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ABSTRACT. This paper considers nonparametric estimation of the joint density of the random coeffi-
cients in binary choice models. Nonparametric inference allows to be flexible about the treatment of
unobserved heterogeneity. This is an ill-posed inverse problem characterized by an integral transform,
namely the hemispherical transform. The kernel is boxcar and the operator is a convolution operator
on the sphere. Utilizing Fourier-Laplace expansions offers a clear insight on the identification problem.
We present a new class of density estimators for the random coefficients relying on estimates for the
choice probability. Characterizing the degree of ill-posedness we are able to relate the rate of conver-
gence of the estimation of the density of the random coefficient with the rate of convergence of the
estimation of the choice probability. We present a particular estimate for the choice probability and its
asymptotic properties. The corresponding estimate of the density of the random coefficient takes a sim-
ple closed form. It is easy to implement in empirical applications. We obtain rates of consistency in all
L? spaces and prove asymptotic normality. Extensions including estimation of marginals, treatments

of non-random coefficients, models with endogeneity and multiple alternatives are discussed.

RESUME. Ce manuscrit traite de 1’estimation nonparamétrique de la densité de la loi jointe de co-
efficients aléatoires dans un modele a choix discrets. Une inférence nonparamétrique permet d’étre
flexible sur le traitement de I’hétérogénéité inobservée. Il s’agit d’un probléme inverse mal posé car-
actérisé par une transformation intégrale appelée transformation hémisphérique. Le noyau est boxcar
et Popérateur est un opérateur de convolution sur la spheére. Les développements en séries de Fourier-
Laplace permettent de mieux comprendre le probleme d’identification. Nous proposons une nouvelle
classe d’estimateurs de la densité des coefficients aléatoires, fonction de I’estimateur de la probabilité du
choix. La caractérisation du degré de caractere mal posé nous permet de relier la vitesse d’estimation
de la densité des coefficients aléatoires avec celle de la probabilité du choix. Nous présentons un esti-
mateur particulier de la probabilité et ses propriétés asymptotiques. L’estimateur associé de la densité
des coefficients aléatoires admet une formule fermée. Il est facil & implémenter pour des applications
empiriques. Nous obtenons des vitesse de convergence dans tous les espaces LP et montrons la nor-
malité asymptotique. Nous fournissons des extensions telles I’estimation des marginales, le traitement

de coefficients non-aléatoires, le traitement de ’endogénéité et le cas d’alternatives multiples.
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1. INTRODUCTION

Consider a binary choice model
(1.1) Y =1{X'3 >0}

where I denotes the indicator function and X is a d-vector of covariates. We assume that the first
element of X is 1, the vector X is thus of the form X = (1, X’). The vector 3 is random. The random
vector (Y, X, ) is defined on some probability space (€, F,P), and (y;, %, 3i),i = 1, ..., N denote its
realizations. The econometrician observes (y;, Z;),7 = 1,..., N, but 3;,7 = 1,..., N remain unobserved.
Therefore X and 3 correspond to observed and unobserved heterogeneity across agents, respectively.
Note that the first element of § in this formulation absorbs the usual scalar stochastic shock term as
well as a constant in standard binary choice with non-random coefficients. This formulation is used
in Ichimura and Thompson (1998), and is convenient for the subsequent development in the paper.

Throughout the article we assume exogeneity
Assumption 1.1. 3 is independent of X,

Section 6.3 considers ways to relax this assumption.

The choice probability is given by

(1.2) r(x) =PY =1|X =x)

— E5[I{a/3 > 0}].

Discrete choice models with random coefficients variation are useful in applied research since it is often
crucial to incorporate unobserved heterogeneity in the choice behavior of individuals. There is a vast
and active literature on this topic. Recent contributions include Briesch, Chintagunta and Matzkin
(1996), Brownstone and Train (1999), Chesher and Santos Silva (2002), Hess, Bolduc and Polak
(2005), Harding and Hausman (2006), Athey and Imbens (2007), Bajari, Fox and Ryan (2007) and
Train (2003). A common approach in estimating random coefficient discrete choice models is to assume
parametric specifications. A leading example is the mixed Logit model, which is discussed in details
by Train (2003). If one does not impose a parametric distributional assumption, the distribution of 3
itself is the structural parameter of interest. The goal for the econometrician is then to back out the

distribution of § from the information about r(x) obtained from the data.
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Nonparametric treatments for unobserved heterogeneity distributions is an important issue
in econometrics. Heckman and Singer (1984) study the issue of unobserved heterogeneity distribu-
tions in duration models and propose a treatment by a nonparametric maximum likelihood estimator
(NPMLE). Elbers and Ridder (1982) also develop some identification results in such models. Beran
and Hall (1992) and Hoderlein et al. (2007) discuss nonparametric estimation of random coefficients
linear regression models. Despite the tremendous importance of random coefficient discrete choice
models, as exemplified in the above references, nonparametrics in this area is relatively underdevel-
oped. An important paper by Ichimura and Thompson (1998) proposes a NPMLE estimator for
the CDF of 8. They present sufficient conditions for identification and prove the consistency of the
NPMLE. The NPMLE requires high dimensional numerical maximization and can be computationally
intensive even for a moderate sample size.

Here we develop a different approach that shares many similarities with standard deconvolution
methods in the Euclidean space. This allows us to revisit the identification issue. Moreover, once
sufficient constraints are imposed on the parameter, we obtain a general estimator of the density
to be used in conjunction with an estimate of the choice probability. When a particular estimate
of the choice probability is used, the estimate of the density can be expressed with a closed form
formula. This is a simple plug-in procedure that requires no numerical optimization or integration.
This estimator is easy to implement in empirical applications, while being flexible about the treatment
of unobserved heterogeneity.

Since the scale of 3 is not identified in the binary choice model, we normalize the scale so that 3
is a vector of Euclidean norm 1 in R?. The vector 3 then belongs to the d — 1 dimensional sphere S~ .
This is not a restriction as long as the probability that 5 is equal to 0 is 0. Also, since only the angle
between X and 3 matters, we replace X by X/||X|| and assume X is on the sphere. Discrete choice
models with random coefficients thus naturally fit the directional data literature, see for example
Fisher et al. (1987). We aim to recover the joint probability density function fg of the preferences (3
with respect to the spherical measure do over S~ ! from the N observations (y1,21),-.., (yn,xn) of
(Y, X).

The problem considered here is a linear ill-posed inverse problem. We can write

(1.3) r(z) = /begd_1 1{z'b > 0} fg(b)do(b) = ) fp(b)do(b) :="H (f3) (x)

H(z

where the set H(z) is the hemisphere {b: 2’b > 0}. The mapping H is called the hemispherical
transformation. Inversion of this mapping was first studied by Funk (1916) and later by Rubin (1999).
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Groemer (1996) also recalls some of its properties. H is not injective without further restrictions and
conditions need to be imposed to ensure identification. Even under an additional condition which
guarantees identification, however, the inverse of H is not a continuous mapping, making the problem
ill-posed. To see this, suppose we restrict fg to be in L2(S?1). Since the kernel is square integrable by
compactness of the sphere, the operator is Hilbert-Schmidt and thus compact. Therefore if the inverse
of H were continuous, H~'H would map the closed unit ball in L?(S%"!) to a compact set. But the
Riesz theorem states that the unit ball is relatively compact if and only if the vector space has finite
dimension. The fact that L2(S?"1) is an infinite dimensional space contradicts this. Therefore the
inverse of H cannot be continuous. In order to overcome this problem, we use a one parameter family
of regularized inverses that are continuous and converge to the inverse when the parameter goes to
infinity. This is a common approach to ill-posed inverse problems in statistics (see, e.g. Carrasco et
al., 2007).

Due to the particular form of the kernel of the operator H involving the scalar product x'b,
the operator is a non commutative analogue of the convolution in R?. This analogy provides a clear
insight into the identification issue. We indeed face a problem of the type of the boxcar deconvolution
(see, e.g. Groeneboom and Jongbloed (2003) and Johnstone and Raimondo (2004)) in the unidentified
case. It is also useful in deriving an estimator based on a series expansion on the Fourier basis or
its extension to higher dimensional spheres called Fourier-Laplace series. These bases are defined via
the Laplacian on the sphere, and they diagonalize the operator H on L2 (Sd_l). Such techniques
are used in Healy and Kim (1996) for nonparametric empirical Bayes estimation in the case of the
sphere S?2. The boxcar kernel of the integral operator H, however, does not satisfy the assumptions
made by Healy and Kim. In contrast to this paper, we make use of so-called “condensed” expressions.
The approach replaces a full expansion on a Fourier-Laplace basis by an expansion in terms of the
projections on the finite dimensional eigenspaces of the Laplacian on the sphere. This is useful since
an explicit expression of the kernel of the projector is available. It allows us to work in any dimension
and does not require a parametrization by hyperspherical coordinates nor the actual knowledge of an
orthonormal basis. This approach, to the best of our knowledge, appears to be new in the econometrics
literature.

The paper is organized as follows. In Section 2 we introduce a toy model and the tools from
harmonic analysis that are used for the development of our estimation procedure and its asymptotic
analysis. Section 3 deals with both the identification and a general procedure for the estimation of

the density of the random coefficient relying on an estimate of the choice probability. In Section 4 we
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study a particular estimate of the choice probability and its derivatives and present their asymptotic
properties. The corresponding estimator of the density of the random coefficients takes a simple closed
form, we prove consistency in all the spaces I” and a pointwise CLT for this particular estimate in
Section 5. Extensions such as estimation of marginals, models with non-random coefficients, treatment
of endogeneity and multiple alternatives are presented in Section 6. Finally we give in section 7 an

application to simulated data.

2. PRELIMINARIES

In this section we introduce some tools that are used to relate the estimation of the density of

0B to a deconvolution problem and results on the Hemispherical transform.

2.1. A Toy Model. We first study the case where X is of dimension 2 to gain basic insights. We
parameterize the vector b = (by, be)" of S' by the angle ¢ = arccos (b1) in [0,27). As it is often the case
when standard Fourier series techniques are used, we consider spaces of complex valued functions. Let
LP(S') denote the Banach spaces of Lebesgue p-integrable functions and its norm by | - [|,. In the case

of L2(S!), the norm is derived from the hermitian product fo% f(0)g(0)dh. With the parametrization

by angles we obtain

27
(2.1) H(f3)(0) = /0 1{0— 6| < 7/2} £5(6)do.

This expression suggests that the hemispherical transformation is a usual convolution of functions on
R/(27Z). Rewrite (2.1) as
H(fs)

(2.2) -

0= [ (2r-ol <21 satorae

It is then possible to link estimation of fg with statistical deconvolution problems. H(fg)/m is then
interpreted as the density of #, which is generated by adding (on R/(27Z)) a “noise” drawn from
the uniform density 1I{|z| < m/2} to the “signal” ¢ drawn from fs. Let us relate inversion of
the operator with differentiation. Differentiating the right hand-side of expression (2.1) we obtain
f3(0 +7/2) — f3(0 — w/2) where fg is defined on the line by periodicity. Under an assumption such
that fg is supported on a hemisphere, this assumption is discussed further in Section 3.1, we obtain
either fg(6+7/2) or —fg(6 —7/2). When the model is identified properly the inverse is a differential
operator and as such unbounded. It is typically the case that the inverse of kernel operator is a
differential operator but, in order to generalize the inversion to any dimension, it is useful to work

with Fourier series and their generalizations to higher dimensional spheres.
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Fourier series is a useful tool for deconvolution problems on the circle. (exp(—int)/v/2m) nez, 18
the orthonormal basis of L2(S!) used to define Fourier series. This system is also complete in L!(S!).

Denoting by ¢, (f) = O% f(t) exp(—int)dt/(2m) the Fourier coefficients of f € L!(S!)

(2.3) f5(0) = calfp) exp(ind)

nez

in the L!(S!) sense. Recall also that for f and g in L}(S?!),

(2.4) en(fxg) =2men(f)en(g).

