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Abstract

For the past several decades, nonparametric and semiparametric modeling for conventional right-
censored survival data has been investigated intensively under a noninformative censoring
mechanism. However, these methods may not be applicable for analyzing right-censored survival
data that arise from prevalent cohorts when the failure times are subject to length-biased sampling.
This review article is intended to provide a summary of some newly developed methods as well as
established methods for analyzing length-biased data.
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1 Introduction

An outcome-dependent sampling bias arises when observations are not randomly selected
from the target population (Cox 1962, Chapter 5). Length-biased sampling represents a
special case of left-truncated data, and has been recognized in various applications:
biomedical research (Keiding et al 2002; Simon 1980; Zelen 2004), marketing research
(Nowell and Stanley 1991), genome-wide linkage studies (Terwilliger et al 1997), labor
economics (de Una-Alvarez et al 2003), and nanotechnology (Kvam 2008). Length bias is
difficult to remove through the trial design and may confound the interpretation of disease-
specific survival times.

The observed data are often from a cross-sectional cohort of patients diagnosed with a
particular disease at the time of examination, who are then followed for the occurrence of a
subsequent disease-related event (e.g. disease-specific death). Under this sampling design,
patients with shorter survival times are selectively excluded, while those with longer survival
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times are more likely to be included in the cohort. One example of such data is a study of
dementia and the subsequent onset of death. In 1991, the Canadian Study of Health and
Aging (CSHA) was initiated to estimate the prevalence of dementia and to understand the
natural history of the disease in elderly Canadians (Wolfson et al 2001).

Using a prevalent cohort design, a total of 14,026 adults who were 65 years or older were
randomly selected and recruited throughout Canada in the first phase of the CSHA. Among
them, 10,263 agreed to participate in this multicenter epidemiological study. Focusing on the
prevalent patients, 1132 were identified as having dementia at enrollment and were followed
prospectively until the end of 1996. At enrollment, each caregiver provided an approximate
date of the diagnosis of dementia for these patients (Asgharian et al 2014). While the
majority of the patients with dementia died at the end of follow-up, a small proportion of
them had been lost to follow-up, so that their survival times were right censored. Two major
scientific objectives were to estimate the survival distribution of these patients measured
from their diagnosis, and to determine how different types of dementia impact long-term
survival. In addition, the study collected other baseline covariates such as gender, age at
study enrollment and level of education.

As noted by investigators of the CSHA and in the literature, individuals with dementia in the
CSHA had to survive long enough to be sequentially recruited into the study during 1991. In
other words, the patients who had shorter survival times when measured from date of
diagnosis were less likely to be recruited to the cohort. Therefore, the observed data are not a
random sample of the target population, which was all elderly individuals with dementia
who resided in Canada. This bias is common in cross-sectional prevalent cohort studies; the
survival times from such cohort studies are subject to left truncation. Here, the truncation
time is the duration from the diagnosis of dementia until enrollment in the study. In some
applications, including the CSHA for elderly people, the incidence of disease onset follows a
Poisson process, i.e. the disease incidence is constant over time (stable disease model), and
the left-truncation time is uniformly distributed. Under this special condition, the probability
of a survival time being sampled is proportional to its length; therefore, the survival times
are known as length-biased times in this case. Length-biased sampling and the need to
correct such bias in applications have been well recognized in epidemiology, marketing
survey, environmental and labor economics studies (Kalbfleisch and Lawless 1989; Keiding
et al 2002; Kvam 2008; Nowell and Stanley 1991; Simon 1980; de Una-Alvarez et al 2003;
Zelen 2004). The assumption of a uniform truncation distribution (i.e. length-biased
sampling) can be examined by formal goodness-of-fit tests (Addona and Wolfson 2006;
Mandel and Betensky 2007; Martin and Betensky 2005). For the CSHA, Asgharian et al
(2006) validated the stationarity assumption for the observed data, which are thus length-
biased data.

In this article, we review the current state of methodologic development for statistical
estimation and inference on nonparametric estimation and semiparametric modeling for
length-biased, right-censored data.
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2 Nonparametric Methods

2.1 Basic Notations and Definitions

Consider a cross-sectional sampling of individuals with a given disease from the population
and then following those individuals prospectively until they experience a failure event,
which may be subject to right censoring. As depicted in the diagram of Figure 1, the
observable data are the time A from disease onset to enrollment, the time V from enrollment
to death, and the censoring time Cfrom enrollment to loss to follow-up. Let §= [V < C) be
the censoring indicator and assume that (A, V) is independent of C. Let Y=min(A+ V, A +
O). Denote the observed data as (Y, A;, 8),1=1,2, ..., n.

With length-biased sampling, the population survival time 7, measured from disease
diagnosis to death, can be observed only among those with 7'> A. The observable survival
time is length-biased and equal to 7= A + V. In contrast to conventional right-censored
data, another complication in analyzing such data is the potential dependence between the
failure time 7 and the right censoring time A + C, measured from the initiating event
(diagnosis) to the event of failure.

The density function, and survival function for (unbiased) failure time T are denoted by £(¥)
= dF (§)/dt and S(?), respectively. The density function of the observed biased 7'is defined as
&) = dG(y)/dy, where d((y) = ydF (y)/u, and the survival function of T'is u= [ tf(f)dt.
Based on the renewal theory under the stable disease model (Vardi 1982, 1989), the joint
distribution of (A, V) is

fla+v)
2

,oa,v>0.

