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NOTES AND COMMENTS

NONPARAMETRIC AND SEMIPARAMETRIC ESTIMATION WITH
DISCRETE REGRESSORS

BY MIGUEL A. DELGADO AND JUAN MORA!

1. INTRODUCTION AND SUMMARY

THIS NOTE 1S CONCERNED with nonparametric and semiparametric inference in regression
models where regressors are not continuous. In econometric practice, few explanatory
variables are continuous. Many of them are dummies, qualitative variables, or counts;
and others, though continuous in nature, are recorded at intervals and can be treated as
discrete.

When regressors are discrete with finite support, a mere average of those observations
of the dependent variable with the same regressor value will yield a root-n-consistent
conditional expectation estimate. We show that sequences of weights constructed in this
way are consistent in the sense of Stone (1977), even when the discrete regressors have
infinite support, as in the Poisson distribution. This procedure does not require any
smoothing.

These results are applied to the estimation of semiparametric models. Frequently,
root-n-consistency of parameter estimates is not easy to achieve due to the problem of
bias. When regressors are discrete, the bias term exactly equals zero when the non-
smoothing estimate is used. We exploit this fact to derive the asymptotic properties of
semiparametric estimates under weaker conditions than those required when regressors
are continuous. We discuss in detail the partially linear model (see, e.g., Robinson
(1988)). The Central Limit Theorem (CLT) we derive does not require independence
between regressors and regression errors, a feature typically present when regressors are
continuous. This approach is proven useful in other semiparametric problems.

The relationship between the nonsmoothing estimate and other well-known nonpara-
metric estimation techniques is also analyzed. We show that the nonsmoothing estimator
is asymptotically equivalent to the k-nearest neighbors (k-NN) estimator when all
regressors are discrete. Using this result it is easily shown that parameter estimates of
semiparametric models based on nonsmoothing and k-NN weights are asymptotically
equivalent up to the first order. We also discuss the equivalence between other nonpara-
metric estimates and the nonsmoothing weights.

2. NONPARAMETRIC CONSISTENT WEIGHTS WITH DISCRETE REGRESSORS
AND ITS APPLICATION IN SEMIPARAMETRIC ESTIMATION

Let (£, Z) be an R* X R%-valued observable random variable such that E||{ || < c. We
will assume that Z is discrete, that is,
) 3 9 cRY, & countable set, such that P(Zc2) =1
and » €2 =>P(Z=+)>0.
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Given a random sample {({;,Z)), j=1,...,n} of ({,Z), the regression function
E[{1Z =z]=m () is estimated by

m({k)(z) = Z QW,,(}‘)(»&),
J

where {W,,(}‘)(z), j=1,...,n} is a sequence of weights (the superscript k is used in order
to distinguish among different types of weights) and all summations run from 1 to n
unless otherwise specified. When Z is discrete, a simple estimate, which does not require
any smoothing, can be obtained considering the mean of those observations of the
dependent variable {; for which Z; =«. The weights we obtain in this way are

WD) =1(Z; =z)/( %I(Zk =z)),

where I(-) is the indicator function and we arbitrarily define 0/0 to be 0. The corre-
sponding nonparametric estimate m(gl)( #) is termed nonsmoothing estimate. These weights
are globally consistent as we state in Theorem 1.

THEOREM 1: If (1) holds, Ell{II"< (r=1) and (¢,2),({,2),...,(L2Z,) are
independent and identically distributed (i.i.d.) random variables, then E|m{Z)-
m (2" = o(D).

Discrete regressors with possibly infinite support are not a problem in some semipara-
metric models in which the focus of interest is to improve efficiency of the estimates (see,
e.g., Robinson (1987) or Newey (1990)). However, in many semiparametric inference
problems, a bias term, which increases with the dimension of the regressors set, makes it
difficult to achieve root-n-consistency results. Robinson (1988) introduced higher order
kernels as a bias reduction technique in semiparametric problems. This approach has
been also applied to other semiparametric procedures, like the average derivative method
(Powell, Stock, and Stoker (1989)) and shape-invariant modelling (Pinkse and Robinson
(1995)), among others.

