NON-UNIFORM AVERAGE SAMPLING AND RECONSTRUCTION
OF SIGNALS WITH FINITE RATE OF INNOVATION
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Abstract. From an average (ideal) sampling/reconstruction process, the question arises whether
and how the original signal can be recovered from its average (ideal) samples. We consider the above
question under the assumption that the original signal comes from a prototypical space modelling
signals with finite rate of innovation, which includes finitely-generated shift-invariant spaces, twisted
shift-invariant spaces associated with Gabor frames and Wilson bases, and spaces of polynomial
splines with non-uniform knots as its special cases. We show that the displayer associated with
an average (ideal) sampling/reconstruction process, that has well-localized average sampler, can
be found to be well-localized. We prove that the reconstruction process associated with an average
(ideal) sampling process is robust, locally behaved, and finitely implementable, and thus we conclude
that the original signal can be approximately recovered from its incomplete average (ideal) samples
with noise in real time. Most of our results in this paper are new even for the special case that the
original signal comes from a finitely-generated shift-invariant space.
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1. Introduction. Modern digital data processing of functions (or signal or im-
ages) uses a discretized version of the original function that is obtained by (average)
sampling on a discrete set ([2]). The classical model is the Shannon sampling and
reconstruction on the band-limited space Bq, the space of all square-integrable func-
tions on the real line with their Fourier transform supported in [—,]. From the
Shannon sampling theorem, sampling a function f in B, on the uniform grid Z yields
an ¢2 sequence (f(k))rez, and conversely the original function f can be recovered
from its sampling data {f(k), k € Z} by the following reconstruction formula:

(1.1) f(z) = Z f(k)sinc(z — k), z € R,
keZ
where the sinc function is defined by sinc(x) = % The above sampling and re-

construction theorem gives a framework for converting analog signals into sequences,
which can be processed digitally and converted back to analog signals via the recon-
struction formula (1.1). For the ideal sampling and reconstruction on the band-limited
space and the finitely-generated shift-invariant spaces, there are extensive literature
(see, for example, the recent review papers [2, 56] and monographs [11, 13, 42]).

In most of physical circumstance, due to the non-ideal acquisition device at the
sampling location, it is not realistic to measure the sample f(7) of the original signal
f in a space V at the location v exactly. So a better assumption is that the sampled
data are of the form (f, ),

(1.2) AV fr— (<fa "/}v>)'yef‘>

where 1), to be known as the average sampling functional, reflects the characteristic
of the nonideal acquisition device at the sampling location . We call the above
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sampling process as an average sampling process, and the collection ¥ := {3,y € I'}
of average sampling functionals as an average sampler. Clearly, the average sampling
process becomes an ideal sampling process if the delta function ¢, is used as the
average sampling functional 1, on every sampling location .

An easy model for the average sampling process is the discretization of the blurring
process encountered in many practical situation, such as in the process of a remote
camera imaging a scene and an observer viewing the sampled image ([58]). For the
average sampling and reconstruction on the band-limited space and on the finitely-
generated shift-invariant spaces, the reader may refer [1, 4, 5, 6, 21, 24, 27, 52, 53, 54,
60] and references cited therein.

The question arise from the average sampling process whether and how the orig-
inal function can be recovered from its average samples. Specifically, the first part
of the above question, which will be discussed in Section 4, can be described as fol-
lows: Given a class of functions V on R, find conditions on the average sampler
U = {9, : v € I'} under which any function f in V' can be reconstructed uniquely
and stably from its average samples {(f, 1) : v € T'}.

The second part of the above question arisen from the average sampling process
is the reconstruction process from the average (ideal) samples:

(1.3) D: (¢y)yer > Y _cythy €V
~el’

such that

(1.4) DAf=f forall feV.

Here for each v € T, the function 1[)77 to be known as the display block at the location
v, reflects the characteristic of the display device at the sampling location . We
call the above reconstruction process as an average reconstruction process and the
collection ¥ := {1, v € '} of display blocks as an displayer.

For the efficiency and stability of the reconstruction process (1.3) and (1.4) to
recover a function f in the space V' from its averaging samples {(f,1,),7 € I'} or
from its ideal samples { f(7),y € T'}, we require that the corresponding displayer U=
{1/37,7 € T'} is well-localized, and that the average sampling/reconstruction process
(1.3) and (1.4) is robust, local-behaved, and finitely-implementable. In this paper, we
show that those natural requirements for the average (ideal) sampling/reconstruction
process would be met when signals in the space V has finite rate of innovation and
the average sampler ¥ is well-localized, see Section 2.3 for our reasons to consider
sampling/reconstruction of signals with finite rate of innovation. Here a signal is said
to have finite rate of innovation if it has finite degree of freedom per unit of time, see
[22, 33, 39, 41, 44, 45, 57].

The paper is organized as follows. We divide Section 2 into five subsections. In
the first three subsections, we make some basic assumptions on the sampling set I,
the average sampler ¥ = {¢,,v € '}, and the space V' where the original function f
for the average sampling/reconstruction process comes from. Briefly, we assume that
the sampling set T is a relatively-separated subset of R¢, the average sampler VU is
well-localized in the sense that every average sampling functional v, in the average
sampler W is essentially located in a neighborhood of v € T, and the space V is the
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space V,(®,A), that is originally introduced in [51] for modelling signals with finite
rate of innovation. In the last two subsections, we recall some basic properties of
the space Vi (®,A) in [51], and introduce a simplified model of our average (ideal)
sampling/reconstruction process for readers’ convenience.

Since each display block @Z,y in the displayer ¥ := {1[)7,7 € T'} reflects the char-
acteristic of the display device at the sampling location 7,y € I, it is reasonable to
require that for each v € I, the display block 1[)7 is essentially supported in a neigh-
borhood of the sampling location 7. In Section 3, derived from a general theorem
for localized frames ([8, Theorem 1], [23, Theorem 3.6] and [31, Theorem 13]), it is
shown that such an requirement would be met for average (ideal) sampling in the
space Vo(®, A) if the average sampler U and the generator ® for the space Vo(®,A)
are well-localized (Theorems 3.1 and 3.2), see Remark 3.1 for more general formula-
tion of the well-localization of a displayer. The well-localization of displayers will play
crucial roles in our study of stable average sampling in V,.(®, A) with r # 2 (Corollary
3.4), the robustness and local convergence of the reconstruction process from aver-
age (ideal) samples (Theorems 5.1 — 5.3 and 6.1 — 6.3), and exponential convergence
of an iterative algorithm for the reconstruction process from average (ideal) samples
(Theorems 7.1 and 7.2).

In Section 4, we find conditions on the average sampling sampler ¥ = {¢., : v € T'}
(respectively, on the ideal sampling set I') under which any function f in Vo(®, A)
can be reconstructed uniquely and stably from its average samples {(f,v,): v €T}
(respectively, from its ideal samples {f (), € T'}), see Theorems 4.1 and 4.2.

In the average (ideal) sampling/reconstruction process, we should bring the fol-
lowing situations into our consideration: the average samples {(f,%,) : v € I'} may
involve some noises (caused, such as, by measurement, storage, or transmission), and
the average sampler ¥ may not be exactly same as the one we expect (such as, because
of the mathematical modelling or the measurement of the acquisition device). In Sec-
tion 5, we consider the numerical stability of the reconstruction process (1.3) and (1.4).
We show that if the average sampler ¥ and the generator ® for the space Va(®,A)
are well-localized, then the reconstruction process (1.3) and (1.4) for f € Vo(®,A) is
stable under the corruption of the average (ideal) sampling data, and the perturbation
of averaging samplers, ideal sampling sets and the displayers, see Theorems 5.1, 5.2,
and 5.3 for details. Then we conclude that the reconstruction process (1.3) and (1.4)
for f € Vo(®,A) is robust.

By the reconstruction process (1.3) and (1.4), any function f in the space V' can
be recovered fully when its average (ideal) sampling data are received completely. In
some situations (such as data missing in the transmission and real-time reconstruc-
tion process), we are required to recover the original function (signal) partially from
incomplete (ideal) average samples. We observe from the well-localization of the av-
erage sampler ¥ and of the ideal sampling set I', the average sampling data (f, 1)
and the ideal sampling data f(y) catches the information of the function f essen-
tially in a neighborhood of the sampling location v for every v € I', which implies
that the average (ideal) sampling procedure is locally behaved. So a natural question
is whether the reconstruction procedure is locally behaved, or particularly whether
a function f € V5(®,A) on a certain region K can be recovered approximately (or
exactly) from the average sampling data (f,v,) and the ideal sampling data f(v)
for the sampling location v in a neighborhood of that region. In Section 6, it is
proved that for any bounded region K, the original function in the space Va(®,A)
can be approximately recovered from its average (ideal) samples in a R-neighborhood
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B(K,R) ={y: infyck |y—z| < R} of that region K via a finite algorithm (see Theo-
rems 6.1 and 6.2 for details), and moreover that the local convergence rate of the local
reconstruction procedure is almost the same as the rate of polynomial (subexponen-
tial) decay of the generator ® and of the average sampler ¥. Therefore we conclude
that the reconstruction process (1.3) and (1.4) for f € Vo(®,A) is locally behaved
and finitely implementable (hence it could lead possibly to a real-time reconstruction
algorithm) when the average sampler ¥ and the generator ® are well-localized. As a
byproduct of the local reconstruction theorems, we obtain a necessary condition on
the location T of average (ideal) sampling devices, which states that, for a stable av-
erage(ideal) sampling/reconstruction procedure on the space Va(®, A), there exists a
positive constant Ry such that for any domain K C R%, the number of average (ideal)
sampling devices located in Rp-neighborhood B(K, Ry) of that domain K should ex-
ceed the degrees of freedom of the space Va(®, A) in the domain K, see Theorem 6.3
for details. The above necessary condition, which is usually known as the density
property, is established in [3] for the ideal sampling on the B-spline space (see [2, 3]
and references cited therein for nonuniform sampling on the band-limited space, and
[8] for non-uniform Gabor system).

In the average (ideal) sampling/reconstruction process, we need efficient and fast
numerical algorithm that recover any function f € V,.(®, A) from its average sampling
values (f,1¥,),v € T, or from its ideal sampling values f(),7 € I'. In Section 7,
we modify the standard Richardson-Landweber iterative frame algorithm to imple-
ment the reconstruction process (1.3) and (1.4) for signals f € V,.(®, A) when average
(ideal) samples are received completely, and show that the new iterative algorithm
converges exponentially for any initial data in " and the limit agrees with the sig-
nal in the space V,.(®, A) whenever the initial data is obtained from average (ideal)
sampling that signal (see [2, 6, 21] for similar convergence results to the standard
Richardson-Landweber iterative frame algorithm in the shift-invariant setting). The
Richardson-Landweber iterative algorithm is easily to be implemented but it provides
slow convergence in general. Relaxation and acceleration techniques, such as the
conjugate gradient acceleration, help to alleviate the convergence problem, but their
consideration is beyond the scope of this paper and will be discussed in the subsequent
paper.

The proofs of all results are collected in Section 8.

In this paper, the big letter C, if unspecified, denotes an absolute constant which
may be different at different occurrences.