Using equation (2.4) we obtain the following proposition.

Proposition 2.1. co(H(fg)) = mco (f3) and for n € Z\ {0}, cn(H(f3)) = cn (f3) 2sin (nmw/2) /n.

As in classical deconvolution problems on the real line, our aim is to obtain f3 using equation
(2.3) and Proposition 2.1. Notice that among the Fourier coefficients ¢, (fz),n = 1,2,... it is only
possible to recover the first coeflicient c¢(fg) (which is easily seen to be 1/27, by integrating both
sides of (2.1) and noting that fg is a probability density function) and the odd coefficients. Indeed,
Proposition 2.1 shows that co,(H(f3)) = 0 holds for all non-zero p’s, regardless of the value of ¢2,(f3).
In other words, any fg with the same coefficient cy(f3) and odd coefficients gives rise to the same
hemispherical transformation. Variations in r do not allow to identify the coefficients cop(fg) for a

non zero p. The same phenomenon occurs in higher dimensions, as explained in Section 2.2.

Remark 2.1. If we make the stronger assumption that f3 belongs to L2(S'), we may interpret this
result in terms of operators. For n # 0 the vector spaces H™? = span {exp(int)/(27), exp(—int)/(2m)}
are eigenspaces of the compact self-adjoint operator H(f3). These eigenspaces are associated with the

eigenvalues 2sin (nm/2) /n. Also, @,z H?P2 is the null space ker H of H.

2.2. Tools for Higher Dimensional Spheres. Let us introduce some concepts used to treat the
general case where d > 2. We consider functions defined on the sphere S¥~!, which is a d—1 dimensional

smooth submanifold of R?. The canonical measure on S~ (or spherical measure) is denoted by do and

is such that de71 do = |Sd_1\ is the area of the sphere. It is given for d > 1 by !Sd_l‘ = lgerd//;) where
[ is the usual Gamma function. LP(S?~!) with norm || - ||, are the usual spaces of integrable complex

functions and L2(S?!) is equipped with the hermitian product (f, Dizsi-1) = Jsa [(2)g(x)do(z).
We use the following notation throughout the paper
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Notation. For two sequences of positive numbers (ay)n,en and (b, )nen, we write a, =< b, when there

exists M positive such that M ~1b, < a,, < Mb, for every n positive. O

The Laplacian A® on the sphere allows to extend the Fourier basis to any dimension in the
similar manner as the functions exp(—int)/v/27 are eigenfunctions of —% associated with the eigen-
value n?. Let A denote the Laplacian in R, f the radial extension of f, that is f(z) = f(z/|z),
and f the restriction of f to S¥~!. AS, defined in terms of Riemannian geometry the usual way via a

generalization of the formula “divV°” see the appendix, has a simple expression in the case of spheres

(2.5) ASf = (AfY
also
(2.6) V= (VY.

Definition 2.1. A surface harmonic of degree n is the restriction to S%~! of a homogeneous harmonic

(solution of Af = 0) polynomial of degree n in R

The reader is referred to Miiller (1966) and Groemer (1996) for clear and detailed expositions
on these concepts and important results concerning spherical harmonics used in this paper. Erdélyi
et al. (1953, vol. 2, chapter 9) provide detailed accounts focusing on special functions. The proofs

and results below can be found in the above references.

Lemma 2.1. The following properties hold:

(i) —AS is a positive self-adjoint unbounded operator on L2(S1), thus it has orthogonal eigenspaces
and a basis of eigenfunctions;
(i) Surface harmonics of positive degree n are eigenfunctions of —AS for the eigenvalue n(n+d—2);

(iii) The dimension of the vector space H™® of spherical harmonics of degree n is

2n+d—2)(n+d—2)!

2.7 dim H™? =

27) o nl(d—2)(n+td—2)

(iv) A system formed of orthonormal bases of H™® for each degree n = 0,..., 00 is complete in
Ll(Sd_l).

Notation. We let h(n,d) denote dim H™? and (,, 4 = n(n +d — 2). O

Lemma 2.1 (i) and (iv) give the decomposition

L2 (Sd—l) — @H'n,d

neN



9

with orthogonal H™®s being the eigenspaces of A®. The space of surface harmonics of degree 0
is the one dimensional space spanned by 1. A series expansion on an orthonormal basis of surface
harmonics is called a Fourier series when d = 2, a Laplace series when d = 3 and in the general case
a Fourier-Laplace series.

Orthonormal bases of surface harmonics usually involve parametrization by angles, such as the
spherical coordinates when d = 3 as used by Healy and Kim (1996) or hyperspherical coordinates for

d > 3. In contrast, here we work with the decomposition of a function on the spaces H™?.
Definition 2.2. The condensed harmonic expansion of a function f in L}(S?71) is the series Y 00, Qn.af-

This leads to a simple method both in terms of theoretical developments and practical imple-
mentations. The projector @), 4 on H ™ in L2(S1) can be expressed as an integral operator with

kernel

h(n,d)
(28) Qn,d(way) = Z Yn,l(x)yn,l(y)a
=1

where (anl)lh:(?’d) is any orthonormal basis of H™%. The kernel has a simple expression given by the

addition formula.

Theorem 2.1 (Addition Formula). The following identity holds

h(n,d)Ch'D(z'y)
v(d) = qn,d(x
St-1Cn D (1)

where CY, are the Gegenbauer polynomials and here

/

(2.9) Ind(z,y) =

Y)

v(d) = (d - 2)/2.

The Gegenbauer polynomials are defined for v > —1/2 and are orthogonal with respect to
the weight function (1 — ¢2)*~%2dt on [—1,1]. They correspond to the 2/n times the Chebychev
polynomials of the first kind when d = 2, to the Legendre polynomials when d = 3 and to the
Chebychev polynomials of the second kind when d = 4. Note that C§(t) = 1 and CY(t) = 2vt for

v # 0 while C)(t) = 2¢t. Moreover, they satisfy the following recursion relation
(2.10) (n+2)C) 5(t) =2 +n+ 1)tC) 1 (t) — (2v +n)C) ().

In our approach the Gegenbauer polynomials will be evaluated at IV points for a series of successive
values of the degree n. The recursion relation (2.10) is therefore a powerful tool. Useful results on

these polynomials are gathered in the appendix, see also Erdélyi et al. (1953, vol. 1, p. 175-179).
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Definition 2.3. A zonal function f is a function that depends only on the geodesic distance to the
north pole n = (1,0,...,0) d(z,n) = arccos(z'n), it can be written as f(z) = ”f(2'n) where °f is
defined on [—1,1].

The convolution of a zonal function f with a function g is defined by
(o) = [ Pf@atiot)

Note that the convolution operation is commutative when two zonal functions are considered.

Young inequalities are given for example in Kamzolov (1982).

Proposition 2.2 (Young inequalities). When f is zonal and belongs to LP(S*™) and g belongs to
L7 (S%Y) then f * g is well defined in LI(S¥1) when p,q,r > 1 and 1/q = 1/p + 1/r — 1, moreover

1+ gllg < 171+ lgllp-
It is interesting to note that we can write
(2.11) Hf(z) = (I('n > 0) = f)(2),

Qn,df(w) = (QH,d('v Il) * f)(a:),

and defining by Pr the projection onto @Z:o H™d

Prf(z) = (Dr(-,n) * f)(z)
where

T
Dr(z,y) = gnal(z,y)
n=0

is the Dirichlet kernel which extends the classical Dirichlet kernel on the circle. The sum over T in
the definition of D7 also has the simple closed form (52) in Miiller (1966) in terms of derivatives
of Gegenbauer polynomials. Inversion of H corresponds to deconvolution. We can also note that
the linear form f — (Dp(-,n)* f) (z) converges as T goes to infinity to the Dirac measure §,. The
integral operator is indeed a usual kernel operator. Generalization of trigonometric kernels are used
as a regularization tool to estimate the choice probability and the coefficient of the random coeflicient.
The Dirichlet kernel corresponds to the best approximation in L2(S?~!) but is known to have flaws.
It is not a bona fide approximation kernel, see Katznelson (2004), indeed the L'(S?1) norm of the

kernel is not uniformly bounded, more precisely we have

(2.12) 1Dz (-, m)ly = T2
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when d > 3 and
(2.13) |Dr(-;m)l; <logT

when d = 2, see Gronwall (1914) for the d = 3 case and Ragozin (1972) and Colzani and Traveglini
(1991) for higher dimensions. Also it is not a positive kernel. One of the consequence is Gibbs
oscillations which are even worth as the dimension increases. This suggests the use of other kernels
as for Fourier series. The Cesaro kernel (see, e.g. Bonami and Clerc, 1973) is given by
(2.14)
T T
Stalen) =3 (1= 71 ) (1= 7g) o (1 75 ) o) = 5 3 A sanalenn

T k=0

- +4 —1)...
D At =(1—2) ! e A) = ! _(n4Jn+d-1)..O+D _
= n n(n—1)...1

The Cesaro kernel is obtained by taking Cesaro means of the Dirichlet kernel. It puts more weight
than the Dirichlet kernel on the lower frequencies and provides more smoothing. The Fejer kernel in
the d = 2 case is a Cesaro kernel. Kogbetliantz (1924) proved that bS% 4 18 everywhere non-negative
when 6 > d — 1. We will now choose 6 > d—1 and § = d — 1 for the estimation of a function (density,
regression function, here the choice probability, or f3), § = d + 1 for the estimation of a function
and its derivatives and so on. Positiveness is very convenient in our case to treat the plug-in. An

important result (see, e.g. Kamzolov, 1982) is
(2.15) Vo> (d—2)/2, Vp > 1, Hs%d("n)” ~ pld=1)(1-1/p)
P

which implies that for our choice of & the L'(S?~!) norms of the Cesaro kernels are uniformly bounded.
Note that L'(S%~1) norms are of the same order in T for Riesz kernels (see, e.g. Colzani and Traveglini,
1991) but here working with Cesaro kernels we also obtain positive kernels. As well we can prove, see

the appendix, the following proposition.
Proposition 2.3. For all 6 non-negative, there exists a constant K such that for all x,y, z € S41,
bS%,d(le) - bS%,d(Z/y) < Kz —y|T9

Lemma 2.1 (ii) allows to define the Sobolev spaces. They are defined using the distribution

gs(2) = 372 G 2aalz, m).
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Definition 2.4. The Sobolev space WZ(Sd_l) is the set of functions f for which there exists fs in
LP(S%1) satisfying [o4—1 fs(2)do(2) = 0 and a constant C such that

f(@) = C+ (g5 * [s) (2).

If s is an integer then we for example equip the space with either one of the equivalent norms
S
1£llp,s = max {|| fllps 1£illps - I Fsllo} o8 1 Fllps = [1Fllo + D Il il
=1

In the case of the Sobolev spaces H*(S!) := W5(S?1) it is possible to work as well the
equivalent norm which square is equal to

[e.9]

> (14 6na)® 1Qnaf I3

n=0
and consider a continuum of values for s. We use these spaces to make smoothness assumptions.

Useful bounds on the approximation are given as follows (see, e.g. Kamzolov (1982) and Kushpel et

al. (1997)).

Proposition 2.4 (approximation error). (i) For f in H*(S™') and v < s where v and s take

continuous values,
1f = Dr(om) # fllg, < T fllay s

(ii) Ford > 2, pin [1,00) and s an integer, there exists a constant A(d,d,s,p) such that for every
fin Wy(S™1),

| = Sthatm = | < A@.8.5.0)77 1],

The odd and even part of a function defined on the sphere are important notions in the

development of our analysis of the identification.

Definition 2.5. We define the odd part and the even part of a function f by:

and

for every b in S?1
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If the function f is in L%(S"!) then using equations (2.9) and (9.10) we can check that for
p non-negative Qop qf(x) = Qopaf(—x) and Qopi1,4f(x) = —Qopt1,4f(—x). Thus the sum of the
odd terms in the condensed harmonic expansion corresponds to f~ and the sum of the even terms

corresponds to fT. If a non-negative function f has its support included in some hemisphere then

(2.16) f@)=2f"(x)I{f (z) > 0}.

