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ABSTRACT. One is given a diffusion process and two payoffs which depend
on the process and on two stopping times 7, 7,. Two players are to choose
their respective stopping times 7, 7, s0 as to achieve a Nash equilibrium
point. The problem whether such times exist is reduced to finding a
“regular” solution (u;, #,) of a quasi-variational inequality. Existence of a
solution is established in the stationary case and, for one space dimension,
in the nonstationary case; for the latter situation, the solution is shown to be
regular if the game is of zero sum.

Introduction. We consider in this paper a nonzero-sum stochastic differen-
tial game with two players, where the decision variables of the players are
stopping times. The system evolves according to a stochastic differential
equation. The player who decides to stop first prevents the other from
continuing and payoffs are computed for each of them. We are looking for a
Nash equilibrium point. The model is a natural generalization of the two
player zero-sum game studied in Friedman [14]}. In Chapter 1 we give
sufficient conditions for existence of a Nash equilibrium point. These condi-
tions are stated in terms of functions u,(x, ), u,(x, ) which represent the
payoffs for the Nash equilibrium point when the system starts at time ¢ in
position x € R™:

Suppose there exist functions u,, u, satisfying the following system of
differential inequalities:

0.1) u(x, T) = h(x),
(0.2) U; < (P,‘a
if y, = ¢; forj # i, then u; = ¢,

(0.3)
if u, < ¢, forj # i, then
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276 ALAIN BENSOUSSAN AND AVNER FRIEDMAN

ou;
- e +A(1)u,. < f;

0.
0.4) .

(4 — ¢,-)(— = A —f,.) —0,

where A4(¢) is a second order elliptic differential operator in x and ¢,, {;, f, #;
are given functions (in terms of which the game is defined); suppose also that
the u; satisfy some regularity conditions. Then there exists a Nash equilibrium
point for the initial problem.

In Chapter 2 we study the existence of solutions for (0.1)-(0.4) in the
stationary case (i.e., the u, do not depend on ¢). We formulate the problem as
a quasi-variational inequality, and then prove an existence theorem based
upon the study of fixed points of a monotone increasing mapping. The
regularity as well as the uniqueness of the solution is left open, the latter
being probably false.

In Chapter 3 we study the existence of a solution for (0.1)-(0.4) in the
(nonstationary) case n = 1. Here again an existence theorem is established
using a fixed point theorem for a monotone increasing mapping. Under
suitable conditions it is proved that the free boundary consists of two
monotone and continuous curves x = 5;(¢), 5;,(1) < 55(¢).

The fixed point theorem used in Chapters 2, 3 is due to Tartar [23]. It was
also applied in [20] in order to solve a parabolic quasi-variational inequality
arising from a Stefan problem of melting of ice with variable latent heat.

In Chapters 4, 5 we use the method of nonlinear Volterra integral equations
in order to solve parabolic free boundary problems in one space dimension.
In Chapter 4 we consider a Stefan type problem involving two “tempera-
tures” 6, and 6,. By classical methods ([12], [13]) one establishes the existence
of a unique regular solution as long as ¢,,, 8,, are a priori bounded. When
the initial “temperatures” are nonnegative, a priori bounds can be obtained
without difficulty (see the proof of Theorem 4.1). When the initial “tempera-
tures” take also negative values, it is harder to establish the necessary a priori
estimates (see proofs of Theorems 4.3, 4.4). Our results in this case are
extensions of the works of Van Moerbeke [24] and Friedman [16].

We also derive in Chapter 4 an estimate on s,(f) — 5,(f) as t — 0.

In Chapter 5 we apply the methods of Chapter 4 to a somewhat different
system of Stefan type problem which corresponds to the zero-sum game (in
the case n = 1); this system is in some sense a special case of the system
studied in Chapter 4. We deduce that not only are the functions u,(x, 7) and
u,(x, t) regular (which is already known for general n > 1, by Friedman [14])
but also the free boundaries are regular curves.
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NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 277

CHAPTER 1. THE DIFFERENTIAL GAME WITH STOPPING TIMES AND
CHARACTERIZATION OF A NASH POINT BY A SYSTEM OF DIFFERENTIAL
INEQUALITIES

1.1. Assumptions; notation. Let (2, &, P) be a probability space and ¢,
t > 0, be an increasing family of sub o-algebras of @. Let b(f) be an
n-dimensional (standard) Brownian motion with respect to the family %,. Let
g(x, t) be an n-vector defined on R” X [0, o) and let a(x, t) be an n X n
matrix defined on R” X [0, o0), such that

(1.1) g is continuous and bounded,

(1.2) |g(x, 1) — g(x’, )] € C|x — x'| for all x, x’ (C constant),

(1.3) o is continuous and bounded,

(1.4) 90(x, t)/3x is measurable and bounded,

(1.5) ! is continuous and bounded.

We denote by y,,(s), s > ¢, the solution of the stochastic differential
equation
(16)  dyy(s) = g(rx(s), 5) ds + 0y () 5) db(s),  Pult) = x.
In the following all the stopping times which we use are considered to be
stopping times with respect to %,.

Let T be a positive number and let fi(x, 1), ¢,(x, 1), §;(x, ) (i = 1, 2) be
functions such that

fs ¢, ¢, are continuous and bounded

a.n in R" X [0, T}, f, € LXR" X (0, T)),
' ¥ < ¢ for all x, ¢ in R" X [0, T}
(i=12).

1.2. Definition of a Nash point in the nonstationary case. We consider two
players such that each of them may decide to stop the process y,, starting at
time ¢ < T. Given two functions A,(x), k,(x) satisfying

(1.8) h; are continuous and bounded,

we define the payoff functions J/,(r,, 7,), where 7, are stopping times such
thatt < 7; < T, as follows:

iy (rymy) = E[ f " (7a(5), 9) d5 + Xy V(7 T)
(1.9) + X3 5,159 (Pxe () T) + Xy m P Ve (T))
( # i)

where x, is the indicator function of 4.
Our problem is to find a Nash point for the J},, i.e,, to find #,, 7, such that
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278 ALAIN BENSOUSSAN AND AVNER FRIEDMAN

1.10) I (Fp 7)) < JL(r %), JRE(F, %) < JX(F,7,) foranyT, T,
1.3. System of differential inequalities. For ¢ fixed, ¢ € [0, T, we define the
second order differential operator 4 (7) by

W A@w=- 3 Lo a2 S g
= 2 ax,.axj o axj
where the a;(x, t) are the components of the matrix a(x, ¢) = oo*(x, 1),
o* = transpose of ¢, and g(x, ) are the components of g(x, #). Let Q = R”
X (0, T).
We introduce the following problem: Find two functions u,(x, 7), u,(x, )
such that

(1.12)  u, is continuous and bounded in Q, 4, € L}(0, T; H' (R"));
(1.13) u(x, T) = h(x) (x € R™);
(1.14) u(x, 1) < ¢,(x,t)in Q;
(1.15) if u;(x, t) = ¢;(x, ¢) forj # i and some (x, #) in Q,
then u,(x, 1) = §,(x, 1);
if 2 = {(x, 1) € Q; uy(x, 1) < ¢(x, 1) forj # i}, then

du

au, .
e oy e L2E), - L+ A < f aeinZ,

d
oy )
(u — &) — T +A()u;, — fi| =0 aeinZ,

We will refer to (1.12)-(1.16) as the system of differential inequalities
(associated with the stochastic differential game).
To u; we correspond a set C; defined by

(1.17) C = {(x 1) € Qs u(x, 1) < i(x, 1)},

which by virtue of the continuity properties of the functions u; and ¢, is an
open subset of Q. (Notice that C, = Z,, C, = Z,.)

1.4. Sufficiency criterion for existence of a Nash point. We define the exit
time of C; by

(1L18) 7; = inf{s; t << T,y,(s) € C;} if such numbers s exist,

= T otherwise.
THEOREM 1.1. Let the assumptions (1.1)~(1.5), (1.7) and (1.8) hold. If there
exist functions u,, u, satisfying (1.12)~(1.16), then for any x, t, the 7, given by
(1.18) form a Nash point for the payoff functions J!,. Furthermore,

(1.19) u(x, 1) = J} (), 7).
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NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 279

Proor. We shall use the following slight extension of Ito’s formula. Let
®(x, 1) € L2(0, T; H' (R™)), [ 92 —A(t)dJ] € 13(0),

® continuous and bounded on Q— Then for any stopping time §, ¢ < § < T,

and for any ¢ > 0 we have

E®(y,(0),0)=E®(y, (0N (t+¢),0A(t+5¢)

+E[° ( R A(z)q>)(y (s), ) .
oA(+e)\ O X'

For the proof of (1.20) see [3], [4]. Let us note that 7; (j # i) is the exit time
of =,. If we restrict ourselves to stopping times 8 such that < 8 < 7, then
we may apply (1.20) with functions ® such that

[ 90 —A(z)«b] € L3(S).

(1.20)

® € L*(0, T; H'(R™)),

Indeed, for any A > 0 let Z* = {(x, 1) € T, dist((x, #), 3Z,)) > A}, v, = exit
time from 3*. Since we can modify ® ouiside =* so that the modified
function satisfies the regularity properties of (1.20), we conclude that (1.20) is
valid with 8 replaced by @ A y,. Taking A}0, (1.20) follows.

Lett < 7,7, < T be stopping times. We shall prove that
(1.21) uy(x, £) < JA (7, 7,), uy(x, t) < J1(1, 7).
Let j=1if i=2 and j=2 if i = 1. Applying (1.20) with ® = », and
6 = 7, \ 7, we get

Eui()’xt("'i N\ ’FJ)’ UTAN 1‘:;)

(122) = Eu(yu(n A G AL+ )T A G A+ 6)
Tl/\‘rj
¥ Ef /\'r,/\(t+e)( ot +A(1)y, )(yxt(s) s) ds.
From (1.16) it follows that
: du,
B[ (_ 2 +A(t)u,.)( y.(5) 5) ds
(1.23) HATAG+E)

TN,
SE[™Y  fi(yuls)s) ds.
LATA(+E)

From (1.13) and (1.14) we also have
ui()’xt(Ti AN 7":,)> WA 'Fj) < ¢i(Yxt(Ti)’ Ti)x'r,<13
+ X35, 75i% (P (), 1) + Xomi =i (P T))-

(1.29)
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280 ALAIN BENSOUSSAN AND AVNER FRIEDMAN

Using (1.23), (1.24) in (1.22), letting ¢ — 0 and noting that
Eu,-(yx,('r,- ANGAN{E+e)TNANGA(+ e))) - u(x, )

since u; is continuous and bounded, we obtain (1.21).
It remains to prove that

(1.25) u(x,2) = Ji, (F1 T2)-

We use similar.arguments to those above.
From (1.16) we get, if j # i,

E ﬁA;j - -—aui +A(t)u ( (S ds
. - at iV xt )’ S)
(1.26) IATAGEe

= E [N (uls),5) dbs.
TiIN\T

From (1.13), (1.14) and the fact that if 7, < 7; then
U (Y () 7)) = & De (725 T2
we get (1.24) with equality instead of inequality and 7; instead of 7,. Taking

7, = 7; in (1.22), using (1.26) and (1.24) (with equality), and letting ¢ — 0, we
obtain (1.25), which completes the proof of the theorem.

1.5. Stationary case. We now assume that
(1.27) 8,0, [, ¢, Y, donotdependon ¢; T = +c0.
We introduce a constant (discount factor) @ > 0 and define the payoff

Ji () = E[ 7" R 0e0) e+ ez

(1.28) + Xo o i(Vx(7))e ™

(J# i),
where y,(7) denotes y,,(?). As in §1.3, we introduce functions u,(x), u,(x) (not
depending on time) such that

(1.29)  w;is continuous and bounded, 4, € H' (R");

(130) uw,<¢; (xER")

(1.31)  if u(x) = ¢;(x) forj #* i and some x, then %, (x) = ¥;(x);
if 2, = {x € R" uy(x) < ¢(x)} (j # i), then

(132) Au, € L*(Z), Ay < f, ae.inZ,
(, — ¢)(Au, — f;) =0 ae.in X,

Here,
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NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 281

“ ow
2 g(x) a_x, +aw

i=1

-_1s3 W _
(1.33) Aw= -3 i,j2=|aij(x) a50x

where (a;) is the matrix 06*(x) and g;(x) are the components of g. We define
(139 C = {x € R" u(x) < ¢,(x)}
and state without proof a theorem analogous to Theorem 1.1:

THEOREM 1.2. Under the assumptions of Theorem 1.1 and (1.27), if there exist
functions uy(x), uy(x) satisfying (1.29)~(1.32), and if 7, = inf{s > 0, y,(s) &€
C,}, then the pair (7, 7,) forms a Nash point for the payoff functions (1.28).
Furthermore,

(1.35) U (x) = Jo (31, 7,).