2. Preliminaries.

2.1. The sampling set I'. Every  in the sampling set I' is used as the location
of a (non-)ideal sampling acquisition device, which has the average sampling charac-
teristic ,. Then reasonable assumptions on the sampling set I' are that only finitely
many such sampling acquisition devices are located in any unit interval, and that the
distribution of those devices is almost location-invariant. So in this paper, we make
the following basic assumption to the sampling set I':

(i) The sampling set T is a relatively-separated subset of R?.
Here, given a subset X = {x,} of R%, we say that X is relatively-separated if there
exists a positive constant D(X) such that

(2.1) Z X, 4o 1]d(x) < D(X) forall z € R%
r;€X ! Y
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2.2. The average sampler ¥. We say that a positive function u on R? is a
weight if it is continuous and symmetric, and satisfies 1 = u(0) < u(zx) < oo for
all z € R%, and the inequality u(z + y) < w(z)v(y),r,y € RY, holds for another
continuous function v on R%. The model examples of weights convenient for our
considering the sampling/reconstruction process are the polynomial weights

(2.2) o () = (1+ |z])*
with a > 0, and the subexponential weights
(2.3) ep,s(z) = exp(D|z[’)

with D > 0 and ¢ € (0,1).
Given 1 < p,q < 00, a weight u, a relatively-separated subset I' of R?, and a
family W = {1, : v € I'} of functions on R¢, we define || V||, by

1€ lg.p = sup || (I (Dul- = D Lag+0.119) kezellop za)
yell

(2.4) + ksué)d H (HT/Jy()U( - ’Y)HLq(k+[0,1]d))»yeerv(F)’

€
where, as usual, || - ||zq(x) denotes the usual L9 norm on the space LI(K) of all g-
integrable functions on a measurable set K, and || - |[sr(x) (or || - [ler for short) is

the usual ¢P(X) norm on the space of all g-summable sequences on the index set
X. For ¢ = p = o0, it is obvious that |¥|4p. < oo if and only if [, (z)] <
194 pu(u(z—=))~! for all z € RY and v € I'. In general, for the family of functions
U = {4, : v €T} with [|[¥]/gp. < o0, each the function ¢,y € T, is an L? function
“locally” and a weighted LP function centered at v “globally”. Therefore for each
v € I, the function v in the collection ¥ := {3,y € I'} with ||¥|/4p.. < 0o can be
thought to be essentially supported in a neighborhood of v € T'.

For the average sampler ¥ = {1, : v € I'}, each average sampling functional 1,
reflects the characteristic of the nonideal acquisition device at the location v € I'; and
hence it should be essentially supported in a neighborhood of the sampling location
~. So we make the following basic assumption on the average sampler V:

(ii) The average sampler ¥ = {1 : v € I'} satisfies

(2.5) [¥llgp.u < o0

for some 1 < p,q < oo and weight u.

We interpret any average sampler, that satisfies the basic assumption (ii), to have
polynomial (subexponential) decay, due to the interpretation of the collection ¥ of
average sampling functional ¢,y € T', with || ¥||4 p.. < 0o and the model assumption
on the weight u convenient for our considering sampling/reconstruction process that
u is a polynomial weight u, or a subexponential weight ep 5.

REMARK 2.1. For adapting to different average (ideal) sampling situations, we
add some flexibility to the basic assumption (ii) on the average sampler ¥ with variable
exponents p and ¢ and weights u. For instance, we may use ¢ = 1 for approximating
ideal sampling (¢, = 0, [6]), ¢ = 2 for frame sampling (for instance, ¥ = {¢(- —
k),k € Z?} for frame sampling in the shift-invariant space Vz(¢) generated by ¢,
[7, 12, 38, 51]), ¢ = oo in local blurring or local averaging (for instance, ¢, = h(- —7)
for some compactly supported phase function h, [5, 24, 58]), and the subexponential
weight ep s for oversampling band-limited signals ([34]).
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REMARK 2.2. Given p € [1, 00|, a weight u, and two relatively-separated subsets
I,T” of R?, we define the matriz algebra A, ., (T,I") of Schur class by

(2.6 Apu(0.T) = { A = (A7 Drerrers = ALy, < oo}

where

A, = sup 1(AG Y =) rep ooy + sup, 1AVl =) exllon ey

(see, e.g., [31, 36, 50]). Then the basic assumption ||¥|/;,. < oo on the average
sampler ¥ is characterized by:

27)  [1¥[lgpu < 00 if and only if (|4 |l La(r+i0,1)))yerkeza € Apu(T, Z9).

For the basic assumption || ¥||q . < oo with different exponents p,q and weights u,
we have the following results, which will be used frequently in the proofs:

(2.8) ¥l puw < Cll¥llg.p.u
if g1 < ¢9, and

(2.9) g

g < Cl¥lg.pz0

if py < pg and |juv~!||zr < oo where 1/r = 1/p; — 1/pa, see [51] for details.

2.3. The space V in which functions are sampled and recovered. The
band-limited space Bg, {2 > 0, is a prototypical space for sampling theory and for
signal processing in the classical band-limited model ([2]). By Whittaker represen-
tation theorem, the band-limited space B is spanned by the shifted sinc function

sin w(z—k)

sinc(z—k) := ——m k€ Z, using 2 coefficients, i.e., Bq = {3, oz c(k)sinc(z—k) :
(c(k)) € £2}.

Since the sinc function has infinite support and slow decay at infinity, the band-
limited space is often unsuitable for numerical implementations (see e.g. [2, 34]).
Hence people consider other models that retain some of the simplicity and structure
of the band-limited model, but are more amenable to numerical implementation and
are more flexible for approximate real data (see [2, 10, 14, 35, 55] and references cited
therein).

A finitely-generated shift-invariant space is such a widely-used model other than
the band-limited model, see e.g. [1, 2, 4, 5, 6, 18, 27, 40, 52, 53, 54]. Here the finitely-
generated shift-invariant space V;(¢1,...,¢n), that has functions ¢q,...,¢n on R¢
as its generators, is defined by

N
Varooon) = {30 D calk)on(-— k)

n=1keZd

(2.10) (en(k))peza € 9,1 < n < N},

where 1 < ¢ < oo (see e.g. [7, 12, 15, 20, 38] for the applications of finitely-generated
shift-invariant spaces in wavelet analysis and approximation theory). Clearly the
finitely-generated shift-invariant space V;(¢1, ..., ¢n) becomes the band-limited space
B, if welet ¢ =2,N =1 and ¢; = sinc.
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The space V,(®, A),

(2.11) Va(@,8) == { 3" eNon: [lereallpuny < -
AEA

that was recently introduced by the author in [51], is a new model other than the above
band-limited model and shift-invariant model, where 1 < ¢ < oo, A is a relatively-
separated subset of R?, and ® = {¢,\ € A} satisfies ||®||;.. < oo for some 1 <
P, q < oo and some weight u. We call ® as the generator of the space V,(®,A), and A
as the location of the generator.

The prototypical space V4(®, A) has shift-invariant spaces, twisted shift-invariant
spaces generated by (non-)uniform Gabor frame system (or Wilson basis) in the time-
frequency analysis (see, e.g. [8, 16, 25, 37, 46] and references cited therein), and spaces
of polynomial splines (which are widely used as approximating spaces in data fitting
problems and operator-equation problems [14, 35, 47]) as its special cases. Particularly
the space V4 (®, A) and the shift-invariant space Vy(¢1,...,¢n) are related as follows:

(2.12) V(@,A) = Vy(d1,...,én)
and
(2.13) |®lg.pu < o0 if and only if ¢1,...,¢n € Wy(Ly ),

if we let A := {zy,...,2n}+ Z% and ¢y := ¢ (- — k) if A = z,, + k for some k € Z¢
where {z1,...,7x} is a discrete set in R?/Z?, see [51] for details. Here we recall that
the Wiener amalgam space Wy(Ly, ,,), which consists of functions that are “locally”
in L? and “globally” in weighted LP space with weight u ([2]), is defined by

(2.14) Wy(Lpu) = {fi 1 f Wy (Ly) = H(||fu||L‘1(k+[0,1]d))kezd||gp(zd) < 00}-

The prototypical space V(®, A) is suitable for modelling signals with finite rate of
innovations in [22, 33, 39, 41, 44, 45, 57, for instance, (i) stream of pulses ), a;p(t—t;)
found in GPS applications and cellular radio, where p(t) is the antenna transmit pulse
shape; (ii) stream of different pulses »_, a;p;(t — ¢;) found in modelling ultra wide-
band, where different incoming paths are subjected to different frequency-selective
attentuations; (iii) bandlimited signals with additive shot noise ., c(k)sinc(t —
k) + %, d(1)é(t — t;); (iv) sum of bandlimited signals and non-uniform spline signals,
convenient for modelling electrocardiogram signals.

The prototypical space V,(®,A) retains some of the simplicity and structure of
a finitely-generated shift-invariant space of the form (2.10), is amenable to numerical
implementation (see Sections 5, 6 and 7), and is more flexible for approximating real
data than the band-limited model and the shift-invariant model (see [51] for details).

So in this paper, we make the following basic assumption on the space V' in which
functions are sampled and recovered:

(iii) The space V is of the form Vi (®,A), where 1 < q < oo, A is a relatively-
separated subset of RY, and ® = {¢y : X € A} is a family of functions on R
satisfying ||P||g.pu < 00 for some 1 < p < co and weight u.

REMARK 2.3. Signals in the space V := V,(®, A), that satisfies the above basic
assumption (iii), have finite rate of innovation, because a signal f =3, ., c(A\)ox €
V,(®, A) on a unit interval t4[—1/2,1/2)? is essentially determined by the coefficients
c(\) with A € t+[—1/2,1/2)? because of the well-localization property of the generator
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®, and the total number of the locations A € A on the unit interval ¢ + [—1/2,1/2)¢
is bounded by some constant Cj independent of the center ¢ of the unit interval due
to relatively-separatedness of the location A of the generator ®.

REMARK 2.4. We provide some flexibility on the assumption ||®| 4. < 00 on
the generator ® of the space V,(®,A) for adapting to different modelling situations.
For instance, we may use ¢ = 1 and p = oo when modelling slow-varying signals
with shot noises ([57]), 1 < p,q < oo when modelling signals in a finitely-generated
shift-invariant space ([2]), ¢ = co and 1 < p < oo for decomposing a time signal via
(non-)uniform Gabor frame system or Wilson basis ([25]).

2.4. The space V,(®,A) for modelling signals with finite rate of innova-
tions. Let d) stand for the usual Kronecker symbol. For a Hilbert space H with
E = {ex, A € A} being its Riesz basis, we say that B = {e{ : A € A} C H is a dual
Riesz basis of E if E¢ is a Riesz basis of H and (ey,e{,) = dyn for all A\, N € A; and
we say that E° = {e{ : A\ € A} is an orthonormal basis for H if E° is a basis of H
and (e3,e3,) = dan for all A, X € A.