If we denote by suppf the support of f, this follows from the fact that f~(x) = f*(x) > 0 on suppf
while f~(z) = —fT(z) <0 on —suppf and both f~ and f* are 0 on S¥~!\ (suppfJ —suppf).
If f is a probability density function, the coefficient of degree 0 in the expansion of f on surface

harmonics is 1/[S%!].

Remark 2.2. Reciprocally, any harmonic polynomial or series such that the degree 0 coeflicient is
1/|S%1| integrates to one. Thus, truncation used below as a regularization procedure, preserves the

probability mass. Non-negativity can be ensured working with well chosen Cesaro kernels.

The next theorem shows that Fourier-Laplace series on spheres is a very natural tool for the

study of our operator which as we have seen corresponds to convolution.
Theorem 2.2 (Funk-Hecke Theorem). If g belongs to H™® for some n and F is such that

1
/ P20 = 2) @324t < o0,
—1

then

(2.17) / F(z'y)g(y)do(y) = M (F)g(x)
sd—1
where

1
Mnl(F) = / P a1~ 0P,

In other words, the kernel operator K defined by

ferst o (x - F(ﬂ:’y)f(y)da(y)) e 2(s*)

§d—1
is, when restricted to a subspace H™¢, the multiplication by A, (F). Thus a basis of surface harmonics

diagonalizes any integral operator where the kernel function involves the scalar product x'y.

Remark 2.3. Healy and Kim (1996) use Fourier-Laplace expansions to analyze a deconvolution

problem on the sphere in dimension d = 3. As we shall see below, the Addition Formula along
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with condensed harmonic expansions provide a general treatment that works for cases with arbitrary

dimension.

2.3. The Hemispherical Transform. The Hemisphercial transform corresponds to a particular

case of the kernel F' in the Funk-Hecke theorem.

Notation. We define A\(n,d) = A, (I{t € [0,1]}) for d > 3 and A(n,2) = w of Proposition
2.1. O

Proposition 2.5. When d > 2, the coefficients X\(n,d) have the following expression

() A0 d) =

(i4) A(1,d) = =

(#ii) Vp >0, A(2p,d) =0
)

_ (=DP[s?72]1-3--(2p—1)
() Vp >0, A2p+1,d) = 7= 1)(d+1)‘ (d+2g 0

For the sake of completeness we give a simple proof of this result in the appendix (see also
Groemer (1996) and Rubin (1999)). The following corollary corresponds to an observation made in

Remark 2.1 for the d = 2 case.

Corollary 2.1. The null space of H seen as an operator on L2(S?1) is

ker H = é H?P,

p=1
The spaces H%® and H*119 for p non negative are the eigenspaces associated with non zero eigen-

values.

As a consequence of Proposition 2.5 H is not injective and restrictions have to be imposed in
order to ensure identification. In Section 3 we present conditions for identification which often make
sense in Economics and which implies that we can reconstruct fz given fﬁ_ .

Restricting to odd functions and defining in a similar manner as above the spaces LQOdd(Sd*I)

and Hgdd(Sdfl), the following proposition can be found in Rubin (1999).
Proposition 2.6. H is a bijection from L2,,(S%1) to H%z(Sd_l).

Thus the random coefficient discrete choice model still imposes a relatively mild structure. We

can also easily check, see the proof in the appendix, that
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Proposition 2.7. For all s non-negative, there exists positive constants C; and Cy such that for all
f in H3(S1)
Collf Nl < IHU g irage < CullF Mo

The factor d/2 corresponds to the degree of regularization. Now the inverse of an odd function

R~ is given by the distribution
(2.18) HH(R)(b) = (is % R) (0)

where the distribution ¢ is given by:

, . 1
(2.19) is(z) = pz:[:) mqwﬂ,d(% n).

When R~ belongs to H¥2(S%1) then H~'(R™)(b) is a well defined L2(S*!) function, otherwise the
distribution is only defined in a Sobolev space with negative exponent. Moreover as for the d = 2 case,
it is in certain cases possible to relate inversion with differentiation. If we consider the case where d

is even, we know from Proposition 2.5, that

1
— = (—DPIS"?|(2p+ 1)(2p+3) ... (d+2p —1).
St = VIS e Dep 43 @+ 2p - )
Thus when 4 divides d,
. /4
— = |§%2 — 2(k —1)(d — 2k
o+ 1.d) | kl;[l[ Copt1,d +2(k — 1)( )]
and when d is even but 4 does not divide d,
) (d— 2)/4
= —|S"%|(2p + d/2) 2(k — 1)(d — 2k)].
Hence we have obtained the following result
Proposition 2.8. When 4 divides d,
dja
H =[S [][-A% + 2(k — 1)(d — 2K)).
k=1

As a consequence of Bernstein type inequalities on the sphere (see, e.g. Ditzian, 1998), at least

when 4 divides d and from Section 2.1 when d = 2, we know that

T
(2.20) Vg € [1,00], 3C > 0: VP € P H>¥, |H'P|, < CTY?||P],.

p=o
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But the results in Ditzian (1998) allow indeed to prove directly such inequalities for all dimensions,

see the appendix, and to obtain the following Bernstein type inequalities.

Theorem 2.3 (Bernstein type inequalities). For all dimensions d > 2, all q € [1,00], there exists C
positive such that for all P in @Z:O H+hd

(2.21) |H~'P|, < CT?|P|,.

This proves to be very important for our subsequent analysis of the estimation of the density
of the random coefficient. In addition to the bound implied by Proposition 2.7, we use in our analysis
bounds involving the L'(S?1) and L*°(S%!) norms.

Rubin (1999) gives other inversion formulas for the Hemispherical transform. For example,
when d is even, the inverse of H? is a polynomial of degree d/2 in the Laplacian, it is straightforward
from the above computations. When d is odd, the inverse involves a differential operator as well as
an operator involving the principal value. It is also shown that a wavelet transform also allows to
invert the hemispherical transform. The fact that the inversion corresponds roughly to a differential
operator is another manifestation, besides invertibility or identification, of the ill-posedness. Indeed,
it implies that the operator is unbounded. We call the factor d/2, which is exact for L2(S%~!), the

degree of ill-posedness of the inverse problem.

3. GENERAL RESULTS

3.1. Identification in the Random Coefficient Model. This section analyzes the identifiability
of fz and discusses sufficient conditions for identification. We make the following assumption which
also appears in Ichimura and Thompson (1998). It is used to extend the choice probability (z) to a

function on the whole sphere and as a result to identify fg3.
Assumption 3.1. The support of X is the whole northern hemisphere HT = {z € S 2'n > 0}.

This assumption demands that X is supported on the whole space R%~1. It rules out discrete or
bounded X (See Section 6 for a potential approach to deal with such regressors as dummy variables).

We now assume that the law of X is absolutely continuous with respect to do and denote its density

fx.

We now consider choice probabilities (z) given by (1.2) which are invariant by dilatation

Ve e R P(Y =1|1X =2) =P(Y = 11X = z/||z]).
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As such they can be studied as function on the sphere. The invariance by dilatation is satisfied in
the case of the random coefficient model (1.1). They are only defined on the support of X. Under
Assumption 3.1 it is possible to extend such functions r(x) to a bona fide function on the whole sphere.
If we again think that the choice probability is such that model (1.1) holds then, as fg is a probability

density function, we obtain for x in H™

(3.1) M=) = [ D0l = 1= @) = 1= H(7) ).
We thus consider the extension R such that
(3.2) Vo € H*, R(z) = r(z), and Vo € —H*, R(z) = 1 — r(~z) = 1 — R(—z).
Note that
(3.3) R(z) = R*(a) + R~ ()
= 3 [R@) + R(-a)] + R (2)
= S IR@) + (1~ R@)]+ R (@) by (32)
=+ R (@)

thus R is then entirely determined by its odd part. Now, provided that the extension R belongs to
HY2(S%1) (the Sobolev imbedding of H*(S¢~!) into the space of continuous functions for s > (d—1)/2

implies it is continuous), there exists a unique odd function f~ in L2(S%"!) such that

1 _
R=g+ () = (g + 1),
This follows from Proposition 2.6. Moreover as Vo € S%~!, 0 < R(x) < 1, f{f_(b)>0} f-(b)do(x) =

i wsoy S~ (B)o(6) < 1, thus fouy [£~(0)ldo(b) < 1
Also, following the discussion of Section 2.2, ﬁ + f~ integrates to 1. Proposition 2.5 implies that
whatever the even function g having 0 as coefficient of degree 0 (i.e. integrating to zero over the

sphere),
1
R:H<g+’8d_1’—|—f_> .

0= 1071~ g [ 1 Olae

is even, integrates to zero and is such that

Now the function

1 1
o= gt i 0= 2 U >0 g (12 [ 10l 2o
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of course f/g = f~. This function f3 is non-negative and bounded from below by (and equal to on at

least a whole hemisphere) ﬁ (1 — Joas |f§(b)|da(b)).

Concerning identification per se, there might still be several such functions g giving rise to a
positive function and and observationally equivalent R. Only the odd part fﬁ? of the density of the
random coefficient, besides the known coefficient of degree 0, is identified. We thus give a sufficient
condition on fg so that when satisfied, knowledge of fg implies knowledge of fg. Ichimura and
Thompson (1998, Theorem 1) give a set of conditions that imply the identification of the model (1.1).
One of the assumptions postulates that there exists ¢ on S~ ! such that P(¢/3 > 0) = 1. This, in our

terminology, means that:
Assumption 3.2. The support of B is a subset of some hemisphere.

A weaker condition, provided fg is defined pointwise, could be fg is such that if fg(b) > 0 then
f3(=b) = 0. As noted by Ichimura and Thompson (1998) Assumption 3.2 does not seem to be too
stringent in Economics. It is often reasonable to assume that one of the random coefficients, such as
a price coefficient, has a known sign. Assumption 3.2 implies the following mapping from fﬁ_ to fa

developed in (2.16):
(3.4) Jav) = 215 O 5 () > 0},

it corresponds to the above case where @ (1 — Joar | fs (b)\da(b)) = 0. This relation is useful
because (i) it shows that Assumption 3.2 guarantees identification if f; is identified, (ii) it enables us
to derive a key formula that leads to a simple and practical estimation algorithm and (iii) it guaranties

that the estimate of fg will be non-negative. Hence we have obtained

Proposition 3.1. If Assumption 3.1 is satisfied and if r is such that the extension R belongs to
HY2(S?1), then there exists a bona fide PDF fg such that

R=H(f5) =5 +H(f;)
and for all x in HY, r(x) = H (f3) (z).

Moreover, if Assumption 3.2 holds then fg is uniquely defined and the model is identified.

Remark 3.1. Assumption 3.2 is testable since it yields implications in terms of fg which is identified
under weak conditions. For example, we can compare the positivity of f@T with its negativity on

the corresponding points on the opposite side of the sphere. Or, it implies that fg integrates to
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1/(2|S% ') on H and —1/(2|S*!|) on —H. An estimator for f5 and its asymptotic properties are

presented in the next section.

3.2. Nonparametric Estimator for f3 and Consistency. If be belong to H*(S%~!) then R belongs

to H%/2+5(S9-1) and if we rely on an estimate R~ of R~ and

(3.5) fy=mt (BY)
= jg * RN
J— = 1 . A77N
(3.6) = pZ:% o+ 1.d) /Sd_l Q2p+1,d(- )R (x)do(x)

of f5 then Proposition 2.7 implies that for v € [0, 5],

(3.7) 15" = £5 2w =< BN = R ||2,0as2-

Also setting
(3.8) 75w =2 N o { £ e > 0}
as suggested in Section 3.1, we obtain that

(3.9) I/ = falle =< |R™Y — R~

2,d/2-

This is explained in the proof of Theorem 5.1 of Section 5 given in the appendix. Thus, the rate of
consistency for the estimation of fg is directly related to the rate of consistency for the estimation of

R~. Estimation of R~ at the nonparametric rate
d/2+s—d/2 R
Op (N_ 2(d/2+s>+d—1) = Op (]\FW)

in H¥2(S%1), recall that R~ is defined on a d — 1 dimensional manifold, implies estimation of fs at

that rate in L2(S%1).