It is assumed here that 7, ¥, are well defined, i.e., that y (s) & C, for some
times = s; (i = 1, 2).

REMARK. The results of this chapter can be extended to N-person nonzero-
sum game with payoffs

. ’ A AT
J.xl't (71’ o TN) = E[_/; l Nf;' (yxl(s)’ S) ds + X-r,-</\j,,,,-rj¢i(yxt(7i)’ Ti)
+ X1-,->/\,¢,-'5-,T>/\/,e.-‘r,-¢i (y xt ( _,Q,-Tj)’ 1/5},71)

+ X‘I’l- b -TN-Thl(yx'(T))]'

In the condition (1.15) one has to assume that ,(x, #) = ¢,(x, ) for some
J # i, and in the definition of =, in (1.16) u;(x, 1) < ¢(x, ) forall j #i. A
Nash equilibrium point (7, . . . , 7) is defined by

J(Frrevsin) ST (Fppev s By T niy) (1< i< N)

for any 7, ..., 7y. Theorems 1.1, 1.2 and their proofs readily extend to this
case.

CHAPTER 2. STATIONARY QUASI-VARIATIONAL INEQUALITIES

In this Chapter we consider the stationary case for any dimension n.

2.1. Assumptions; notation. Consider a second order differential operator

@.1) 1 & 9 ow z ow
. Aw= - > 2= _(a”_)-’-,gl%s;j +ayw,

where

(22) [ a,(x), a,(x) are functions in L*(R"),

ag(x) > a > 0; a; = a;.
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282 ALAIN BENSOUSSAN AND AVNER FRIEDMAN
When

1 6
23) 40 =33 5 g al)=e

we get the operator 4 of (1.33). We shall make the assumptions:
(24) DaE> y2 E? forall real §, y positive constant,
ivj i

da;
(2.5) g is differentiable and ay(x) — % > —é;j— > B >0 (B constant).
J J

Let ¥ = H'(R™). We define on the Hilbert space ¥V a bilinear continuous
form a(u, v):

26) a(u,v)= Ef i gz 8;) dx +2f dx+f aguv dx.
Noting that
du Ju 1 da;
a(u)-—a(u,u) —zf y?)-x——;;d'i' (ao—-z—z—x—) dx
2.7 7
> B u?dx,
Rll

we conclude that
2.8) a(u) = 0 implies u = 0.
We consider functions f, ¢, §; (i = 1, 2) satisfying (1.7) and (1.27). For u,, u,
in Lz(R") define the sets
(4) ={v € V;v < ¢;ae.and ae. in x,

if u(x) > ¢;(x) then v(x) = Y;(x)} (Jj#i).
Clearly K;(u) is a closed convex subset of V. It is not empty since v = ; €

K;(u;). We denote by (, ) the scalar product in L%(R™) and by ((,)) the scalar
product in V.

2.2. System of Q.V.I. We consider the following problem: find u,, u, in V
such that

(2.9)

u) € K, (1), u € K (uy),
(2.10) a(u,v—u) 2(fi,v—u) foreveryov € K, (u,),
a(uy,, v — uy) 2 (fr, v — uy) foreveryv € K, (u;).
We call (2.10) a system of quasi-variational inequalities (Q.V.l.). We can

formulate (2.10) as one Q.V.I. in V2= ¥V X V, defining for u = (u,, u,),
v = (v,, v,), the bilinear form
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NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 283

2
a(u,v) = 3 a(u, v)
i=1
and setting f = (fi, o)
K(u) = {v = (v),0,); v; € K| (1), v; € K3 (v))}.

With this notation (2.10) is equivalent to
(11)  a(u,v — u) > (f,0— u) foreveryv € K(u), u € K(u).
In (2.11) by (f, v — u) we mean 32_,(f,, v; — u,).

Now (2.11) is a Q.V.I. as defined in [2], [4}, [5], [6]. Systems of Q.V.I. have
already been considered by Bensoussan-Lions [7]. However, the situation here
differs from the one considered by these authors, because the convex set K (v)
is decreasing with u instead of increasing. Let us state this more precisely. We
consider in V2 the natural order relationship

(2.12) v>0v ify(x) > v/(x)ae,fori=12.
One easily checks that
(2.13) K()yc K(v) ifv>0.

We say that the convex set decreases, and that the Q.V.I. (2.11) is a decreasing
Q.V.L For such Q.V.I the general existence results of Bensoussan-Lions [7]
and of Tartar [23] cannot be applied. Decreasing Q.V.I. have already been
considered by Bensoussan-Lions [8], but with assumptions on the continuity
of K (v) with respect to v, which are not satisfied here.

Before giving existence results for (2.10), we shall show how (2.10) is related
to (1.29)-(1.32). We have

THEOREM 2.1. Let (2.3) hold. Suppose there exists a solution (u,, u,) of (2.10)
such that the functions u; are continuous and bounded. Define Z; as in (1.32) and
suppose that Z; has a smooth boundary, that the complement of Z, is not of
measure 0, and that Au, € L*(Z)). Then the u;’s form a solution of (1.29)~(1.32).

PRrOOF. Let S; be the complement of X,. Since u; € K,(1) (j # i), we have
%(x) = Y;(x) a.e. in S;. By continuity we have u; = y; everywhere in S;, which
proves (1.31).

Noting that if v € K;(1),j # i, then v = u; on S; and we get from (2.10)

1 n u, d(v—w) a By
7 )y k,[2=]ak, ox, ox, + kglak a_xk (v —u) + agu(v — u;) | dx

>f2ij;(v — u;) dx.

Integrating by parts in the first integral and noting that v = », on 3=, we get,
since Au; € LX(Z),
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284 ALAIN BENSOUSSAN AND AVNER FRIEDMAN
(2.15) f(Au,. — f)(o—u)dx> 0 foranyov € K, (1) (j # i).
Z

Let O be an open ball such that O is contained in =,. Then we can find a
family of smooth functions 6, 0 < 6, < 1, such that §, = 0 outside =, and
6,(x)>1in 0, 8, - 0 outside O if e —» 0. We may take in 2.15)v = u, — f,, ¢
small, which is admissible. We then get

fOOe(Au,. —f,.)dx+j;i_00¢(Au,. ~£)dx<0.

Letting €0, we obtain [¢(Ay; — f;) dx < 0, and since O is arbitrary,
(2.16) Ay, — f, <0 ae.inZ,.

Now let O be as above and take in (2.15) the admissible function v = ¢;6,
+ (1 — 8,)u;. Then

J(Au = L@, = w) + (1= 8,)u] dx
+Li_e(Au,. — f)[e8, - 8.4] dx> 0.

Letting €0, we get [o(Ay; — f)¢; — u;) dx > 0. But from (2.16) and y; < ¢,
we also have the reverse inequality. Hence

2.17) fe (Au, — £)(@; — u;) dx=0.

Since again O is arbitrary, the last relation in (1.32) follows. We have thereby

completed the proof of (1.29)-(1.32).
REMARK. Theorem 2.1 extends to the case of N-person game. In the

definition (2.9), K;(u;) should be replaced by Ki(u;, ..., %y, Uyys oo, Uy)
and the assertion v(x) = y,(x) a.e. is required to follow from u;(x) > ¢;(x)
for some j # i.

2.3. Existence theorem. We shall now give an existence rsult for a system of
Q.V.I. (2.10), making the following restrictive assumptions:

f» &> ¥, are continuous and bounded;

(2.]8) fE LZ(R")’ % EV, ¥ € v, ¥ < b
and a(y, x) — (f, x) <0 for any
XxXEV,x20@(=12).

Notice that the last inequality holds if y, € H¥R") and Ay, < f,.

THEOREM 2.2. Let the assumptions (2.2)-(2.5), (2.18) hold. Then there exists a
solution u, u, of the Q.V.I. (2.10) satisfying u; > ; for i = 1, 2. Moreover
there exist two pairs of solutions (u,, u,) and (il,, u,) such that if u,, u, is a
solution then

Q219 U<y <y, <in<d, Y<K <K<EL <,
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PROOF. We shall define several mappings. Let w,, w, € L%(R"). Recall that
Ky(w)) = {v€E€V;v< ¢,ae andaec.if w > ¢, thenv = ,},
Ki(w;) ={vEV;v< ¢ ae.andae.if w, > ¢, thenv = ¢, }.
In L*(R") we define a mapping T, as follows: for a given w, € L*(R"),
u, = T,w, is the solution of the variational inequality
221) a(uyv—uy) 2(fy,v—u,) foranyo € K, (w)), u, € K, (w)).
The solution of (2.21) exists and is unique (cf. [21]).

Next we define a mapping T: for a given w, € LY R"), u, = T,w, is the
solution of the variational inequality
(222) a(u,v—u) > (fi,v—u) forallv € K, (wy), u; € K, (w,).

We define a mapping S, in LR") by S, = T, T, i.e.,
(2.23) u, = Sw, =T\ Tw,.
We also define S, = T,T,. It is clear that if , is a fixed point for S}, then (u,,
T,u,) is a solution of the Q.V.L; further, T,u, is then a fixed point for S,
(and, conversely, if u, is a fixed point for S,, then T|u, is a fixed point for S,
(T\u,, uy) is a solution of the Q.V.I,, and T,u, is a fixed point for S,).

The crucial fact to be proved below is that

(2.20)

S, (resp. S,) is increasing in the sense

that if w, < w} a.e. (resp. w, < wj a.e.)

then S\w, < S;w] a.e. (resp. S,w, <

S,w; a.e).

We shall first verify that

225) uy=Tyw, 2y, forallw, u, =Tw >4y, forallw,

We note that since §; € K (w,), max(y,, u;) € K;(w,). Using v = max(y,, 4,)
as a test function in (2.22) and noting that max(y;, u;) = u; + (u; — §;)~, we
get

(224)

a(ul’ (u — \1’1)—) 2 (fv (uy — ‘Pl)— ),
or
a((“l -¢) ) - a(\l/l’ (4 —¥) ) + (fp (uy — ‘1’1)_) <0,

which with (2.18) implies a((#; — ¢;)7) = 0; hence by (2.8), u;, > ¢,. A
similar argument shows that u, > ;.

Now let w, € wj, and write u, = T,w, and u, = T,T,w, = S,w, (similarly
define u; and u] for wj). We shall first prove that
(2.26) Uy, > us.
Since w; < wi, we have K,(w}]) C Ky(w,). Therefore u,, u; € K,(w,), and also
max(u,, uy) € Ky(w;). Now from u; € Ky(w)) it follows that if wi > ¢,
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min(u,, uy) < w5 = ¥,. But from (2.25) we also have min(u,, u3) > ¥,; hence
min(u,, u3) = ¢, if Wi > ¢,. Since min(u,, uy) < uy < ¢y, it follows that
min(u,, uy) € K,(w;). We can thus take max(u,, u3) as a test function in (2.21)
and min(u,, u5) as a test function in (2.21) (i.e. (2.21) for w}). Noting that

: ’ ? 4 +
max(uy, u3) = Uy + (43 — u)*,  min(uy up) = uy = (uy — ),
we get
’ + ’ +
a(“z’ (13 — uy) ) 2 (fz’ (43 = uy) )’

—a(uy, (uy = uy)” ) > —(fo (w3 - )" )

and, by addition, a((#5 — u;)*) < 0 which with (2.8) implies (1) — u,)* = 0;
hence (2.26). Now since u, > u;, we have K (u,) C K (u3). Therefore u, and
u; € K,(u3); hence max(u,, u}) € K,(u3). Taking (2.25) into account, we
prove by a similar argument as above that min(u,, u}) € K,(u,). We use
max(u,, u;) (resp. min(u;, u;)) as a test function in the variational inequality
for u; (resp. u;) and, by addition, we obtain #, < u}, which proves (2.24).
From (2.25) it follows that

2.27) S 2 ¥y,
i.e., ¥, is a lower solution of the equation S,u; = u, in the terminology of
Tartar [23]. By construction of S, and T},

(2.28) Si61 < ¢y,

i.e., ¢, is an upper solution. Since {; < ¢;, we can use-a general theorem of
Tartar [23], which asserts that S, has a fixed point between ¥, and ¢,.
Moreover there exists a maximal and a minimal solution. In other words,
there exist 4, and «, such that

Yy S up < uy < oy, Sy =y, Sy =
(2.29) u, and if u = Su;, ¢, < u < ¢,
then ¥, < u; < 4.

Defining 4, = T,u, and u, = T,u,, we see that (u,, ;) and (i, u,) are two
pairs of solutions for the Q.V.I.

Let now u,, u, be a solution. By (2.25), ¥, < u; < ¢, (and §, < u, < ¢,).
We thus have u; = S\u; and, according to (2.29), u, < u; < u,. Therefore
T,u, < uy < T,u; which proves (2.19) and completes the proof of the theo-
rem.