Let 1 < p < oco. We say that a weight v is p-admissible if there exist a weight v
and two positive constants D := D(u) € (0,00) and 0 := 6(u) € (0,1) such that

(2.15) u(z 4+ y) < D(u(x)v(y) +v(z)u(y)) for all z,y € RY,
(2.16) |(vu™)|| L < D, and
(2.17) ir;% vl (B(ry) + tHvu_1||Lp/(Rd\B(T)) <Dt? forallt>1,

where p’ = p/(p — 1) and B(7) = {z € R%: |z| < 7}. The p-admissibility of a weight
u is a technical condition in [50] to establish the Wiener lemma for matrix algebras of
Schur class and of Sjostrand class, see also Lemmas 8.1 and 8.2. It is verified in [50]
that the polynomial weight u, with a > d(1 — 1/p) and the subexponential weight
ep,s with D > 0 and 6 € (0,1) are p-admissible weights. The reader may refer those
two model examples for simplification, see also subsection 2.5.

Now we recall some properties of the space V,(®,A) in [51], see e.g. [2, 38] for
the similar results for our familiar shift-invariant setting.

PROPOSITION 2.1. ([51]) Let 1 < q < 00, ug(z) := (1 4 |z|)¥ a > 0, be the
polynomial weights, A be a relatively-separated subset of R, ® = {¢x, A € A} satisfy
1Plg,1,u0 < 00, and Vo (P, A) be defined as in (2.11). Then Vy(®,A) C L. Moreover,

(2.18) H > C(/\)QSA‘ < Cl(c(V)
A€A

LT /\EAHW(A)”(I)”q,l,uO

for every sequence (c(N\))rea € £7(A) with 1 <r <gq, and
(2.19) 10565 senleriny < CIF 1@l

forall f € L™ with q/(g—1) <r < co.

PROPOSITION 2.2. ([51]) Let 2 < g < 00, 1 < p < 00, u be a p-admissible weight,
A be a relatively-separated subset of RY, ® = {¢x, A € A} be a family of functions on
R%, Vo(®,A) be as in (2.11), and the frame operator S on Va(®, A) be defined by

(2.20) SF=Y (f62)x, [ € Va(®,A).

AEA
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Assume that ® is a Riesz basis for Vo(®, A) and satisfies ||®||q pu < 0o. Then S™1® :=
{S7'¢x : X € A} is a dual Riesz basis of ®, S7T/2® := {S™12¢y : X\ € A} is an
orthonormal basis of Va(®,A), and |ST ®|lgpu + |S7Y2®| g pu < 00. If we further
assume that A is a lattice, and that the generator ® of the space Vo(®, A) is enveloped
by a function in the Wiener amalgam space Weo(Lyp.o,) (hence || @]l gpu < |P|loo,pu <
Cllhllwe(r,..) < 00), i-e., |pa(x)] < h(x — A) for some h € Woo(Lypu), then so are
dual Riesz basis S~'® and orthonormal basis S~/%®.

REMARK 2.5. Let 1 < p,r < oo, we say that a weight u is (p,r)-admissible,
(or we say that w(z,y) := u(x —y) is a (p, r)-admissible translation-invariant weight,
[50]), if there exist a weight v and two positive constants D € (0,00) and 6 € (0,1)
such that (2.15), (2.16), and

. -1 0
(2.21) inf [Joll . (pery) + tlve™ e mavp(ry = D forallt > 1,

hold, where p’ = p/(p—1) and ' = r/(r — 1). Clearly the p-admissibility of a weight
agrees with its (p, co)-admissibility. Since for any weight v it holds that [|v]|, g (,)) <
Cllv||Lr(B(ry) for all 7> 1, we then conclude that p-admissibility of a weight implies
its (p, r)-admissibility for any 1 < r < oco.

2.5. Model. The reader may consider the following model for simplification:
(i) The generator ® := {¢x, A € A} of the space V,.(®,A) is enveloped by some
function ¢ in the Wiener amalgam space Wy (L, ,,) with 2 < ¢ < o0, i.e.,

(2.22) |pa(z)] < g(z —N\) forall z € RY and A € A.

(The above envelopment assumption (2.22) for the generator ® implies that
the basic assumption (iii) ||®||q.pu < 0o for the generator ® is satisfied. The
converse is true in the shift-invariant setting, V.(®,A) = V. (¢1,...,dn),
particularly, the above envelopment property for the generator ® of the
space V;.(®,A) is equivalent to the basic assumption (iii) || ®||4p.u < 00, and
also equivalent to the property that the generators ¢q,...,¢n of the space
Va(é1, ..., ¢n) belong to the Wiener amalgam space W, (L,,,,). The envelop-
ment assumption (2.22) for the generator ® is not satisfied when the space
V4(®, A) is used for modelling slow-varying signals with shot noises, [41].)

(ii) The average sampler ¥ = {1, : v € I'} is enveloped by some function h in
the Wiener amalgam space Wy« (L, ,,) with ¢/(¢ — 1) < ¢* < o0, i.e.,

(2.23) [ (x)| < h(z —~) forall z € R and v € T.

(The above envelopment assumption (2.23) for the average sampler ¥ implies
that the basic assumption (ii) ||¥|/g« p.. < oo for the average sampler ¥ is
satisfied. The above envelopment assumption (2.23) for the average sampler
¥ is not satisfied when it is a family of approximating delta functionals with
variable width, [27].)
(iii) The weight u in the above envelopment assumptions on the generator ® and
the average sampler ¥ is the polynomial weight u,(z) := (1 + |z|)® with
a > d(1 — 1/p) or the exponential weight ep s(z) := exp(D|z|°) with D > 0
and 6 € (0,1).
REMARK 2.6. Given an exponent p € [1,00], a weight u, and two relatively-
separated subsets I',T" of R?, we define the matriz algebra C, . (I,T") of Sjéstrand
class by

(2.24) CpulT,T") = {4 = (A(, 7))y ver, [Alle,., < oo}
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where
Alle,.. = [[(Au)«(k)) ez ller
and
(Au). (k) = sup |A(y,Y ) u(y =), k € 2%

yEm+]—1/2,1/2)4 5/ €mth+[—1/2,1/2)4,meZd

(see, e.g. [8, 9, 26, 48, 50]). For the case that ¢ = 00,1 < p < o0, and T is a
lattice, the envelopment property (2.23) for the average sampler ¥ := {1, v € '} is
characterized by ([t ]| La(ut(0,110))y.per € Cpu(L,T). Here a subset X of R% is said to
be a lattice if 1 <37, X, 4 (r) < D(X) for all z € R? and some D(X) < oc.

0,1]d

3. Well-localized displayer. Let 1 < g < oo and V' be a subspace of L?. We
say that ', a subset of R?, is a stable ideal sampling set for the space V if there exist
two positive constants A, B such that

(3.1) Al fllze < I(f(W)verlleary < B[ fllLa  forall f €V,

and that ¥ = {¢, : v € T'}, a family of average sampling functionals, is a stable
averaging sampler for the space V if there exist two positive constants A’, B’ such
that

(3-2) A fllze < 1(CFsy))verllesry < B'lIfl[pe for all f €V

([5]). From the above definitions of a stable ideal sampling set I" and a stable average
sampler W, we have that any function f € V' can be reconstructed uniquely and stably
from its samples {f(v) : v € T'} if T is a stable ideal sampling set for V', and similarly
that any function f € V can be reconstructed uniquely and stably from its average
samples {(f, 1) : v € '} if ¥ is a stable averaging sampler for V.

For average (ideal) sampling on the space Va(®, A), derived from a general theo-
rem for localized frames ([8, Theorem 1], [23, Theorem 3.6] and [31, Theorem 13]), we
have the following well-localization results for its displayer (Theorems 3.1 and 3.2),
see Remark 3.1 for more general formulation of the well-localization of a displayer.
From those results, it concludes that the displayer U associated with a stable (ideal)
averaging sampler ¥ has the same polynomial (subexponential) decay when both
the average sampler U and the generator ® for the space Vo(®,A) have polynomial
(subexponential) decay.

THEOREM 3.1. Let 2 < ¢ < 00,q/(¢—1) < q¢* <o0,1 <r<ql1<p<oo,u
is a p-admissible weight, the subsets A,T" of R® be relatively-separated, the generator
O = {¢px: A € A} satisfy

(3.3) 1®lg.p,u < 00,
the average sampler ¥ = {1, : v € T'} satisfy

a*pu < 00,

and the space V.(®,A) be as in (2.11). Assume that ® is a Riesz basis of Va(®, A) and
that W is a stable averaging sampler for Vo(®,A) C L?. Then there exists a displayer
U= {1, :yeTl} CVi(P,A) such that

(3.5) 19]g,p,u < 00,
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and

(3.6) F= (frby)hy forall f € Vi(®,A).

yel’

If we further assume that A is a lattice and that the generator ® and the average
sampler ¥ are enveloped by some functions in the Wiener amalgam space Woo(Lp v,
then so is the displayer .

THEOREM 3.2. Let 1 < p,r < 0o, u be a p-admissible weight, the subsets A,T" of
R be relatively-separated, ® = {¢x : X € A} be a family of continuous functions on
R? that satisfies

(3.7) [®loo,p,u < o0,

and the space V,.(®, A) be as in (2.11). Assume that ® is a Riesz basis of Va(®, A), and
that [ is a stable ideal sampling set for Va(®,A) C L?. Then there exists a displayer
= {4, 1y €T} such that ¥ C Vi(®,A), | ¥]|oopu < 00, and

(3.8) F=2f(), forall fe€V,(®A).

el

If we further assume that T' is a lattice and that ® is enveloped by a function in the
Wiener amalgam space Woo(Ly u), then so is the displayer 0.

REMARK 3.1. For the well-localization of the displayer T, the following gen-
eral principle can be derived from theorems for localized frames ([8, Theorem 1], [23,
Theorem 3.6] and [31, Theorem 13]): Let A and T' be two index sets, and let the
families A(A) = {(a(M\, N))anveat and AT, A) = {(a(v,A))ver,aea} of infinite ma-
trices have the following algebraic properties that (i) A(A ) s an inverse-closed matriz
algebra in B(F?(A)) (the space of all bounded operators on (2(A)), (i) ATA € A(A)
for any A € A(T,A), and (iii) AB € A(T,A) for any A € A(T,A) and B € A(A).
Then on the space Vo(®,A) whose generator ® := (da)ren 18 a frame, there exists
a A(T, A)-localized displayer ¥ := (1/37)7@ associated with a stable average sampling
Processing

(3.9) Va(®,A) > fr— (f,U) € *(T)

whose average sampler U := () er is A(F,A) localized. Here we say that ¥ :=
(y)ver is A(L, A)-localized on Va(®,A) if Aw,e = ((1by, dx))verpaen € AL, A) and

Ay = (5, dx))veraen € AT, A) where ® = (pa)aea is the dual frame gener-

ator @ associated with the frame ®. Thus the well-localization for the displayer in
Theorems 3.1 and 3.2 becomes essentially a concrete example of the above general
principle, (particularly in Theorems 3.1 and 3.2, the Schur class A, (I, A) and the
Sjostrand class Cp (I, A) are used as A(T', A) in the above principle, and Ap (A, A)
and Cp, (A, A) as A(A).) The well-localization of the displayer in the above principle
and the localization of the dual frame in the theory of frames are equivalent since
for the case that ¥ € V5(®,A), (otherwise replacing ¥ by the projection PV of ¥
on V5(®,A), see Remark 3.2 below,) the stability of the average sampling process
(3.9) is equivalent to the frame property for ¥, and the displayer Aq,@(Ag’(DAq,,q,)T(I)
associated with the average sampling processing (3.9) is the canonical dual frame as-
sociated with the frame W, where (A€’¢Ag;7q>)—r is the pseudo-inverse of the matrix
Ag,q)A\p’q). Therefore the above principle for the well-localization of a displayer is
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established: (i) in [8, Theorem 1] for the case that ¥ = &, " = A, A(A,A) and A(A)
are the Sjostrand class Ci o(A, A) defined by

— / , . / 1
Cuold M) = {(ed NV hver: (s eV e € (@),

where G is a additive discrete group of the form ByZ? x (Z¢ /B,Z%) for some non-
singular diagonal matrices By and By, and a : A — G is a map with sup ¢ #{\ €
A a(N) = g} < oo; (ii) in [23, Theorem 3.6] for the case that ¥ = &, T' = A,
A(A,A) and A(A) are a solid, inverse-closed, involutive Banach algebra; and (iii) in
[31, Theorem 13] for the case that A = Z?, T is a relatively-separated subset of R%,
A(A) = A, and A(T',A) = {(a('Yvk))'yEF,kEZd : (d(mvn))m,nezd € A}, where A is a
solid, inverse-closed, involutive Banach algebra, and

~ _ sup (m+[0,1)4)NT |CL("Y, n)| if (m + [07 1)d) nr 3& ®7
a(m,n)—{ 0 "€ " if (m+[0,1)4)NT = 9.

