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Nonparametric bootstrap prediction
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Ensemble learning has recently been intensively studied in the field of machine learning. ‘Bagging’ is
a method of ensemble learning and uses bootstrap data to construct various predictors. The required
prediction is then obtained by averaging the predictors. Harris proposed using this technique with the
parametric bootstrap predictive distribution to construct predictive distributions, and showed that the
parametric bootstrap predictive distribution gives asymptotically better prediction than a plug-in
distribution with the maximum likelihood estimator. In this paper, we investigate nonparametric
bootstrap predictive distributions. The nonparametric bootstrap predictive distribution is precisely that
obtained by applying bagging to the statistical prediction problem. We show that the nonparametric
bootstrap predictive distribution gives predictions asymptotically as good as the parametric bootstrap
predictive distribution.
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1. Introduction

Let us suppose that observations x¥ = {x|, ..., xy} are independently distributed according
to a distribution p(x; w) that belongs to a statistical model

{p(x; 0)lw =(@HeU,a=1,..., m},

where U is a subset of m-dimensional Euclidean space. A future observation xpy.; is
independent of xV and has the same distribution p(xy,; @). We predict xy,.; by a
distribution p(xy41, xV). The loss of a predictive distribution p(xy41, xV) is measured by
using the Kullback—Leibler divergence (Aitchison 1975)

P(Xyi1; @)

N XN41-
p(xN+la xN)

D{p(xn41; 0)|| Py, x™)} = JP(XNH; w)log
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The risk function is given by

p(xni1; )

N de 1de.
Py, xV)

E[D{p(xy1; )| pleyi1, xV)}H = JP(XN; W)JP(xNH; w)log

Methods of ensemble learning, such as bagging (Breiman 1996) and boosting (Freund
and Schapire 1997), have recently been intensively studied in the field of machine learning.
Breiman’s bagging uses bootstrap data to construct various predictors. Prediction is obtained
by averaging the predictors.

Harris (1989) proposed using the bagging technique (at that time unnamed) with the
parametric bootstrap to construct bootstrap predictive distributions; in this paper, we call
Harris’s bootstrap predictive distributions parametric bootstrap predictive distributions to
distinguish them from nonparametric bootstrap predictive distributions. He showed that the
parametric bootstrap predictive distribution asymptotically dominates the estimative
distribution that is a plug-in distribution with the maximum likelihood estimator (MLE)
when the model is a one-parameter exponential family. Vidoni (1995) proposed an
approximation of parametric bootstrap predictive distributions by using the p*-formula.
Fushiki et al. (2004) clarified the relationship between the parametric bootstrap distribution
and Bayesian predictive distribution and showed that the parametric bootstrap predictive
distribution asymptotically dominates the estimative distribution in general distributions

In this paper, we investigate nonparametric bootstrap predictive distributions constructed
by using nonparametric bootstrapping. The nonparametric bootstrap predictive distribution is
precisely that obtained by applying bagging to the statistical prediction problem.

The information-geometric framework (Amari 1985; Amari and Nagaoka 2000) briefly
explained below is used to show the results in the present paper, as is done by Fushiki et
al. (2004). In information geometry, a statistical model is considered as a manifold, which
is called a statistical manifold. A Riemannian metric of a statistical manifold is given by
the Fisher information matrix whose (a, b)th element is

gap(w) = E{0,log p(x; w)dy log p(x; w)},

where 0, is an abbreviation for the derivative operator 0/0w“ The inverse matrix of
(gup(w)) is written as (g”(w)). The e-connection coefficients and the m-connection
coefficients are defined by

(S

Fupe(0) = jaaah log p(x; @)d. p(x; w)dx
and

T use(@) = jaaabp(x; )0, log p(x; w)dx

e
= rab,c(w) + Tabc(w),
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respectively. Here,

Tape(w) = B{9, log p(x; w)dp log p(x; w)d.log p(x; w)}

is the skewness tensor. We can calculate curvatures of the manifold from the connection
coefficients. In differential geometry, the manifold is said to be flat when connection
coefficients vanish in some coordinate systems. If the model is an exponential family (or a
mixture family) and the natural parameter (or the mixture parameter) is adopted as a
coordinate system, the e-connection coefficients (or the m-connection coefficients) become 0.
In information geometry, we say that the model is e-flat (or m-flat). Indices of connection
coefficients are raised or lowered by the metric or the inverse. For example,

I %) =Tua@)g®@)., T %w)=T & ()g"©w)

where Einstein’s summation convention is used: if an index appears twice in any one term,
once as an upper and once as a lower index, summation over the index is implied (see also
McCullagh 1987). By using the information-geometric framework, Komaki (1996) showed
that the predictive distribution obtained by adding ‘a vector orthogonal to the model’ to an
estimative distribution dominates the estimative distribution.

