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Nonterminal Separating Macro Grammars

Jan Anne Hogendorp*

Department of Computer Science, University of Twente
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We extend the concept of nonterminal separating (or NTS) context-free grammar to non-
terminal separating mrmacro grammar where the mode of derivation m is equa to
“‘unrestricted’’, ‘‘outside-in’’ or ‘‘inside-out’’. Then we show some (partial) characteri-
zation results for these NTS m-macro grammars.

1. Introduction

Macro grammars have been introduced in [6,7] as away to describe context-dependent aspects of
the syntax of programming languages. They are an extension of context-free grammars generat-
ing, for each mode of derivation, a family of languages in between the families of context-free
languages and of context-sensitive languages. Though outside-in (or OI-) macro languages are
able to describe correctly the declaration and use of program variables, they have the disadvan-
tage of possessing an NP-complete membership problem. For 10-macro languages the problem is
roughly as complex as for context-free languages [1]; so it can be solved deterministically in
polynomial time or in space log?n. But 10-macro grammars seem to be less suitable for modeling
the declaration of program variables.

Without considering this complexity issue any further we investigate in this paper a way to
restrict macro grammars. It isinspired by arestriction on context-free grammars, viz. by the non-
terminal separating (or NTS) condition [3]. For context-free grammars this restriction results in
deterministic languages that have ‘‘disjunct syntactic categories’ [3,5]. The actua NTS condi-
tion requires that adding the reductions corresponding to the productions of a grammar does not
extend its set of sentential forms. Or, equivalently, the set of sentential forms does not change
when we apply the rules of the grammar in both directions.

In Section 2 we provide the necessary notions, elementary results and terminology on
macro grammars and on context-free grammars that satisfy the NTS condition. Section 3 is
devoted to the definition of NTS macro grammar and some of their properties as far as they
extend the corresponding results on NTS context-free grammars. We restrict our attention to
characterization results of the NTS property for m-macro grammars where m is a mode of deriva
tion, i.e., mequals either ‘‘outside-in’’ (or Ol), ‘‘inside-out’’ (or 10) or ‘‘unrestricted’’ (or UNR).
Finally, Section 4 contains some concluding remarks.

2. Prdiminaries

2.1. Macro Grammars

Macro grammars have been introduced by Fischer in [6,7] as an extension of context-free gram-
mars. In essence, they differ from context-free grammars in possessing a ranked alphabet of non-
terminal symbols and so macro grammars are a particular kind of term rewriting system.

* The work of the author has been supported by the Netherlands Organization for the Advancement of Pure Research
(ZW.0)).
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A ranked alphabet A is a finite set of symbols each of which is provided with a natura
number, called its rank. Fori=0, let A; denote the subalphabet of A that consists of al symbols of
ranki. Thusifi#j, thenAnA;=D0.

Definition 2.1.1. Let A be a ranked alphabet and PC the set of punctuation characters (i.e., left
and right parenthesis and comma symbol). The set T(A) of terms over A is the smallest set of
strings over AOPC that satisfies

(i) AO{A}OT(A); A denotes the empty word,
(i) if t,t,0T(4), thent t,OT (),
@iii) if Ald ,andtyq,....t,0T(4), then A(ty,...,.t,))OT (A). O

Formally, we ought to write A() if AA o; in practice we will omit the parentheses in that
case. However, the notation A(t4,...,t,,) does not imply that n>0.

Definition 2.1.2. A macro grammar G is a 5-tuple G =(®,%,X,P,S) where @ is a ranked alphabet
of nonterminals, % is an aphabet of terminals, X is a finite set of variables (Each terminal and
variable has rank zero. The sets @, = and X are digjoint.), SI®  is the start symbol, and P is a
finite set of productions or rules of the form A(x4,...,x,) -t With A[® ,, X4,...,.x, are mutualy dis-
tinct elements of X, andtisaterm over @0 {X4,..., %} O

Sentential forms of a macro grammar are terms over Z[@ . Some specific subsets of terms
give rise to interesting specia types of macro grammars and corresponding sets of sentential
forms. Viz. the set BT (Z[@ ) of basic terms over Z[@ isthe subset of T(Z@ ) of termsin which
no A[@ appears in the argument list of another symbol of @ (i.e., nonterminals are not nested).
And the set LBT(Z[@ ) of linear basic terms over Z[@ is the subset of T(Z[@® ) of terms contain-
ing at most one nonterminal.