Equivalently, the joint density of (A, 7) can be expressed as

s e Sa) £
Larla =L@ tl)== 750 )

where

S(t)=[77dF (w)=p [ u" dG(v). ()

2.2 Conditional Likelihood Methods

Several articles published over the past three decades have described statistical methodology
development on the estimation of nonparametric survival distributions for left-truncated
data, and have covered length-biased data as a special case (Keiding 1992; Wang 1991;
Wang et al 1993). The large sample properties of such nonparametric survival function

Lifetime Data Anal. Author manuscript; available in PMC 2018 January O1.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnuen Joyiny

Shen et al.

Page 4

estimators have been well established (Gross and Lai 1996; Keiding 1992; Keiding and Gill
1990; Lagakos et al 1988; Turnbull 1976; Wang 1991; Wang et al 1986).

For length-biased data subject to right censoring, the full likelihood function for the
observed data can be derived from (1) and is proportional to

T S(I—ll) T f{};)d? S(

Yr}lféi
‘LF{\S]:H 1__[ 15 -

=1 i (A7) | 3)

Given truncation time A = 4, the conditional likelihood of (Y] é) is the second component of

3,

R S ACORE (SO
L. l_SJZHW

i=1

“)

As described in detail by Woodroofe (1985) and Wang (1991), a nonparametric product-
limit estimator for S(#) can be constructed on the basis of L¢. Letting £ denote the distinct
ordered failure times from uncensored Y, the derived nonparametric maximum likelihood
estimator (NPMLE) is similar to the Kaplan-Meier estimator after replacing the risk set R(?)
={i:Y; 2t} with Rp () ={i: A; st <Yj},

S(t)= I |- Iﬁ:l)lr{yl:im,ﬁ?;:l} |
| YA Yi) € R (i)}

Considering length-biased data to be a special case of left-truncated data, the nonparametric
survival function of $(.) can be estimated using this approach. (The nonparametric estimator
is also referred to as the truncation product-limit estimator.) Without specifying the
distribution of the random truncation time, the above methods are efficient, conditional on
the observed truncation times.

2.3 Full Likelihood Methods

It is clear that the aforementioned conditional likelihood approach for length-biased data is
not fully efficient, since it does not use the likelihood contribution due to A. Under length-
biased sampling, the distribution of A follows a uniform distribution.

Vardi proposed the NPMLE from full likelihood function approaches under the stationarity
assumption (Gill et al 1988; Vardi 1982, 1989). More recently, Qin et al. (2011) developed
an alternative nonparametric full likelihood method. We describe the methods next.

2.3.1 EM Algorithm to Estimate the Cumulative Distribution Function of the
Biased Failure Time T—With a multiplicative censoring model, Vardi considered that
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uncensored failure times { Ry, -+, R, } are independently generated from the cumulative
distribution function (CDF) G, and censored times {Z}, -+ Z, } as “incomplete
observations” (or “contaminated observations”) and come from a product of an independent
uniform (0,1) random variable Uand R, Z= U * R. Here, R is also generated from the CDF
G. Under this data generation model, the density function of Zis

h(z)=[y tdG(y), 2>0.

The nonparametric likelihood function given the observed data { Ry, -, Ry, }, { £, - Zp} 8

Tl e
Ly (G)=]]ldG(R H [hg) y LG (y)
=1 (5)

Using the notation introduced earlier for left-truncated data (also length-biased data), the full
likelihood for the observed data (Y}, 6y, i=1, -, n= n + m can be equivalently expressed
as

" r [ 14
O=[Trdc’ [f . v 1(1’.G(\y)]
i=1 - (6)

Vardi (1989) proposed an expectation-maximization (EM) algorithm for the NPMLE of G
based on the above full likelihood function. If d(X(.) is replaced by dF(.) in (6), then the
likelihood expression (3) is equivalent to (6), in which the likelihood contributions from the
uniformly “contaminated observation” Zand “uncontaminated” observation R correspond to
the contributions from right censored and uncensored failure time data, respectively. A
subtle difference between the likelihood expressions (3) and (6) is that the numbers of
censored and uncensored failure times (n; and m,) are random in (3), but are fixed in (6).
However, maximizing the two likelihood functions remains the same.

It is sufficient to consider the discrete version of distribution G on the point masses at ] < &
<.... <ty where £, ..., t are the unique farlure and censoring times for { Y1, ..., Y,}, k <n.
Maximizing (6) is reduced to the problem of maximizing the discrete version of the CDF of

T, pi= G(dt ) subject to the constramts pj >0 and Z b 1,j= 1, ---, k. For this EM
algorithm, { Ry, -, RH1 1 {Rl, . } are considered as the “complete data” and { Ry, ---,
Ry, 21, Zpy = (Y, 6), 1= 1, -+, nn} as the “incomplete data”. The iterative EM
algorithm to solve p; follows.

f{J\ 1[11

=1l p" >0

Step 1. Select an arbitrary p? ) that satisfies Z =P

Step 2. Solve p_g‘—lj by maximizing (5), so that we replace p_g—m with
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A(0),—1 -
ST L P (Y > )
pM==3 {()if(}’;:tj)Jr[lfﬁ;JH'—}fiJl .
J ne L Z? 'ﬁ}mtg 1 J o
= i

Given a convergence criterion, pjcan be solved iteratively and the maximum likelihood
estimation (MLE) of p;is denoted by p; The NPMLE is consistently estimated by

o koo X
G(fJ:Z_}‘:lpjf (t5>1), Asgharian et al (2002, 2005) provided the asymptotic properties of
the NPMLE for the unbiased survival function in the presence of right censoring.