This paper is organized as follows. We introduce nonparametric bootstrap predictive
distributions in Section 2. In Section 3 an asymptotic expansion of nonparametric bootstrap
predictive distributions is calculated. As a result, it is shown that the nonparametric
bootstrap predictive distribution is equivalent to the parametric bootstrap predictive
distribution up to second order. In Section 4 we show that the nonparametric bootstrap
predictive distribution asymptotically dominates the estimative distribution. Some examples
are given in Section 5, the paper concludes with a discussion.

2. Nonparametric bootstrap predictive distributions
Let @(xV) be the MLE based on the observations x". We abbreviate @(x") to @ when

there is no ambiguity. The parametric bootstrap predictive distribution (Harris 1989) is
defined by

Py @YY = E v { playir; @(V)} = JP(XN—H; (") p(Y; oM ydyN.

Here, we introduce nonparametric bootstrap predictive distributions. Let @* be the MLE
calculated from a nonparametric bootstrap sample x*V = {xf, ..., x%} independently
obtained from the empirical distribution

1 N
P =500 —x).
i=1
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Definition. The nonparametric bootstrap predictive distribution is defined by

PHGovans X)) = Ep{ plovs1; @)} = Jp(xzvﬂ; o (M) ™) da* M

A Monte Carlo estimate of the nonparametric bootstrap predictive distribution is obtained
by the following procedure:

1. For t=1to T:
(a) generate bootstrap data x() = {x{;,, ..., x{} y} from the empirical distribution
p(x);
(b) calculate the MLE d)zkt) from x(*tfv .
2. Output the predictive distribution

1 & .
Priani; x) = ?Z POENL1s D). 2
-

t

This procedure is precisely the one obtained by applying bagging to the statistical prediction
problem. When 7' tends to infinity, (2) converges to (1).

The nonparametric bootstrap predictive distribution does not necessarily belong to the
model {p(x; w)} like the Bayesian predictive distribution (Komaki 1996). We will show
that the part that deviates from the model can be effectively used in prediction.

3. An asymptotic expansion of nonparametric bootstrap
predictive distributions

3.1. Moments of the maximum likelihood estimator when the true
distribution does not belong to the statistical model

In this subsection only, we assume that observations xV = {x, ..., xy} are independently
obtained from a distribution py that does not necessarily belong to the statistical model
{p(x; w)|w € U}. Let wg be the parameter of the distribution closest to py in the model,
that is,

wo = argmin D{ po(x)|| p(x; w)}.
welU

The MLE @ is given by

@ = argmax {log p(x"; w)}.
wclU
We calculate the asymptotic moments of the MLE. Let us consider a normalized MLE
@ = V/N(& — wg). The first three moments of the normalized MLE are asymptotically
given as follows:
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L

E,,(@%) = Ve

kS (@o) + O(N*/2),

E,(@°@") = s“°(wo) + O(N ™),

E,(@°@"®°) = O(N~'/?).
Here,

Sap(®) = Jae( @) pa(@)“(w),
kﬁw»:J”«@JﬁwanAw)+%J”«@J“«@J”a®14wnKmxwx
Lap(@) = E {04 log p(x; )0y log p(x; w)},

Jap(@) = E p { =005 log p(x; )},
Kape(@) = B p, {0,050, log p(x; w)},

Tp (@) = E {0405 log p(x; w)0. log p(x; )},

and (J%(w)), (I°*(w)) and (s°*(w)) are the inverse matrices of (Ju(w)), (Iup(w)) and
(sap(w)), respectively.

3.2. An asymptotic expansion of nonparametric bootstrap predictive
distributions

The moments of @* = v/N(@* — ®) can be obtained by replacing wy by the MLE @ and
po by the empirical distribution p in the moments of @ shown by the previous subsection.
Then the moments of the normalized MLE calculated from a nonparametric bootstrap
sample are given by

1

—N,a , _
\/jv—kz (w)+OP(N 3/2)’

Eﬁ(d)*a(b*b) _ S;N,ab(d)) + Op(Nfl)’

Eﬁ(d)*ad)*bd)*c) — OP(N_I/Z).
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Here,

_ —-N N -

$ap(@) = T (@) T (@) [V (),

—N.a —N.a —Ned, =N I —ya —Ne - "N, =N
ky (@) = TV (@) TN )T, y(w) + EJN’ P(@) TV )TV ()] () K pog(),

i 1 &

To(@) = E {0, log p(x; )9y log p(x; w)} = N2 Z Dalog p(xa; )0y log p(xa; ),
and J' (w), Kabc(w) and Fab o) are defined in the same way. (/ TN (@), (IV%(w)) and
(§V-%(w)) are the inverse matrices of (J ab(a))) ( ab(w)) and (5% (w)), respectively.