When regressors are discrete and nonsmoothing weights are used, the bias term is
exactly equal to 0 and, hence, no bias reduction techniques are required. In this section
we show how this fact can be exploited to obtain asymptotic properties in the semipara-

‘metric partly linear regression model.
Suppose (Y, X, Z) is an R X R? X R%-valued observable random vector such that

)] E[Y|X,Z1=B'X+06(Z) as,

where B is an R”-valued unknown parameter vector and 6(-) is an unknown real Borel
function. Given a random sample {(Y;, X;,Z;), i =1,...n} from (Y, X, Z), if we define
&, =4~ ElL1Z] (for {=X,Y) then &y, =B'sy; + U, where U =Y, - E[Y;|X,,Z]
(1 <i<n). Assume that the following condition holds:

3 ElU?1X,,Z,] =E[U%) = 0?<» and ®= E[&y,&%;] is p.d.

Under (2) and (3), the least squares estimate B = {Z;exje%)” 'L;ex;£y; is asymptoti-
cally normal with covariance matrix ¢2®~!. But this estimate is infeasible because
E[Y;|Z] and E[X;|Z,;] are unknown. When Z is an absolutely continuous random
variable, Robinson (1988) proposed asymptotically efficient estimates of B by estimating
the conditional expectations in &y; and &y;. We follow here this approach.

We shall use “leave-one-out” estimates. Given (¢;, Z;) and {( §:Z), j=1,...,n, j#i}

iid. random vectors, m,; = E[{; | Z;] is estimated by m{) =X, ., (W, (Z;), where
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W,S)_ () are weights as defined above, but which do not employ the ith observation. As
stated in Theorem 1, if Z is discrete then E Ilmg) —mg |I” = o(1), whenever E|l{|I" <.

The proposed estimate of B in (1) is obtained as follows. Define &fP = ¢; —m{?, for
any random variable {; using these estimated residuals for {;=7Y;, X; it is possible
to estimate @, B, and o2 by @DV =n"1T,eQeQ'l;, BV = @D~ 1n"1T, QeI and
o0 =n"1E(e{) — BD'e¢))?I,, where the function I, is defined as [;=I(E,, , 1(Z; = Z,)
> 0). The estimate BV is asymptotically as efficient as the infeasible estimate B.

THEOREM 2: Assume that (1), (2), (3) hold, E[U*] <, E||X||* <, and Y, X,,
Z),...,.Y,, X,, Z,) are i.i.d. random variables. Then

- d
nl/Z(o.Z(l)(p(l)—l) 1/2( B(l) — B) — N(O, Ip)_

The crucial aspect of Theorem 2 is that the feasible estimate 8 is unbiased. Note
that, if '[;=1, then, L;,WSNZ)0(Z)=60(Z)= &{)=p's{)+ ) =BV =B+
DD~ 1p=1%, e DI, So, E[ BV]= B. Assumption (3) can be easily relaxed, allowing for
conditional heteroskedasticity, i.e. E[U?| X, Z]= o *(X, Z). In this case, the asymptotic
variance of n'/2(B® — B) will be @ E[02(X;, Z))ex; 841071

When the sample size is small and there are many different values of Z in the sample,
it may be convenient to smooth. One of the most popular smoothing procedures is the

one which uses k-NN weights, defined as
e(j,n, )
u/n(]z)(‘)E 2:1 Cn,d(j,n,;)+i)/e(j’n")’
im

where e(j,n,2)=#{i: 1<i<n, p(Z;, %)= P Zj 2}, d(j,n, #)=#{i: 1<i<n,
P Z;, #) < p(Z;, #)} (hereafter we suppose that ElZI* < and p,(u,v) denotes the
Euclidean distance between vectors u and v after scaling their components by the sample
standard deviations of the corresponding component of Z; see Stone (1977)), and ¢, ;
(1 <i < n) are constants such that

Ecn,i=l7 C,,,IZ"'ZC,,’,,ZO, and cn,i=0 Vi>k,,
i

for a given sequence k,, satisfying 1 <k, <n. These weights are well motivated when all
regressors are discrete. If the number of observations of Z which are equal to = is
greater than or equal to k,, then the k-NN weights are identical to the nonsmoothing
weights. Otherwise, some observations of the dependent variable (those whose corre-
sponding regressor value is nearest #) enter in the weighted average. There are different
possible k-NN estimates, according to various choices of c, ; (see Stone (1977)). The
most popular ones are uniform k-NN estimates, for which ¢, ;= 1I(i <k,)/k,. Applying
Stone’s (1977) results, we know that some k-NN estimates (e.g., uniform, quadratic, and
triangular ones) satisfy a similar result to Theorem 1 if

“) 1/k,+k,/n—>0 (asn— ),

In fact, in the discrete case any k-NN estimate and the nonsmoothing estimate behave
asymptotically in a very similar way under (4), as follows from the following theorem.