The above principle for the well-localization of the displayer can be derived from
[31, Theorem 13] with identical proof. The author thanks the anonymous referee for
the suggestion that leads to the above general principle for the well-localization of
the displayer, and for pointing out that the results in Theorems 3.1 and 3.2 can be
derived from theorems for localized frames in [8, 23, 31].

REMARK 3.2. Let ® = {¢) : A € A} and ¥ = {9, : v € T'} be as in either
Theorem 3.1 or Theorem 3.2, and S~'® = {S~!¢, : A\ € A} be the dual Riesz
basis for the space Vo(®,A) in Proposition 2.2. By Propositions 2.1 and 2.2, the
operator P defined by Pf := Y, 2 (f, S '¢x)¢x is a projection operator from L?
to Va(®,A). We can extend the domain of the projection operator P so that P, is
well defined for every sampling functional v, in the average sampling case and for
the delta functional ¢, in the ideal sampling case. Moreover, (f,v,) = (f, P¢») for
all y €T and f € Vo(®,A). We then have that if ¥ is a stable average sampler then
PU = {Pt, : v € T'} is a frame of V5 (®, A), that is, there exist two positive constants
A, B > 0 such that

(3.10) Allfllz < I({f; Poy))rerlleery < Bl fll2 - for all f € Va(®,A).

So by the general frame theory, a displayer ¥ C Va(®, A), which may or may not have
polynomial (subexponential) decay, can be constructed, while we show in Theorems
3.1 and 3.2 that a displayer ¥ can be constructed to has polynomial (subexponential)
decay whenever the generator ® and the average sampler ¥ have. The reader may refer
[2] and references cited therein for the connection among average (ideal) sampling,

reproducing kernel Hilbert space, and frame theory in the shift-invariant setting.

By Theorem 3.1 and 3.2, we have the following corollary for the uniform sampling
in the familiar shift-invariant space:
COROLLARY 3.3. Let 1 <p <00,2<¢qg<o00,1<7r<¢q,q/(¢q—1) <q* < o0,
u be the polynomial weight u, with o > d(1 —1/p) or the subexponential weight ep s
with D >0 and § € (0,1), and ¢1,..., 68 € Wy(Lpw), and @ = {¢,(-—k): 1 <n <
N,k € Z%) be a Riesz basis of Vo(¢1,...,¢n). Then we have
() Ifo1,... 0 € Wo(Lpw), and W := {3y (-—k) : 1 <1 < L,k € Z} is a stable
average sampler for Va(¢1,...,dn), then there exist functions 1/31, . 7’(/;[, €

Wo(Lp.u) such that f =317 S cga(fytn(- — k)i (- — k) holds for all f €
Vtr((blw . a¢N>
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(i) If ¢1,...,¢n are continuous functions in Weo (L), and Xo+ Z¢ is a stable
ideal sampling set for Va(¢1,...,¢n) where Xo = {w1,..., 21} C [0,1)4,
then there exist continuous functions 1, ...,%r € Woo(Lp,u) such that f =

Sy Yege @+ k)di(- — k) holds for all f € V,(1,....6n).

REMARK 3.3. For the shift-invariant setting Va(®, A) = Va(¢y, ..., dn) for some
functions ¢1,...,¢n, it is shown in [27] that if the generator ¢q,...,¢n satisfy
|pn(z)] < Co(1 +|z])~@ for all 1 < n < N and z € R, (ie., [|[P]oo.com, <
where ® := {¢,, (- — k), 1 <n < N,k € Z%}), and if the average sampling functional
1, is supported in v+ [—a, a] and ||| L1 < Cy for some positive constants Cp and a,
(which implies that ||¥||;,00,. < oo for any weight u where ¥ := {¢,, v € I'}),
then the corresponding displayer U := {1;7 : v € T} can be chosen to satisfy
1 ()] < C1(1 4 |z — ~])~® for some positive constant C; (i.e., [|¥]loo 00w, < 00).
A similar result for the ideal sampling process is also established in [27]. The above
results for average (ideal) sampling process follow from Theorems 3.1 and 3.2 with
p=gq=00,¢"=1u=u, and V2(P,A) being a finitely-generated shift-invariant
space. Other than those exponents p, ¢, ¢* and weight © mentioned above, the results
in Theorems 3.1 and 3.2 are new even for our familiar shift-invariant setting.

By Theorems 3.1 and 3.2, we have the following result for the stability of the
average sampler ¥ in the space V,.(®,A) C L" with r» # 2, which can also derived
from [23, Theorem 2.7] and [27, Theorem 10].

COROLLARY 3.4. Let2 < g < 00,1 < p < o0, u be a p-admissible weight, the
subsets A,T" of R? be relatively-separated. Then we have

(i) If ® is a Riesz basis of Va(®,A) and satisfies (3.3), and if ¥ is a stable
averaging sampler for Vo(®,A) C L? and satisfies (3.4) for some q/(q—1) <
q* < oo, then the stable average sampler U for Vo(®,A) is also a stable
averaging sampler for V.(®,A) C L" for all ¢*/(¢* — 1) <r <gq.

(ii) If the family ® = {¢x : X € A} of continuous functions on R? is a Riesz
basis of Vao(®,A) and satisfies (3.7), and if T is a stable ideal sampling set
for Vo(®@,A), then the ideal sampling set T for Vao(®,A) is also a stable ideal
sampling set for V.(®,A) C L™ for all 1 <r < oo.

REMARK 3.4. By Corollary 3.4, the stability of average (ideal) sampler for
Vo(®,A) C L? implies the stability of average (ideal) sampler for V,.(®,A) C L"
with 7 # 2. Such an implication can also be derived from [23, Theorem 2.7] and
[27, Theorem 10] where the formulation of localized frames are used. (The author
thank the anonymous referee to point out that derivation.) The above implication is
observed in [21, 27] for the shift-invariant setting under a bit stronger assumptions on
the average sampler ¥, the generator ®, and the non-uniform sampling set I' than the
ones in Corollary 3.4. As for the case that the average sampler and the generator are
identical and that the grid A and the sampling set I are Z¢, the above implication
has long been known (and even the converse is also true), see, for instance, [7, 38].

4. Stability of the average (ideal) sampling/reconstruction process. For
amatrix A := (A(X, X))aea, rear, we define its transpose A* by A* := (A(X\, N))xear rea-
For a space Vo (®, A) generated by ® := {¢x, A € A}, an average sampling on the space
Vo(®,A) with the average sampler ¥ := {1,,v € I'}, and an ideal sampling on the
space Vo(®, A) with the sampling set I', we define the subspace H of £? by

(41) H= {(<f7 ¢A>))\€A : f S %(®7A)}a
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and two Gram matrices Ay o and As. o by

(42) A\II,CID = (<w’w¢)\>),yel",)\€/\a
and
(43) A5F,<I> = (¢)‘(’Y))WEF,)\€A'

THEOREM 4.1. Let 2 < ¢ < 00,q/(q—1) < ¢ < o00,¢"/(¢*—1) <r <q1<
p < 00, u be a p-admissible weight, the subsets A,I" of R?® be relatively-separated, the
generator & = {¢ : XA € A} satisfy ||®||gpu < 00, the average sampler ¥ = {3, :
v € T'} satisfy ||¥]lg+ pu < 00, and the space V,.(®,A), the subspace H of (* and the
matriz Ay .o be as in (2.11), (4.1) and (4.2) respectively. Assume that ® is a frame
of Vo(®,A). Then ¥ is a stable averaging sampler for Vo(®,A) C L? if and only if
there exists a positive constant C' such that

(4.4) C_1Hc||§2(A) <{(Aw,0)"Av.ac,c) < C||CH?2(A) for all c € H.

THEOREM 4.2. Let 1 < p,r < 0o, u be a p-admissible weight, the subsets A,T
of R® be relatively-separated, ® = {¢x : X\ € A} be a family of continuous functions
on R? that satisfies (3.7), and the space V,.(®,A), the space H and the matriz As. o
be as in (2.11), (4.1) and (4.3) respectively. Assume that ® is a frame of Vo(®,A).
Then T is a stable ideal sampling set for Vo(®, A) if and only if there exists a positive
constant C' such that

(4.5) C'_1Hc||%2(A) < {(Asp,0)" Asp c, 0y < CHCH%Q(A) for all c € H.

REMARK 4.1. For the uniform average sampling on finitely-generated shift-
invariant spaces, that is, Vo(®,A) = Va(¢1,...,0n) and ¥ = {u)(-—k),1 <I< L,k €
Z%} for some functions ¢,,,1 <n < N, and ¢;,1 <1 < L, the matrix (Ay ¢)*Ag o in
(4.4) can be written as

(o) Aws = (30 3 (Gul=k) =) (=3 e (—K))

rkNe{l,..,N}xZd
= 2 (1), (07 K {1 N} x

Due to the shift-invariant structure of the matrix (Ay ¢)* Aw o, we may use the Fourier
technique to interpret (4.4) in Theorem 4.1 as

(4.6) CTIG(€) < Aus() < CG(€) ae. £ €RY,

where the Fourier transform f of an integrable function f is defined by f(§) =
Jra f(x)e”dx, and the N x N matrices G(§) and Aqs(£) are defined by

G(&) = (D Bul€ + 2km) B (€ + 20r)

1<n,n’'<N
kezd

and

L
Aas(€) =30 30 (Bull+ 2hmu(€ + 2bm)Bu(€ + 2K (€ + 20')

1<nn/<N
I1=1 k, k' €Zd =Tt =
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The above characterization (4.6) of the stable averaging sampler W is given in [5] under
weaker assumptions on the generator ¢1,...,¢n and the average sampler 1, ...,y
than the ones for the generator ® and the average sampler ¥ in Theorem 4.1.