As already mentioned, d/2 is the degree of ill posedness (the definition is different from the one
in Kim and Koo (2000) where it would be d/2 — 1). It corresponds to the rate of convergence to zero
of [\(2p+ 1, d)| which is very similar to what happens in standard deconvolution problems on the line

as obtained in Fan (1991).

We give an example of an estimate of R—" in Section 4 that implies a very simple closed
form estimate for fév which does not require the evaluation of the integrals in (3.6). In other cases

integration could be carried out numerically. Also for practical issue we are not able to compute, in
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the general case, the infinite sum in (3.6) and truncate the sum up to some integer 7', that is we use

the new estimate which could be written in the three equivalent forms
(3.10) fiN =t (PTNR"N )

* (DTN(-, n) x R_’N>
Tn

1 A
(3.11) = p;o m /Sd_l Qopr1,d(- )R 7N<$)d0(x)

for well chosen T going to infinity with N. This approach amounts to the spectral cut-off method

used in the statistics of inverse problems.

4. EXAMPLE OF AN ESTIMATE FOR THE CHOICE PROBABILITY AND THE DERIVATIVES

We have seen so far that the model implies invariance by dilatation of the vector of covariates
(augmented by 1) of the choice probability. However we also present an estimate for the derivatives
which are very relevant as well in Economics. They are, given z in [0, 0c0) x R9~!, the partial derivatives
%RV which are the components of the gradient in the Euclidian space which satisfies

1
V.R =—V%, R
(|| * =/ =l

Since R is square integrable, it has a condensed harmonic expansion which enables us to obtain the

expressions in the next theorem, a proof is given in the appendix. .

Theorem 4.1. We have for x in S%1,

1 & ey -, , ]
4.1 R(x)= -+ E|l—— X'x
(4.1) @)= 5+ LB | S s

and for z in [0,00) x R* and X on the sphere,

dlST] & . [(QY —1)

4. V.= ———+—7— R T
(#2) Sl 2 | ()

bqu,H(X'x/umH)X] .

Remark 4.1. Note that we can replace above (2Y — 1) by 2Y since [qu1 qapt1,4(2,v)do(z) = 0 for
all v in S* 1. However it appeared on simulated data that the symmetrization provides in general

nicer estimates.

This suggests that we use an estimate of the form RN (z) = % + RN with

" 1 (2y; — 1)
RN (z) = Nz 4 Zq2p+1d Ly, X

zle
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where f;{v is an estimate of fx and T is a well chosen sequence converging to infinity with N. More

generally we could use an estimate of the form
N
L 1 (2y; — 1)
(4.3) BN (w) = 5 D v Koy (i)

where Ky, is the odd part of a trigonometric kernel which does not necessarily have to be the Dirichlet

kernel but could also be a Cesaro kernel.

Remark 4.2. Many other estimates of R~ or the regression function could be used for example kernel
(2yi—1) K, (zi,2)

. . d . N
regression in R, kernel regression on the sphere e.g. > ;"4 Koy (21.0)

Proving properties of the plug-in of f ¥ in (4.3) could be quite involved if one is willing to obtain
the same rates of convergence with plug-in as if fx were known under mild smoothness conditions on
fx. We choose Kr,, = %de for 6 > d— 1. Here the kernels are uniformly bounded and non-negative.
Because of (2.12) and (2.13), if we use the Dirichlet kernel, we only obtain the same rates with plug-in

as with known fx under very stringent assumptions on the smoothness of fx.

We could consider the two following cases

(I) 3mx >0: Vz e HY, fx(z) >mx
(IT) Assumption 3.1 is satisfied but condition (I) is not.

Condition (I) is technical but not realistic for usual distributions of X in R¢ (see, e.g. Hoderlein et

al., 2007).

Remark 4.3. We need to make an assumption of the type of Assumption 4.1 below in order that the
estimate converges fast enough to fx. It usually requires that fx belongs to H?(S%~1) where o is large
enough. When fx is bounded from below on H™ it is for example impossible that it is continuous
though it is on the interior of H*. One strategy however is to symmetrize. A first order symmetry
consists in considering fy defined by fx = fx on H' and fx(—xl,xg, cooyxq) = fx(z1,22,...,24) O0
—~HT. f x is continuous and f 'x /2 could be estimated from the sample (z;) ﬁ\il fabricating the auxiliary
sample (Z;) f\; 1 by scanning the z; and with probability 1/2 taking the symmetric and otherwise keeping
x; unchanged. Higher-order reflections need to be considered in order to obtain a smoother function

(see, e.g. Evans (1998) p.255 for extensions of functions from a half ball to the other half).
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We now restrict to the case (II) as it is the interesting one. Since fx is not bounded from

below, we use a trimmed version of (4.3)

N L 5 — A
(44) ]%—,N(x) _ % ' (2yz 1)AS]5TN‘+1(CU17.Z')
=1 IMax <fX (-7;2); aN>

with a sequence of the form

(4.5) an = log(N)™"
for some r positive,

(4.6) RY =S +R™

Concerning derivatives we use the estimate

——N A st & 2; — 1
40 T =% (7)) = N 5 e (o fog ) s
For a mathematical treatment of the plug-in it is very convenient that both ngTN, d4o and bSSTN t1d
be non-negative. This can be achieved by taking § = d + 1. If only want to estimate R, § = d — 1
provides enough smoothing, while in order to be able to estimate derivatives it is useful to work with
higher order kernels involving higher order Cesaro summation.

Estimation of densities on compact manifolds have been studied by several authors using either
the Histogram by Ruymgaart (1989), Projection estimates (see, e.g. Devroye and Gyorfi (1985) for
the circle and Hendriks (1990) for general compact Riemannian manifolds) or kernel estimates (see,
e.g. Devroye and Gyorfi (1985) for the case of the circle, Hall et al. (1987) and Klemeld (2000) for

higher dimensional spheres). We now consider that the following assumption holds.

Assumption 4.1. fx is smooth enough and its estimate f)](v is such that, depending on the type of

result, (i) or (ii) holds
(i)
max (fx(x;),log(IN)™") (( N )‘zafdl B )
S (7 ~1/=0 - (log N)
=L N max ( FN (1), log( N)—r) P\ \ (log N)2r+(1-2/a){g>2}

(it) There is a constant C such that

N 20+Gd71
G > (log N)" max

v ( A
(log ¥ =L max (£ (), log(N) )
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for some r to be specified later and where o = s + d/2 is the regularity of R and s that of fg

This rate can easily be achieved when fx is smooth enough. In Section 7 we use

. 1 X
(4.8) JR @) =5 > 57w, @)
i=1

for a well chosen T depending on the sample size and the smoothness of fx. Theoretical properties
of this estimate will appear elsewhere but note that rates of convergence in sup-norm can be obtained
in a similar manner as here in the proof of Theorem 5.1. This estimate is in the spirit of the projection
estimates of Hendriks (1990) but here we are able to obtain a closed form using the condensed harmonic
expansions together with the Addition Formula and consider a modification of the Dirichlet kernel in
order to have a bona fide approximation kernel.

Let us now present the asymptotic properties of this estimate, proofs are very similar to that
of Theorems 5.1 and 5.2 of Section 5 given in the appendix. We first state results on consistency
including strong uniform consistency. Besides the log correction due to trimming of fx, the rate is

the usual nonparametric rate of direct estimation problems.

Theorem 4.2 (Consistency in LI(S1)). Assume that fx is such that Assumption 3.1 holds along
with condition (II), is smooth enough to admit an estimate which satisfies Assumption 4.1 (i), that R

belongs Wg(Sd_l) with q in [1,00) and o positive and Ty satisfies

N ToraT
Iy = <(1og N)2r+(12/q)ﬂ{q>2}>

and if we can find r positive such that

_ot(d=1)(1-1/q)

N 20+d—1
<(log N)2r+(1—2/q)]1{q22}

c({0< fx <(logN)™"})=o0

then

], 0 (i) ).
— N

o—1
| 7 o N ~SoFd=1
Vi=1,...,d, aTjR - aT;jR Op (((log N)2r+(1—2/q)11{q22}) ) '

q
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Moreover, if Assumption 4.1 (ii) is made then there exists a constant C such that

— N 20':d71
s <<1og N)?H)
N

o—1 —_—
N 5T || 9 9
— —R —-——R| <C as.
(log N)—Qr—l) Oz; Oz - e

RN — RHOO <C a.s.

[e o]

Theorem 4.3 (Asymptotic normality). Assume that R belongs W (SY~1) with o positive, fx is such
that Assumption 3.1 holds along with condition (1), fx, f}v, Ty and r are such that

=1..N | max (fX( )(logN)

(]

Ty N ~ZoraT — o(1) (under smoothing),

Nl/QTJ(\;i_l)/QU ({0< fx < (logN)™"}) =0(1)

then
Nisgk (RN(x) - R(m)) 4 N(0,1)
and
Loy (ST N\ T [N N 4
N2 SQN W VIR (.’E) - VxR — N(O’ 1)
where

max (fx (Xi), (log N)~")

5 —
S%N — var ((QY; 1) S2TN+1 d( 95))
2Y; — 1)°8% Xz
S%N — var (( ) 2Tn, d-‘rQ( )X>

ax (fx (Xi), (log N)=")

5. A CLOSED FORM ESTIMATE OF f3

Estimate (4.4) lives in a finite dimensional space, more precisely it is such that PTNR_’N =

R~N . therefore we do not need additional spectral cut-off prior to inversion. We thus consider as an

estimate of f 5
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If we are only interested in fg and not in derivatives we can choose 6 = d — 1 below. The estimate

takes a simple closed form and requires no numerical integration since

—1 5 — TN —p)
H (SQTNH(%‘" ) A5 Z )\ 2p+ 1, d Q2p+1,d($iab)'

The final estimate of fg is obtained using (3.8).

The proof of the following result is given in the appendix.

Theorem 5.1 (Consistency in LI(S1)). Assume that fx is such that Assumption 3.1 holds along
with condition (I1), is smooth enough to admit an estimate which satisfies Assumption 4.1, that fg

belongs W;(Sd_l) with q in [1,00) and s > 0 and T satisfies

N 2s+2d—1
T = ((1OgN)2r+(12/q)H{q>2}>

and if we can find r positive such that

s+d/24(d—1)(1-1/q)

. N B 2s+2d—1
(5.1) o ({0<fx <(logN)™"})=0 ((log N2/ Ha=2}
then
X N ~5er2a-1
N _ —
(5:2) |73 =55 Hq =0 (((log N)27“+(12/q)11{q>2}> > '
Moreover, if Assumption 4.1 (ii) is made then there exists a constant C' such that
N N 2s+§d—1 ~
. Ty oo [ Y15 _<cC as
(5:3) oo (Gogy 1) fo = tof =€ e

The rate N~ 27227 is in accordance with the L2 rate in Healy and Kim (1996) who study
deconvolution on S? for non degenerate kernels. Kim and Koo (2000) prove that the rate in Healy
and Kim (1996) is optimal in the minimax sense. Their statistical problem though does not involve
plug-in and trimming and less importantly does not cover the case of the boxcar kernel. Hoderlein
et al. (2007) study estimation of densities in a linear model with random coefficients and obtain the
same rate when fx is bounded from below and thus no trimming is required (we need to replace their
dimension d by our dimension d — 1). We can easily check that we obtain this rate under the same
condition and a suitable estimate of fx (symmetrized) but we believe that the interesting case is when
fx is not bounded from below. The upper bound on the rate of consistency is logarithmicaly close to
that rate and it all depends on the decay to zero of the density fx(x) as x approaches the boundary
of HT.
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Let us now present a result on pointwise asymptotic normality, the proof is given in the ap-

pendix.