From the above, we can prove the following theorem.

Theorem 1. The nonparametric bootstrap predictive distribution p*(xy+1; xV) has the
following third-order asymptotic expansion:

~ 1 —N.,a, . ~
Py xV) =payir; @) + N ky " (@)0, p(xn 15 @)

1 R . _
3 5 @)0a0 pOrx1; @) + Op(N 7). 3)
Proof. Using the Taylor expansion, the theorem is easily obtained. O

According to Fushiki et al. (2004), an asymptotic expansion of the parametric bootstrap
predictive distribution is given by

. . L. . m. . . -
PlOensts @) = pleysr; @) + N b(w){aaabp(xNH; w) — I 4 (@)D p(xn1; w)} +O0,(N7?),
where the second term is ‘the vector orthogonal to the model’ (Komaki 1996). Since

T (@)
2

—N,a , _
k, (@) = + 0,(N"1/%)

and
sNP(@) = g"(@) + Op(N~'7),

the nonparametric bootstrap predictive distribution coincides with the parametric bootstrap
predictive distribution up to second order.

4. Risk evaluation

In this section, we evaluate the prediction accuracy of the nonparametric bootstrap
predictive distribution.
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We use two lemmas to evaluate the risk. The following lemma is proved in the same way
as the proof of the expectation lemma in Hartigan (1998).

Lemma 2. The following relation holds:
@~ an{es@ - 1)@} pers opae = o)
Although (@* — w“){gj(@) — ig(d))} = 0,(N~"), the expectation of the 1/N-order
term of (@ — w){ gi(@) — I_;{(d))} vanishes. We can also prove that

@ = o {ey@ - 7} @} pe: orax = 0w,
J(d)a - w“){3 IrQ(ii,k)(d)) — 2T (@) — ?fjvk(cb)}p(xN; w)dx = O(N ),

J(cb“ - w“){fi,,k(m -T) k(cb)}p(xN; w)dx = O(N ),

Here, the use of parentheses implies symmetrization with respect to the indices inside them,
for example,

1
Ay = ﬁ(A[jk + Auj + Ajik + Ajii + Awig + Agii)-
It is easy to prove that the above relation holds with respect to the inverse matrix (/V-7(®)).
Lemma 3. The following relation holds:

J(d)" —0){g"(@) — I"(®)} p("; w)dx" = O(N /).

We can also prove that

[@ — o) @)~ 7@} ps opax® — o,

Theorem 4. The difference between the risk function of the estimative distribution
p(xni1; @) and that of the nonparametric bootstrap predictive distribution p™(xy.1; xV)
is given by

Eo[D{p(xn+1; ©)|| pxns1; @)} — D{p(xys1; @) p* (eyi1s xV)}H

1 1 m 2
4)
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Therefore the nonparametric bootstrap predictive distribution p*(xyy1; xV) asymptotically
dominates the estimative distribution p(xyi1; @).

Proof. The left-hand side of (4) can be rewritten as

P Gengrs xV)

— dxyqdxY
povi @)

Jp(xN ; w)Jp(xNH; ) log

N . v xY) v
- Jp(x : w)J{p(xNH; ) = plaws1; @)} log LX) 4oy
p(xN+la w)
. v xV
+ JP(XN§ w)Jp(xNH; ) log p(LlA) de+1de- &)
P(XNt1; @)

The second term of the right-hand side of (5) is

Py xN) — PA(XNH; d))}dedeN
P(Xyi1; @)

Jp(xN ; w)Jp(xN+1; @) log {1 +

* LNy o
P (xng1; x™) 'IT(XNH, w)}de+1de
p(xN+1a (U)

= Jp(xN; w)Jp(xNH; d)){

P g1 xV) = pleyir; @)
pxXyy1; @)

2
- %Jp(xN ; W)JP(XN+1; cb){ } dxy1dx™ 4+ o(N7?)

1 1 m 2
= ——217_ [g“b(w){aaabp(mﬂ; w) — T (0)0: p(xny1; w)H dxyi1 + o(N72).
8N=J p(xni1; )

The first term on the right-hand side of (5) is expanded as

P Gengrs xV)

— oy dx
pP(Xny1; @)

Jp(xN; w)J(w“ ) plryas; @) log

P*(XNH; xN)

— dxy g dx
P(Xyi1; @)

+3 ] pes o) - 000 - 090,00p01: 0 log
+ o(N7?). (6)

The second term of (6) is

1 1 . m ? _
ij {g b((U){aaabp(XN+1; w)— T 5 (0)0e p(xni1; W)H dxyi1 + o(N72).