CHAPTER 3. PARABOLIC QUASI-VARIATIONAL INEQUALITIES IN
ONE SPACE DIMENSION

3.1. The problem. In this chapter we shall solve the following problem:
Find functions u,(x, #), u,(x, r) and curves s,(¢), s,(r) with
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500)= =1, 50)=1, s,(t)<s() (0<t<T)
such that
u, = U, < frandu, =@, ifx<s(),0<t<T,
@) YT e = fiandu, < &, ifs5,() < x < 5(1),0<t < T,
uy =y, ifx>s5(),0<t<T,
u(x,0)=nh(x) f -1<x<1;

Uy, — Uy, < frandu, = &, ifx>s(),0<t<T,

Uy, = Uy, = frandu, < &, if5,(1) < x < 5,(£),0< t < T,
U=y, fx<s5(),0<t<T,

Uy(x,0) = hy(x) f -1 <x<L

This system is a parabolic quasi-variational inequality in one space dimen-
sion. It can, in fact, be easily reformulated in the more standard Q.V.L
terminology, using convex cones K,(u,(-, 1)), Ky(u,(+, 1))

Assume now that

32)

h(x)>0 if —-1<x<1(i=12),
h(x)=0 ifx< -1,
hy(x)=0 ifx > 1,
(3.3) o(x, 1) =V2, g(x, ) =0,
f(x0=fi(x, T2, &(x, 1) = ¢(x, T — 1),
Yi(x, 1) = ‘:Li(x’ T-1),
Yi(x, 1) < ¢i(x, 1) (i=12)
Suppose there exists a sufficiently “strong” solution of (3.1), (3.2) in the
sense that
U, U, U, are in L? and y, is continuous in the region
(K x<s5(8),0<¢<T.

From Theorem 1.1 we then deduce that there exists a Nash equilibrium point
(t1, 73) with 7* being the exit time from the set

G, = {(x 1) u(x 1) < i(x. 1)),
In this chapter we shall prove the existence of a “weak” solution of (3.1),
(3.2). It will be shown, in fact, that there exists a “maximal” solution (u,, i)
and a “minimal” solution (u;, u,), i.e., for any other solution (u,, u,),

u, < u; < uy, u, > u, > uy, where the functions are defined.
Set
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Y =& — ¥ ki(x) = &;(x, 0) — h(x).
Throughout this chapter it is always assumed that
Yirs Yix> Yixx 2T€ continuous and bounded for (x, f) € R! X [0, T],

k,, are continuous for x € R!,
k. is uniformly continuous for —1 < x < co,
k5, 1s uniformly continuous for —0 < x < 1,

(3.4) .
Y;(x,t) >0 forall (x, 1),
k(x)>0 if-1<x<1,
k() =0 ifx< =1, k(x)=7,(x0ifx>1,
ky(x) = 7,(x, 0) ifx < —1, ky(x)=0 ifx>1,
and that
(3.5) s Bixs Bixx are continuous, G, ~ §,, — f=—1.

The last condition implies, of course, that u, — u,, < f, a.e. on the set
u; = ;. Notice also that if #; = ¢, on the curve x = s5,(¢), then we can always
define u; for x > s,(f) by u; = {;. A similar remark applies to u,. Hence,
setting

Wy = = up, wy =y — U,
the system (3.1), (3.2) reduces to
W, — W= —landw; >0 ifs(1)<x<s5()0<t<T,

3.6) w, =0 if x <s5(1),0<t<T,
WiT " ifx=s5(),0<t<T,
wi(x,0) = k(x) if —1<x<1;
Wy — Wy, =—landw, >0 ifs (1) <x<s5(1),0<t<T,
(.7) wy,=0 ifx > s5(1),0<t<T,
Wy =7, ifx=s5(),0<t<T,
wy(x, 0) = ky(x) f-1<x<L

We shall prove later on the existence of a “weak” solution of (3.6), (3.7)
with s,(#), s5() (the free boundary curves) having the following properties:
5,(¢) is continuous and strictly monotone decreasing,

(3.8)

5,(1) is continuous and strictly monotone increasing.

We outline the idea of the proof: Given a monotone curve x = s5,(¢), we
solve the variational inequality (3.6) and show that its free boundary is a
curve x = o,(f). Next we solve the variational inequality (3.7) with s,(¢)
replaced by o,(¢), and show that its free boundary is a curve x = 5,(r). We
have thus constructed a mapping W, 5, = Ws,. It will be shown (using
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Tartar’s fixed point theorem [23]) that W has fixed points; these points
represent solutions of the Q.V.I. (3.6), (3.7). Some technical difficulties arise
due to the fact that the monotone curves s, on which W is defined may not be
continuous.

3.2. Auxiliary variational inequality. Let s(f) be a monotone increasing
function with Holder continuous first derivative $(¢), for 0 < ¢ < T, such
that s(0) = 1. Set

G={(x,1); —0 < x<s5(1),0<t< T}
Consider the variational inequality: Find w such that
w0 ifx<s(),0<1<T,

w,, w,, w,, are in L2(G),
fs(t) [w,(x, 1) — we(x, t)][v(x) - w(x, t)] dx
-0
(3.9) > —f_s:) [o(x) = w(x, 1] dx
foraa.t € (0,T),foranyv € L°(R"),v > Oae,

w=y ifx=s5(),0<t<T,
w(x,0) =k (x) ifx<]1

LeEMMA 3.1. There exists a unique solution w of (3.9) with compact support;
Surther, w,, w,, w, belong to LP(G) for any 1 < p < co.

FIRST PROOF. Let B,(f) be a family of C* functions of # (—o0 < t < oo,
0 < & < 1) such that

B.(1) <0, B.(0) = —1, B/ (1) >0,
B.()->0 ift>0,e->0, B.(t)» —o ift<0,e->0.

Set Gg = G N {x; x> — R} for any R > 1, and consider the parabolic

problem
w,—w, + B.(w)=—1 inGp,

(3.10) w(x,0) = k;(x) f-R<x<I,
w(s(f), 1) = v (s(r),1) f0<t<T,
w(—R,6)=0 if0<t<T.

Denote the solution by w = w, 5. One can show (cf. [9], [17], [19]) that
(3.11) -1< B, (w)<0.
Hence
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By the L” estimates for parabolic equations (see, for instance, [22]) we then
deduce that

G13)  [[[wf +wl +wa]dxd < C (1<p< )
Gr

r T W < L

where C is a constant independent of &. Actually, in the L? estimates one
usually assumes that the domain Gy is cylindrical, i.e., s(¢) = const. There-
fore in order to obtain (3.13) we first perform a transformation

3.14 =X ~ -
(3.19) y=350° w(y, t) = w(x, 1)
and note that
s (t
(3.15) W =i = 2L g

S(l) Wy 32(1) w}’)"
We then apply the interior L? estimates to w(y, f) in some region — R<y<
1, 0 < ¢ < T. This yields the L? estimates (3.13) in the region G’ = {0 < x
<s(t), 0 <t < T}, provided R was suitably chosen, depending on the
function s. (We assume that R > R.) We also have, by interior L” estimates,
the estimate (3.13) in G, — G’. Combining these estimates, (3.13) follows.
Recall that in (3.13), w stands for w, 5. Taking ¢]0 through such a sequence

that w, p is weakly convergent in the norm L?(Gp) together with the deriva-
tives 9/9t, 9/0x, 92/8x2, we find that the weak limit wg = lim w,  in the
unique solution of the variational inequality

w > 0 in Gy,

W,, W, Wy, are in L7 (Gg), 1 <p < o0,

fs(') (w, = w,)(v — w)dx > —fs(') (v — w)dxae.int €[0,T),

(3.16)
foranyo € L®(R'),v > Oae,

w=y ifx=s5(),0<t<T,
w(x,0) = k;(x) if —R<x <1,
w(—R,)=0 f0<t<T.
By [10], there exists a number R, sufficiently large such that if R > R, then
w=wg=0 if ~-R<x< —R;,0<t<T.
Hence, by uniqueness,
we (%, ) = wp(x,t) if —~-R<x<s(t),0<t<T,R">R.

It follows that w = lim wy, is the asserted unique solution of (3.9).
SECOND PROOF. Performing the transformation (3.14), and using (3.15), the
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variational inequality (3.9) reduces to the variational inequality:
w>0 inG,
5 2
» W, W, arein L (G),

U 1, 20 N
f_w w, — 20 w,, — 0 }(u w)dy > —f_lw(u - w)dy

(3.17)
foraa.t € (0, T), forany v € L*(R v > 0ae,

w(l, 1) =y, (s(),t) f0<:<T,
W(r,0) =k (y) ify <1,

where G = {(y,1); —0 <y <1,0<t < T).
Let G = G N {y,y > — R} and consider the parabolic problem:

q,,_s_zlawyy_%'y B.(w)=—1 inGp

3.18) W(1, 1) = v, (s(1), 1) if0<t<T,
w(y,0) = ki (») if —R<y<1,
W(=R,1)=0 fo<r<T

Denote its solution by w = W, . Since the coefficients of the parabolic
operator in (3.18) are Hélder continuous, the L? parabolic estimates (cf.
(3.13)) are valid. We can now proceed as in the first proof and show that
when ¢}0 in a suitable way, the solutions W, 5 converge weakly in L? (G rjtoa
function W, (together with the derivatives 3/9¢, 3/dx, 9%/9x?), and Wy is a
solution of the variational inequality obtained from (3.17) by replacing G by
GR, St by L and by replacing the last condition in (3.17) by the last two
conditions of (3.18).

The techniques of [10] show that the support of W, remains bounded as R
increases to infinity. Hence Wg. = Wy in Gy if R’ > R, R sufficiently large. It
follows that w = lim Wy is the desired solution.

ReMARK 1. From the first proof, w = limg lim, w, . From the second
proof, w(x, ) = w(y, f) and W = limg lim, W, 5. Both relations will be needed
in §3.3.

REMARK 2. From (3.12) and the maximum principle applied tow = w, z we
deduce that

(3.19) W.a] < A

where A is a constant independent of &, R and of s(¢). Taking £/0, Rtoo we
deduce that

(3.20) 0< w(x,t) < 4
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with the same A, which is independent of the curve s(z).
REMARK 3. We can write, forw = w, p,

(3.21) (w- Yl),— (w-— Yl)xx= “1-BW) —v,+ V=8B
where, by (3.11), B is bounded by a constant 4, independent of ¢, R and the

curve s(f). Multiplying (3.21) by w — v, and integrating over G, we obtain,
after using (3.19) and taking ¢)0,

. fo(W =)W = 1)) dx dt < A,

where w = wy and A4, is a constant independent of R and of the curve s(¢). If
R is sufficiently large then w = w, = 0 on x = — R. Hence, integrating by
parts we find, after letting R — oo, that

(3.22) [[wi(x,nydxdt < 4
G
where 4 is a constant independent of the curve s(¢).

3.3. Further properties of w. We shall need the conditions:
(B23) v,20v,20 ifx>1, k,>0 iff-1<x<1.

LEMMA 3.2. The function w (x, t) is continuously differentiable in G and
w, > 0.

Proor. The function w = W, x(p, ?), occurring in the second proof of
Lemma 3.1, satisfies

L O NP T N
(3'24) wl S(t) ”fv Sz(t) wyy + lBe (W) = 1'

Differentiating this equation with respect to ¢, multiplying by |7~ %,
(2 € p < o0) and integrating over Gy, we find (cf. [15]) that

119. F
(3.25) f_Riﬁw"R H<C (0<1<T)

where C is a constant independent of ¢, R. We can now apply the elliptic L?
estimates to the elliptic operator ysw, /s + W,/ s? and conclude that

P

9 ; +

-5); we,R

82
75 We.R

V4
iV |#<C (0<1<T)
y

(3.26) f_‘R

where C is a constant independent of ¢, R.
Taking €|0, R1e0, we deduce from (3.25), (3.26), after performing the
transformation (3.14), that
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(327 fRI[|w,(x, O+ we(x ) + W (x, ,)|P] dx< C (0<t<T).

Since p is arbitrary, the Sobolev inequality implies that w is continuous in
G—, and that the function x — w,(x, f) is uniformly Holder continuous in x,
with exponent and coefficient that are independent of ¢, By the proof of
Corollary 2.7 of [19] we then deduce that w, is continuous in G.

Set

R={(x,)EGw(x,1)>0}, Q2 =0n{r<7).

The conditions on y, in (3.23) together with the fact that s(7) is increasing in ¢
imply that
(3.28) w(s(t), 1) = y,(s(¢), 1) is increasing in ¢.

