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Nonstationary Axisymmetric Problem of the Impact
of a Spherical Shell on an Elastic Half-Space
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Abstract—The supersonic stage of interaction (where the rate of expansion of the contact region is
no less than the speed of compression waves) between a Timoshenko-type spherical shell (indenter)
and an elastic half-space (foundation) is studied. The expansion of the desired functions in series in
Legendre polynomials and their derivatives are used to construct a system of resolving equations.
An analytical-numerical algorithm for solving this system is developed. A similar problem was
considered in [1], where the original problem was replaced by a problem with a periodic system of
indenters.
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1. STATEMENT OF THE PROBLEM

At the initial time, a thin linearly elastic Timoshenko-type spherical shell (indenter), moving with an
initial speed Vj under the action of an external resultant force R, directed along the axis of symmetry of
the indenter, comes in contact with a homogeneous isotropic linearly elastic half-space. The vectors of
the initial velocity and external force are directed normally to the unperturbed surface of the half-space.
Initially, the shell and the half-space are in undeformed states.

The motion of the indenter is considered in a spherical coordinate system rg, 8,9 with the origin of
the radius vector r¢ coinciding with the center of mass Og of the shell. To describe the motion of the
half-space, we use a cylindrical coordinate system z, 1,9 with origin at a point O; lying on its boundary
and the axis z passing through the point Oy and directed into the interior of the hali-space (Fig. 1).

All variables and parameters are reduced to dimensionless form (a prime indicates a dimensionless
quantity, the quantities with index £ =1 correspond to the half-space, and the quantities with index k=0
correspond to the shell):
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Here R is the shell radius, ¢y and cof, are the speeds of propagation of the compression and shear waves,

¢ and 1 are the scalar and vector potentials of elastic displacements of the half-space, 0,3 are the stress

tensor components of the half-space, py is the density, b(7) is the radius of the contract region, ¢ is the
time, h is the shell thickness, \; and puy are the Lamé elastic constants, wy and uy are the normal and
tangential displacements, p is the normal contact stress, myq is the shell mass, R, is the resultant contact

force, Thoa, Thos Maa, and kaq are the nonzero components of the tensors of tangential tractions, their
components, bending moments, and curvature variation, and @ is the shear force. In what follows, the

primes are omitted everywhere.
The axially symmetric motion of the half-space is described by the well-known relations of elasticity

(from now on, a dot over a symbol denotes a derivative with respect to the dimensionless time 7) which
contain the equations of motion

o Pp 1dp . Py Py 1 P -
Or? 022 r Or o 022 or2 + r Or - r2 —77271), (11)

the relations between the displacements and potentials

_8@_(‘% 0y 1 o
ul_@r 0z’ w1_8z+r<w+rar>’ (12)

and the relations between the stress tensor and displacement components
. 8w1 8U1 . 811,1 8w1 Ui
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(1.3)
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The corresponding relations for the shell contain [2] the equations of motion

0T,
Vg = 8;9 + (The — Tyy) cot 0 4 Q,
0
v*1ig = —Typ — T + acj —I—Qcote—i—z, (1.4)

. oM,
Yay = 8969 — (Myy — Mgg) cot § — Q,

the geometric relations

ou

€00 = 890+w0’ gg9 = ugcott +wg, B=x-& —E§= gp Yo
(1.5)
_ 8)( _ 8u0 _ . t@( _ )_
Koo = o0 o0 Wo, Kyy = CO X — Uo wo,

and the physical relations

Too = €99 + oo,  Tho = o9 + 090,
Mg = a(kgg + wokgy), Moy = a(kgy + aoken), (1.6)
Tyo = Top — Moy, T = Tyg — Moy, Q= Bok’B, k> =}.