It remains to evaluate the first term of (6).
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The asymptotic expansion (3) of the nonparametric bootstrap predictive distribution can
be rewritten as

1
P Cevars xV) = playir; @) +ﬁgab(w){3 Opp(xn+1; @)— r ap(@)0c p(xy1; a))}

(w)

1 .
Ty @+ Duploinis @)

1 b ~ A
+ N {§N’ab("’) - g“b(a))}c?‘a@bp(x]vﬂ; )

+O0,(N7?), (N

where the third and fourth terms of (7) are of third order.
Since the second-order term of the first term of (6) is 0 due to orthogonality, we only
evaluate the third-order term:

P (xnr; xN)

J px"; w)J(w” — 00, p(xn+1; w)log p(Xy+1; @)

dxyyrdx?

) . 8c N 1 1 —N,a N
= JP(XN; a))J(w‘ —w‘)% [N kév (w) + (a)) Oap(xni1; @)

1 . . . _
+ o7 15 @) = (@)} 00 plary-i w)} drysrdr +o(N )

a(A) p(x"; wydx

— 3 €@ @ - " B @) +

o Fanel@) [ @ =69 (@) - g @} p(s o)™ +oN D (®)
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Using Lemmas 2 and 3,

J(wc — o) {5 (@) — g(@)) p; w)dx

j(wC—w) {T¥@) TN @) (@) - g"(@)g"(@)gy(@) | p(xs w)dx

[wr — a0{ 7@ 7% @)1 @) - 7017 @)@} s wpi
+ | = T @ @)g1(6) - T @) @)@ s )
+ J(w" — @) { TV (@) 8" (@) gi(@) — g"(@)g”(@)gi(d) } px™; w)dx"

~ @)@ - ) {:66) - 1} @)} e 0x”

+ 82| - o) @) ~ TV @) pxs i

+g” (w)gy(w)J(d)c — ) g"(@) — T(@)} p"; w)dx™ + o(N7)

=o(N7h.

Therefore the second term of (8) is o(N~2). We can prove the same thing for the first term of
(8). Finally, the right-hand side of (8) is o(N~?). U]

Fushiki et al. (2004) evaluated the risk of the parametric bootstrap predictive distribution.
From the result, the risks of both bootstrap predictive distributions are equal up to order
1/N2.

5. Numerical experiments

Example 1 Normal distribution N(u, o?). The Fisher information matrix and the connection
coefficients are given by
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2
Suu :p, 8uo =0, 8oo :ps
m m m m m m m 2
L =Twou =Luoo =Lopu =Lopo =Logu =0, Fypo =L'ooo = 53’
€ € € € € € € 2 € 6
F/m,y :F/w,a :Fau.o :raa,y :Fu,u,ooa r/w,/t :Fa,u,u = _Ea raa,o = _;-

[+ m (& m
Here, gup(w), I apc(w) and I' gy () are abbreviated to gup, I'ap. and I'yp . respectively, and
we use these abbreviations in the following. The improvement of risk is

3
i oW 2).
The comparison between the predictive performance of the parametric bootstrap predictive
distribution and that of the nonparametric bootstrap predictive distribution is shown in Figure
1, where the true distribution is N (0, 1) and 5000 bootstrap samples are used to calculate the
nonparametric bootstrap predictive distribution. The loss function is calculated by numerical
integration and the expectation of the loss is calculated by 10000 Monte Carlo iterations. In

001 N T T T T T T I. T
t parametric bootstrap +
[ nonparametric bootstrap x
L 3/(4ANA2) - - - - -
Q K
(8]
c
) L
E) \
) *
= \
S 0.001F b
- N
194 N
5 .
(0] +
()] X
o R
9] N
> e
(] S
ks RN ¥
2 0.0001: Lk
0
>
O \\‘~
a \~~\~~
1e_05 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200

number of observations

Figure 1. Comparison between the predictive performance of the parametric bootstrap predictive
distribution and that of the nonparametric bootstrap predictive distribution when the model is
N(u, 0%) and the true distribution is N(0, 1). We set T = 5000. The loss function is calculated by
numerical integration and the expectation of the loss is calculated by 10000 Monte Carlo iterations.
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this model, the parametric bootstrap predictive distribution showed slightly better perform-
ance than the nonparametric bootstrap predictive distribution.

