional displacement versus nonlocal parameter.

This peculiar trend is due to the properties of the special kernel since the peak of the
attenuation function reduces for increasing nonlocal parameter values, causing a decrease in
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elastic flexural compliance, which has a predominant effect on the extension of the kernel’s
support. This feature is known as the “smaller-is-stiffer” phenomenon [64], characterizing
a huge class of problems in nanoengineering.

Nonlinear Mechanics of Nonlocal Elastic Beams

Recent achievements in the field of nonlocal elasticity concern the modeling of nanos-
tructures undergoing large configuration changes. Geometrically nonlinear analysis of
Timoshenko nanobeams based on the strain-driven approach was carried out in [65], the
nonlinear coupled mechanics of composite nanostructures were investigated in [66], the
nonlinear dynamics of carbon nanotube-based mass sensors were studied in [67], the non-
linear vibration response of nanobeams was detected in [68] by exploiting Eringen’s model,
nonlinear dynamic analyses of graphene sheets were carried out in [69], the geometrically
nonlinear bending problem of nanobeams was explored in [70], the nonlinear behaviors
in nonlocal elastic shells were modeled in [71], the post-buckling of nanotubes was ad-
dressed in [72], the nonlinear vibrations of microbeams were examined in [73], nonlinear
post-buckling analysis of functionally graded Timoshenko nonlocal beams was carried out
in [74], large deflection analysis of a nano-cantilever on a Winkler–Pasternak foundation
was performed in [75], and thermal buckling of piezomagnetic small-scale beams was
studied in [76].

In [77], the stress-driven nonlocal elasticity was efficiently applied to capture size
effects in small-scale beams undergoing large configuration changes. Based on the outcomes
contributed in [77], a consistent stress-driven methodology of integral elasticity is shown
in this section to address applicative problems of small-scale beams characterized by
geometrically nonlinear behaviors. For this purpose, let us consider a nonlocal elastic
cantilever of length L whose initial configuration is characterized by a null geometric
flexural curvature. The beam is subjected to a concentrated loading F at the free end [77],
and it is parameterized as r = {x(s), y(s)} = {x, y(x)}, where r is the position vector and
s ∈ [0, L] is the curvilinear abscissa. The field of the tangent unit vectors is obtained as
t := ∂sr, and its derivative ∂st is the curvature vector, whose modulus provides the exact
geometric curvature, id est

χ(x) =
∂2

xy(x)[
1 +

(
∂xy(x)

)2 ]3/2 , (33)

which is coincident with the elastic one, χ = χel , since inelastic effects are not considered.
Exploiting the stress-driven theory, the flexural curvature can be got as

χ(x) =
∫ l

0
φλ(x− ξ)

(
M
k f

)
(ξ) dξ , (34)

where l is the orthogonal projection of the end point along the x axis. In Equation (34),
M = F (l− x) is the linear bending interaction field satisfying the equilibrium requirements.
By making the change of variable z := ∂xy and integrating Equation (33), we obtain

G(x) =
∫ x

0
χ(η)dη , (35)

where the position G :=
z√

1 + z2
has been done and the boundary condition z(0) = 0 has

been prescribed. Taking into account G := ∂sy and |t| =
√(

∂sx
)2

+ G2 = 1, we finally
obtain the differential equation in the unknown function s(x), that is

∂xs(x) =
1√

1− G2(x)
, with s(0) = 0 . (36)
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Finally, the unknown length l is obtained by prescribing s(l) = L, and the current
beam configuration y(x) is got from

∂xy(x) =
G(x)√

1− G2(x)
, with y(0) = 0 . (37)

The nonlinear problem of nonlocal elastic equilibrium described above is solved
by performing an iterative solution procedure, which provides a generalization of the
contribution [78] to the framework of integral elasticity. Starting from a trial projection
length, l is updated at each step until the condition s(l) = L is satisfied. The beam length
is assumed to be L = 100 [µm] with a rectangular cross-section of height 5 [µm] and base
3.5 [µm]. The Euler–Young modulus is E = 80 [GPa]. Parametric analyses are performed
to investigate the influence of nonlocal parameter λ and applied force F . The results are
represented in Figure 5, showing that structural responses exhibited a stiffening behavior
for increasing λ values.
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Figure 5. Current configuration y [µm] of beam axis versus x [µm] for λ = {0.05, 0.10, 0.15, 0.20}.

5. A Nonlocal Methodology for Shear Deformation Beam Theories

The stress-driven integral elasticity can be exploited to capture size-dependent behav-
iors of nonlocal beams whose kinematics is modeled by adopting higher-order kinematic
theories [79–82]. By making reference to a three-dimensional Cauchy continuum shaped
as a right prism of length L with cross-section Ω, the following vector field describes the
kinematics according to the third-order theory [83,84]

u(x, y, z) =
[
− y ϕ(x)− a y3

(
w′(x)− ϕ(x)