A production A(xq,....x,) —tis called [linear] basic if t is a [linear] basic term. A macro
grammar is [linear] basic if all its productions are [linear] basic. A production A(Xq,...,X,) -t IS
called argument preserving if for eachi (1<i<n), t contains at least one occurrence of x;, and it is
called non-duplicating if t contains at most one occurrence of x; for eachi (1<i <n).

In order to describe several modes of derivation for macro grammars we need the following
concepts.

Definition 2.1.3. Let o beatermover 3[@ .tisasubtermof oif tisatermover =@ andtisa
substring of o.

A subterm 1 of ¢ occurs at top level in o if there exist subterms o, and o, such that
0=0,10,. SoT does not appear within the argument list of some nonterminal in o.

A term over Z[@ s called expanded if it contains no nonterminals together with its associ-
ated argument list, or equivaently, if it isastring over . O

Using the productions of a macro grammar one can expand terms. As usua we distinguish
three modes of derivation.
Unrestricted mode (UNR): An occurrence of a nonterminal together with its arguments can be
expanded according to a production by replacing the nonterminal and its arguments by the right-
hand side of that production in which the arguments have been substituted for the corresponding
variables.
Inside-Out (10): A nonterminal with its arguments is expanded only if its arguments are all
expanded terms.
Outside-In (OI1): A nonterminal with its arguments is expanded only if it occurs at top level.
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Each of these modes of derivation givesrise to aderivation relation, formally defined as fol-
lows.

Definition 2.1.4. Let G=(®,%,X,P,S) be a macro grammer and let o,TOT(Z[® ). The relations
O unge O o and O o over T(Z@ ) are defined by

(1) o0 yngt holds if o contains a subterm of the form A(ty,..t,) where A® , and
ty,...t,0T(Z® ), P contains a production A(xy,...,x,) -t and 1 results from o by substituting
A(ty,.ty) By t[t/X . th/X,].

(2) o o1 holds in case o gt and al the arguments of the rewritten nontermina are
expanded terms.

(3) ol ot holdsin case o0 gt and the subterm of o which is rewritten occurs at top level in
. L]

Let <=, bethe converseof O ,, i.e, for dl o,TOT(Z® ), o<=,1 holdsif and only if 1O 0.
And let << , be the union of O , and <=,. The reflexive and transitive closures of O ,,, <=,
and <> ,, are denoted by O 5, <=4 and <> -, respectively. In case o<=1 [0<=,1] we say that
o reduces[directly] to .

Itiseasy to seethat < [ isacongruence relation. Obviously, it is an equivalence relation
and the congruency follows from: o<=> [t and a<=> 5B imply ca<=> J1B; for m=UNR thisis
trivial and in the other cases it follows from the fact that concatenation does not cause any addi-
tional nesting.

Definition 2.1.5. Let G be a macro grammar and m a mode of derivation. An m-macro grammar
isapair (G,m), or smply denoted by G when m is known from the context. The language gen-
erated by an m-macro grammar G =(®,%,X,P,S) is defined by

Ln(G)={wX 80 qw}.

By OlI, 10 and UNR we denote the family of languages generated by Ol-, I0- and UNR-macro
grammars, respectively. O

In [6] Fischer proved the equality Ol =UNR, and the fact that 1O and Ol are incomparable.

In the sequel many of our results are restricted to macro grammars which possess the pro-
perty that every term derived by the macro grammar has a derivation that ultimately yields a
string over the terminal aphabet. These macro grammars are called admissible macro grammars
[6]. This property is defined asfollows.

Definition 2.1.6. A mrmacro grammar G =(®,%,X,P,Z) with Z[® 4 is admissible if either ®=Z
andP=0 or

(1) for each A[® , there exists a sentential form of G in which A occurs,

(2) for each A@ ,, (n=0) and each oy,..,0,X " there exists a string w over = such that
A(0q,...,0,) O Sw. O

In [6] it is shown that for each m-macro grammar there exists an equivalent admissible m-
macro grammar. For m=10 every (G,m) has an equivalent admissible subgrammar; for m=0lI the
task to find such an admissible grammar is more elaborate.

