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NONOSCILLATORY SOLUTIONS OF DIFFERENTIAL EQUATIONS
WITH DEVIATING ARGUMENT

VALTER SEDA, Bratislava
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In the paper a result of J. Ohriska in [3] concerning oscillation of the second order
linear differential equation with delay is extended to an n-th order differential
equation with deviating argument. The main tool in establishing the results are
Kiguradze lemmas.

We consider the differential equation

) L, y(t) + f(t, y[9(1)]) = 0
where n > 1,

L, y(#) = p1) [pa-1(2) (.- [a() (Po(®) ¥ ()T - )T’

pi» i =0,1,..., n are positive and continuous functions on {t,, oo),f is real valued
and continuous on D = {fy, 00) X R, gi {ts, ) = {t,, ) is continuous and ¢, € R.
The expressions

(2 Lo y(t) = po(t) »(1), Liy(t) = pO) [Lic y(O)], i=1,2,...,n,
are called the quasi-derivatives of y at the point t € {t,, ©). We restrict our consider-

ations to those solutions of (1) which exist on some ray (T, ) and satisfy the
condition

(3) sup {|y(1)]: t, £t < 0} > 0 forany ¢, (T, o).
Such a solution is called oscillatory if it has arbitrarily large zeros. Otherwise a solu-
tion is called nonoscillatory. The equation (1) is called oscillatory if all solutions

of (1) are oscillatory.
Sometimes we will require the following conditions to be satisfied:

(4) [piif)dt=oc0, i=1,2.,n—1;

(5) yf(t,y) = 0 for all (¢, y)e D, and for any interval of the form (t,, o) with
t, = t, and any function h e C(<t,, )), f[t, h(t)] = 0 implies k() = 0;

(6) yf(t,y) <0 for all (¢, ¥) € D, and for any interval of the form ¢, ) with
t; = to and any function he C({t;, o)), f[¢, h{t)] = 0 implies h(t) = 0;

(7) limg(t) = oo.

t— o0
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To obtain the main results we need three lemmas. The first is adapted from the
papers [1], [4], [5], [7] and contains a generalization of the well-known first two
Kiguradze lemmas.

Lemma 1. Let the condition (4) be satisfied and let y be a positive function on the
interval {ty, ©), t; = t,, such that L,y exists on {t;, o), is of constant sign and is

not identically zero on any interval of the form {t,, oo) 1, = t;.
Then there exists an integer I, 0 < 1 < n, withn + 1 odd for L,y < 0orn + 1
even for L,y = 0, such that

I<n—1 implies (—1)}*/L,y(t)>0 forevery t=1, 3
(j=L1+1..,n-1),
1>1 implies L;y(f)>0 foralllarget (i=12,..1-1).

Further, for every i =0,1,...,n — 1, lim L; y(t) exists in the extended real
line R* = Ru {— o0, o0} whereby e

for 1=n—1, ImLy({t)=1¢, 20 Iisfinite,

t—* 00

for 1=n—-2, imLy{t)=0 (j=1!+1,..,n—1),
t— 00

for 122, IimLiy{t)=o (i=0,...,1-2)

t—>

I

Remark. If 1 £ 1 £ n — 1, the lemma gives no exact result about ¢, and ¢;_4
=lim L;_{ y(t). If ¢; > 0, then ¢;_; = oo. For ¢; = 0, ¢;_y > 0 may be finite or

t— o0

infinite as the example of functions
yi(t) =arctgt, yi(t) =11 + &), yi() = —2(1 + *)?,
vty =Int, pi(t)=1ft, yy(1)= =1/

withl = 1,n = 2, p, = p; = p, = 1shows. Similarly, if | = n, then lim L,_; y(f) =
= ¢,_; > 0 may be finite or infinite. e

Define functions

(8) =1, Ik(t @3 Piys Pizs -+ pik) =

i t;
J plxl(tu)J pzz 12 J~ J\ pzkl(ttk) dtlk dttk 17 dtil >

Sk£n—-1, tgy£ast<w.
Then the functions

(9) xj(t’ a) = p(—)'l(t) Ij—l(t7 a; P1> P2s -5 pj—l): j= 17 27 e By,
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form a fundamental system of solutions of the equation L, x(f) = 0 in {a, c0) and
(10) L;_;x{t,a) =1, Lxft,a)=0 for ixj,
Lixj{t,a) >0 in (a,0) for i<j—1.
For the sake of brevity, denote

(11) Pyt,a) =1, P{t,a)=1I(t,a;py, ..., ;)

j=12,..., n—1, txSasb<x
and

(12) Qft.a)=1, Qit,a) =1I,-{1,a; Pu=1> Pu-2>---» Pj) >
j=12..,n—-1, tySast< w.