)]
i + w(x)j (38)

where i is the unit vector directed along the x axis (the locus of the cross-sectional geo-
metric centroids), while the y and z axes define the cross-sectional plane and are identified
by the unit vectors j and k := i× j. In Equation (38), w(x) is the transverse displace-

ment field, and ϕ(x) is defined such that ϕ := −∂ux

∂y

∣∣∣∣
y=0

, while the coefficient a is

4/(3h2), where h is the maximum cross-sectional dimension along the y axis. Starting from
Equation (38), the following tangent deformation fields can be derived for the third-order
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beam: {ε̄, γ̄, ¯̄ε, ¯̄γ} = {ϕ′, w′ − ϕ , a γ̄′ ,−b γ̄}, where b = 3 a. Then, prescription of the
variational equilibrium condition [85] leads to the differential system{

b R′(x)−Q′(x) + a P′′(x) = q(x) ,

a P′(x)−M′(x) + b R(x)−Q(x) = 0 ,
(39)

equipped with the boundary conditions
(
Q− b R− a P′

)
(xi) δw(xi) = (−1)i Fi δw(xi) ,

P(xi) δw′(xi) = (−1)i Pi δw′(xi) ,(
M− a P

)
(xi) δϕ(xi) = (−1)iMi δϕ(xi) ,

(40)

where i = {1, 2}, x1 := 0 and x2 := L . In Equation (40), δw, δϕ, δw′ are virtual kinematic
fields fulfilling the homogeneous kinematic boundary conditions, Fi, Mi are concentrated
forces and couples, and Pi represents the higher-order concentrated couples, while in
Equation (39), q is the distributed transverse loading. Moreover, M and Q are the bending
and shearing interaction fields, respectively, while P and R are the higher-order stress
resultants. By following the approach proposed in [27], it can be proven that exploiting the
stress-driven integral theory of elasticity, a constitutive system can be derived that is made
of two convolution integral laws

ε̄(x) =
∫ L

0
φλ(x− ξ)

(
M(ξ)

IE
−

a I(4)E Q′(ξ)
ĀG IE

)
dξ ,

γ̄(x) =
∫ L

0
φλ(x− ξ)

Q(ξ)

ĀG
dξ ,

(41)

and two elastic relations involving only stress fields:
P(x) =

I(4)E
IE

(
M(x)− a

I(4)E
ĀG

Q′(x)
)
+ a

I(6)E
ĀG

Q′(x) ,

R(x) =
Ī(2)G
ĀG

Q(x) ,

(42)

where all functional dependencies among the tangent deformation fields have been taken
into account. The equivalent differential formulation, which is useful for theoretical and
computational purposes, can be found in [43], where an analytical procedure is proposed
to obtain well-posed structural problems. A simply supported nanobeam under uniformly
distributed loading q = 5 [nN/nm] is analyzed here. A silicon carbide beam with a Euler–
Young modulus E = 380 [GPa] and Poisson’s ratio ν = 0.3 is examined [86]. The beam
length is L = 100 [nm] , and a rectangular cross-section is assumed with a height of 0.5 L
and base of 30 [nm] . From the boundary conditions in Equation (40), the pinned ends
require w(xi) = P(xi) = M(xi) = 0 for i = {1, 2}.

Parametric solutions in terms of shape functions w and ϕ are represented in Figures 6
and 7, showing stiffening responses for increasing non-dimensional nonlocal parameter
λ. Solutions to the corresponding local structural problem are recovered for λ → 0+.
Starting from the general third-order theory, mathematical formulation of the nonlocal
structural problem based on the Timoshenko beam model can be recovered as a particular
case by setting a = 0 in Equation (38). Solutions to the relative elastostatic problem can be
found in [87]. It is worth noting that the outcomes contributed in [43] amend the erroneous
statements in [88] regarding the ill-posed nature of the structural problem of third-order
beams based on the stress-driven nonlocal model.
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Figure 6. Simply supported beam under uniformly distributed loading: shape function w versus x.
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Figure 7. Simply supported beam under uniformly distributed loading: shape function ϕ versus x.

6. Stress-Driven Two-Phase Elasticity

Two-phase models of elasticity can be formulated by following the approach proposed
in [11], providing a generalization of the stress-driven purely integral theory. Such a model
leads to well-posed structural continuum problems for any value of the mixture parameter
and has been effectively applied to capture the size-dependent behaviors of nanostructures,
such as bending of nanobeams [32], fracture analysis of nonlocal continua [89], composite
nanostructures in vibration [90], elastostatics of stubby curved nanobeams [33] and size-
dependent mechanics of Bernoulli–Euler cracked nanobeams [91]. According to the stress-
driven two-phase elasticity, the nonlocal response f is convex combination by means of the
mixture parameter α of the local source field s and of the purely stress-driven convolution
integral φλ ∗ s.

6.1. Two-Phase Elasticity for Stubby Curved Beams

The stress-driven two-phase elasticity is illustrated here with reference to curved
stubby beams [33], whose kinematics is modeled by the Timoshenko theory. The treat-
ment proposed in [33] provides a generalization of the outcomes contributed in [28] in
which nonlocal mechanics of curved slender nanobeams is investigated by exploiting
the stress-driven integral model and adopting a coordinate-free formulation. Moreover,
particular solutions for vanishing mixture parameter can be found in [34], where Timo-
shenko curved beams are modeled by exploiting the purely stress-driven integral elasticity.
Further contributions on the topic can be found in [92], in which nonlinear mechanics of
curved nanobeams is addressed, in [93] where the time-dependent behavior of porous
curved nanobeams is modeled, and in [94] where free vibration analysis of curved zigzag
nanobeams is conducted.
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In order to investigate the mechanics of curved nonlocal continua, the beam axis is
assumed to be a regular planar curve Γ parameterized by the curvilinear abscissa s ∈ [0, L]
such that the tangent unit vector field is defined as t := ∂sΓ. A local coordinate system can
thus be introduced as {t, t⊥, k}, where k := t× t⊥ is a uniform unit vector field and t⊥ :=
Rt is the transversal unit vector field obtained by means of the orthogonal tensor R (per-
forming the rotation with π/2 counterclockwise in the plane). According to the linearised
Timoshenko beam theory, the tangent deformation field is given by {ε, γ, χ} : [0, L] 7→ <,
which are the axial strain, shear strain and flexural curvature scalar fields, respectively.
The kinematic compatibility condition requires that {ε = ∂sv · t, γ = ∂sv · t⊥ − ϕ, χ = ∂s ϕ}
where v is the displacement field of the beam axis and ϕ is the rotation field of the cross-
sections. By duality, the stress is given by {N, T, M} : [0, L] 7→ < (i.e., the axial force, shear
force and bending moment scalar fields, respectively), satisfying the following differential
equations of equilibrium: 