Example 2.1.7. Let L,0{0,1}" the language containing exactly those words in which the number
of 1'sisequal to 2" for somen=0. L, is generated by the Ol-macro grammar G = (®,%,X,P,S) with
P=Py@ |, Py={SA}, P, ={B}, X={x}, Z={0,1} and P consists of the rules

S B(A)
B(x) - B(xx)|x
A - 0A|AO|1
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In[6] it has been shown that L, cannot be generated by any 10-macro grammar. O

2.2. The NTSProperty for Context-Free Grammars

NTS or nonterminal separating grammars have been introduced by Boasson [3]. A context-free
grammar possesses the NTS property if its set of sentential forms is invariant when we apply the
rulesin both directions, i.e., when we use apart from its productions the corresponding reductions
too.

Let G=(V, £,P,Z) be a context-free grammar with alphabet V, terminal alphabet = (Z00V), set
of productions P, and start set Z (ZOV-%). For each wv" we denote the set of words over
derivable from w by G as

L(G, ) ={wX Y0 "w}.
We call this set the language generated by G from w. The language generated by G is
L(G)={wX qS0z: SO "w}.
The set of sentential forms generated by G from wv”is
L(G o) ={yOViwd "y}
The relations <=, <=", <> and <=> " are defined in a way similar to §2.1; however, historically
they werefirst defined for context-free grammars[3].
The set of words over V derivable from wOV® by both productions and the corresponding
reductionsis
LR(G, w) ={ 0V <= "y}

Definition 2.2.1. A context-free grammar G =(V, £,P,Z) hasthe NTS property or is an NTS gram-
mar if for all ADV-Z, LR(G,A)=L(G,A). A language L is called an NTSlanguage if there exists

an NTS grammar that generatesL. O
Proposition 2.2.2. [3,5]. Let G=(V, %,P,Z) be an NTS grammar. Then for all A and B in V-5,
either L(G,A)nL(G,B)=0 or L(G,A)=L(G,B) holds. O

This property motivates the name of the concept defined in 2.2.1. However, the converse of
2.2.2 does not hold; e.g. {a"b"n=1}0 {a"b?n=1} is not an NTS language [5], but it is easy to
show that this language can be generated by a grammar that possesses ‘‘digunct syntactic
categories’’.

On the other hand NTS grammars can be characterized in the following way.

Theorem 2.2.3. [5,10]. Let G=(V, Z,P,Z) be a context-free grammar. G hasthe NTS property if
and only if for all A,BOV - and for all a,B,udV" the following implication holds:
if A Saup and B O “u, then AQ “aBp. O

For further details of context-free NTS grammars and languages the reader is referred to
[2,3,5,8,9,10].

3. The NTSProperty for Macro Grammars
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3.1. Definitions

We use the following notational conventions. Usudly, (o,,...,0,) iS abbreviated to (B(n)). The
subscript (n) is necessary to distinguish for example A (X)) and B(X,). Only if no confusion is
possible wewritex. For A@® , A(X) is the left-hand side of a production; so A(X)=A if Al® ;. In
the sequel an m-macro grammar will have a finite set Z (Z@ ,) of initia symbols of rank 0
instead of asingle initial symbol; cf. the definition of NTS context-free grammar.

Definition 3.1.1. Let G=(®,%,X,P,Z) be an mmacro grammar. Then the language generated by
(G,m) is

Ln(G)={wX H80z:s0 Hw},
and for eachtOT (ZOX @ ),

Ln(G, ) ={wOE0X)t O fw},

Ln(G,t) ={ 0T (ZOX@ )}t 0 o},
LRy(G,t) ={wT (ZOX[® )t<= 5 w}. O
We are now ready to define the nonterminal separating property for m-macro grammars.