Theorem 5.2 (Asymptotic normality). Assume that f5 belongs W (ST with s > 0, fx is such
that Assumption 3.1 holds along with condition (II), fx, f}](v, Ty and r are such that

max (fx (i), (log N)™")
5.4 max
( ) i=L..,N | hax (fé(v(mz), (log N)*r)

N\ @D

— 1| =0, ((log N)~%"),

(5.6) TyN %7231 = o(1)  (under smoothing),
(5.7) N7V ({0 < fx < (log N)™7}) = o(1)
then

(5.8) NEsgt (F50) - fa(0)) S N(0,1)

@i DH (82, 41 (Xe ) ()
max(fx (X;),(log N)~7)

holds for b such that fz(b) # 0, where s%, := 4var(Zn;), Zn; =

Condition (5.4) is very mild. Also T should grow to infinity faster than the optimal rate in
order to neglect the approximation bias but according to condition (5.5) it should not grow too fast

either.

6. DISCUSSION

6.1. Estimation of Marginals. In Section 3 we have provided an expression for the estimate of the
full joint density of 3, from which an estimator for a marginal density can be obtained. Let doj denote
the surface measure and dg;, = doy/|S¥| the uniform measure on S¥. We write 3 = (B/,El)/ and wish
to obtain the density of the marginal of 3 which is a vector of dimension d — k. We also define P and
P the projectors such that 3 = Pj3 and E = ?ﬂ and denote by dP,o,;_; and d?*gd,1 the direct image
probability measures. One possibility is to define the marginal law of E as the measure f* fado. This
may not be convenient, however, since then a uniform distribution would have U-shaped marginals.
The U-shape becomes more pronounced as the dimension of 3 increases. In order to obtain a flat
density for the marginals of the uniform joint distribution on the sphere it is enough to consider

densities with respect to the dominating measure df*gd_l. Notice that sampling U uniformly on

S%1 is equivalent to sampling U according to f*gd_l and then given U forming p (U) V where V is
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/ =12 =
a draw from the uniform distribution o, ;_; on S¥!=* and p (U) =4/1— HUH . Indeed given U,

Ul/p (ﬁ) is uniformly distributed on S¥~1=%. Thus, when g is an element of L!(S*1) we can write
for kin {1,...,d — 1},

o0 [, a0 = [ [ a(o () D) dost| dPaas ()

where B¥ is the k dimensional ball of radius 1. Setting g = [S?~!| f5(b)I {E € A} for A Borel set, of B*

shows that the marginal density of E with respect to the dominating measure dP,o,_; is given by

(6.2) O = e (o (8) ) daa s st

In the particular case where k = d — 1, i.e. we are interested in the marginal of 3, we use doy =
(61 + 0—1) /2 where § denotes the Dirac mass.

When the dimension of the variables in the integral is small we can use hyperspherical parametriza-
tion (polar coordinates when k = d — 2 and spherical coordinates when k = d — 3) and deterministic

numerical integration methods. When it is not, one may use Monte-Carlo methods, by forming

M
INTM ([ 1 AN, T = =
o 7 ) 4357 ) )
j=1
where u; are draws from independent uniform random variables on S=1=k " Draws u; could be
obtained by computing u; = v;/||v;|| where v; are draws from a standard Gaussian random vector of

dimension d — 1 — k. When /3 is of dimension 2 we could draw contour plots on the disk, that is, level

sets of the density. When f is of dimension 3 it is possible to draw contour plots on S2.

6.2. Treatment of non-random coefficients. It may be useful to develop an extension of the
method described in the previous sections to models that have non-random coeflicients, at least
for two reasons. First, the convergence rate of our estimator of the joint density of (8 slows down
as the dimension d of # grows, which is a manifestation of the curse of dimensionality. Treating
some coefficient as fixed parameters alleviates this problem. Second, our identification assumption
in Section 3.1 precludes covariates with discrete or bounded support. This may not be desirable as
many random coefficient discrete choice models in Economics involve dummy variables as covariates.
The following identification/estimation strategy allows such covariates as far as their coefficients are
non-random. Note that Hoderlein et al. (2007) suggest a method to deal with non-random coefficients
in their treatment of random coefficient linear regression models. Identification in random coefficient

binary choice models with covariates with limited support is somewhat tricky. As we shall see shortly,
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identification is possible in a model where the coefficients on covariates with limited support are non-
random, provided that at least one of the covariates with “large support” has a non-random coefficient

as well. More precisely, consider the model:
(6.4) Y = I{B1i + B9 Xoi + a1Z15 + 0y Zy; > 0}

where 31 € R and (32 € RIx—1 are random coefficients, whereas the coefficients o; € R and o € R%2~1
are nonrandom. The covariate vector (Zy, Z4)" is in R%Z, though the (dz — 1)-subvector z; might have
limited support: for example, it can be a vector of dummies. The covariate vector (X}, Z;) is assumed
to be, among other things, continuously distributed. Normalizing the coefficients vector and the vector
of covariates to be elements of the unit sphere works well for the development of our procedure, as we
have seen in the prevous sections. The model (6.4), however, is presented “in the original scale” to
avoid confusion.

Define 5(Z2) := 51 + a2, 7(Z2) = (B7(Z2), a1, B2)" and W = (1, Z1, X})'. We also use the

notation

(B1(Z2), a1, Ba) dx+1 (1,21, X3) dx+1
T(Z2) = ——- eSNTIW = = ¢ §WXT,
(87 (Z2), a1, Ba)| (1, Z1, Xo)'|l

Then (6.4) is equivalent to:

Y =I{5](Z2) + (ou, B2)(Z1, X35)" > 0}
={(B](Z2), 1, B2)(1, Z1, X3)' > 0}

:]I{ (B1(Z2), 01, 82) (1,71, X3) >0}
(81 (Z2), a1, B2)'[| |(1, Z1, X5)'|| —

=1{7(Z2)W >0} .

This has the same form as our original model if we condition on Zy = zo. We can then apply previous
results for identification and estimation under the following assumptions. First, suppose (51, 35)" and
W are independent, instead of Assumption 1.1. Second, we impose some condition on fyy|z,—.,, the
conditional density of W given Zy = zo. More specifically, suppose there exists a set Z, € Rz~
such that Assumption 3.1 holds if we replace fx and d with fyz,—., and dx + 1 for all 2 € Z,. If

Zs is a vector of dummies, for example, Z5 would be a discrete set. By (4.1) and (2.18) we obtain

1 g [ Y = Dazpi1,ac (W:1)

(6:5) frman==) = 2 3oy Lax 7 1) Foizaea (V)

[
p=0
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is, the conditional density

for all z3 € Z5, where the right hand side consists of observables. This determines f;(z,)z,—.,. That
f < (/gik(ZQ)v 041,,82)
I

(BT(ZQ)aalaﬁ2)/H Z2 B 22)

is identified for all 2z € Z5 (Here and henceforth we use the notation f(-|]-) to denote conditional

densities with appropriate arguments when adding subscripts is too cumbersome). This obviously
identifies
(81(Z2), a1, Bo)

(66 (P m =)

for all zo € Z5 as well. If we are only interested in the joint distribution of B under a suitable

normalization, we can stop here. The presence of the term «;Z; in (6.4) is unimportant so far.
Some more work is necessary, however, if one is interested in the joint distribution of the

coefficients on all the regressors. Notice that the distribution (6.6) gives

b1 (Z2) b1+ ahZs
f< Zo=z|=f—a7"1%2=2),
[| B2l B2l
from which we can, for example, get
|7 ==) == () += ()
E Zo=12z9 | =E +E Q529 for all z9 € 2.
< IR . 1621 1621) 2 R

Define a constant

== (57

then we can identify ca as far as z9 € Z9 has enough variation and

(65} _
B <Hﬁ2|l> con

is identified as well. Let
(ﬁépal»a/g)/)

(6.7) f < Bl

denote the joint density of all the coefficient (except for (31, which corresponds to the conventional

disturbance term in the original model (6.4), normalized by the length of f2;). Then

I 0
(B 1, 0 R
77 b — 24
/ < 1G] ) A N N
. cog HﬁQz|
cal

In the expression on the right hand side, f ((5);,a1)"/||B2|) is already available from (6.6), and cay
and cay are identified already, therefore the desired joint density (6.7) is identified. Obviously (6.7)

also determines the joint density of (8};, a1, o))" under other suitable normalizations as well.
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The density (6.5) is estimable: when Zs is discrete, one can use the estimator of Section ?7? to
each subsample corresponding to each value of Zs. If Z3 is continuous we can estimate fyy|., and the
conditional expectation by nonparametric smoothing. An estimate for the density (6.6) can be then

obtained numerically.

6.3. Endogenous Regressors. Assumption 1.1 is violated if some of the regressors are endogenous
in the sense that the random coefficients and the covariates are not independent. This problem can
be solved if an appropriate vector of instruments is available. To be more specific, suppose we observe

(Y, X, Z) generated from the following model

(6.8) Y =I{8 +3'X >0}
with
(6.9) X=TZ+V

where V' is a vector of reduced form residuals and Z is independent of (3,V’). The equations (6.8)

and (6.9) yield
Y =14 (51 + V’B) + Z'T'3}.
Suppose the distribution of I'Z satisfy Assumption 3.1. It is then possible to estimate the density
~ ~\/
of 7 = 7/||7|| where 7 = <ﬂ1 + V', ﬂ) by replacing I" with a consistent estimator, which is easy to

obtain under the maintained assumptions. This yields an estimate for the joint density of 3/||7]|, the

random coefficients on the covariates under scale normalization.

6.4. Multiple Alternatives. In this section we give some ideas of how we could treat a multinomial
discrete choice model with random coefficients. For simplicity we consider a three alternative case
{1,2,3} and take the alternative 3 as the base alternative. We denote by Ui13 and Ui23 respectively
the differences of the utility of choosing alternative 1 minus that of choosing 3 and of the utility of
choosing alternative 2 minus that of choosing 3 for an individual . We consider the following simple

model for the utility differences

13 _ 413 | 313
Ui = Bri + BiX,

7

U~ 5%+ AP

where we rescale %3 = (/6’%3,3’)’ and X3 = (1,X23) to be on the sphere. The coefficient (3 is

however not restricted and is an element of the whole real line. The probability that the agent i
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chooses 3 is
P(Y = 3| X1 =213 X2 =22%) = P(U < 0,U® < 0|X"13 =g}3, X5 =233,
This probability could be written as in equation (1.3) where fg is replaced by

F0%, 513 = /

1 (b7 < <Ua"} fora 5 (011 fms (7).
The assumptions that were required on 8 and fj earlier have to be made for F’ (b%,#13). Note that if
%3 is supported in some half sphere then the same holds for F(b*3,#13). It is then possible to show

that we may write

) > 2Y — 1)gapr1.a(X 2, 6%)
F 23 13 — E ( p+1, )
6755 =2 [ A2+ L, d)f s (X5

X183 — 5:13] ‘
p=0

It can be estimated using localization, introducing usual kernels K in R? with smoothing parameter
hxn going to zero along with truncation of the sum and replacing the Dirichlet kernel with the Cesaro
kernel. The quantity F(b?3, 2!3) characterizes the whole joint law of the random coefficients. It is also
possible to recover the joint density if we differentiate with respect to one of the coordinate, say the
first 713 of #'3 of corresponding coefficient by, we obtain _Blfﬁii”\[?:l}(_glle?’)fgzs(b23). Integration of
13

the function with respect to #13 or simply letting #1* go to oo if by is positive or to —co otherwise we

obtain f523 (b23) .