Inthecaseallp, =1

— 4\
P, q) =u, j=01,..,n-1
j!
and

— gy
Qi(t’a) =(t—i),*, j=1..,n—1n.
(n =)
Remark. If [ from Lemma 1 satisfies 0 < [ < n — 1, then by the variation of

constants formula ([1], p. 96, (94,)) With a sufficiently great and with respect to (11)
and

L, y(t) = iOLJ- y(a) P{t, a) + J‘t Pii(s) Ly y(s) P(t,s)ds, t=za

a

where L; y(a) > 0, j = 0,1,..., 1, and Ly, y(t) <0, t 2 a, we get that
1
Lo y(?) g_ZOL, y(a) Pj(t, a) .
e

In the general case, when y is either positive in a neighbourhood of infinity or
negative, we come to the inequality
1
13) Lo (1)) = _ZO\LJ y(@)| Pt a).
j=

Further, (4) implies that

{
im 2AR9 o o1
t=o Pl+1(.ta a)

and hence, by (13),

s
(14) fim Lo () _ L k=1+1,...,n.
t—+ o0 Pk(ta a)
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In the case | = 0, by Lemma 1, |Loy| is a nonincreasing function and hence there
exists

(15) tim L0300 _
[And] Po(t, Ll)

Inthecase 1 <! < n — I, by Lemma 2.1 ([6], p. 298),

co -

(16) tim 2020 i Ly = ¢j, J=0,..,1
tow P~(t, a t=w
whereby |¢;| = oo for j =0,...,1 — 2, and 0 < |¢;—4| < co. Thus the following
statement is true:
If the conditions of Lemma 1 are satisfied and there is aninteger k,0 < k < n — 2,
such that

m LX) o g L0
t—o0 Pk(f, a) t= o0 Pk+1(t, a)

then by the former relation k < [ and by the latter k = I — 1, hence

>

kis either [ — 1 or [.

U. Elias in [2] has generalized the third Kiguradze lemma. From his results (Theo-
rem 3, case j = k + 1) the following lemma is important for our considerations.

Lemma 2. Let | be an integer, 1 <1 < n — 1, aety, ©). If the function y
satisfies
Loy(a), ... Li_; y(@) 20, Ly, y(t)£0 for ast<w,

then
(a) (—]il@m)go, i=01,..1, a<t<o
Lix;. (2, a)
and

Lixyi4(t, a)
Liy1xi.4(t, a) ’
Hence by (a), (b), (2), (9), (11),

(b) L, y(t) = L;y 4 (1) i=0,1,..,1, a<t<w:

{
(¢ Loy(1) is a nonincreasing function in (a, ),
P(t, a)
d) Loy() 2 Liv() 2D 1 a<i<oo

Lix;44(t, a) ’
and with respect to (10),
(e) Lo y(t) 2 Liy(t) P(t,a), a<t< .
Lemma 3. Let the conditions (4), (5), (7) (the conditions (4), (6), (7)) be satisfied
and let u be a nonoscillatory solution of the equation (1). Denote by & the sign of
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u(t) in a sufficiently small neighbourhood of infinity. Then there exists a number
ti,ty 2 to, and an integer I, 0 S 1 < n, with n + 1 odd (n + 1 even), such that

a) forl 2 n — 1, (=)L, u(t) > 0 foreveryt 2 t,,j=0L1+1,...,n—1,
G U 1
and
lim L, u(t) = ¢, s finite, whereby ¢, = 0;
t— 0 |
(b) for 1 = n -2,
limLiu(ty=0, j=1I1+1,..,n—1;
t—> o0
2

(C) for 1 ,
SL;u{t) >0 foralllarget, i=1,2,...,1—1

v

and
limdL;u(t) =0, i=0,...,1—-2;

| Radleal

(d) for 1 £ n — 1, u is a solution of the integro-differential equation

(17) Lyy(t) = e + (1)1 r P 1(5) /(5 Y[9(9)]) Qs 1) ds

t

Proof. Suppose u is nonoscillatory and positive in a neighbourhood of infinity.
If u is negative, the proof can be done in a similar way. With respect to (7), there
exists a ty, t; = f,, such that u(¢) > 0 and also u[g(t)] > 0 for ¢t = ¢,. Then on the
basis of (1), (5) implies ((6) implies) that L,u < 0 (L,u = 0) on {t, o) and Lu is
not identically zero on any interval of the form {t,, ©), t, = t,. Hence Lemma 1
can be applied. By that lemma the statements (a), (b), (c) are true.