THEOREM 3: If (1), (4) hold, El{ll<e, and ({,2),({y,Z4),...,(L,, Z,) are ii.d.
" random variables, then there exists q, € (0,1) such that Pm{(Z) # m{(Z)} = o(q{)), where
m@(-) is any k-NN estimate.
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Note that, as a result from Theorem 2, V ¢ 2 0, P{m{(Z) # mP(Z)} = o(n ™).

Using Theorem 3, it is possible to obtain a similar result to Theorem 2 when k-NN
estimates are used in the nonparametric estimation. Specifically, we may define 8@,
0??, and @@ in the same way as BP, o XV, and &V, but replacing W,5)_;, by W,3_,.
Then we have the following corollary.

COROLLARY: Assume that (1), (2), (3) hold, E[8(Z)*] <, E[U*] <, E|X|*<w,
and (Y, X1, Z,),...,(Y,, X,,, Z,) are i.i.d. random variables. If (4) holds and W,,(jz()_,.) are
uniform, quadratic, or triangular k-NN weights, then

n/2(g2@p@-1)"2( B —-p) 4 NQ,1,).

Note that B is no longer unbiased, but those terms which reflect bias may be easily
handled thanks to Theorem 3.

A similar result to Theorem 2 may be deduced when kernel weights are used if the
support Z contains no accumulation points and the kernel function is bounded. In fact,
if these assumptions are satisfied it is straightforward to check that the nonsmoothing
and the kernel estimates will coincide for n large enough. If these assumptions are not
satisfied, then it is necessary to restrict the probability mass which can be contained in
the neighborhoods of any accumulation point; otherwise, it is possible to construct
examples in which P{m{(Z) + m$)(Z)} does not converge to 0, where m$(Z) denotes
the kernel estimate.

We have performed some Monte Carlo experiments in order to compare the finite-
sample behavior of the nonsmoothing, kernel and k-NN estimates in the partly linear
regression model. The conclusions of this simulation are by no means a surprise: the
nonsmoothing estimate behaves better than the others when the support of & contains
only a few points or when the underlying regression functions E[Y | Z =] and E[X |
Z =«] exhibit high volatility. (We refer the interested reader to Delgado and Mora (1995)
for details.)

In many other semiparametric estimation problems implementation of discrete regres-
sors using our methods is straightforward (see Delgado and Mora (1995)).
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APPENDIX : PROOFS
ProOOF OF THEOREM 1: We must prove that the sequence W,,‘j’)(-) satisfies conditions 1-5 of
Theorem 1 in Stone (1977). 1t is straightforward to see that Stone’s conditions 2 and 3 hold. The

other conditions also hold as it is proved in Propositions 1.1-1.3 below.

PROPOSITION 1.1: For every nonnegative Borel function f: R? — R,

<2E[f(Z)] Vn=1.

ELf(Z)] <= E[ YWDz
J
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ProOF: E[L,WINZ)f(Z)] < 2EIL,f(ZDI(Z; = Z) /(1 + L [(Z, = Z)] = 2nELf(ZDI(Z, =
2)/QA+ L, (2, =ZN =2E{f(Z)(Z =Z)Eln/Q+X}_,[(Z, =ZN|Z,Z,]}. Given » €9, if
we define Bf =X;_,1(Z, =#) and p, = P(Z =¢), then

n-1

Eln/@+BDI= ¥ ("5 1) p=p)" " /@ +s)

5s=0
n—1
<pt T (o0 )prria-p
§=0
=p Hlp. +A-pII"=(1-p)"y<p]!