7. APPLICATION

In this section we apply the estimator of Section 5 to simulated data in the case where d = 3.
We consider the case where fx () decays to zero as x approaches the boundary of H*. We choose N =
5000. X is obtained from rescaling (1, X) to the sphere, we have chosen X to be A/(0,0.41) where I is
the 2 x 2 identity matrix. 3 = (B, B2, 33)’ is taken to be supported on S¥~'N{x3 > 0} and the rescaling
to the sphere of a vector (B, 1) where B is a mixture of two normals: B = UN; + (1 — U) Ny where
U has a Bernoulli distribution B(0.6), N7 and Ny are respectively N (u1,0.0057) and N (u2,0.0051)
where p; = (0,—0.7)" and pe = (—0.7,0.7)". Indeed one nice feature of such a random coefficient
model is that it allows to treat mixtures of different choice behaviors and to isolate two different
subpopulations (say according to the levels of fﬁ) It corresponds to the model with latent factor
B1 + B2X1 + B3X3. We have taken the trimming parameter to be asogp = 0.2 but this does not seem
to have a big influence, though trimming is necessary. As a result 30 out of 5000 values of fx(xz)

have been set to 0.2. The smoothing parameters in the case of the estimation in the inverse problem
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are Tso00 = 13 for fX (unimodal densities need relatively less smoothing) and T5000 = 31 (275000 + 1
indeed with the convention used so far) for fg. For the direct estimate, i.e. when 3 is observed,
lower values of the smoothing parameter worked well and the graphs correspond to the case where
T5000 = 21. We show surface (projection of an hemisphere onto its boundary large disk) and contour

plots of both the direct estimate and the estimate in the inverse problem.

Direct estimate of fB on the hemisphere [33>O

Direct estimateof f|3 on the hemisphere Bs>0

Estimateof f

FIGURE 1. Estimation of fg in the ideal case where 3 is observed.

Estimate of fB on the hemisphere Ba>0

Estimateof f[s on the hemisphere[33>0

3

Estimateof f

FIGURE 2. Estimation of fg in the practical case where 3 is unobserved, with trimming

and plug-in of an estimate of fx.

8. CONCLUSION

To be added.
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9. APPENDIX

Let us start by recalling some notions of Riemannian geometry to enlighten the notions of
gradient and Laplacian on the sphere. The tangent space T,S% ! at a point x on the sphere is the
vector space of tangents %’V(t)‘t:o of curves =y : (—€,€) — U where € > 0 and U is a neighborhood
of z in R, drawn on S¢~'. We can easily check that it is the orthogonal in R? of x. Given a map f
from S?! to R, its differential d, f at = in R? is a linear form acting on T,S* 1. It is such that for h
in T,S% ! corresponding to a curve 7, d, f.h is defined as %[ f (’y)]! o~ A useful example in the case
of derivatives of choice probabilities is the height function, see do Carmo (1976) p.86, defined for z in

St as & € S — 2z, Its differential is the mapping
(9.1) he TS 2h.

As in the Euclidian plane, the gradient on the sphere is related to the above defined differential using
the scalar product. The gradient of f at = is denoted by Vf f and defined as the vector of T,S% !
such that for h in T,S%"', V5 f'h = d, f.h. The scalar product on the tangent spaces is the restriction
of the scalar product in R?. This is a general construction of a gradient on smooth submanifolds of
RY. It matches in the particular case of the sphere the definition provided by identity (2.6). The
Laplace operator on a smooth submanifolds of R? is defined through the generalization of the formula
divV. The generalization of the divergence is defined as follows. A vector field X is a map which
to z in S assigns a vector X (x) of T,S~!. It is differentiable if given a local parametrization of
S41 for example using the stereographic projection, consisting of to maps ¢ from an open set U in
R4 to V N S?! where V is an open set of R?, X () is differentiable. The linear mapping which to
v in T, S%! corresponding to some curve y(—e,¢) — U and X a vector field, assigns the orthogonal
projection of %X(’y)‘tzo on T,S% 1 is denoted by D. Then AS is defined as trDV®. Also, see for
example Gallot et al (2004) p.209, we have

92) - [ @A @o@) = [l Piote) = [ VEPVEfinte)

where ||| - ||| denotes the operator norm. We can check using the condensed harmonic expansion,

Lemma 2.1 (ii) and relation (9.2) that

IF132 = 113 + IV 7113

where the last term denotes the right hand-side of (9.2). The definition of the Sobolev spaces based

on L2(S?"1) matches the classical space defined in terms of derivatives.
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We now present some results on the Gegenbauer polynomials. These results can be found in
Erdélyi et al. (1953) and Groemer (1996). The Gegenbauer polynomials have the following explicit

representation

PN

1=0
where (a)p = 1 and for n in N\ {0}, (a), =ala+1)---(a+n—1) =T(a+n)/I'(a). When v = 0,

(2t)n—2l

case d = 2, it is related to the Chebychev polynomials of the first kind as follows
2
Yn € N\ {0}, O(1) = T (1)
and
Co(t) = To(t) =1
where
Vn € N, T,,(t) = cos (narccos(t)) .

When v = 1, case d = 4, C}(t) coincides with the Chebychev polynomial of the second kind Uy, (t)

which is such that

Vn €N, Uy(t) = sin[(n + 1) arccos(t)]

sin[arccos(t)]
The Gegenbauer polynomials are stable by differentiation, they satisfy

d

(9.4) SCu(e) = Ot 1)
for v > 0 and

d
(9.5) 502@) =20, _4(t).

For v # 0 the Rodrigues formula states that

(2v)y, d”

(9.6) Gl = (=)A= &) T

(1 _ t2)n+y—1/2'

The following results are also used in the paper

Cr(t) ‘
9.7 sup <1,
0. te[-1,11 1 Cr (1)
n+2v—1
(9.8) Vv>0,VneN, C/(1) =
n

(9.9) CY(1) =1 and ¥n € N\ {0}, CY%(1) = %
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(9.10) CU(—t) = (~1)"CL().

The normalization of these orthogonal polynomials is such that

1 d—1 v 2

In the proofs of the results we denote by C' any constant depending only on the dimension, it

thus takes different values for different inequalities.

Lemma 9.1. For p positive and d > 2,

d ) d Sd—H
dt ( q2p+1, d) = WQQT@HQ

Proof. Using (2.9), (9.4), (9.5), (9.8) and (2.7)
d ~ h(2p+1,d) v(d)
(dt <bQQp+1,d)) (t) = \Sd_llcgzgdﬁl(l)(d —2)Cy, ()

dp+d

_ W(d 2)Ce (1)

We conclude since, using again (9.8) and (2.7),
h(2p,d+2) 4p+d

v(d+2 -
O (1) d

Proof of Proposition 2.3. Using Lemma 9.1 and the expression of the Cesaro kernel we obtain

d 5 - diS™ s .
dt ( C2T+1 d) |Sd 1| 2T, d+2"

Using also (2.15), the following inequalities for some constant K depending only on § and d follow

z'y d
S%,d(z/ﬂf) - S%,d(z’w = / <dtS§“,d> (t)dt

'x

|z — y|

HdtSTd

|z — y|

(o)

d|Sd+1| o +
|Sd 1| 2Td+2

< KTz —y).

Let us present some useful inequalities.
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Lemma 9.2.
(9.12) h(n,d) < n®2,
(9.13) IA2p + 1,d)| =< p~ /2.

Proof. Estimate (9.12) is clearly satisfied when d = 2 and 3 since h(n,2) = 2 and h(n,3) = 2n + 1.
When d > 4 we have

h(n,d) = (n+(d—-2)/2)[(n+1)(n+2)---(n+d-3)],

2
(d—2)!

the lower bound is straightforward and the upper bound follows from

h(n,d) < (n+d—3)472

(d—2)!
and 2/((d — 2)!) by a constant large enough.
When d is even and p > d/2

KRd

IAN2p+1,d)| = Cp+1)(2p+3)--(2p+d—1)

where
S8 (d =)
N d—1 '

The upper bound is straightforward and we can write

Kd

Kd

A2p+1,d)| > ———

and conclude replacing x4 by a small enough constant.

Sterling’s double inequality, see Feller (1968) p.50-53

1 1
V2rn /2 exp (—n + on + 1) < n!l < V2"t 2 exp (—n + 12”)

implies that

thus
1-3---(2p—1) =< /p2-4---(2p).

Therefore, for p > d/2 and d odd we have

3 VP
AP+ L= T 4) - @prd— 1)

and (9.13) holds for d even and odd. O
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Proof of Proposition 2.5. From the Funk-Hecke theorem we know that the coefficients a(n,d) =

C’Z(d)(l)ISd_Q\_l)\n (I{t € [0,1]}) are given by
1
a(n,d) = / C’Z(d) )1 — t2)(d—3)/2dt
0

using (9.6),

_9)1(d — 1 an
a(n,d) = S%‘?()d—(ci)/;)):/o %(1_t2)n+(d—3)/2dt.

Thus for n > 1 and d > 3,

-n n—1
(_2) (d - 2)” d (1 _ t2)n—1+(d—3)/2dt

a(n,d) = = (d—1)/2), dtn1 o

since the term on the right hand-side is equal to 0 for ¢ = 1. To prove that the coefficients a(2p, d)

are equal to zero for p positive it is enough to prove

d2p+1

(- =0, ¥m>1, p>0.

t=0

The Faa di Bruno formula gives that this quantity is equal to

Z (_1)2p+1—k’2 (2p + 1);57'7;2—'}— 1)---2p+1+m) (1— t2)m+k2 (Qt)kl

k1+2ko=2p+1 t=0
and we conclude since k1 in the sum cannot be equal to 0.
When n = 2p + 1 for p non-negative we obtain, using again the Faad di Bruno formula, that the

derivative at t = 0 is equal to

2p)!
PR (op 1+ (0= 3)/2)2p + (@ = 3)/2) - (p+ 2+ (@ 3)/2)].
We obtain the result of Proposition 2.5 using identity (9.8). For the case d = 2 we use Proposition

2.1. ]

Proof of Proposition 2.7. By definition we have

o0

2 erar = (1 Copr1.) TP Qaprr.aH ()3
p=0

17 (f7) |
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where according to the Funk-Hecke Theorem

Qopr1aH(f7) = Qoprr.aH | D Qagrraf

q=0

= Qopr1a | D A20+1,d)Qaqs1.af
q=0

= )‘(2p + ]-a d)Q2p+1,df'

We conclude since Lemma 9.2 gives that (1 4 Copt1.4)°" /2/\31)+1 g = (14 Copr1,d)° O

Proof of Theorem 2.3. We apply Theorem 3.2. of Ditzian (1998) to —P(D) = H~2 choosing o = 1
and B = L(S?!) and obtain that there exists B(d, q) positive such that for all P in @7?:0 H2pt+1d
IH=2Pllq < B(d, CI))\ 1P1lg

2T+1

< OT?||Pllg.

The last inequality follows from (9.13). We deduce the result concerning H~! the Kolmogorov type
inequality corresponding to Theorem 8.1 of Ditzian (1998). g

Proof of Theorem 4.1. R has the following condensed harmonic expansion
T
=5+ (Qu1aR)(x
p=1
We then write using (3.2), changing variables and using (9.10),
Qural)@) = [ apirale, )RE)do(2)

- / Goperal, 2)r(z)do(z) + / Gopra(z, 2) (1 — r(—2))do(z)
H+ —H+
:/H+ Q2p+1,d($73)7"(z)d‘7( ) /H

(Qupraf)(@) = [ tprrale.)r(:) - Dio(2)

| pr1.a(@,2)(1 = 1(2))do(2)

- [ aporate e [2]};(‘)1\ X = ] fx(2)dor(2)

o [ QY = Daopy1,a(z, Z)
= [ fx(2) ] '
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Lebesgue differentiation theorem along with (9.1) gives

Vel B = ZE [ Vel "gopsr,a(X /| z]) X

the expression for the gradient of the radial extension of R follows then from Lemma 9.1. O

Proof of Theorems 4.2 and 4.3. The proofs for the estimation of R is the same as for fz below.
For the later we use one more tool being Theorem 2.3. The proof for derivatives is the same and we
only need to replace o by 0 — 1 and d by d + 2. Note that 1/(20 +d—1)=1/(2(c —1)+d+2—1).