∂sN − T t⊥ · ∂st = −p · t ,

∂sT − N t · ∂st⊥ = −p · t⊥ ,

T + ∂s M = −m ,

(43)

which are equipped with the boundary conditions at ∂Γ:

−(Nt + Tt⊥)(0) · δv(0) = F0 · δv(0) ,

(Nt + Tt⊥)(L) · δv(L) = FL · δv(L) ,

−M(0) δϕ(0) =M0 δϕ(0) ,

M(L) δϕ(L) =ML δϕ(L) ,

(44)

where {δv, δϕ} represents any virtual displacement and rotation field fulfilling the homoge-
neous kinematic boundary conditions. The external force system in Equations (43) and (44)
is made of distributed vector loading p : [0, L]→ V and bending couples m : [0, L]→ <,
boundary concentrated forces F0 ∈ V and FL ∈ V and bending couples M0 ∈ < and
ML ∈ <.

The stress-driven mixture elasticity can be formulated by introducing the vectors
i and f collecting the source and output fields, respectively (i.e., i = {εel

l , χel
l , γel

l }; f =

{εel , χel , γel}), where the source fields are the local elastic strains, given as

εel
l (s) =

1
EA

[
N +

M
r n · t⊥

]
(s) ,

χel
l (s) =

M
EJr

(s) + (n · t⊥)
1

r EA

[
N +

M
r n · t⊥

]
(s) ,

γel
l (s) =

[
T

GKr

]
(s) ,

(45)

where n is the normal unit vector, r−1 := |∂st| is the scalar geometric curvature of the beam
axis and Jr is the inertia moment along the bending axis η identified by the transversal

unit vector t⊥ (i.e., Jr =
∫

Ω
η2 r

r− η (n · t⊥)
dA), while Kr is the shear stiffness for curved

beams, defined in [33]. It is worth noting that in Equation (45), vanishing distributed
bending couples have been assumed. Thus, the stress-driven two-phase elastic law is
written as follows:

f(s) = α i(s) + (1− α)
∫ L

0
φλ(s− ξ) i(ξ) dξ . (46)
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The mixture equivalence property extended to Timoshenko curved beams provides
the following equivalent differential equation:

f(s)
c2 − ∂2

s f(s) =
i(s)
c2 − α ∂2

s i(s) (47)

equipped with the constitutive boundary conditions
∂sf(0) =

1
c

f(0) + α

(
∂si(0)−

i(0)
c

)
,

∂sf(L) = −1
c

f(L) + α

(
∂si(L) +

i(L)
c

)
.

(48)

Structural problems based on the two-phase elasticity are addressed below with
reference to a silicon carbide circular nanobeam of radius r = 20 [nm] . Tables 1 and 2
show the numerical results of the transverse displacements vt⊥ := v · t⊥, axial displace-
ments vt := v · t and bending rotations ϕ of the following structural schemes: cantilever
nanobeam under concentrated force F = 5 [nN] at the free end and slider- and roller-
supported nanobeam under uniformly distributed vertical loading q = 2 [nN/nm] (along
the horizontal direction) and directed upward.

Table 1. Cantilever thick nanobeam: numerical outcomes.

λ v⊥(L) [10−2nm] vt(L) [10−2nm] ϕ(L) [10−3] vtot
max(L) [10−2nm]

α = 0.2 α = 0.5 α = 0.2 α = 0.5 α = 0.2 α = 0.5 α = 0.2 α = 0.5

0.1 2.039 2.118 −1.300 −1.349 0.9429 0.9699 2.418 2.511

0.2 1.818 1.980 −1.170 −1.268 0.8629 0.9199 2.162 2.351

0.3 1.629 1.862 −1.058 −1.198 0.7876 0.8728 1.943 2.214

0.4 1.478 1.768 −0.9655 −1.140 0.7227 0.8323 1.766 2.104

0.5 1.358 1.692 −0.8905 −1.094 0.6686 0.7985 1.624 2.015

0.6 1.261 1.632 −0.8293 −1.055 0.6235 0.7703 1.510 1.944

0.7 1.183 1.583 −0.7787 −1.024 0.5858 0.7468 1.416 1.885

0.8 1.117 1.542 −0.7364 −0.9973 0.554 0.7269 1.338 1.836

0.9 1.062 1.508 −0.7006 −0.9749 0.5269 0.7099 1.273 1.795

Table 2. Slider- and roller-supported thick nanobeam: numerical outcomes.

λ v⊥(0) [10−2nm] v⊥(L) [10−2nm] ϕ(L) [10−3] vtot
max(0) [10−2nm]

α = 0.2 α = 0.5 α = 0.2 α = 0.5 α = 0.2 α = 0.5 α = 0.2 α = 0.5

0.1 7.233 7.522 −6.970 −7.221 −3.903 −4.03 7.233 7.522

0.2 6.447 7.031 −6.214 −6.748 −3.568 −3.821 6.447 7.031

0.3 5.783 6.616 −5.563 −6.341 −3.261 −3.629 5.783 6.616

0.4 5.252 6.284 −5.042 −6.016 −2.996 −3.464 5.252 6.284

0.5 4.830 6.020 −4.628 −5.757 −2.775 −3.325 4.830 6.020

0.6 4.489 5.807 −4.296 −5.550 −2.591 −3.210 4.489 5.807

0.7 4.211 5.633 −4.026 −5.380 −2.436 −3.113 4.211 5.633

0.8 3.980 5.489 −3.802 −5.241 −2.305 −3.032 3.980 5.489

0.9 3.786 5.367 −3.614 −5.123 −2.193 −2.962 3.786 5.367
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The numerical results show a stiffening mechanical behavior for increasing nonlocal
parameter λ and a softening response for increasing mixture parameter α. Such a method-
ology provides a generalization of the stress-driven two-phase theory to the framework of
curved stubby beams. Being based on two parameters, the mixture model can be effectively
exploited for the modeling and design of small-scale devices based on curved beams.