Since ky, > 0, k(1) = v,(1, 0), we also have that
(3.29) w(s(1),6) > k(x) ifx <1l

We now apply the maximum principle to the function w in €,. Since
W, = w,=—-1<0in @ and since w =0 in that part of the parabolic

boundary of § that lies in G, we deduce (using (3.28), (3.29)) that the
maximum of w in Q, is attained at (s(7), 7). Consequently,

w(s(r),7) >0 if0O<r<t.
Next,
we(x,0)=k,>0 if-1<x<L
Finally, w, = 0 on the free boundary. Since w, is continuous in Q and
(), = (W), =0 in,
the maximum principle applied to w, in Q yields w, > 0 in . Since w, = 0 in

G \ Q, the proof of the lemma is complete.
We shall need the following additional assumptions:

(3.30) ki(x)—120 if-1<x<1;
there is a function ¥, (x, f) with continuous derivatives
Y10 ¥1p Yixe SUch that
Y1(x, 8) = vi(x,8) ifx>1,
T1(x,0) < ki(x) ifx <1,
xﬁ@w F1(x, 1) <0 uniformlyins,0< 1< T,

(3.31)

fux—F, 21 ifxeRL0KIT.

For example, we can take ,(x, ) = k)(x) + (x — Dt if y,(x, ) = ki (x) +
(x — 1)t when x > I, provided k,,,(x) > x whenever x > 1.

LEMMA 3.3. Under the additional assumptions (3.30), (3.31),
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(3.32) wix, ) > v(xt) fl<x<s(1).0<t<T,
(3.33) W, =Y, <0 ifx=5().0<t<T.
ProoF. Consider the function

u(x,1) = wop(x. 1) = §,(x. 1)

in the region G;. From the last relation in (3.31) it follows that
u — U, > —B.(w.g) >0 inGp.

Also, for any § > 0,

u=20 fx=1s5(),0<t<T,

u(x,00>0 If-R<x<1,

u(—R,1)> -6 if0<I<T,
provided R is sufficiently large (depending on §, but not on &). By the
maximum principle, ¥ > — § in G. Taking ¢ — 0, R — o we get

w—79, 2> -6 inG.

Since § is arbitrary, w > ¥, in G. By the strong maximum principle we

actually then have w > ¥, in §. This gives (3.32). The inequality (3.33) is an
immediate consequence of (3.32).

LeEMMA 3.4. Under the additional assumptions (3.30), (3.31), w, > 0 a.e.

Proor. Consider first the case where y,, k,, s are in C and
(3:34) Y1x(1, 005 (0) + ,,(1, 0) = Ky (1) = 0.

This is a consistency condition for the equation

(3.35) 8y 3 4B = -1
: it We R dx? We.R e(we.R) -

at the point (1, 0), since 8,(0) = — 1. At (— R, 0) the consistency condition for

(3.35) is also satisfied. We can now apply the Schauder estimates [13] to

deduce that dw, 5 /dx, %W, 5/ 3x2, dw, 5/ 31 are continuous in Gy.
Differentiating the relation

(3.36) Wer(s(0), 1) = 11(s(2), 1) = 0,

we get

§(1) 5= O = 1 1)+ w2520, 1) = 1ls(0), ).

Since w, g — w (weakly in L?(Gy) together with the first derivatives and,
therefore, uniformly in Gg), we can apply the Schauder boundary estimates
(the consistency condition at (1, 0) is used here) to deduce that
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0 d
ax MeR (s(0), 1) > x w(s(t),t) ase—0,R—0,

uniformlyinz,0 < ¢t < T.
Using Lemma 3.3 we find that

il 8
a5 (Per = 1)(s(), 1) <=
if 0<e<eg R>R,for some g, R, depending on §/A4; here § is an
arbitrary positive number and 4 = max,¢, < $(¢).
Using this inequality in (3.36), and recalling that y,, > 0, we get

(3.37) a% wer(s(0), 1) > =8 (0<e<euR > Ry)

Setting § = 0w, 5 /0t and differentiating (3.35) with respect to ¢, we get
(3:38) § =&t B'(Wp)§ =0 inGpg.
Since B,(0) = —1 and since (3.30) holds,

£x,0)= =1 — B, (ky(x)) + k (x) 20 f—R< x< 1.

Onx=—R,§=0.0nx = s(r), £ > — 8, by (3.37). Since £ is continuous in
G, we can apply the maximum principle to conclude that £ > — § in 5R.
Taking ¢ — 0, R — oo the assertion of the lemma follows.

We have assumed in the above proof that v,, k,, s are in C* and (3.34)
holds. In the general case, we approximate y,, k,, s by C* functions y/*, k",
s™ satisfying all the assumptions of Lemma 3.4 and (3.34). For the corre-
sponding variational inequality, the solution w™ satisfies dw™/ds > 0. By
uniqueness, w” — w (uniformly, say) as m — oo, and the assertion of the
lemma readily follows.

We now introduce the free boundary curve x = o(r) of the variational
inequality (3.9):

o(r) = inf{x; x < 5(2), w(x,1) >0}, O0<:<T.

LEMMA 3.5. Let s(t) be a monotone increasing function with Hélder continu-
ous derivative, for 0 < t < T, such that s(0)= 1. Let vy,, k, satisfy the
conditions in (3.4), (3.23), (3.30), (3.31). Then there exists a unique solution w
with compact support of (3.9); w and w, are continuous in G, w,20,w,2>0
a.e. in G. Furthermore, the function o(t) is continuous and monotone decreasing
int,0<t<T.

ProoF. All the assertions of the lemma, except those regarding ¢(7), follow
from Lemmas 3.1, 3.2, 34. Since w, > 0, w, > 0 ae. in G, the strong
maximum principle implies that w, >0, w, > 0 in Q. It follows that (x,
t) € Qif and only if 6(f) < x < s(¢) and o(¢) is monotone decreasing.
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Clearly o6(?) is upper semicontinuous function. Hence o(?) is right continu-
ous. It remains to prove that o(¢) is left continuous. If this is not the case then
there is a point ¢, € [0, T) such that a(¢y, + 0) < o(#,). Introduce the line
segment I = {(x, ty); o(fp+ 0) < x < o(ty)}. Then I is a part of the
boundary of . Since D = {(x, 1); o(ty + 0) < x < a(ty), tc <t < T} is
contained in &, w, — w,, = —1in D, w = 0 on I; it follows that w is smooth
in DUl But then w,=—-1+w,=—-1<0 on I. It follows that
w(x, £) <0 at the points (x, f) of & such that a(zy + 0) < x < o(,) and
such that ¢ > ¢y, t — 1, is sufficiently small. This is impossible since w > 0 in
Q. ’

3.4. The case where s(¢) is not smooth.

LEMMA 3.6. Let the conditions of Lemma 3.5 hold and let s'(t) be a monotone
increasing function with Holder continuous derivative for 0 < t < T such that
5'(0) = 1. Denote by w'(x, t) the solution of the variational inequality (3.9) with
s(?) replaced by s'(t), and denote by x = o'(t) the corresponding free boundary.
Ifs’(t) 2 s() for 0 < t < T, then

(3.39) wi(x, ) > w(x,t) forall0< x < s(1),0<t<T,
(3.40) o'(t) < o(t) foral0<t<T.

PrOOF. We compare the solution w, , of (3.10) with the corresponding
solution w, , when s is replaced by s.On x = — Randon ¢ =0, w, g — W, 5

= 0. Next, by the proof of Lemma 3.3, for any 6 >0, w,z > v, — 6 on

= 5(r) provided R is sufficiently large, depending only on 8. Since w, , = ¥,
on x = s(t), we have W, — w,p > — 8 on x = 5(¢). Applying the maximum
principle to w, z — w, g, we find that w, , — w, p > — & in Gy. Takinge >0,
R —> o0 we conclude that w' — w > — 8 in G. Since & is arbitrary the
assertion (3.39) follows. Clearly, (3.40) is a consequence of (3.39).

We shall now consider the variational inequality (3.9) in case s(¢) is any
monotone increasing function with s(0) = 1. We shall construct a “gener-
alized” solution as a limit of solutions w, of variational inequalities corre-
sponding to smooth curves s,(¢). In order to define s,(t), we define s(¢) = 1 if
t <0,

0 ifje—1>1,
p,(2) = np(nt) ifn=12,...,

where ¢ is a positive constant such that [gip(¢) df = 1.
Let

B4 s (n) = fR pa(t = T)s5(r) dr= f, :2/npn(t — 1)s(r) dr.

o(t) ={c exp[1/(jt = 1= 1] ifjr-1<1,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 297

We can write

2
(.42) s5,(0) =f pu(7)s(t — 7) d'r=f p(7)s(t — 7/n) dr.
R! 0
From (3.41) we see that s,(¢) is a C* function, and from (3.42) we see that
s,(?) is a monotone increasing function in ¢, 5,(0) = 1, and
(3.43) 5,(8) € $,4.1(0)

Denote by w, the solution of the variational inequality (3.9) corresponding
to s = s, and denote by x = o,(¢) the corresponding free boundary curve. By

Lemma 3.6,
(G449 W, K Wy f —00<x<s5,(1),0<t< T,
(3.45) 0,.1(1) <o, (t) fOK<t<T.

Set

(346) w(x, 1) =,,1i§.'° Wo(x, 1) if —0o <x<s(),0<t<T,
3.47) o(?) =nlir;.1° o,(t) if0<t< T

Let s*(¢) be any C* function such that s*(1) < s() = §if 0 < ¢ < T, for
some & > 0, and such that ¥,(x, #) > 0in a G-neighborhood of
I* = {(s*(1),1);0< ¢t < T}.
By Remark 2 at the end of §3.2, |w,] < 4 in some 5—neighborhood N of T*,
where A and N are both independent of n. By the proof of Lemma 3.3,
w, > ¥, > 0 in N and, consequently, w,, — w,,, = —1 in N. By standard
results on parabolic equations we then deduce (if k,,, is Holder continuous)

that w,,, W,, W,,, are continuous and uniformly bounded in some smaller

G-neighborhood of T'*,

We can now consider w, as a solution of the variational inequality (3.9)
with s(?) replaced by s*(¢). From the proof of Lemma 3.1 we get, for any
1 <p< oo,

G48) [Tl + ol H el ] dx< C iHO<< T,
-®

where C is a constant independent of n; by approximation, this inequality
holds also when £, is not assumed to be Holder continuous.
We can now use the Sobolev inequality to deduce that
(3.49) w, is uniformly Holder continuous in (x, ),
uniformly with respect to n,
(3.50) w,, is uniformly Holder continuous in x,
uniformly with respect to ¢, n.

In view of (3.46) we then have
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(3.51) w, — w uniformly in G*,
(3.52) w, is Holder continuous in x, uniformly in ¢, where
G* = {(x,1); —0 < x <s5*1),0<t< T}

Notice also that
G5 [Tl ] dx< € HO<I<T.
- o0

From (3.52) and the proof of Corollary 2.7 in [19] we also deduce that

(3.59) w, is continuous in G*.

DEFINITION. We shall call the function w(x, r) a generalized solution of
the variational inequality (3.9). The curve x = o(f) will be called the free
boundary.

Notice that if w were continuous up to the curve x = s(¢) and if w,, w,, w,,
were in L? in a G-neighborhood of this curve, then w would be a solution of
the variational inequality (3.9) in the usual sense.

LEMMA 3.7. Let s(t) be a monotone increasing function for 0 < t < T, with
s(0) = 1, and let v\, k, satisfy the conditions in (3.4), (3.23), (3.30), (3.31). Then

(3.55) o(1) = inf{x; w(x, 1) > 0},
w(x, ) =0 if x < a(t), and the function o(r) is monotone decreasing and
continuous for 0 < t < T.
ProoF. Let
Q= {(x,1) € Gy w(x,1) >0},
Q, = {(x,1) € G; w,(x,1) >0},
= {(x,1) € G;x > o(1)}.
In view of (3.44), (3.46), 2, C . Hence

o
(3.56) 2 =U Q,cq.
n=1]
On the other hand, w,(g,(f), ) = 0. Taking n— oo we get w(a(s), 1) =0.
Observing that w, > 0 a.e. (since w,, > 0 a.e.) we deduce that w(x, 1) = 0 if
x < o(?). This, together with (3.56), completes the proof of (3.55).
It is clear that ¢(¢) is monotone decreasing in z. The proof that o() is
continuous is the same as in the proof of Lemma 3.5.
REMARK. On x = s(¢) the generalized solution w may not be continuous.
From Remark 3 at the end of §3.2, when applied to w, with n — co, we see
that

T
ffs(')wfdxdt< 0.
0 Y~
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We conclude this section with a comparison lemma.

LemmA 3.8. Let the condition of Lemma 3.7 hold and let s'(t) be a monotone
increasing function for 0 < t < T, with §'(0) = 1. Denote by w'(x, t) the
generalized solution of (3.9) corresponding to s', and denote its free boundary
curve by x = o’(¢). If s'(1) > s(t) for 0 < t < T, then

wi(x, 1) > w(x,t) if—o<x<s(1),0<¢t<T,
o'(t)<o(t) ifOKt<T.