The multivariate CLT for derivatives is obtained using the Cramer-Wold device. O

Now we turn to the proofs of Theorems 5.1 and 5.2. For notational convenience we simply

write fg = f5"7, f3 = f3'"", 1:=I{f5(b) > 0} and I := I{f5 (b) > 0}. Then f5 = 2f;1 and
f/g = 2fﬁ_ﬁ We denote by

fsr=H "Ry
?57 - Hilﬁ B
where
1 i (2yi = 1)S5, ~(wi, )
z:1 max (fx(z ) (log N)~)
1 N (2y; — S% dl (x4, )

M

fX xz)

1:1

Here we set § = d — 1 since this is the order of the Cesaro summation which is sufficient for the
estimation of fz. If one is also interested in derivatives of fz one should use higher order kernels but
the proofs below work for any § > d — 1.

We use several times the decomposition

i =15 = (Fs = Tax) = (Far =B [Ta]) = (8 [Far| £ [7]) - (7] - 13)
and denote the terms on the right hand side by PIg (plug-in), Fjg (fluctuations), B; g (trimming bias)

and By 3 (approximation bias), where each term is H~! of the corresponding term for R.
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Proof of Theorem 5.1. Take ¢ € [1,00),

1 — fallt = / (f5(6) — £5(0))%do(b)
- / C(Falb) - fa(0))0do(B) + / (el — fa(0))do(b)
1(b)=1,i(b)=1 1(b)=0,1(b)=1
+ / (sl — fa(0))0do(B) + / (el — fa(0))do(d)
1(b)=1,1(b)=0 1(b)=0,1(b)=0

=A1 4+ As + As + Ay

Obviously
A= / O 2f50) — 2f5 (1) de ()
1(b)=1,1(b)=1
and A4 = 0. Also,

4y = /I PRINCI AR CIRED!

But given I(b) = 0 and 1(b) =1, 2fﬁ_(b) >0, fg(b) = 0 and 2f5 (b) < 0, so replacing fg with 2f5 in
the bracket,

As [ 2f0) -2 ) o),
1(b)=0,I(b)=1
Similarly,

As = /I(b)1, j(b)zo(fﬁ(b) —2f5 (b))4do (b).

and given I(b) = 1 and I(b) = 0, 2f5 (b) > 0, f5(b) = 0 and 2]‘?(1)) < 0, so replacing fg with 2f; in
the bracket,

f— _9f— q
A < /1 ooy 23 0 =205 0)1do(0)
Overall,
Ifs — falle < 4llf5 — 5112

A similar proof could be carried out replacing L(S?1) by L>°(S%"1). We can now focus on upper
bounds for the estimation of f; in L2(S%1) or Lo°(S41),

We now denote by Vi the speed of convergence and T the smoothing parameter.
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Let us start with PI3. We have for ¢ € [1, o0

( ;_% = :%5;;55; : (;f;g;ff;ﬁzx;‘f;—1))
q
z ?}iii%fﬁf;&-q (z::g;‘j ):%z? 3 1) S
+

iXNJ Syza41(®is ) max (fx(z:). log N) ")
N max((fx (), (08 N)=) \ e (£ (), (10w N) )

q

IPIs), < CTY? | 2

(by the triangular inequality)

Z yZSgTAlr-i-l(x“') max (fx (z ),(logN) ")
N max fX .%‘z (1ogN)_T) max (fX , 1ogN )

Ly Syry -1 (@is ) max (fx (@ >,<logN> 0o
N i1 max(fx (zi), log N)=") \ pax (fX ,(log N)— )

max (fx(z;), (log N)~")
maxe (£ (). (log N) )

— 1| (by positivness)

and can bound from above the norm by

1 N

d— d—
N Z SQT;H(U% ) —E 52T1\1;+1(X, ')}
i—1

(9.14) +|[B [t ()|, = 11l + 12l

q

Let us start with the term ||T7||;. We begin with the case where ¢ € [1,2]. Using the Holder inequality

we obtain that
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where

= % HSSJ_“;H(*?’ )H (using that fx is bounded)
CTdfl
< ]<7V (using (2.15))

which implies
T/ (log )| T1]ly = Oy ((1og N)" N=H2T340/2).

When ¢ € (2, 00], all LI(S?1) norms can be interpolated between L2(S?!) and L°°(S?~!) norms using

the Holder inequality as follows
_ 2
Vi e L2, Iflle = IR A1,

We can thus focus on the L*°(S%"1) case. We cover the sphere by M(N,r,d) geodesic balls (caps)
(Bi)?t:(fV’T’d) of centers (a:z)m(NTd) and radius R(N,r,d), i.e. {z € S¥1: cos(#ix) < Ry}. We know
that M(N,r,d) < R(N,r,d)~@1). For some speed Vi and using Theorem 2.3 it is enough to show

that for every e positive, there exists M positive such that

P (leB(d, 00) T/ *(log N)" sup [T (x)| > M) <e

xcSd-1

We write

P(VJGIB(d,oo) T8/ (log N)" sup m<x>rzM>

zeSd-1

<p U {W'BUo)T 10 NYITi(3)] > M/2}

—l—]P’(Eiz’e{l,...,m(N,r,d)}: Vi ' B(d, 00)TY/?(log N)" sup \Tl(x)—Tl(a?i)leﬂ)
zeB;

<N(N,r,d) sup P(V;B(d,oo) 7Y (log N)Y|T1 (3 )!2M/2)
i=1,... 0N



43

where the last inequality is obtained taking Ry small enough and such that Ry =< (log N )*TVNTJQ(M/ 2D g

and using Proposition 2.3. For the remaining probabilities we write

P(V LB(d, 00)TY*(log N)"|T1 (3;)] > M/2)

N qd-1 ~
S2TN+1(xj’xi)
=P Z T]c\l[ 1 —E

Sgi_“J\l;Jrl(Xv )

—(d-1) 75 1rp—d/2 .
7t > Ty " DVnB(d, 00) " Ty"? (log N) "N M/2

=1

1 t2
< 2exp { (4—Lt/3> } (using the exponential tail estimate also called Bernstein inequality)
v

where

t =Ty DVyB(d, 00) ' Ty"?(log N) " NM/2

al Sél“;ll (Xj7 il)
T

Sgl“,_dl (Xj’ Ti)

T]C\lfl < L (for some constant L using(2.15)).

We can take v = CNHS% 7, ) BN fx oo Ty T2 e, from (2.15) v = C'N. v is the leading term in

the denominator. Thus we have for positive constants C' and Cs and N large enough

IP’(V 'B(d, 00) T (log N)" sup |Ty(z)| 2M>

xeSd—1
< Cexp {—(d —1)log ((1og N) VT3 2“)) — (d - 1)(log M) — CoV2T Y (10g N)*Q’"NMQ}
< Cexp {—(d —1)log ((log N)_TVNTJQ(MQH)) - CQV]%Tg(Zd*l)(log N)_QTNMQ}

and if we take Vy = (log N)"Viy = (log N)"+1/2N~ 1/2T(2d V72 e obtain for some positive constants

Cl and Cg

(9.15) P (VNlB(d, oo)T' d/2(logN) sup |T1(z)| > M) < Cexp{(log N)(Cy — CQMZ)}

reSd—1
for M large enough this could be made as small as we wish, thus

B(d,00)T d/2(10g N)||Ti]loo = O, ((log N)r+1/2N’1/2T](V2d_1)/2)

B(d, 00) Ty *(log NY'||T1 ¢ = O, ((IogN)"+1/2—1/f1N—1/2T](V2d*1)/2>'
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Concerning ||T3||4, since fx is bounded there exists C' positive such that the second term in the right

hand side of (9.14) is less than
c|lstt st |,

where integration in | - ||; is with respect to argument % and integration in || - ||, is with respect to
*q- HSgii 11 (x15%¢) H1 is a constant and does not depend on 4. This is because we integrate over the

whole sphere and Sgii 41 (1, %) is indeed a function of | x,. Thus

st ol |, - 0 sttt

and we can use the fact that for d — 1 > (d — 2)/2 the Cesaro kernels are uniformly integrable to
conclude that this term is O(1) thus

T/ (1og N)' T2, = O ((1og N T/ ?) .

For the choice made later for T this term is of higher order than the first term.

In a similar manner as for ||T3||,, we prove that when ¢ € [1,2],
. 2d—1)/2
1Fsll, = Oy ((log Ny N=V21 4072,

while for g € (2, 0]
||Fﬁ||q =0y ((logN)7”+1/2—1/qN—1/2T](V2d—1)/2) '
Let us now study the bias term induced by trimming

(2Y = JH (Syry 1 (X)) (0) < fx(X) 1>
fx(X) max(fx (X), (log N)~")

E[(2Y — 1IX = A1 (S35 (X)) () (fx () (log N)” 1) do(2),

Big(b) =E

B /{zeSdlz 0<fx(2)<(log N)~"}

using Proposition 2.2, (2.15) along with Theorem 2.3 we have
1Byl < T T P0 D00 < £y < (log N)™).

Under the assumptions of the theorem this term is negligible compared to the variance term.

We finally treat B, g using Proposition 2.4 with the assumption that f[; € W;(Sd_l),

1Ba,sllg < CTR".
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We now need to choose Vy and Tn such that

max (fx(z;), (log N)™")

1 rrd)/2
(816 Vi log N s, |- (e togm ) | o
(9.17) Vi (log N)' (/2= V/a)la22) y-1/2p4=0/2 _ ()
(9.18) VTG0 < fy < (log N)™T) = O(1)
(9.19) VilTye =0(1)

and look for solutions of the form

N @ N v
VN = <(10g N)2(r+(1/21/q)11{q22})> ) Tn = ((log N)Q(T+(1/21/q)1[{q22})>

where a and y are non-negative. The optimal upper bound on Vy is obtained by setting

(9.20) 200+ v(2d — 1) =1 (from (9.17))

(9.21) a =s (from (9.19))

indeed the left hand side of (9.17) is

Na71/2+’y(2d71)/2(10g N)7(a+7(2d71)/271)2(r+(1/271/q)]l{q22})

which is equal to 1. Condition (5.1) and Assumption 4.1 have been taken so that (9.16) and (9.18)
are then satisfied as well.