REMARK 4.2. For the uniform ideal sampling on a single generated shift-invariant
space, that is, Va(®, A) = Va(¢) and T' = Z9, the matrix (As. o) Asp.0 in (4.5) can be
written as (Asp,a)" Asr,e = (3 cza #( — k)@(J — k'))k kreza. Similar to the uniform
average sampling case, we may use the Fourier technique to interpret (4.5) in Theorem
4.2 as follows: C~ < |3, 74 B(£+2km)| < C for almost all £ € R%, which was given
in [59)].

REMARK 4.3. For the characterization of stable average sampler and stable ideal
sampling set for various spaces, there are extensive literature (see, for instance, the
recent review papers [2, 56] and monographs [11, 13, 42] for ideal sampling, and
[1, 2, 4, 5, 6, 27, 52, 53, 54] for average sampling.)

5. Robustness of the reconstruction process. For the numerical stability
reconstruction formula (3.6) and (3.8) when the average (ideal) sampling data and
the displayer are corrupted, such as, by the noise in the measurement, we have the
following result.

THEOREM 5.1. Let p,q,q*,r,u,A7F,(I>,\I/,\iJ be as either in Theorem 3.1 or in
Theorem 8.2. Assume that the original function f belongs to V,.(®,A), and that
G={gy:v€T} and U = {¥! v €T’} are the corrupted average sampling data and
displayer respectively. Then there exists a positive constant C' (independent of f,G
and ¥') such that

Hf - Z 971;/7
~eTl

(5.1) +CH® - @/”q,p,u||(9'y)'v€F||€’“(F)'

< C”(Qw - <f> ww»wel“ Z"’(F)”@”q,p,u

T

For the numerical stability of the reconstruction process (3.6) and (3.8) when
there is certain perturbation for the average sampler and for the ideal sampling set,
we have the following results.

THEOREM 5.2. Let p,q,q*,u,A,F,CI),\I',\i/,Vq(@,A) be as in Theorem 3.1. Then
there exist a sufficiently small positive number 0y and a positive constant C' such that
any average sampler W' = {4 : v € I'} with the property that

(5.2) |0 — W

q*,p,u < do

is a stable average sampler for the space Vo(®, A), and the corresponding displayer v’
satisfies

(5.3) |9 — ¥

q*,p,u < CH\I’I -V

q*,p,u-

THEOREM 5.3. Let p7u,A,F,<I>,\iJ7VZJ(<I>,A) be as in Theorem 3.2. Assume that
O5 = {py,5 : v €T} satisfies
(5.4) |®slloo,pu — 0 as § — 0,

where ¢y 5(x) = suppy <5 |d(x + 1) — ¢y(zx)|. Then there exist a sufficiently small
positive number 6y and a positive constant C such that any sampling set T := {40, :
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v € '} with sup,cr |65| < do is a stable ideal sampling set for the space Vao(®, A), and
the corresponding displayer ' satisfies ||V — U||oo pu < Cl|Psy |l 00.pou-

By Theorems 5.2 and 5.3, we have the following results about perturbation for
non-uniform average (ideal) sampling on a finitely-generated shift-invariant space.

COROLLARY 5.4. Let 1 < p < 00,2 < ¢q < 00,q/(qg—1) < q* < 00, u be the
polynomial weight u, with o > d(1 — 1/p) or the subexponential weight ep s with
D >0andd € (0,1), ¢1,...,68 € Wy(Lpa), T be a relatively-separated subset of
R, and ® := {¢,(- — k), 1<n <N,k e Z%} be a Riesz basis of the shift-invariant
space Vo(é1,...,0Nn). Then

(1) If r,...,00 € Wee(Lpu), and U := {fy(- —7), 1 <I < L,y €T} is a stable
average sampler for Va(d1,...,dN), then there exists a positive constant dg
such that for any functions 01, . .., 0 with Zlel 1 —0illw,.(L,.) < do, their
generating average sampler © = {0;(- — ), 1 <1 < L,v € T'} is a stable
average sampler for Vo(é1,...,0N).

(i1) If ¢1,..., 0N are continuous functions in Weo(Lp.), and I' is a stable ideal
sampling set for Vo(é1,...,¢n), then there exists a positive constant oy such
that any relatively-separated set T = {y+ 3, : v € T'} with sup.,cr |04| < do is
a stable ideal sampling set for Vo(d1,...,0N).

REMARK 5.1. From Corollary 5.4, we see that for the shift-invariant setting,
the stability of the non-uniform average (ideal) sampling is preserved under small
perturbation. Such a phenomenon is observed in [18, 40, 56] for the ideal sampling
process in the band-limited spaces and the finite-generated shift-invariant spaces,
and in [4] for the average sampling process in the finitely-generated shift-invariant
spaces. We use different approach to consider the perturbation problem than the
ones in [4, 18, 40, 56] and then the stability under small perturbation is shown to be
preserved under weak assumptions on the generator ® and the average sampler W,
see for instance, such a preservation is established in [4] only for the case ¢ = 00, ¢* =
1,p=1and u = up.

REMARK 5.2. Unlike in the shift-invariant setting, the stability of the ideal
sampling set is not preserved under small perturbation in our general setting, or in
some way the assumption (5.4) in Theorem 5.3 cannot be eliminated if we expect
that the stability of the ideal sampling set is preserved under small perturbation. For
instance, let A = Z and @ := {¢p(x) := h(2(x — k)) cos®(4kn(z — k)) : k € Z}, where
h(z) = max(1 — |z|,0) is the hat function. For the space Va(®,Z) generated by that
family of functions ®, we see that f(k) = c(k),k € Z, for any f =", ,c(k)¢r €
Va(®,2). Thus [[fl2 < |(F(6)kezle < 4lfll for all f € Va(®,Z), where we
have also used the facts that ¢x, k € Z, are supported in k + [—1/2,1/2] and satisfy
1 < |\¢xll2 < 1. This shows that Z is a stable sampling set for V2(®, Z). Noting that
f(k+1/(8k)) =0,k € Z, for any f = ), 5 c(k)dr € Vo(®P,Z), we then conclude that
for any 0 < § < 1/2, the small perturbation Zs = {k+ (—1)* min(8, 1/(8|k|)), 0 # k €
Z} of the stable sampling set Z is not a stable sampling set for V2(®, A). Moreover,
the assumption (5.4) does not hold for that family of functions @, since for any ¢ > 0,

1 v 1
[®5llg.p.a = llok = P + 1/ (8K Lagro) = 5/ | cos8kmalds > 2,
0
where the integer & is chosen so that 8ké > 1.

6. Locally finite reconstruction process. For a bounded set K and a positive
number R, we let B(K, R) := {y € R% : inf,cx |y — 2| < R} be the R-neighborhood
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of the set K. For an average sampling process on the space V,.(®, A) with the average
sampler ¥ := {¢.,,7 € I'}, we define the locally finite reconstruction approzimation
of a function f € V,.(®,A) on a bounded set K using average sampling data on the
R-neighborhood B(K, R) of the set K by

(6.1) fier= >, ()0 kR
~eMNB(K,R)
where
(6.2) P2 g R = > Wy o) Avek.r) T (A A2)o,
AL A2€B(K,2R)
and
(6.3) Av.o.K.R = ( Z <¢>A,W(w¢»>)A7XEB(K73R).

yeIMNB(K,4R)

Similarly for the ideal sampling process on the space V,.(®,A) with the sampling set
T, we define the locally finite reconstruction approximation of a function f € V,.(®, A)
on a bounded set K using the ideal sampling data on the R-neighborhood B(K, R)
of the set K by

(6-4) ﬁ(,R = Z f(’Y)JJi,K,R
vy€INB(K,R)
where
(6.5) Poer= Y., o Asaxr) (A, A)én,

A1,A2€B(K,2R)

and

(6.6) Ay ok, = ( > aa(on (7))

MM EB(K,3R)
~eTNB(K,AR)

For any bounded set K, we observe that the locally finite reconstruction approxi-
mation ff(  for the average sampling/reconstruction process and f}( p for the ideal
sampling/reconstruction process are obtained by using the samples in a finite neigh-
borhood of that set K with finitely many steps. Then we conclude from Theorems 6.1
and 6.2 that the locally finite reconstruction approximation could be possibly used in
the real-time reconstruction by selecting the parameter R properly.

Using the similar idea to the finite section method in frame theory (see e.g. [17,
19, 34]), we have the following locally finite reconstruction approximation for the
average (ideal) sampling/reconstruction process:

THEOREM 6.1. Let p,q,q*,7,u,A,T,®, 0. U be as in Theorem 3.1, and ff{,R
be defined as in (6.1) for any bounded set K, positive number R > 1 and function
f €V.(®,A). Then there exists a positive constant C' (independent of the bounded set
K, the positive number R > 1, and the function f € V.(®,A)) such that

1 Fe.r = Fllzee) < Clum I g sy 1 9))verllery
(6.7) +Cllu M| Lo (e B(a | (s ) ver\ B, m) ler (B, R))
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holds for any bounded set K, any positive number R > 1, and any f € V,.(®,A).

THEOREM 6.2. Let p,r,u, A,T,®,U be as in Theorem 3.2, and f};)R be defined
as in (6.4) for any bounded set K, positive number R > 1 and function f € V,.(®,A).
Then there exists a positive constant C' (independent of the bounded set K, the positive
number R > 1 and the function f € V.(®,A)) such that

Hf}(,R - f”LT‘(K) < CHU_lHip'(Rd\B(R))||(f(’Y)>veF||Z“"(I‘)
(6.8) +Clu™ o (e By | (F(N))ver Bk .R)

L (I\B(K,R))

holds for any bounded set K, any positive number R > 1, and any f € V.(®,A).

As a byproduct of Theorems 6.1 and 6.2, we have the following result about the
location of (non-)ideal sampling devices.

THEOREM 6.3. Let p,q,q",r,u, A\,T',®, U, U be as in either Theorem 3.1 or The-
orem 3.2. Then there exists a positive constant Ry such that for any bounded set K,
the number of (non-)ideal sampling devices located in B(K, Ry) exceeds the degrees of
freedom of the space Vo(®, A) in the domain K, that is,

(6.9) #(I'NB(K, Ro)) > #(ANK)

where #(E) denotes the cardinality of a set E.

REMARK 6.1. If Vo(®, A) is a shift-invariant space generated by a compactly sup-
ported continuous function ¢, then one may verify that the matrix ( > Jer P (7)o (’y))
associated with the ideal sampling on I' is a band-limited matrix. Furthermore for
the case that finite truncation of that matrix is invertible, (which is true if ¢ is a
B-spline and T is a sampling set with sampling density strictly less than the optimal
density, see [3, 4]), Grochenig and Schwab ([32]) proposed an efficient local recon-
struction algorithm to recover the original function in a domain exactly, instead of
approzimately in Theorems 6.1 and 6.2, from its samples in a neighborhood of that
domain. Comparing with the locally perfect recovery in [32], we see that the locally
finite approximation in Theorems 6.1 and 6.2 works for well-localized average sam-
pling process as well as ideal sampling process, and for most signals with finite rate
of innovation instead of signals of B-spline type.

