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NONSINGULAR FACTORS OF POLYNOMIAL MATRICES

AND (A,B)—INVARIANT SUBSPACES

by

E. Emre T

ABSTRACT

Given a polynomial matrix B(s), we consider the class of nonsingular
polynomial matrices L{s) such that B(s) = R(g)L(s) for some polynomial
matrix R(s). It is shown that finding such factorizations is equivalent
to finding (A,B}-invariant subspaces in the kernel of C where A,B,C

are linear maps determined by B(s). In particular, the results yileld,
~as a corollary, a method to determine simultaneously a row proper
greatest right divisor of a left invertible polynomial matrix as well

" as the resulting polynomial matrix whose greatest right divisors are
unimodular. |

The results also relate, the same way, such subspaces of constant systems
(C,A,B) where (C,A) is observable and (A,B) is reachable, to the non-
singular right factors of the numerator polynomial matrices in coprime

factorizations of the form Dﬂl(s)B(s) of their transfer matrices.

May 1978

1"I‘he author's address after June 1978 is with the Center for Mathematical

System Theory, University of Florida, Gainesville.



1. INTRODUCTION

Factorization of a polynomial matrix B{s) has been a subject of several
authors both in mathematics and system theory literature [1 - 3], [8 -~ 14].
In [12 - 14], B(s) has been assumed to be square and monic (i.e. highest
degree coefficient matrix is unit matrix), and only monic factors of B(s)
have been considered.

In [1 - 31, [8 - 11], B(s) has been taken to be a left invertible
polynomial matrix [1 - 3] and the main purpose has been the extraction

of a greatest right divisor and obtaining the remaiﬁing factor as a poly-
nomial matrix with all unity invariant factors [1 - 3].

In this paper, we consider a general polynomial matrix B(s) with coefficients
of its entries in a field, and its nonsingular right polynomial divisors (NRD)
L(s) (i.e., factorizations of the form, B(s) = R(s)L{s) for some polynomial
matrix R(s) such that det(L(s)) #Z 0). Motivated by the results of [4] on
exact matching,it is shown in section 2 that suéh factoriZa;ions are
equivalent to finding (A,B) invariant subspaces in the kernel of C[5 - 7],
where A,B,C are linear maps determined by B(s). Every NRD yields such'a
subspace and, once such a subspace is found, it is shown that corresponding
L(s) can be found(in row proper form [1 - 3]).In particular, the results ‘
of the paper yield a method to determine a row proper greatest riéht |
divisor of a left invertible polynomial matrix as well as a resulting
polynomial matrix which is a left factor whose invariant factors are all
unity. Here we consider only the case of right factors because the case

of nonsigular left factors can be approached by duality.

Finally, it is shown that if (A,B,C) is any observable and reachable system, then the
NRD's of B(s) in any coprime factorization [1 = 3] of C(sI - K)-lﬁ as
D-l(s)B(s) are related in the same way to (i,ﬁ)—invariant subspaces in

the kernel of C.

The notation is such that the maps and their matrix representations are
denoted by the same symbols and for a matrix R, {R} denotes the span of
.the columns of R. If A is a linear map and ¢ is an A-invariant subspace,

A l Y: ¢ + Yy denotes the restriction of A to ¢. By a basis matrix for

a subspace ¥ we mean a matrix R whose columns are a basis for .

KerC denotes the kernel of the mapping C.



2. NONSINGULAR RIGHT FACTORS AND (A,B)-INVARIANT SUBSPACES

Let B(s) be an f X r polynomial matrix.

Definition 1: An r x r polynomial matrix L(s) is said to be a nonsingular
right divisor of B(s) (NRD) Liff

1) det(L{s)) is nonzero, and

2) there exists an f X r polynomial matrix R(s) such that

B(s) = R{s)L{s) .

Proposition 1 [1 - 3] If L(s) is an r % r nonsingular polynomial matrix,

then there exists a unimodular polynomial M(s) and a row proper matrix
L(s) such that

M(s)L(s) = L(s)

In general the polynomial matrices M{s) and L(s) satisfying (1) are not
necessarily unique. ’
However, if v, is the degree of the i~th row of an L(s) as in (1), then
the set {vl,...,vr} is the same (modulo the ordering of vi's) for every
L{as} as in (1).