Suppose now that I < n — 1. If ] = n — 1, then integrating we obtain

Loy u(t) = ¢,y + j "5 () 105, u[g(e)]) ds

t

and hence in the case I = n — 1, (17) is satisfied by u. When I £ n — 2, then taking
into account (b), by repeated integration we get

(19) Lyult) = (—1y~7+1 f "5 5) 1G5 ua(5)]) Qe il ) ds

t

j=n—1,..,1+1.

Finally, integrating (18) for j = I + 1 we come to the conclusion that u is a solution
of (17).

Now we can solve the first problem which is to find a sufficient condition for ¢,
in Lemma 3 to be zero. '

Remark. It is clear that the number [ in Lemma 3 is uniquely determined. This
justifies the following

Definition 1. Suppose that the conditions (4), (5), (7) (the conditions {4), (6), (7))
are satisfied. Let u be a nonoscillatory solution of the equation (1) and 4 its sign in
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a sufficiently small neighbourhood of co. We say that u has property P, with le
€{0,1,...,n} and n + 1 is odd (n + 1 is even) if it has properties (a), (b), (c) from
Lemma 3.

We recall that under the conditions (4), (5), (7) (the conditions (4), (6), (7)) each
nonoscillatory solution of (1) has property P, with some /€ {0, 1, ..., n}.

Theorem 1. Let the conditions (4), (5), (7) (the conditions (4), (6), (7)) be satisfied
and let u be a nonoscillatory solution of the equation (1) with property P,, where
0g!lgsn—1.

Let there exist a function G = G(1, y): D; = {t,, ©) x €0, 00) - €0, ), which
is continuous, nondecreasing in y for each fixed t and such that

(19) 1/t 9] 2 6( p)) (¢t »)e D).

Then the condition: For each k > 0 and each a from a neighbourhood of o
either

(20) J " pE) Qs 1) G(s, k p5 '[g(s)] Pi[g(s), a]) ds = oo

t

forall t = a or

(20)  lim r 25 (5) Quv (s, 1) Gs. K p "[9(s)] PLa(s), a]) ds > 0

1= Jt
implies that
(21) ¢;=1limLyu(t)=0.
=0
Remark. Suppose that m: {1y, 0) — <0, 0) is a continuous function and let
us investigate

(20M) JW by H(s) Qs o(s, £) m(s) ds

which represents the general form of the integrals in (20) or (20). As the function
i '(s) Q4 (s, £) m(s) is nonincreasing in the variable ¢ for t < s, s being fixed, and
nonnegative, two cases are possible concerning (20”). Either [° p, '(s) Q;4 (s, 1) .
.m(s)ds = oo for all t 2 a, or there is a fy, a < t; < oo, such that [ p;'(s).
. Quy4(s, £y m(s) ds < oo for all t = ¢; and this function is nonincreasing in {t,, o).
Hence lim [° p,"(s) Qu44(s, t) m(s) ds exists and is finite and nonnegative.

t-* 0

In the case [ = n — 1, the condition (20") cannot hold, because if [;° p; '(s) m(s) ds
exists, then lim | p,'(s) m(s) ds = 0.
1= 0

Proof of Theorem 1. Suppose the conditions (4), (5), (7) and (19) are satisfied
and ¢; # 0. Then, by Lemma 3, n + [is odd, and hence (17) implies that the equality

(2 L) = er+ [ Quns )05 lge)])
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is true. Denote by 6 the sign of u in a sufficiently small neighbourhood of co. Let t;
be such that

(23) 6L;u(t) >0 in (t, ), i=0,..1,
0L ;u(f) =0 in <ty, ©).
By (7), there exists an a = t, such that g(r) 2 t, for each ¢ 2 a. We shall distin-
guish two cases:
1. I =0.
By (23), 6L,u is nonincreasing in {t,, o0) and as it converges to dc¢,, we have

O0Lou = 3¢y > 0.
This implies

(24) |u(0)] = ;!Z—E}), tety, ©).