Here g9 and eyy are the nonzero components of the strain tensor and x is the angle of rotation of the

fiber that is normal to the shell midsurface.
These relations are supplemented with the equation of motion of the shell as a rigid body

b(7)
moiic = Re + Ry,  Ro(T) = 277 / p(r, T)r dr, (1.7)
0
where u, is the penetration depth of the shell as a rigid body.
The initial conditions in the problem under study are
uC|T=0 = O’ uC|T=0 = Vb’ u0|7'20 = O’ wO‘TZO = O’ 1‘1’0‘7’:0 = _%Sine’ (1 8)

W], _y=Vocost, ¢l _,=0. ¢ _,=0, ¢ _,=0 ¢ _,=0.

There are no perturbations at the infinitely remote point of the half-space.

The linearization of the boundary conditions consists in referring them to the undeformed boundary
surfaces and taking account of the smallness of the contact region. Assuming that the contact occurs
under the free slip conditions (there is no friction between the interacting surfaces) and, outside the
interaction region, the half-space and shell surfaces are free from stresses, we obtain the following
conditions:

0ol o= ([ <b(7), oax|,_g=0 (] >b(r)),
Uzﬂ‘z:o =0 (re(—-o0,)), wi=(wy+1)cosf—1=~wy (|r] <b(1)). (1.9)

Neglecting the deformation of the indenter and hali-space iree surfaces, we see that the contact
region is a circle of radius

b(7) = vV ue(2 — ue). (1.10)

Relations (1.1)—(1.10) form a closed initial boundary-value problem.

2. SYSTEM OF RESOLVING EQUATIONS

We restrict ourselves to the initial (supersonic) stage of interaction at which, because of the indenter
convexity, the rate of expansion of the contact region is no less than the speed of compression waves in
the elastic medium [3]. Therefore, the displacements of the indenter and half-space boundary surfaces
stay within the contact region. In this case, we have the following integral representation of the contact
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stress as a two-dimensional convolution, with respect to time and the radius, of the derivative of the
influence function I" for a half-space with the speed of the normal displacement of the shell [3]:

p =7 g T. (2.1)
Taking account of the axial symmetry of the problem, we rewrite (2.1) as
1 .
p(r,7) = N [p1(r,7) + p2(r,7) + p3(r,7)], p1(r,7) = —woH (T)HI[b(T) — 1],

T b(7)

palr7) = / wnlb() 001 (7). 7 — e, ) == [de [ Do —0d. (22)
0 0 0 P
1
T p7 Z’lgﬂ] T pv + TﬁS(T,PaT), (23)
where the terms in (2.3) have the form
1 1 1 1
T ) ) = T 9 Y T ) ) T 9 Y ) 2‘4
Dralrp,T) = L Do)+ plrp )4 (o) (2.4)

ﬁrql (7’, Ps T) = 7334 [F((Sq’ m)H(Splq(ra Ps T)) + K(m)H(902q(T7 P, T))]H(QOQ (7’, Ps T))7
197«q2(’l", P T) = bq4 [F(5q7 m)H(Qplq (Tv P T)) + E(m)H(902q(r7 P, T))]H(qu (T’ P ’7’)),

197"9‘{3(7'7 p7 T) = 7T’I’}4 CqH(Qplq (Tv p7 T))H(qu (Ta P, T))’
198(“ P, T) = 1950(7'7 P T)H(SOSI (7’, Py T))H(S082 (T7 P T))J

(n* —2)? co
Yso(r, p, 7) = — ,
o(r,p, ) o \/T‘—i-p—T\/T2 —p)?
o —pr—7? _ Arp oo (r )P /ng)? = (r = p)?]
co = , m= 5 SIn" ;= 9 )
VT Ep+T (r+p) 4rp(T/nq)

0q(r,p,7) =T —=nglr —pl,  pr1g(r,p,7) =ng(r+p) =7, ©24(r,p,T) =T —ng(r + p),
osi(r,p,7) =r+p—7, @elr,p,T)=T7—|r—pl,

2 T2 2 T2
dy — —(r=p)20* =1)|, dy= r—p)n® — ;
1 7’+p[7’+p r = o) )} ? r+p[( 2 r+p}
o= VTP =TT =) VPl T (=)

r+p

I o I

by = 2{72 [_ 3<:+‘pf’> ; 2{:; p’?j +2] _nz(r_p)z},

forr > 0 and the form

2 2
19r1(07p7 7-) = 774p3 [3T2 - (2772 - 1)/)2]7 197”2(07p7 7-) == ,’74p3 (3T2 - 772/)2)7

r+p

(2.5)
198(07 Ps T) = 774 5(7— - p)
forr = 0.