Example 2 Normal distribution N(w, w*). The Fisher information and the connection
coefficients are given by

3 m 4 e 10
Sow :E’ | R 255 Towew = _E~
The improvement of risk is
19
— 4+ o(N7H).

27N?

Figure 2 shows the result of the numerical experiment in this model. In the simulation, the
true distribution is N(1, 1) and 5000 bootstrap samples are used to calculate the
nonparametric bootstrap predictive distribution. The loss function is calculated by numerical
integration and the expectation of the loss is calculated by 10000 Monte Carlo iterations.

001 T T T T T T LN T
parametric bootstrap +
nonparametric bootstrap x ]
19/(27NA2)-------- 1
Q
o
C
[
2
[
=
©  0.001fF ]
-l
4
k]
(0]
(o]
o %
(]
>
©
ks
§ 0.0001F X 1
IS -
5] %
o .
()
Q.
E
-3
1e_05 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200

number of observations

Figure 2. Comparison between the predictive performance of the parametric bootstrap predictive
distribution and that of the nonparametric bootstrap predictive distribution when the model is
N(w, ®?) and the true distribution is N(1, 1). We set 7 = 5000. The loss function is calculated by
numerical integration and the expectation of the loss is calculated by 10000 Monte Carlo iterations.
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Example 3 Poisson distribution Po(A). The Fisher information matrix and the connection
coefficients are given by

1 e 1 m
gM:i» F%A:_I, F%AZO
The improvement of risk is
1 )
m + O(N )

Figure 3 shows the result of the numerical experiment in this model. In the simulation, the
true distribution is Po(1) and 5000 bootstrap samples are used to calculate the nonparametric
bootstrap predictive distribution. The loss function is calculated by numerical summation and
the expectation of the loss is calculated by 100000 Monte Carlo iterations.

0001 T T T T T T T T T
parametric bootstrap ~ +

*‘ nonparametric bootstrap X

. 1/(ANA2) -----e--
Q “‘.
€ 0.0001 | X, g
<) .
[ .
= S
© %,
- i
X *.
5 -
g
©  1e-05 E
5 F
2 ]
© %e-.
G
€
[
£
S T
(] .
S A T e
S 1e-06 F T N
I3 E

1e-07 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

number of observations

Figure 3. Comparison between the predictive performance of the parametric bootstrap predictive
distribution and that of the nonparametric bootstrap predictive distribution when the model is Po(1)
and the true distribution is Po(1). We set 7 = 5000. The loss function is calculated by numerical
summation and the expectation of the loss is calculated by 100000 Monte Carlo iterations.
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6. Discussion

We have investigated nonparametric bootstrap prediction by using asymptotic theory. Up to
second order, the nonparametric bootstrap predictive distribution coincides with the parametric
bootstrap predictive distribution. Up to order 1/N2, the risks of both bootstrap pre-
dictive distributions are same. In our numerical experiments, parametric bootstrap predictive
distributions showed slightly better performance than nonparametric bootstrap predictive
distributions. However, we have not calculated the higher-order risk analytically. On the other
hand, from a computational viewpoint, the nonparametric bootstrap predictive distribution is
preferable because it is difficult to generate random numbers according to p(x; @) if p(x; @) is
not a simple distribution. In applications, it is important to evaluate the appropriate number of
bootstraps. This is a problem for future investigation.

The prediction problem in the conditional setting is also important. This setting includes
regression and classification where bagging is mainly used. Let x = (y, z), where y is a
response variable and z is a covariate. We assume that y has a condistional distribution
p(»|z; w) and z has a distribution p(z). We consider the problem of predicting yy;; based
on data xV = {(y1, z1), ..., (¥n, zn)}. The risk function is defined by

INGLL @
JU{Jp(mezNH; w)log I+ EN+1; ©) dyNH}p(zNH)dzNH]p(xN; w)dx,
P(yn+1lznin, xN)

which can be rewritten as

, ZN41, @
J{JJP(J’NH: Zn+1; w)log — P — ) dyN+leN+l}p(xN§ w)dx”.
Pyn+1lznet, M) p(zni1)

If xV and zy,; are given, the conditional estimative distribution p(yy.i|zy+1; @) and the
conditional nonparametric bootstrap predictive distribution

Prnailznis xV) = Ep{pyviilznis @)}
do not depend on p(z). Then
P ety zvets XN) = Ep{p(vs1s 2v415 @)} = Ep{p(rvs1lzns1; @)} plzns1)
= p*nailznis XN piana).

Therefore, the conditional nonparametric bootstrap predictive distribution asymptotically
dominates the conditional estimative distribution.
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