Using the fundamental relationship between G and S'in (2), the NPMLE for $'can be
derived as follows,

o0 1 3
M since dF(t)=t 'dG(t)/ [t~ dG(t).
o uTtdG )

S(t)=1—

Note that the NPMLE of .S'is estimated via the CDF of Gfor observed bias sample 7. It is
thus difficult to impose constraints on F(i.e., .S) because they may not be easily translated to
the constraints on G.

2.3.2 EM Algorithm to Estimate the CDF of Unbiased Failure Time T—In contrast
to Vardi’s method for estimating the NPMLE of G, Qin and colleagues proposed a different
EM algorithm by directly estimating the NPMLE of Ffor the unbiased failure time 7'in the
target population (Qin et al 2011). They considered the ‘incomplete’ data from a different
perspective for length-biased data. Specifically, they defined the observed biased sample on
nsubjects, denoted by O = {( Y, 61, A1), -+, (Y 6 Ap), Aj <Y, =1, -, n}, as
incomplete data due to left truncation; whereas the data on m subjects are left truncated.
Here, the left-truncated data are denoted by

O'={(Ty, A7), ... (Tr A ) A>T i=1.2.. .., m ), where m follows a negative
binomial distribution with parameter . In essence, the length-biased observations (A, 7)
can be considered to be generated from a model with

A~T(0,7), T~F, on(0,7), 8)

where 7= t Aand Tare independent, and (A, 7) is observed if and only if T >A. Similar
to Vardi’s setting, it is sufficient to consider the discrete version of Fon the point masses, £,

k
-, ty, and define dH¢)) = g;and Zﬂ:] ¢i=1. The probability of having a length-biased
observation under this setting is 7 = P(T 2A) =K f)/z?.

Thus, the “complete” data are defined as {O, O}. The log-likelihood based on the complete
data is
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E i "

SO I(Ti=ty)+> (T} =t;)| logg;.

g=1 Li=1 i=1 (9)

where 7; 2A, 1=1,2, -, nand T <A, /=1, ---, m. Conditional on the observed data O,
one can derive the expectation of right-censored T"as well as left-truncated 7 *. Based on the
conditional expectations, the following iterative EM algorithm is proposed to solve the MLE
of dF(tj = quorjz 1, k

o_

. (0) . k 1 40~ 0
Step 1. Select an arbitrary ¢;  that satisfies Z.?:lq’; =h g 2N

Step 2. Iteratively replace q}m with

R,
i<ty | b0
E o 2(0) oy _:,[1{. _:)QJ }

i=1

(1] ﬁ'm’l " [ - -
@V ="— > | 0l (Yi=t;)+(1-9;)

. I o
L (0)_ (0) 2
where ™ ’—ZTzltﬂj /T,

Let g; denote the MLE of g, j= 1, ---, k, the NPMLE Ftt}:Zj;J?jf(tj <1, and p=

I ta’f{ t)/f. As a very different missing data mechanism is assumed here, a different EM-
algorithm is proposed for estimating the NPMLE of F. It is not surprising that the derived
NPMLE estimator dG(f) = tdf{ t)//;, where ,l; = rris proved to be equivalent to the NPMLE
G of Vardi. However, the EM algorithm by Qin et al. has the following advantages over
Vardi’s NPMLE: 1. It directly estimates the target distribution function F, so that constraints
on Fcan be easily imposed; and 2. The EM algorithm based on the full likelihood (9) can be
generalized to other semiparametric models.

3 Semiparametric Cox Model: Estimation Methods

The Cox proportional hazards model is the semiparametric regression model that is most
commonly used in survival analyses (Cox 1972). It has been a main focus for analyzing
length-biased data by developing valid approaches to modeling unbiased failure times with
risk factors estimated under the Cox model. Assume that failure times in the target
population, 7, follow the proportional hazards model

Atlz)=Xo(texp(B ), (11)

where A(?) is an unspecified baseline hazard function and £ is a vector-valued unknown
regression coefficient for X. Note that the Cox model structure assumed for the target
population is often different from the one for the observed length-biased data. Under length-

Lifetime Data Anal. Author manuscript; available in PMC 2018 January 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnue Joyiny

Shen et al. Page 8

biased sampling, one can only observe T’among those 7 > A, and X is the baseline covariate
vector. It is reasonable to assume that C'and (A, V) are independent given covariate X, and
that the censoring distribution is independent of covariate X.