Therefore, if P(Z) is the positive discrete random variable with support & ={p,:» € 2} and
probability function P(P(Z)=p,)=p_ Vp, €5,
Z’ ZI] }

E[ Y W,,<}>(Z)f(zj)] < 2E{f(Zl)I(Z =z,)E[n/(2 + Y Iz, = z))

J k=2
<2E[f(Z)I(Z=2Z)P(Z)""]
=2E{f(Z)E[I(Z =Z)P(Z)""1Z,]}.

Given » € 2, the random variable H(»,Z)=1I1(Z =+)P(Z)~! is discrete and its support contains

two values: P{H(+,Z)=0}=1-p,, P{H(+,Z)=p]'}=p,. Thus, V+ €9 E[H(»,Z)]=1 and
hence

E[ Yy W,,<}>(z)f(zj)] <2E{f(Z)E[(Z=2Z)P(Z)" ' 12,1} =2E[f(Z))]. Q.E.D.
j

LEMMA 1: Let Z be a discrete random variable with support @ and probability function P(Z =z) =p,
Ve €D;let Z,2,,...,2, bei.i.d. random variables and m € Z, m > 0 (m fixed). Then

llmnP{EI(Zk Z)= m} 0.

n—x

PrROOF: P, I(Z, =2Z)=m}=L,. g P(Z=2)P{L, [(Z;, =Z)=m|Z =2} But L, I(Z,=2Z)
conditional on Z =« has binomial distribution B(n, p,), where p, = P(Z =«). Hence,

(A1) nP{EI(Zk—Z) m}—-n Y e n)ora-p

€D
B G
R () E )

Define p,=sup,c p. <1 and g€(0,1-py). (If p,=1, Z is degenerate and Lemma 1 is
straightforward.) Then, Vk > 1 and V2 €2, (p, /(1 - ¢)* <p./(1 —q) <p, /p,. So,

Y (/A=< ¥ p/po=1/pe= ¥ pE<Q-9)"/py<U-)" " /p,.
,4569 569 4:69

Hence, (A.1) < np;! ( n )):?:g'(" —m )(— D - g¥*m =py 1( n )n(l — g)"q" ™ =o(1). Q.E.D.
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P
ProPOSITION 1.2: L, W§X(Z) > 1.

ProOF: L, WN(Z) = (X, I(Z, = Z) + 0). Then, for &> 0, P{T,W,N(Z)- 1> ¢} <
PEWN(Z) =0} =P(E, I(Z, = Z) = 0} = 0(1) (by Lemma 1). Q.E.D.

P
PROPOSITION 1.3: Max,W,{(Z) > 0.

PrOOF: Given &3>0, P{max W (Z)|> e} =PL,I(Z, =2)#0, (T, 1(Z, =Z)"' > ¢} =

Jn
PO<L,I(Z,=Z)<1/¢). Define (&) =NnN(0,1/¢), which is a finite subset of N. Then, P{0 <
Y (2, =2)<1/8} =T, e 5 PIEL[(Z, = Z) = m} = 0(1), since the summation contains a finite
number of terms, all of them converging to 0 by Lemma 1. Q.E.D.

PROOF OF THEOREM 2: We have

A2) BV =g+ @M= 1p=1Y My,
i

Thus, it suffices to prove that

d
(A3) n2 Y eQeGID =02 3 (X, = mIU; — mD, > N, o),
i i

an  owlhe 5,2
Propositions 2.1-2.4 below prove (A.3); (A.4) follows similarly.
PROPOSITION 2.1: Elln~1/2L (my, - mImPLI* = 0(1).
PROOF: Elln~1/2L (my, — mImAL |
A9 =Ellmy, ~mQIPmBPL1+ (= DEUmmy, ~mPY (m, = mSImi) 11
The first term in (A.5) converges to 0: applying Cauchy-Schwarz inequality,
1/2
Elllmy, — mPIPmP] < Elllmy, — mPIPm@?] < {Ellmy, — m@ I EIm@* ]}
Now, Ellm, —m$,I* converges to 0 (Theorem 1) and m{}) is an estimate of m,; = E[U; | Z,]1=0,
and hence E[m(l}i"] converges to 0 applying also Theorem 1. The second term in (A.5) is exactly
equal to 0:
ElLimG)(my, —m@) (my, = m@ImG L]

=0?(n-2) ), Y ElL(my, — X)) (my,~ X))

J#FELi#2
XWIZ W Z WD ZIWD(Z,)L,).