REMARK 6.2. The density property (6.9) in Corollary 6.3 is established in [3]
for the ideal sampling of signals in a B-spline space, that is, Vo(®,A) is the shift-
invariant space generated by the integer shifts of a B-spline. The readers may refer
[2] for similar results to average (ideal) sampling in the band-limited space, and [8] to
the non-uniform Gabor system.

7. The Richardson-Landweber iterative reconstruction process. Let ®
be the generator of the space Va(®,A), ¥ be an average sampler, and I" be an ideal
sampling set. We define an iterative reconstruction algorithm from average sampling
data (ay)yer € £ by:

(7.1) { fo= A2 craen 0y ¥y, O2)0,
. fn:f0+fn71_A72Tasfn71 ifn>1,

where A is a positive parameter and the operator T, is defined by

(7.2) Tosf = Y (f1109)(%y, 62) 0

ye, €A
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Similarly we define an iterative reconstruction algorithm from ideal sampling data
(ay)yer € £ by:

fo=A23 craen @O (7)0A
(7.3) { fo = fot fot 2 AT fuy, m> 1,

where A is a positive parameter and the operator T4 is defined by

(7.4) Tif = >, f()éra()éa.

ye L \EA

Since the operators A,s in (7.2) and A;s in (7.4) can be written as T,s =
T@A*\I}’q)A\hq)(T@)_l, and Tis = T¢A§F7¢A5F’¢<T¢)_l, where Tq) : (C()\)) — Z)\GA C(/\)(b,\7
we then have that the iterative reconstruction algorithms from average sampling data
and from ideal sampling data are equivalent to the familiar Richardson-Landweber
iterative algorithms for the positive operators A*\I,@Aq,@ and AEF@AérﬁP on £2(A)
respectively. For the iterative reconstruction algorithms from average sampling data
and from ideal sampling data, we have the following exponential convergence for sig-
nals in V,.(®, A).

THEOREM T7.1. Let p,q,q*,r,u, A, T, ® W V,.(®,A) be as in Theorem 3.1. We
assume that the parameter A in (7.1) is a positive constant larger than the operator
norm of the matric Ay o from (?(A) to £2(T'). Then the sequence {fn,n > 1} in (7.1)
converges to a function fo in Vi(®,A) in L" norm exponentially for any initial data
(ay)ver € €7, that is, there exist two positive constants C € (0,00) and s € (0,1) such
that

(7.5) [fn = foollr < Cs™[|(ay)yer|ler(ry for all n > 1.

Furthermore if the initial data (a)~er are obtained from average sampling a function
fin Vo.(®,A), that is, ay = (f, ) for all v € T, then the limit function fo of the
sequence {fn,n > 1} agrees with the original function f.

THEOREM 7.2. Let p,r,u, A,T',®,V,(®,A) be as in Theorem 3.2. Assume that
the parameter A in (7.3) is a positive constant larger than the operator norm of the
matriz Asp. o = (¢a(7))yeraea from (2(A) to %(T). Then the sequence {fn,n > 1}
in (7.8) converges to a function foo € V.(®,A) in L™ norm exponentially. Moreover
if ay = f(v),v € T, holds for some f € V,.(®,A), then fo = f.

REMARK 7.1. For ® = {¢) : A € A}, we let P be the projection operator from
L? to Vo(®, A), see Remark 3.2. Then for the average sampling/reconstuction process
with U as its average sampler (resp. the ideal sampling/reconstruction process with I’
as its sampling set), PV := { P, 1, € ¥} (resp. Pér := {Pd,, v € T'}) is a frame
for V5(®, A), and hence the corresponding frame algorithm is the familiar Richardson-
Landweber iterative algorithm for the positive operator (Aq)"q))71/214)&,7@‘4\1;,(1)(14(}7@)71/2
(resp. (Aga) /245 4 A5 o(Ase) /%) on the space £2(A), see [2]. Clearly the it-
erative frame algorithm becomes the iterative algorithm proposed in the paper when
® is an orthonormal basis of V5(®,A). In general, we need more computation for
each iterative step of the iterative frame algorithm than the one of the iterative algo-
rithm in the paper. The consideration which iterative algorithm converges faster and
other implementation of the reconstruction process associated with average (ideal)
sampling/reconstruction process are beyond the scope of this paper and will be dis-
cussed in the subsequent paper. By the general frame theory, the iterative frame
algorithm associated with the average (ideal) sampling/reconstruction process on the
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space Vo(®,A) C L? converges exponentially. Similar to the proofs of Theorems 7.1
and 7.2, we have the exponential convergence of the iterative frame algorithm on
the space V,.(®,A) with 7 # 2, under the assumption that p,q,¢*,r,u, A, A, &, ¥ are
as in Theorems 3.1 or 3.2. The above exponential convergence theorem for iterative
frame algorithm is established in [2, 21] for the shift-invariant setting with some minor
additional assumptions on the exponents p, ¢, ¢* and weight u.

8. Proofs. In this section, we collect the proofs of all theorems and corollaries
stated in Sections 3, 4, 5, 6, and 7.

8.1. Proof of Theorem 3.1. Uunlike in the study of average (ideal) sampling
signals in a shift-invariant space, the main obstacle to consider well-localization of
the displayer comes from the non-group structure on the generator ® and the average
sampler ¥, which makes the standard approach from Fourier analysis inapplicable.
In the proof of Theorem 3.1, we will use the procedure used in the study of localized
frames (see [8, 23, 30, 31, 36, 49, 50, 51] and references cited therein) with some
nonessential modification (see also Remark 3.1). For the completeness of this paper,
we include a complete proof.

For a matrix A = (a(X, X)anea, we denote by ||A| sz its operator norm on
¢?(A). To prove Theorem 3.1, we recall some properties of the matrix algebras of
the Schur class A, , (A, A’) and of the Sjostrand class Cp, (A, A) in [50]. The third
property in Lemmas 8.1 and 8.2 below is usually known as the Wiener’s lemma, see,
for instance, [8, 9, 23, 26, 30, 31, 36, 48, 49, 50] and references cited therein for its
recent development and various applications.

LEMMA 8.1. ([50]) Let 1 < p < p < 00, u and 4 are weights, and A, ', A" are
relatively-separated subsets of R%. Then the following statements are true.

(i) If lua=t||Lr < oo where r = pp/(p — p), then

(8.1) |All4,. < CllA|a4,., forall Ae Asz(AA").

p,u —

(i) If there exists another weight v such that (2.15) and (2.16) hold, then
(82) ||AB||-AP,u S C”AH-Ap,u HBHA;D,u

forall Ae A, (A,A') and B € A, (A, A"), where
P P,

AB:= (Y A\N)B(N,\")

NeN

AEANTEN”

(i11) If u is a p-admissible weight and A is a matriz in Ap (A, A) satisfying
(8.3) || Acllgz > Dyllc||¢= for all ¢ € £2

for some positive constant Dy, then the inverse A~ of the matriz A belongs
to A, (A A).

(iv) If w is a p-admissible weight, then there exist positive constants Cp,Cy €
(0,00) and 0 € (0,1) such that the following estimate hold for all A €
Ap (A A):

1A]l4,..

CQ'I’LQ
—_— B All% >1.
G Al o>

(8.4) A4, < (01
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LEMMA 8.2. ([50]) Let 1 < p < p < oo, u and i are weights on RY, and A is a
lattice of R%. Then the following statements are true.
(i) If |lut=t||z- < oo where r = pp/(p — p), then
(8.5) |Alle,. <C|Alc,, forall A€ Csa(A,A).

p,u —

(ii) If there exists another weight v such that (2.15) and (2.16) hold, then
(8.6) |ABlc,. < ClAle,.lBllc,. forall A,BcC,.(A,A).

(iii) If w is a p-admissible weight on R? and if A is a matriz in Cp (A, A) that
satisfies (8.3), then the inverse A= of the matriz A belong to Cp (A, A).

Now we are ready to start the proof of Theorem 3.1.

Proof of Theorem 3.1. By Proposition 2.2, without loss of generality, we may as-
sume that ® is an orthonormal basis of V3(®, A) for otherwise replacing ® by S—1/2®.
Therefore

(8.7) el gz ) = | D e(Ngall, for all ¢ := (c(A)) o, € L2(A),
AEA

and

(8.8) F= (f.6:)0x for all f € Va(@,A).
AEA

From (2.8), (3.3) and (3.4), it follows that [|¥|q/(g—1),p,u + | ®llg,p,u < 00. This,
together with (2.7), Lemma 8.1, and the following trivial estimate,

|A\IJ,<I><%)‘>| < Z Hw'yHL‘I/(Q*l)(kJr[O,l]d)H(b/\||Lq(k+[O,1)d)a
keZd

proves that the matrix Ay o = (Aw,a(7,A))yer,rea in (4.2) belongs to Ay (', A),
(8.9) Apa € A, (T A).
Furthermore, there exists a positive constant C' such that

(8.10) [Av,e

45w < ClI¥lg/q-1) pull®

|q,p,u~

Clearly the transpose A* of a matrix A € A, , has the same A, , norm as the
one of the matrix A,

(8.11) [A*]| 4, = [1A]l.4, .-
Combining (8.2), (8.9) and (8.11) then yields
(8.12) A*\I,7(I>A\117q> S AP7U(A7A)'

For the matrix Ay ¢, we obtain from (8.7) and the stable assumption on the
averaging sampler ¥ that

(8.13) Cell2 < || (32 Awa (3 )e()

AEA

< Cllell2
£2(I)

yel
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for any £2(A)-sequence ¢ = (¢(A\))xen-
Combining (8.2), (8.12) and (8.13), and applying Lemma 8.1 to the matrix
Ay oAw,a, we conclude that

(8.14) (A} 0 Aw,a) ™" € Apu(AA).
Let
(8.15) R:= Ay a(Ay s Ave) "

write R = (R(7y, \))yer.aea, and define ¥ := {¢, : v € '} by

(8.16) Uy =D R(y, N, v €T,

AEA

Now we prove that ¥ satisfies all requirements of the displayer associated with the
average sampler W. By (8.2), (8.9) and (8.14), we have

(8.17) Re A, .(T,A).
This implies that the sequence (R(7y,\))xea € £1(A) for any v € T, and hence ¥ C
Vi(@,A). o

From (2.7), (8.2), (8.17), and the trivial estimate for W: ||t [|pa(ps0,1)4) <
2onea B M[YallLa(rt(0,1)0), We have

(8.18) 1¥llgpu < ClIRI|A,,. |1 Rllg.pu < 00

For any f € V2(®, \), it follows from (8.8), (8.15) and (8.17) that

(X thw)ibnen))

= (3 tf0n) % Y (000 (3 Ab w1 RO )
MEA A2EA yer Aeh
(819) = (2 (Fon)6a0n) = ((f.02) en

A EA

This proves the reconstruction formula (3.6) for r = 2,

(8:20) f=Y _(f.y), forany f € Va(®,A).

yer

For 1 < r < oo, we obtain from (2.8), (2.9), (8.2), (8.9), (8.17), and Proposition 2.1
that