6.2. Two-Phase Elasticity for Plates

Modeling of two-dimensional nonlocal continua is a topic of current interest in the
scientific literature, with a wide range of applications concerning smart ultra-small de-
vices. A stress-driven nonlocal methodology is conceived in [56] to capture scale effects
in nanoplates and then generalized in [35] on the basis of a two-phase elasticity theory.
The nonlocal mechanics of two-dimensional continua is studied in [31], vibration and buck-
ling analysis of composite nanoplates are carried out in [95], static and dynamic behaviors
of nonlocal elastic plates are examined in [96], modeling of circular nanoplate actuators
is addressed in [97], chemical sensing systems are proposed in [98], vibration of resonant
nanoplate mass sensors is analyzed in [99], nonlinear dynamics of nanoplates is investi-
gated in [100], magneto-electromechanical nanosensors are modeled in [101], thermoelastic
damping models for rectangular micro- and nanoplate resonators are proposed in [102],
free vibration of functionally graded porous nanoplates is addressed in [103], nonlinear me-
chanical behavior of porous sandwich nanoplates is characterized in [104], and dynamics
of nanoplates is investigated in [99,105].

Stress-driven two-phase elasticity has been recently applied in [35] to capture size-
dependent behaviors of two-dimensional continua modeled by the Kirchhoff plate the-
ory. Notably, with reference to an axisymmetric annular plate of internal radius Ri
and external radius Re, a polar coordinate system r, θ, z is conveniently introduced.
Moreover, in the following, ∇ will denote the gradient operator and ⊗ the tensor product.
According to the linearized Kirchhoff theory, the flexural curvature tensor is χ := ∇∇u, de-
noted by u : [ Ri, Re]→ < the transverse displacement field. The kinematic compatibility

condition can be explicitly written as χ = ∂2
r u er ⊗ er +

∂ru
r

eθ ⊗ eθ , where the eigenvalues

∂2
r u and

∂ru
r

are the radial χr and circumferential χθ curvatures, respectively. The equili-
brated stress is given by the radial Mr and circumferential Mθ bending interaction fields,
satisfying the following differential equation:

1
r

(
∂2

r
(

Mr(r) · r
)
− ∂r Mθ(r)

)
= q(r) , r ∈ Ω , (49)

equipped with the boundary condition

Mr(r) ∂rδu(r) = − M̄i ∂rδu(r) , r ∈ ∂Ωi

Mr(r) ∂rδu(r) = M̄e ∂rδu(r) , r ∈ ∂Ωe(
Mθ(r)− ∂r(Mr(r) · r)

)
δu(r) = −Q̄i r δu(r) , r ∈ ∂Ωi(

Mθ(r)− ∂r(Mr(r) · r)
)

δu(r) = Q̄e r δu(r) , r ∈ ∂Ωe

(50)

with q transverse distributed loading, {M̄i, M̄e} edge distributed bending couples and
{ Q̄i, Q̄e} edge distributed transverse forces.

The mixture model of elasticity expresses the elastic radial curvature χel
r as

χel
r (r) = α

Mr(r)− νMθ(r)
D (1− ν2)

+ (1− α)
∫ Re

Ri

φλ(r− ξ)
Mr(ξ)− νMθ(ξ)

D (1− ν2)
dξ (51)
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where ν is Poisson’s ratio and D is the plate flexural stiffness.

In Equation (51), λ :=
c

(Re − Ri)
is the nonlocal parameter, while α is the mixture

parameter providing the purely nonlocal and local responses for α = 0 and α = 1,
respectively. By adopting the bi-exponential special kernel, an equivalent differential
formulation can be provided. Specifically, the convex combination in Equation (51) is
equivalent to the following differential equation:

χel
r (r)
c2 − ∂2

r χel
r (r) =

Mr(r)− νMθ(r)
c2 D (1− ν2)

− α
∂2

r (Mr(r)− νMθ(r))
D (1− ν2)

, (52)

equipped with the constitutive boundary conditions
∂rχel

r (r)
∣∣∣∣
r=Ri

− 1
c

χel
r (Ri) = α

(
∂r(Mr(r)− νMθ(r))

D (1− ν2)
− Mr(r)− νMθ(r)

c D (1− ν2)

)∣∣∣∣
r=Ri

,

∂rχel
r (r)

∣∣∣∣
r=Re

+
1
c

χel
r (Re) = α

(
∂r(Mr(r)− νMθ(r))

D (1− ν2)
+

Mr(r)− νMθ(r)
c D (1− ν2)

)∣∣∣∣
r=Re

.

(53)

The mixture elasticity is adopted to solve the structural problem of a graphene nanoplate
with a Euler–Young modulus E = 1 [TPa] and Poisson’s ratio ν = 0.25 and external and
internal radii Re = 30 [nm] and Ri = 3 [nm] , respectively. The nanoplate has clamped edges
and is subjected to a uniformly distributed transverse loading q = −10−3 [nN/nm2] . Para-
metric studies are carried out to simulate size effects and as depicted in Figure 8, a stiffening
effect is obtained for increasing λ values for a fixed mixture parameter. Since it is based on
two parameters, the stress-driven two-phase elasticity is able to simulate a wide class of
nanotechnological applications involving miniaturized devices based on nanoplates.