PrOOF. Denote by s, the functions defined by (3.41) when s is replaced by
s’. Then s,(¢) > s,(¢). Now apply Lemma 3.6 to the pair s,(¢), s,(¢) and take
n— oo,

3.5. Existence of solutions for the Q.V.I. Let o() be a monotone decreasing
function for 0 < 7 < T, with 0(0) = — 1. Consider the variational inequality:
Find w(x, r) such that

(3.57)
w20 ifx>0()0<t<T,
, Wy, W are in L2(G) where G = {(x1);0(1) <x<00,0<t< T}

W
«© —- —- 0 -
f (W, = W )(v — W) dx > —f (v—w)dx foraa.te€(0,7),
o(r) o(1)

forany v = v(x) € L*(R'),v > Oace,,
w=y, ifx=0(),0<1<T,
w(x,0)=ky(x) ifx>-L
We shall assume that

(358) Y2 <07, >0 ifx< -1, Kk, <0 if—1<x< 1.

Then we can prove an analog of Lemma 3.2, namely, if o(s) has Holder
continuous first derivatives then w, < 0.
Next we assume

(3.59) kyx(x) =120 if —1<x<1;
there is a function ¥,(x, ¢) with continuous derivatives
Y% Yair Taxx SUCh that
Yo(x, 1) = ya(x, 1) ifx < =1,
(3.60) ¥2(x,0) € ky(x,0) ifx> —1,
)}i_n:o ¥2(x,¢) < 0 uniformlyint,0< ¢t < T,

fox— T, >1 fxERL0<<T.
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Then we can establish, analogously to Lemmas 3.3, 3.4, that
w(x, 1) > vy(x, 1) ifo(f)<x<-1,0<1< T,
W,— Y 20 ifx=0(),0<t<T,
w,>0 ae.

Next one can establish an analog of Lemma 3.5 for the variational
inequality (3.57).

Consider now the case where o(f) is merely assumed to be monotone
decreasing with 6(0) = — 1. Define o(#) = —1if # < 0, and

0,(f) = fR pa(t = T)o(7) .

Denote by w, the solution of (3.57) when a(¢) is replaced by o0,(¢), and denote
by x = s,(¢) the corresponding free boundary. Since o, ,(f) < 0,(f), we have,
by an analog of Lemma 3.6,

Wn < Wn+l’ En < §n+l‘
Let
w(x, )= nango w.(x, 1), §(t)= '}Lngo 5,(2).
We call w the generalized solution of the variational inequality (3.57), and we

call x = §5(¢) the free boundary curve for (3.57).
An analog of Lemma 3.7 is valid. In particular,

w(x, 1) >0 ifo(r) < x <s5(2),
w(x,1)=0 ifx > s5(2),
5(?) is monotone increasing and continuous for0 € ¢ < T.

DErFINITION OF W. Let T denote the class of all monotone increasing
functions s(¢), 0 € ¢ < T, with s(0) = 1. For any s € Z, denote by x = a(¥)
the free boundary of the generalized solution of the variational inequality
(3.9). Denote by x = 5(¢) the free boundary of the generalized solution of the
variational inequality (3.57). Then the mapping s — 5 is denoted by W, i.e.,
s = Ws.

Notice that every s € = determines a generalized solution w of (3.9) and a
free boundary x = ¢(¢) which, in turn, determines a generalized solution w of
(3.57).

DEerINITION. If for some s € 3, Ws = s then the corresponding pair (w, w)
is said to form a generalized solution of the Q.V.L. (3.6), (3.7). The curves
x = s(1), x = o(2) are called the free boundary curves.

In view of Lemma 3.7 (and the analogous result for (3.57)), the free
boundary curves are continuous,

The set = is partially ordered by the relation:
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s; <s, ifandonlyifs (¢) < 5,(t)for0< ¢t < T.

Notice that every subset of elements s, in Z has an upper bound s in Z,
namely, s(¢) = sup, s,(f), and a lower bound § in Z, namely, §(¢) = inf,_ s (¢).

By Lemma 3.8 and its counterpart for the variational inequality (3.57) we
see that if s, <s, then Ws < Ws,, ie, W is a monotone increasing
mapping.

Now, from the methods of [10] it follows that the support of the solution w
of (3.57) (for any smooth function o) is bounded uniformly with respect to o.
Consequently there is a constant H such that s(¢f) < H whenever s = Ws,
s € Z. Defining

_ [0 ifr=0,
(1) = {H f0< (< T,
we conclude that s, > Ws,.

If 5,(¢) = 1 then clearly 5, < Ws,.

Thus, W satisfies the conditions in Lemma 2 of Tartar [23]. We deduce
from this lemma that W has a maximal fixed point s* and a minimal fixed
point s, in the interval (s, s,). Since every fixed point must lie in this interval,
we conclude that

(3.61) s*>s,, Ws*=s* Ws,=s,, if Ws=sthens*>s>s,.

Denote by (w*, w*) the generalized solution of (3.6), (3.7) corresponding to
s*, and denote by (w,, w,) the generalized solution of (3.6), (3.7) correspond-
ing to s,. We then have:

THEOREM 3.1. Let the conditions (3.4), (3.23), (3.30), (3.31) and (3.58)—(3.60)
hold. Then:

(i) There exist generalized solutions (w*, w¥), (w,, w,) of (3.6), (3.7) with the
corresponding free boundary functions (s*, 6*) and (s,, 0,).

(i) If (w, w) is any generalized solution of (3.6), (3.7) with the corresponding
free boundary functions (s, o), then

(3.62) S, <5< 5%, 6*< o< o,
(3.63) weSwswt  wrKwgw,

each inequality in (3.63) is valid in the set where both sides are defined.

(iii) For any solution (w, w) the free boundary functions s(t), a(t) are
continuous functions for 0 < t € T; s(t) is monotone increasing and o(t) is
monotone decreasing.

CHAPTER 4. STEFAN TYPE FREE BOUNDARY PROBLEM FOR SYSTEMS

In Chapters 2, 3 we have solved Q.V.I. by a fixed point theorem for a
monotone increasing operator. In Chapter 5 we shall use a method of integral
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equations in order to find a unique regular solution with regular free
boundaries of the parabolic Q.V.I. of Chapter 3 in the special case of
zero-sum game. This method of integral equations is based on the fact that
the Q.V.I. (for zero-sum game) can be reformulated as a Stefan problem of
melting of ice; for the case of one player, this fact was first noted by Van
Moerbeke [24].

In this chapter we study (by the method of integral equations) a Stefan type
free boundary problem for a system with two “temperatures,” 8, and §,. The
system in Chapter 5 is somewhat different (and, in some sense, it is a special
case); it can be studied by the same methods as in this chapter.

4.1. Existence and uniqueness; the increasing case. Let g,(x), g,(x) be
functions defined for —1 < x < 1 and let A((x, 1), A)(x, #) be functions
defined for — 0 < x < o0, ¢ > 0, satisfying:

@“.1) g:(x) are continuously differentiable and > O for —1 < x < 1;
8| < Cs81(—1) = 0,25(1) = 0;
(4.2) Ai(x, t) are continuously differentiable and > 0;

Pixls Al € G A (1,0) = g,(1), Ay(— 1, 0) = gy (= 1).
We consider the following problem: find functions ,(x, 1), 8,(x, t), 5,(), s,(t)

such that
5i(1) <501, s(0)=-1L s50)=1
3) 38, 3%, ” 0
. TRy if 5,(8) < x < 55(8),t >0,
0,(s;(1),t) =0 ift >0
@4) 6, =X\ i.fx>s2(t),t>0,
02=}\2 lfx<sl(1),t>0,
0 . .
=00, ) esn= —Si(1) ifz>0;
(4.5) ax I ,(l)
0,(x,0)=g(x) f -1<x<1;
s;(¢) is continuously differentiable for r > 0,
(4.6) 08,/ dx is continuous for 7 > 0, x < s5,(?),

00,/ dx is continuous forz > 0, x > s5,(2),
30,/ 31, 926,/ 3x? are continuous for 1 > 0, x € (s5,(¢), 52(2))-
The main result of this section is the following

THEOREM 4.1. Under the assumptions (4.1), (4.2) there exists a unique solution

(0,, 0, sy, 5) of (4.3)~4.6); furthermore s,(t) decreases and s(t) increases as t
increases.
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Since (—1)’s;(¢) is increasing, we are dealing here with (what we call) the
increasing case. Later on we shall prove a more general theorem whereby
(—1)'s,(¢) is not necessarily increasing.

The proof of Theorem 4.1 is based on the method by Friedman [12], [13,
Chapter 8]. Some details will be omitted.

LEMMA 4.1. Let 5,(2), 5,(t) be two curves satisfying, for 0 < t < o,

51(8) < 8,(1), 5,(t) is continuously differentiable,
5;(0)=-1,50) = +1

Let u(x, t) be a solution of

2
%1;. = %‘2- ifx €(s5,(1),5(1),0<t< 0,

and let Qu/dx be continuous for x € [s,(1), s,(1)}, 0 < t < a. Then we have, for
x € (54(8), 5,(1)), 0 < t < o, the integral representation of u,

+1
u(x, t) =f_l K(x, t; £ O)u(t, 0) d¢

+j(;’s'2('r)K(x, t; 55(7), )u(sy(7), 7) dr
4.7

- fo SUMK (%, 6 5,(7), T)u(sy(7), 7) dr

Sz(‘f)

+f0’[K(x,t; §,T)—%(£,T)—u($,f)%(x,t; ﬁa’f)] dr

Sy (1)

where

K(x,t;§1)=

S U B ek
2P — 2 | w7 |
The proof follows by using Green’s formula with u, K (see {12], [13]).
Suppose now that there is a solution of the problem (4.3)-(4.6). Let

(4.8) o) =s(1)= - % (s1(), 0),
49 500 = () = 32 (120
@10 ()= = 52 (20,0,

@11 () = 52 (50,0,
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We apply (4.7) to u = 8,, differentiate with respect to x, let x — s,(¢) or
x — 5,(¢) and use a standard jump relation [12], [13, p. 217]. Making use of
(4.3)-(4.5), we arrive at the formulas:

_— -%—Ul(t) =f_-:lK(Sl(t); L g’ O)g.l(g) ds
+ er(Sl(t)» 15 52(7), )~ Are(52(7)s T)0a(7) + Ay (52(7), 7) ] dr
4.12) 0,
+f0 K. (5,(2), t; 5,(7), 7)o, (7) dr
- j;'Kx (51(0), 15 55(7), T)wy () dr.
= 3 = [R50 156 0)1(8)
o +j:K(S2(1)a t; 55(7), ,,.)[ = A (52(7), T)0u(7) + A (55(7), ’T)] dr
+ fo K, (5,(6), £ ,(r), 1), (7) dr

= [Ku(5a(0), 15 52(7), TYwa (7) .
0
A similar argument applied to 4, leads to

For0) = [T K016 04 e

= [ K (5200, 551D ) arlsi (00, )01 (1) + Mg (51, )

(4.14) ,
+ fo K (sy(0), t; 53(7), 7)v5(7) dr

= [ Kelsa(0) 5 512, Ywa()
%Wz(’) =f_+l lK(sn(t), 1§, 0)g,() d¢
4.15) - L’K(sl(t)’ £ 51(7), T)[}\Zx(sl('r), 7)o, (1) + Ay (5,(7), 7)] dr

+ j;'Kx (51(0, 15 83(7), 7) 0y (7) dr

_ fo’Kx (5,(2), t; 5,(7), T)w,(7) dr.
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The equations (4.12)-(4.15) form a system of nonlinear integral equations of
Volterra type in v,, v,, w,, w,, noting that s, and s, are given by

(4.16) 5, (1) =f0'u,(7) dr -1,

4.17) sy(t) = —fo'uz(r) dr+ 1.

LEMMA 4.2. There exists a positive number o depending only on C (cf. (4.1)
and (4.2)) such that there exists a unique continuous solution (v,(t), v(1), w(1),
wy(1), 5,(2), 55(9)) of (4.12)-(4.17) for 0 < t < 0.

The proof is similar to the proof in the case of the Stefan problem [12].

Suppose now that we have a solution of (4.12)—(4.17). We wish to show that
this solution yields a solution of the original free boundary problem
(4.3)-(4.6) with

0,(x,1) = f_’:‘K(x, 1, £ 0)g,(§) dé- fo 0 (K (%, 15 53(7), Ny (s2(7), 7) dr
(4.18) +f0"[ — K (x, 15 55(7), T)wy () + K (x, 13 5,(), 7)o, () ] dr

+ fo 'K, (%, 13 5,(7), DA (5,(7), 7) dr,
0, (x, 1) = f_‘:'K(x, 8.0 5,(6) dt- [ "o (DK (%, £, 5,(r), g5, (7). ) dir
@19+ [TK(x 65 7)oa(r) = K(x 6() m)wa(n)] e

—j:Kx (x, 23 5,(7), TIAL(s,(7), 7) dr.