It follows from Definition 1 and Proposition 1 that, if L(s) is a NRD of

B(s), then the elements of the set
s = {M(s)L(s) | M(s) is a unimodular polynomial matrix}

are all NRD's of B{s). Further each SL contains at least one element

whose highest degree row coefficient matrix is nonsingular.

Another result that we use is the following:

Lemma 1 [1 - 3], If L(s) is an r X r row proper matrix with the i-th row
y 21, 4= 1,...,r,

(;) is a proper rational matrix. If v

degree Vi then L
then L-i(s) is strictly proper.

i

Now motivated by the approach in [4] to the exact model matching, we have
the following theorems characterizing NRD's of a polynomial matrix B(s),
where we assume, without loss of generality, that B(s) has no zero rows.
Let the i-th row of B(s) be

(1)

0



Ai i 4
b, (s) = bjs3 , L= 1,00.,f,
j=0
where b;‘s are constant row vectors, Ai 21, and bi #0,1=1,.0.,f.
Let , i
im -
b B
By = | v B=l .|
i B
®o_ £

[0..1 0 ... 0

2 =0ifA, = O
teiq is&i+1)x(ki+1)if Ay 1andP, =01

i i

L__"utoo-oc- O . |

i

A = 1\\ f a. =[1 0 .o OJ islx (}\i'{-l) ’
0 p * :
I
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Theorem 1. Let L{s) be a row proper NRD of B(g) with the i-~th row degree Vi

and let (Al'Bl'cl’Dl) be a minimal realization of Lul(s), i,e.

-1 ) -1 ,
L (g) = Cl(sI - Al) B, + Dl . ‘ (2)

Then the following holds:

1) There exists a subspace ¥, of dimengion less than or equal to

_ r

n = 1£1v1
satisfying

Ay < ¢y + {B}

(3)
y < KerC .



2) There exists a matrix X such that ¢ = {X}, and the matrices X, A

1’ s
satisfy

.

AX = XA, + BC (4}
1 1
(Thus in case dim ¢ =

n and X is a basis matrix, there exists a feedback
map F such that (A + BF})y < ¢, and (A + BF)I¢ is represented by A1 [5 - 61.}

Proof. If L{s) is as in hypothesis, then (1) holds for some f X r polynomial
matrix R{s), or .

-1
B(s)Cl(sI - Al) B1 = R{g) - B(s)D1

(55
-1

Then considering the formal power series expansion of L1 (s8) and equating

the coefficients in (5), row by row, we obtain

i 1 M A+l :
b fesss b C,A, B, : C,A B, : .us
X 0 171 71 171 1
{‘//ﬁw : : =[O :.‘00:..&]
i L] -
C.B : C,AB 2 ces
7171 17171 _
or A
i
O S1™
Bi : [Bl H AlBl t.o'] = [O:.-.:O:ooo]
C

(6)
1

)

(o4
But (7) shows that the polynomial

matrix bi(s)c1 isright divisible by
(s1 - &) [15], i.e. there exists a 1 x n polynomial matrix ¥, (s) such
that

bi(s)c1 = wi(s)(sl - Al) (3)



wlts)
ﬁ’(s) = . r
'{Pf (s) B
B(S)C1 = Y(s) (sI - Al) . (9
From {8) it follows that degree (wi(s)) < Ai. Now let
A-1
i i
\i’i(S) = z ijsj '
j=0
9,5 -
V3,1 !
v 2| ' X=1:1- ' (10)
i ——
w -
Lo __Wg

Then (9) yields (4), i.e., if ¥ = {X}, we have
Py ¢ ¢y + {B} .

CX = 0 is clear and hence ¥ < KerC. O

Remark 1. Note that we have

R(g) = w(s)Bl + B(S)D1 .

Also note that if vi =21, i=1,...,r, D1 is zero.

Remark 2. In case B(s) is left invertible then from (3) it is seen that

X in (10) has full column rank in which case dim § = n and A, always

1
A+ BFlw where F is such that (A + BF)y < 9.

Theorem 2. Let ¥ be a subspace satisfying (3). Let X be a basis matrix for y.