Definition 3.1.2. An mrmacro grammar G =(®,%,X,P,Z) has the NTS property or is an NTSm-
macro grammar if for all n=0, Al |, {Xq,....x,} OX,
LRn(G,A (X)) =Lm(G,A(X)). O
Here we consider the variables x,,...,x, a members of aterminal alphabet &' with X' , according
to Fischer [6]; cf. also [4].
Proposition 3.1.3. Let G=(®,%,X,P,Z) be an NTS m-macro grammar. Then for all n,k=0, A® ,,
B® , {X1,.X} OX, {X1,.... %} OX,
Lin(GAX 1)) N Ln(G,B (X)) =0
or
Lin(GA(X(n))) =Lmn(G,B (X ()))-

Proof: Let w be an element of L(G,A(Xn))nLn(G,B(X)). Then A(X(,) D Sw as well as
B(X) O mw holds. This implies A (%)<= nB(X). With the NTS property of G we get
AXm) O BB (Xgy) and B (X)) O mA(X(my) which implies Ln(G,A (X)) =Lm(G, B (X))- O

We see that NTS m-macro grammars have a similar ‘‘nonterminal separating property’’ as
context-free grammars; cf. Proposition 2.2.2.

Example 3.1.4. Consider the linear basic macro grammar G= (®,2,X,P,Z) with ®=d[@ s,
Py ={S} =7, d3={A}, X={x,y,2}, Z={a,b,c, [,].#}, and P consists of the productions

S AMAAN)
A(x,Y,2) - A(ax,by,cz)
A(X,y,Z) - [X#y#Z]

The language generated by G is L (G) ={[a"#b"#c"]n=0}, and
L(G,9={S}O{A(a",b",cn=0} 0L (G). Because A(a",b".c"), (n=1) only reduces to terms
A(a¥,b*,ck) with 0sk<n, and [a"#b"#c"] only reduces to A(a",b",c"), we have L(G,S)= LR(G,S).
A similar argument for A(x,y,2) yields L(G,A(x,y,2)) = LR(G,A(x,y,2)); SO G is an NTS macro
grammar. H

We see dso that in case ® =d, and, consequently, G is a context-free grammar, Definition
3.1.2 corresponds to Definition 2.2.1 for context-free grammars.
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3.2. Propertiesof NTSMacro Grammars

This section is devoted to some results which generalize Theorem 2.2.3 to m-macro grammars.
To facilitate formulation and proofs we use the following notation.

Definition 3.2.1. Let G=(®,%,X,P,Z) be an mmacro grammar. Then G has property M(m) if for
al A® ,, B, uaupd T(ZOXD@ ), with {Xy,...x,}OX and o OTHEOX @ ) the following
implication holds
if AR) O Houpand B(gg) O mu,
then A (%) O 5B (0g)B. O
First, we note that property Mn(m) is a natural extension of the property mentioned in
Theorem 2.2.3 in the sense that if ® =y, i.e., G is context-free, the two properties coincide. To
establish Theorem 3.2.3 we need the following lemma.

Lemma 3.2.2. Let G be an admissible mmacro grammar. Let o,pOT (ZO0X@ ). Then wld yygW
implies w<=> 5P as well as w<=> [{P. As a corollary we have w Gygy implies w<=> Ly for
bothm=0I and 10.

Proof: Let w=0A(0)B With A ,, n=0, cOT"(EOX@ ) and Y =ad(0)p. Then w yysW using the
rule A(R) - 8(X), 5X)0 T(EOX@ ).
m=0l. First we have aA(©)B0 §a'A(0)p. Thisis the string obtained from w such that every
A(o) ison top level. Next we derive o’ A(0)p' O 5,a'53(c)p’. Now al new occurrences of 3(o) are
on top level; so we can write a'3(0)B'<s=5,a3(0)B.
m=10. Similarly, using A(c) 0 BA(), A(®) O 53(t) and 3(t)<=[,5(a), wheret(=9)". O
Theorem 3.2.3. Let G be an admissible m-macro grammar. Then (G,m) is an NTS m-macro
grammar if and only if G has property M(m).
Proof: First we prove the if-part. We have to show for G satisfying N(m) that for each A@ |,
(n=0),

Lm(G,A(X)) =LRn(G,A(X)).
The inclusion from left to right () is trivial. To establish the converse inclusion (), we ought
to prove that A(x)<=> LtimpliesA(x) O 5t. Thisisdone by induction on the length of <= .
Basic step (p=0): A(X)<=> %t impliesA(x) O St trivially.
Induction step. Asinduction hypothesiswe take: A(X)<=> PtimpliesA(x) 0 ht.
Consider A(X)<=> 1 t. We distinguish two cases:

Case 1. A(X)<=>Pt' 0 t. Obvious.