All terms in this expression are 0 because

n 4
Wn(jl)(zx)Wn(il)(Zz)Wn(sl)(Zl)Wn(sl)(zz) =1(Z,=2,=2, =Zj=Zi)/( Z 1z, =Zl)) :
k=2

Q.E.D.
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PROPOSITION 2.2: Elln~1/2E(X, — my)mDLI* = o(1).

PROOF:
Elln=12L,(X, = my )mDIIIT = EL X, — myPm$21,]
+ 0 (n - DEILWN(ZIWI(Z)I,
XEW X, =my) (X, —my ) Zy,..., 2,1 }.

Using similar arguments as in Proposition 2.1, the first term converges to 0 and the second one is 0.
Q.E.D.

PROPOSITION 2.3: Elln™ /2L (my, — m$DULII* = 0(1).

Proor: Use similar arguments as in Propositions 2.1 and 2.2. Q.E.D.
d

PROPOSITION 2.4: n~ /2L X; — my)U,I; > N(O, o*®).

PROOF: By Central Limit Theorem n~!'/2L.(X; —my;)U; % N, 0?®), since E[(X -m)U]=
E(X—my)EU|X,Z} =0, E[(X — my)U?(X —my)']= o ?®. On the other hand,

E

2
n=2Y (X, —my U -1,.)|| = 0 2E[Il X, — my I2(1 = I)].

Applying now Cauchy-Schwarz inequality and Lemma 1 we conclude that this term converges to 0.
Q.E.D.

PROOF OF THEOREM 3: Denote k =k, . First observe that if £;/(Z; = Z) > k, then

I(2,=Z)=1=e(i,n,2)= Y 1(Z;=2) and d(i,n,Z)=0=WI(Z)=WZ).
i

Therefore,
k-1
p{ng(Z)aemm(znsP{ZI(Zj=Z)<k} -X P(ZI(Zj=Z>='")
i m=0 \'j
k-1
<P’ X (,’,’,)(l—q)'"q""",
m=0

where in the last equality p, and g €(0,1) are as in Lemma 1. By (4) there exists n, such that
n>ny=k<n/2. So,if n>n,

k-1
PUnp2) @) <pi’ L (1) A=p"amm <pii{ ),

m=0

where the second inequality holds because the summation contains k terms which are all less or
equal than g"~*n!/[k!(n — k)!]. Denote g, =q'/* < 1; then, by Stirling’s formula,

q5 "P{mN(Z) # mP(D)} ~ py lqf = x @)™ Hgon/(n— k)"
X q§ ~*(n/k) K12,

where a, ~ b, means that a, /b, — 1; all terms in this product converge to 0 by (4) (the third term is
equal to exp{n X [(n — k)log(q,)/n — (k/nlog(k /n) + log(k) /2n)]}). Q.E.D.
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PROOF OF COROLLARY: With k-NN weights (A.2) no longer holds, but
n/2(g® - g) = q><2>1(n-1/2 DE NS Es@sm.).

The first term converges to 0 because if A4 is the event {mo(zn mo(zw I, =1} then Elnlls2I*]=
ETN16(Z,) — mi2y 1| A°1X nP(A°) (here the first factor is bounded because E[6(Z;)*] <« and the
second factor converges to 0 by Theorem 2). As for the second term, a similar proof to Theorem 2
applies, but references to Theorem 1 must be replaced by references to Corollary 3 in Stone (1977),
where it is proven that these k-NN weights are universally consistent. For example, in Proposition
2.1, (A.5) also holds when k-NN weights are used; but now the first term converges to 0 by universal
consistency and the second term converges to 0 because it is equal to

(A.6) E[Ilm(z)(mxl—m(z)) (mx m(z) )m(z)I |4, NA,1xP(A4,NA,)

+E[Im@(my —mP) (my, ~m@)ImB LI(4, 0 A4,)°] X P((4,04,)),
where A; denotes the event {m,,( iy = m,,( Z,-)}, for i = 1,2. (Note that in (A.6) the first term is 0 as in
Proposition 2.1 and the second one converges to 0 by Theorem 2). Q.E.D.
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