In the last relations, H(x) is the Heaviside unit-step function, F'(§, m), E(J, m), K(m), and E(m)
are the incomplete and complete elliptic integrals of the first and second kind [4].
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With this approach, the system of resolving equations contains relations (2.1) and (1.4)—(1.10). To
solve this system, we expand the desired functions in the Legendre polynomials P, (cosf) and their
derivatives:

w0(9,7') 00 wOn(T) w (9 7_) |, (7_) AP (COS 9)
p0,7) | =D | pa(r) || Palcost), 09’ =S " (26)
900,70 " 0000, — 1) XO.7) || n=0]|xn(r)

Here and henceforth, we take account of the smallness of the angle # and use the approximate relations
r & sinf and p = sin 0.

Substituting the series (2.6) into (1.5) and (1.6) and then into (1.4), we obtain the following infinite
system of integro-differential equations for the coefficients of these series:

U, =L, U, +P, (n=0,1,2,...),

3 T
L, = ”LijnH3><3a U, = HUOmWOnanHTa hAP, = Oyzpimo s (27)
i=1
Litn = (1+a)[(1 —ag) —n(n+1)] — Bok?, Lo = (1+ap)(1+a)+ Bok?,
Lizn = alag — 1+ n(n + )] + Bok®,  Lotn = n(n + 1)[(1 +a)(1 4 ag) + Gok?], (2.8)

Loon = —[2(1 4+ ap)(1 4+ a) + ﬁok‘Qn(n +1)], Loy =-—-nn+1)[(ap+ 1a+ ﬁokz],
Laon = —2—a 'Bok?, Lain = —Lazn =n(n+1) — 1+ ag +a ' Gok>.

In this case, the coefficients of the series expansions of the contact stress components take the form

b(r)
2 1
P1a(T) = " + Zka / Py(cos0) P, (cos0)sin 6 db,
0
Ml [ _
pon(T) = 5 Z/ka(t)Pk(cos b(t))dt/ﬁ(@,b(t),T—t)Pn(cos 6)sin 6 do, (2.9)
k=07 0
co T b(t) ™
2 1 P * .
Pan(T) = — n2—|— Z/w%(t)dt/ d k(dcgse ) dﬁ*/ﬂ(Q,O*,T—t)Pn(COSH)sm9d9.
k=07 0 * 0

[t follows from formulas (2.3) and (2.4) that pa,(7) and ps,, (7) contain integrals with nonintegrable
singularities of order —1 and —3 and integrable singularities of order —1/2.
Taking (2.6) into account, we write the equation of motion of the shell as a rigid body in the form

3 oo
motle = Re+7rzzpzn

i=1 n=0

Pn cos 6) sin(20) df. (2.10)

o\,:;

3. METHOD AND ALGORITHM OF SOLUTION

To solve the system of Egs. (2.7)—(2.10), we use the modified fourth-order Runge—Kutta method and
the principle of truncation of an infinite system of equations [5].

We replace the series (2.6) by finite sums with the upper summation limit equal to N. We reduce
the system of Egs. (2.7)—(2.10) to a first-order system and obtain a system of 6(/NV + 1) + 2 ordinary
differential equations supplemented with the algebraic equation (1.10). The first 6(N + 1) equations can
be represented in matrix form with block structure:

VW = MW + Q, (3.1)
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= |[Wo, Wi,...,Wn|", W, = |luon, wWon, Xn: Gon: Don, Xnll"
Uon = Uon, Won = Won, Xon = XOn;
T
Q = HQOanJ"'aQN”T7 Qn - 0 0 0 0 szna )
110 0
My
0 10 10
M; 0
100 1
M= o My = |[Miallexe =1| — - — | — — —
0 Li1n Li2n Lisy |
Lovn Lagan Losy | 0
My
L31n Lsan L33y |

We supplement them with the system of equations of motion of the shell as a rigid body, which follows
from (2.10):

3 N
e = Te, e = [Re +7> > pin(r) | Pulcos)sin(26) do (3.2)

and with an equation for determining the contact region radius (1.10).