Case2. A(R(y)<=> Rt's=nt. Suppose tO ,t' by the derivation step B(oy) D nu and let
t=aB(8(k))[3, t'=aup with aup, u, B(E(k))DT(ZDX@ ). By the induction hypothesis we have
AR O ot Using M(m) on A(X,)) O hauP and B(Gg) O mu we get A(Rq,) O & aB(0g)B=t.
This completes the induction and the proof of the second inclusion.

To prove the only if-part we need the following. Let G be an NTS m-macro grammar. Then
for al u, auBOT(ZOX@ ), B@ |, Oy ITHEOX@ ),

B(0gy) O muimplies aB(0yy)B<=> Laup.

It is easy to see that for m=10 and m=UNR this holds even without G being NTS and with O
instead of <= 5. For m=0l we obtain this implication as follows. If B(gy)0 gu, then
B(Ow) D Oneu  trividly; so aB(0y)BO Jweouf and by Lemma 322, we have
aB(S(k))B® gioup. (Note that because G is NTS, we now can even prove the stronger fact:
B(0) O GuimpliesaB ()R 0 §aup).
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Now, if A(X() O Haup and B(Gg) O hu, then we get A (%)<= 7B (04)B. Since (G,m)
isNTS, we conclude with A (%)) 0 RaB (0g)B. O

3.3. ThePre-NTSProperty for Macro Grammars

Closely connected to the NTS property for context-free grammars is the pre-NTS property
[3,5,9]; informally, the pre-NTS property equals the NTS property formulated for terminal strings
only. It is still an open problem whether these two properties are equivalent for context-free
grammars[3,5,9].

In this section we introduce and study the pre-NTS property for m-macro grammars.
Definition 3.3.1. Let G=(®,%,X,P,Z) be an m-macro grammar with Z[® ,. Then (G,m) is pre-
NTS or has the preNTS property if for al A, (n=0), and {xy,...%,}0X,
Lm(G.A(X)) =LRy(G,A(X)) where LR(G,A (X)) =LRn(G,A (X)) n (ZOX)". O
Definition 3.3.2. Let G=(®,%,X,P,Z) be an m-macro grammar with Z[@® ,. Then G has property
n(m) if for al A@ , (n=0), B@ , u’,auBO(Z0X)", {Xy,....%,} OX, and TOTKEOX @ ), the follow-
ing implication holds:

if A®) O Haup, B@® O Quand BT O Hu’,
then A(x) O Jou'. O
We want to prove the equivalence of Definition 3.3.1 and Definition 3.3.2. It turns out to be the
easiest way to do this by introducing a second property p(m) which is equivalent to both of them.

Definition 3.3.3. An mrmacro grammar G has property p(m) if for al A® ,, (n=0), and
{ X1, X} OX, t OT (ZOX @ ), u,u'D (ZOX)" the following implication holds:

if A O Su, t0 Su,andtd Hu’, then AX) O Lu'. O
Theorem 3.3.4. Let G be an admissible m-macro grammar. Then the following statements are
equivalent:

(1) (G,m)ispre-NTS
(2) G hasproperty (m),
(3) G hasproperty p(m).

Proof: (1) 0 (2): Suppose there exist derivations B(t) 0 Su, B(t) 0 Su’ and A(x) O Loup for u’,
auBO(EOX)Y. Because auf is a word over 00X there is no distinction between the three modes
of reduction from aup. Therefore we have A(X) 0 § au<=5aB(T)B. Now in aB(T)B, B(T) ison
top level, so we continue with aB (T)B 0 Jau'B which is aword over s0X. Thus A(X)<=> Jau’B
and, as(G,m) ispre-NTS, A(X) J Lau'B. HenceG has property r(m).