Let A1 ,Cl

for some feedback map F such that (A + BF)Y < ¥).

be matrices satisfying. (4). (In this case A, represents (A + BF)'w

1



Also, suppose that Cl has full row rank, Then the following holds:
1) (Al'ci) is cbservable,

2} there exists a unique matrix B, such that (Al'Bl) is reachable

1
and such that

-1

L(s) = [C,(sI - Al)‘lB 1

1

is a NRD which is row proper with the highest row coefficient
matrix being Ir' and i-th row degree, Vi being 2 1, i =1,2,...,r.
Proof. With the same notation before, defining Y(s) as in (10) we see
that (9) holds.

Now since
-1
B(s)cl(sl - Al) = y(s) ,

and X has full ceclumn rank (Cl,Al) is observable. Then since C1 has full
row rank, the observability indices v, of (Cl'Al) are 2 1. Then there

exlsts a nonsingular constant matrix T such that

1 = L-l(s)w(s)%

Cl(sI - Al)
where L{s} is an r X r row proper polynomial matrix with row degrees
being equal to \ and the highest coefficient row matrix being Ir [1 - 3],
and

W 0
R
W(s} = ~ '

0 W (s)
r

v, -1

Thus if we let

where



- -
%
ot
Vidli 0
0|
~ 1\
TB, = ~le-— ,
0 ! . v
[ X
1 0
I Y
we have
-1 -1
Cl(SI - Al) B1 =L "{(s) .

Since w(s)"i“a1 = Ir is coprime with L(s), (Al,Bl) is reachable [1 - 3].
Then
-1
Bi{s)L "~ (s) = \b(s}B1 = R{s)

and

B(s) = R(s)L(s) .

Remark 3. In Fheorem 2, if C, does not have full row rank, let T be any

1
nonsingular matrix such that
TC =

1 0

where Ei has full row rank. Then we again have
B(s)C, = ¥(s) (sI - Al)

with (Cl,Al) observable, and

~=1 E1
B(s)T = Y{s) (sI - Al)

0
with (El,Al) observable.

Let B(s)%~1A= [Bl(s) : BQ(S)]'

Then if we choose B1 as in Theorem 2 for (El,Al), the resulting L(s)

will satisfy



Bl(s)th(S) = y(s)B, = R(s) .
Then
RG]
B(g)T = [R(s) : 82(5)] = R(s)
0 I
or
L(s) O _
B{s) = R{(s) T
0 I
yields
L(s) ]
Ll(s) = T
0 I

as a row proper NRD of B(s).

Now we have the following corollary which yields a method to find a
greatest common right divisor [1 = 3] of two polynomial matrices V(s),
T(s), where T(s) 1is nonsingular,as well as the resulting coprime pair
simultaneously.

It is clear that this is equivalent to finding a greatest right divisor
[1 - 3] of

T(s)
B(s) = .
v(s)

Corollary 1. Let B(s) be an f X r polynomial matrix with £ 2 r, which is
left invertible (i.e. no zeros among the diagonal entries of its Smith

form) .

Let wmax be the maximal dimensional subspace satisfying (3). Let X, Ay

C1 be as in Theorem 2. Ifca.hasfull row rank let B, be as in Theorem 2 and if

1

C1 does not have full row rank let 61 and 81 be as in Remark 3. Then the

resulting NRD, L{s) is a row proper greatest right factor of B(s).

Proof. Suppose that L(s) is not a greatest right divisor. Let L(s) be a
greatest row proper right divisor. Then by Theorem 1 and Remark 2, there

exists a subspace ¥ satisfying (3) with dim a = degree (det L(s)).



- 10 -

But then degree (det i(s)) > degree(det L(s)). However, degree(det L{s))
is dimension of ¢max by Theorem 2 and Remark 3. This is a contradiction.

Thus L(s) is a row proper greatest right divisor of B(s). , (]

Remark 4. There are several methods té find a maximal (A,B)=invariant
subspace wmax in KercC [5 - 7].

Once we have found a basis matrix, X __, for y ., the corresponding ¥ (s)

is alrea@y available.