The fifth equation in system (3.1) in each block with number n is an integro-differential equation,
because its right-hand side contains unknown functions g, (7) = w,(7) in the integrand (see (2.9)).
Then the right-hand side contains all N + 1 functions g, (7), n = 0,1,..., N, and hence, the system
can be solved simultaneously for all 6(INV + 1) + 3 equations.

The modified method is different from the classical one in that, along with the use of the classical
scheme [5], it is necessary to construct and use quadrature formulas to calculate the integrals in the
integro-differential equations of system (3.1), (3.2). In the construction of the quadrature formulas, we
use the explicit representation for the Legendre polynomials [4]:

[n/2]

-n m (271 - 2m)' n—2m
P, =2 -1 . .
(z) mz::()( ) m!(n—m)!(n—Qm)!w (3:3)
The time coordinate 7 is associated with discrete time moments 7,,, = §,,m, where §,,, is the time

increment. The desired coefficients of the series of the displacements and their speeds, the radius of
the contact region, the penetration depth of the indenter as a rigid body and the rate of penetration
are replaced by their discrete analogues, i.e., the values at discrete time moments: ugpm = won(7m),
Wonm = wOn(Tm)a Xnm = Xn(Tm)a UQnm = aOn(Tm)7 Wonm = UNJOn(Tm)a Xnm = X?’L(Tm)a bm = b(Tm)7
Uemn = Ue(Tim ), and Uepy, = Ue(Tm)-

The quadrature formulas for the integrals appearing on the right-hand sides of Egs. (3.1) and (3.2)
are constructed with the use of representation (3.3), the method of weight coefficients, and the canonical
regularization [6] for the obtained finite values of the singular integrals (see (2.3) and (2.4)):

/2] [n/2]

2n—|—1 ke yma+m (2k — 2mg3)!
Pinm = Pin(Tm) ~ Zkam2 Z Z o msl(k —m3)!(k — 2ms)!

m3=0mo=0

y (2n — 2my)! [ 1 — (cos by, ) ftn—2(matms)+1) ]

ma!(n — ma)!(n — 2ms)! E+n—2(me+ms)+1

N m—1 )
2n —1— 1 )
P2nm = Pon(Tm) ~ E E Woki Px (cos b;) E P, (cos 6;) sin 6
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X [0mAw1; (0i) f1(0;5, bi, T — t;) 4 w3;(bi) f2(05, bi, 7 — i)}
+ @i{w; (0:) f3(05, b5, 7 — ;) 4 61 f4(0;,bi, 7 — L;) }],

N m-—1 m1 7
2n +1 . .
P3nm = Pon(Tm) ~ — 5 Z Woki Z [Py (cos Oy,) — Pr(cos 6y —1)] Z P, (cos ;) sinb;
k=0 i=0 i1=1 Jj=1

X [Om{w1j(Oxiy) f1(05, Oiy s T — i) + w35 (Oniy ) f2(05, Ouiy, T — i) }
+ Oi{w1(04iy) f3(0;, Oiy s T — ti) + 01 f4(0;,04iy, T — i) }],

s bl

6[ = l ) (5m1 = my ) 0] :j5l7 tl = Z5m7 Tm = m(sma 0*7;1 = Z‘15777,17
2 2
fl(ejaxaT - tl) = Zﬁrql(9j7x77— - tl)7 f2(9j7:1:77— - tl) = Zﬁrq2(9j7x77— - tl)7
q=1 qg=1
2
f3(9j7$77_ - tz) = Z’lgrq?;(ej)xaT - tz)7 f4(9j7$>7— - tz) = 198(9]'71‘77_ - tz)
q=1