LemMA 4.3. Let (v, 05, W, W, 8y, S,) be a continuous solution of (4.12)-(4.17)
for 0 <t < o such that sy(t) ~— s,(t) > const > 0. Then 8,, 0, defined by
(4.18), (4.19) together with s,, s, form a solution of the free boundary value
problem (4.3)(4.6) for 0 < t < @.

The proof is an easy extension of the proof in [12] for the Stefan problem.
Using the maximum principle we can show that the solution of (4.3)—(4.6)
asserted in Lemma 4.3 satisfies:
(4.20) s,(1)] and s,(#)1 as ¢ increases.

Proor oF THEOREM 4.1. We shall prove the following a priori inequalities:
For any solution of (4.3)~(4.6) in an interval 0 < ¢t < ¢,

4.21) si(0> =M (0< 1<),
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(4.22) 500 <N (0< 1< 1),

where M, N are positive constants independent of .

Using Lemmas 4.2, 4.3 and (4.20) we can then proceed step-by-step to
establish the existence of a unique solution of (4.3)(4.6); the inequalities
(4.21), (4.22) guarantee that the z-interval in each step is bounded from below
by a positive constant; cf. [12].

We shall estimate 5,(f) at any point ¢ = ¢ near f,, f < f,. Let R be the
rectangle given by s,(t-) <x<L,0<t<t.

Let w be the solution of the heat equation in R satisfying the boundary
conditions:

w=0 forx=s1(t-),0<t<t-,

w=0 fort=0ands (1)< x < —1,
w=g fortr=0and -1 < x <1,

w=k forx=1,0<t<t-,
where k& is a constant such that

k> max g, +max A
-1<x<1 G

where the set G is defined by sl(t) <x< sz(t) 0<t<t. By the maximum
principle w > 8, for x = 1,0 < < 1. Also w > 0in R; therefore w > 6, for
x=5(1),0<1< 1. The maximum principle then shows that w > 6, in the
region s;() < x < 1,0< < ‘. Noting that (w — 9,)(s,(t) t) = (, we con-

clude that

L (w=0)>0 at(s() 1),
i.e.,
(423) - 5(0) === (sl(t) ) : (sl(t_), t_)
We also have
(424) 2 (si() i) < M

where M is a constant independent of t and of the position of sl(t_). This can
be easily checked by using the explicit representation of w in terms of the
Green function in the rectangle R (given, for instance, in [13]). The assertion
(4.21) follows from (4.23), (4.24). The proof of (4.22) is similar.

4.2. Asymptotic estimates. In this section we give asymptotic estimates on
the behavior of function s,(f) — s,(¢) as t — oo, namely, we shall prove

THEOREM 4.2. Let the assumptions (4.1), (4.2) hold and let

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 307

(4.25)  Tim sup A(x,f) <1—a (i = 1,2; a positive constant),
t—so0 X

(4.26) lim { iI)"lf A(x, 1) + ir}f Ay (x, t)} >y >0  (yconstant).
1>

Then there exist positive constants y,, Y, such that

4 < $5(1) — 5,(2)

ST~
Vi

To get the lower bound we actually do not need the condition (4.25); it
suffices to assume that the A; are bounded.

PrROOF. We shall first establish an identity, which is interesting by itself.
Multiplying the equation 8,,, = 8,, by x — 5,(¢) and integrating over the
domain 5,(¢) < x < 5,(#),0 < ¢t < 0, we get

% s(1) 9 (s2(0)
. X — 5,(2))0,,, dx dt= x — 5,(1))8,, dx dt.
(4.28) fo '/;1(1) ( 2(0))0)5x dx j(; ‘£1(’) ( 2(0)0),

By integration by parts,

(4.27) <7y, forallt>1.

g 55(0)
dr | 2 (x = 5,(1))8,,, dx
0 5,(0) ( 2( )) Ixx

=j:[(s,(t) = 5(1)5,(0) = A (5,(2), z)] d,
JJ 6 = a8y i di= [ 25 = 52()8 (3 0) s

(4.29)

(4.30)
- f_ll(x — 1) gy(x) dx + [ [8,(x 1)3y(1) dx .

Next, we have

431) [°[*O(x - = [°*x -
(431) fo fw) (x — 5,(1))8,, dx dt fo fw) (x = 5,(1))8,, dx dt.

By integration by parts,

j: dt sZ(r)(x — 5,(1))0,,, dx

(4.32) (0 )
=f0 [ = (5202) = 51 (1)55(1) + Ay(5,(2), )] et
ff (x = 51(1))85 (x, 1) dx at =f52(°)(x — $,(0))8, (x, 6) dx
(4.33) si1(o)

_ f_:l(x + D gy(x) dx+ [ [ 0,(x, 05,(1) d .
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Since by (4.28) the right-hand sides of (4.29), (4.30) are equal and, by (4.31),
the right-hand sides of (4.32), (4.33) are equal, we get, by adding,
-4 . . 4
L= 56 = 5 di= ["P (a0 0) + alsr(0). )]
+1
10 =986 + (1 + Dg(x)]
= [ (sa(0) = 201 (3. 0) + (x = 51 (N (. 0)] de
si(o

+ [[ (85, - 85)) dx

or
3620 = s, @ =2+ [0+ dt+f_:l[(1 — x)g, + (1 + x)g,] dx

(4.34) - fx s(’i:)[(sz(o) = x)8,(x,0) + (x ~ 5,(0))8(x, 0)] dx

0 rsy(1) . .
+ (0,5, — 0,5)) dx dt.
ofs,(z)('z 551) dx

Let us now establish the lower bound in (4.27). We note that the double
integral in (4.34) is > 0. Since §, < M (M constant), we get from (4.34)

2
31(52(0) - 51(0))’+ M (55(0) = 5,(0))’'> Yo = N
where y, N are positive constants, from which follows the left-hand side of

4.27).
To prove the right-hand side, let #* be such that

Nx, )< l—a if—o<x<oo,t2 1"

We claim that there exists a £, > ¢* such that
435) 8,(x,)<1-=8, 0<B<aifs(t) <x<s(1),t> 1,

Indeed, let M > g(x), M > 1 — a. Consider the solution w of the heat
equation in —oo < x < o0, t > t*, with initial conditions

. M if 5,(1*) < x < 55(1%),
wix, l) = .
(x. 1) I —a ifx <s(t*)orx > s5,(t%).

In the domain s,(f) < x < s,(f), t > t* we have, by the maximum principle,
w > 6, Now, with 5,(t*) = o,
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a M (x—s)z
W(X,t) ='f;l m exp[— m jl d§

o0 1-a (x - 5)2
e, (4n (1 — 7)) exp[_ 4 - 1) Jdg

ay 1 -« (x - g)2
+f_°° ———(477([ — t*))l/z exp[— —4(t s ]d&.
Therefore
wix,t) < 1—a+ M(ay— a;)/ (4n(t - %)%

Taking ¢ > 1, where t, — t* is sufficiently large, we obtain the assertion
(4.35).

We can now write an identity similar to (4.34), when x € (5,(9), 55(9)),
to < t € o(instead of 0 € ¢ < 0):

7 (52(0) = 5100 = 3 (2(00) = su(i) '+ [ + Ay

+~£:(2:(t;)[(52(to) = X)0, (x, f6) + (x — 5,(1))8,(x, to) | dx

[

= [ s2(0) = 20, (509) + (5 = sy Oy 0]

+ [ [ (8,5, — 8,5)) dx dt.

Using (4.35) we get
7 (50) = 5i(0))'< 201 = @Ja + O () + (1 = B) (63 = e = 5
Hence

B(s2(0) = $1(0))’/2 < 2(1 = @) + O (1),
which completes the proof of (4.27).

4.3. The decreasing case. In this section we shall extend Theorem 4.1 to the
case where the functions g;, g,, A}, A, are nonpositive. Thus, we assume:
(4.36) 8;(x) are continuously differentiable and < Ofor -1 < x < 1;

|8l < Co81(=1) = 0,8,(1) = 0;
(4.37) A;(x, t) are continuously differentiable and < 0;
Pixls A < €, A4(1,0) = g,(1), A;(—1,0) = go(— ).
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We shall also assume:

i f - 9 i F—
(4.38) —1<x<l &i(x) > ~1 _]‘<“£<| g(x) > -1,
i f ’t -1, 1 , -1.
Cl<x<Li>0 M(x ) > —1 —l<;rlf1,,>o A (x, 1) > —1

Let A, (1), X(t) be functions satisfying A,(1) < A,(x, £) < A,(¢) < 0 and let

== [N a- [ (- 0a0

r, = _fooo}\z(l) dt _f-ll(] + x) g,(x) dx,
fo= = "R d - [ (1= 080 dx
T, = —f0°°7\2(t) dt —f_ll(l + x) g,(x) dx.

Notice that 0 < T, < T, < o0 (i = 1, 2).

THEOREM 4.3. Under the assumptions (4.36)~(4.38), there exists a unique
solution (), ,, s, s,) of (4.3)—(4.6) for all 0 < t < T* for some T* € (0, );
further, s,(t) increases and s,(1) decreases as t increases. If

(4.39) ry+r,>4
then T* < o0, and if
(4.40) F,+1,<2

then T* = c0.

PROOF. Let us first show that if there is a solution for 0 < ¢ < #,, such that

(4.41) 5(8) = s (r) > const >0 for0< ¢t <t
then

(4.42) i <M f0< 1<y,

(4.43) —N<s(0) f0< 1<y,

where M, N are positive constants.

To prove (4.42) it is sufficient to verify this inequality at any point 1< ty
with the property that §,(f) < 5,(1)if 0 < 1 < &.

We shall need the following lemma.

LEMMA 4.4. Let a, b, 0, o, t be positive numbers such that § = t — o0, a < b.
Let Y(1) = a — a + b(r — o) where a is a real number and t varies in the

interval [o, 1]. Let W= {(§ 7); (1) <§< o0, 0 <7<t} Let w be the
bounded solution of
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dw _ d%w
or  g¢?
w(o)=0 ife—a<é<a,
w(£ o) =k(§) ifa<E< oo (—ky<k(§)<0),
w({(r), 1) =0 ife<r<ut.

inW,

Then
0< - ——(¢(r) 1)
(4.44) _ ,
bk () bi(t— 1)
b ——_—— — —— | dr+ k,C (0
f" (4n(t - )" exp[ 4 ")
where

P 163) ((r) - &’
“o=), TT—F[T_)lg

and C(8) is a constant independent of a, b, k.

The proof is given in the Appendix.
Notice that (4.44) implies that

0< —dw(yY(1),1)/0E < kb + C(8).
We shall apply Lemma 4.4 with
t=fo=1t-08b=5(l)a=s(-8),s()=a—a+bs8>0,
k = min(inf g}, infA\)) — ¢, —-1<k<0.
Notice, by (4.38), that ¢ > 0 can indeed be chosen so that —1 < k < 0. By

the maximum principle, w < 0. Hence w(sy(), 7) < 8y(sy(7), 7) if (—8<r
< t. Next

w(t, i —8) < 0,(81-8) ifs,(1-8) <E< s(1-9).
Finally, if 8 is sufficiently small (depending on &) then
w(s3(1), 7) < A(52(7), 7) = 8, (5,(7), 7) for [-8<r<1.

By the maximum principle we conclude that w < 8, if s,(1) < & < 55(7),
0 < 7 < t. Since w(s,(9), 1) = 0,(sl(t), 1), it follows that

8(8, — w)(s:(r),£)/9¢ > 0.

Consequently,
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b=§(f)= - ggo, (s1(1).7) < = gzw(s,(;), 7)< —k(b+ C(8))

by Lemma 44, ie., (1 + k)b < C(8). Since 1 + k > 0, we get b < const.
This completes the proof of (4.42). The proof of (4.43) is similar.

We can now proceed to complete the proof of existence and uniqueness for
(4.3)~(4.6) as in the case of Theorem 4.1. As long as (4.41) holds for a
constant arbitrarily small, the solution can be continued in a unique way. By
letting the constant go to 0 we arrive at a maximal interval 0 < ¢ < T* where
the solution of (4.3)-(4.6) exists and is unique. In general, T* < oo. If
T* < o then we must have s,(T* — 0) = 5,(T* — 0), whereas if T* =
then 5,(7) < s(t) forall 0 < ¢ < .

We shall now assume that (4.39) holds and prove that 7* < oo.

Let 0 < ¢ < T*. Multiplying the heat equation for 8, by x — s,(¢) and
integrating with respect to (x, ?), over the region 5,(f) < x < 55(¢),0< t < o,
we get

Jaf? 52(’))_‘1)‘ [ [ — 5y(0) 5

where

L(x) if —1<x<s (o),
l(x)=10 if 5(0) < x < s55(0),
Li(x) ifs(0)<x<1

and / is the inverse function to s;.
Integrating by parts, we obtain

L7610 = s20)s1(0) di= [Ni(oa0) )
- f_ll(x = (1)), (%, [(x)) dx
- f_’l(x — 1)g,(x) dx+ f_‘l fo O, (18, (x, 1) dt dx,
or,
- [Ms 0 d= [0 - s@)i

+fsl(o)(x — 5,(0))8, (x, 0) dx

+f (1 - x)g,(x) dx +f U’z‘” (%, £) dx]s’z(t) a.