3.1 Conditional Approach for General Left-Truncated Data

Given the covariate X = X, the joint density of (A, 7) can be decomposed as a product of the
marginal distribution of A and the conditional distribution of 7"given A, similar to (4) for the
case without covariates. Such a formulation has been utilized in analyzing left-truncated data
(e.g. (Andersen et al 1993; Wang et al 1993)):

S(a m)} {f{f|:1:)f(t>a.]} _

Farlactle)=f,(alo)f, (taw)= | 2 25| | LE L

where S(#K) is the survival distribution for the unbiased failure time and p(x)= [~ S(t|x)dx
given X. Given truncation time A = a, the conditional likelihood of Y'is proportional to

fan i IEY—1|X1~3)(‘& S(}—2|Xiﬁ)l_dl
L.(8)=]1 s

i=1

(12)

As described in detail by Wang et al. (1993), Lcan be further expressed as the product of a
partial likelihood and the residual likelihood:

-L'(f (B~ 1'1[]}:-“—";3 {{B}}—‘ AT (JB —"10) :

where

. &
: exp(8' X))
L,(B)= .

g 1:1[[Em:y.-;.e“ip(BTXJ}] (13)

and the residual likelihood, L,y is the marginal likelihood for truncation time A defined by

P " S(;4i|Xi) n CYp{—l(q?)CYp(ﬁTX;\}}
L . 1'1 = " = .
u(B. 4p) H g 4l Xi) H fﬁce}q}{—:’l('U}EXD(,BTX{:)}OP.TJ

=1 =1

Note that the partial score equation from Lp(f) is
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) " Xjexp(BTX)I(Y; > Vi > 4))
U, @)=y | x- BRI ZIIL S D),
i=1 Z_f:lCXP(ﬂ X)IY; 2 Y, > Aj) (14)

Wang et al (1993) proved that the partial likelihood estimator solved from U pis
approximately as efficient as the maximizer of L when the distribution A is unknown.
Here, Lphas an expression similar to that of the partial likelihood function for traditional
survival data (without left truncation) except for the definition of the risk sets R(y) = {j - A;
sy sYj

3.2 Estimating Equations with Inverse Weighting (or Weighted Risk Set)

3.2.1 Weighted Estimating Equation Methods for Uncensored Data—Under
proportional hazards models, Wang (1996) was among the first to construct a pseudo-
likelihood, which may be viewed as an inverse weighting estimating equation, to estimate
the covariate effects on the unbiased failure outcomes without right censoring. Under length-
biased sampling, Wang (1996) derived a score equation based on the pseudo-likelihood
function, which can be expressed as the following estimating equation,

L S0 Xexp(BT X)) T, I(T; = T)
UnlB)=3 | X = e o 1y | =
i=1 .J:lCX]){,B X})T? I{\Tj 2 Tg) (]5)

Wang (1996) and Tsai (2009) observed that (14) reduced to (15) asymptotically, when A is
integrated out in (14) using the fact that A follows a uniform distribution of U (0, 7)) given
T;. However, different methods are required when 7} is subject to right-censoring.

Ghosh (2008) proposed an estimating equation approach for modeling the regression
coefficient of A and X to estimate the natural history of tumor growth under the Cox model
in the context of length-biased sampling. While the method may serve the purpose of
modeling the data of the tumor size without forward recurrence times (i.e. follow-up times),
thus without right censoring, it could lead to a severely biased estimator for general right-
censored, length-biased data.

3.2.2 Pseudo-Partial Estimating Equation—Tsai (2009) proposed the pseudo-partial
likelihood approach by embedding the biased sampling data into left-truncated data using a
missing data mechanism. Considering a different right-censoring schema, it was assumed
that the truncation time and censoring time (A, €) have joint distribution function Gji c(a,
¢), and Tand (A, C) are mutually independent. Here, Cis different from the previously
defined residual censoring time C. Specifically, the failure, censoring and truncation times
are not sampled from the joint distribution but from the conditional distribution, given { 7' >
A, C >A}. By embedding biased-sampling data into the left-truncation model (13), the
author used the log-partial likelihood derived by Cox (1972) for conventional right-censored
data as the working likelihood, as follows,

Lifetime Data Anal. Author manuscript; available in PMC 2018 January O1.
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n

‘. (ﬁ):ZﬁTXJ-fZE {1ogzcxp(ﬁij)r(_aj STy < Yi)ltr, e oy X1, X} .
(16)

i=1 i=1 G=1

The second term of (16) is estimated by using the Monte Carlo method. For length-biased
sampling with right censoring independently applied to the residual survival time V; the
author derived the pseudo estimating equation as

U, (B)=3 5. {x S exp(8T XY 2 V) W(¥;.8,. ) }
T i i s NTEr - -
i=1 '.?=1XJ'9XP(BTXJ‘}I(}'.£ = Y)Wy (Y, 6;.Y3)

where

o [dut)—i(t—a) } o [Solt—a)=S5. (1)
Wi(t,0,a)=6  —————— +H(1-0) | ————F—

and Sc (9 is the Kaplan-Meier estimator of the residual censoring time C, and

-zﬁ:r:(t):_['g.‘;' o (u)du. The above estimating equation derived from the proposed profile
pseudo-partial likelihood of Bis reduced to (15) under length-biased sampling without right
censoring. When T'is subject to right censoring, it is less intuitive by assuming that the
biased data (7}, A, are obtained by applying an independent censoring mechanism to the
data before the data are sampled with bias.