The weight coefficients are expressed as

0; tit1

do dt
Wnyj = / ( s n1:1,3, (:)Z: /

sinf — z)™ Tm — 1t
0j71 t;

The system of Egs. (3.1), (3.2), (1.10) is supplemented with the initial conditions

T .
W,,(0) = {“07070,0,0,0H if n#1,

y ue(0) =0, u.="Vy, b0)=0. 3.4
10,0,0,Vo, Vo, 07 it n—1," 0, b(0) (3.4)

The proposed calculation algorithm was implemented within the Delphi environment. The val-
ues of the total elliptic integrals were calculated by using their approximation by polynomials
(le(m)| <2x1078,0<m < 1,m; =1—m):

1
K(m) = [ag + aymy + -+ - + agmi] + [bo + bymy + - - - 4+ bym]] In m +e(m),
1

1
E(m) = [l +amy + -+ agmi] + [bymy + - - + bym{]In m +¢e(m).
1

The values of the coefficients of these approximations are given in[4]. The incomplete elliptic integrals
were calculated by the Simpson method [5].

4. EXAMPLE

As an example, we consider the problem with the following values of the dimensionless parameters
(the shell and half-space materials are the same): mg = 0.62832, h = 0.05, V, = 0.01, R, = 0.1,
72 =1, A\/u = 2, and 4 = 1. Figures 2—5 display the graphs of the time variation of the contact
region radius b(7) and its derivative b(7), the normal contact stress p(7) at the frontal point, and the
displacement of the indenter as a rigid body u.(7). Figures 6 and 7 show the normal displacements w(6)
and the normal contact stress p(6) against the angle  at the final time instant of the supersonic stage
of interaction 7 = 0.076. In the calculations, we retained four terms of the series expansions in the

Legendre polynomials and their derivatives, because retaining a greater number of terms did not improve
the results significantly.

CONCLUSION

The use of the superposition principle has allowed us to obtain the resolving system of functional
equations for the coefficients of the series expansion of the shell displacements, the indenter penetration
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depth, and the radius of the contact region. At each discrete time instant, we have determined the
distribution of the contact pressure over the interaction domain by using specially developed quadrature
formulas, which take account of the nonintegrable and integrable singularities of the kernels of the
integral representations.

ACKNOWLEDGMENTS

This research was financially supported by the Russian Foundation for Basic Research, projects
Nos. 10-08-90031 and 10-08-90410.

REFERENCES

1. V. D. Kubenko and V. R. Bogdanov, “Axisymmetric Impact of a Shell on an Elastic Halfspace,” Prikl. Mekh.
31(10), 56—63 (1995) [Int. Appl. Mech. (Engl. Transl.) 31 (10), 829—835 (1995)].

2. A. G. Gorshkov, A. L. Medvedskii, L. N. Rabinskii, and D. V. Tarlakovskii, Waves in Continuous Media
(Fizmatlit, Moscow, 2004) [in Russian].

3. A. G. Gorshkov and D. V. Tarlakovskii, Dynamic Contact Problems with Moving Boundaries (Nauka,
Fizmatlit, Moscow, 1995) [in Russian].

4. M. Abramowitz and I. A. Stegun (Editors) Handbook of Mathematical Functions, with Formulas, Graphs,
and Mathematical Tables, Ed. by M. Abramowitz and 1. Stegun (Dover, New York, 1972; Nauka, Moscow,
1979).

5. N. S. Bakhvalov, Numerical Methods: Analysis, Algebra, Ordinary Differential Equations (Nauka,
Moscow, 1975; Central Books, 1978).

6. [. M. Gelfand and G. E. Shilov, Generalized Functions and Operations over Them (Fizmatgiz, Moscow,
1959) [in Russian].

MECHANICS OF SOLIDS  Vol.46 No.2 2011