λ = 0.1

λ = 0.2

λ = 0.3

λ = 0.4

λ = 0.5

Figure 8. Nanoplate with clamped edges under uniformly distributed loading: transverse displace-
ment fields u [nm] for α = 0.2.

7. Dynamics of Nanobeams

The dynamic problem of a slender nanobeam is formulated by exploiting the general
two-phase local/nonlocal methodology. The beam is assumed to lay on a bed of dashpots
with a viscosity η, providing a damping effect. The differential equation of the d’Alembert
dynamic equilibrium for a slender beam is ∂2

x M = q− η v̇−m v̈ where q is a transverse
distributed loading and m denotes the mass per unit length. The symbol dot will be applied
in the following to denote the time derivative. According to the stress-driven mixture theory
of elasticity applied to slender beams, the nonlocal response f := χel is convex combination
of the local source field s := k−1

f M and the purely stress-driven convolution integral φλ ∗ s.
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By adopting the equivalent differential formulation and differentiating twice, the following
equation is found:

1
c2 ∂2

xχel(x, t)− ∂4
xχel(x, t) =

1
c2

∂2
x M(x, t)

k f
− α

∂4
x M(x, t)

k f
, (54)

which can be further manipulated by prescribing the compatibility condition and the
equilibrium requirements in order to find the differential equation governing the bend-
ing vibrations:

1
c2 ∂4

xv(x, t)− ∂6
xv(x, t) = − 1

c2
mv̈(x, t)

k f
+ α m

∂2
x v̈(x, t)

k f
. (55)

With the aim of first investigating the free vibration problem of an undamped beam,
vanishing loading and viscosity have been assumed in deriving Equation (55).
Moreover, synchronous motions v(x, t) will be investigated, which are mathematically
represented by the assumption that the solution v(x, t) to Equation (55) is separable in
spatial and time variables (i.e., v(x, t) = ψ(x) y(t)). The following differential equations
can thus be provided: 

ÿ(t) + ω2 y(t) = 0 ,

∂6
xψ(x)− 1

c2 ∂4
xψ(x) +

m ω2 ψ(x)
c2 k f

= 0 ,
(56)

where α = 0 is assumed. The first in Equation (56) is the differential equation governing
harmonic motion, whose evaluation requires prescription of suitable initial conditions. The
second in Equation (56) is a sixth-order differential equation in the unknown ψ that must
be equipped with four standard boundary conditions and the following two constitutive
boundary conditions: 

∂3
xψ(0)− 1

c
∂2

xψ(0) = 0 ,

∂3
xψ(L) +

1
c

∂2
xψ(L) = 0 .

(57)

providing the differential problem of eigenvalues ω and eigenfunctions φ(x) which
admits infinite solutions. Now, let us analyze the forced vibration problem of a damped
beam governed by the following equation:

1
c2 ∂4

xv(x, t)− ∂6
xv(x, t) +

1
c2

ηv̇(x, t)
k f

+
1
c2

mv̈(x, t)
k f

=
1
c2

q(x, t)
k f

. (58)

The solution v(x, t) = ∑∞
j=1 ψj(z)yj(t) can be inserted into Equation (58). Then, mul-

tiplying both sides by the ith eigenfunction ψi and integrating over the domain yield

ÿi(t) +
η

m
ẏi(t) +

kλ,i

m
yi(t) =

∫ L
0 ψi(x) q(x, t) dx

m
, (59)

where the orthonormality property of the eigenfunctions has been taken into account.
The symbol kλ,i in Equation (59) denotes the nonlocal stiffness defined in [106].

Random vibrations are now analyzed to take into account the stochastic nature of
the external loadings and simulate the conditions of micro- and nanodevices subjected
to environmental noise. Notably, the loading is assumed to be q(x, t) := g(x) F(t) where
g is a deterministic function and F is a stochastic process. Specifically, F is assumed
to be a stationary Gaussian process with a zero mean µF := E[F(t)] and correlation
function RF(τ) := E[F(t)F(t + τ)]. A frequency domain approach can be followed to
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characterize the steady state response of the output process in terms of beam displacements.
The differential Equation (59) is written as

Ÿi(t) +
η

m
Ẏi(t) +

kλ,i

m
Yi(t) =

ai
m

F(t) , (60)

where ai :=
∫ L

0
ψi(x) g(x)dx. The truncated Fourier transform of Equation (60) is then

performed to find the response in the frequency domain:

Ŷi(ω, T) =
1

−ω2 +
η

m
iω +

kλ,i

m

ai
m

F̂(ω, T) , (61)

where the symbol ˆ stands for the truncated Fourier transform in the time interval [0, T]
and i is the imaginary unit. By exploiting Equation (61), the analytical form of the power
spectral density function can be derived:

Sv(x, ω) =
∞

∑
j=1

∞

∑
i=1

ψj(x)ψi(x) lim
T→∞

1
2πT

E
[
Ŷ∗j (ω, T)Ŷi(ω, T)

]
, (62)

where the apex ∗ denotes the complex conjugate. Finally, the stationary variance of the
beam displacements is computed by integration of the power spectral density function

over the frequency domain σ2
v (x) =

∫ ∞

−∞
Sv(x, ω) dω.

The free vibration response is investigated with reference to a slender, nonlocal elastic
cantilever of a unit length. Figure 9 represents the first five nonlocal eigenfunctions for a
nonlocal parameter λ = 0.15, obtained by solving Equation (56)2 equipped with the stan-
dard boundary conditions and with the constitutive boundary conditions in Equation (57).
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Figure 9. First five eigenfunctions of nonlocal elastic cantilever for nonlocal parameter λ = 0.15.