3.2.3 Weighted Estimating Equation Methods—To estimate covariate coefficients for
length-biased data with right censoring, Qin and Shen (2010) constructed two types of
inversely-weighted estimating equations under the proportional hazards model. The density
function of an unbiased 7 given X is denoted by £(¢ /X) and the corresponding survival
function by S(¢/x). Assuming (A4, V) is independent of residual censoring time C, the
probability of observing a pair of uncensored data is

pr(d=a,V=y—a,C > y—a|X=x)=f(y|x)S, (y—a)/p(x),

where S is the survival distribution for residual censoring variable C. Consequently, the
probability of observing the length-biased failure time at y can be obtained by integrating
out a:

fobleledy) - v @ar.

(Y=y,6=1|X=x)= e
pr(Y=y,i=1|X=z) @) an
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The following two inversely weighted estimating equations play a similar role in adjusting
for the dependent censoring distribution in length-biased data, and both are asymptotically
consistent. However, the empirical performance of the estimators is different. For the
estimating equation U],

YY) 2 Y3)6, X exp (BT X){Y; 8. (V- A, 0
S I(Y; = Y)dexp(BT X ){YS, (Y—A)} ! (18)

U1(ﬁ)2255 Xi—
i=1

When Sis unknown, we can replace it with its consistent Kaplan-Meier estimator for the
residual censoring time, which leads to an asymptotic unbiased estimating equation. It is
clear that the above weight function { Y; Sc(Y,— A)) }~! can be unstable at the tail when S
(u) — 0. The authors proposed a more robust estimating equation U, as follows, where
w(.) is an integral of the survival function of S¢(Y;— A)) with the numerical stability at the
tail,

Y I(Y > Y;]o‘}{u.-c(}fg)}—l.xjexl-;(ﬁ?’xj) _
YUY = Vi)oi{we(Y;)} Texp(BY X ;) (19)

U2(8)=) 0; | Xi—
i=1

Note that the weight function w(f) is very robust even at tail, when ¢ — 00, w(?)
approximates to the mean of residual censoring time.

3.3 Likelihood-based Approaches

The above estimating equations (referred to as adjusted at-risk set) (Qin and Shen 2010; Tsai
2009) are inefficient as the covariates of the censored subjects are not included in the
estimating equations. They also require the censoring time to be independent of the
covariates unless a dependence structure is assumed when estimating the weight functions.
The following three likelihood-based approaches have the advantage of avoiding the
estimation of the censoring distribution and achieving more efficiency compared to the
previously mentioned methods.

3.3.1 Full Likelihood Method Based on EM Algorithm—Qin et al (2011) proposed
an EM algorithm to maximize the full likelihood to estimate both B and baseline hazard
function Ay(# under the Cox model. In contrast to Vardi’s EM algorithm to estimate the
nonparametric MLE of G, this alternate algorithm to directly estimate the MLE of Fcan be
modified and extended to handle the semiparametric MLE using the full likelihood.

For random but length-biased samples of n subjects, the observed data consist of {O ;= (A4,
Y, 6, X)), 1=1, ---, n}, which are n independent and identically distributed (i.i.d.) copies of
O= (A, Y, 6 X). The full likelihood function of the observed data is proportional to

Lifetime Data Anal. Author manuscript; available in PMC 2018 January O1.
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e Y X)) ST (v X)

L’ 3 H
bl g A (Xi) (20)

F

where g 4 (X )= [ tf(t| X;)dt=[7S(t| Y ;)dt. The estimation of the MLE of Band the
infinite dimensional parameter .5 can be computationally intractable if directly maximizing
(20) or solving its score equations.

Generalizing the approach in Section 2.3.2, but under the semiparametric Cox model, Qin
and colleagues proposed the EM algorithm to impute the “missing data,” which are the
truncated latent data that correspond to each covariate. For 7= 1, ---, n, let T‘I*;,, Jj=12,.. m;
be the truncated latent data that correspond to covariate X;. The EM algorithm is used to
estimate the discretized version of the baseline hazard function A (1) =Z,, 17 A, where A;is
the positive jump at the ordered unique time ¢ for j=1, -, &, and A = (1, -, Ap). For
notational convenience, denote £}(f) = dF (¢ /X}). The log-likelihood based on the complete
data is then

T

k 1
> {r(z:—wzrf .;;—rj}] logf (1))
G—1im1 =1

Conditional on the observed data relative to the ith subject, O ;= { Y} A;, &;, X;}, the
expectation of the latent variable can be expressed as

wij=F I(Tf:fj)+fi'f(1ﬁ§:fj}|ﬁi
=1

o s W e LY <t o .
=0;1(Yi=t;)+(1-d;) ﬁij“ —t;/7)pis e
=1 Pid ity )

where

il k
filtj)=piy=Xjexp(B X;)exp {Z)\gcxp(ﬁ Xa)} . and ,U-;::ijpij-

=1 G=1

Thus, the expected complete-data log-likelihood function conditional on the observed data is

n ok
LB N=D2D sz
i=15=1 (22)
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In the M-step, maximizing { (B, A) with respect to the baseline hazard function at f;leads to
a closed form of A4 ;as a function of B,

. o owgg
\(B) == =
’ S waexp(8T X))

After inserting Binto the score equation of B derived from (22), B can be solved using
existing software for the analysis of conventional right-censored data under the Cox model,
which is a computational advantage. With the estimated Band A;(f), one can update the
expected likelihood via updating w;;. The estimators of Sand A; () are obtained by
repeating the iterative steps.