Then applying Theorem 2 and Remark 3, we have both a row proper greatest right
divisor as well as the resulting polynomial matrix-whose only polynomial
right divisors are unimodular polynomial matrices. Now the following

corollary is immediate:

Corollary 2. Aan £ X r (f 2 r) left invertible polynomial matrix B(s) has

only unity invariant factors iff

= {0} .

max

Based on Theorems 1! and 2 we also have the following result.

Theorem 3. Let (A,B,C) be a system such that (C,A) is observable and (A,B) is

reachakle. Let _ -1 -1
G(g) = C(sI -~ A) B =D " (s)B(s)

be a coprime factorization of G(s} such that D(s) is row proper with
the highest degree row coefficient matrix being the unit matrix. and B(s)

has no zero rows.

Then Theorems ! and 2 hold with (Z,E,E) réplacing (A,B,C) as defined
previously.

Proof. Let the observability indices of (é,i) be Gi' i=1,...,f.

Since G(s) is strictly proper and B(s) has no zero rows, Vi 21, 1 =1,...,f,

[1 - 3]. since (C,A) is cobservable sthere exist matrices K, T T being
nonsingular, such that

T + KOT | =2 ,
(11)

- 1 ~

Cr ~ = C
1 - 31,



- 11 -

where
. o
Y
A= | ‘e ’
0 A
f
Ae is a V, x V. matrix given as
I i i
0o 1 o ... o0l
Xi= o
""O
0 "1
O'.II.C‘.“.O—
ifV, >1 and A, = 0 if V, = 1,
i i
_ Clg QO
C = .l\ ;
0 C
£

~

Ci is the 1 x Vi matrix given as

ci=[1 0 ... 0] .

-1
Then, since D " (g)B(s) is strictly proper and D{(s) is row proper,

A < V., i=1,...,f.
1 l' ’ ’

Now let

P~

Then since (ﬁ,é) is reachable, B, is a Gi X r matrix given as

i

B, = |=-S--meSeea- i=1,c.,f . [1-3].

Since the subspaces ¥ satisfying

Ay = ¢ + (B} , ¢ < KerC

(12)



- 12 -

are independent of the type of transformations occurring in (11) which
are invertible, the subspaces @ satisfying (12) are the same as the
subspaces a satisfying

Ay <y + {B} , | c KerC (13)

But the subspaces U satisfying (13) are the same as the subspaces V¥

satisfying

n

Ay < y + {B} , Y © KerC

imbedded into a larger dimensional vector space. Also the matrices Al,C1
satisfying
AX = XA, + B
X XA1 BC1
where ¥ = {X} , satisfy
ATX = TXA, + B
XA, + BC, ,

and thus they satisfy

AX = X +
A1 BC1

for some X such that {X} = ¢ which is the same as § (modulo embedding ¥ into

a larger vector space). Then, by Theorems 1 and 2 the proof follows. 0

-~—1 - ,
Remark 5. If D (s)B(s) is any coprime factorization of G(s), there exists

a unimodular polynomial matrix M(s) such that

M(s)B(s) = B(s) [1 - 3] .

Hence ﬁ(s) and B(s) have the same set of NRD's. Thus Theorem 3 is wvalid

- -1 -
for any B(s) in any coprime factorization of G(s) as D " (s)B(s).

-1
Remark ©. Theorem 3 shows that given any NRD,L(s), of B(s), in G(s) =D " (s)B(s)

. = =, -1= . iy .
which is & coprime factorization of C(sI - A) "B with (C,A) being
observable (equivalently the set SL), there corresponds a unique (a,B) -
invariant subspace in KerC. Also, given any such subspace, there corresponds

at least one NRD of B(s).

CONCLUSION

We have given a characterization of NRD's of a polyndmial matrix in terms
of (A,B)-invariant subspaces in KerC. The results in particular yield a
method to obtain simultaneously a row proper greatest right divisor of a
left invertible polynomials matrix as well as the resulting polynomial
matrix whose greatest right divisors are unimodular polynomial matrices.

The results also yield a characterization of the NRD's of the numerator



polynomial matrix in a coprime factorization of a transfer matrix in
terms of (A,B) invariant subspaces in KerC where (A,B,C) is an observable

and reachable realization of the transfer matrix.
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