[ 3232 1601 x I, vl x 1RGO )| x fo|
~el AN EA
< CllellermyllAw,alla, Rl Ay, 12]lrp,u
(3.21) < Clleller )| Aw,0 4y 1Ry [l < 00

LT

for any sequence ¢ := (c¢(A))aea € €7(A). Then for 1 < r < oo, the reconstruction
formula (3.6) follows easily from (8.20), (8.21), and the density of £2 N ¢" in £".
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For r = oo, we have that p = co. Take ¢ = (c(\))xea € £°(A). We let f =
2oaen €N)@x and fi - = 30 _g <, c(A)@x for 7 = 1. Then there exists a positive

constant C' (independent of k € Z? and 7 > 1) such that

sup (@) = fur (@] < D e sup  |oa(z)]

x€k+[0,1]4 Iy—k|>T z€k+[0,1]4
< Cllelles (w12l so poullu™ | Lo e By
and

Sup [ SUF = frs ) ()]

zek+[0,1]4 ~er

<lellee (X A )lent)] s i (@)

Iy—k|>7/24ET AEA  ~ET [A—y]|>7/2,AEA w€k+(0,1]¢
< C||C||é°°(A)HA\IJ,<I>HAp‘uHq’Hoo,p,u”ufl||Lp’(Rd\B(T/2))-
The above two estimates, together with (8.20), lead to
sup  1£(@) — S0 )i ()]
z€k+[0,1]¢ ~er
= sup |(f = fir) (@) = DS = Frr )05 (@)
x€k+[0,1]4 ~er

< C||C||f°°(1\)||u_1||LP/(Rd\B(T/2)) —0as 71— oo,

for all k € Z%, where we have used the assumption (2.17) to obtain the last limit.
This proves the reconstruction formula (3.6) for r = oo, and hence completes the
verification that the collection ¥ in (8.16) is the desired displayer associated with the
average sampler .

Now we prove that the displayer ¥ in (8.16) is enveloped by a function in
Woo(Lyp ) when A is a lattice, and the average sampler ¥ and the generator ® for the
space Vo(®,A) are enveloped by some functions g,h € Woo(Ly ) respectively. Let
Ay,e = (Ay,a(7,N))veraea be as in (4.2). Then for any A € m + [—1/2,1/2)¢ and
N em'+[-1/2,1/2)% with m,m’ € Z4,

(A 0 Awe) AN < D Y IR+ X = k)l e o,00) l9¢ + 1 = B) |l o 0,114)
k,lcZd pel
X[lg(- + = Dl o o, (- + X = Dl oo (0,174

<C YR+ m =B g o129 lg( + 1 = E) | e 1,20
k,l,ncZd

xNlg(- +n = Dll o (1,20 [1A(- +m" = )| Loo(-1,21)
<d(m-m')
for some sequence (d(m)),,eza with (d(m)u(m)),,cze € ¢P. This implies that

(8.22) ATII,@A‘IH‘I) S Cp7u(A,A).

Therefore using (8.13) and (8.22), and applying Lemma 8.2 to the matrix Ay sAv,,
we conclude that

(8.23) (A oAw,a) "' €Cpul(AA).
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Let R be the matrix in (8.15) and W := {1,y € T'} be the displayer defined in (8.16).
Then for v € k+[0,1)¢ and = € 1 + [0,1)4,

|th- ()] < Z Z lg(- 4+ v = m)| oo o,y 1B (- + X = m)| Lo (0,174

MNEA meZd
(A% e Aw,a) " (N, M)Az = X)
<C > 9l
n,n’ ,mezd

bn—n')  sup  |h(y)] < c(k —1),
y€l—n+[—1,2]¢

Lo (m—kt]—1,2]4) |1 Pl oo (m—n/+[—1,2])

where (b(k))reze and (c(k))peza are sequences with (b(k)u(k))reza and (c(k)u(k))reza
belonging to ¢P. This proves that ¥ := {1,y € I'} is enveloped by some function in
Woo(Lyp.u), and hence completes the proof. 0

8.2. Proof of Theorem 3.2. By (3.7) and relatively-separatedness of the sets
I' and A, the matrix As. .o = (&x(7))verrea in (4.3) belongs to A, (', A). Then we
may reach the conclusion of Theorem 3.2 using the same argument as the one in the
proof of Theorem 3.1 except replacing the average sampler W by the ideal sampler Jr.
We omit the details of the proof here. 0

8.3. Proof of Theorem 4.1. Let S be the frame operator (2.20) on the space
V2(®,A). By the frame assumption on the generator ®, we have

(8.24) CHIfllz < IS fll2 < C|If]l2 for all f € Va(®, A)
and

(8:25) OS2 < [[((.03)) en o) < ClIF Il for all f € Va(®, A).

Then the conclusion follows from (8.24), (8.25), and

(A g Avoe.c) = [[((SF.02))crllo,

for any ¢ = ((f,#x))ren, where f € Va(@,A). O

8.4. Proof of Theorem 4.2. Note that (A} 5 As. sc,c) = [(Sf(7)rerlln
for ¢ = ((f, Pr))ren, where f € Vo(®,A). This, together with (8.24) and (8.25),
proves the conclusion. O

8.5. Proof of Theorem 5.1. The estimate (5.1) follows from (3.6), (3.8),
Proposition 2.1 and the following inequality:

DIV A RS D[V R i R P [ A A«

yel vel yer

8.6. Proof of Theorem 5.2. Let Ay ¢ and Ay’ ¢ be the Gram matrices as in
(4.2). Then there exists a positive constant C' independent of the average samplers
P’ and ¥ by (2.8) and (8.10) such that

[Av.e — Av a4, = Av-v a4,
(8.26) < C”‘I’ - ‘IJIHq/(qfl)ypyoz”(m

q;p;u < C”\II - \II/Hq*,p,u

|

|q,p,u~
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This, together with (8.2), yields the following estimate:

q*,p,us

(8.27) [(Av,e)" Ao — (Aw a) Ay a4, <C|T -
which then implies that

1((Apr,0)* Av o) " = (Av,0)*Ave) " la,.
<Cl((Av,0) Av,0) " 4,..

X i H (((A\Il,d))*A\I/,(I))_l (Ap,0)" Av,o — (A\y/@)*A\I,,@))k‘

k=1
< Cl((Av,2) Av,2) " 4,

Apu

- * — * * k
x> (Cll(Av,2)" Aw,2) |, . [(Av,e) Ave — (Ava) A a)ll4,..)
k=1

<c> (Cly-v
k=1

C?| U — V| g% pu C?6
q*pu)k, H q*,p, < 0 < 00
o 1-C| — ¥ pou 1—Céy

when dp in (5.2) is sufficiently small, where we have used the estimates in (5.2), (8.2),
(8.14) and (8.27). This proves that ((Ay ¢)*Aw a)~ ' € Ay u(A,A) as dp in (5.2)
is sufficiently small. Moreover using the argument in the proof of Theorem 3.1, we
conclude that ¥’ is a stable average sampler for the space Vo(®,A), and

(8.28) IR = Rllp.a < CI¥ = ¥lg- p.a

for some positive constant C', where R = Ay o ((Aw.0)* Avr o)t = (R (7, \))errea
and R = Ay o((Av,)*Av.a)" " = (R(7,A))~er,nea. Therefore the displayers U =
{1/;; : v €T}and U = {4, : v € T} associated with the stable average sam-
plers ¥' and W respectively, which are defined by ¢ = > .\ R'(7,A\)éx and ¢, =

2 oxea B(v, Néa, v €T, satisfy

(8.29) |0 —

q*,p,u-

oo S CIR = R4, [®llg= pu < ClIT — ¥

Hence (5.3) follows. O

8.7. Proof of Theorem 5.3. We can use the same technique as the one in
the proof of Theorem 5.2 except the matrices Ay o and Ay o and the estimate
(8.26) being replaced by the matrices As. o = (da(7))verrea and As., . = (oa(y +
0+))~ver,aea, and the estimate |As. 0 — As., oll4,. < [|[Ps,|lco,p,u for sequences {0}

p,u —

with sup,cr 0] < do respectively. We omit the details of the proof here. a0

8.8. Proof of Corollary 5.4. The first conclusion follows from Theorem 5.2
and the equivalence between Zlel 10nllw,. (L, .) and [[©] g« p,a where © = {6,(-—7) :
1<i<L,yeTl}.

For any continuous function ¢ in Weo(L, ), there exist continuous functions
¢n,n > 1, with compact support such that lim, . [|¢n — @|lw.. (L, ) = 0. Therefore
the modulus of continuity w(¢,d)(x) := supy<s [¢(z +t) — ¢(z)| of the continuous
function ¢ in Woo(Lyp,.) has the property that [|w(e,0)|lw.(z,.) — 0asd — 0 ([2]).
This together with (2.13) and Theorem 5.3 proves the second conclusion. a
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8.9. Proof of Theorem 6.1. For average sampling on the space V,.(®,A) with
the average sampler ¥ := {¢.,,y € I'}, we introduce two local reconstruction approx-

imation of a function f € V,.(®,A) on a bounded set K using average sampling data
on the R-neighborhood B(K, R) of the set K by

(8.30) frr= Y, (f)ds,
yerNB(K,R)

and

(8.31) fer= Y. (fH)¥lkr
ve€INB(K,R)

where

by = Y (W00 (A edue) T (M, Aa)o,

A1, A2€A

and

&;,K,R = Z (¥, ¢k1>(A*\II,¢>A‘I’,‘I>)71()‘13 A2)Px, -

A, A2€B(K,2R)NA

For a bounded domain K and a positive number R > 0, define the projection
matrices Px r and Qi r by

_ [ e(\) if xe ANB(K,R)
(Pr,re)(N) = { 0 ifA¢ANB(K,R)

for any ¢ := (¢(\))rea, and

[ d(y) ifveTNB(K,R)
(@, rd)(7) —{ o it 3 ¢T N B(K,R)

for any d := (d(7y))~er-
To prove Theorem 6.1, we need the following estimates for f — fx r and fx r —

fIl(,R:

LEMMA 8.3. Let p,q,q*,7,u,A\,T,®, U, U be as in Theorem 3.1, and set p' =
p/(p—1). Then there exists a positive constant C (independent of the bounded set K,
the positive number R > 1 and the function f € V,.(®,A)) such that

(8:32) |1 fxc,r = fllr(re) < Cllu™ oo ey | ((Fs ) )ver B, vy ller (0\ B¢, RY)

and

(8:33) |l fx,r — fx.r

Lr(K) < CHu_lH%p/(Rd\B(R))||(<f; ¢7>)V€B(K7R) (" (B(K,R))

Jor any compact set K, any positive number R > 1, and any [ € VT(<I>~, A).
Proof. Let K C Z¢ be the minimal subset of Z¢ such that K C K + [0,1)¢. For
1<r<gqgandr < oo,
I = Frerlliee = || X0 ()]

Y€k, R

L7 (K)
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S/f(ﬂo,nd( S P @]) (3 @) ds

7¢Ik, R AN
~ ~ r—1
< 3 KA Y I leegrionn x (0 18 llesion)
7¢Ik, R keK 7¢Ik, R
< H((f? ¢'Y>)'Y€F\FK,R||ZT(F\FK,R) x ( Sup Z ||¢’Y||LT (k+1[0,1]4 ))
Preor ek

(8.34) x(surg > Wv||Lv~(k+[0,1]d>)P1

ke€K yary

where we set 'x p = I' N B(K, R). Then for all r € [1,00) with 1 < < g, we have

If— fK,R”LT(K) < C||(<fa 1/}’y>)'y€F\FK,RH€T(F\FK,R)
(8.35) XNull o (mear R 1Y Iy

For r = oo, it follows from r < ¢ that ¢ = co. Then using standard modification to
the estimate (8.35), we obtain

If = fre.rllLe i) < C||((Fr 8y ))veriru rllese (P r)
(8.36) XHUHLP’(Rd\B(R))”\IJ”OOJ?»H'
Then the local estimate (8.32) follows from (8.18), (8.35) and (8.36).