3.3.2 Composite Partial Likelihood Method—Huang and Qin (2012) introduced the
composite partial likelihood approach for estimating covariate coefficients under the Cox
model for length-biased data. In general, directly maximizing the full likelihood function
(20) with respect to (A, B) is computationally intensive, even though it leads to the most
efficient estimators. The full likelihood can be factored to L= L x Ly where Lis as
defined in (12), and can be further factored to the partial likelihood Lpand a remaining
ancillary term as described in Section 3.1. As demonstrated in the literature (Qin and Shen
2010; Shen et al 2009), the estimator of S obtained from the partial likelihood Lpis
inefficient. Using the exchangeable (or symmetric) property of (A, V), their joint density is £
(a + v/x)/(x) and their marginal distributions are

Futlz)=Ff, (tx)=S(t|x) /n(x).

Therefore, the density of 7= A + Vgiven A is the same as 7'given V. Based on the partial
likelihood function Lpand the symmetric distribution property of (A, V) when there is no
right censoring, Huang and Qin (2012) proposed following the composite likelihood by
doubling the information of A using V. Specifically, the likelihood for the pooled data {(7}
Ap X)), i=1,-n}yand {(T}; V;, Xp,i=1, - n} is

, 1—['n fTX:)  f(TX5)
L‘ZC (.B): T A r E .
1 {15(113|XJ} 15(1/.3' X:,}} (23)

i=

When Vis subject to right censoring, the symmetric property of (A, V) does not hold since
A is not subject to right censoring. However, it is interesting that the conditional density of
A=agiven V= vand §=1 has the same density function as the conditional density of V'

given A without right censoring,
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flatv|x)

S(v|a) ya>0, >0,

Using the above property, a different composite conditional likelihood for right-censored,
length-biased data is formulated by augmenting the information among the uncensored
subjects only,

o 1) FYXD) | FYIX) % Sl X B

i=1

Specifically, the pooled data are {(Y;, A; &; X;), =1, - n} combined with the uncensored
subset {(Y; V; X;), among 6;=1, i=1, ---, n}. By inserting the Breslow-type estimator for
the baseline hazard function A(.) into the above likelihood function, the corresponding score

equation for estimating B yields

v oS | x S Xjexp(BT X)) {I(A; Vi < V)+6,1(V; Vi < Y5)} 0
G T o exp(BTX){I(A; Y S YRV, <Y <Y} | '(25)

Note the similarity and difference between the conditional estimating equation for general
left-truncated data (14) and the above augmented estimating equation for the augmented
data. For the variance estimator of ,3, the augmented and original data have overlapping
information; therefore, the pooled data should be treated as clustered survival data to adjust
for the correlation. The composite likelihood approach can improve statistical efficiency
compared to some of the estimating equation approaches without modeling the censoring
distribution.

3.3.3 Maximum Pseudo-Profile Likelihood Method—Under the proportional hazards
model, Huang et al (2012) introduced a maximum pseudo-profile likelihood approach,
which can improve efficiency and naturally handle time-dependent covariates. By
generalizing the profile likelihood method via replacing the nuisance parameters in the full
or partial likelihood with a consistent estimator, the authors replaced the baseline hazard
function with infinite dimensional parameters in the full likelihood with a Breslow-type
estimator for the baseline hazard function to attain a pseudo-profile likelihood function. For
a known B, a natural consistent estimate of Ay(#) can be obtained from the conditional
(truncation) likelihood L (B, Ag) defined in Section 3.1,

S A" 5 1(Y; < u)
i ﬁ(t)_f{] T T -
Yiciexp(B8° Xi) (A <u <Yi)  (26)
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in the class of nondecreasing right-continuous functions that jump only at uncensored failure
times. Profiling out Ay(.) from the conditional likelihood L (B, Ag) leads to the partial
likelihood, Lp(f) defined in (13). This is why the estimators of B obtained from maximizing
Lpretain the same efficiency as those from L as proved by Wang et al (1993) when there is
no information on the distribution of the truncation time. Under length-biased sampling, the
maximum partial likelihood estimator obtained from (13) is not efficient, since the
likelihood contribution from Ly, (B, A p) is ignored. The resultant pseudo-profile likelihood
follows,

N N noexp A {14?_)9}(p(BTX,;:}
Lo (8. Ag) =L, (B) L, (B, A3)=L(8)[[— s L b
i1 [exp {~ Ag(w)exp(8T X,)} du

Similar to the other two methods in Section 3.3 (Huang and Qin 2012; Qin et al 2011), this
method is more robust compared with the methods that use estimating equations, when the
censoring distribution depends on covariates and/or the censoring proportion is high.

4 Semiparametric Accelerated Failure Time Model: Estimation Methods

The accelerated failure time (AFT) model, which linearly relates covariates to the logarithm
of the survival time, has been one of the regression models most commonly used for
analyzing right-censored survival data besides the proportional hazards model (Kalbfleisch
and Prentice 2002). Assuming that the failure time in the target population follows the AFT
model,

logT=X"Bo+e, (27)

where By is a p x 1 parameter vector and e is independent of X with an unspecified
probability density distribution function g(.).