(20 3): Let A Hu, t0 Huand tO Ju’. Obvioudly, it is possible to write t as an unique
sequence of terms, viz. t =t;...t,, such that not; is a concatenation of two or more terms. Itisclear
that in expanding some t;, none of the other termst; is affected. So we can write u as u;...u, and
u’ asuy’..u’ witht O Su and ;0 Ju’, respectively. Now we have for somei, 1<i<sk AX) 0 5
Up..UiU 0 B, 0 Gu', and with T(m) we get A(X) O qus...bi'..u.. We apply this argument
to each u; consecutively, which finally yields A(xX) O Su;'...u,’ = u’ which isthe desired result.

(3) 0 (1): We have to show LR(G,A(X))0L(G,A(X)), which we do by induction on the number
of reduction steps in A(x)<=> Jw, with wO(ZOX)". We denote this by <=> ' which means that
a<=> g holdsif and only if a<=> 5B in which n reduction steps have been used.

Basic step (n=0). AX)<= Pwdirectly impliesAX) 0 Lw.
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Induction step. As induction hypothesis we have: A)<=> 'w implies AX) O Sw. Let
ARX)<=> 1w, To show that A(X)0 Jw we look at the last reduction step in A(X)<=> "1 w.
WewritethisasA(X)<=> Jt<=,t' 0 Sw. Because G isadmissible thereis aword u0(=0X)" with
t 0 Su. Applying the induction hypothesis we get A(x) 0 Su, witht' 0 Su, and t' 0 Jw and pro-
perty p(m) this givesusA(X) O Sw. O

4. Concluding Remarks

In the previous section we generalized some characterizations of NTS and pre-NTS context-free
grammars to corresponding statements for (pre-) NTS m-macro grammars. On the other hand one
wants results that are specific for NTS macro grammars in the sense that there is no analogue for
context-free grammars. Or, in other words, results that are due to the fact that we deal with
macro grammars rather than context-free grammars.

A first example of such aresult showsthat NTS *‘reduced macro grammars'’, i.e., admissi-
ble NTS macro grammars with no initial symbols in the right-hand sides of their productions, are
argument-preserving.

Proposition 4.1. Let G=(®,%,X,P,Z) be an admissible NTS m-macro grammar, with no elements
of Z occurring in the right-hand side of any production. Then G is argument-preserving.

Proof: Suppose we have a production rule A(xy,...X,) — t with A[® 4, which is not argument-
preserving, say x; does not occur in t, 1<i<n. Suppose further that we have obtained a word
wT (Z@ ) derived from some SOZ on which this rule is applicable. Writing w as aA(oy,...,0,)B
we derive

at[o1/X1,..,0i-1/Xi 1,6, /X 411+, On/Xn] B.

This last term however is, for instance, for some T in Z reducible to aA(o;,...,0,_1,T, Gi+1,...,0,)B,
which we write as «(T). So we have S<<> Jw(T). Since G isNTS, we obtain SO Ju(T). But no
production rule can ever introduce a T from Z in a sentential form. Thus we cannot derive such a
term «(T) from S, O

The following statement is much more interesting. However, we are unable to prove it and
therefore we formulate it as

Conjecture4.2. Each admissible NTSI10-macro grammar generates a basic macro language. [
Thefirst easy step in proving this conjecture, consists of the following observation.
Lemma4.3. Let G be an admissible NTSI0O-macro grammar. Then for all Al® |,
Lunr(G,A (X)) =L10(G,A(X)).

Proof: We only have to show Lyns(G,A (X))0L0(G,A(X)), since the converse inclusion is trivial.
Let tOT(ZOX@ ) and A(X) O gwst. Then we have by Lemma 3.2.2 A(X)<=> [t, and using the
fact that (G,10) isSNTS, we obtain A(X) 0 jbt. O

In order to complete the proof of Conjecture 4.2 it is sufficient to establish
Conjecture4.4. Let G bean NTSI10-macro grammar that contains a nested production

A(X) ~ B(Y(X)) (@]
i.e., some entry of y contains a nonterminal symbol. If B(X)OLynr(G,B (X)), then in the derivation
AX) O [5B((X)) the rule (D has not been applied. O

Acknowledgment. | thank Peter Asveld for his helpful comments and for his aid during the
preparation of the text.
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