Set Ro = ([|oxll - (k+10,114) ) aea,keze and |A] = (Jax x]) for a matrix A = (ax ).
Then it follows from (2.7), (2.9) and Lemma 8.1 that

sup Z 19y = %3 ke rllr (e 0,11)
k€K ~eB(K,R)NT

sup w 7'
'yGB(K R - Z I3~ ’y KRHL (k+[0,1]9)

< C(sup Z + sup Z)

k€K yep(K,R)nr  YEBER)NT 7
> > o+ X ¥
AEB(K,2R)NA N EA\B(K,2R) AeA\B(K,2R) N €A

(0, )] 1(AG,0Aw,0) " (A N) e (410,17

< C||Qk,r |Av,a| Pr2r |(A},¢A¢7¢)’1| (I = Pr2r)Ror Pr 1| A, .,
+CQxk.r |Av.a| (I — Px2r) (Ay 0Avws) ™| Re,Pralla, .,

< Cllully g gyl 1Av.el Przr (A4 oAve) ] 4, | B4,

+ClullL (AY 0Ave) | Rorlla,.

(8.37) < Cllully gy peaylAw.a 4, 1(AG 0 Av.e) ", 1@ lrpu-

This together with (8.10) and (8.14) proves (8.33). O

To prove Theorem 6.1, we need another lemma.

LEMMA 8.4. Let p,q,q*,r,u, A,T,®, U, U be as in Theorem 3.1, and Ay o be as
in (4.2). Then there exist positive constants C' and g (independent of the bounded
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set K and the positive number R > 1) such that

|Pr 2r(Ay 0 Aw.e) ' Pk 2r — Px2rRv ok 3r Pk 2Rl 4, .,

2
(8.38) < CHUHLP’(RUL\B(R))

holds for all bounded sets K and all positive numbers R with ||u||Lp/(Rd\B(R)) < g,
where Ry ¢ k3R 1S the generalized inverse of the matriz PK}3R/~1\1,’¢,K,RPK,3R, that is,

Ry .ok 3rPk 3rRAv,0 k. RPr3r = Pk 3r and Pk srRv o k3rPKr3r = Rv.o K 3R-
Proof. By (8.13), for any A > (||A§,7¢A@7¢||32)1/2 there exists a matrix B €
Ap (A, A) such that

(8.39) A} o Ave = A*(I — B),
and
(8.40) IBlls2 <1,

where [ is the usual unit matrix. By (8.4), (8.40), and the estimates || Px s BPk sr| 52 <
B> and || Prc 3r BPr gl 4,. < |Blla,,., we have

IBlls> +1

kk
> 1.
) ke

(841)  1B"4,.. + | (PrsrBPrsr)" |4, < O

Therefore for k > 2,

o0 o0
k k
HPK,zR E B"Pykor — Pk 2R E (Pk,3rBPxk 3Rr) PK,2RH
1,u
k=1 k=1 o

(oo}
<Y > 1Pk 2r(PksrBPksr) B(I = Pxsr)B¥ '~ Piaglla, .,

< CZ | Pic 2r(Pi s BPk 3r)' B(I — Pk 3Rl 4, .,

x|[(I = Pk 3r)B* "' Pk arlla, .,
oo k—2

< Ollullfy ma sy 2 D N (PrarBPrar) Blla,, 1B 74,
k=2 1=0

| Bllg= +1yk1
< Ol g 1Bl D0 = 1) (=)

2
(8'42) < C||UHLP’(Rd\B(R))7
where we have used (8.40) and (8.41) to obtain the last inequality.
Write

(8.43) Px 3rAv o k. rPx.3r = P 3rAYy 0 QK arAv 0 Pr 3r = A*(Pxsp — B'),

where A is the positive constant in (8.39). Since

| Pr 3rAY 0 QK ar A 0 P 3r — Pr3rAY 6 Av,e Pr 3R 52
<[Pk 3rAY 0 QK arAv,0 Pr 3r — Pr3rAY 0 Av,e Pr 3Rl A, .,
(8'44) < CHu”ip’(Rd\B(R))||A\I’,<I>||?4p,uﬂ
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we have that

1~ |Blls
(8:45) 1 PrcanBPicar — Bl < Dollull2, oy iy 1w 0%, < 51

when ||ul|? < g for some sufficiently small positive number dy, where Dy

L' (RY\B(R))
is a positive constant. Therefore

Bllpz + 1\*
(8.46) 1B Ly, < o(PIE Y sy

by (8.4), (8.40) and (8.45). Similar to the argument in the proof of the estimate
(8.42), we have

HPK 2R Z )" Prc2r — Pk 2R Z Pk 3srBPi sr)" Px QR’ 4

1,ug
co k—1
<> > BB - Pk 3rBPxk sr) (P 3srBPr3r) ™ 4, .,
k=11=0
|Blls= +1
(847) < Cllull2, s | Aw.0 L, . Zk(f) < Cllull2, o ey
k=1

where the second inequality follows from (8.41), (8.44), (8.45) and (8.46). Combining
(8.39), (8.42), (8.43) and (8.47) proves the desired estimate (8.38). O

Now we start to prove Theorem 6.1.

Proof of Theorem 6.1 By Lemma 8.4,

sip > (A adee) AN~ (Avan) T AN S Cllul o 5y
A€B(K:2R) /e B(K,2R)

which, together with (8.9) and Lemma 8.1, implies that

(SUI_) Z + sup Z )Hz/’a, K,R™— w,K rllLr (k+[0,1]4) < C”UHLp (R4\B(R))"
keK yep(k,rynr  YEBUSRINT o g

(8.48)

Therefore the estimate (6.7) follows from (8.48), Proposition 2.1 and Lemma 8.3.

O

8.10. Proof of Theorem 6.2. Theorem 6.2 can be proved using the similar
argument to the one in the proof of Theorem 6.1 except the average sampler ¥ being
replaced by the ideal sampler dr. We omit the details of the proof here. ]

8.11. Proof of Theorem 6.3. For any bounded set K, we let
Va(®,ANK) = { Y cWda Y TP < oo}.
AEANK AEANK

By the Riesz assumption on &,

(8.49) CMlellamar < || X0 een|| , = Cllelanar

AEANK

L2(R4)
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for any sequence ¢ := (¢(\))xeank- For any R > 1, it follows the localization assump-
tion on the generator ® that

| X e

2

L?(RI\B(K,R))

AEANK
< > feWP > H¢A\|L2(k+[o71]d)( > ||¢>\’||L2(k+[071]d)>
AEANK k€Z4\B(K,R—1) NeAnK
(8:50) < CIPI3, llu 12 sy o VP
AEANK
We recall that
(851) Hu_l‘ILp/(Rd\B(R)) —0as R— o0

by (2.17). Therefore by (8.49), (8.50) and (8.51), there exist positive constants C' and
Ry such that

52 e,z < H ( < ,
(8.52) CMelemnmy < || Y. eNoa B Cllellez(ank)

AEANK

for all sequences ¢ := (¢(N))xeank-
Set K1 = B(K,R;). For the average sampling/reconstruction process, there
exists a positive constant C' by Theorem 6.1 and Lemma 8.1 such that for any R > 1

and f = Z,\eAmK c(N)oa,
1 F%, = Flle2 ) < Cllu™ Lo ey Ber | ((Fs ¥4 ))verllez )

(8.53) < Clla™ |l sy HAwallan, (D 1)
AEANK

1/2

Similarly for the ideal sampling/reconstruction procedure, there exists a positive con-
stant C' such that for any R > 1 and f = > xqx (Ao,

~. _ 1/2
591 Fie, = Fllzzcn) < Clla™ o sy [ Ase o, (D 1)
AEANK

Therefore there exists a positive constant Ry independent of K by (8.9) and (8.51) —
(8.54) that

(855 c'( X \C(A)\Q)WSHf%l,RzllL%Kl)SC( > 'C(A”Q)W’

AEANK AEANK
for the average sampling/reconstruction process, and
1/2

856 (X 1eP) " <l mlean <0 X 1ewE) )

AEANK AEANK

for the ideal sampling/reconstruction process. Therefore the conclusion (6.9) follows
by letting Rg = Ry + Rs. 0
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8.12. Proof of Theorem 7.1. Let Ay o be as in (4.2), and the matrix B €
Ay w (A, A) be as in (8.39) and (8.40). Write the sequence (ay),er as a vector, to be
denoted by a, and the family of functions ® as a vector, which is still denoted by ®.
We claim that

(8.57) fo=> a"AyeB*®, n >0,
k=0

where a” denotes the transpose of the vector a. The above claim is obviously true
for n = 0. Inductively we assume that the claim is true for n. By (7.1), (8.39), and
the inductive hypothesis, we have

fn+1 = aTA\p@(I) + Z aTAq,@BkCI) — A2 Z aTA\I;@BkA*\I,’@A\p@q)
k=0 k=0

=ad"Ayo®+ > a"AyeB"® ) a" Ay oB*(I - B)®

k=0 k=0
n+1
== Z aTA\I/A)Bk@.
k=0

This proves the claim (8.57) by induction.
By (8.9), (8.41), (8.57) and Proposition 2.1, we have

| fasr = fulle = lla” Ay 0 B"1 ]|,
< Clalle @y 4w 0ll.a,, 18" .4, [ 2l g.p.c
<||B||132 +1

(8.58) <C :

) lallgrry for all n >0,

where a := (ay)~yer. The first conclusion then follows from (8.58).

Now we assume that the initial data a := (ay),er are obtained from average
sampling a function f € V,.(®,A). Taking limit at both side of f, = fo + fn-1 —
A72T,,fn_1 and using the Riesz property of ®, we obtain

(8.59) Z(f — foor 0y ) (¥4, 02) =0 for all A € A.
yel
Write
(8.60) f=to=_drdx
AEA

for some ¢" sequence d = (dx)rea. We then may write (8.59) as
(8.61) d" Ay 4 Av,e = 0.

Combining (8.13), (8.60), and (8.61) leads to the second conclusion of the theorem
that the limit function f., agrees with the original function f. O

8.13. Proof of Theorem 7.2. We may use the same argument as in the proof
of Theorem 7.1 with standard modification, for instance, the matrix Ay ¢ in the proof
of Theorem 7.1 by the matrix As. o = (dr(7))yer,rea. We omit the details of the
proof here. a
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