Random vibrations of small-scale beams are investigated in [106], where both fre-
quency and time domain responses are evaluated. Notably, the non-stationary variance
of displacements is provided by performing a Monte Carlo simulation, assuming that
the beam is loaded by a stationary Gaussian process. A proper number of realizations
of the stochastic input process is generated by the formula proposed by Shinozuka and
Deodatis in [107]. The output process is then obtained by applying the Duhamel su-
perposition integral, and finally the displacement samples are processed to evaluate the
non-stationary variance. Further contributions exploring dynamics of nonlocal continua are
provided in [108], where nanobeam-based resonators are investigated, in [109], concerning
forced vibrations of dielectric elastomer-based microcantilevers, in [110], where buckling of
graphene platelet-reinforced nanostructures is examined, in [111], which concerns dynam-
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ics of a piezoelectric semiconductor nanoplate, in [112], in which dynamics of nonlocal rods
is examined, in [113], where transverse vibrations of nanobeams with multiple cracks are
evaluated, and in [114], in which mechanical static and dynamic behaviors of microsystems
are investigated providing fundamental concepts of modeling and design.

Transient response of functionally graded nanobeams is investigated in [115], buckling
problem of nonhomogeneous microbeams is addressed in [116], linear and nonlinear
dynamic responses of microsystems are evaluated in [117], thermo-mechanical vibration
analysis of nanobeams is performed in [118], free vibration of embedded carbon and silica
carbide nanotubes is analyzed in [119], dynamic analysis of nanostructures exploiting
the Chebyshev–Ritz method is provided in [120], and nonlinear dynamics of nanobeams
connected with fullerenes is investigated in [121].

8. Nonlocal Elasticity for Structural Assemblages

In this section, a nonlocal methodology is illustrated to account for size effects in
structural assemblages. Notably, convolution integrals involving piecewise regular source
fields are investigated to model beam problems involving discontinuous and concentrated
loadings, non-smooth elastic and geometric properties and internal kinematic constraints,
which are the most general cases when dealing with structural problems. In this context,
the stress-driven integral theory of elasticity has been recently developed to capture size
effects in assemblages of slender beams [122]. For this purpose, the next proposition plays a
fundamental role in the development of nonlocal strategies for complex structural systems:

Proposition 3. The nonlocal elastic curvature obtained with Equation (27) is a continuously
differentiable field χel ∈ C1([0, L];<) for any piecewise smooth local source field.

Let us suppose that we have a beam partitioned into two domains of regularity. The
integral constitutive law in Equation (27), equipped with the special kernel, can be explicitly
written as

χel(x) =



1
2c

∫ x

0
exp
(

ξ − x
c

)
M1

IE1
(ξ)dξ +

1
2c

∫ xd

x
exp
(

x− ξ

c

)
M1

IE1
(ξ)dξ

+
1
2c

∫ L

xd

exp
(

x− ξ

c

)
M2

IE2
(ξ)dξ, x ∈ [0, xd] ,

1
2c

∫ xd

0
exp
(

ξ − x
c

)
M1

IE1
(ξ)dξ +

1
2c

∫ x

xd

exp
(

ξ − x
c

)
M2

IE2
(ξ)dξ

+
1
2c

∫ L

x
exp
(

x− ξ

c

)
M2

IE2
(ξ)dξ, x ∈ [xd, L] ,

(63)

with M1 : [0, xd] 7→ < and M2 : [xd, L] 7→ < regular bending interaction fields and
IE1 : [0, xd] 7→ < and , IE2 : [xd, L] 7→ < regular bending stiffnesses, which represents the
second moment of the Euler–Young modulus field on the beam cross-sections. It can be
immediately proven that the nonlocal curvature generated by the convolution integral
in Equation (63) is a continuously differentiable field in [0, L]. Indeed, its first derivative is
given by
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∂xχel(x) =



1
2c2

(
−
∫ x

0
exp
(

ξ − x
c

)
M1

IE1
(ξ)dξ +

∫ xd

x
exp
(

x− ξ

c

)
M1

IE1
(ξ)dξ

+
∫ L

xd

exp
(

x− ξ

c

)
M2

IE2
(ξ)dξ

)
, x ∈ [0, xd] ,

1
2c2

(
−
∫ xd

0
exp
(

ξ − x
c

)
M1

IE1
(ξ)dξ −

∫ x

xd

exp
(

ξ − x
c

)
M2

IE2
(ξ)dξ

+
∫ L

x
exp
(

x− ξ

c

)
M2

IE2
(ξ)dξ

)
, x ∈ [xd, L] ,

(64)

which is a continuous field in [0, L]. Proposition 3 plays a key role in proving the equivalent
constitutive differential formulation. Indeed, the constitutive differential problem is made
of the following set of differential equations, each one referring to a subdomain of regularity:

1
c2 χel

1 (x)− ∂2
xχel

1 (x) =
1
c2

M1

IE1
(x) , x ∈ [0, xd] ,

1
c2 χel

2 (x)− ∂2
xχel

2 (x) =
1
c2

M2

IE2
(x) , x ∈ [xd, L] ,

(65)

equipped with constitutive boundary condition at ∂[0, L]
∂xχel

1 (0) =
1
c

χel
1 (0) ,

∂xχel
2 (L) = −1

c
χel

2 (L) ,

(66)

and interface boundary conditions at the internal abscissa xd: χel
1 (xd) = χel

2 (xd) ,

∂xχel
1 (xd) = ∂xχel

2 (xd) .
(67)

The interface continuity conditions in Equation (67) can be prescribed by virtue of
Proposition 3. These constitutive interface conditions play a fundamental role in mod-
eling the assemblages of nonlocal elastic structures, and it is worth noting that they do
not involve any convolution integrals and thus can be conveniently adopted for formu-
lating and solving the structural problems of complex nanosystems. The constitutive
conditions in Equation (67) are equivalent to those established in [123], which involve
convolution integrals.