4.1 Estimating Equation Methods without Right Censoring

Chen (2010) considered a special case for length-biased data without right censoring. Under
the semiparametric AFT model, the author derived the hazard-based estimating equation for
length-biased data,

UL (8)=3 [ Xi {dNi(ye™ X Ay(ye™ X0)d A, (y:8) } =0,

- -’-"«|r7§§X'£‘|

AyB)=J4 § i
where N(y) = I(T; <), A(y) = I(T; > y), and "' S 2yt 7%, [- The model
structure for the observed 7 (length-biased) is generally different from that for 7 (unbiased)
in the target population when the failure time is subject to right censoring. However, Chen
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(2010) observed there is a unique feature for length-biased data under the AFT model: the
observed length-biased failure time follows an AFT model with the same regression
coefficients except for the intercept if T'follows an AFT model. By using this invariance
property, Mandel and Ritov (2010) also proposed to use the standard least square method for
analyzing length-biased data under the AFT model. The numerical studies showed that the
least squares estimator outperformed the estimator of Chen (2010), with smaller standard
errors. However, both methods are not applicable to length-biased data with potential right
censoring.

4.2 Conditional Estimating Equation Approach

For general left-truncated and right-censored data, Lai and Ying (1991) proposed a rank-
based estimating equation for B, based on the constructed at-risk set at £as

R*(t,b)={i < n:Ajexp (—XIb)<t < Yiexp (— X1 b)}.

s |y DXl € B (Yie X/ B, 8))
- . . s w1 .
i=1 Z?:]I{j € R* (Ve % ﬁ'ﬁ)} 28)

For length-biased data, this estimating equation ignores the information on the truncation
times and may result in efficiency loss. By effectively utilizing information contained in the
truncation time, Ning et al (2014b) modified equation (28) by replacing the indicator

function f 1€ RY( Y,,-g,—X;Tﬁ .B)} with its conditional expectation given the observed
information under the stationarity assumption,

S XGR(Y,e X8 1)
S R(Y;e X8 )

U, (ﬁ)zZ.f'é’“ {X-;-— } AN (B, 1),
i=1

- wr %7 -
where Ni(8.t)=1 (l’z‘fi X8>y, 0?'21), and

Ry, =1y 2 1) { 2L DY 1y {M}

wely)

The modified estimating equation relies on both the magnitude and rank of the failure times
and achieves more efficiency compared to the estimators obtained from rank-based equation
(28).

4.3 Estimating Equations with Inverse Weight

In the presence of right censoring, Shen et al (2009) constructed the following
straightforward inverse-weighting estimating equation to account for the informative
censoring due to the sampling constraint,
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O (ogyi- Xy B)=0.
o (Vi) (29)

U,(B8)=

Although it is not the most statistically efficient estimator, the inverse-weighted estimator is
the most computationally efficient, with a simple closed form of the solution from the above
estimating equation,

A i (i,inXi! o 0; X;logY;
ﬁf{z (7 } 2 oW

i=1 i=1

Similar to the inverse-weighted estimating equation approach for the proportional hazards
model, this estimating equation approach requires the assumption that covariates are
independent of the residual censoring time. In addition, since (29) does not use the covariate
data from right-censored subjects, the estimator can be inefficient.

4.4 Buckley-James-Type Estimator

Under the AFT model (27), Ning et al (2011) constructed a Buckley-James-type estimating
equation and developed an iterative algorithm to obtain the root of the estimating equation to
overcome the aforementioned limitations from the above estimating equations. The
covariate-specific density function of the unbiased failure time 7'and the corresponding
length-biased density function can be expressed by

f(tle) =tq(logt—atBy), >0

; logi—x" B)
gltlw)  =tsles Bl -y,

where u(x) = [tf(t))dt= [ gllog y — xT By)dy. Define Ty = Texp(-XT By), Ty = Texp(-
XT,BO), and g = [ g(log Hdr. Then the density function of 7p is dFy(t; B = g(log /.

Using the same principle as for traditional right-censored survival data, the Buckley-James-
type estimating equation for length-biased data can be constructed as follows:

& logY-X18 ST u NogudFo(u:B)
Up(B)=) X, {0i——————+(1-4;)—2 _
e ; { Yiexp(—X/8) ( ’ 1—Fy(Yi:8)

where the second term represents that the conditional expectation of the right-censored

likelihood is based on the transformed data, Y= min( T?-.g—Xfrﬁo: C_j;(;_X IBq *. For the
unknown distribution Fy, we can use Vardi’s method (Vardi 1989) to derive its NPMLE
using the transformed i.i.d. data { Yy, &;}.

The Buckley-James-type estimator /§B 7is then defined as the root of U gy (B) = 0, where
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% Vi— X1 [ wNogu dFo(u:8)
= YeeEX) 1= Fo(Yo) (30)

Compared with the inverse-weighted estimating equation approach, the Buckley-James-type
method effectively utilizes all information from censored observations, with their
conditional expectations in the estimating equations. Another advantage of the Buckley-
James-type method is that the estimation procedure does not require the assumption that the
residual censoring time is independent of the covariate.