(22) can be written in the form

(25) &ww=&wmﬁbr@&@0mﬂmmmm
By (5), this means

(26) o u)] = ko] + [ *276) 016 (5 alofo))| s

and hence, (19) and (24) yield

1%MMsz+JpJ@ 5. o) @s(s, 1) ds =

2 el + Jo| [yt Sl LD gy

leo]
which gives

> ICOI Py (s) Qyls, G(s, ICOIPO [9()]) s
@) e[ e ettt o)

- ILO Co
and this contradicts (20) or (20') because

leof =
t=o | Lo u(f)]

2.1=21n—1.
By Lemma 2, 6L, u(t) = 6L, u(t) P/(t, a) for all ¢+ = a and hence, with respect
to (22),
OLo u(t) = OL, u(t) Py(t, a) =

= dc, P(t, a) + P(t, a)f Y(s) Qui (s, ) [f(s, ulg(s)])] ds =

2 || P, a) + Pot, a)J' 2 (8) Quia(s, 1) Gls, [u[g(s)])) ds, tza

t
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Thus

(28) Lo u(d] 2 [e] P, a) + Bt a) [ 076) Qi)

wt

. G(s, [u[g(s)]))ds, ast<o0.
This implies that

Lo u(t)] 2 lef Pit. a)

and
lu(t)] = e x144(ts @), tZa.
Therefore
\Lo u(r)] = e Pi1, @) + lc,l Pt a) J‘OO Py () Qraa(s, 1) G(s, IC’I x;:l‘l[g(s)v a]) ds

for all t = b such that g(t) = a for t = b. Then
(9) 1z Ll Pl @(1 - r 7 (6) Qs ) Sl (9 ) ds>.
‘Lo “(t)‘ t |c,\

Aslim L, u(t) = ¢, + 0, Lemma 3, [5], p. 199 yields

r=*on

lim Loul) _ lim L, u(t) = ¢,
t—w Pl(t, a) t—r o0
which shows that (29) contradicts (20) or (20).

Let now the conditions (4), (6), (7). (19) be satisfied. Then, by Lemma 3, n + !
is even, and instead of (22) we have

(22) Lou(t) = ¢ j " 0(5) Q5,0 S(s. ulg(s)]) ds .

The relations (23), (24) remain valid.
When [ = 0, from (22') we get

(25) Lo ult) = dco — 5r 5 ) Quls. 1 (5 uge)]) ds

t
Again we come to (26) and (27) which implies that (21) is true.
When | < I < n — 1, we obtain (28) and (29). This gives that (20) or (20') implies

(21).

Corollary 1. Suppose that all assumptions of Theorem 1 are satisfied but (19)
is replaced by

(30) (6 ) z a(0) |y (. y)eD),

where o € C(<ty, ®)) is a nonnegative function. Let u be a nonoscillatory solution
of the equation (1) with property P, and let I satisfy 0 < 1 < n — L.
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Then the condition: For each a from a neighbourhood of « either

(1) [ 779 006069 597 PLo(9). ) 00 = o
forallt =z a, or
(31) }Ti_r Py ' (5) Queals, 1) ofs) po '[9(s)] Pi[9(s), a] ds > O,

is sufficient for the equality
¢, = lim L, u(t) = 0

t— o0

to hold.

Remark. In the special case g(t) = ¢ the condition (31') is weaker than the con-
dition (38') in [7], p. 127,
e (
J‘ (O( Sf)——f Pys, 1) Qrpq(s, 1) ds = @
t pO\b) )
and hence Corollary 1 improves and generalizes the sufficient condition in Corollary 1
to Theorem 6 in that paper when h = h(t, y).

Denote
h(t) = max [t, max g(s)] forall t=a
ass<t

where « has the same meaning as in Theorem 1. Clearly h(t) =t and h is non-
decreasing in <a, o).