(4.45)
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By the maximum principle, —1 < 8, < 0. Using also the inequalities s; > 0,
s, < 0, we find that the sum of the first and last integrals on the right-hand
side of (4.45) is

<[00 = 56O = $50) di=2 = 3 (52(0) = 51(0))"
The second integral on the right is
<fSZ(a)(sz(") = x) dx= ; (s3(0) = 51(0))"
51(0) 2
Consequently
~ [N d< 2+ [ (1= x)gi(x) dx.
0 -1

Similarly,
[ 1
—f Ay(s, (1), 1) dt < 2 +f (1 + x)gy(x) dx.
0 -1

If T* = oo then the last two inequalities hold also with ¢ = co. But then
T, + T', < 4, which contradicts (4.39).

It remains to prove that if (4.40) holds then T* = co. Suppose that T* < o0
and take 67 T* in (4.45). Then the second integral on the right converges to
zero. Noting that the last integral on the right-hand side of (4.45) is nonnega-
tive, we find that

@49 = M@ dr= [ (1= 9800 dx> lim [(5:0) = 5,0)ir(0) .

Similarly,

T. 1 4 .
(4.47) —fo A (1) dt—f-l(l + x) gy(x) dx>gr%fo (5,(1) = 5,(1))5,(¢) dtt.
Since

o . 4 . 1 2
as a1T*, we obtain, upon adding (4.46), (4.47), f‘, + I“‘2 > 2, which con-
tradicts (4.40).

4.4. The general case. In this scction we shall consider the general case
where the functions g, A, need not have the same sign everywhere. More
specifically we shall assume:

8:x(x) are continuously differentiable for —1 < x < 1,

(4.48)
| 8| < €, and g, (=) = 0, (1) = 0;

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



314 ALAIN BENSOUSSAN AND AVNER FRIEDMAN

A;(x, 1) are continuously differentiable and A, |, [\ < C;
AM(L0)=g,(1), A(-10)g (1)
gi(a)=0 foragg=—-1<a<e<--- <<l
g1(x)#0 if 1< x<landx# g foralli,
(4.50) g81(x) changes sign as x crosses o; (1 < i < k),
8(B)=0 forBo=1>B>8> ->p>-]
8(x)#0 if -1 < x<1landx# B;foralli
8,(x) changes sign as x crosses 8; (1 < i < /).
THEOREM 4.4. Under the assumptions (4.48)~(4.50) and (4.38), there exists a
unique solution (8,, 0, s,, s,) of (4.3)~(4.6) for all 0 < t < T for some T € (0,

0); further s,(t) and s,(t) are both piecewise monotone functions, and s(T — 0)
=s(T—0)incase T < .

(4.49)

From the proof it will follow that the direction of monotonicity of s,(f)
(s4(#)) changes at most k (/) times.

PROOF. One can prove the local existence and uniqueness of a solution in
precisely the same way as in Theorem 4.1. Thus, all that remains to be shown
is the piecewise monotonicity of s;(¢) and the a priori bound on s;(?).

Denote by v, the curve defined by 8, = 0, initiating at (a;, 0); these curves
are constructed in Friedman [16] and Van Moerbeke [24].

Suppose g;(x) > 0if —1 < x < a;. We claim that as long as y, does not
intersect x = s5,(¢) the function s,(f) is monotone decreasing. Indeed, by the
maximum principle applied to 8, in the region bounded by x = s5,(¢), v, and
t = 0 we find that 4, takes its minimum on the boundary x = s,(¢). Hence

s1(1) = =01, (s1(1), 1) < 0.
One can derive a priori bound on s,(7) (as long as x = 5,() does not intersect
v,) by the method of §4.1.

Consider next the case where g,(x) < 0 if —1 < x < a,. Using an argu-
ment similar to one given above we deduce that 5,(f) > 0 as long as x = 5,(¢)
does not intersect y,. To find a priori bound on s,(r) we use Lemma 4.4 (as in
the proof of Theorem 4.3). However, here we may simply take ¢ =0, ie,
d=1t

Denote by ¢, the first time y, intersects x = s,(f). For ¢ > 1, we have to
take into account the curve y,. As long as y, does not intersect x = 5,(¢), the
function s,(f) is monotone (with the direction of monotonicity reversed to the
direction of monotonicity in the interval 0 < ¢ < ¢;). Furthermore, one can
estimate 5,(¢) as before. If y, intersects x = s,(f) at time 7,, then for ¢ > 1, we
have to consider the curve y,; etc.

The monotone behavior of s,(f) and the a priori bounds on s,(f) can be
obtained in a similar manner.
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Notice that as long as s,(f) — s,(¢) remains positive, we can continue with
the construction of the solution step-by-step in ¢. After time ¢ = £, when the
last y,, intersects x = 5,(#) (1 < ko < k), the derivation of the a priori bound
on s5,(7) is slightly different than before, in the monotone decreasing case.
Indeed, when we apply Lemma 4.4 we now have to take t =1, 6=t — §
with & sufficiently small (cf. the proof of Theorem 4.3). The same discussion
applies to the curve x = s5,(1).

CHAPTER 5. ZERO-SUM STOCHASTIC GAME WITH STOPPING TIMES

5.1. Formal derivation of the Stefan problem. For zero-sum game,
h=-f=-1 $=—yY; = —9¢, Y= ¢ = —¢.
This case has been already studied by Friedman [14), as far as the existence
and uniqueness are concerned. We want here to relate this problem to the

methods of Chapter 4 and study the corresponding Stefan problem.
Let Q = {(x,1); —o0 < x < 00,0 < ¢t < T} and consider a function u(x,

t) satisfying

G.1) u is continuous in Q, (4, + u) € L2 (Q),
(52) y<u<¢ ing,

(5.3) ifu>ythen —u, — u, < f,

9 ifu<othen —u, — u,, > f,

(5.5) u(x, T)= h(x) if —o0 < x < o0.

We assume throughout this section that ¢, ¢ are in C 2(6), fisin C (Q— ), A,
k'’ are continuous for all x, and 4" is continuous in [— 1, 1]. It is easy to check
that u, = u and u, = — u satisfy all the sufficient conditions of Theorem 1.1;
consequently, a solution of (5.1)-(5.5) provides a Nash equilibrium point.

The existence and uniqueness of the solution of (5.1)—~(5.5) follows from the
general theory of parabolic variational inequalities of Lions-Stampacchia [21]
(see also [14], [15]). The connection between parabolic variational inequalities
and Stefan problems has been developed by Duvaut [11], Friedman [16] and
Friedman and Kinderlehrer [19]; all these authors worked with one-sided
inequality.

We shall first derive formally the Stefan problem corresponding to
(5.1)~(5.5). For convenience, we shall change the time from ¢t into T — ¢. If u

satisfies:

(5.6) u is continuous in Q, (4, — u,) € L2.(Q),
CN)) Y < u<o,

(5.8) ifu>ytheny —u, < f,

(5.9) fu<g¢thenu —u, > f,

(5.10 u(x, 0) = h(x),
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then u(x, T — ¢) satisfies (5.1)~(5.5) with f(x, 1), $(x, t), Y(x, 7) replaced by
fx, T=8,¢(x, T = 1), Y(x, T — 1).

Let 5,(¢) and s,(r) be the two boundaries separating respectively u < ¢
from u = ¢ and u > ¢ from u = { respectively. Let us assume that these
functions satisfy

.11 51(8) < 5,(0), 5,(0) = — 1, 5,(0)1,
(5.12) 5, <0,5,>0.

Let /,(x), l,(x) be the inverse functions of s,(¢), s,(¢) respectively. We define
0 (x, ) by the following relations:

(5.13) 8=0 ifx < —1,1< [ (x),

G149  e—u=[ 0(rydr ifx<1t3 1l (x),
h(x)

(5.15) qb—u=j:0(x,'r)df—h(x) if—1<x<1,>0,

6 —u= f '( By dr+ o(x, L (x)) = ¥(x, L (x))

(5.16) - ifx > 1,t > L(x),
.17 0=¢ -4 ifx>11<L(x).
One easily checks that
(5.18) ¢, —u =0.
We shall assume:
(5.19) h=0 forx< -1, h<0 ifx> ~-1;
h(x) > ¢(x,0) forx €[—1, +1],

(520 h(x) = ¢(x,0) forx > 1,

&(x,0)=0 forx > 1;
(521) f=+ by =1

From the regularity conditions (5.6) it follows that a.e. in ¢, u, is continuous
in x. Therefore on the free boundaries we have

(5.22) u (s1(1), 1) = ¢, (5,(1): 1),

(5.23) U (53(0), 1) = iy (55(2), 1)

Differentiating (5.14) in x and taking 7 = /,(x), we get, taking (5.22) into
account,

(5.29) 8(s,(1),1)=0.
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Differentiating (5.16) with respect to x, we get
b (%, 1) = u(x, 1) = =L (x)0(x, L (x)) + (& = ¥)(x, L (x))
. t
+h ()@ = W5 b)) + [ 6(x 1) dr.
L(x)
Taking ¢ = I,(x) and using (5.23), we get
(5.26) 0 (s2(): 1) = (9, — ¥)(52(1), 1)
In the region where (5.14) holds, we get by differentiating twice in x,
. t
(b = #e)(6 1) = =L (¥, LX) + [ B (x,7) dr.
h(x)

Therefore, using the fact that 8 (x, /,(x)) = 0 (i.e., (5.24)) we get, taking (5.21)
into account,

(5.25)

. t
= =L (B h(x) = [ (B = O )x,7) dr
4 (x)
from which we deduce

(5.27) Oc (51(1), 1) = =51(2),
(5.28) 0,-6,=0 ifx<—1¢>1(x).
From (5.15) we deduce by similar calculations

1 +f0'(0, — 8,)(x, 7) dr+ 0(x,0) = —h"(x);

hence
(5.29) 0(x,0)=—(1+h"(x)) ifxe(-1, +1)
(5.30) 6-0,=0 ifxe (=1 +1),t>0.

Next, using (5.26) in (5.25), and differentiating (5.25) with respect to x, we get
((rbxx - uxx)(x’ t) = ((Pxx - \ll'xx)(x’ [2 (X)) + iZ (.X)((Pm - ‘le)(x’ 12 (X))

. t
~L()B (b)) + [ G (x,7) dr.
L(x)
After some rearrangement,

L+ (6= ¥ = (B~ )0 b () + '(x)(o, ~0,)(x 1) dr

(5.31)
=1 (x)((¢x: — )% L(x)) — 6, (x, (x)))
Setting
(5-32) A=¢1_‘I’t’ k= 1 +¢1_¢1—¢xx+¢xx’
we get from (5.31)
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(5-33) B, (52(1), 1) = A(52(1), 1) = 55(8) p(52(2), 1),
(534) ,—0,=0 ifx>1t>hL(x)

5.2, Verification theorem. We can now state our Stefan problem: find
functions 8 (x, ¢), 5,(¢), s,(¢) such that

(5.35) 51(0) < 55(),  5,(0)= -1, s5,(0)= +1,
(5.36) 39/0t —09%0/3x* =0 if x € (s,(1), 5,(1)), t > 0,
(5.37) 8(s,(1),1)=0, >0
(5.38) 0 (s,(1), t) = A(s,(2), 1), >0,
(5.39) B, (s,(1), 0) = —5,(t), 120,
(540)  0,(55(1), 1) = M(52(0), 1) + (200, D3 (D), 130,
(5.41) 0(x,0)=g(x), xe[-1+1],

sy, 5, are continuously differentiable for ¢ > 0,
(5.42) 8, 8., 6, are continuous in (x, #),

8., is continuous for x € (s,(?), 5,(¢)), ¢ > 0.
We shall make the following assumptions:
g(x)=-(1+hn"(x))>0, g(-1)=0,
g is continously differentiable in [ 1, +1]:
(5.44) Ais continuously differentiable, A |< C, |A|< C, A>0;
(545 AMx,0)>g(x) f-1<x<1, A1,0)=g(l)
(546) 0<a< p<Cyp, <0 (a, C, positive constants).

Suppose now that there exists a solution of (5.35)-(5.42). Since g > 0, A > 0,
it follows from the maximum principle that § > 0. Since § = 0 on x = s5,(),
we see that 8,(s,(¢), 1) > 0; hence from (5.39) we get

(5.43)

(547) 51(1) <0.
Consider next the function w = 6 — A. Clearly, w = 0 on (s,(?), #), w = —A
< Oon(s,(f),Handw = g — A(x, 0) < O for ¢ = 0. Since

W= W =0, — 0 — A+ A, =1 <0,
it follows from the maximum principle that w < 0. Since w = 0 on (s5,(¢),
1), we have

(8 = A)(s2(0), 1) > 0.