In order to prove the strong uniform consistency, noticing that the bias terms are not stochastic and
properly are bounded, we just have to focus on the fluctuations and plug-in. Concerning the plug-in
note that taking M large enough so that C; — CoM? < —1 implies summability of the left hand side
in (9.15) and we conclude from the first Borel-Cantelli lemma that the probability that the events

occur infinitely often is zero thus with probability one
My ooV ' B(d, 00)TY*(log N)™ sup |T}(x)| < M.
reSd—1

For the term involving 75 we use the same non stochastic upper bound. We then use Assumption
4.1 (ii) instead of Assumption 4.1 (i) to show that almost sure uniform boundedness of the plug-in

properly rescaled. The fluctuation term is treated like T7. O
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Proof of Theorem 5.2. We first prove that the Lyapounov condition holds: there exists § > 0 such

that for N going to infinity,

E[|Zyi-E [ZN,1]|2+5]
N3/2 (var (Zn 1)) /2

(9.22)

(see, e.g. Billingsley, 1995) and impose assumptions so that the plug-in and bias terms properly
rescaled are op,(1).
We need a lower bound on var (Zn,1). Since E[Zy,1] converges to f; (x) while the variance blows-up,

it is enough to obtain a lower bound on

E(Z3,,](0)

Ty (901 2 2

2(Tn —p) G2p+1,d(2, D)

pZ ( I ) . Gt asta) e
3 () / (q”’“’d(z’b)f( L I{fx > (og )"} + fx (=) (og N)"I{ fx < (ng)—r}) do(2)

= ALl + \A\(2p+1,d) fx(2)

1 Ag(TIN —p) : Q2p+1,4(%, b)? G2p+1,a(2, b)?

> ”fXHm};( AL > (/ A2p + 1, d)*d o(z) — /{o<fx<(logN J-ry A2p+1,d)2 do(z) | do(z)

where, using Proposition 2.2 and (9.7)
2
Gop+1,4(2,b)? (h(Zp +1, d)> .
T —————5do(z) <C| | 0(0< fx < (logN)
/{0<fx<(logN)—’“} A(2p+1,d)? =) A(2p + 1,d) ( ( )
< C’pgd*‘la (0 < fx < (log N)*T)

thus

([ Tn /2] d—1 2
EZ3)0) > 3 (’%) / o200 010y — TR Vg (0 < fx < (log N)~7)

"l 2\ adil, S A2+ L)

The first term on the right hand side can be bounded from below by

=TI
p=0

Gopr1.d(2,0) ||
A2p+1,4d) ||,

i.e. by CT]%,d_l. Thus as 0 (0 < fx < (log N)™") decays fast enough to zero, here it is enough that
o (0 < fy < (log N)™") = O (T];d“),

E[Z}1](b) > CTR'™
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and the denominator of (9.22) is greater than C'N9/2 N(2d=1)(140/2)
We now obtain an upper bound of E {|ZN71|2+6] using Theorem 2.3 and (2.15)

2445
E [‘ZN,1‘2+6] < [|fx oo (log N)" ) HH_l (S§T1$+_1 )H2+5

. A(2+6)/2 || qd—1 — 2+6
< 1 x ellon N0 B(d, 2 4 T st 5 e[

< C(log N)r@ ) pd2+0)/2p(d-1)(1+0)

An upper bound for the ratio appearing in (9.22) is given by

5/2
Td 1
r(2+9)
(log N)" ( N >

as a consequence the Lyapounov condition is satisfied as soon as (5.5) holds. We now need to prove
that the remaining terms multiplied by N'/2s3! are o,(1).
The plug in is treated in a similar manner as in the proof of Theorem 5.1.
-1 ( qd-1 —
V[ (S an) @) max (fx (21), log N) ")

1
Pls(b 21 = -
| B( )‘ < N ZZ:; max(fX(l’i), (log N)_T) Z:Hll’a‘)’(N max (f)](v(xl)a (log N)*T)

Using the Markov inequality the term in parenthesis is an O, of

(log NY" || 1" (Sgria(1.9) |

and from Theorem 2.3 of

B(d, 1)Ty/*(log N’

where using the definition of the odd part is an O), of

B(d, 1)Ty/*(log N’

-1
2TN+1(*1> )Hl
where the last quantity does not depend on - and is uniformly bounded. We obtained

max (fx (z;), (log N)™")

mas (£ (x:), (log ) !

NY2B(d, 1)T5 2| PIy(b)| < (Nl/QT];(d‘W?(logN)r) max

thus N'/2B(d, 1)Ty " /2 |PI4(b)| = 0,(1) when

max (fx (), log N)™") | _  (\=1/2p(d-D/2 (), nry—r
i=1,,N | max (fégv(:ci), (log N)-T) Op ( N (log N) )
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and when condition (5.5) it is enough to assume (5.4). Let us now consider the bias term induced by
the trimming procedure.

In the proof of Theorem 5.1 we have obtained an upper bound for ||B; ||« and we deduce that
—(d—1/2
R

when condition (5.6) is satisfied.

Finally, Nl/sz;(d_l/Q)HBlﬁHoo is an o(1) as soon as condition (5.7) is satisfied.

We conclude using that the asymptotic normality only holds for b such that fg(b) > 0 and the factor
4 in the variance comes from the fact that fﬁ =2 fﬂ_ I O



(10]

(15]

(16]
(17]

(18]

(19]

(20]

49
REFERENCES

ATHEY, S., AND IMBENS, G. W. (2007): “Discrete Choice Models with Multiple Unobserved Choice Characteristics”.
Preprint.

BAJARI, P., Fox, J. AND RyAN, S. (2007): “Linear Regression Estimation of Discrete choice Models with Nonpara-
metric Distribution of Random Coefficients”. American Economic Review, Papers and Proceedings, 97, 459-463.
BERAN, R. AND HALL, P. (1992): “Estimating Coefficient Distributions in Random Coefficient Regression”. Annals
of Statistics, 20, 1970-1984.

BILLINGSLEY, P. (1995): Probability and Measure - Third Edition. New York: Wiley.

BoNaMi, A., AND CLERC, J. L. (1973): “Sommes de Cesaro et Multiplicateurs des Développements en Harmoniques
Sphériques”, Transactions of the American Mathematical Society, 183, 223-263.

BRIECH, R., CHINTAGUNTA, P. AND MATZKIN, R. (1996): “Nonparametric Discrete Choice Models with Unobserved
Heterogeneity”. Preprint.

BROWNSTONE, D., AND TRAIN, K. (1999): “Forecasting New Product Penetration with Flexible Substitution
Patterns”. Journal of Econometrics, 89, 109-129.

CARRASCO, M., FLORENS, J. P.; AND RENAULT, E. (2007): “Linear Inverse Problems in Structural Econometrics
Estimation Based on Spectral Decomposition and Regularization”, Handbook of Econometrics, J. J. Heckman and
E. E. Leamer (eds.), vol. 6B, North Holland, chapter 77, 5633-5751.

CHESHER, A., AND SILVA SaNTOS, J. M. C.. (2002): “Taste Variation in Discrete Choice Models”. Review of
Economic Studies, 69, 147-168.

CoLzani, L., AND TRAVEGLINI, G. (1991): “Estimates for Riesz Kernels of Eigenfunction Expansions of Elliptic
Differential Operators on Compact Manifolds”. Journal of Functional Analysis, 96, 1-30.

DEVROYE, L., AND GYORFI, L. (1985): Nonparametric Density Estimation. The L1-View. Wiley, New York.

DO CARMO, M. P. (1976): Differential Geometry of Curves and Surfaces. Prentice-Hall, Englewood Cliffs.
DITZIAN, Z. (1998): “Fractional Derivatives and Best Approximation”. Acta Mathematica Hungarica, 81, 323-348.
ELBERS, C. AND RIDDER, G. (1982): “True and Spurious Duration Dependence: The Identifiability of the Propor-
tional Hazard Models”. Review of Economics Studies, 49, 403-410.

ERDELYI, A. ET AL. ED. (1953): Higher Transcendental Functions, vol. 1,2 of the Bateman Manuscript Project. Mc
Graw-Hill: New-York.

Evans, L. C. (1998): Partial Differential Equations. American Mathematical Society: Providence.

FaN, J. (1991): “On the Optimal Rates of Convergence for Nonparametric Deconvolution Problems”. Annals of
Statistics, 19, 1257-1272.

FELLER, W. (1968): An Introduction to Probability Theory and Its Applications - Third edition, vol. 1. Wiley: New
York.

FisHER, N. I., LEwis, T., AND EMBLETON, B. J. J. (1987): Statistical Analysis of Spherical Data. Cambridge
University Press: Cambridge.

FuNK, P. (1916): “Uber Eine Geometrische Anwendung der Abelschen Integralgleichung”. Mathematische Annalen,
77, 129-135.



50

(21]
(22]

23]

24]

(25]

[26]

27]

(28]

29]

(30]

(31]
32]

33]

(34]

(35]

(36]

37]

(38]

(39]

(40]

GAUTIER AND KITAMURA

GALLOT, S., HULIN, D.; AND LAFONTAINE, J. (2004): Riemannian Geometry - Third edition. Springer, Berlin.
GROEMER, H. (1996): Geometric Applications of Fourier Series and Spherical Harmonics. Cambridge University
Press: Cambridge, Encyclopedia of Mathematics and its Applications.

GROENEBOOM, P., AND JONGBLOED, G. (2003): “Density Estimation in the Uniform Deconvolution Model”.
Statistica Neerlandica, 57, 136-157.

GRrRONWALL, T. H. (1914): “On the Degree of Convergence of Laplace’s Series”. Transactions of the American
Mathematical Association, 15, 1-30.

HaLL, P., WATSON, G. S., AND CABRERA, J. (1987): “Kernel Density Estimation with Spherical Data”. Biometrika,
74, 751-62.

HARDING, M. C. AND HAUSMAN, J. (2006): “Using a Laplace Approximation to Estimate the Random Coefficients
Logit Model by Non-linear Least Squares”. Preprint.

HECKMAN, J. J. AND SINGER, B. (1984): “A Method for Minimizing the Impact of Distributional Assumptions in
Econometric Models for Duration Data”. Econometrica, 52, 271-320.

HENDRIKS, H. (1990): “Nonparametric Estimation of a Probability Density on a Riemannian Manifold Using Fourier
Expansions”. Annals of Statistics, 18, 832-849.

HEess, S., BoLpuc, D. AND PoLAK, J. (2005): “Random Covariance Heterogeneity in Discrete Choice Models”.
Preprint.

HeALy, D. M., anDp Kim, P. T. (1996): “An Empirical Bayes Approach to Directional Data and Efficient Compu-
tation on the Sphere”. Annals of Statistics, 24, 232-254.

HODERLEIN, S., KLEMELA, J., AND MAMMEN, E. (2007): “Reconsidering the Random Coefficient Model. Preprint.
IcHIMURA, H., AND THOMPSON, T. S. (1998): “Maximum Likelihood Estimation of a Binary Choice Model with
Random Coefficients of Unknown Distribution”. Journal of Econometrics, 86, 269-295.

JOHNSTONE, I. M., AND RAIMONDO, M. (2004): “Periodic Boxcar Deconvolution and Diophantine Approximation”.
Annals of Statistics, 32, 1781-1804.

Kamzorov, A. 1. (1983): “The Best Approximation of the Class of Functions W (S™) by Polynomials in Spherical
Harmonics”. Matematical Notes 32 (1982), 285293.

KATZNELSON, Y. (2004): An Introduction to Harmonic Analysis - Third Edition. Cambridge University Press:
Cambridge.

Kiv, P. T., AND K00, J. Y. (2000): “Directional Mixture Models and Optimal Esimation of the Mixing Density”.
The Canadian Journal of Statistics, 28, 383-398.

KLEMELA, J. (2000): “Estimation of Densities and Derivatives with Directional Data”. Journal of Multivariate
Analysis, 73, 18-40.

KOGBETLIANTZ, E. (1924): “Recherches sur la Sommabilité des Séries Ultrasphériques par la Méthode des Moyennes
Arithmétiques”. Journal de Mathématiques Pures et Appliquées, 89, 107-187.

KusHpPEL, A. K., LEVESLEY, J., AND Tas, K. (1997): “e—Entropy of Sobolev’s Classes on s 7. Journal of
Mathematics and Computer Science, 4, 1-13.

MULLER, C. (1966): Spherical Harmonics. Lecture Notes in Mathematics, 17, Springer.



51

[41] RAGOzIN, D. (1972): “Uniform Convergence of Spherical Harmonic Expansions”. Mathematische Annalen, 195,
87-94.

[42] RuBIN, B. (1999): “Inversion and Characterization of the Hemispherical Transform”. Journal d’Analyse
Mathématique, 77, 105-128.

[43] RUYMGAART, F. H. (1989): “Strong Uniform Convergence of Density Estimators on Spheres”. Journal of Statistical
Planning and Inference, 23, 45-52.

[44] TrAIN, K. E. (2003): Discrete Choice Methods with Simulation. Cambridge University Press: Cambridge.

COWLES FOUNDATION FOR RESEARCH IN EcONOMICS, YALE UNIVERSITY, NEW HAVEN, CT-06520 AND ENSAE-
CREST, 3 AVENUE PIERRE LAROUSSE, 92245 MALAKOFF CEDEX, FRANCE.

E-mail address: gautier@ensae.fr

COWLES FOUNDATION FOR RESEARCH IN EcoNoMICs, YALE UNIVERSITY, NEwW HAVEN, CT-06520.

E-mail address: yuichi.kitamura@yale.edu