The theoretical outcomes illustrated in this Section are confirmed in the sequel by in-
vestigating a structural scheme involving a piecewise regular local field of elastic curvature
induced by a concentrated loading. For this purpose, a nonlocal elastic beam with clamped
and simply supported ends under a concentrated couple M at mid-span is analyzed,
and the parametric responses will be provided for increasing the length scale parameter
λ = c/L. Figure 10 shows the solutions in terms of the non-dimensional elastic curvature

χ̄el(x̄) = χel(x)
IE
M versus the non-dimensional abscissa x̄ = x/L ∈ [0, 1]. As theoretically

predicted, the nonlocal fields χ̄el are continuously differentiable functions for λ > 0 and
become more uniform as λ increases. It is interesting to analyze the asymptotic behavior
for λ → 0+, showing that the local elastic curvature is recovered for x̄ ∈ ]0, 1] − {x̄d}.
At the external boundary abscissa x̄ = 0, one half of the local elastic curvature is got, and
at the interior point x̄ = 1/2, the limiting response is equal to the average of the local
elastic curvatures. These peculiar behaviors are due to the asymptotic behavior of the
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kernel. The non-dimensional fields of the transverse displacements v̄(x̄) = v(x)
IE

ML2 are
shown in Figure 11. It is worth noting that the limiting solution is coincident with the
local displacement, since the asymptotic peculiar behaviors only affect the null measure
sets. The presented differential formulation, involving the prescription of constitutive
boundary and interface conditions, plays a key role in conceiving a finite-element non-
local methodology, as shown in [124]. Further contributions to this topic can be found
in [125], where nanobeams with internal discontinuities are investigated by exploiting a
mixture approach, and in [126], where strain- and stress-driven differential formulations of
Timoshenko nanobeams with loading discontinuities are provided.
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Figure 10. Beam with clamped and simply supported ends under concentrated couple M at mid-
span x̄ = 1/2: elastic curvature χ̄el versus x̄ for increasing nonlocal parameter λ.
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Figure 11. Beam with clamped and simply supported ends under concentrated couple M at mid-
span x̄ = 1/2: transverse displacement v̄ · 10−2 versus x̄ for increasing nonlocal parameter λ.

9. Nanostructures on Nonlocal Foundations

Many contributions in the scientific literature deal with the modeling of nanobeams
resting on elastic soils, since they are involved in several biomechanical and biomed-
ical applications of current interest. Dynamics of nanobeams on Pasternak soil is ad-
dressed in [127,128]. Buckling of small-scale structures embedded in two parameter foun-
dations is investigated in [129,130]. Elastostatics of nanostructures on Winkler soil is
examined in [131]. Free vibration of nanobeams on Pasternak soil is addressed in [132].
Nanobeams embedded in cell cytoplasm are analyzed in [133]. Nonlinear vibration analysis
of nanobeams interacting with an elastic medium is carried out in [134]. The interaction
between nanoshells and elastic foundations is studied in [135]. Magnetically embedded
composite nanobeams are analyzed in [136]. Stability of nonlocal beams exposed to a
hygro-thermo-magnetic environment and lying on elastic foundations is addressed in [137].
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Vibration of functionally graded beams on a viscoelastic Winkler–Pasternak foundation is
investigated in [90]. Buckling of Bernoulli–Euler nanobeams resting on a Pasternak elastic
foundation is examined in [138]. Recent achievements regarding this topic are provided
in [139], where mechanics of nanobeams on nano-foundations is addressed on the basis of
the nonlocal model of elastic medium proposed in [140].

In order to assure that the relevant structural foundation problem is well-posed, it is
necessary that the integral constitutive laws of internal and external elasticity are compatible
with both the equilibrium and compatibility requirements. In the framework of nonlocal
internal elasticity, the strain-driven purely integral approach proved itself to be incompatible
with the equilibrium requirements, and as shown in Section 2, the equivalence property
provided an effective tool to check the consistency. Indeed, according to Proposition 2,
the constitutive integral law in Equation (12) admits a unique solution if and only if the
equilibrated bending interaction field satisfies the constitutive boundary conditions in Equa-
tion (13). These constitutive boundary conditions are, in general, in contrast with the natural
ones, and thus no solution exists to Equation (12), since the integral constitutive law is
incompatible with the equilibrium requirements. In Section 4, a new integral model is shown,
the stress-driven theory, which is able to overcome the intrinsic issues emerged from the
strain-driven approach. Thus, source fields in the convolution integral play a fundamental
role in providing a consistent constitutive theory. In the context of external integral elasticity,
the Wieghardt model [141] provides a refinement of the Winkler local theory of elastic foun-
dation by assuming that the beam deflection v is a convolution integral between a proper
averaging kernel φ and the soil reaction field r. Concerning the Wieghardt theory, also
referred to as the reaction-driven model, the following equivalence property can be stated:

Proposition 4. For any characteristic length c f > 0, the integral constitutive law

v(x) =
∫ L

0
φ(x− ξ, c f )

r(ξ)
k

dξ (68)

equipped with the bi-exponential kernel in Equation (4) admits either a unique solution or no
solution at all, depending on whether or not the interface displacement field satisfies the following
constitutive boundary conditions: 

∂xv(0) =
1
c f

v(0) ,

∂xv(L) = − 1
c f

v(L) .
(69)