Theorem 2. Let 1 < I < n — 1 be an integer. Let the conditions (4), (5), (7), (19),
(20) or (20) (the conditions (4), (6), (7), (19), (20) or (20")) be satisfied. Let n + 1
be odd (n + I be even). Let the function G be such that

(32) G(t, ky) 2 k G(1, y)

for each k > 0 and each (t, y) e D;.
Then the condition: For each a from a neighbourhood of wo either

(33) : J‘:" P l(s) Qz+1(s’ t) G <s, PSTQ(S)] %%‘Z—Egj—g%) ds = w

forallt = a or
(33) limsup P, a)J P (s) Qp (s, 1) G(s po [a(s)] === ,[g(s) a]) ds > 1
t=r o0 t l[hks) a]
is a sufficient condition that there exists no nonoscillatory solution u of the equation
(1) with property P,.
Proof. Let u be an arbitrary nonoscillatory solution of (1) such that the integer !
from Lemma 3 satisfies 1 £ 1< n — 1. As all assumptions of Theorem 1 are
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satisfied, ¢, = 0 in (22) or (22’) and hence u satisfies (28) in the form
(28) I%Mmzﬂ@@f 27 (5) Quaa(ss 1) Gls. ()] ds

As ,Lou[ is an increasing function and h(t) =>t,
(34) |Lou[h(t)]] = |Lo u(r)] forall t=a

u(?)|[P(t, a) is a nonincreasing function in (a, o) and hence,

g(s) < h(s) implies

ooy = ool S U Pla)a] oo
I R R e e L O

Further, h is nondecreasing and therefore
(36) |Loulh(s)]| = [Lou[A(D]],

Putting (34), (35) and (36) into (28") we get

\Lou[h(8)]| = Pi(t, a) f " () Qun(s, ) G (s, po[;(s)] %E%% |Lou[h(t)]!) ds

Now using (32) we come to the inequality
L2 Pta) [ 50 s, G ( )

t
which contradicts (33) or (33').

Corollary 2. If the assumptions of Theorem 2 are satisfied but (19) is replaced
by (30), (20) or (20") by (31) or (31) and (32) is omitted, then the condition: For
each a from a neighbourhood of oo either

P[g(s), a]) ds
Py[h(s), a]

forallt = a or
/ . S), a
(37)  limsup Pyt, a)j P (5) Queo(s, £) ofs) pg H[g(s)] =222 Pilg(s), a] ds > 1
t P|[(s), a]
where a is a sufficiently great number is a sufficient condition that there exists
no nonoscillatory solution u of the equation (1) with property P,.
The next theorem concerns all solutions of the equation (1). Similarly as in [1]

we introduce the definitions.

Definition 2. The equation (1) is said to have property A if for n even each solution u
of that equation is oscillatory and for n odd each solution is either oscillatory or
satisfies the conditions:

(a) There exists a t;,t; = to, such that (—1)/ 8 L, u(f) > 0 for every t = t,,

j=0,1,...,n—-1
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and
(b) limLju(ty=0, j=0,1,...,n—1.
t—+ o
Definition 3. The equation (1) is said to have property B if for n even each solution
of that equation is either oscillatory or satisfies conditions (a), (b) from Definition 2
or the conditions
(c) There exists a t,, t, = f,, such that 6L; u(t) > 0 forevery t 2 t,,i =0, 1, ...
oon—1;
(d) limoL;u(t)y = oo, i=0,..,n—1,
=0
and for n odd each of its solutions is either oscillatory or satisfies conditions (c)
and (d).
In both definitions & means the sign of the nonoscillatory solution u in a neigh-
bourhood of infinity.

Theorem 3. Let the conditions (4), (5), (7), (19) and (32) be satisfied. Further, let
the conditions (20) or (20) and (33) or (33') be fulfilled for I =n — 1, n — 3,...,1
provided n is even (I = n — 1, n — 3, ..., 2 provided n is odd).

Then the equation (1) has property A.

Proof. Let u be a nonoscillatory solution of the equation (1). Then, by Lemma 3,
there exists an integer I, 0 < | < n, with n + I odd, such that the statement of that
lemma is true. Hence [ is one of the numbers n — 1, n — 3, ..., 1 when n is even
and [ belongs to the set consisting of the numbers n — 1, n — 3, ..., 2,0 when n is
odd. By Theorem 2, for [ & 0 no such solution exists. Hence, if n is even, each
solution u of (1) is oscillatory and if n is odd, u is either oscillatory or possesses
properties (a), (b) from Definition 2. Thus the equation (1) has property A.