4.5 Estimating Equations from Embedded Likelihood Functions

As demonstrated in Section 4.4, using the Buckley-James estimation approach, one
appealing feature of the AFT model is that the observed failure time data can be transformed
to i.i.d. random variables without covariate effects. Using this unique feature, Ning et al
(2014a) proposed a class of estimating equations based on the score functions for the
transformed i.i.d. data, which are derived from the full likelihood function under commonly
used semiparametric models such as the proportional hazards or proportional odds model.

Under the AFT model, the transformed time 7 = Te X U , which has null effect for the
covariates, can be assumed to follow the Cox proportional hazards model or other popular
semi-parametric models. For illustration, one can assume the null embedded model as the
Cox model,

At X)=Ag(t)exp(X @), (31)

where Ag(?) is an unspecified baseline hazard function and A(#X) is the hazard function
given covariate X.

Under the proportional hazards embedded model assumption with a null covariate effect, the

full log-likelihood for the transformed, observed data, { y;;=Y;e=% r Bo A0=A;eX 1By, 8,
X; i=1, -, n} can be expressed as
lpy (Ao, @)
mn .
=>"[6 {logro(Yio)+ X/ e}
i=1
—Ap(Yip)exp(X/ a)
—log [exp {*;-'](](.S}CXI)(X.?Q}} ds]

T
+> (1-6:) X" Bo.
=1
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The corresponding score function of a evaluated at the null covariate effects (a = 0) has a
mean of zero (Ning et al 2010) and can be used as an unbiased estimating equation for
solving B,

B, (A0, B)="X; {6, No(vie X8y, JAols)exp{=Ao(s)} ds}'
IH( 'Dﬁ) ; {0 ol¥ie )+ fCXP{*fin(SJ'}dS (32)

The unknown baseline hazard function A(?) in equation (32) can be estimated through

where é(.) is the NPMLE introduced in Section 2.3.1.

Note that although the Cox model is chosen to illustrate the principle behind the method,
other semiparametric models such as the proportional odds model can be used in this
framework as an embedded model. Compared to the inverse-weighted and Buckley-James-
type estimating equations, the score-based estimating equations lead to more efficiency gain,
which may be achieved because the proposed estimating equations are directly derived from
the embedded full likelihood function.

5 Other Semiparametric Models and Developments

Semiparametric linear transformation models, which include the proportional hazards model
and proportional odds model as special cases, have been used in conventional survival data
analyses for decades. The semiparametric transformation model may be specified as H(7) =
-xT P+ e where H(.) is an unknown increasing function, and e has a known density
function. For right-censored, length-biased data under the transformation models, Shen et al
(2009) proposed a rank-based estimating equation approach, Wang and Wang (2015)
constructed estimating equations based on counting processes, Liu et al (2012) introduced a
general estimation and inference procedure by using an imputation method, and Liu et al
(2015) described a maximum likelihood method for general truncated data under the
semiparametric transformation model. Kim et al (2013) proposed an inference procedure
using weighted estimating equations under several biased sampling schemes, including
length-biased sampling, in which they assumed a different right-censoring mechanism.
Cheng and Huang (2014) then proposed a method that combines two estimation procedures:
the martingale estimating equation based on the partial likelihood function and the pseudo-
partial score equation. To handle varying coefficients, Lin and Zhou (2014); Zhang et al
(2014) proposed the local inverse probability weighted estimating equation for right-
censored, length-biased data under the semiparametric linear transformation models and the
Cox model, respectively.
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Extending the work of Wang (1996), Shen (2009) proposed respective estimating equations
for the additive hazards and proportional hazards models. Using a pairwise pseudolikelihood
to eliminate nuisance parameters from the marginal likelihood, Huang and Qin (2013)
proposed an estimating function in obtaining the coefficient parameters under the additive
hazards model for left-truncated, right-censored data.

Other semiparametric models, such as the semiparametric density ratio model and the
proportional mean residual model, have been proposed for analyzing right-censored, length-
biased data (Chan et al 2012; Davidov et al 2010; Shen et al 2012). Additional developments
have addressed the estimation of distributions for baseline covariates in the target population
given the observed biased data under length-biased sampling (Chan and Wang 2012), and
have investigated issues associated with efficiency for covariate estimates under parametric
models (Bergeron et al 2008; Cook and Bergeron 2011). Keiding et al (2011) investigated
the parametric AFT regression models to analyze backward recurrence times in a pregnancy

study.

6 Discussion

In summary, methodologic development in semiparametric and nonparametric modeling of
length-biased data has made considerable progress in recent years in many different
directions. In particular, nonparametric and semiparametric maximum likelihood inference
based on the full likelihood method has attained both robustness and efficiency compared to
methods based on estimating equations or other types of likelihood functions. Future
research will include additional promising methodologic developments as well as related
software for the implementation of such methods.

More importantly, we should educate non-statistician collaborators to be aware of sampling
bias when reporting analytic results from prevalent cohort studies and cancer screening
trials, and to properly adjust for such biases. Although the statistics and epidemiology
literature on biased sampling can be traced back many decades and has been widely noted
by statisticians (Asgharian et al 2014; Cox 1962; Simon 1980), there is a need for
practitioners to properly implement such methods.
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Data sampling with right censoring
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