Since p > 0, we get from (5.40) that
(5.48) s5,(1) > 0.
We next define u(x, f) from 8 (x, t) by using formulas (5.14)—(5.16) and
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(5.49) u=¢ forx< —1,t< [ (x),
(5.50) u=y¢ forx > 1,t<L(x),

and check that it is indeed a solution of (5.6)~(5.10). Clearly u is continuous
in Q. We next have ¢, — u, = @ which proves that u, is continuous. Next

u, =¢, forx < —11<1(x),

o —u =[ 8, (x,7)dr forx< =113 1(x)

L (x)

¢x—ux=j:0x(x,fr)d'r—h’(x) for —1<x<1,1>0,

4
R G LA XCI R ACEIC)
L, (x
for x > 1,t > L(x),
u =y, forx > 1,1t < hL(x);
it follows that u, is continuous. Next,
(5.51) u, = ¢, forx< —11<1(x),

(552 g =ty =1+[ O (om)dr forx < —11>4(x),
e
(553) ¢, — u,, =f’0xx (x,7) dr — W(x) for —1< x<1,1>0,
0

o — e = [ Bu(x,7) dr + 1+ (&, — $)(x Ly (x))
(5.54) ()

forx > 1,¢t > l)(x),

(5.55) Uy = Yy forx > 1, t>L(x),

from which it easily follows that u_, € L2 . Since § > 0and h < 0, ¢ > ¢,
formulas (5.14)~(5.16) and (5.49), (5.50) imply that u < ¢.
Now from above we know thatw = § — A < 0; hence

(u-¢l)=¢t_0_‘pl=x—0 > 0.
But (u— ¢)(s;(1), >0, (u—)s(t)y D=0, (u—)x, 0)=h—
¥(x, 0) > 0 for x €[—1, 1]. Therefore u — ¢ > 0 for s5,(¢r) < x < s(0),
¢t > 0. From formulas (5.52), (5.53), (5.54) we get

(5.56) u —u,=f ifs(1) < x <s5(1), 1 >0,
and
U=ty —f=¢— b~ f=—1<0 ifx < -1t </ (x),

(557) u;—uxx—f=¢l_¢xx_f=p‘>0 if x > l’t<12(x).
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Hence (5.8), (5.9) are proved. Finally (5.10) follows from the definition of u
and from the assumptions on 4. We have thus proved

THEOREM 5.1. Under the assumptions (5.19)—(5.21) and (5.43)-(5.46), a
solution 8, s,, s, of (5.35)~(5.42) yields by formulas (5.14)(5.16) and (5.49),
(5.50) a solution of (5.6)~(5.10).

5.3. Solution of the Stefan problem. Setting
ol() =s51(1),  va(t) = —s2(t)s
we can derive integral equations for v, v, in a way similar to what we did in

Chapter 4. Using the general formula (4.7) with ¥ = 8 we get, taking into
account (5.37)—(5.40),

B(x, 1) = f_’:'K(x, £ £0)g(¢) dt— fo 0, (1)K (%, £; 53(7), TA(s(7), 7) dr
(.58 + j; K(x 15 500 D[N 52(). 7) = 03(r) p(sy(r), 7) ] dr

+ fo 'K (x, 1; 5,(7), 7)o, (7) dr— fo As;(7), 7) %’gi (x, 13 $,(7), 7) dr.

Differentiating in x and letting x — s5,(¢), s,(¢) respectively we get (cf. the
derivation of (4.12))

Lo = [ MK, 6805 @ a8

'*'_/(;’Kx (51(0), 85 55(7), T)[Ax(s2(7)’ 7) — p(s2(7), 7)”2(7)] dr

(5.59) ,

+ fo K, (s,(1), 15 51 (7), 7)o (7) dr

.\ fotK (5:(), 15 55(7)s D) =Ae(52(7), )03(7) + A(52(7), 7) ] b,
LI (52(00) = ea(0) p(es(0). )]

- f_j‘K(sz(t), ££,0)2 () dt
(5.60) + ./(;’Kx (55(2), 85 55(7), 7)[}\‘(5‘2(7)’ 7) = 1(52(7), T)UZ(T)] dr
* f<)er (82(8)s 15 54(7), 7)o (7) dr

+ ['K (520 15 5,1 1) =Al52(7), 7o) + Asy(), )]
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Since p > a > 0, equations (5.59), (5.60) are two nonlinear integral equations
of Volterra type, when one adds

(5.61) 5,(0) =fo'v,(7) dr - 1,

(5.62) s =1~ vy () dr.

Existence uniqueness and monotonicity properties of the free boundaries can
be established by the methods of §4.1. Hence

THEOREM 5.2. Under the assumptions of Theorem 5.1, there exists a unique
solution of (5.59)—(5.62). Defining @ by (5.58), the triple (8, s,, s,) is a solution of
the Stefan problem (5.35)~(5.42).

ReEMARK 1. Theorem 4.2 can be extended to the present case. Thus, in
particular, if
p2l, Tim sup A(x,7) < 1,
t»o0 X
then there is a positive constant y such that
5,(1) = 51(0)
Vi
The proof is obtained from an identity similar to (4.34).
REMARK 2. Theorems 4.3, 4.4 extend to the case where the function g(x)
takes also negative values. Here we need to apply the methods of §§4.3, 4.4.

In case A = const, Lemma 4.4 can be applied and the extension of Theorems
4.3, 4.4 does not present any difficulties.

<y ift >0

APPENDIX: PROOF OF LEMMA 4.4

By Green’s formula
(AD  w(x,s) = f PK(x, 53 & 0)k(§) dt+ f K (x, 53 ¥(7), 7)o(r) dr

where o(1) = —dw(Y(7), 1)/3£ The condition w(y(s), s) = 0 can be ex-
pressed in the form

[ K@), 53 9(r), D)o (r) dr

4

(A2) ,
) LW -9 SO
- -/; 271/2(s — 0)'/? 4(s — o) = 27172
ie.,
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(A3) f:(s_—lT),/—z— eXp{ - %2 (s - ’T)}D(T) dr= f(s).

Note that f(o) =

By Abel’s method (see Van Moerbeke [24]) we can solve v(7) in terms of
f(s) as follows: We multiply both sides of (A.3) by (t — s5)'/%exp(b%/4) and
integrate with respect to 5, ¢ < s < ¢, and then differentiate both sides with
respect to £. We find that

a9 o) = [ (—S—-l-—;mexp(— 943)-;—1 {exp(%) f(T)} dr,

1.e.,
2 s f(7) bi(s — 1)
o) = 47 | mexp{— —4-}"*
(A.5) f'(7) b2(s -7)
1 j; (s — r)'/2 { 4 } @

= 1,(s) + L ()

By direct computation we find that I,(¢) is equal to the first term on the
right-hand side of the second inequality of (4.44). Hence it remains to prove
that

(A.6) I, (t) < koC(8).
To prove (A.6) we compute

r@ == [Tk@{- 3=+ g -0 - v
+§u—orm@—wﬂﬁ

£ - ()’
exp[—- —(4—(7——_(—02)2- ] dt.

In the last braces, the first term is negative and the other two terms are
positive. Hence

1@ <k F =07 =4 + 5 = )V - 4

- y(n)
exp[—%?—]d&.
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By integration by parts,

DNUE N D B Gk 1))
f(r) < 3 koy 5 (1= 0) 'fa exp[—T(;_T)ldé

+2[b(r = 0/ + §(r = 0) (o = ¥()]

R0
exp w .

Setting 7 — ¢ = x we get

f(o+ x)
1 _ _ (a - bx)2
<5k0{27r'/2x'/2+2[bx '/2+%x '(a— bx)]exp[— < I
Substituting this into I,(¢) we obtain
ke 0 172 b*(8 - x)
L)< Y j(; @) exp[— — ] dx
ko 8 a (a = bx)? b*(8 — x)
* _Z_Jfo x(8 — x)'/? CXP[_ 4x e"p[" 3 } dx
(A7)
kob o 1 (a — bx)? b2(8 - x) p
* E x'72(8 - x)'/? P~ 4x x|~ 4 *
=J,+J,+ /s
We have
2k,
7% <k
Next,
koa ] 1 I 2 a2
Jy = _27fo T exp[— Z(ba—zab+ —x—)]dx
kom [ 1 b2 mZ
=5 fo 0= x)'/z bexp[-—- vy (0 —2m+ —)—C—)] dx,
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where m = a/b. (Recall that m < 0.)
Suppose first that m < 36/4. Using the inequality

2 2 2x)'/?
bexp[—%(0—2m+in——)}< () l/zexp(—%),
* (m? + x(8 — 2m))

we get
kom exp[—(l/Z)] dx
2 < NG f 1/2 1/2¢ 2 172°
27 0 x!72(0 -~ x)Y(m* + x(0 — 2m))
Since
m? + x(8 — 2m) > min(m? (6 ~ m)®) > min{m?, (8/4)},
A9 3 (— l) 36
(A9) J2<\/§koexp 3 1fm<4

If m > 30/4, we first consider
J'=f0/2—1———bexp - £(0—2m+ m—z) dx
2= o x(o _ x)l/2 4 X
a/2.
a0 <7 - x),/z

8/2 1 b¥?
<j(; Wbexp( Tz;)dx.

2,2 2
b exp(-— bsr;z ) exp[— -2—0 (R m)z] dx

Since

252 1/2
bexp( 220 )<4x0 exp(— ),

1
2
0/2 dx 1 8 1
J; < e~ exp(———)<— exp(——).
2 < (0/2)1/2 f 2 0 2

Consider next

] 1 b2 m2
A12) Jy=| ————=bhex ——(0—2m+—)]dx.
A12) J; 02 x(0 — x)72 p[ 4 x

Since m > 38/4,

(A.11)

8 — m)’+ (2m — 6)(0 —
(A13) 0_2m+1n;2_=( m)+(;n X X)>_2_(

Hence
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b2 (f 1 _b 253
(A.14) Jy < ] 0/2mbexp[ 3 (8 x)] dx < ) 2V2rw .
From (A.10)~(A.12) and (A.14) it follows that
V2 2 1\] . 30
J2<2k0[\/;+wexp( 5) ifm>=",

Combining this with (A.9) we get

V2 2 1
A.15 Ye 4 £ _ 1
(A.15) J, € ZkO[ - + 2 exp( 2) .
It remains to evaluate J,. Clearly,
ko (o 1 b? m?
Jy= o —xl/z(o— x)l/zbexp[-— 7(0—2m+ 7)} dx.

Suppose first that m < 38 /4. Then
ko (6 1

J3 < 7 Jo _x‘/z-(.O — x)'/2

b exp[- %2 (9 - m)z] dx
(A.16)

ky (o 1 b 2k, 1
<—7—T. Ombexp[—ﬁ]dx<ﬁ exp(—E).
If m > 36/4, we first consider

6/2 1
o xl/z(a - x)l/z

A1T /2____ 1 _b%
(A.17) <j; - bexp| — 35— | dx

< 4exp(—1/2) (o2 dx < 8 exp(—1/2)
0 j; (0 _ x)l/z 0|/2

If m < 38/4 then we have, by (A.13),

[} 2 2
Jr = —‘————bexp[—%(o—zmw"—)}dx

[ g—

B2 m?
3= bexp[ 4(0 2m+—x—)]dx

1/2 9 2
A.18 3) . _b
a1 <(2 fo/z(o_x)l/zbexp[ 2= (0 - x)| dx
< 2V22 V2 4Vn
91/2 - g2 ”

Combining the estimates (A.16), (A.17) we find that
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4k
J; < d [1+ 2 exp(—%)] if m >3—61

71/291/2 /2 4

In view of (A.16), the last inequality is satisfied also in case m < 38/4.
Combining this inequality with (A.15), (A.8), and using (A.7), the assertion
(A.6) follows.

ADDED IN PROOF. (1) It was pointed out by Robert Jensen that the estimate
(4.42) can be derived without recourse to Lemma 4.4. Instead of working with
the function w introduced in Lemma 4.4, we work with

w(g,7) = kofexp[ —b(§ — a + a) + b*(r - 0)] - 1}.

(2) In a recent paper Smoothness of the free boundary in the Stefan problem
with supercooled water , Robert Jensen proved the existence of a global
solution for the Stefan problem corresponding to the variational inequality

>0, (4, — uy)(v—u)>—(v—u)foreveryv >0,
u(x, 0) = h(x)

provided A’(x) changes sign just once. His method can be applied to extend
Theorem 5.2 (beyond the last remark of §5) to the case when no restrictions
are made on the number of sign changes of the function g(x) (defined in
(5.43)).
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