Corollary 3. Let the conditions (4), (5), (7), (30) be satisfied. Further, let the
conditions (31) or (31"), (37) or (37') be fulfilled for | = n — 1,n — 3, ..., 1 provided
niseven (I =n—1,n—3,...,2 provided n is odd). Then the equation (1) has
property A.

Remark. In the case n =2, I =1, po = p, = p, = 1, g(f) £ ¢, (31) or (31")
and (37) or (37') are reduced to the conditions

j p(s) 9(5) ds = o0
; s
and
0
lim sup tj p(s)g@ ds > 1.
t~ 00 t S

Hence Corollary 3 generalizes the first part of Theorem 1 in [3].
If instead of (5) we suppose (6) we obtain the following theorem.

Theorem 4. Let the conditions (4), (6), (7), (19) and (32) be satisfied. Further, let
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the conditions (20) or (20') and (33) or (33') be fulfilled for l = n — 2, n — 4,...,2
forneven(l=n—2,n—4,..,3,1fornodd). Finally, let the condition

(38) Jwa(nziiﬁ%%gl)mz=w

be fulfilled for each ¢ > 0 and each sufficiently great a.
Then the equation (1) has property B.

a

The proof of this theorem proceeds in the same way as that of Theorem 3.
Comparing Definition 3 with Lemma 3 yields that the only thing which remains
to show is that in the case | = n,

(39) lim 6L, u(f) = o0 .

t—r
Hence let I = n. Then by (6), 6L, qu is nondecreasing in a neighbourhood of oo
and hence, by statement (c) in Lemma 3, there exists a constant ¢ > 0 such that
(40) OL,_u(t)2c>0
in {a, o0). Using the same lemma we obtain by repeated integration of (40) that

SL,_yu(t)Z cl;_((t, a5 Pyejirgsos Pum1)s L2 a, j=1,..,n
and thus
dLou(t) Z ¢ P,_4(t,a), t=a.
This implies that

u(t)| = u > |Loug(0)] > ¢ P, [g(r). a]
Lot = 110 o) = (1 SR 2 6 (1 2Pl

a

1\

and in view of (38), (39) follows.

Corollary 4. Let the conditions (4), (6), (7). (30) be satisfied. Further, let the con-
ditions (31) or (31') and (37) or (37') be fulfilled for { = n — 2,n — 4, ...,2 when n
iseven (Il =n—2,n—4,...,3,1 when n is odd). Finally, let the condition

(41) J gy Drmalo@oal g,
] polg(1)]
be fulfilled for all sufficiently great a.
Then the equation (1) has property B.
Theorem 2 does not say anything about the case [ = 0. In a special case of the
deviating argument the answer is given by

Theorem 5. Let the conditions (4), (5), (7), (19) and (20) or (20') for 1 = 0 (the
conditions (4), (6), (7), (19) and (20) or (20) for | = 0) be satisfied. Let n be odd
(n even). For the function g let there exist an increasing sequence of points {t,

with lim t, = oo such that
k—o0

(42) g(<tk3 OO)) - <tk5 OO) s k= 15 2, P
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In particular, (42) is satisfied when g{t) 2 t for t = t,. Let there exist a function
H = H(t, y): Dy — <0, 00) which is continuous, nondecreasing in y for each fixed t
and such that

(43) |f(. »)] = H(t, [y])

for every (t, y) e D, and for any sufficiently great number a there exists a ko, 0 <
< ko < 1 such that for each k > 0,

(49 [“r 0 HEER L g <,

forall t = a.
Then there is no nonoscillatory solution u of the equation (1) with property P,.

Proof. Let u be an arbitrary nonoscillatory solution of (1) with property P,.
Since all assumptions of Theorem 1 for [ = 0 are satisfied, ¢, = 0 in (22) or (22)

and hence
Lo u(t)| = j m P (5) O4(s. 1) f<s, Lpg“&‘?f)‘ s

and in view of (43) we have

Lou| gls
(43) outd] = [ ") 0o o1 (5 ot o
Po[a(s)]
By Lemma 3, [Loul is a nonincreasing function which converges to 0 as ¢ — o0,

Thus for any ¢ > 0 there exists a #, = a satisfying (42) and such that
(46) |Lo u(t)] < |Lou(t)] < ¢

for all # = a. Putting (46) into (45), on the basis of (44) we come to the inequality

(47) ILo u(i)| < f " 0 (s) Ouls, 1) H(s, 5p3 '[9(s)]) ds < kot

t
for all + 2 a. Hence the inequality (46) in <a, o) has led to the inequality (47) in
the same interval. Repeating this process p-times we get that
Lo u(t)] < kie
in <a, 00) which for p — oo implies that L, u(¢) = 0 in <{a, c0) which contradicts

the condition (3). Hence u with property P, does not exist.