If Equation (69) is fulfilled by the compatible displacement field, then the unique solution v is
obtained from the second-order differential equation

v(x)− c2
f ∂2

xv(x) =
r(x)

k
, (70)

where k is the Winkler local stiffness of the foundation. It is apparent that an incompatibility
arises between the kinematic and constitutive (Equation (69)) boundary conditions, since
the latter relates to the displacement and rotation at the beam ends for any value of the
characteristic parameter. These requirements are not satisfied by the kinematic boundary
conditions generally involved in technical applications. A mathematical trick to overcome
this issue was provided in [142], but it requires the introduction of fictitious reactive forces
that have no physical meaning. An effective strategy has been then proposed in [140]
to overcome the ill-posed nature of the structural problem of beams on a Wieghardt
foundation. This new integral theory of foundation is based on a displacement-driven
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approach [140] requiring that the foundation reaction is expressed as a convolution integral
driven by the interface transverse displacement:

r(x) =
∫ L

0
φ(x− ξ, c f )k v(ξ)dξ . (71)

As proven in [140], the constitutive integral law in Equation (71) is a consistent theory
providing well-posed structural problems. Such a new model of nonlocal elastic foundation
can be effectively exploited to model the size-dependent behavior of nanobeams lying on
nano-foundations. Notably, the stress-driven theory of elasticity can be adopted to capture
size effects in small-scale beams, while the surrounding medium can be modeled by the
displacement-driven nonlocal approach. The relevant structural problem of a small-scale
beam of length L and local elastic inertia k f := IE laying on a nonlocal elastic foundation
with a local stiffness k can thus be expressed as follows:

∂2
x M(x) = q(x)− r(x) ,

r(x) =
∫ L

0
φ
(

x− ξ, c f

)
k v(ξ)dt ,

χel(x) =
∫ L

0
φ(x− ξ, cb)

M(ξ)

IE
dξ ,

∂2
xv(x) = χ(x) ,

(72)

where cb is the beam’s characteristic length. System in Equation (72) consists of the beam
differential equation of equilibrium, the displacement-driven law of external elasticity, the
stress-driven law of internal elasticity and the beam kinematic compatibility condition.
It is worth noting that non-elastic effects are not taken into account in the following, so
χ = χel . The structural foundation problem in Equation (72) is equipped with the standard
boundary conditions involving {v, ϕ, M, T}, where ϕ := ∂xv and T := −∂x M. By virtue
of the equivalence property proven in [139], the integro-differential problem (Equation (72))
can be reverted to a simpler differential formulation:

c2
b c2

f ∂8
xr(x)−

(
c2

b + c2
f

)
∂6

xr(x) + ∂4
xr(x) +

k
IE

r(x) =
k
IE

qy(x) ,

∂3
xr(0)− c2

f ∂5
xr(0) =

1
cb

(
∂2

xr(0)− c2
f ∂4

xr(0)
)

,

∂3
xr(L)− c2

f ∂5
xr(L) = − 1

cb

(
∂2

xr(L)− c2
f ∂4

xr(L)
)

,

∂xr(0) =
1
c f

r(0) ,

∂xr(L) = − 1
c f

r(L) ,

(73)

equipped with essential and natural boundary conditions involving the following fields:
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v(x) =
1
k

r(x)−
c2

f

k
∂2

xr(x) ,

ϕ(x) =
1
k

∂xr(x)−
c2

f

k
∂3

xr(x) ,

M(x) =
IE
k

∂2
xr(x)− IE

k
c2

f ∂4
xr(x)− IE

k
c2

b ∂4
xr(x) +

IE
k

c2
b c2

f ∂6
xr(x) ,

T(x) = − IE
k

∂3
xr(x) +

IE
k

c2
f ∂5

xr(x) +
IE
k

c2
b ∂5

xr(x)− IE
k

c2
b c2

f ∂7
xr(x) .

(74)

Effectiveness of the proposed nonlocal methodology is proven by the numerical out-
comes of technical interest illustrated in [139]. As a benchmark case study, let us consider a
simply supported beam on a nonlocal foundation under non-dimensional transverse load-

ing q∗ :=
q L3

IE
= 1. Solution of the relevant structural problem in Equation (73) equipped

with standard (essential and natural) boundary conditions provides the non-dimensional

displacement field v∗ :=
v
L

represented in Figure 12, for a fixed non-dimensional stiffness

k∗ :=
k L4

IE
= 100 , showing a softening behavior for increasing foundation parameter

λ f :=
c f

L
. Non-dimensional bending interaction fields M∗ :=

M L
IE

are represented in

Figure 13 for increasing values of λ f .
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Figure 12. Non-dimensional transverse displacement fields for k∗ = 100 and λb = 0.2.
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Figure 13. Non-dimensional bending interaction fields for k∗ = 100 and λb = 0.2.
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10. Conclusions

In the paper, recent achievements in the framework of modeling and analysis of
nanostructures have been illustrated and critically discussed. A comprehensive overview
on nonlocal continuum mechanics has been provided, starting from the early concepts
contributed by Eringen. Alternative theories of nonlocal elasticity in the strain-driven
formulation have been analyzed and discussed, such as mixture local/Eringen nonlocal
model and strain difference-based theories. Stress-driven nonlocal methodologies recently
proposed in literature to capture size-dependent static and dynamic behaviors of nanostruc-
tures have been collected and examined. In this framework, the stress-driven two-phase
(local/nonlocal) model has been shown to be an effective tool to capture a wide class of
ultra-small devices. Achievements in the field of integral elasticity applied to geometrically
nonlinear mechanics of inflected nanostructures undergoing large configuration changes
have been then elucidated and commented upon. A challenging issue in nonlocal mechan-
ics has been then addressed concerning reproducibility of continuum structural problems.
Nonlocal methodologies for structural assemblages have been thus inspected according
to the stress-driven approach and benchmark case studies have been provided. Recent
original contributions regarding mechanics of nanobeams on nonlocal foundations have
been finally analyzed to address challenging applications of current interest.
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