Corollary 5. Let the conditions of Theorem 3 be satisfied. Further, if n is odd,
let (20) or (20) for I =0, (42), (43), (44) be satisfied. Then each solution of the
equation (1) is oscillatory.

Another sufficient condition for the nonexistence of a nonoscillatory solution u
of (1) with property P, is given in the next theorem. As usual, let us denote

(48) Yty =sup {s 2 t5:g(s) £ 1} forall ¢2=¢,.
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With help of this function, we define
m(t) = max (y(t), 1),
By virtue of (48) and the continuity of g, for each s > y(t) we have g(s) > ¢t and
g[¥(f)] = t. Hence m possesses the following properties:
(49) s = m(t) implies g(s) = ¢, m(f) =t and, further,
it g(t) <t, then m(t) =7(1).
Theorem 6. Let | < 1 < n — 1 be an integer. Let the conditions (4), (5), (7), (19),

(20} or (20') (the conditions (4), (6), (7), (19), (20) or (20")) be satisfied. Further,
let (32) be fulfilled. Then the condition:

For each a from a neighbourhood of oo either

(50) | B Qulon) 665, o)) s = o
m(t)
for all sufficiently great t or
(50" lim sup P (t, a) Py '(5) Quia(s, 1) G(s, pg '[g(s)]) ds > 1
i m(t)

is a sufficient condition that there exists no nonoscillatory solution u of the equation
(1) with property P,.

Proof. If u is a nonoscillatory solution of (1) with property P, then similarly as
in the proof of Theorem 2 we come to the inequality

(28)  |Lou(n| = Pt a) j " p(5) Qurals, §) Gls, [u[g(9)]) ds =

> Py(1, ) °°( P () Qe (55 1) G(s, [u[a(s]) ds» 1= a.
m(t)

Since |Lou| is increasing, (49) implies that
[ulg()]| = ILoulg(s)]] po '[9(s)] = [Lo u(0)] p5 '[9(s)]
for all s = m(t) and the inequality for Lyu turns into

0w 2 P.) [ 27(6) Q114(51) 66 [ (0] 5 a9 0

m(t)

which in view of (32) leads to the inequality

12 Pta) [ 5 Quds. ) Gls. s o] ds. 12 a.
m(t)

This contradicts (50) or (50') and thus Theorem 6 is proved.

Corollary 6. If the assumptions of Theorem 6 are satisfied but (19) is replaced
by (30), (20) or (20") by (31) or (31") and (32) is omitted, then the condition:
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Either
(51) r P '(5) Queals, 1) ols) po '[g(s)] ds = oo
m(t)

for all t from a neighbourhood of oo or for all sufficiently great a,

(51) lim sup Py(t, a) P (5) Qraa(s, 1) ofs) pg [a(s)] ds > 1,

jandve] m(t)
is sufficient that there exists no nonoscillatory solution u of the equation (1) with
property P,

If instead of Theorem 2 we use Theorem 6 in the proof of Theorem 3, we get

Corollary 7. Let the conditions (4), (5), (7), (19), (32) be satisfied. Further, let the
conditions (20) or (20') and (50) or (50') be fulfilled for I =n —1,n —3,...,1
when niseven(l =n — 1, n — 3,...,2 when n is odd).

Then the equation (1) has property A.

The next corollary is a modification of Theorem 4.

Corollary 8. Let the conditions (4), (6), (7), (19) and (32) be satisfied. Further,
let the conditions (20) or (20") and (50) or (50) be fulfilled for | = n — 2,n — 4,...,2
whenniseven(l=n—2,n—4,...,3,1 whenn is odd). Finally, let the condition

(38) be satisfied.
Then the equation (1) has property B.
Remark. In a similar way Corollaries 3, 4 and 5 can be modified.
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